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Abstract

Shewhart’s type control charts for monitoring the Multivariate Coefficient of Varia-
tion (MCV) have recently been proposed in order to monitor the relative variability
compared with the mean. These approaches are known to be rather slow in the
detection of small or moderate process shifts. In this paper, in order to improve the
detection efficiency, two one-sided Synthetic charts for the MCV are proposed. A
Markov chain method is used to evaluate the statistical performance of the proposed
charts. Furthermore, computational experiments reveal that the proposed control
charts outperform the Shewhart MCV control chart in terms of the average run
length to detect an out-of-control state. Finally, the implementation of the proposed
chart is illustrated with an example using steel sleeves data.
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1. Introduction

Control charts are the most widely used Statistical Process Control tool. Under the
usual assumptions, when implementing a control chart, the aim of quality practitioners
is showing that the process position and/or scale are independently stable, to declare
the in-control state for a process. However, in some processes, the location and scale
are not independent of each other, that is, the population variance o? is a function
of the mean p. In these situations, the process is assumed to be in the in-control
state when a parameter defined as a function of both the mean and the variance is
stable. When there is proportionality between p and o, monitoring the coefficient of
variation CV is suggested: the coefficient of variation is defined as the ratio between the
standard deviation and the mean. Monitoring the CV is of interest in those processes
where the mean and the standard deviation may vary but their ratio is expected to
be unchanged. Since the CV is a relative measure of dispersion, a control chart for
the CV allows to detect the unexpected change in the ratio between p and o. Several
control charts using different methods such as Run-sum [1], CUSUM [2], synthetic [3],
EWMA [4,5] have been discussed in literature to monitor the coefficient of variation
of a normal distribution [6].

In the past, attention to the need of monitoring the Multivariate CV (MCV) has
been invoked in [7]. Today, with the huge increase of data availability from industrial
processes, there is an outstanding interest on tools for online monitoring of multi-



variate data. Therefore, considering the surveillance of the multivariate coefficient of
variation is an issue worth of interest in SPM research. The first control chart aiming
at monitoring the MCV was introduced by [8]: it is well known that Shewhart type
control charts are easy to design and to interpret. Nevertheless, they are rather slow
in the detection of small or moderate process shifts. For this reason several meth-
ods/strategies have been proposed in the SPC literature to overcome this weakness.
For instance, the Run Sum control chart for the MCV was recently developed by [9]. In
this paper, we propose a different approach for monitoring the MCV by using synthetic
control charts.

Synthetic control charts have been widely used in literature to detect shifts in a
process. The first introduction of the Synthetic X chart to the field of SPC was in
[10]; then, its properties and design strategies have been thoroughly investigated by
many authors [11-17] for several monitoring statistics. Recently, [18] investigated the
effect of estimated process parameters on the performance of the Synthetic chart using
a Markov chain model. They have shown that the run length (RL) performance of the
Synthetic chart is quite different in the known and in the estimated process parameters
cases. However, as far as we know, the Synthetic control chart for monitoring the MCV
has never been considered in the SPC literature. Therefore, the goal of this paper is
to present and investigate the performance of two one-sided Synthetic MCV control
charts. The decision to implement two one-sided synthetic MCV control charts instead
of a single two-sided synthetic MCV control chart is motivated by the following reasons:

e The sample MCV distribution is asymmetrical: therefore, designing different
control limits allows to get equal values of the in-control ARL for both the
one-sided synthetic MCV control charts;

e there is more flexibility in the design of each one-sided synthetic MCV control
chart: for example, if quality practitioners know that one direction of the out-
of-control condition can occur more frequently than another, the control limit
of each one-sided synthetic MCV control chart can be properly tuned to have a
higher sensitivity vs. the most frequent shift direction.

The rest of the paper is organised as follows. A brief review of the distribution of the
sample multivariate coefficient of variation is given in Section 2. The implementation
of the two one-sided synthetic MCV control charts is described in Section 3. Section
4 discusses the performance of the synthetic MCV control charts. In Section 5, we
illustrate a real-world example using our design. The concluding remarks are given in
Section 6.

2. A brief review of the distribution of the sample multivariate coefficient
of variation

In this Section, a brief overview of the distribution of the sample multivariate coef-
ficient of variation is presented. Let us consider a random sample of size n, that is,
X1, Xog,...,X, from a p-variate normal distribution with mean vector pu and covari-
ance matrix X, i.e., X; = (51,2i2,...,%ip) ~ N(p,X), i = 1,...,n. According to
[19], the MCV is defined as

y= (TS ) (1)

This definition is also used in [8] and [9]. Based on this definition of the MCV,



we can introduce the sample MCV and discuss its distribution. Let X and S be the

sample mean and the sample variance-covariance matrix of Xy, Xo, ..., X, i.e.,
_ 1 &
and
I . .
= n—1 Z(Xz - X)(X; = X)T
i=1

Then the sample multivariate coefficient of variation 4 is defined in [8]
4= (XTS71X)"3, (2)

In [8], the cumulative distribution function (cdf) of 4 is computed as

n(n —p) n
Fx —1—Fp 28— 3

7(x|n,p,7) F <(7’L—1)p$2 |pan b, 72> s ( )
where Fr(.|p,n — p, —7”2) is the non-central F' cdf with p and n — p degrees of freedom

and non-centrality parameter % = nuT3 "1 p. The probability density function (pdf)
of 4 can be easily obtained as

_ 2n(n—p) n(n —p) n
f’?(x‘nvpa 7) - (’I’L — 1)p$3fF <(n — 1)]9.%'2 ’pan - D, 72> ) (4)

where fr(.|p,n — p, %) is the pdf of non-central F' distribution. In Figure 1, the
pdf of 4 is illustrated with v = 0.3, p = {2,3,4} and n = {5,10,15}. This example
demonstrates the asymmetry of the 4 distribution. In a similar way, [8] presented the
inverse distribution function (idf) of 4 as follows

F N aln, p,y) = nin — ) ( : ) (5)

(n=1)p \ Fr"(1— alp.n —p, )

where F; 1(.]p,n —p, %) is the inverse cdf of the non-central F' distribution with p

and n — p degrees of freedom and non-centrality parameter ,y%

3. Design and implementation of two one-sided the synthetic MCV
control charts

In general, a synthetic control chart consists of two sub-charts: a Shewhart sub-chart
and a conforming run length (C'RL) sub-chart. The CRL is defined as the number of
inspected samples between two consecutive nonconforming samples, inclusive of the
nonconforming sample at the end [20]. Figure 2 illustrates how the CRL values are
determined: in this example, we have CRL; = 4, CRLy = 5, and C'RL3 = 3. For the
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Figure 1. The pdf of 4 for different values of parameters.

one-sided synthetic MCV control chart, the Shewhart sub-chart is defined as in [8].
Therefore, a sample is declared as nonconforming if 4;, 7 = 1,2, ..., falls beyond the
selected control limits of the one-sided Shewhart MCV sub-chart. As mentioned, in this
study, two one-sided synthetic control charts for monitoring the MCV are designed: a
lower-sided synthetic MCV control chart and an upper-sided synthetic MCV control
chart. For the purpose of distinguishing the two control charts, the superscript 7 —"
will be used for the control limits of sub-charts running the lower-sided control chart,
while the superscript ”+” will be used for the control limits of sub-charts running
the upper-sided control chart. The operation of the one-sided synthetic MCV control
charts can be summarized as follows:

Step 1 Fix the sample size n. For the synthetic lower-sided (upper-sided) MCV chart,
determine the control limit H~ (H ™) of the C RL sub-chart and the lower (upper)
control limit LCL™ (UCL™) of the Shewhart MCV sub-chart. The synthetic
lower-sided (upper-sided) MCV chart is run to detect a decreasing (increasing
) shift in 4; with a single Lower (Upper) Control Limit LCL™ (UCLY), i.e.
UCL™ = +oco (LCLT =0).

Without any misunderstanding, the lower control limit LC'L™ of the one-sided
lower Shewhart MCYV sub-chart and the upper control limit UCL™ of the one-
sided upper Shewhart MCV sub-chart can be simply written as LC'L and UCL,
respectively.

Step 2 At each sampling point j = 1,2, ..., take a sample of size n from the process
and evaluate the sample MCV #; as in (2).

Step 3 If 4; > LCL (respectively, 4; < UCL in case of the upper-sided synthetic
MCV control chart), this sample is considered as conforming in the CRL sub-
chart: the process is considered to be in-control and the control flow goes back
to step 2 to take the next sample. Otherwise, the sample is nonconforming and
the control flow goes to the next step.

Step 4 If CRL > H~ (respectively, CRL > H™ in case of the upper-sided one-sided
lower Shewhart MCV sub-chart) the process is deemed to be in-control and the
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Figure 2. The conforming run length (CRL).

control flow moves back to step 2. Otherwise, the process is declared to be in
the out-of-control state and the control flow advances to the next step.

Step 5 Signal an out-of-control status to indicate a process shift. Find and remove
potential assignable cause(s). Then move back to Step 2.

We assume that the occurrence of an out-of-control condition shifts the in-control
MCYV 7y to the out-of-control MCV v, = 779, where 7 > 0 is the shift size. Values of
7 € (0,1) correspond to a decrease of the in-control MCV ~g, while values of 7 > 1
correspond to an increase of the in-control MCV ~q. In order to obtain the run length
properties of the lower-sided Synthetic MCV control chart, similarly to [11], we use a
Markov chain where the (H~ 4+ 2, H~ + 2) transition probability matrix P is equal to

1-60 6 0 oo e 0 0

0 0 1—-6 . 0 6

Qo | ST T
b= <0T 1> B : o1—60 0 o ©)

0 0 1-6 0

1—-60 0 0 0

0 0 1

where 0T = (0,0,...,0) isa (1, H~ +1) row vector, Q isa (H~ +1, H™ +1) transition
probability matrix for the transient states, the (H~ + 1,1) column vector r satisfies
r=1-Q1 with1 = (1,1,...,1)T and § = P(y; < LCL) is the probability of a
nonconforming sample on the MCV sub-chart. In case of the upper-sided synthetic
MCYV control chart, H~ is replaced by H™ and § = P(y; > UCL).

e For the lower-sided control chart
0 = F5(LCLIn,p, 7).
e For the upper-sided control chart
6 =1—F3(UCL|n,p,7),

Since the calculation in case of the lower-sided control chart is similar to the one of an
upper-sided control chart, in the next discussion we only focus on the synthetic lower-
sided MCV control chart. The differences with the upper-sided control chart will be
discussed when it is required. The corresponding (H ~+1, 1) vector q of the initial prob-
abilities associated with the H~ + 1 transient states is equal to q = (¢1,...,qg-41)7.



As proposed by [21] and [22], the mean of the run length (ARL) and the standard-
deviation (SDRL) of the run length of the synthetic MCV control chart are computed
as

ARLzs = 4, (7)

SDRLzs = /va — I/12 + v, (8)

with
n = q'I-Q)'1, 9)
vy = 2q7(I-Q)7*QL, (10)
and q = (0,1,0,...,0)T, i.e. the initial state is the second one, as suggested in [18].

With this vector ¢ of initial probabilities, we are able to obtain the zero-state perfor-
mance of the synthetic MCV control chart. The subscript ”ZS” stands for zero-state
condition.

It is important to note that, if the process is running for some time in the in-
control condition, it will reach quite rapidly the steady-state mode. In order to study
the long term properties of the synthetic MCV control chart, it is also appropriate
to investigate the steady-state ARL. Using the Markov Chain approach, the cyclical
steady-state mean (ARLgg) and the standard-deviation (SDRLsg) of the run length
of the Synthetic MCV control chart are found as follows

ARLSS = Vg1, (11>

SDRLss = /vse — ugl +va (12)

with

va = $T(I-Q)7'1, (13)
Vs2 = 2¢T(I_Q)_2Qa1, (14>

where the vector 9 is the cyclical steady state distribution. Following [23], we conclude
that the cyclical steady-state vector is given by ¥ = %, where q is the
(H™ +1,1) vector, q = (0,1,0,...,0)T.

The statistical design of the synthetic lower-sided MCV control control chart is a

nonlinear optimization problem aimed at selecting the optimal parameters H ~* such
that
(H™*,LCL*) = argmin ARL(n,p, H ,LCL,~o,T), (15)
(H-,LCL)
subject to
ARL(n,p,H ,LCL,~v,7 = 1) = ARLy, (16)

where ARL(n,p, H—, LCL,~y,T) is either the zero-state ARLyg or the cyclical steady
state ARLgg of the synthetic lower-sided MCV control chart; ARLq is the nominal



“in-control” (zero-state or cyclical steady state) ARL. The optimization procedure
can be summarized as follows:

Step 1 Set n, p, 70, 7 and ARLg. Set ARLp; = +00;

Step 2 Initialize H™ = 1;

Step 3 Compute LC'L through constraint (16);

Step 4 Compute ARL from the current design solution H~ by using either (7) or
(11);

Step 5 If ARL < ARLgyt, then ARLy,y = ARL and H™* = H~,LCL* = LCL. Set
H~ = H~ 41 and go back to Step 3. Otherwise, go to Step 6;

Step 6 Take the current solution (H—*, LC'L*) as the optimal set of design parameters
for the synthetic MCV control chart.

Similar to [2], the optimal LCL is found numerically by means of a non-linear
equation solver developed in the Matlab software environment. For the case of an
upper-sided control chart, H~ is replaced by H* and LCL by UCL. Similarly, the
optimization problem is as follows:

(H+*,UCL*) = argmin ARL(n’py H+7UCL7’)/07T)7 (17)
(H+,UCL)
subject to
ARL(n,p, H",UCL,~o,7 = 1) = ARLy, (18)

4. Statistical Performance Study

4.1. Performance with known shift size

In this Section, we will use the ARL, SDRL to evaluate the performance of the
synthetic MCV charts. When the process is in-control, the target ARL is denoted by
ARLqg: here, we set ARLy = 370.4. For the lower side synthetic MCV control chart, the
optimal design parameters (H—*, LC'L*) and zero-state ARL are shown in Table 2 for
different combinations of n = {5,10,15}, p = {2,3,4}, 70 = {0.1,0.2,0.3,0.4,0.5} and
7 = {0.5,0.75,0.9}. Table 3 illustrates the optimal design parameters (H**, UCL*)
and the zero-state the ARL for the upper-sided synthetic MCV control chart with
the same combinations of n,p,vy as in Table 2 but 7 = {1.1,1.25,1.5}. In case of
steady-state condition, the same results are presented in Table 4 and Table 5.

From Table 2-5, the H~*, H™*, ARL and SDRL values for both the lower-sided
and the upper-sided control charts are larger when 7 is close to 1. For example, by
referring to Table 2 under the zero-state condition, with p = 2,n = 10, 79 = 0.1 and
7 = 0.5, the values of ARLyg and SDRLzg are 1.5 and 1.1, respectively; while ARLzg
and SDRLyzg are 105.4 and 128.2, respectively when 7 = 0.9. This was expected, since
the shift is smaller when 7 is close to 1. Similar behavior is observed with regards to the
sample size n: the larger is the sample size, the smaller is the number of samples needed
to detect an out-of-control situation in average; also the SDRL is smaller. For instance,
as shown in Table 4 under the steady-state condition with v = 0.1,7 = 0.75,p = 4;
the ARLss and SDRLgg values are 212.5 and 211.8, respectively when n = 5, with
n = 10, these values are ARLgss = 32.9 and SDRLgss = 31.7, respectively. This
improved performance with n is more significant for larger values of p. Therefore, a
larger sample size is recommended when more variables are monitored.



It is also observed that the ARL and SDRL values are larger for the lower-sided
control chart compared to the upper-sided control chart. On the contrary, the H—*
values for the lower-sided control chart are smaller than the H* values for the upper-
sided control chart. For example, in Tables 2-3, with p = 2,n = 10 and vy = 0.1,
ARLyzs, SDRLzg and H™* of the lower-sided control chart are 105.4, 128.2 and 11,
respectively, when 7 = 0.9, while ARLyzs, SDRLys and H* of the upper-sided control
chart are 44.1, 57.4 and 31, respectively, when 7 = 1.1. In the other words, it is easier
to detect the upward shift in MCV than the downward shift. The different behavior
between the lower-sided control chart and the upper-sided control chart is due to the
asymmetric of the distribution of the MCV, see Figure 1. In practice, the detection of
an upward shift is usually more important, as an upward shift indicates an increase of
relative variation with regard to the mean.

Both the optimal values H** and H~* are smaller when the shift is large. In addi-
tion, when the sample size n increases, we observed that, the values of H* decreases
in both zero-state and steady-state conditions. On the other hand, the values of H~*
increase in both conditions when n increases. The design optimization algorithm runs
to minimize the average run length: due to the asymmetry of the distribution of the
MCV, the trends of H™* and H* are different.

For a larger value of vg, a larger LCL* for the lower-sided control chart is adopted;
the value of UCL* is also larger for the upper side chart. When the sample size n
increases, LC'L* also increases for the lower side control chart, while UCL* does not
significantly change. It is also observed that the higher in-control MCV ~q slightly
increases the average number of samples needed to detect a process shift.

PLEASE INSERT TABLE 2, 3, 4, 5 HERE

The performance comparison between the ARL values of the one-sided Synthetic
MCYV control charts and the ARL values of the one-sided Shewhart MCV control
charts proposed in [8] is provided in Table 6. The The performance comparison has
been undertaken by defining the following index Apg

_ ARLgy — ARL gy,
N ARLsn

AE X 100, (19)

where ARLgy is the average run length value for the Shewhart MCV control chart,
while ARL,y, is the average run length value for the synthetic MCV control chart.
If Ag > 0, then the Synthetic MCV charts outperform the Shewhart MCV charts; if
Apg < 0, then the Shewhart MCV charts outperform the Synthetic MCV charts. The
obtained results presented in Tables 6, rounded to the nearest integer, show that the
Synthetic MCV charts outperform the Shewhart MCV charts for both the lower-sided
and the upper-sided control charts. The Synthetic MCV charts are significantly better
than the Shewhart MCV charts when the shift size is large, i.e. |7 — 1| is large.

PLEASE INSERT TABLE 6 HERE

4.2. Performance with unknown shift size

We already know that the synthetic MCV control charts can be optimally designed
in terms of ARL for quickly detecting anticipated shift sizes. However, in practice,
the shift size 7 to the out-of-control condition cannot be predicted with sufficient
precision. In order to overcome this problem, the uncertainty related to the shift



size prediction can be tackled by considering 7 as a random variable and selecting a
statistical distribution to model it. Several potential statistical distributions have been
considered in the literature, see [24]. If the quality practitioner wants to get an optimal
design of a control chart with respect to a range of shifts sizes 2 = [a, b], without any
preference for a specific size, then the uniform distribution can be selected to give an
equal weight to each shift size included within the interval €2, see [24]. Therefore, in

the second step of our numerical analysis, we have computed new optimal couples
(H=*,LCL*) or (H™*,UCL*), such that

e For the lower-sided control chart:

(H™*,LCL*) = argmin EARL(n,p, H ,LCL,~o,T)

(H-,LCL)
subject to the constraint
EARL(n,p,H ,UCL™ ,y,7 =1) (20)
:ARL(n,p, Hi,UCLi,’)/(),T: 1) = ARLy, (21)

e For the upper-sided control chart:

(H**,UCL*) = argmin EARL(n,p, H",UCL,~y,T)

(H+,UCL)
subject to the constraint
EARL(n,p, H",UCL,~9,7 = 1) (22)
= ARL(n,p, H" ,UCL,~y,7 =1) = ARLy, (23)

where FARL (Expected Average Run Length) is equal to
EARL = / ARL x f(r)dr, (24)
Q

with f-(7) = ;- for 7 € Q = [a,b] and ARL is defined as in (7). The new optimal
couples ((H*, LCL*) and (H™*,UCL*)) and the values of EARL are presented in
Tables 7-8 for = [0.5, 1) (decreasing case, denoted by (D)) and © = (1, 2] (increasing
case, denoted by (I)). Table 7 presents the zero-state performance, while Table 8
presents the steady state performance.

Similar to the known shift case, EARL values are larger for the lower-sided chart, if
compared to the upper-sided chart. While the H™* values are small compared to the
H™* values. Detecting the upward shift in MCV is easier than the downward shift. As
expected, the control chart sensitivity improves with the sample size. Increasing the
sample size n also leads to a tighter in-control interval on the chart. It is also observed
that the higher in-control MCV ~q slightly increases the FARL values. With regards
to the number of monitored variables, the values of FARL increase with p. Therefore,
a larger sample size is always recommended when we have more correlated variables.

PLEASE INSERT TABLE 7, 8 HERE

The performance comparison between the ARL values of the Synthetic MCV control



charts with the ARL values for the Shewhart MCV control charts (on both upper-
sided and lower-sided cases) is also conducted. The comparison indices computed by
(19) are provided in Table 9. The results show that the Synthetic MCV charts al-
ways outperform the Shewhart MCV chart in the unknown shift case. Moreover, the
Synthetic MCV control charts perform much better when more samples are taken.

PLEASE INSERT TABLE 9 HERE

In addition, we also make a direct comparison of ARL values with the run sum
MCYV control chart developed by [9]. The experiments in [9] are only conducted with
v = {0.1, 0.3, 0.5}, p = {2,3} and n = {5,10}, see Tables 1-4 in [9]. The value of
ARLg in this comparison is 370. Under the zero-state condition, as shown in Table
10, the upper-sided synthetic control chart is able to detect sooner the upward shift
in MCV. For example, with v = 0.1,7 = 1.25,p = 3 and n = 10, the results of
ARL are 9.1 and 11.75 for the synthetic upper-sided MCM and run sum MCV control
charts, respectively. However, the run sum MCV control chart performs better than the
synthetic lower-sided MCV control chart in detecting the downward shift. Similarly,
when the shift size is unknown, the synthetic MCV control charts are faster than the
run sum MCV control chart in detecting upward shifts.

PLEASE INSERT TABLE 10 HERE

5. Tllustrative example

In this Section, we discuss the implementation of the upper-sided and the lower-sided
control charts. The context of the example presented here is similar to the one intro-
duced in [9]. As discussed in [9], the data are obtained from a company, for which
the quality characteristics are the inner diameters A and B, whose measurements are
presented by (X7) and (X3). From phase I, the value of MCV has been estimated, i.e.
9 = 0.089115. The data collected during the phase II process with sample size n = 5
are shown in Table 1.

In this case, the upper-sided and the lower-sided control charts, which are designed
for a quick detection of a 25% increasing shift (i.e., 7 = 1.25) and a 25% decreasing
shift (i.e., 7 = 0.75) in the MCV, are implemented simultaneously. Based on the
optimization procedure in Sec. 3 with ARLg = 370.4, we obtain (H** =22, UCL* =
0.1487) and (H~* = 3, LCL* = 0.0221) for the upper-sided and the lower-sided control
charts respectively.

The corresponding values 4; are presented in the rightmost column of Table 1 and
plotted in Figures 3 and 4, respectively. At sample #4, a point is plotted above UCL* =
0.1487 and a conforming run length CRL; = 4 < H™ = 22 is recorded. Therefore,
the upper-sided control chart triggers an alarm signaling at sample #4. Conversely,
the lower-sided control chart does not detect any out-of-control signal.

6. Concluding remarks

Monitoring the multivariate coefficient of variation is recently receiving growing at-
tention in the context of SPC. In this study, we proposed two one-sided synthetic
control charts for monitoring the MCV: synthetic lower-sided and synthetic upper-
sided MCV control charts. By combining the Shewhart chart with a conforming run
length (CRL) chart, the performance of the control charts are significantly improved.
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Synthetic upper-sided MCV control chart

AN UCL*
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Figure 3. Synthetic upper-sided control chart corresponding to Phase II data set in Table 1.

Synthetic lower-sided MCV control chart

LCL*
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i

Figure 4. Synthetic lower-sided control chart corresponding to Phase II data set in Table 1.
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Sample number % Xl,i X2,z‘ Siz ng Slg,i ’A}/Z
1 7.781 1.592 1.164 0.734 0.35645 0.113710

2 7.385 1.804 1.006 1.667 0.96049 0.104890
3 7.988 2.260 0.762 0.359 0.17373 0.108870
4 8.189 2.100 1.885 0.470 0.13026 0.156790
5 7436 2.061 1.404 0.519 0.08280 0.139290
6 6.746 2.289 0.846 0.811 0.43835 0.133240
7 7.356 1.917 0.197 2.587 0.01597 0.059996
8 8.492 1.845 1.460 1.746 1.42051 0.055093
9 7.272 1.580 1.353 0.345 0.27988 0.117710
10 7.585 1.568 1.098 0.788 0.41252 0.109610
11 7.734 1.709 0.952 0.228 0.11462 0.102440
12 8.160 1.498 1.598 1.178 1.00757 0.122950
13 7.102 2.661 1.508 0.945 0.73607 0.101260
14 8.392 1.883 0.536 0.706 0.23234 0.085637
15 7.592 2.531 0.256 0.563 0.24827 0.043489
16 8.141 2.093 0.394 0.603 0.25584 0.072202
17 7.883 2490 1.321 1.179 0.65037 0.142430
18 7.886 2.877 0.883 1.431 0.22524 0.106680
19 7.830 1.008 0.878 0.558 0.14223 0.112090
20 8.196 1.482 0.791 0.220 0.13724 0.088460

Table 1. Illustrative example of Phase II dataset.

The paper presents both zero-state and steady-state conditions for the control charts.
For both fixed values of the shift size 7 and unknown shift size, several tables present-
ing the optimal design parameters and out-of-control ARL corresponding to different
values of the in-control MCV ~y have been discussed. In this paper we also illustrate
a practical example from a manufacturing process.

The synthetic control charts for monitoring MCV are simple to implement, yet
effectively enhance the detection ability. A comparison with the one-sided Shewhart
MCYV control charts demonstrated the clear outperformance of the synthetic one-sided
MCYV control charts. The synthetic upper-sided MCV chart also performs better the
run sum MCV chart. The future research about monitoring the MCV can be extended
to adaptive schemes with variable parameters and the design of EWMA and CUSUM
control charts.
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n=>5 n =10 n =15
H~* LCL* ARLzs SDRLys H* LCL* ARLzs SDRLyg H~™ LCL* ARLyzs SDRLyg
Y% =0.1
2 0.0266 10.6 12.8 2 0.0523 1.5 1.1 2 0.0624 1.1 0.3
3 0.0248 7.3 88.7 6 0.0480 16.3 20.6 5 0.0593 6.9 8.4
3 0.0248  206.6 227.4 11 0.0459 105.4 128.2 12 0.0566  66.0 82.7
1 0.0163 27.3 30.8 2 0.0463 1.8 1.6 2 0.0587 1.1 0.4
1 0.0163  122.7 131.9 6 0.0422 20.7 26.1 5 0.0556 7.9 9.8
1 0.0163  246.6 260.4 10 0.0404 118.0 141.9 12 0.0529 1.7 89.5
1 0.0032 93.4 101.2 2 0.0400 2.3 2.3 2 0.0548 1.1 0.5
1 0.0032  209.1 221.7 6 0.0360 27.0 33.8 5 0.0517 9.2 11.5
1 0.0032  300.5 315.9 9 0.0347 1334 158.3 12 0.0491 78.3 97.3
Yo = 0.2
2 0.0528 10.9 13.2 2 0.1037 1.5 1.2 2 0.1240 1.1 0.3
3 0.0492 78.8 90.4 6 0.0952 17.1 21.6 5 0.1177 7.2 8.9
3 0.0492  208.5 229.4 11 0.0910 108.0 131.3 13 0.1119 684 85.9
1 0.0323 27.9 31.5 2 0.0918 1.8 1.6 2 0.1164 1.1 0.4
1 0.0323  124.5 133.8 6 0.0836 21.6 27.2 5 0.1103 8.3 10.4
1 0.0323  248.2 262.1 10 0.0801  120.7 145.0 12 0.1050 74.2 92.4
1 0.0064 94.7 102.6 2 0.0792 2.4 2.4 2 0.1086 1.2 0.5
1 0.0064 210.7 223.4 6 0.0712 28.1 35.2 5 0.1025 9.7 12.2
1 0.0064  301.5 316.9 9 0.0686  136.1 161.5 12 0.0973  80.9 100.3
Y = 0.3
2 0.0781 11.4 13.8 2 0.1536 1.6 1.3 2 0.1838 1.1 0.4
3 0.0729 81.4 93.2 6 0.1409 18.3 23.2 5 0.1744 7.9 9.8
3 0.0729  211.5 232.6 11 0.1346  112.2 136.0 13 0.1656 72.1 90.3
1 0.0478 29.1 32.7 2 0.1358 1.9 1.8 2 0.1724 1.1 0.4
1 0.0478 127.5 136.9 6 0.1235 23.1 29.1 5 0.1632 9.1 11.3
1 0.0478  250.8 264.7 10 0.1184  125.0 149.9 13 0.1546 78.1 97.5
1 0.0095 96.7 104.7 2 0.1170 2.5 2.6 2 0.1607 1.2 0.6
1 0.0095 213.4 226.1 6 0.1052 30.0 374 6 0.1499 10.6 13.3
1 0.0095  303.1 318.6 9 0.1013  140.5 166.4 13 0.1431 85.0 105.6
Y = 0.4
2 0.1024 12.2 14.7 2 0.2013 1.7 1.4 2 0.2413 1.1 0.4
3 0.0955 84.9 97.1 6 0.1844 20.1 25.3 5 0.2287 8.8 10.9
3 0.0955  215.5 236.9 11 0.1761 117.6 142.2 13 0.2171 77.0 96.2
1 0.0625 30.6 34.4 2 0.1777 2.1 2.0 2 0.2261 1.2 0.5
1 0.0625 131.6 141.2 6 0.1614 25.2 31.6 6 0.2115 10.1 12.7
1 0.0625  254.2 268.2 10 0.1547  130.6 156.2 13 0.2023  83.3 103.6
1 0.0124 99.6 107.8 2 0.1528 2.7 2.9 2 0.2104 1.2 0.6
1 0.0124 217.1 229.9 6 0.1373 32.5 40.5 6 0.1961 11.8 14.8
1 0.0124  305.3 320.9 9 0.1321  146.3 172.8 13 0.1871 90.4 111.9
Y% =0.5
2 0.1253 13.2 15.8 2 0.2465 1.8 1.6 2 0.2961 1.2 0.5
3 0.1168  89.3 101.8 6 0.2256 22.3 28.1 6 0.2775 9.9 12.5
3 0.1168  220.2 241.9 12 0.2139 1239 150.2 14 0.2647 82.9 103.6
1 0.0763 32.6 36.6 2 0.2171 2.3 2.2 2 0.2770 1.2 0.6
1 0.0763  136.6 146.5 6 0.1971 27.9 34.9 6 0.2587 114 14.4
1 0.0763  258.3 272.5 11 0.1872  137.2 164.6 13 0.2473 894 110.8
1 0.0152  103.3 111.6 3 0.1789 3.0 3.2 2 0.2573 1.3 0.8
1 0.0152  221.6 234.6 6 0.1672 35.8 44.4 6 0.2395 13.3 16.8
1 0.0152  308.0 323.7 9 0.1610  153.0 180.3 13 0.2284  96.8 119.4

Table 2. Zero-state performance. Values of H=*, LCL*, ARLys, SDRLyg for the lower-sided control charts,
for different values of n = {5,10,15}, p = {2,3,4}, vo = {0.1, 0.2, 0.3, 0.4, 0.5}, = = {0.5,0.75,0.9} and
ARLo = 3704
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n=>5 n =10 n =15
H™ UCL* ARLzs SDRLys H™ UCL* ARLzs SDRLyzg H™ UCL* ARLzs SDRLyzg
Y% =0.1
47 0.1729 4.7 97.8 31 0.1503 44.1 57.4 24 0.1403 31.4 40.7
22 0.1671 17.9 22.4 12 0.1455 8.1 9.6 8 0.1359 5.1 5.8
10  0.1607 5.4 5.9 5 0.1408 24 2.2 4 0.1329 1.7 1.2
55 0.1569 88.5 116.0 33 0.1443 47.9 62.5 25  0.1366 33.3 43.3
27 0.1515 23.7 30.0 13 0.1396 9.1 10.9 9 0.1325 5.6 6.3
13 0.1456 74 8.5 6 0.1355 2.7 2.5 4 0.1290 1.8 1.4
71 0.1356  112.5 147.6 35  0.1378 52.6 68.6 26  0.1327 355 46.2
39  0.1310 35.8 45.9 14 0.1333 10.4 12.6 9 0.1285 6.0 7.0
21 0.1260 12.4 14.7 6 0.1287 3.0 3.0 4 0.1250 1.9 1.5
Yo = 0.2
47 0.3551 76.8 100.5 31 0.3061 46.1 60.1 25  0.2850 33.1 42.9
22 0.3425 18.7 23.6 12 0.2958 8.6 10.3 9 0.2763 5.5 6.3
10 0.3285 5.7 6.4 5 0.2857 2.6 24 4 0.2689 1.8 1.4
55 0.3203 90.7 118.9 33 0.2932 50.0 65.3 26 0.2770 35.1 45.6
28 0.3093 24.7 31.4 13 0.2832 9.7 11.8 9 0.2680 6.0 6.9
14 0.2973 7.8 9.0 6 0.2744 2.9 2.7 4 0.2606 1.9 1.5
71 02747  114.8 150.7 36  0.2796 54.8 71.6 27 0.2687 374 48.6
40  0.2654 37.2 47.8 15 0.2704 11.1 13.5 10 0.2604 6.5 7.5
22 0.2552 13.0 15.6 6 0.2600 3.3 3.3 4 0.2521 2.0 1.7
Y = 0.3
48  0.5587 80.4 105.3 32 0.4740 49.5 64.6 26 0.4384 36.0 46.7
23 0.5372 20.3 25.6 13 0.4576 9.6 11.6 9 0.4233 6.2 7.2
11 0.5146 6.2 7.1 6 0.4427 2.8 2.7 4 0.4110 1.9 1.6
56 0.4978 94.6 124.0 34 0.4520 53.6 70.0 27 0.4250 38.1 49.6
29 0.4796 26.6 33.9 14 0.4362 10.8 13.2 10 04111 6.7 7.8
15 0.4604 8.6 10.0 6 0.4202 3.2 3.2 4 0.3974 2.1 1.8
72 0.4210 119.0 156.2 37 0.4292 58.6 76.6 27 0.4107  40.5 52.8
41 0.4062 39.8 51.2 16 0.4146 12.3 15.1 10  0.3970 7.2 8.6
23 0.3902 14.3 17.3 7 0.3994 3.6 3.8 5 0.3868 2.2 1.9
Y = 0.4
49 0.7993 86.0 112.7 34 0.6618 54.4 71.0 27 0.6052 40.1 52.2
24 0.7643 22.7 28.9 14 0.6365 11.0 13.5 10 0.5836 7.1 8.4
12 0.7294 7.1 8.2 6 0.6111 3.3 3.3 4 0.5625 2.2 2.0
57  0.6980 100.6 131.9 36  0.6268 58.8 76.9 28  0.5844 42.4 55.2
30  0.6697 29.6 38.0 15 0.6027 12.4 15.3 11 0.5646 7.7 9.2
16 0.6411 9.9 11.7 7 0.5808 3.7 3.8 5 0.5470 2.4 2.1
73 05779 1254 164.5 38  0.5904 64.0 83.8 29  0.5632 45.0 58.7
43 0.5571 43.8 56.6 17 0.5692 14.1 17.6 11 0.5431 8.4 10.1
24 0.5332 16.3 20.0 8 0.5484 4.2 4.5 5 0.5259 2.5 2.4
Y% =0.5
49 1.0991 94.1 123.2 35 0.8774 60.8 79.5 28  0.7908 45.4 59.2
25 1.0432 26.3 33.8 15 0.8401 13.0 16.2 11 0.7607 8.5 10.2
13 0.9890 8.5 10.1 7 0.8057 3.9 4.1 5 0.7343 2.6 2.4
58  0.9307 109.3 143.2 37 0.8224 65.7 85.8 29  0.7592 48.0 62.6
32 0.8900 34.3 44.2 16 0.7879 14.7 18.4 12 0.7319 9.2 11.1
17 0.8462 11.9 14.5 8 0.7585 4.4 4.8 5 0.7037 2.8 2.7
73 0.7468 134.4 176.3 39  0.7671 71.3 93.3 31  0.7286 50.9 66.4
45 0.7195 49.9 64.7 18 0.7373 16.7 21.1 12 0.7003 10.0 12.3
26 0.6877 19.5 244 9 0.7098 5.1 5.7 6 0.6788 3.0 3.0

Table 3. Zero-state performance. Values of HT*, UCL*, ARLyg, SDRLyg for the upper-sided control charts,
for different values of n = {5,10,15}, p = {2,3,4}, vo = {0.1, 0.2, 0.3, 0.4, 0.5}, = = {1.1,1.25,1.5} and
ARLy = 370.4
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n=>5 n =10 n =15

P T H~* LCL* ARLss SDRLss H* LCL* ARLss SDRLss H~* LCL* ARLss SDRLss
Y =0.1
2 0.50 1 0.0303 13.5 12.3 1 0.0555 2.7 1.4 2 0.0627 2.0 0.5
2 0.75 1 0.0303 82.8 81.9 2 0.0526 21.4 20.1 2 0.0627 10.2 8.9
2 0.90 1 0.0303  211.0 210.4 3 0.0510  115.5 114.3 4 0.0604  76.5 75.1
3 0.50 1 0.0165 30.9 29.8 1 0.0495 3.1 1.9 2 0.0589 2.1 0.5
3 0.75 1 0.0165 127.2 126.3 2 0.0466 26.2 24.9 2 0.0589 11.5 10.2
3 0.90 1 0.0165  249.3 248.7 3 0.0451  127.6 126.6 4 0.0566  82.3 80.9
4 0.50 1 0.0033 97.9 97.0 1 0.0431 3.8 2.6 1 0.0575 2.2 0.7
4 0.75 1 0.0033  212.5 211.8 2 0.0403 32.9 31.7 2 0.0550 13.2 11.8
4 0.90 1 0.0033  302.1 301.5 3 0.0387 1423 141.3 4 0.0528 88.9 87.6
Yo = 0.2
2 0.50 1 0.0600 13.8 12.7 1 0.1103 2.8 1.5 2 0.1245 2.1 0.5
2 0.75 1 0.0600 84.4 83.5 2 0.1043 22.3 20.9 2 0.1245 10.7 9.4
2 0.90 1 0.0600  212.9 212.2 3 0.1011  118.1 117.0 4 0.1198 79.0 77.6
3 0.50 1 0.0327 31.6 30.5 1 0.0982 3.2 2.0 2 0.1169 2.1 0.6
3 0.75 1 0.0327 129.0 128.1 2 0.0924 27.2 25.9 2 0.1169 12.1 10.7
3 0.90 1 0.0327  250.9 250.3 3 0.0893  130.4 129.3 4 0.1124 849 83.5
4 0.50 1 0.0066 99.1 98.2 1 0.0853 4.0 2.7 1 0.1141 2.2 0.7
4 0.75 1 0.0066 214.1 213.4 2 0.0797 34.2 32.9 2 0.1091 13.8 12.4
4 0.90 1 0.0066  303.0 302.5 3 0.0767  145.1 144.0 4 0.1046  91.6 90.2
Y% =0.3
2 0.50 1 0.0889 14.4 13.3 1 0.1634 2.9 1.6 2 0.1846 2.1 0.5
2 0.75 1 0.0889 87.0 86.1 2 0.1545 23.7 224 2 0.1846 11.5 10.2
2 0.90 1 0.0889  215.9 215.2 3 0.1497 1223 121.2 4 0.1776 82.9 81.5
3 0.50 1 0.0484 32.7 31.7 1 0.1453 3.4 2.1 2 0.1732 2.2 0.6
3 0.75 1 0.0484 131.9 131.1 2 0.1367 28.9 27.6 2 0.1732 13.0 11.7
3 0.90 1 0.0484 2534 252.8 3 0.1320 134.6 133.6 4 0.1663  89.0 87.6
4 0.50 1 0.0098 101.2 100.3 1 0.1261 4.1 2.9 1 0.1689 2.3 0.8
4 0.75 1 0.0098 216.7 216.0 2 0.1178 36.2 34.9 2 0.1614 14.8 13.5
4 0.90 1 0.0098  304.7 304.1 3 0.1133  149.4 148.4 4 0.1547  95.8 94.5
Y = 0.4
2 0.50 1 0.1166 15.2 14.1 1 0.2143 3.0 1.7 2 0.2423 2.1 0.6
2 0.75 1 0.1166 90.6 89.7 2 0.2025 25.7 24.4 2 0.2423 12.7 11.3
2 0.90 1 0.1166  219.8 219.1 3 0.1962 1278 126.7 4 0.2330 88.1 86.7
3 0.50 1 0.0633 34.4 33.3 1 0.1902 3.6 2.3 1 0.2372 2.2 0.8
3 0.75 1 0.0633  136.0 135.1 2 0.1788 31.3 30.0 2 0.2271 14.3 13.0
3 0.90 1 0.0633  256.8 256.2 3 0.1727  140.2 139.2 4 0.2179 943 93.0
4 0.50 1 0.0128  104.1 103.2 1 0.1648 4.4 3.2 1 0.2213 2.3 0.9
4 0.75 1 0.0128  220.3 219.6 2 0.1539 39.0 37.8 2 0.2114 16.3 15.0
4 0.90 1 0.0128  306.8 306.3 3 0.1480  155.1 154.1 4 0.2024  101.3 100.0
Y% =0.5
2 0.50 1 0.1427 16.3 15.2 1 0.2627 3.2 2.0 2 0.2974 2.2 0.7
2 0.75 1 0.1427 95.0 94.1 2 0.2480 28.3 27.0 2 0.2974 14.2 12.8
2 0.90 1 0.1427 2244 223.8 3 0.2401 1341 133.1 4 0.2857 94.2 92.8
3 0.50 1 0.0773 36.4 35.4 1 0.2327 3.8 2.6 1 0.2909 2.3 0.9
3 0.75 1 0.0773  141.0 140.2 2 0.2185 34.3 33.0 2 0.2782 16.0 14.6
3 0.90 1 0.0773  260.8 260.2 3 0.2110  146.8 145.8 4 0.2668  100.6 99.3
4 0.50 1 0.0155 107.8 106.9 1 0.2011 4.8 3.6 1 0.2709 2.4 1.0
4 0.75 1 0.0155 224.7 224.1 2 0.1876 42.6 41.3 2 0.2585 18.2 16.9
4 0.90 1 0.0155  309.5 308.9 3 0.1805  161.7 160.8 4 0.2474  107.9 106.6

Table 4. Steady-state performance. Values of H™*, LCL*, ARLgs, SDRLgg for the lower-sided control
charts, for different values of n = {5, 10,15}, p = {2, 3,4}, 70 = {0.1, 0.2, 0.3, 0.4, 0.5}, 7 = {0.5,0.75,0.9} and
ARLo = 3704
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n=>5 n =10 n =15

p T H™ UCL* SARL SDRLss H™ UCL* SARL SDRLss H™ UCL* SARL SDRLss
Yo = 0.1
2 1.10 24 0.1660 94.0 91.3 14 0.1454 58.6 56.0 11 0.1365 43.3 40.8
2 125 13 0.1614 27.1 24.4 7 0.1419 13.1 11.1 5 0.1334 8.7 6.9
2 1.50 7 0.1565 9.2 7.2 4 0.1390 4.4 2.8 3 0.1312 3.1 1.6
3 1.10 29 0.1501 1094 106.8 15 0.1394 63.2 60.6 12 0.1330 45.7 43.1
3 1.25 16 0.1457 34.9 32.0 7 0.1356 14.6 12.6 5 0.1295 9.3 7.6
3 1.50 9 0.1412 12.4 10.2 4 0.1327 4.8 3.3 3 0.1273 3.3 1.8
4 1.10 45 0.1297 1354 133.4 17 0.1332 68.7 65.9 12 0.1290 48.4 45.8
4 1.25 26 0.1258 50.9 474 8 0.1295 16.5 14.3 6 0.1262 10.0 8.2
4 1.50 15 0.1215 19.9 17.2 5 0.1271 5.4 3.8 3 0.1233 3.5 2.0
Y = 0.2
2 1.10 23 0.3393 96.2 93.6 14 0.2955 60.9 58.3 11 0.2766 45.3 42.9
2 125 13 0.3301 28.2 25.5 7 0.2882 13.9 11.9 5 0.2699 9.3 7.5
2 1.50 7 0.3195 9.7 7.7 4 0.2819 4.6 3.1 3 0.2653 3.3 1.8
3 1.10 30 0.3061 111.7 109.1 16 0.2834 65.6 62.9 12 0.2691 47.8 45.3
3 1.25 17 0.2972 36.3 33.3 8 0.2761 15.5 13.3 6 0.2633 9.9 8.0
3 150 10 0.2884 13.0 10.7 4 0.2684 5.1 3.5 3 0.2571 3.5 2.0
4 1.10 45 0.2623 1378 135.9 17 0.2696 71.1 68.4 12 0.2605 50.5 48.0
4 125 26  0.2540 52.6 49.2 8 0.2617 17.5 15.3 6 0.2547 10.7 8.8
4 1.50 16 0.2461 20.9 18.0 5 0.2565 5.8 4.1 3 0.2485 3.7 2.2
Y = 0.3
2 1.10 24 0.5315 100.1 97.5 15 0.4568 64.8 62.2 12 0.4251 48.7 46.2
2 125 13 0.5143 30.2 27.5 7 0.4432 15.2 13.2 6 0.4154 10.2 8.3
2 1.50 8 0.5001 10.5 8.5 4 0.4326 5.1 3.5 3 0.4051 3.6 2.1
3 1.10 30 04732 1158 113.3 16 0.4351 69.6 67.0 12 0.4113 51.3 48.8
3 1.25 17 0.4582 38.7 35.7 8 0.4231 17.0 14.8 6 0.4018 11.0 9.1
3 1.50 10 0.4435 14.2 11.9 5 0.4144 5.7 4.0 3 0.3916 3.8 2.3
4 1.10 45 0.4005 142.0 140.2 17 0.4121 75.4 72.7 13 0.3982 54.2 51.6
4 125 27  0.3879 55.7 52.2 9 0.4013 19.1 16.9 6 0.3877 11.8 9.9
4 150 16 03743 22.7 19.8 5 0.3908 6.4 4.7 4 0.3819 4.0 2.5
7 = 0.4
2 110 24 0.7527 106.0 103.4 15 0.6330 70.3 67.7 12 0.5839 53.5 51.0
2 1.25 13 0.7245 33.3 30.6 8 0.6156 17.2 15.1 6 0.5692 11.6 9.7
2 1.50 8 0.7015 119 9.8 4 0.5955 5.8 4.2 3 0.5536 4.0 2.5
3 1.10 30 0.6582 121.9 119.5 16 0.5991 75.4 72.8 13 0.5644 56.3 53.7
3 1.25 17 0.6348 42.4 39.5 8 0.5807 19.2 17.0 6 0.5484 12.5 10.6
3 150 10 0.6121 16.1 13.7 5 0.5676 6.4 4.7 4 0.5396 4.3 2.7
4 1.10 45 0.5467 148.3 146.7 17 0.5638 81.4 78.8 13 0.5429 59.4 56.8
4 125 27  0.5280 60.4 57.0 9 0.5476 21.6 19.3 6 0.5272 13.5 11.6
4 150 17 0.5103  25.5 22.5 5 0.5319 7.3 5.6 4 0.5186 4.6 3.0
7% = 0.5
2 1.10 23 1.0174 114.1 111.7 15 0.8317 77.3 74.8 12 0.7580 59.6 57.1
2 125 14 09802 37.8 35.0 8 0.8054  20.0 17.8 6 0.7363  13.6 11.6
2 1.50 8 0.9378 139 11.8 5 0.7851 6.7 5.0 4 0.7232 4.6 3.0
3 1.10 29 0.8658 130.5 128.3 16 0.7798 82.8 80.3 13 0.7289 62.6 60.1
3 1.25 17 0.8324 48.0 45.0 9 0.7573 22.3 20.0 7 0.7104 14.6 12.5
3 150 11 0.8047 189 16.5 5 0.7335 7.6 5.9 4 0.6930 4.9 3.4
4 1.10 44 0.7009 157.0 155.6 18  0.7293 89.2 86.6 13 0.6974 66.0 63.5
4 125 28 0.6776 67.3 64.0 10 0.7078 25.1 22.7 7 0.6795 15.8 13.7
4 150 18 0.6541  29.8 26.7 6 0.6884 8.7 6.8 4 0.6627 5.3 3.7
Table 5. Steady-state performance. Values of Ht* UCL* ARLss, SDRLgs for the upper-sided control

charts, for different values of n = {5, 10,15}, p = {2, 3,4}, 70 = {0.1, 0.2, 0.3, 0.4, 0.5}, 7 = {1.1,1.25,1.5} and
ARLo = 3704
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p=2 p=3 p=4
T n=5 n=10 n=1>5 n=5 n=10 n=15 n=>5 n=10 n=15

Y = 0.1
0.50 78 72 45 71 75 51 50 78 57
0.75 51 69 72 41 67 72 25 65 72
090 24 41 49 18 38 438 10 36 46
110 37 46 50 34 44 49 29 43 43
1.25 30 55 55 47 54 55 42 54 55
1.50 48 46 40 48 46 41 45 47 42
Yo = 0.2
0.50 78 72 46 70 76 52 49 78 58
0.75 o1 69 72 41 67 72 25 65 71
0.90 24 40 48 18 38 47 10 35 46
1.10 37 45 50 33 44 49 28 43 48
1.25 50 59 56 47 o4 56 42 54 56
1.50 49 47 42 48 48 43 45 48 44
Yo = 0.3
050 78 73 49 70 76 54 49 79 59
0.75 50 68 72 40 66 71 24 64 71
0.90 23 39 47 17 37 46 10 34 45
1.10 36 44 49 33 43 48 28 42 47
1.25 49 %) 56 46 54 56 41 53 56
1.50 50 48 44 48 49 45 45 50 46
Yo = 0.4
050 77 74 52 69 76 o7 43 79 62
075 49 67 71 39 65 71 23 63 70
090 22 38 46 17 36 45 9 33 43
1.10 35 43 48 32 42 47 27 41 46
1.25 49 55 57 46 54 56 41 53 56
1.50 51 51 47 49 51 438 46 51 49
Yo = 0.5
0.50 76 74 55 63 7 59 47 79 64
0.75 48 66 70 38 64 70 23 62 69
090 22 37 45 16 34 43 9 32 42
1.10 34 42 47 31 41 46 26 39 45
1.25 49 55 57 46 54 57 40 53 56
1.50 53 53 51 51 53 51 46 53 52

Table 6. Comparison vs. the Shewhart MCV control chart. Ag values of the Synthetic MCV control charts
for different values of p = {2, 3,4}, n = {5, 10,15}, 70 = {0.1,0.2,0.3,0.4,0.5}, = = {0.5,0.75,0.9,1.1,1.25,1.5}
and ARLy = 370.4.
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Q p n=>, n =10 n=15
Yo = 0.1
(D) 2 (3,0.0248, 96.5) (7,0.0475, 42.9) (9,0.0575, 28.3)
(I) 2 (27,0.1687, 19.8) (21, 0.1484, 11.9) (19, 0.1394, 8.9)
(D) 3 (1,0.0163, 131.3) (7,0.0416, 48.0) (19, 0.0538, 30.3)
(I) 3 (30,0.1524, 23.9) (22, 0.1423, 12.8) (20, 0.1357, 9.4)
(D) 4 (1,0.0032, 203.0) ( 6, 0.0360, 54.7) (8, 0.0503, 32.7)
(I) 4 (37,0.1306, 31.9) (23, 0.1358, 14.0) (20, 0.1317, 9.9)
Yo = 0.2
(D) 2 (3,0.0492, 97.7) (7,0.0941, 43.9) (9,0.1141, 29.1)
(I) 2 (27, 0.3460, 20.4) (21, 0.3020, 12.4) (19, 0.2827, 9.3)
(D) 3 (1,0.0323, 132.7) (7,0.0825, 49.1) (9, 0.1066, 31.2)
(I) 3 (30, 0.3105, 24.6) (22, 0.2889, 13.4) (20, 0.2749, 9.8)
(D) 4 (1,0.0064, 204.4) ( 6,0.0712, 55.9) (19, 0.0990, 33.6)
(I) 4 (37,0.2641, 32.8) (23, 0.2750, 14.6) (20, 0.2663, 10.3)
Yo = 0.3
(D) 2 (3,0.0729, 99.7) (7,0.1392, 45.5) (9,0.1689, 30.4)
(I) 2 (27, 0.5420, 21.5) (21, 0.4664, 13.2) (19, 0.4340, 10.0)
(D) 3 (1,0.0478, 134.9) (7,0.1219, 50.9) (9,0.1578, 32.6)
(I) 3 (30, 0.4805, 25.9) (22, 0.4444, 14.3) (19, 0.4202, 10.5)
(D) 4 (1,0.0095, 206.6) ( 6,0.1052, 57.8) (9,0.1463, 35.1)
(I) 4 (37,0.4034, 34.5) (23, 0.4210, 15.5) (20, 0.4067, 11.1)
Yo = 0.4
(D) 2 (3,0.0955, 102.5) (18,0.1804, 47.7) (9,0.2214, 32.2)
(I) 2 (26,0.7682, 23.2) (21, 0.6482, 14.5) (19, 0.5977, 11.0)
(D) 3 (1,0.0625, 138.0) (7,0.1593, 53.2) (19, 0.2066, 34.4)
(I) 3 (29, 0.6682, 27.9) (21, 0.6121, 15.6) (19, 0.5763, 11.5)
(D) 4 (1,0.0124, 209.6) ( 6,0.1373, 60.4) (9,0.1913, 37.0)
(I) 4 (37,0.5510, 37.2) (22, 0.5761, 17.0) (20, 0.5556, 12.2)
Yo = 0.5
(D) 2 (3,0.1168, 105.8) (8, 0.2206, 50.3) (9,0.2712, 34.3)
(I) 2 (25, 1.0432, 25.7) (20, 0.8529, 16.1) (19, 0.7785, 12.3)
(D) 3 (1,0.0763, 141.9) (7,0.1945, 56.1) (9, 0.2526, 36.7)
(I) 3 (29, 0.8832, 31.0) (21, 0.7992, 17.4) (19, 0.7463, 12.9)
(D) 4 (1,0.0152, 213.5) (6,0.1672, 63.5) (9, 0.2336, 39.4)
(I) 4 (37,0.7082, 41.2) (22, 0.7452, 19.0) (19, 0.7142, 13.6)

Table 7. Zero-state performance. Optimal couples (H~*, LCL*) for Q = [0.5,1) and (HT*,UCL*) for Q =
(1,2] (two first values of each column) and out-of-control EARL (last values of each column) with unknown
shift size for n = {5,10,15}, p = {2,3,4}, 70 = {0.1, 0.2, 0.3, 0.4, 0.5} and ARLo = 370.4. (D), decreasing
case; (I), increasing case; EARL, expected average run length.
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Q p n=>, n =10 n=15
Yo = 0.1
(D) 2 (1,0.0303, 100.9) (13,0.0510, 47.9) (13,0.0613, 32.6)
(I) 2 (15,0.1625, 25.9) (11, 0.1442, 15.9) (10, 0.1362, 12.1)
(D) 3 (1,0.0165, 135.0) (2, 0.0466, 53.1) (13, 0.0576, 34.8)
(I) 3 (17,0.1462, 31.1) (11, 0.1379, 17.1) (10, 0.1323, 12.7)
(D) 4 (1,0.0033, 206.2) (2, 0.0403, 59.8) (13, 0.0537, 37.3)
(I) 4 (25,0.1255, 41.3) (12, 0.1316, 18.5) (10, 0.1283, 13.3)
Yo = 0.2
(D) 2 (1,0.0600, 102.1) (13,0.1011, 48.9) (13,0.1217, 33.5)
(I) 2 (15, 0.3325, 26.7) (11, 0.2930, 16.5) (9,0.2750, 12.6)
(D) 3 (1,0.0327, 136.4) (2,0.0924, 54.2) (13,0.1142, 35.7)
(I) 3 (17,0.2972, 32.0) (11, 0.2795, 17.7) (10, 0.2676, 13.2)
(D) 4 (1,0.0066, 207.5) (2,0.0797, 61.0) ( 3, 0.1064, 38.3)
(I) 4 (25, 0.2534, 42.5) (12, 0.2660, 19.2) (10, 0.2590, 13.9)
Yo = 0.3
(D) 2 (1,0.0889, 104.2) (13,0.1497, 50.7) ( 3, 0.1804, 35.0)
(I) 2 (14, 0.5165, 28.0) (10, 0.4497, 17.5) (9,0.4211, 13.5)
(D) 3 (1,0.0484, 138.7) (2,0.1367, 56.1) (13,0.1691, 37.2)
(I) 3 (17,0.4582, 33.6) (11, 0.4287, 18.9) (9,0.4074, 14.1)
(D) 4 (1,0.0098, 209.7) (2,0.1178, 63.0) (13,0.1574, 39.8)
(I) 4 (25, 0.3859, 44.6) (11, 0.4048, 20.4) (10, 0.3948, 14.8)
Yo = 0.4
(D) 2 (1,0.1166, 106.9) (13,0.1962, 52.9) (3, 0.2368, 36.9)
(I) 2 (14, 0.7280, 30.1) (10, 0.6219, 19.1) (19,0.5779, 14.7)
(D) 3 (1,0.0633, 141.8) (2,0.1788, 58.6) (3,0.2216, 39.2)
(I) 3 (17,0.6348, 36.1) (11, 0.5893, 20.5) (9, 0.5569, 15.4)
(D) 4 (1,0.0128, 212.7) (2,0.1539, 65.7) (3, 0.2060, 41.9)
(I) 4 (24, 0.5235, 47.8) (11, 0.5528, 22.2) (9, 0.5356, 16.2)
Yo = 0.5
(D) 2 (1,0.1427, 110.3) (3,0.2401, 55.7) (13,0.2904, 39.1)
(I) 2 (13,0.9746, 33.1) (10, 0.8149, 21.1) (9,0.7491, 16.2)
(D) 3 (1,0.0773, 145.6) (2,0.2185, 61.5) (13,0.2714, 41.6)
(I) 3 (16, 0.8286, 39.8) (10, 0.7615, 22.7) (9,0.7180, 17.0)
(D) 4 (1,0.0155, 216.5) (2, 0.1876, 69.0) (13,0.2519, 44.5)
(I) 4 (23,0.6672, 52.7) (11, 0.7114, 24.7) (9,0.6869, 17.9)

Table 8. Steady-state performance. Optimal couples (H~*, LCL*) for Q = [0.5,1) and (HT*,UCL*) for
Q = (1,2] (two first values of each column) and out-of-control FARL (last values of each column) with
unknown shift size for n = {5,10,15}, p = {2,3,4}, vo = {0.1, 0.2, 0.3, 0.4, 0.5} and ARLo = 370.4. (D),
decreasing case; (I), increasing case; EARL, expected average run length.
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p=2 p=3 p=4

Q n=5 n=10 n=15 n=5 n=10 n=15 n=5 n=10 n=15

Yo = 0.1
(D) 40 45 46 35 44 46 24 44 46
@ 36 40 42 34 39 41 32 39 41
Yo = 0.2
(D) 39 44 46 35 44 46 24 43 45
(1) 36 40 42 34 39 41 32 39 41
Yo = 0.3
(D) 39 44 45 35 43 45 24 43 45
1 36 40 41 35 39 41 32 39 41
Yo = 0.4
(D) 38 43 45 34 43 45 23 42 44
(1) 36 40 41 35 39 41 32 39 41
Yo = 0.5
(D) 38 43 44 33 42 44 23 42 44
(I) 37 40 42 36 40 41 33 39 41

Table 9. Comparison vs. the Shewhart MCV control chart. Ag values of the Synthetic MCV control charts
with unknown shift for different values of p = {2, 3,4}, n = {5, 10,15}, 70 = {0.1,0.2,0.3,0.4,0.5} and ARLo =
370.4.
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n=>5 n =10

zeros-state steady-state zeros-state steady-state
p T Syn MCV RS MCV  Syn MCV RS MCV Syn MCV RS MCV  Syn MCV RS MCV
Y = 0.1
2 0.50 10.6 6.41 13.5 4.25 1.5 2.64 2.7 1.99
0.75 7.2 28.87 82.8 24.67 16.3 10.60 21.4 7.7
0.90 206.3 122.06 210.8 118.21 105.3 61.04 115.4 56.95
1.10 4.7 88.31 94.0 86.13 44.1 48.88 58.6 47.31
1.25 17.9 23.77 27.1 22.02 8.1 10.46 13.1 9.04
1.50 5.4 7.7 9.2 6.79 2.4 3.58 4.4 2.99
3 0.50 27.3 9.62 30.9 6.34 1.8 2.96 3.1 2.20
0.75 122.6 43.70 127.0 39.34 20.6 12.10 26.2 9.00
0.90 246.3 153.82 249.1 150.39 117.9 68.13 127.5 63.99
1.10 88.4 107.07 109.3 104.98 479 53.73 63.2 51.52
1.25 23.7 32.27 34.9 30.67 9.1 11.75 14.6 10.21
1.50 7.4 10.81 12.4 9.77 2.7 3.97 4.8 3.32
7 = 0.3
2 0.50 11.4 6.66 14.4 4.44 1.6 2.76 2.9 2.07
0.75 81.3 30.73 87.0 26.53 18.3 11.55 23.7 8.51
0.90 211.3 127.15 215.6 123.53 112.1 66.07 122.2 61.98
1.10 80.4 94.35 100.0 92.20 49.4 54.72 64.7 52.51
1.25 20.2 26.56 30.2 24.78 9.6 12.13 15.2 10.55
1.50 6.2 8.92 10.5 7.83 2.8 4.21 5.1 3.47
3 0.50 29.0 9.98 32.7 6.64 1.9 3.11 34 2.29
0.75 127.4 46.43 131.8 42.07 23.1 13.13 28.9 9.91
0.90 250.5 159.32 253.2 155.97 124.9 73.44 134.5 69.34
1.10 94.5 113.25 115.7 112.05 53.6 60.09 69.6 57.87
1.25 26.6 35.93 38.6 34.38 10.8 13.67 17.0 12.03
1.50 8.6 12.46 14.2 11.36 3.2 4.68 5.7 3.88
Y% =0.5
2 0.50 13.2 7.17 16.3 4.83 1.8 3.00 3.2 2.22
0.75 89.2 34.65 94.9 30.38 22.2 13.28 28.2 10.11
0.90 220.0 137.26 224.2 133.60 123.8 75.47 134.0 71.41
1.10 94.0 108.23 114.0 106.87 60.8 66.63 7.2 64.41
1.25 26.3 33.49 37.8 31.79 13.0 15.85 20.0 14.09
1.50 8.5 11.93 13.9 10.60 3.9 5.53 6.7 4.56
3 0.50 32.6 10.74 36.4 7.31 2.3 3.39 3.8 2.45
0.75 136.5 52.05 140.8 47.69 27.8 15.18 34.3 11.86
0.90 258.0 169.72 260.6 166.52 137.1 83.37 146.6 79.33
1.10 109.2 127.71 130.4 126.48 65.6 71.97 82.7 70.47
1.25 34.3 44.87 47.9 43.23 14.7 17.81 22.3 16.12
1.50 11.9 16.95 18.9 15.56 4.4 6.22 7.6 5.18

Table 10. Comparison with the run sum control charts, for different values of n = {5,10}, p = {2,3},
v = {0.1, 0.2, 0.3}, 7 = {0.5,0.75,0.9,1.10,1.25,1.50} and ARL¢ = 370.
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