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1. Introduction

Back to basics: Computer Science is the science of using the laws of physics to
perform calculations. It is a multidisciplinary field in which physics, mathematics
and engineering interact. The computers we are currently handling are based on a (
classical ) mechanistic vision of the calculations: at first, the calculations were thought
of as the result of a series of actions on gears or ribbons before being implemented on
electronic devices that will give them their flexibility of use and the performances we
know them to have today. Since the pioneers’ works, many algorithms adapted both
to the representation of the information in the proposed physical devices as well as to
the logic underlying them have been developed and intensively studied. Nevertheless,
many important problems (e.g. integer factorization and discrete logarithms) are known
to be difficult to solve by computer. The only hope of breakthrough is to develop a
computer science based on other physical laws. A fairly natural and promising way
is to extend information theory to the quantum world in order to use phenomena
such as state superposition and entanglement to improve performances. The idea
dates back to the early 1980s [1, 2, 3]. The theories of Quantum Information and
Quantum Computation have been extensively developed from this (see e.g. [4]) and
some spectacular algorithms have been exhibited (e.g. [5, 6, 7]). But building an
efficient quantum computer remains one of the greatest challenge of modern physic and
one of its main difficulties is to manage with the instability of superposition. Several
devices have been already experimented: optical quantum computers (e.g [8]), cavity
-QED technique (e.g. [9] ), trapped ions (e.g.[10]), nuclear spins (e.g.[11, 12]). One of
the main drawbacks of these devices is that quantum gates can not be applied without
errors. Many strategies exist to solve this problem. The first one is to find more stable
devices. As an example, Topological Quantum Computers [13] are good candidates
but at the present time they are only theoretical machines manipulating quasi-particles
named non-abelian anyons that have not been discovered yet. The second strategy
consists in elaborating a theory of Quantum Error-Correction [14]. Finally, parallel
to the latter, it is possible to optimize the circuits, for instance, by minimizing the
number of multiqubit gates that generate many errors. Our work is situated in this
context. More specifically, we are interested in the interactions between SWAP and ¢ — Z
(controlled Pauli-Z ) gates that allow simplifications. After recalling background on
quantum circuits, we’ll prove that circuits generated by these two gates form a finite
group. Investigating its structure, we’ll find algebraic and combinatorial properties
that allow us to propose a very simple algorithm of simplification. Then, we’ll ask the
question of the emergence of entanglement: can we move from one entanglement level
to another using only ¢ — Z and SWAP gates together with SLOCC operations ?
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2. Qubit systems, quantum gates and quantum circuits

The material contained in this section is rather classical in Quantum Information Theory.
We mainly recall notations and results that the reader can find in [4, 15].

In Quantum Information a qubit is a quantum state that represents the basic information
storage unit. For our purpose, we consider that the states are pure, i.e. states that
are described by a single ket vector in the Dirac notation [¢) = ag|0) + a1|1) with
lap|?+]a1|* = 1. The value of |a;|? represents the probability that measurement produces
the value 7. Such a superposed state is often written as

, 0 , 6
) = e (COS §|0> + €' sin §|1)> : (1)

The factor e being ignored because having no observable effects, a single qubit depends
only on two parameters and so defines a point on the unit three-dimensional sphere (the
so called Bloch sphere)

|4) = cos g|0> + e* gin g|1) (2)

Operations on qubits must preserve the norm. So they act on qubits as 2 x 2
unitary matrices act on two dimensional vectors. In Quantum Computation, they are
represented by quantum gates. See figure 1 for a non exhaustive list of most used gates.
The behavior of multiple qubit systems with respect to the action of its dynamic group
is very rich and complicated to describe in the general case. A k-qubit system is seen
as a superposition:

) = Z iy g 817+~ Tk), (3)

0< i1 enyif <1
with >~ |a;,..i, |* = 1. Some states have a particular interest like the Greenberger-Horne-
Zeilinger state[16]
xk xk

N ——
|Gsz>:ﬁ 0---0) + |1---1) (4)
and the W-states[17]
M4) = —= (110 0) +[010---0) + -+ +[0---01)). 5)

Vk

These two states represent two non-equivalent entanglements for a k-particles system
(among a multitude of other non-equivalent ones).

Again operations on k-qubits must preserve the norm and are assimilated to 2% x 2F
matrices. For simplicity, we consider the rows and the column of the matrices encoding
operations on qubits are indexed by integers in {0,...,2*¥ — 1} written in the binary
representations; the index ay,_; - - - ap (i.e. binary representation of cg_12¥ 714+ - - 40(2°)
corresponds to the wave function |ag_1 - - - ) (see figure 2 for some examples of 2-qubit
gates). Notice that the ¢ — Not and ¢ — Z gates are special cases of controlled gates
based on Pauli-X and Pauli-Z matrices. Notice also that for the ¢ — Z gates the two
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Hadamard — H — 7
0
1

Pauli-X X — [

0 —1
Pauli-Yy Y — [ )

Pauli-Zz 7 — [

9 ..
cos? —isin?
Rotation about the z axis —R.(0)r [ 2 0> ]

0 .8
_ , cos? —sin?
Rotation about the y axis —R,(6) [ .7 e ]
sin? cos?

2 2
) ) ez 0
Rotation about the z axis —R.(6)F [ 0 eig]
Figure 1. Some single qubit gates
1 0 00 1000
SWAP 1 00 10 ¢ — Not 0100
e 01 00 0001
0 001 0010
10 0 O
oy 010 0
001 0
000 —1

Figure 2. Some 2-qubit gates

qubits play the same role, hence the symmetrical representation of the gate. The gates
can be combined in series or in parallel to form Quantum Circuits that represent new
operators. Composing quantum gates in series allows to act on the same number of
qubits and results in a multiplication of matrices read from the right to the left on the
circuiti. Composing quantum gates in parallel makes it possible to act on larger systems

1 The reader must pay attention to the following fact: the circuits act to the right of the wave functions
presented to their left but the associated operators act to the left of the ket, i.e. O¢).
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and results in a Kronecker product of the matrices read from the top to the bottom on
the circuit. See figure 3 for an example of quantum circuit and figure 4 for its action on
a qubit system.

2—H I X H—

1—H I
0+ H X H

C = (H<§_§I4)-(X®IQ®H) -(C—Z®X)-(_12®C—Z)-(H®H®H)

1 0 1 0 00 0 0
0 -1 0 -1 0 0 0 O
00 0 0 0 1 0 -1

o0 0 0 10 1 0

TV 0 0 0 -10 1 0
o0 0 0 0 1 0 1
0 -1 0 1 0 0 0 0
10 -1 0 0 0 0 O |

Figure 3. Example of Quantum Circuit together with its associated matrix (I stands
for the identity k x k matrix).

Using SWAP gates it is always possible to simulate gates acting on separate qubits
on the circuits (see figure 5 as an example). From a purely algebraic point of view,
the circuit compositions as well as the manipulations of the associated matrices fit
in the context of the PRO theory (product categories) [18, 19]. PRO are algebraic
structures that allow to abstract behaviors of operators with several inputs and several
outputs. The link between compositions of gates and manipulations of matrices fits in
a representation theory of PRO [20]. This remark has no impact on the rest of the
paper, but it shows that the problem takes place within a much broader framework that
connect many domains in Mathematics, Physics and Computer Science.

3. The group generated by ¢ —Z and SWAP gates

For a computational point of view, 2-qubits gates are known to be universal [21], i.e. any
quantum circuit admits an equivalent one composed only with single qubit and 2-qubits
gates. More precisely, one can simulate any quantum system by using only single qubits



Quantum circuits of ¢ — Z and SWAP gates 6

0) 4 H X H—
0) 4 H I
1) = H I X H
-0 "0
1 1
0 0
0 1 0 1
C1001) ~ C 0 :_E 0 N_E(|001>+|110>)
0 0
0 1
L 0] L 0]

Figure 4. Example of the action of a Quantum circuit on a qubit system. C' denotes

the operator associated to the circuit of figure 3.

Figure 5. A ¢ — Z gate acting on two separated qubits simulated with SWAP gates

gates together with ¢ — Not gates. In particular, we have

T -1
—H—D H—

and

(7)

We notice also that the ¢ — Z has the same property of universality as ¢ — Not because

we have

DA

I Eig (8)
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In general, two qubits quantum gates implementations are unreliable and may cause
many execution errors (see appendix Appendix A). It is therefore of crucial importance
to study the algebraic nature of the circuits in order to know how to use as few two-
qubits gates as possible. In that context, we study the group cZS; generated by the
¢ — Z and SWAP gates acting on k-qubits. The motivation for studying such a (toy)
model is that experimentally the order of the group is /{;!2(5), which suggests that it
has interesting algebraic and combinatorial structures that can be exploited to simplify
circuits.

3.1. The group cZSy as a semi-direct product

Let us prove the formula for the order of cZS, and, at the same time, we exhibit the
algebraic structure of this group. The cZS; group is not the only interesting finite
subgroup of the unitary transform of k-qubit systems. Let us denote by S; the SWAP
gate acting simultaneously on the qubits ¢ and ¢ + 1 of the system. The group Sg
generated by the S;’s is straightforwardly isomorphic to the symmetric group &y, i.e.
Sk is a faithful (but non irreducible) representation of &. In literature, a permutation
is usually a bijection of {1,...,k} but to make it compatible with our notations, we
instead consider that a permutation acts on {0, ...,k —1}. This changes nothing to the
theory of symmetric group (except a shift —1 for the notations). A SWAP gate is nothing
but a transposition. We have seen that there is a one to one correspondence between
the permutations of &, and the matrices of S;. To each permutation o, we associate
its corresponding matrix .S, .

Similarly, denote by Z;; the matrix corresponding to the ¢ — Z gates acting on the
qubits 7 and j. We notice that

Zij = Zj;, Zi;1 = Zij,and Zi; Zyy = Ziji Zij. (9)

Indeed, Z;; is a diagonal matrix where the entry (a,«) equals —1 if both the bit ¢
of a and the bit j of a equal 1, and 1 otherwise. We deduce that the group Py
generated by the Z;;’s is isomorphic to the group ‘B, whose elements are the subsets
of {{i,7} |0 <1i,j <k —1} and the product is the symmetric difference @. For any
EcC{{i,j}|0<i,j<k—1}, we denote by Zg the preimage of F by this isomorphism.
Each matrix Zp is diagonal with only entries 1 and —1 on the diagonal. More precisely,
the set F is completely encoded in the diagonal of Zg since the entry of coordinates

card{{i,j}€Bloi=a;=1} " Ag an example,

(g1 o, a1 -+ ) equals (—1)
Z{{O,l},{O,?}} - dlag(]-a 17 17 _17 17 _17 ]-7 1)7 (10)

where diag(ey,...,ex) stands for the diagonal matrix with diagonal entries e, ..., ey.
So, the product is easy to describe as

Zplp = Zpap . (11)
For instance, consider the following elements of Ps:

Z{{O,l},{0,2}} = ZOIZOQ = dlag(l, 1, 1, —1, 1, —1, 1, 1), (12)



Quantum circuits of ¢ — Z and SWAP gates 8
Z{{O,l},{1,2}} = diag(la 17 17 _17 17 17 _17 1)7 (13)

and
Zioay 4020 2oy {1,2yy = diag(1,1,1,1,1,-1,-1,1)

(14)
= Z{{o21{12}}

The group Py is abelian with order 9(3). The group cZS;, is the smallest group
containing both &, and P, as subgroups. The conjectured order suggests that the
underlying set of cZSy is in bijection with the cartesian product & x Pp. We
remark also that the orbit of Zj; for conjugation by the elements of S is the set
{Z; | 0 <i,j < k—1} (see figure 16 for an example with £ = 6). To be more
precise, we have

SeZii S5 = Zotiy.ols)- (15)
This extends to any element of Py by
SoZpS; =8, [ %S, = [ S0%iS;" = Zotr)- (16)
{i,j}€E {i,j}eE

From equality (16), we deduce that any G €cZS; admits a unique decomposition
G = PS with P € P, and § € S§. Indeed, such a decomposition exists since if
Zg, Zp € P and S,, S,r € S, we have

Z5SeZiSer = ZpSeZpr Sy ' SeSor = Zrwe(5)Seor- (17)

The decomposition is unique because if PS = P'S’ with P, P’ € P, and S, S’ € S;, then
St =P P eP,NS,={lu},andso S=95 and P = P

The results of this section are summarized in the following statement.
Theorem 1 The group cZS; is a finite group of order k1205) . It is 1somorphic to the
semi-direct product Py X Sy. We recall that the underlying set of Px xSy, is the cartesian

product P X Sy and its product is defined by (E,0)(E',0') = (E ® o(E'),00").

3.2. The group cZSy as the quotient of a Coxeter group

We give a few expressions of the group cZS; as the quotient of some Coxeter groups.
We recall that a Coxeter group (see eg [22]) is generated by a set of elements g, g1, . . .
satisfying (g;g;)™% = 1 where m;; € NU {oo} \ {0,1} and m;; = 1 if and only if ¢ = j;
the condition m;; = co means that there is no relation of the form (g;g;,)™ = 1. The
relations are encoded in a Coxeter matrix M = (m;;);; or, equivalently, in a Coxeter-
Dynkin diagram which is the graph of the matrix M where the edges {7, j} where m;; < 2
are removed and the edges where m;; = 3 are unlabeled.
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Theorem 2 Let us denote by Wy, the Coxeter group generated by 2(k — 1) elements

90,91, - - -, G2(k—2)+1 Submitted to the relations given by the Coxeter matriz

(D A B - B]
A . ) oo
My=|B -. -. . B (18)
: ) ) A
| B -+ B A D |
where A = i g , B = 3 ;],andD:[; i]

The group cZSy is isomorphic to the quotient Wy/r, of Wk by the relations Ry =
{92i+192i+392i92i+392i1192i10 = 1 | 0 < i < k — 3}. The explicit isomorphism sends Z; to
G2i and S; to gaiq1.

Although the proof is not very difficult, it is relatively long and technical. In order not
to distract the reader, it has been relegated in Appendix B.

Example 3 For £k = 5, the elements of the group cZS; submitted to the relations
S2 =72 =1, (S551)% = (919:)% = (5253)% = 1, (5p5:)? = (5953)* = (5193)? = 1,
(ZoS1)* = (Z1S0)* = (Z1S9)* = (Z:8))* = (Z85)" = 1, (ZpS)? = (Zp5:2)? =
(Z0S3)? = (Z151)? = (Z153)% = (Z250)? = (Z952)* = (Z350)? = (Z351)* = (Z353)?, and
S05120515021 = 5159721595125 = 535575535573 = 1. The group cZS5 is the quotient
of the Coxeter group W5 with Coxeter diagram

Z Zs

4 4 4
Sy Ss

by the relations S()SlZ()SlSOZl = 515221525122 = 525322535223 =1.

There exists other ways to write cZSy as the quotient of a Coxeter group. As an example,
consider the following result that proves that it is isomorphic to the quotient of a Coxeter
group generated by k elements by a single relation.

Theorem 4 Let us denote by Cp the Cozeter group generated by k elements

90,915 - - -, G—1 Submitted to the relations encoded in the Coxeter matrix

1 2 4 2 2
2 1 3 2
4 1
N, 3 3 (19)
2 2 3 1 2
: o3
_2 2 3 1_
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The group cZSy, is isomorphic to the quotient Ci/ (40295919, The explicit isomorphism
sends Zy to gy and each S; to g;i1

Example 5 The group cZSs is isomorphic to the quotient of the Coxeter group Cs with
Coxeter diagram

So S1 Sz S
L L J

A

Zo

by the relation (Z51555051)*.

4. Optimization of circuits of ¢ — Z and SWAP gates

We apply the result of the previous section in order to exhibit algorithms for simplifying
circuits. When we manipulate more than 2 qubits, the network structure of the qubits
must be taken into account. Indeed, if some connections are missing, then it is necessary
to simulate some gates from the others and this can increase dramatically the size of
the circuit. For our purpose, we consider only two cases: the complete graph topology
and the line topology.

4.1. Optimization in circuits of SWAP gates

In order to illustrate the fact that the algebraic structure allows us to find efficient
algorithm, let us investigate the simplest examples of circuits: those constituted only
of SWAP gates. Indeed, the group Sy, generated by the gates S;, is isomorphic to the
symmetric group §, and so is the simplest example of a finite subgroup of cZS, for
which the mechanism of simplification can be completely described. In the case of the
complete graph topology, the process to find a minimal decomposition of a permutation
into transpositions is well known. It suffices to first decompose the permutation into
cycles and hence decompose each cycle (iy, . ..,4,) of length ¢ into ¢ — 1 transpositions

(11, .. 10) = (i102) - (i2,73) « - - (1g_1,1¢). (20)
In the case of the line topology, the algorithm is a bit more subtle but also is well known.
The minimal number of SWAP gates necessary to obtain a given permutation o € &
is known to be the length /(o) of o and such a decomposition of ¢ is called reduced.
One can compute a reduced decomposition of o by constructing its Rothe diagram (see
e.g. [23] pp.14-15). The construction being very classical, we will recall it briefly. The
Rothe diagram of a permutation ¢ € &, is a k X k square matrix, whose rows and
columns are indexed by integers in {0, ...,k — 1}, such that the only non-empty entries
have coordinates (r,c) (r stands for the row number and ¢ for the column number)
such that (r,07!(c)) is an inversion in o. The non-empty entries in the same column
in the Rothe diagram are labeled with increasing successive integers from the top to
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the bottom; the highest entry in a column being labeled with the column number. A
reduced decomposition is found by reading the entries from the right to the left and the
top to the bottom (see figure 6 for an example).

Rothe((0,3)(2,4)) = | 2 3

(O, 3)(2, 4) — 825150515332

N W

Figure 6. A permutation, its Rothe diagram, a reduced decomposition and
the associated quantum circuit. In this figure, a permutation (acting on the set
{0,...,k—1}) is represented by its decomposition into cycles. The symbol S; denotes
the elementary transposition (¢,7 + 1).

4.2. Optimization of circuits in cZSy for the complete graph topology

The main application of Theorem 1 is that it allows us to exhibit an algorithm for
simplifying circuits constituted of SWAP and ¢ — Z gates. The principle is very simple:
first we write the circuit as a product of many elements PS with P € P, and S € S,
then we use successively many times formula (17) in order to get only one element
PS and finally we use formula (20) in order to write the permutation S using SWAP.
More precisely, as a direct consequence of Theorem 1 and formula (17), the following
algorithm allows us to give a reduced expression of an element of cZS; in terms of the
generators Zy; jy and Sg; 5 (0<i<j<k—1).

Algorithm 6 CtoZS
Input: A circuit described as a sequence of gates C = Zg, (S5, Zg,) -+ (S0, 1 ZE,_, )50,
with Ey, ..., Eey C{{i,j}0<i<j<k—1} and oy,...,00 € Gy.
Ouput: An equivalent description of the circuits under the form ZgS,.
(i) Compute o} =0oy---0y, fori=1...L.
(ii) Compute E! = Ey @ o1(Ey) & ---0i(E;), fori=0...0—1.
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(ii) Return Zg, S,;.

— 1 1]

Figure 7. Circuits corresponding to the operator A := SyZ12201.51 Zy2 20151

As an example, consider the circuit given in figure 7. We apply our algorithm on
the associated operator,

A = ZySw,1)  Zigo,11.0,25350.2) - Z{0,131,00,2319(1,2)

= Zgoano215012) " Z{oay402150.2) (21)
= Z{o11(021ne({013,{121}50,1.951.2)
= Z02Z1250,1),

and we obtain the reduced circuit drawn in figure 8.

|

Figure 8. Simplification of the circuit of figure 7.

4.3. Simplification of circuits in cZSy for the line topology

Algorithm CtoZs is therefore suitable for complete graphs. For technical reasons, current
machines impose more restrictive conditions on the qubits network. Let us consider
machines in which only gates acting on two adjacent qubits are allowed. More precisely,
we address the following problem: given a ¢Z.S, circuit written only with Z; and S;
gates for 0 < i < k — 2, find an efficient algorithm (i.e. having a reasonable polynomial
complexity) optimizing this circuit or, if it is not possible to obtain a minimal equivalent
circuit in a polynomial time, at least giving a way to improve it.

First of all, it should be noted that there is a fairly obvious algorithm for finding
the reduced decomposition. It consists in constructing the Cayley graph of the group
according to the generators Z; and S; and hence deducing a reduced form by appliying
a shorted path algorithm. Of course, such an algorithm has exponential time and space
complexities with respect to the number of qubits, and is not practicable as soon as we
exceed 6 or 7 qubits.

Another strategy consists in using the presentation of the group in order to reduce
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expressions. In that context, one of the main tools is the Dehn algorithm [24]. Let us
recall the principle. The starting point is a finite presentation of the group G ~ (S|R).
Denote by R the closure of R under cyclic permutation of the symbols and inverse. We
consider a reduced word w in the free group Fs generated by S. The Dehn algorithm
allows us to construct a sequence of word wy = w, wy,wy, ..., through the following
process. It stops if w; is the empty word. Otherwise, if it exists a factor u in w; which is
the prefix of a word = v in R with |u| > |v|, then the factor u in w; is replaced by v~
and w;; is the reduced word (in the free group) of this word. If such a word does not
exist the algorithm stops. Obviously, we observe that the length of the words is strictly
decreasing as the algorithm goes along. Hence, the Dehn algorithm allows us to compute
a reduced (but not minimal) expression in a finite number of steps. In our special case,
the Coxeter structure helps to improve the method. It suffices to apply successively
many times the computation of a (minimal) reduced words in the Coxeter group W
(see e.g. [22]) followed by the Dehn algorithm applied to the remaining relations.

Example 7 For instance, consider the circuit that implements the transform C' =
70235150241 735y. This circuit is not minimal in Ws, since by using successively the
relations (Z371)?, (Z350)?, (Z351)%, and Z2 it reduces to C = Z,515021S,. Hence, we
use the Dehn algorithm, remarking that Z,515721S) is a prefix of the additional relation
705150215051 (obtained from SyS1 20515041 by applying a cyclic permutation), and we
deduce that C' reduces to 5;.

Nevertheless, this is often not sufficient to obtain a minimal circuit as shown by the
following example.

Example 8 The circuit describing the composition C' = 535571555555 71.95 is minimal
in Ws5. The minimality is checked by using classical algorithms of reduction for Coxeter
groups (See e.g. [22]).

The only relations that could be used in the Dehn algorithm are (S553)3, (Z155)%,
(S9Z1)* and 5152715251 Z5. But no subword of 5355715553557, is a prefix of a
relation 7 = wv with |u| > |v|, so the circuit cannot be reduced using Dehn algorithm
and the strategy which consists to apply successively a reduction in the Coxeter group
and the Dehn algorithm fails to compute a shorter equivalent circuit. Nevertheless,
from S,Z1Sy = 512551, one obtains C' = 5557125515351255; and it reduces to
C = 55517553755 from (5;53)? and S?.

We will continue to investigate technics of reduction in future works.

5. ¢ — Z gates and entanglement

Local unitary operations (LU = U(2)®*) can be implemented on quantum circuits.
They transform states into others without changing their entanglement properties. The
notion of LU-equivalence appears to be the finest allowing to distinguish two states
but it does not take into account more subtle communication protocols. The notion of
entanglement is usually defined through the group of stochastic local operations assisted
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by classical communication (SLOCC). This group of operations allows to locally change
the amplitude of a state for instance, by applying unitary operations on bigger Hilbert
spaces obtained by adding ancillary particles. Mathematically, two states |1)) and |¢) are
SLOCC-equivalent if there exist k operators Ay, ..., Ag such that A; ®- - ® Ag|t)) = A|@)
for some complex number \. In other words, |¢) and |¢) are SLOCC-equivalent if they
are in the same orbit of GL(2)®* acting on the Hilbert space C* ® --- ® C2. Since
the relevant states belong to the unit sphere, one has only to consider the action of
SL(2)®* on the projective space P(C*® -+ ® C?). Each orbit is a set of states which
are entangled in the same way. Let us conclude this introductory paragraph by noting
that the naive definition of entanglement as it can be naturally generalized from 2-qubit
systems (the measurement of one component of the system determines the measurement
of the other components) cannot be applied to systems of 3 qubits and more. For
instance, the state |GHZ3) is SLOCC-equivalent (and also LU-equivalent) to the state
|GHZS) := 5(|000) +|011) + |101) + [110)) through the map |i) — —5(]0) + (=1)'|1)), i.e.
|GHZ}) = H®3|GHZ3). In |GHZ}), the value of the first qubit does not determine the values
of the others but the property of entanglement can be seen when the state is rewritten

V2 V2 V2
that depends only on one of the observables but on the whole space of observables.

®3 ®3
as |GHZ}) = ((M) + (M> . In fact, entanglement is not a property

Choosing an observable is equivalent to modifying the base of the Hilbert space by
acting with an element of the Lie group associated to the Lie algebra of observables.
Hence, entanglement is a SLOCC (or LU, depending on the problem you're considering)
invariant property.

5.1. LU-equivalence to |GHZy)

Although the group cZS;, does not contain all quantum gates, it is still powerful enough
to generate a state equivalent to |GHZ;). Remark that SWAP gates can be avoided as they
do not generate any entanglement. More precisely, let us show the following result.

Proposition 9 The state
1

2k

is LU-equivalent to |GHZy,).

k
Z({0.13.40.2) - {0k-13y (10) + [1))® (22)

A fast computation shows

L ek _ 1 —1)Aaprerials|p g
Up) = \/Z—kZE(|O>+‘1>> T Z (—1)&=tes k-1 d0)-(23)

In particular

W {0,1},{0,2} {0, k—1}}) = o Z (—1)folatFie=n)|j ) o og). (24)
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Since it is not factorizing, it is entangled. However, it is not completely obvious to see
that such a state is LU-equivalent to |GHZ;). Acting by H on the qubit £ > 0, one obtains

([21%@11 QR H® ]215) ‘\I’{{0’1}’{0’2},...,{07;4_1}}>
ST Z (|og=1 - 2—10%p41 - - - 1,0) (25)

0t i1 <1
+(_]_)11+""H£71+7IZ+1+"'+ZI¢71 |ik—1 codp_qLigq e i11>) .
By iterating on all the qubits but the qubit 0, one finds
(H®k_1 ® [2) |\IJ{{O,l},{O,Q},---,{O,kfl}}> = |GHZk>. (26)

Since the action on a single qubit does not change the entanglement properties, equation

(26) shows that the state (22) is LU-equivalent to |GHZ;). Figure 9 contains an example
of such a circuit for £ = 5. Notice that |GHZ) is a generic entangled state in the sense

) -{H] HF-

) -] H-
0) {1} 7+ |GHZ5)

) -LH] H

) -]

H]-

Figure 9. The entangled state |GHZ5) created from the completely factorized state
|00000). The first five H gates are used to create superposition and generate the state
7v3(0) +1))° from |00000).

of Miyake [25] only for £ < 3 (see appendix Appendix C). In the rest of the section, we
prove that the group cZS; does not generate all entanglement types from a completely
factorized state and in general, it is not possible to compute a generic entangled state
by using only these operations.

5.2. SLOCC-equivalence to |Ws)

We shall prove that the group cZSy is not powerful enough to generate any entanglement
type from a completely factorized state. More precisely, we shall find a counter-example
for £ = 3 qubits: it is not possible to generates a state which is SLOCC-equivalent to
[W3). We use the method pioneered by Klyachko in [26] wherein he promoted the use of
Algebraic Theory of Invariant. The states of a SLOCC-orbit are characterized by their
values on covariant polynomials. Let [¢)) = >, ;, aijx|ijk). For our purpose we consider
only two polynomials:

A(W)) = (@0000411 — Q01110 — Qo10¥101 T a011a100)2 (27)
—4 (0400004011 - 0400104010) (0410004111 - 0410104110)
and the catalecticant
0A  0A
C(o, 1, Y0, Y1, 20, 21) = [ gﬁ Sﬁ ] ’ (28)
Oxg Oz
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with A = Zijk QkTiY; 2, and

(29)

A _PA
By (o, 21) = [ Dygeo Oygm ]
dy10z0  0y10z1
The states which are SLOCC-equivalent to |GHZ3) are characterized by A # 0 while the
states which are SLOCC-equivalent to |I¥3) are characterized by C' # 0 and A = 0 [27].
For the other states, we have A = C' = 0.
We remark that

Zp = diag(1,1,1, €101}, 1, {02}, €11,2}, €10,1}€{0,2}€{1,2}) (30)

where €01}, €02}, and €{1 9y € {—1,1} and we consider the states

(08) = Zp Y aibjerlijk) = Zp(aol0)+a1|1))(bo]0)+b1] 1)) (col0)+e1]1)).(31)

ijk
We have
C(lor)) = aobocoarbici(2 — €(o.1) — €02y — €{1.2) + €{013€{0.23€01,2) P (32)
where P = Z ighi, i (—1) 24l =1} H €k} | Tiz¥i Zio 1S @ non zero trilinear
109112 {4:k}ij+ip>0
form, and

A(|pr)) = 4(agbocoarbicr)eoi€oac12(2 — €01 — €02 — €12 + €o1€02€12).  (33)
So if A vanishes then C' also vanishes. This implies the following result
Proposition 10 The state |¢g) is not SLOCC-equivalent to |Ws).

However, it is interesting to note that it is possible to join a state of the LU-orbit of
|GHZ3) to a state of the SLOCC-orbit of |W3). Consider the state

T T
61) i= (B,(PHX ® B() ® HX ) Zon Zuo([0) + 1))
The state |¢1) is in the LU-orbit of |GH Z) since

(R0 R @) |01) = [ohz). (34)
A fast computation shows
A(Zi2|¢1)) = 0 and C (Zi2|é1)) # 0, (35)

equivalently Zis|¢1) is in the SLOCC-orbit of |Ws).

5.3. Four qubits systems

The situation of 4-qubits systems is more complex than for 3-qubits systems.
Nevertheless, there still is a classification of entanglement as well as related mathematical
tools. We refer to the classification of Verstraete et al [28] which assigns any 4-qubit
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state to one of 9 families. Any state in the more general situation (in the sense of Zarisky
topology) is SLOCC-equivalent to 192 Verstraete states of the family

Gapea = “2(]0000) +|1111)) + 254 (J0011) + [1100))

+25¢ (10101) + [1010)) + &< (]0110) + |1001)) . (36)

for independent parameters a, b, ¢, and d [28, 29, 30]. To determine the Verstraete family
to which a state belongs, we use an algorithm described in a previous paper [30]. This
algorithm is based on the evaluation of some covariants. Recall that the algebra of
(relative) SLOCC-invariant is freely generated by the four following polynomials [31]:

e The smallest degree invariant
B = Z (—1)i1+i2+i3Oéoz‘lm'g@1(1—i1)(1—z’2)(1—i3), (37)
0<41,22,i3<1

e Two polynomials of degree 4

Qooo0  po10 *ooo1 o1l
@1000 @1010 1001 (1011
L= (38)
@p100 o110 o101 o111
Q1100 1110 @1101 (1111
and
@ooo0  poo1 o100 (o101
1000 1001 1100 G1101
M = . (39)
apo10 po11 o110 (o111

1010 1011 Q1110 Q1111

e and a polynomial of degree 6 defined by D,, = —det(B,,) where B,, is the 3 x 3
matrix satisfying

yg 82
[xga ZoT1, xﬂ Bay | yoyr | = det (82-(%-A> (40)
2 i)
n

with A = Zijkl QG TiYj 2kt
For our purpose we define also

@ooo0 Y1000 o001 (1001
o100 1100 o101 (1101
N=-L-— = . (41)

@po10 1010 o011 (1011
Qo110 @1110 o111 (1111

We need also the covariant polynomials G, G, H, K3, and £ defined in [30] and those
complete definition is relegated to appendix. We recall the principle of the algorithm as
described in [30]. A first coarser classification is obtained by investigating the roots of
the three quartics

1
Q, = m4—QBx3y+(BQ+2L+4M)x2y2+4(DZy—B(M+§L))my3+L2y4,(42)
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Qo = ' — 2B’y + (B? — 4L — 2M)2*y® + (4D, — 2M B)zy® + M?y* (43)
and
Q3 = v*—2Ba™+(B*+2L—2M)2*y*— (2(L+M)B—4D,, ) zy*+ N?y*.(44)

We determine the roots configuration of a quartic Q = ax*—48x3y+6y2x2y? —46xy> +wy?
by examining the vanishing of the five covariants

I, = aw — 480 + 372, (45)
I3 = ayw — ad? — wh® — 4 + 286, (46)
A=1I—-27I, (47)
oal 0?
Hess:‘ i ‘ (15)
Ox0y Oy?
and
9 9
T = Ox oy 49
2 Hess(Q) %H@SS(Q) (49)

The interpretation of the values of the covariants in terms of roots is summarized in
table 1 (see eg [32]). Notice that the values of the invariant polynomials 5, I3 and A

covariants Interpretation
A#0 Four distinct roots

A=0and T #0
T=0and I, #0
I, =13=0and Hess # 0

Exactly one double root
Two distinct double roots
A triple root

Hess =0

a quadruple root

Table 1. Roots of a quartic

are the same for the three quartics. These invariants are also invariant polynomials of
the binary quadrilinear form A. Furthermore, A is nothing but the hyperdeterminant,
in the sense of Gelfand et al. [33], of A [30]. Remark also that

Q1(Gapea) = (x — a®)(z = V) (z — ) (z — d*). (50)
Once the configuration of the roots has been identified, we can refine our result by
looking at the values of the other covariants and refer to the classification described in
[30] p32.
We have to investigate the 64 possible values of E.
(i) If E = () then |®g) is completely factorized.
(ii) If £ = {{4,j}} for some i,j = 0,...,3, i # j (6 cases), then |®g) belongs to the
nilpotent cone and so each quartic equals x*. The state |®g) is partially factorized

as a state which is SLOCC-equivalent to an EPR pair on the qubits ¢, j together with
two independent particles.
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(iii)

(iv)

(vii)

(viii)

If £ ={{i,j},{i,k}} for some i, j, k distinct (12 cases), then each quartic equals
x*. The state |®p) factorizes as a state which is SLOCC-equivalent to |GHZ3) on the
qubits 7, 7, k together with an independent qubit.

It £ = {{i,j},{k,1}} with {i,5} N {k,1} = 0 (3 cases) then one of the
quartic equals z*(z — 4exp{io}y) and the two others equal (z — §exp{io}y)?
with agbgcodparbicid; = 1—166Xp{2'<>}. For generic values of the parameters we
have ¢ # 0 and this implies that |®g) factorizes as a two 2-qubits state which
are SLOCC-equivalent to two EPR pairs. Let us examine only the case where
E = {{1,2},{3,4}}, the other cases are obtained symmetrically. In this case,
we have Q; = 23(z — 4 exp{io}y) and C = D = K5 = £ = 0. From [30], this implies
that it is in the same orbit as G,g99 with a = %exp{%io}.

It B={{i,7},{J,k},{d, k}} with ¢, j, k distinct (4 cases) then each quartic equals
x*. The state |®p) factorizes as a state which is SLOCC-equivalent to |GHZ3) on the
qubits 4, j, k together with a single independent qubit.

If B={{i,5},{y,k}, {k,1}} with {i,7,k,1} = {0,1,2,3} (12 cases) then one of the
quartics equals #%(2? + § exp{2io}y?®) and the two others equal (22 — & exp{2io})?.
For generic values of the parameters, one quartic has a double zero root together
with two simple roots and the two other quartics have two double roots. Let
us examine only the case E = {{1,2},{2,3},{3,4}} for which Q; = 2?*(2?® +
1 exp{2io}y?). Following the algorithm described in [30], we have to compute the
values of the I3 and £. The two covariants being zero, we deduce that |®g) is in
the SLOCC-orbit of a degenerated Gyp.q. More precisely, following the value of E,
|® ) is equivalent to Gupoo With a = \% exp{s(¢+2)} and b = \/Lﬁ exp{i(c—Z)}.
If £ ={{i,j},{i,k},{d,1}} with {i,7,k, 1} = {0,1,2,3} (4 cases) then the three
quartics are equal to 22(x + % exp{io})?. Following [30], the Verstraete type of |®g)
is determined by evaluating IC3 and L. Since the two covariants vanish, we deduce
that |®g) is in the SLOCC-orbit of Guaoo With a = \/Li exp{3i(¢o+%)}. We are in the
case where L = M = B = 0. From [27], there is only one dense SLOCC-orbit in that
variety.

If B ={{i,j} {i,k}, {i,1},{j, k}} with {i,4,k,1} ={0,1,2,3} (12 cases) then one
of the quartics equals 22 (z — 3yo) (2 + 3yo) and the two others equal (2% 4 {5y%0%)?.
We only investigate the case £ = {{1,2},{1,3},{1,4},{3,4}}, since one can easily
deduce the others by symmetry. From [30], one has to compute the values of K3
and L. Both covariants vanish and we deduce that |®g) is SLOCC-equivalent to
Gaoo with a = 3 exp{3io} et b= S exp{3i(o + 7)}. Furthermore, it belongs to the
variety defined by L = 0.

It E={{ij}, {5k} {k 1}, {l,i}} with {i,7,k, [} = {0,1,2,3} (3 cases) then we
find that one of the quartics equals ?(z? + {5y* exp{2ic}) and the others equal
(22 — $5y?0?)%. Let us only examine the case E = {{1,3},{2,3},{2,4},{1,4}}.
From [30], one has to compute the values of IC3 and £. Both covariants vanish and
we deduce that |®p) is SLOCC-equivalent to Gapo with a = % exp{ii(o + 5)} et
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b = 5 exp{3i(¢ — Z)}. Furthermore, it belongs to the variety defined by L = 0.

(x) If £ = {{i,j} | 0 < i < j < 3} \ {kI}} for some k # [ (6 cases)
then one of the quartics equal z%(2? — § exp{2io}y?) while the two others equal
(x® + 1—16exp{2i<>}y2)2. Without loss of generalities one supposes that E =
{{1,2},{1,3},{1,4},{2,3},{2,4}}; the other cases being obtained by symmetry.
We have Q1 = z?(z* — { exp{2ico}y?). Following [30], we have computed K3 and
L. Since the two invariants vanish, we have deduced that |®g) is equivalent to a
degenerated G .q. More precisely, following the value of E| it is equivalent to Ggp00

with a = v2exp{3ic} and b = v2exp{i(o — )}

(xi) If £ = {{i,5} | 0 < ¢ < j < 3} then the two quartics are equal to
r?(x — %e@{io}y)? Following [30], we have computed the values of the four
covariants G, G, H, and L. Since they all vanish, we have deduced that |®g)
is equivalent to a degenerated Ggp.q. More precisely, |®g) is SLOCC-equivalent to
Goa00 With a = \/Li exp{%io}.

Viewing E as the set of the edges of a 4 vertices graph, the cases (i) to (v) above
correspond to disconnected graphs and factorized states. The other ones correspond
to connected graphs and degenerated G;.q states. Notice that some degenerated G peq
factorize.

Miyake [25] has shown that the more generic entanglement holds for A # 0. So we
have,

Proposition 11 The states |Pg) are not generically entangled.

We can be more precise by noticing that the invariant polynomial LM N vanishes
for any state |®g). In terms of (projective) geometry, this means that |®g) corresponds
to a point of the secant variety of one of the three Segre embedding o(Seg;; (P? xP?)) (see
[30] p18-21), {7,7} € {{0,1},{0,2},{0,3}}. The three Segre varieties Seg;;(P* x P?) are
isomorphic and are the image of one of the three Segre bilinear map Seg;; : P? x P? —
P = P(C? ® C* ® C* ® C?), defined by

Segor([vo @ v1], [wo @ wy]) = [vo @ v1 ® Wy @ wy], (51)
Segoa([vo @ v1], [wo @ wr]) = [y ® wo @ v1 ® wq], and (52)
56903([1)0 ® ’Ul], [wo ® wl]) = [UO ® Wo ® w1 ® ’01]. (53)

Alternatively, the Segre varieties are the zero locus of the 2 x 2-minors of one of the

matrices involved in the definition of L, M and N. The secant variety of a projective

variety Y is the algebraic closure of the union of secant lines ny’ x,y € Y. The variety
o(Seg;;(P? x P?)) corresponds to the zero locus the 3 x 3-minors of one of the matrices

involved in the definition of L, M, and N.

From [30] and the vanishing of LM N, we deduce that all the |®g) belong to one of the

third secant variety

03 (Seql.] ( X Pg U lemg.’bg ’ (54)

Z1,22,T3
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where Y denotes the algebraic closure of Y and Pﬁlxm is the only projective plane
containing the point z1, z, and x3. The computation of corresponding Verstraete forms
allows us to refine this result by exhibiting for each state a strictly included variety to

which it belongs. For all the cases but (iii) and (v), the corresponding varieties are

Varieties Cases
o(Segy (B° x P)) (i), (i), (iv), (v4), (vid), (vida), (i), (), (x3)
o(P' x P' x P! x P') = (") o(Seg; (P* x P?) (i), (vi), (1)
Segy (P° x P) (i), (i), (iv)
Seg;; (P! x P! x P?) (1), (17)
Pl x P! x P! x P! (7)

Table 2. Varieties associated to cases (i), (ii), (iv), (vi), (vii), (viii), (ix), (x), (xi)

summarized in table 2. The 16 remaining cases, corresponding to (iii) and (v), belong
to one of the four Segre varieties P! x P7 — P,

Notice also that |GHZ,) is SLOCC-equivalent to a G a0 state [30] as case (vii) above.

Moreover when a; = b; = ¢; = d; = % for 1 = 0, 1, it is possible to create a state which
is LU-equivalent to |GHZ,) (see proposition 9).
The state [Wy) = [1000) + [0100) + [0010) + [0001) belongs to the null cone (ie, all the
invariant polynomials vanish). Since all the |®g) belonging to the null cone factorize
and the factorization properties is a SLOCC-invariant property, we deduce that no |®g)
is SLOCC-equivalent to |W4), as in the case of 3-qubit systems.

5.4. Fiwe qubits and beyond

For more five qubits and more, the number of tools is much smaller. Indeed, the
description of the algebra of covariant polynomials is out of reach and even some
important invariant polynomial, such that the hyperdeterminant, are too huge to be
computed in a suitable form. We recall that the importance of the hyperdeterminant
is due to the fact that it vanishes when the system is not generically entangled [25].
Although this polynomial is very difficult to calculate, its nullity can be tested thanks
to its interpretation in terms of solution to a system of equations, e.g. [33] p445. For

instance , if A = Z QGjrin®iYj2etisy is the ground form associated to the five
0<i, g,k l,n<1
qubits state |¢) = Z Qijkin|ijkin), the condition A(|¢)) = 0 means that the
0<i,jk,l,n<1
system
d d d d d d
Spi={A=—A= —A=—A=—A=...= —A=—A=0}55)
dl’o dl’l dyo dyl dSO d81
has a solution Zg, Z1, Yo, Y1, - - -, S0, 51 in the variables xqg, 1, yo, 1, .., S0, S1 such that

(Zo, Z1), (Yo, 1), - - -, (S0, 51) # (0,0). Such a solution is called non trivial. We process
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exhaustively by exhibiting a non trivial solution for each of the 1024 systems Sg,, where

|®p) = Zp(a|0)+a1]0))(bo|0)+b1]0))(co0)+¢1]0)) (do|0)+d1]0)) (e0|0)+e1]0)).(56)
Since permutations of the qubits let the value of the hyperdeterminant A unchanged, the
set of systems Sg, splits into 34 classes corresponding to undirected unlabeled graphs.

For each of these classes, we find a non trivial solution with z; =y, =21 =t =51, =1

for a given representative element. The solutions are summarized in tables 3, 4
and 5 with the notations A; := Z(—l)j(i“)”kaibjck, Ny = Z(—l)i(ﬁk)aibjck,

1,7,k 0,9,k
Ay = Z(_l)k(l-i-j)-&-ijaibjck’ Ny = Z(_l)j(i+k)aibjck, Ng = Z<—1)k+j(k+i)@ibjcka
and A;J: Z(—l)j(”k)aibjck. h ’
So we dedlljlkce
Classes Representative Cardinals Solutions
elements [0, Yo, 20, to, So]
{} {} 1 [ 7_%7_%7171]
{{173}} {{071}} 10 [171717_%7_%]
{{Z,j},{l,k}} {{071}7{072}} 30 [171717_3_;7_2_;]
{i.}. (k. 13} {{0.1}.{2,3}} 15 111, -y 2]
{{Z,j},{l,k},{l,l}} {{071}7{072}7{073}} 20 [172_;7_%717_2_;]
{{17]}7{37 k}7{lak}} {{071}7{172}7{(]?2}} 10 [1’1’17_3_(1]7_2_(1)]
i gh i ky {03} | {{0,1},{0,2},{1,3}} 60 [, 1,1, = 37r, — 4]
{{i,5}, {i, k}, {l,n}} | {{0,1},{0,2},{3,4}} 30 1,11, -2, -2
{{iaj}a{iuk}v{ivl}> {{0’1}7{072}7{073}’ 5 [1 h _a 5_1]
{i.n}) 0.4)) e T
{{ivj}v{iak}v{i7l}v {{071}’{072}7{073}7 60 [1 b _a _5_1]
) (L4} b e
{{27]}’{17’]{7}’};:?;}}}5 {{0’1}’{172}7{{0()’732}}]j 60 [17_8;31;;’@_’_1)%’1’_2_(1)]
{{27]}7{]71{:}?{]{;’”7 {{071}7{1’2}7{273}7 15 [a_l by _a di ]
{1,1}} {0,3}} @’ ot do?
1,744k, 1}, {l,n}, 0,1},{2,3}, 13,4}, L(co—cy e
b 0.0 | (00 @3B |y e
o b 1) | 00021230 |, 111, s

Table 3. Non trivial solutions of Sg,, for card(E) <5

Proposition 12 For five qubit systems, the states |Pg) are not generically entangled.

In principle the same strategy can be applied for more than five qubits and we conjecture
that the property is still true.
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Classes Representative Cardinals Solutions
elements [x07 Yo, =0, th SO]
{{Za]}>{ja k}?{k7l}> {{0?1}7{172}7{273}7 12 [1 1,1 VA _6—1]
{l,n}, {i,n}} {3,4},{0,4}} b b GRe e
{{Z’j}’ {Z’ k}’ {Z7l}’ {{O? 1}’ {072}7 {073}7 bi(i—1) /.
1, — 7= 1N 1. —a
{i,n}, {j, /{Z}} {0’4}7 {1’2}} 30 [ > bo(i41)? (Z + )CO7 ) 50]
{{Z’j}’ {Z’k}’ {Z’l}7 {{O’ 1}’ {072}7{073}7 _bi(i=1) . c1 &
{d.n}, {4, k}} (1.4}, {1,2}} 60 | [ =g (+ Dy 1 —2]
i,k ik a1y, | {{0,1},{0,2},{0, 3}, 30 i oD o a )
{7, kY, {k. 1}} {1,2},{1,3}} a0 Yoo(¥1)? co? do
{{i. 3}, o kR 03, | {40,13,{1,2},{2, 3}, 60 @lDoh) ;g )
{Z,l},{],n}} {073}’{1’4}} ao(l+1)(b0+b1)7 Vg
{{Z’j}’{j’ k}’{i’k}’ {{071}7{172}7{072}7 60 [1 (il e —6—1]
{i, 13, {l,n}} {0,3}, {3,4}} Bl D) begr 1 ey

Table 4. Non trivial solutions of Sg,, for card(E) =5

6. Conclusion and perspectives

We have investigated some properties of the controlled-Z gates. In particular, we have
described combinatorially and algebraically the group generated by controlled-Z and
swap gates and we have studied its action with respect to the entanglement (SLOCC-
equivalence). In terms of algebra, this group is isomorphic to the semi-direct product of
two well known groups and this property allows us to propose algorithms for simplifying
circuits. About entanglement, we have shown that the group is powerful enough to
generate the states |GHZ;) from a completely factorized state but not to generate a
representative element for every SLOCC-classes. In particular, we have shown that for
four and five qubits, it is not possible to produce a generically entangled state (in the
sense of Miyake [25]). Furthermore, by adding unitary single qubit operations, all the
unitary operations can be encoded and the associated circuits can be implemented
on actual quantum machines without too many adjustments. So we have here an
interesting toy model for the study of quantum circuits with many connections with
algebra, combinatorics and geometry. Nevertheless, there are still many interesting
questions to explore. Let us list some of them.

6.1. On the network structure of the qubits

It would be interesting to design circuit simplification algorithms that work regardless
of the configuration of the network of the qubits. Since the controlled-Z operations
are symmetrical, we have only to investigate networks which are undirected graphs.
If the network is organized as a line (the bit 0 is connected to the bit 1, the bit 1
is connected to the bit 2 etc.) then one has to manage with generators which are
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Classes Representative Cardinals Solutions
{{i,7} | 0<i<j <4}\F elements [0, Yo, 20, to, So)
w/lth/ E, — El =
ai b1 c1 dp
{} {} 1 [%7_2_07_573_07 ]
{{Z7j}} {{071}} 10 [Z_(l)ub_.élu_%ad_(; ]
{{Zuj}a{l7k}} {{0’1}7{072}} 30 [17_{,!(}8+11;77'z_(1)7 7_5_(1)]
{{27.]}7{kal}} {{071}7{273}} 15 [Z_é’_bég;(lg’l)%’ a_:_é]
{{Zaj}a{l7k}7{7'7l}} {{071}7{072}7{073}} 20 [_Z_(l)?_b(l)(i+1)7 %7171]
{{17]}7{]7 /{Z},{Z,/{Z}} {{071}7{172}7{072}} 10 [172_37_2_(1]717_2_3]
{{Z>j}’{l>k}7{]7l}} {{0’1}7{072}7{173}} 60 [Z_(l)v ’_%’1717_%]
{{Z,]},{Z,]{},{l,n}} {{Oa1}7{072}7{374}} 30 [17_2322_7_1;’@2_;’ 7_2_(1)]
{{ivj}7{ivk}v{i’l}7 {{0v1}7{0’2}7{073}7 5 [_a_1 _ba(izl) i1 1]
{i,n}} {0,4}} ag’  bo(i+1)? “co? 77
{{17]}7{27]{}7{27[}7 {{071}7{072}7{073}7 60 [_a_l _ bi(i-1) ic 1]
{j,n}} {1,4}} ap’  bo(i+1)? "co? 77
{{e, 53, {5, k}, {4, k3, {{0,1},{1,2},{0, 2}, 60 o b o
{i,1}} {0,3}} @’ bt on
{{%]}7{]7 k}a{kvl}> {{071}7{172}7{273}7 15 [_01(60*61) 1.1 _ di(bo—b1) ]
{i,1}} {0,3}} ao(cote1)’ 77 77 do(bo+b1)’
{{i,j},{k;,l},{l,n}, {{071}’{2a3}7{374}7 10 [a_l b _a di ]
{k.n}} {2,4}} wl bt
{{Zvj}7{]7 k}a{kal}7 {{071}’{1’2}7{273}7 60 [aO(CO_Cl) _bh 1 _6_1]
{l)n}} {374}} ai(cotc1)’ bo? €0

Table 5. Non trivial solutions of Sg,, for card(F) > 5

elementary transpositions 5;, ¢ = 0...k — 2, that permute the values of ¢ and 7 + 1,

together with the controlled-Z: Z; =
transposition in a permutation is a well known exercise in combinatorics.

ii+1. Minimizing the number of elementary

This is

important for quantum computing, because transpositions are often implemented from

3 quantum 2-qubit gates, see equality (7), and so are particularly unreliable. Finding

an optimal algorithm for reduction requires a deeper knowledge of the algebraic and
combinatorial structure of the group cZS; and will be the topic of future works.

6.2. Algebraic structure

Beyond applications in quantum information, the groups cZS; deserve to be studied for

themselves. First, as for symmetric group, we have a tower of groups cZSy CcZS3 C

- CclS, C .

This suggests connections with combinatorial Hopf algebras.

In

particular, the conjugacy classes and the representation theory of these groups must

be studied in details.

One of the underlying question is:

Is there a polynomial
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representation whose base would be indexed by combinatorial objects and which could
be provided with a co-product giving it a Hopf algebra structure?

Representations as matrices are also highly relevant in our context. Indeed, any circuit
composed of controlled-Z and SWAP gates is nothing but the image of an element of
the abstract group cZS; through a certain representation. This representation has the
particularity that it is also a linear representation of a free PRO [20]. So it is not
irreducible and it would be interesting to understand its decomposition into irreducible
representations.

6.3. Generalizations of cZSy and entanglement

Even if we investigated a few properties of cZS; with respect to entanglement, a detailed
and complete study remains to be done for any number of qubits. In particular, we
focused on SLOCC-equivalence but LU-equivalence is also highly relevant in that context.
Giihne at al. [34] investigated LU-equivalence with respect to more general operations
indexed by hypergraphs (instead of simple graphs in our paper). They proved that some
generically entangled states, like

Vs 1= = (|0011) +]0101) +[1001) + [0110) + [1010) + [1100)
+]0000) — |1111))

Vo = 1(]0000) —[1111)) + 1 (|0100) 4 0101) — 0110) + [0111) (57
+[1000) — [1001) + [1010) + |1011))

Vie = —=(]0011) + [0101) + [1001) + [0110) + ] 1010) + [1100)

+]0001) — |1110)).

can be obtained from |0000). Remark that even if these states are generically entangled
in the sense of [25], ie. A # 0, they have , however, some specificities. For instance V3
and V74 belongs to the third secant variety o3(P! x P! xP! xP!), ie. L =M = N =0 [30].
For the state Vi, we have Q1 (Vis) = Q2(Via) = Q3(Via) = —a(x — y)(2® — Sy + £a?).
The state Vg is in a certain sense more general than V3 and V4 because only the invari-
ant L vanishes but this means that it belongs to the third secant variety o3(P? x P3). Tt
would be interesting to know if one can generate more general entanglement types such

that L, M, N # 0.
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Appendix A. Quantum circuits on actual quantum computers

Although the model we have investigated is a toy model, the calculations can be
performed on actual quantum machines and illustrate the importance of using the less
of 2-qubit gates as possible. To perform our computations, we use the IBM () experience.
On its website https://quantumexperience.ng.bluemix.net/qx/experience, IBM
offers a free online access to three quantum computers. Two of these computers have
5 qubits and the third has 16 qubits. We used them to test our quantum circuits.
The 5 qubits computers are not organized as a complete graph since there are only 6
connections implemented. There are several differences between the circuits that can
be realized on these machines and those presented in the paper:

e The network is not a complete graph.

e The only 2-qubit gates that can be used are ¢ — X. The others must be obtained by
combining gates.

e The uses of the gates induce a probability of error, with a very significant probability
of error for 2-qubit gates.

The ¢ — Z gates are implementable since we have

1T-mim

Elementary transpositions are obtained by using (7). Nevertheless, they used three

(A.1)

2-qubit gates and then are very unreliable. Despite all this, we can test some of our
circuits in real situations and check some of their properties. For instance, consider
the circuit of figure A1 computed on the IBM Q 5 Tenerife machine. The result of the
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alo) [ O
a1l ?
ql2] \tl>—n

al31 o)

q[4] [0}

CUS

Figure A1l. Circuit producing a |GHZ3) state on the IBM Q 5 Tenerife machine

experiment is in figure A2. It is interesting to note that although theoretically only
the states |00000) and |00111) can be reached, the other states have a low but not zero
probability of being obtained after the measure. Consider the circuit pictured in figure

(=]
e
(=]

0.460

0.431

Figure A2. Execution of the circuit of figure A1l. The top graphic is a simulation
while the graphic on the bottom is obtained after 1024 executions on the IBM Q 5
Tenerife machine. Both graphics have been produced through the IBM website.
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Figure A3. Circuit equivalent to those of figure A1 but with more 2-qubit gates.
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A3. Applying the results of section 4 we find that it is equivalent to those of figure
Al. This circuit has been implemented on the IBM Q 5 Tenerife machine (see figure

ato] \(»40—? '+
q(1] o ? L 2 n E
atz) o —J—e - * g

CIEIRY]

ql4] o)

[

Figure A4. Circuit of A3 implemented on the IBM @Q 5 Tenerife machine.

A4). After 1024 executions, we observe that reliability is less good than for the circuit
of figure Al. This is due to the fact that more 2-qubit gates were used.

0.494 0.506

]

0.289
— 0.122
0034 f 0.037 o6t I
I 0.03 ] 0.028 @ 0.031 . m

Figure A5. Execution of the circuit of figure A4. The top graphic is a simulation
while the graphic on the bottom is obtained after 1024 executions on the IBM Q 5
Tenerife machine. Both graphics have been produced through the IBM website.

Appendix B. Proofs of Theorems 2 and 4

The proofs are based on two well known facts about group presentations.

Claim 13 (See eg. [35])
Let G = (S1|R1) and Gy = (S| Rs) be two groups given by presentation. The semidirect
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product G1 X¢ Gy 1s isomorphic to

(S1 US| R1URs U {g2g195 " (B(92)(91)) " | g1 € S, 92 € Sa}). (B.1)

Claim 14 Let G = (S|R). We suppose that S splits into two subsets Sy and Sy such
that Sy is include to the subgroup of G generted by Sy. Let Ry denote the set of relations
in R that involves at least an element of So and Ry = R\ R1. We construct a set R, by
replacing in Ro each occurrence of an element of Sy by an equivalent product of elements
of 8. Obviously, one obtains that G is isomorphic to (G|R1 URS).

Example 15 Let us illustrate our purpose by giving a presentation of cZS3. First we
remark that B3 is isomorphic to (20, 21, 202|238, 23, 289, (20202)%, (2021)?, (20202)%) and &3
is isomorhic to (sg, 1|52, s7, (s0s1)*). One applies Claim 13 from Theorem 1 and obtains
that cZS3 is isomorphic to (2o, 21, o2, So, 51|R), where

R = {2(2)7 Z% 2’32, (202’02)2, (202'1)2, (202’02)2, (212’02)2, 5(2)7 5%, (8031)3, (2080)27 (2’181)2, 812051202, 502’1302’02}-

We apply Claim 14 with §; = {z0, 21, 80,51} and Sy = {202}. Indeed we note that
202 = S120S1. Hence

Ry = {zS, 2%7 (2021)27 5(2)7 8%7 (8081)3, (2’080)2, (2181)2}

and
R — {2 2 2
2 = {202, (21202) ,(202’02) » 12051202, 8021802’02}7
and so
/ 2 2 2
Rg = {(512051) ,(21812081) ,(20812031) ,812081312’031,502150812051}-
Since, s7 = zg = 1 we can remove the relation s;zps1s120s1 from R). Furthermore,

502150512051 = 1 implies (21512081)? = (2180)*. Hence, cZS3 is isomorphic to

(2(), 21, S0, 81|Z§, Z%, S(Q)a 3%7 (5031)3, (2021)27 (2080)27 (2181)27 (2031)4, (2180)4, 308120818021)

4

Assuming that sgs120515021 = (2080)% = (2081)* = s2 = s} = 1, one finds

(2151)% = s051(2050)%s150 = 1,

(202’1)2 = 80(2’031)480 =1,
(2180)4 = 81(2021)281 =1.

Then we simplify the presentation of cZS3 as

(20, 21, S0, 81%7 Z% 5(2)7 3%7 (5081)37 (2080)27 (2081)47 308120818031>-

Reformulated in terms of presentation Theorem 2 reads:

Theorem 16 Suppose k > 2. The group cZS, is isomorphic to the presentation
(205 -y 2Zk—2, S0, - - -, Sk—2|R) where R is the following set of relations
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(i) for any 0 <i<k—2,22=s?=1,
(ii) for any 0 <i < j <k —2 such that j —i > 1, (s;8;)* =1,
(iii) for any 0 <i <k —3, (s;541)° = 1,

(iv) for any 0 <i<j<k—2, (2z2) =1,

(v) for any 0 <i,j <k —2 such that |i — j| # 1, (zs;)?

(vi) for any 0 <i,j <k —2 such that |i — j| =1, (zs;)*

(vii) for any 0 < i <k —3, $;8i112iSi415:i%ip1 = L.

7

1
1

)

Proof If £ = 2 the result is straightforward from the definition. Now we assume k& > 3.
We apply Claim 13 and find a presentation of cZSy as (S|R) with

S=TUZ

and

R=RSURZ URC,
where T = {s; | 0 < i < k—=2}, 2 = {257 | 0 <@ < j—-1< k- 2},

RS ={s?|0<i<k—3}U{(si8)?|0<i<j—1<k—=3 U{(si8141)* |0 <14 <k—3},
RZ={y|0<i<j<k-1JU{(zpp2p)’ | 0<i<j—-1<k—-20<p<
q—1<k—2}, and RC = {8p2£i 1 Sp2(s,(i)usp(i)3]0 <0 < j <k —=1,0 <p <k —2}.The
set RS means that the subgroup Gg = (T|RS) is isomorphic to the symmetric group
k
Sk. The set RZ means that the subgroup Gz = (Z|RZ) is isomorphic to ZgQ). The
set RC encodes the conjugacy of an element of Z by an element of Gg. More precisely,
if o is a permutation of &, and w, denotes the image of o in Gg then the relations of
RS and RC implies

WoZ(i )Wy = ali)o()} (B.2)
For simplicity, in the rest of the proof we set z; := 25 and z; = 2411 The
relation 27, = 1 can be recovered from z? = 1 and the relations of RS U RC.
Indeed it suffices to consider a permutation o sending {7,j} to {i,i + 1} and write

23 = (w; ' 2w,)* = w, 27w, = 1. In the same way, if o is a permutation sending {i, j}

to {i1,i1+1} and {p, ¢} to {iz,is+1} forsome 0 <i < j < k—1,0<p<qg<k—1,i#p,
J# qand 0 <iy,is < k—2 we have (z;;2p0)% = (W, 25, wow, 2w, )? = w, (24 21y ) W,
So the relation (z;;2p,)> = 1 can be recovered from (z;,2;,)> = 1 and the relations of
RSURC. If (i =pand j # q) or (i # p and j = q), there exists no permutation sending
{i,j} to {i1,i; + 1} and {p, ¢} to {is,is + 1} for some 0 < iy,iy < k — 2. We introduce
the set of relations RSZ := {(2;5;)*0 < i,j < k —2,]i — j| = 1}. These relations
can be recovered from R since (2;8;11)* = (2izi42)? and (2;8i-1)* = (zizii1i41)?. If
(t =pand j # q) or (i # p and j = q) then there exists a permutation o sending
{i,j} to {i1,ix + 1} and {p,q} to {iy,i; + 2} for some 0 < i; < k — 3. Hence,
(2ij2pq)? = (W5 20y 210y +2W0)? = W5 (20 Ziia12)*Wo = W5 (201 8iy41) o

As a conclusion, we deduce that (S|R) = (S|R’) with R = RSURZ'URCURSZ
and RZ' = {22 |0<i<k—2}U{(22,)* |0 <i,p < k—2}.
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Now let us remove redundancies in RC and proves that it can be replaced by RC' :=
{(sj20)* | i — j| # 1} U {sisiy12i8i418izi01 | 0 < i < k — 3} U {sj_12ij8j-12ij-1 | 0 < i <
Jj—2 < k—3} in the presentation. The first and the last sets of the definition of RC’ are
include in RC. Furthermore, in (S|R'), we have s;8;112;S;118:2i+1 = SiZiir2Sizir1 € RC.
Conversely, we set R” := RS U RZ' U RC' U RSZ and we prove that for any
w € RC, we have w = 1 in (S|R”). Indeed, we have RC \ RC' C {spzijspzijlp &
{i =147 — 1,5} U{s;j2i82ij41 | 0 < i < j—1 <k =3} U{sim128i12i-1; | 1 <@ <
J<k—1}U{siz;sizi+1; | 0 <i <j—2 <k —3}. So we have to consider 4 cases:

(i) Consider the element s;z;;s;2;;41 with 0 < ¢ < j—1 < k — 3. We have
$izijSizi+1 = (2ij+182i555) 7" = s5j(852ij0185%5) 7' sj = 55 = 1in (S | R”).

(ii) Consider the element s;_12;;8;_12;—1; with 1 <1i < j < k—1. If i = j—1 then, using
the second and third sets of the definition of RC" one obtains s;_12;118;-12i_1i41 =
Si—12i8i—18i%i—15; = Si—1%%iSi—1 = 1In (S | R"). If i < j—1 then s;_12;;8;_12i-1j =
8i—18j—1%ij—18j—15i—18j—1%i—1j—15j—1 = S5j—18i-1%ij—18i-1%i—1j—15j—1 and, using an
induction on |i — j| one finds s;_15;_12;j-1Si—1%i—1j-15j-1 = 3?71 =1in (S| R").

(iii) Consider the element s;2;;s,2i41; for 0 < i < j —2 < k — 3. We have
5i%ij5i%i41j = si(siziﬂjsizij)*lsi =1 from the previous case.

(iv) Suppose p & {i — 1,i,j — 1,5}. We proceed by induction on |i — j|. If

j = i + 1 then the result is directly obtains from the first set of the definition
of RC'. If p = i+ 1 = j — 2 then we use the previous cases and obtains
Si41%ii435i41%ii43 = Sit1Si425i41%iSi+15i4+25i+15i425i+12iSi+15i+2. Hence using the
fact that z; and s;15 commute in (S | R”) together with the braid relations, one
obtains $;415;425i4+12iSi+15i4+25i4+15i4+25i4+1%i5i415i42 = Si+25i+15i4+22i5i422iSi+15i42 =
1.
If p # j — 2 then sp25p2i; = S5pSj—1%ij-15-15p5j-1%ij—15j-1 =
8j_18pZij—15pZij—15j—1 = 1 using the induction hypothesis. Finally, if p # i + 1
then s,2;;5p2i5 = 5pSiZit1j5iSpSiZit1j5i = SiSpZi+1;SpZit1;8; = 1 using the induction
hypothesis.

So we have proved that (S | R) = (S | R”). Now we apply Claim 14 with S; = {z; |

0<i<k—2}U{s;|0<i<k—2}and S; ={%;|0<i<j—2<k—3} Weobtain

R" = R1URy with Ry = RSURZ'URSZU{(z:8;)* | |i —j| # 1} U{siSit12iSi118i2i11 |

0<i<k—3}and Ry = {sj_12;Sj-12j—1 | 0 < i < j—2 < k—3}. To obtain R, we

substitute each occurrence of z;; in Ro by sj_15j_9 - 8i412iSi41 - Sj—25j—1. In other
words,

/ . .
b ={8j_1'8j-1Sj_2 * Sit12iSit1 "+ Sj—1°Sj—1"Sj—2 - Siy1%iSit1 -+ Sj—2 | 0 <1 < j—2 < k—3}.

But each Sj—1°8j-18j—2 " Si41%iSi4+1 " " Sj—1* Sj—1 ' Sj—2 " Si41%iSi+1 " Sj—2 reduces to
1 by using rules of RS and RZ’. Hence we deduce that (S|R) = (S1|R1), as expected. [

Theorem 4 is restated as
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Theorem 17 For k > 2, the group cZS; is 1isomorphic to the group
(90, 91,92, - - -, g—1|Rx), where Ry is the set of the following relations:
(i) Forany 0 <i<k—1, g? =1,
(ii) For any 1 <i<j<k—1 such that |i —j| > 1, (g:9;)* = 1,
(1ii) For any 1 <i <k —2, (g:9i41)° =1,
(iv) Foranyi=1,3,...k—1, (gog:)* = 1,
(v) (goga)* =1,
(vi) (9092939192)" = 1.
The explicit isomorphism sends Zy to gy and each S; to g;11.

Proof We find several redundancies in the presentation of Theorem 16. First we
compute

()

(Siflsiziflsi)ll

(21'81‘71)4 «

—

v)

gl

(424), 9 B.3
= (81718z‘2’1;71Sz‘718izif18i715i) ( : )
i),

(i

—

K 51'51‘71(51'21‘71)45@'7151'-

The overscripted numbers correspond to the rules of Theorem 16 used to obtain each
equality. Assuming (z;,_15;)* = 1 and applying the rule (i), we show that (z;s;_1)* = 1.
So this relation can be removed from the presentation.

Now let us consider the relations {(z;z;)* = 1] 0 < i < j < k — 2} of point (iv) of
Theorem 16. If j =74 1 we have :

(vit)

(Zizi+1)2 (Zi5i5i+lzz’5i+15i)2

—
<
~

(3i2i5i+1218i+15i)2

—
.
=

Si(zi5i+1)43z’-

Assuming (2;s;41)* = 1 and applying the rule (i) we have (z;z;11)? = 1 so this relation
can also be removed from the presentation.
If j =7+ 2 then we have

(vi7)
(Zizi+2)2 = (Si—lsizi—lsisi—lzi+2)2

—~
<
~

2
(Si—lsizi—lzi+25i5i—1)

.
~

2
5i—15i<zz‘—1zi+2) 5;8i—1

—
<
S.
S8

Nasd

2
Si—lsi(zi—l3i+13i+22i+13i+23i+1) SiSi—1

—
<
=

2
Si—lsi(31'—1—13i+22i—1zi+13i+23i+1) SiSi—1

.
~

2
3i713i3i+13i+2(2i712i+1) Si4+28i415iSi—1-

Hence by induction on 4, assuming that (2929)? = 1, we show that (z;z;19)? = 1.
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If 7 > i+ 2, then we have

(vi)

[

(zi25)? (zi8j-18i2j-1878j-1)°

—
<
=

(8j-18;2i2j-15;8-1)°

.
~

ijlsj(zizjfl)QSjsjfl

Hence by induction on j, assuming that (2;2;12)% = 1, we show that (z;2;)? = 1.

To summarize we have shown that, assuming points (vii), (vi), (v), (i) of Theorem
16, all the relations of point (iv) (i.e {(2z;2;)? = 1|0 <i < j < k—2}) are redundancies
except one : (2922)> = 1. We also notice that (2029)? = (20515250812051505251)% =

(2081825081)4
Now we apply Claim 14 by setting S; = {20, S0, .., Sk—2} and So = {z1,..., 2k_2}
since

zi = (8i—18i) -+ (S051)20(8150) * + - (8i8i—1)- (B.4)

We have
Rl =RSU {Zg = 1, (2’081)4 = 1, (2081828051)4 = 1} U {(Z()Sj)2 =1 | j 7é 1}

and

U{(ZiSJ)Q =1 ’ 1<i,j<k—=2 ¢{’L— 172+1}
U{Si8i+1zi8i+18izi+1 =1 | 0 S 1 S k— 3}

So we have R, = T; U T, U T3 U Ty with
Ti = {((si—15:) - - (s051)20(s150) =~ (838i-1))* =1 1 < i < k — 2}
To = {((sic18:) -+ (s051)z0(5150) - -~ (sisi-1)si1)' = 1| 1 < i <k — 3}

Tz = {((siz18:) -~ (s0s1)z0(s150) -+~ (si8i-1)8;)* =11 <i,j <k —2,5 ¢ {i—1,i+1}

Ty = {SiSi—i-l(Si—lSi) T (5051)20(3180) T (5i31—1)8i+18i(8i8i+1) s (8081)20(8180) s (5i+15i) =1
] 0<i<k— 3}.

Remarking that ((s;_18;) - - (5051)20(5150) - - - (8i8i-1))° 21 we can remove the re-
lation of 77 from RY,.

In order to remove the relations of 73 from R we distinguish three cases :

(i) If j > i+ 1 then

ks

((8i-15i) -~ (5051)20(5150) - - - (845i-1))s7

= 1

((si—18i) -+~ (s051)20(5150) - - - (s5i-1)5;)°

b
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(ii) If j = ¢ then we use the the braid relations and obtain

(s180) - (8i8i-1)si e So(S150) « - - (SiSi—1)- (B.5)
Hence,

((8i-15i) - (s051)20(5150) - - - (Sisi—l)si)Q e ((si—15¢) - -~ (8051)2080(5150) - - - (Sisz‘—l))z
zzl (si-18i) - - (s051)(2080)%(5150) - -~ (8i5i-1)
= 1

(iii) If j < i — 1 then we have

((si-18i) -+ (s051)20(5150) - -~ (si8i-1)55)? E ((si-180) -+ (858541)(8j-155) -~ (051) 20
. ((s5150) -+ (5555-1)(8j4155) (Sj428541) 85 - -+ (8i8i-1))
= ((si-18i) - (558541)(55-155) -~ (5051) 2
R ((s150) -+ (8585-1) (8j418542) (85854185) - - (si8i-1))
= ((si180) -+~ (858541)(8j-185) -+ (s081) 20

((5150) -+ (88j-1)(8j418j32) (854185 8541) - - - (8i8i-1))

E ((si-180) -+ (s58541)(8j-155) - - (S051) 20
. (5180) ++ (878j-1)8j12(854187) (Sj428541) -+~ (8i8i-1))?
= (sicasi) - (558541)((55-185) -~ (5051) 2
. (s180) -+ (858j-1)8j42)*(854155) (Sj428541) +++ (8i8i-1)

= 1 (using the first case)

So we can remove the relations of 73 from RY.
Also, using the relation of the symmetric group, one finds

R
(8180) T (Sisi—1)5i+1(5i—15¢) te (5081) = Si418; 528182 "+ §iSi+1- (B.G)

Hence,

1@

(Si—lsi) te (3031)

(208i418i - -~ 52518 - - - 5i5i+1>3

'20(8130) T (Sisi—1)5i+1

= (5i-18i) - (5081)8i418i++ S2

'(2051)32052 - 5i8511(5180) -+ - (8i8i-1)8i11

((si—18:) - (s051)20(8150) - - - (838i-1)8i31)*

R
= (31—151) ce (8081>3i+15i ©r 82
(2081)*s2 -+ - siSi+1(s150) - - (8:8i-1)
Ri1
= 1
We deduce that we can remove the relation of 7s. Finally the rela-

tion s;si41(si-15:) <+ (S051)20(5150)  * * (8i8i-1)Si15i(8iSix1) -+ - (S051)20(5180) * + + (Si418i)
reduces to 1 using only s? = z2 = 1. The relations of 7; are redundancies. Hence,
the group cZSy is isomorphic to (S1|R1) and we recover the statement of Theorem 17
by sending z; to g and each s; to g;11. U
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Appendix C. Entanglement of |GHZ,)

In this section, we prove that the state |GHZ) is not generically entangled. We start
with a result of Miyake [25] stating that a state is generically entangled if and only if its
hyperdeterminant A does not vanish. The hyperdeterminant is a high degree invariant
polynomial impossible to compute in practice but its interpretation in terms of solutions
to a system of equations allows us to test its nullity, see e.g. [33] p445. Let us recall
briefly how to process. First we consider k binary variables x( = (a:(()i),xgi)), 1= 1.k
To each state |¢) = > v, i, |1+ - ix), we associate the binary multilinear form

fo = Z iy ,.. ,zk%(ll) : 5,]:) (C.1)

0<it yovnyig <1

The hyperdeterminant vanishes if and only if the system

{fo O}U{ f¢—0|0<2<11<]<k‘} (C.2)

has a non trivial solution x(l),...,fc(’“), ie such that there exists 1 < 57 < k with
%) £ (0,0). For |GHZ;,) the system is

1 k k 2 k 2 k 3 k
OB B e R B B 2 <>:xé>xé>,,_gjg>(c'3)
0,8 _9351)...3;06*1) _ L0k

We check that for k > 3, a:g = ng) = 1353) = xl = 0 implies (C.3). So for k& > 3, |GHZj,)
is not generically entangled. Remark that, when k& = 2, 3, all the solutions of (C.3) are
trivial and so |GHZj) is generically entangled.

Appendix D. Some covariant polynomials associated to 4 qubit systems

In this section, we shall explain how to compute the polynomials which are used to
determine the entanglement type of the systems in section 5.3.We shall first recall

the definition of the transvection of two multi-binary forms on the binary variables
2@ = (z(V,2lY),.. 2@ = @), 2)

(f, g)ih' = tTQ;I(m Qip(p) (3:'(1), o ,x’(p))g(x”(l), o ’x//(p)% (D.l)
where € is the Cayley operator
o 9
0. = ox)  Ox|
x 9

and tr sends each variables 2/, 2" on  (erases " and ”). In [27], we give a list of generators
of the algebra of covariant polynomials for 4 qubits systems which are obtained by
transvection from the ground form

A= E QG k1 TiYj 2kt

i7j7k77é
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Here we give formulas for some of the polynomials which are used in the paper.

Sg:j;;l Tlr ?z?‘j:;;(i?t Syr?bol Tlizll(l)r;svectant -
Bagao g(fh A)otot Gt 1 (Aéf(?%(]) * 4, (58022> 0001
Booos %(A; A)Yo110 Cin1 % (A B2200)1000 + (A, 32020)0010 + (A, 32002)0001)
Biao %(A A)toot Cian ? (4, B2200)1000 + (4, Boo 0100 4, 30202)0001)
Bosos %(A, A)1010 21131 % ((ﬁa 52020)1000 + (ia gomo 100 + (i g0022)0010)
Boos %(A,A)“OO 1113 | 3 ((A, Baooz) + (A, Bozoo + ( 0022)"")
Symbol | Transvectant
Dagoo | (A, Cypy)™M
Dogao | (A, Cfyqp)"1! Symbol | Transvectant
Doz | (A, Cypp)00 Fuoo | (A, Egpqp)™"
Dogao | (A, Cypy)'™! Fiooo | (A, B3pyy)"
Dosoo | (A, Clypy)™ " Faooz | (A, E3yqp)*
D2z | (A, Cyypp) 1% Foszo | (A, Efgy,)'!
Dyooo | (A, Cay11)"M! Fosz | (A, Efgy,)™"
Dosoo | (A, Cyz11)'M Foosz | (A, Elj3)"
Dooso | (A, Cryz)"! Fouoo | (A, Elgyy)™H
Dooos | (A, Ciy13)"1° Foouo | (A, Bfygp)"
Fyor | (A, Elyp3)"H°
Symbol Transvectant Fooao | (A, Efyg)™
Bz | (A, Dagoo)™™™ 4 (A, Dao2o) ™" + (A, Dago2) ! Fooor | (A, Biy15)™"
Elsii | (A, Dagoo) ' + (A, Do220)"" + (A, Dogga) ! Foooa | (A, Efj)™™
Elay | (A, Dagag) % + (A, Do) + (A, Dogaz)?
E%ll:& (A, D2002)1000 4 (A, D0202)0100 4 (A, D0022>0010
Symbol | Transvectant
G | (A Fizgo)'
G211 | (A, Fio20)'°1% | | Symbol Transvectant
Glan | (A, Fao)™ Gsiir | (A, Fi02)™" 4 (A, Fug20)"" + (A, Fio0)"
Gl | (A, Fougo)?M Gisir | (A, Foao2)™ + (A, Foaz0)"" + (A, Faagp) "%
Glis | (A, Faouo)'" Gust | (A, Fooaz)™' 4 (A, Fooa0)?™™ + (A, Fooa0) '
Ghsr | (A, Fooao)M Giis | (A, Foooa)"'% + (A, Fo24)""° + (A, Fag04) "%
G%ns (A, F?004>1001
Glis | (A, Fiod)™
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Symbol Transvectant

H 200 (A, Gs111)"M

H 020 (A, Gs111)"10!

H 002 (A, Gs111)M1

Hoazo (A, Giz11)"!

Hos02 (A, Gys1p)MH

Hooao (A, Griy51) M1

H400 (A, Grgpp)"MH

H3040 (A, Gy51)0M!

Hso04 (A, Grpy5)"tH

Ho240 (A, Gyizp) "M

Hozo4 (A, Gi115)"M

Hooz4 (A, Giys)™

Hapoo | (A, Glgn)”™ 4 (A, G3111) "% + (A, Giy) ™M

Hiyoo | (A, GR500)""" + (A, G5110)' " + (A, Gi30) "

Happo | (A, Glgn)” 4+ (A, G3111) "0 + (A, Giyp) ™M

Hagpo | (A, G3p)" 4 (A, Gl )0 + (A, Gppp) ™

Hggoo | (A, Gign)"™ + (A, Gliz) ™" + (4, Gls)'™
Symbol Transvectant

Iy | (A, Hugoo)™ + (A, Hizoo)"™ + (A, Hyops)™!

It | (A, Hono)®Y + (A, Hauoo) 0% + (A, Higp)"0!

Iy | (A, Hogao) + (A, Hapgo) % + (A, Hooaz)""

Iys | (A, Hozo0) ' + (A, Haoos) ' + (A, Hogza) ™0

Symbol Transvectant

Symbol | Transvectant Kasu =4 J4200)1222 ~ 4 JMOO)E;?E

7 (A 13, oI K3131 = (A, Jy020) — (A, Ja040)

4200 s L5111 K1 = (A, J1002) 0% — (A, Jag04)?%
Ja020 (Av 15111)1101 K _ (A J )0100 _ (A J )0010
Jwoz | (A, Ig)" K1331 _ (A’ J0420)0100 _ (A’ J0240)0001
Joazo | (A, Iz )" K1313 _ A7 J0402 0010 A7 J0204 0001
Joaoz | (A, Iigpp) ' = = 01000042) =t 00100024) 0001
Jooaz | (A, Ifj5)MH0 Bow | =14, J4200)1ooo 4, J4020>0010 4, J4002)0001
Jaaoo | (A, Iz Bion = (4, J2400)1000 (4, J0420>0100 * (A Jow )0001
Jooao | (A, Tysp)"M Bus | =14, J2040)1000 (4, J024O)0110 t4, J0042)0010
Jooor | (A, I )01 Kis | = (4, Ja04) — (A, Jo204)"""" + (A, Joo24)
Tt | (A, I )01 Symbol | Transvectant

T o Leooo | = (A, K5111)"M!

Jooos | (A, Ifyy5) 1011
J0024 (A, 111115)1101 L0600 = (A, K1511)

Looso | = (A, Ky151)"!

Looos | = (A, Ki115)""°

We use the following polynomials in order to determine the entanglement level of a sys-
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L = Leooo + Losoo + Looso + Looos
K3 = Kza11 + Kzi31 + K313 + Kizz1 + Kiziz + Kiiss,
G= G§,111Gi311G%131G%113a G = G§111 + G%sn + G%l?)l + G%n?p
H = H21220 + H21202 + H21022 + H(%222a
D = Dioo0 + Doaoo + Dooao + Dooods
and C = (A, Bago)M0 + (A, Bagoa) 1.
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