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Abstract. We study the propagation of elastic waves in the time-harmonic regime in a waveguide
which is unbounded in one direction and bounded in the two other (transverse) directions. We
assume that the waveguide is thin in one of these transverse directions, which leads us to consider a
Kirchhoff-Love plate model in a locally perturbed 2D strip. For time harmonic scattering problems
in unbounded domains, well-posedness does not hold in a classical setting and it is necessary to pre-
scribe the behaviour of the solution at infinity. This is challenging for the model that we consider
and constitutes our main contribution. Two types of boundary conditions are considered: either the
strip is simply supported or the strip is clamped. The two boundary conditions are treated with two
different methods. For the simply supported problem, the analysis is based on a result of Hilbert
basis in the transverse section. For the clamped problem, this property does not hold. Instead
we adopt the Kondratiev’s approach, based on the use of the Fourier transform in the unbounded
direction, together with techniques of weighted Sobolev spaces with detached asymptotics. After
introducing radiation conditions, the corresponding scattering problems are shown to be well-posed
in the Fredholm sense. We also show that the solutions are the physical (outgoing) solutions in the
sense of the limiting absorption principle.

Key words. Waveguide, Kirchhoff-Love model, thin plate, radiation conditions, modal decom-
position.

1 Introduction

The Kirchhoff-Love model for thin elastic plates has now a quite long history and is of practical
use in the field of mechanical engineering. From the mathematical and the numerical point of view,
there is a considerable amount of contributions concerning the static case. In this field, we can for
example refer to the monographs [7, 9, 6, 17]. Many authors have also analyzed the behaviour of
Kirchhoff-Love plates in the dynamic case, at least in the time domain. Here, we can refer for ex-
ample to [22, 1]. In particular, the various models for plate problems in the time domain are derived
and justified in [22]. However, the number of contributions concerning time-harmonic problems for
infinite Kirchhoff-Love plates at non zero frequencies seems much smaller. From the theoretical
point of view, the scattering solutions in the restricted case of purely radial inhomogeneities are
analytically computed in [37], while well-posedness in the presence of a potential is rigorously estab-
lished in [42] for a large enough frequency. From the numerical point of view, some finite element
computations with the help of Perfectly Matched Layers can be found in [11]. Let us also mention
the studies concerning the so-called platonic crystals [10, 16, 40, 39, 15] (by analogy with photonic,
phononic or plasmonic crystals). In these works, the authors investigate the propagation of time
harmonic waves in waveguides which consist of rigid pins embedded within an elastic Kirchhoff plate.



Our paper focuses on a two dimensional waveguide which is infinite in one direction and bounded
in the perpendicular direction: it will be referred to as the strip in the following. We consider the
Kirchhoff-Love model in such strip. We acknowledge that the Kirchhoff-Love model is the simplest
possible one to describe plates — see for instance [22] where various models for plate problems are
derived and justified. However, to the best of our knowledge, well-posedness of time-harmonic prob-
lems in a strip for such model has not been investigated up to now. This study can be considered
as a first step for the analysis of richer plate models.

The standard Helmholtz equation in a waveguide has been extensively studied (see for example
[23, 14, 13, 4, 5]). Let us remind the reader of the main results for this simpler case. In the classical
functional framework (L?), existence of a solution may fail (the physical solution may propagate
towards infinity without attenuation). If we extend the framework to only locally L? functions, in
turn uniqueness may fail. To cope with this problem, one has additionally to prescribe the behaviour
of the solution at infinity imposing so-called radiation conditions. These radiation conditions are
expressed thanks to a modal decomposition which is obtained by using the self-adjointness of the
Laplace transverse operator, so that the corresponding eigenfunctions form a Hilbert basis. Some
Dirichlet to Neumann operators, enclosing the radiation conditions, can then be introduced to re-
duce the problem to one set in a bounded domain. Finally, well-posedness in the Fredholm sense
can be proved (see [26] for more details on the Fredholm theory). More precisely, if uniqueness holds
(which arises except for a countable set of frequencies, which corresponds in part to the trapped
modes, see for example [8, 25]) then existence holds as well. The solution is said to be physical
if it satisfies the limiting absorption principle: it is the limit, in a certain sense, of the solutions
to the Helmholtz equation in the presence of a damping term, when this damping term tends to zero.

In the present paper, for the strip governed by the Kirchhoff-Love model, we introduce radia-
tion conditions and prove that the corresponding scattering problem is of Fredholm type, both in
the case of a clamped strip and in the case of a simply supported strip. Let us mention that some
analysis of modal solutions in a strip for various boundary conditions have already been conducted
(see for example [36, 18]). But a rigorous existence and uniqueness analysis of the scattering prob-
lem, whatever the boundary conditions, seems not to exist.

In our article, we propose two angles of attack, depending on the boundary condition. In the
case of the simply supported strip, we benefit from the factorization of the transverse underlying
differential operator to decompose any scattering solution in terms of the modes of the waveguide.
Then we prescribe the radiation conditions with the help of these modes and introduce Dirichlet-
to-Neumann operators — based on these radiation conditions — in order to reduce the analysis to
the one of a problem set in a bounded domain. Such strategy also offers a method to compute the
solution numerically. However this approach is not applicable to the case of a clamped strip, see
Section 5.1 for more details. For this problem, we shall obtain the result of modal decomposition
needed to express the radiation conditions at infinity using a different approach due to Kondratiev
[19] (see also [24, 32, 20, 21]). It consists in applying the Fourier transform in the unbounded di-
rection. Then working in weighted Sobolev spaces and using the residue theorem, we shall get our
decomposition. In a second step, in order to impose radiation conditions, we shall integrate it to
the functional space in which we look for the solution. To proceed, we shall work with spaces with
detached asymptotics introduced in [31] (see also the reviews [29, 28]). Let us mention that the
methodology we follow to study the clamped problem could be used also to deal with the simply
supported problem. We would obtain completely similar results. The goal of the present paper is
first to investigate problems of thin plates in unbounded strips, as mentioned above, but also to
show that when the result of Hilbert basis in the transverse section is not available, we can still
use an alternative route. We hope that the successive presentation of the two methods will help
the reader to get familiar with the second approach which may be less known and which requires
a slightly longer analysis. For application of the technique to other situations, one may consult
[34, 3, 30, 2, 33]. In [27, 35], periodic problems are also considered.



The outline of the article is as follows. First, we describe the setting of our problems in Sec-
tion 2. Then in Section 3, we compute the modal exponents both for the simply supported and
clamped cases. The results of these computations are summarized in Proposition 3.2 and Propo-
sition 3.6. In Section 4, we detail the analysis for the simply supported problem. Section 5 is
dedicated to the study of the clamped problem. Note that Sections 4 and 5 can be read quite
independently from Section 3. Finally, we justify the selection of the outgoing modes in Section
6 before giving some short concluding remarks in Section 7. The main results of this article are
Theorem 4.2 (Fredholmness in the simply supported case) and Theorem 5.4 (Fredholmness in the
clamped case).

2 Setting of the problem

[

Figure 1: Domains Q (left) and D (right).

Q D

We consider a waveguide Q = {(z,y) € Rx(0;1)}, the boundary of which is denoted 99Q. Let & C
be a ¢! domain such that & C Q. We define D := Q\ & (see Figure 1). We assume that the
domain D is occupied by a thin elastic plate described with the help of the Kirchhoff-Love model
in the purely bending case. We will consider two kinds of boundary conditions on 9€2: the plate is
either simply supported by 02 or clamped on 0f2, while & is a hole within it. In our analysis, we
will study the following source term problem: find v in D such that

A’y —k*v = f inD
u=Cu = 0 ondf2 (1)
Mu=Nu = 0 ond0
u satisfies (RC).

Let us describe this system. From the physical point of view, the first equation of (1) comes from
the equation of the motion of the strip

0%u
DA*u + ph—— =
+p g2 P
in the time harmonic regime. Here, we have D = Eh3/12(1 —v?), where E is the Young’s modulus,
v € [0;1) is the Poisson’s ratio and h is the thickness of the strip. Moreover, p refers to the density
per unit of volume and p corresponds to the pressure applied to the strip. Hence the wavenumber
k is defined by k* = phw?/D and the volume source f by p/D.

In the third equation of (1), M and N are the boundary differential operators defined by

Mu =vAu+ (1 —v)Moyu, Nu = —aanAu— (1 —V)gsNou, (2)
where n = (ng,ny) is the outward unit normal to 0D and s = (—ny, n;). Above, we use the notation
0 0 0 0 0 0
o nxa—x—l—nya—y, D5 = —nya—x—l—nma—y.

Moreover, in (2), the operators My and Ny are respectively defined by
Mou = gzni + 28(1Qauynxny + (;Zzgnz, Nou = aa;g (n? — nz) - <22;2L - %)nxny



In order to interpret the boundary conditions in (1), we recall that D x Mu is the bending moment
while D x Nu is the transverse force. The boundary condition Mu = 0 and Nu = 0 on & corre-
sponds to a free obstacle, that is a hole.

Concerning the boundary condition on 9 (i.e. the second equation of (1)), we shall consider
the following two cases.

i) When C' = M, we have u = 0 and Mu = 0 on 02. This corresponds to the simply supported
strip.

i1) When C = 0, we have u = 0 and d,u = 0 on 9f2. This corresponds to the clamped strip.

It should be noted that simplified expressions of Mu and Nu on straight parts of the boundary are

Mu (3)

9%u 9%u FBu Fu
_av 2 Nu=—(2% 122" ).
on? + Y os2 Y (3713 +(2-v) on 832)

This implies that in the case of a simply supported strip, the boundary condition can by simplified
as u = 0 and Oppu = 0 on 912, or equivalently u = 0 and Au = 0 on 0f).

Finally, (RC) stands for the radiation conditions which will be specified later on, for the sim-
ply supported and the clamped cases.

The goal of the present article is to study the well-posedness of Problem (1). For k larger than a
given threshold, in order to obtain well-posedness for (1), we will have to impose radiation conditions
to prescribe the behaviour of the solution at infinity. To proceed, we will show that every function
satisfying the first two equations of (1) decomposes on what we call the modes of the waveguide.
These modes are computed in the next section, for the simply supported case and then the clamped
case. Later on, they will be helpful to define the radiation conditions.

3 Computation of modal exponents

The modes of the waveguide are defined as the functions of the form u(z,y) = e’ p(y), where
A € C and where ¢ is a function to determine, which satisfy the equations A%u — k*u = 0 in Q
(the reference strip without the obstacle) and v = C'u = 0 on 9. In this section, we compute the
modal exponents, that is the values of A € C such that u(x,7) = e’ p(y) is a mode. The results of
the computations are summarized in Proposition 3.1 and Proposition 3.3. The reader who wishes
to skip details can proceed directly to Sections 4 and 5.

Setting I := (0;1), one finds that u(z,y) = e ¢(y) is a mode if and only if, the pair (), ) €
C x H%(I) \ {0} solves, depending on the problem considered,

(A2 +dy)%p—k'e = 0 inl i) { (A2 +dyy)20 — k' = 0 inl n

7 { p=dyp = 0 ondl p=dyp = 0 ondl.

The first problem is related to the simply supported plate while the second one is related to the
clamped plate.

Defining the Hilbert spaces H{(I) := {¢p € HY(I)|¢ = 0 on 0T} and H3(I) := {¢ € H2(I) |v =

dyyp = 0 on 01}, the variational formulations of these two spectral problems write

i) Find (A, ) € C x H§(I) "H2(I) \ {0} such that

[ 0%+ dy ) 025 4 dy) — Kbdy =0, Ve € BN NEA(D) (5)



ii) Find (), ¢) € C x H3(I) \ {0} such that
0%+ 40 O+ D) — KBy =0, v € B(D). 0

Denoting (H§(1) NH2(I))* (resp. H~2(I)) the topological dual space of H{(I) NH?(I) (resp. H3(I)),
the underlying fourth-order differential operator .Z()\) appearing in the analysis of (5), (6) is,
alternatively:

i) L) Hy(H)NHXI) —  (Hy(I) nH(D))*

o = LNp =\ +dy)%e—kip
or
) L\ HA(I) — H72(I)
“) L(\ _ )\2 d 2., k4 (7)

o = LNp= (A +dy) -k

For any of the two spectral problems, if (A, ) is a solution then A is called an eigenvalue of the
symbol .Z while ¢ is called an eigenfunction of .. We denote A the set of all eigenvalues of Z.
This set will be referred to as the set of modal exponents. Let us now solve these two spectral
problems. We begin with the first one which, by using a factorization of the operator .Z()\) and the

very special nature of the boundary condition, is much simpler.

In this article, the complex square root will be chosen so that for z = pe®”, with p > 0 and
v € [0;27), we have \/z = \/,56’”/2. In particular, we always have Sm z > 0.

3.1 Modal exponents in the simply supported case

In order to solve (4)-(), or equivalently (5), first we introduce the eigenvalues u,, and eigenfunctions
0,, of the auxiliary spectral problem: find (11,6) € C x H'(I) \ {0} such that

dyy0 +p0 = 0 inl (8)
¢ = 0 ondl.

A straightforward computation leads to u, = 7%p? and 0,(y) = v/2sin(rpy) for p € N* := {1,2,... }.
Let us remark that the p, form a positive and increasing sequence of real numbers that tends to
+00 while the family (6,) forms a complete orthonormal basis of L?(I).

Proposition 3.1. Assume that k > 0. Then the set of modal exponents A for (4)-(i) is given by
A ={xiny, pe N*} U{£y,, p e N} with n, :=\/k? —m2p? and ~p :=\/k?>+w2p%.  (9)
Proof. Let us consider some solution (A, ¢) to the spectral problem (4)-(¢) and let us define
= . ()2 2 Y. ()2 2
@ i= (A" +dyy)p — k¢, ¢ i= (A Hdyy)p + £ p.
Using that dyy¢p = 0 on JI, we observe that ¢ and ¢ satisfy the following problems:

= 0 in/
= 0 ondl

AR Y
|

B B

(N2 + dyy) @ + K
{ 0 ondl an

0 inl 4 { (A2 + dyy, )@ — k2

Introducing the solutions (1, ,) to Problem (8), we only have two possibilities: either A? = 1, —k?,
gﬁzégp,cﬁ:OforsomepeN*,C’E(C, or)\2:,up+k2,gsz’Gp,(ﬁ:OforsomepeN*,éEC.
Conversely, for any value A such that either \? = Hp — k? or A2 = My + k2, by choosing ¢ = 0,, one
finds that (), ¢) is an eigenpair of (4)-(7). O



Now let us focus our attention on the set A N Ri. The reason is that if A € ANRi\ {0} and
¢ corresponds to a non zero element of ker.Z()), then the so-called mode (z,y) — e y(y) is
propagating. Such modes play a particular role in the definition of the radiation conditions and the
well-posedness of the initial problem. Let us first remark from Proposition 3.1 that 0 € A if and
only if there exists n € N* such that k = nm. These particular values are the so-called threshold
wavenumbers. We have the following proposition, the proof of which is straightforward. We denote
|-] the floor function.

Proposition 3.2. For k € (0;7), we have ANRi = (. For k > 7, we have
ANRi={xin,, p=1,---,|k/7|}.

This implies card (A N Ri) = 2n when k € (nm; (n+ 1)), n € N* and card (A NRi) = 2n — 1 when
k=mnm, n e N*,

3.2 Modal exponents in the clamped case

In this paragraph, we solve (4)-(77), or equivalently (6). We assume that k£ > 0 is given. We remark
that for A € C such that A* # k%, the linearly independent functions a1, as such that

sin(vVAZ + k?y)  sin(v A2 — k2y)
a = - , a = cos(V A2 + k2y) — cos(V A2 — k2 10
satisfy the first equation of (4)-(4#) as well as the boundary conditions ¢(0) = dy¢(0) = 0. On the
other hand, for A € C such that A\* = k?, the linearly independent functions by, by defined by

ba(y) = W— b baly) = cos(VEy) — L (1)

are solutions of the first equation of (4)-(i¢) satisfying ¢(0) = dy¢(0) = 0. In the analysis below,
we will meet the following two sets

T
H = {ﬁ\/ m?2 —n?, with m, n € N*, m > n, such that m — n is even} (12)

T
Apart = {ﬁ\/ m? +n2, with m, n € N*, m > n, such that m — n is even}. (13)

In the proposition below, we give a characterization of the set of modal exponents A for the clamped
problem. We remind the reader that the geometric multiplicity of an eigenvalue A of .Z is by
definition equal to dim ker £ ().

Proposition 3.3. Assume that k > 0. Let A refer here to the set of modal exponents for (/)-(ii).
1) The number X € C such that \* # k* belongs to A if and only if \ satisfies

A2+ k2

k2 g2\ — — — S—
22 —k2+ sm(\/)\ +k )sm(\/)\ —k?) = 2—2(:05(”) COS(M). (14)

Moreover, if k ¢ & (see definition (12) above), then for all X € A, we have ker £ (\) = span(yp)
(geometric multiplicity equal to one) with wo(y) = Ay a1(y) + Az az(y). Here (A1, A2)" is an eigen-
vector of the matriz A(\) defined in (16).

If k € X, then for X € Apare N A (see (13)), we have ker £ (\) = span(ai, a2) (geometric multi-
plicity equal to two). For X € A\ Apart, we have ker £ (\) = span(pg) (geometric multiplicity equal
to one) with po(y) = A1 a1(y)+ Az as(y) (again here (A1, A2)T is an eigenvector of the matriz A(N)).

2) The number X\ € C such that \* = k* belongs to A if and only if \ satisfies
V2Asin(v2A) = 2 — 2cos(V2)). (15)



In that case, we have ker Z(\) = span(pg) (geometric multiplicity equal to one) with po(y) =
By b1(y) + Baba(y). Here (By,B2)' is an eigenvector of the matriz B()\) defined in (17).

Proof. 1) First we study the eigenvalues A € C of . such that \* # k*. As
dim {i, (A2 + dyy) e — ke = 0, 9(0) = ¢/(0) =0} =2,

if ¢ satisfies .Z(A\)yp = 0 then there are constants A;, Ay € C such that ¢(y) = A1 a1(y) + A2a2(y)
where a1, az are defined in (10). Writing the two boundary conditions at y = 1, we obtain that ¢
is a non-zero function satisfying .2 (A\)p = 0 if and only if the matrix

(16)

has a non trivial kernel. An explicit computation shows that det A(\) = 0 if and only if (14) holds.
Moreover, one sees that the geometric multiplicity of A coincides with dimker A(\). Clearly, if
A € A, then dimker A(A) = 1 except if A(A\) = 0 (in this case dimker A(\) = 2). Assume that
A(X\) = 0. Then in particular, we must have a;(1) = a5(1) = 0. Using expressions (10), this implies
sin(v/A2 + k2) = sin(v/A2 — k2) = 0 leading to k = 7v/m2 — n2/v/2 and A\ = mv/m?2 4 n2/y/2, where
m, n € N* are such that m > n. The additional constrain as(1) = a)(1) = 0 imposes that m, n
must have same parity. This leads to the definition of the set % in (12) and to the statement of
the proposition.

2) Then we study the eigenvalues A € C of . such that \* = k%. If ¢ satisfies £(\)¢ = 0 then
there are constants By, By € C such that ¢(y) = By b1(y) + B2 ba(y) where by, be are defined in (11).
Writing the two boundary conditions at y = 1, we obtain that ¢ is a non-zero function satisfying
Z(N)e = 0 if and only if the matrix

(1) ba(1)
) '_(bau) b'2<1>> (7

has a non trivial kernel. An explicit computation shows that detB(\) = 0 if and only (15) holds.
Moreover, one can check that one has always B()\) # 0. As a consequence, if A is an eigenvalue of
& such that A* = k%, then dimker Z(\) = 1. O

In the remaining part of the paragraph, we focus our attention on the set A NRi, in other words on
the propagating modes.

From (6), we remark that if A belongs to A, then — A\ is also an element of A. Therefore, it is sufficient
to study A N [0;+i00). In the proof of Lemma 5.1 below, we will see that A N [ik; +icc) = 0. As a
consequence, we can look for A € A writing as A = itk with 7 € [0;1). From (14), we see that we
must have hy(7) = 0 with

() = (| o= 0 i T s T 7)
e\T)= 112 1_2 S11 T<)Sin T (18)

—(2 = 2cos(kv1 — 72) cosh(kv1 + 72)).

In Corollary 5.1, we show that such dispersion relation is satisfied only by a finite number of
7 € [0,1). From Proposition 3.3, we know that if A belongs to ANRi, then its geometric multiplicity
is equal to one. In the following, we will also need to know the algebraic multiplicity of A (see the
definition e.g. in [20, §5.1.1]).

Proposition 3.4. Assume that k > 0 is given. If A € ANRi\ {0}, then its algebraic multiplicity
is equal to one. If A =0 € A then its algebraic multiplicity is equal to two.



Proof. We remind the reader that for A € C, we denote .Z()\) : H3(I) — H~2(I) the operator such
that £ (A)¢ = dyp + 2X\%d5p + (A* — k*)p. Assume that Ao € A. Then there is ¢y # 0 such that
Z(Xo)po = 0. Assume that the algebraic multiplicity of )¢ is larger than one. By definition, this
means that there is 1 € H3(I), with 7 # 0, such that

d¥
Z(No)p1 + Kh:)\o wo=0 & AXo(dopo + Ajwo) = =L (No)er. (19)

Multiplying by @g the identities of (19) and integrating by parts, we obtain
DollldyeoliZzgry — MleolZen) = —(L0)er, 7o) = —(Z(M)F5, 1)1 (20)

where (-,-); stands for the bilinear duality pairing between H~2(I) and HZ(I). Assume that
Ao € ANRi\ {0}. Then we have £ (\g)@o = -Z(Xo)po = 0. Therefore, since identity (20) leads to
o = 0. This is absurd and shows that the algebraic multiplicity of the elements of A NRi \ {0} is
equal to one.

Now, let us focus on the algebraic multiplicity of A\g = 0, assuming that A\g = 0 belongs to A.
From Equation (19), by taking ¢1 = o, we see that its algebraic multiplicity is at least two.
Assume that it is larger than two. Then there is @9 € H3(I), with ¢ # 0, such that

d d>¥ )
Z(0)p2 + Kb:o 1+ W!A:o o =10 < ddypo = —Z(0)p2. (21)

Multiplying by g the identities of (21) and integrating by parts, this implies

Alldyeolltiry = (£(0)20; p2)1 = (Z(0)p0, p2)r = 0.

Thus, we obtain a contradiction and we can conclude that if A\g = 0 is an eigenvalue of ., then its
algebraic multiplicity is equal to two. O

Remark 3.1. We specify the algebraic multiplicity of modal exponents in the previous proposition
because it will be required in the proof of Proposition 5.1 (where the Residue theorem is implicitly

used).

In the following, for a given k > 0, we will need to know the cardinal of the set A N Ri. From (18),
we find that 0 belongs to A if £ > 0 is such that

hi(0) =0 & cos(k) cosh(k) = 1. (22)

The set of k& > 0 such that (22) holds (threshold wavenumbers) forms an increasing unbounded
sequence
O<ki<ko< - <kp,<... such that kn ~ w/2+nm. (23)

n——+o00

Taking A = 0 in (4)-(ii), we observe that k* corresponds to the n* eigenvalue of the problem

4, _ .
dyp — e 0 in/ (24)
p=dyp = 0 ondl.

In the proposition below, we prove that for all n € N* the threshold wavenumbers k,, for the
clamped strip are larger than the threshold wavenumbers n for the simply supported strip.

Proposition 3.5. For all n € N*, we have k,, > nr.

Proof. By the min-max principle, the n'* eigenvalue of the problem (24) is given by

. dey(;OHIZJ([)
Uy 1= min max ———s———,
Va€Vn(H3(D) #€Va [[@llf2(py



where V,,(H) denotes the set of all n dimensional subspaces of H. Since H3(I) C H{(I) N H2(I), we
have

- . ”dyy@pnﬁm)
Up = [ 1= min max ———s———
Va €V (HY(NNE2(D) #€Va lpllT2( )

We observe that fi,, coincides with the n'* eigenvalue of the problem

d;lgo—ﬂgo = 0 in/
o=dyyp = 0 ondl,

that is ji,, = n*n*. We end up with k, = (un)1/4 > nm for all n > 1. O

The approximated values of the first k, are given in Figure 2.

knp, T/2+nw

n=1 | 4.730040745 | 4.712388981
n =2 | 7.853204624 | 7.853981635
n =3 | 10.99560784 | 10.99557429
n =4 | 14.13716549 | 14.13716694
n=>5 | 17.27875966 | 17.27875960

Figure 2: Approximated values of the first k,.

Proposition 3.6. For k € (0;k1) < k* < u1 where py is the first eigenvalue of Problem (24),
we have ANRi = 0. For k € (kp;kny1), n € N*, we have card (A NRi) = 2P where P is the
number of zeros of the function hi(-) defined in (18) on (0;1). For k = k,, n € N*, we have
card (ANRi) = 2P — 1 where P is the number of zeros of the function hy(-) on (0;1).

Remark 3.2. Numerically, it seems that P = n as in the simply supported case.

4 Well-posedness in the simply supported case

In this section, we suppose that k is not a threshold wavenumber, i.e. k ¢ Nr.

4.1 Construction of Dirichlet-to-Neumann operators

In order to study Problem (1) in the case when C' = M, let us first consider the following system
of equations set in the reference strip (without hole):

2, 14, _ .
{Au k*u 0 inQ (25)

u=Au = 0 on 0.

We remind the reader that since 0f) is made of straight lines, we have uw = Mu = 0 on ) <
u = Au = 0 on I (see (3)). In (25), we do not prescribe any behaviour at infinity. As a
consequence, this problem can have non zeros solutions. Let us compute them. Noting (again) that
A? — k= (A — k*)(A + k?) and defining

= (A - k?)u, U= (A + k?)u, (26)
we see that @, % solve the problems

Au+k*a = 0 inQ 4 At -k = 0 in
w = 0 onof) an % = 0 on 0f.



Using that the family (6,) of the eigenfunctions of Problem (8) forms a Hilbert basis of L(I), we
can decompose U, U as

+00 oo
p=1 p=1

Then we find that the @, @, satisfy
dpily + (k% — pp)ipy =0  and  dygtly — (k* + pp)iy =0 in R,

Since k ¢ Nm, we obtain that @, % are given by

+00 too
iz, y) =) (ape”h’z + bpe_”“’x> 0, (x) and Wz, y) =D (cpe P + dpe”) O, (u),
p=1 p=1

where 7,7, are defined in (9) and where ay, by, ¢, d, are complex numbers. Observing that u =
(i — @) /2k? (see (26)), we deduce that the general form of the solutions to Problem (25) is

“+o00
u(z,y) = Z (apei”pm + bpe_m”z + cpe” P+ dpe“”’x) 0p(y), (27)
p=1

with new complex numbers a,, by, ¢, dp.

Remark 4.1. We see that (27) is an expansion on the modes e’ ¢(y) computed in §3.1 (here A
belongs to A, the set of modal exponents given in Proposition 3.1, and ¢ € ker £ ()\)). Note that
this strong result of modal decomposition has been obtained thanks to the fact that the family (6,)
forms a Hilbert basis of L2(I).

For k € (0;7) all the modes appearing in (27) are exponentially growing at one end of Q and
exponentially decaying at the other end. In this case, we shall look for solutions to (1) which are
exponentially decaying at infinity. For k € (n7;(n + 1)7) with n € N*, the modes e*® g,(y),
p =1,...,n, are propagating while the other ones are exponentially growing at one end of €2 and
exponentially decaying at the other end.

In the sequel, we will say that

for some L > 0 and some complex numbers a;' , b;{,
is rightgoing iff = ; (28)
U 15 Hghteoing u(z,y) = Z (a;e“”"f’x + b;'e_%z) 0,(v) forz > L,
p=1
for some L > 0 and some complex numbers a,, , b, ,

. . . +oo

u is leftgoing iff w(z,y) = Z (a;e_mpx n b;e%“’c) 0,(y) for » < —L, (29)
p=1

u is outgoing iff u is rightgoing and leftgoing. (RC)

This terminology will be justified in Section 6. Equivalently, a function u satisfies the radiation
conditions or is outgoing.

Now, we introduce adapted Dirichlet-to-Neumann (DtN) operators in order to enclose this outgoing

behaviour. On the transverse sections X1, := {+L} x(0; 1), we define for j € {—3/2,-1/2,1/2,3/2},
the spaces

W(Sir) = {ulsy, [u € W{£L} xR)}, H/(Sip) = {u€ B ({£L} x R) [supp(u) € Ty }.
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It is well-known (see [26]) that (H/(X11))* = H 7 (X+r). We define the two operators

Ty : H3/2(EiL) X H1/2(EiL) — H_3/2(ZiL) X ﬁ_l/Z(EiL)

g+ Nuyls )
T — L),
i( h+ > ( Mugls,,
where uy (resp. u_) is rightgoing as defined in (28) (resp. leftgoing as defined in (29)), satisfies
(25) and is such that (u4,0zus)|s, = (g+,hs) on X, (resp. (u—, —0zu_)|n_, = (9-,h—) on X_p).

Let us give an explicit definition of uy leading to an explicit expression for Ty. We detail the
computation for T, . Since 9,, = 9, and J; = 9, on X, we have

by

83U+ 63’U,+

0u 0%u
L -2t
ox ox Jy

MU+: axQ +Vay2,

NUJ,_:—

on ZL.

Decomposition (RC) and the fact that u, is rightgoing imply the following expansion for .

+oo
wy(z,y) = Y (ape™ 0 4 b,e w071 g, (). (30)
p=1
Hence we have
U+|2L = Z(ap + bp)‘gp(y) and oz = Z(mpap - 'Ypbp)ep(y)-
p=1 3L p=1
By using the decompositions
ou +oo
9+ U+|2L ng P hy = 87; = Z h;9p7
Y p=1

we obtain g = a, + b, and hf = inya, — b, for all p € N*. Inverting this system gives

(3 )= (o 500 ) @
bp Yp +ip \ Up -1 h;or

From the above expressions of Mu and Nu, is follows that

—+00 —+00

MU—!—’EL = Z(_nzap Qb )0 - VZ HpGp ~+ ppbyp )9 (),
p=1 p=1
+oo
NU+|2L = - Z(_in;?;ap - 'ngp)ep(y) +(2-v) Z(iﬂpnpap - ,U«p'}/pbp)ep(y)-

We hence have

+ . )
Nuils, \ _ = “73 + (2 = V) ppp 'YS — (2= V) upyp 9% \g
M - Z (2 2 _ b p
Uyily, 1 (np + vip) Yp — VHp P

We are now in position to obtain the expression of T} :

where the 2 by 2 matrices T}, are given by

1 <i773+i(2_V)ﬂp77p 73—(2_’/)#10% >( Yool )

P+ iy —(n2 + vip) Yo — vty inp —1

11



Using (9), we deduce that

T, = ( ijp”p('Yp —inp) YNy — Vip ) (32)
prp — v —(p — inp)

Concerning T, we prove similarly that for

+oo
_ Ou_
g-=u-ly , =D 60y ho=-"F=
p=1

—+00
=D Iy,
XL p=1

we have

+oo _
()= En(f
p=1 p
where the matrix T}, is defined by (32). This concludes the construction of the Dirichlet-to-Neumann
operators T4 which enclose the outgoing behaviour for Problem (1) with C = M as x — +oo. In
the following, we explain how to use these operators to reduce the analysis of (1) to a bounded

domain and establish Fredholmness.

4.2 Source term problem in the reference strip with radiation conditions

Yy
Y X Yo @ Y T—MC
1 ___1DL
'z 'z

Figure 3: Domains Qf, (left) and Dy, (right).

Before addressing Problem (1) for C' = M with a hole, let us consider the simpler problem in the
reference strip € without hole. For some compactly supported function f € L2((2), this problem
states: find u in HZ (2) such that

loc
A’u—k'vw = f inQ
u=Mu = 0 ondfQ (33)
u satisfies (RC).

Here HZ () denotes the set of distributions u in Q such that ¢(x)u(z,y) € H3(Q), for all ¢ €

%5°(R). Again, we assume that k € (nm; (n + 1)7) for some n € N.
For k € (0;7), the radiation conditions (RC) imply that the solution is exponentially decaying
at +oo. In this case, the analysis is a bit simpler. We can prove the following proposition.
Proposition 4.1. When k € (0;), for all f € (H}(2) N H2(2))*, the problem
A2u—k'u = f inQ
u=Mu = 0 on 9N
admits a unique solution in HE(2) N H2(K).

Proof. Using the integration by parts formula given in Lemma 4.1 and the Lax-Milgram theorem,
one finds that proving the well-posedness of the problem amounts to showing the coercivity in
H{(Q) N H2(Q) of the sesquilinear form given by

_ 0%u 0%*v Pu 0%*T 0%u 0% 4
a(u,v) = /QVAUAU dxdy + /Q(l - V) (81:28332 + 28?&7;3%&7; + WW) dxdy — /Q k*uv dzdy.

12



We can easily check that

Fu Fu [ Fudn, [ Oud
q 0z0y 0z0dy v= q 072 0y? v= q 0y? 0z

Vu € HY(Q) N H2(Q), dedy — (34)

where we have used that u € H(£2) so d,u = 0 on 99 and that v, = 0 on 9. This implies that

J

By using successively (35) and the Poincaré inequality HuHig(Q) < 7r*4H8yyuH%2(Q) for all u €
H{(Q) N H2(Q), we can write

2 2

2
ol d:cdy:/ | Au|? dady. (35)
Q

ay?

0%u ?
0xdy

o
Ox?

+

a(u,u) = /Q]Au|2dxdy—/gk4]u\2dxdy

> / Auf? dedy — (k/w)4/ 10,ul? dedy > (1— (k/@‘*)/ | Au|? dedy
Q Q Q
> a/ (|Au|? + |ul?) dzdy.
Q
for some a > 0 since k € (0, 7). The identity (35) can be rewritten |u|2H2(Q) = \\Au||i2(g). Moreover,

we have
[Vullta) = = [ Aumdedy < (1/2)(|Aulao) + [uley):

Thus, for k € (0; ), there exists @ > 0 such that a(u,u) > & Hu||12{2(9), for all u € Hy(Q)NH2(Q2). O

Now, for general k ¢ N7, we use the DtN operators we have constructed in the previous paragraph
to derive a problem equivalent to (33) set in a bounded domain Qy, := (—L; L) x (0;1). Here L > 0
is chosen so that we have supp(f) C (—L; L) x [0;1]. In what follows, we set I'y, := 9Q\ (XL UX_1)
(see Figure 3 left). Classical operations allow one to check that Problem (33) is equivalent to find
u € H2(Q) such that

A2y — Kty = f in Qp,
u=Mu = 0 on 'y, (36)
Nu — (" on Y
Mu - o +L-

Let us give an equivalent variational formulation to Problem (36). Define the Hilbert space Vp, :=
{u € H2(2) |u =0 on T'y}. We have the following integration by parts formula:

Lemma 4.1. For all u € Vo, N H4(Qy) and for allv € Vp,

A?uvdrdy = a(u,v) — /FL(Mu)avds - /ZiL <(Nu)v+ (Mu)av> ds,

Qr, an 877/

where

0%u 0% 0?u 0*v  0*ud*
guay o 9u guoy .
0x? 02 + Oxdy 0x0y + Oy? 83/2) dudy (37)

a(u,v) :/Q vAuAT dxdy + ; (1-v) (
L L

The above integration by parts formula is still valid for u € Vi, such that A*u € L2(Qr,) provided we
interpret the integrals with the help of suitable duality brackets. In particular it is true if (Mu)|p, €
HY2(Ty), (Mu)|s,, € HY2(X4r) and (Nu)|s,, € H32(Z4r). In this case the integral on
I'; has to be understood in the sense of duality pairing between H~Y2(I'y) and HY?(I'y) while
the integrals on Y41 have the sense of duality pairing on the one hand between H_?’/Q(Ei,;) and
H3/2(X11) and on the other hand between H='/2(X1p) and H'/?(31p).
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Remark 4.2. The integration by parts formula given in Lemma J.1 is justified in [17] for €'
domains. Note that our domain Qp, is not €% but is polygonal, which is why we need compatibility
conditions at corners (see for example [12]). Here, due do the chosen spaces for the traces of u on
the different edges, such compatibility conditions are satisfied.

By Lemma 4.1, Problem (36) is equivalent to the following variational formulation: find u € Vp,
such that for all v € V,
a(u,v) — E*(u, V)12(0,) — t(u,v) = £(v), (38)

where
U v
t(u,v :/ T< >< >d0 and Ev:/ v dxdy. 39
( ) S.p + O 0,0 ( ) Q / Y ( )
Define the linear and bounded operator A°" : V; — V% such that
(A", D), = alu,v) — k‘4(u,v)L2(QL) — t(u,v), V(u,v) € VL x V. (40)

Here (-, -)q, refers to the bilinear duality pairing between V} and V.

Let us prove that the operator A°"* defined in (40) is Fredholm of index 0. We first need the
following Poincaré type lemma.

Lemma 4.2. There exists cg > 0 such that for all v € Vi,
[vla2(a,) = co [vllm2iy,),
where | - [p2(q,) and || - [lu2q,) stand for the semi-norm and the norm in H2(Qy), respectively.

Proof. By contradiction, assume that for all n € N*, there exists some v, € V, such that

1
[vnlm20,) < llvnllmz@y)-

Setting uy, = vn/[|vnlli2(q, ), We obtain that

1

[Unli2(0,) < - and un 2,y = 1.

We conclude that there exists some subsequence of (uy,), still denoted (uy,,), such that
u, —u in H*Qp) and u, —u in HYQp).

Hence, (u,) is a Cauchy sequence in H?(€21), that is (u,) converges to some w € H2(€y), which
coincides with u. Then u, — u in H2(Qy), which then satisfies lu[p2(0,) = 0. In other words,
all the second derivatives of u vanish. Therefore, we get u(x,y) = ax + by + ¢ for some constants
a,b, c. From the boundary condition in the space V, we have u(z,0) = 0 and u(x,1) = 0 for all
x € (=L; L), hence a = b= c = 0, that is u = 0. We obtain a contradiction with |ul|g2(q,) =1. O

We also need the following lemma.
Lemma 4.3. There exists ¢y > 0 such that for all uw € Vp,
— Ret(u,u) > =cfllullfars, ) (41)

Proof. Let u be an element of V. Using the obvious decompositions ¢t = ¢4 + t_ and (u,dyu) =
> p(Gps hp)Bp on Xy p, we find

+oo

) = Y17 )@
p=1 P
+oo

= Z {Wpﬁp(% - Z'77p)|9p|2 — (7 — Z'7719)|hp|2 + 2(ivpmp — Vﬂp)Re(gpr)} .
p=1
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Assume that k € (nm; (n + 1)7) with n € N* (the case k € (0;7), simpler to study, is left to the
reader). Since 1, = \/k? — w2p? (see (9)), we observe that for p = 1,...,n, the number 7, is purely
real, while for p > n + 1, we have n, = i3, with 8, = \/m?p? — k? € R. Hence

ti(u,u) = Z {Wpﬁp i77p)|gp|2 —(w— inp)‘hp|2 + 2(ivpmp — Vﬂp)Re(gpr)}
p=1
- Z {’Ypﬁp(’Yp + 51))’91)’2 + (p + ﬁp)’hpP + 2(pBp + Vﬂp)Re(gphp)} .
p>n+1

We show that

— Rety(u,u) Zup—l— Z Up. (42)
p=n+1
where i ) o
up = = Yphplgpl” + Yplhpl® + 2vppRe(gphy)
vp = Wb+ Bp)lgpl® + (v + Bp)hpl® + 2(7pB8p + vip)Re(gphy)
Since we have 2vu,Re(gphy) > —plhpl? — 1V2u12,\g£|, we deduce u, > (’ypnp + 7 11/2u12))]gp]2.
Therefore, for p=1,...,n, we obtain
up 2> _C%|9p|2 (43)

for some constant ¢; > 0. On the other hand, we can write
Up = ('Yp =+ Bp)(’Ypo‘gpP + ‘hp|2 + 2CpRe(gph7p)) with ¢ := (’Ypﬁp + Vﬂp)/('Yp =+ Bp)

This gives v, > (v + Bp) (VpBplgpl* + [hpl* = cplgpl* — [7pl*) = (v + Bp) (WBp — ;)] gp|*. Using the
fact that 'yz = k2 + pp, ﬁg = up — k% and v € [0;1), we find

et WRGSRR 1
P+ B Y + Bp 2° P

Hence, we get v, — 0120 > By — 1(p + Bp)? = —3(7p — Bp)?%, and so
k‘4
Yo + Bp

where the last inequality is due to v, > k and 8, > 0. As a consequence, there is a constant c¢; > 0
such that for p > n + 1, there holds

1
vp = =~ (9 + Bp) (W 519) | p|2 ’9p|2 > _k3|gp|2'

4

vp = —cf|gpl*. (44)
Using (43) and (44) in (42), we get —Rety(u,u) > —cF300 [gp|* = _CIH’U;”%Q(EL). Working
analogously with —Ret_(u, u), we obtain the desired result (4 ) O

Let us now state the main result of this section.

Theorem 4.1. Assume that k € (nm; (n + 1)w) with n € N. The operator A°"* defined in (40) is
an isomorphism. As a consequence, for any compactly supported function f € L2(Q), Problem (33)
has a unique solution in HZ (€2).

Proof. Let us decompose the operator A°" defined in (40) as

AOUt = AO + Ac
with { (Aou, ), = alu,v)—t(u,v)+ C%(U,U)I}(EiL) Vi, v € V.
(Acu,v)q, = —kY(u, V)12(0,) — 3 (u, U)L2(ZiL), ’

From Lemma 4.2 and Lemma 4.3, we have, for all u € Vp,

Re(Agu, Wa, > a(u,u) > (1= v)|ulfeq,) > (1 = v)|ullfq,)
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Due to Lax-Milgram theorem, the operator Ag is an isomorphism. Since the operator A. is com-
pact, we conclude that the operator A°" is Fredholm of index 0. In particular, injectivity implies
surjectivity. It remains to prove injectivity. By definition of the operator A°"* and since we have
equivalence between problems (33) and (36), any element u of ker A°"* satisfies Problem (33) with
f =0, that is in particular Problem (25). The solutions to that problem are given by (27). The
radiation conditions (RC) eventually imply that v = 0. O

4.3 Source term problem in the perturbed strip with radiation conditions

Let us now address the source term Problem (1) (with a hole) when C' = M. We remind the reader
that this problem states, for a compactly supported function f € L?(D), find u in HZ (D) such that

A2y —k'u = f inD
u=Mu = 0 ondf
Mu=Nu = 0 ondl
u satisfies (RC).

(45)

Again, we assume that k € (nm; (n+1)7) with n € N (note that when &k € (0;7), using the result of
Proposition 4.1, one can prove Fredholmness of (45) in {u € H?(D)|u = 0 on 9Q}). We define the
domain Dy, := {(z,y) € D||z| < L} where L is chosen large enough so that both the hole & and f
are supported in Dy, (see Figure 3 right). We use the DtN operators 7'+ defined in §4.1. Problem
(45) is equivalent to finding v € H?(Dy,) such that

A%y —ku = f in Dy,

u=Mu = 0 on 'y,

Mu=Nu = 0 on 00 (46)
Nu U

< Mu ) B Ti( Onu > o L

We now introduce a variational formulation of (46) exactly as we did in the reference strip. First
we define the Hilbert space Wy, := {u € H?(Dp)|u = 0 on 'y }. Problem (46) is equivalent to the
variational formulation: find v € W, such that for all v € Wy,

b(u,v) — k‘4(u,v)L2(DL) — t(u,v) = m(v). (47)

Here t is defined in (39) while the sesquilinear (resp. antilinear) form b (resp. m) is the analogous
of a (resp. ¢) defined in (37) (resp. (39)) with Qf, replaced by Dr. Define the linear and bounded
operator B : W, — W% such that

(B°"*u, %) p, = b(u,v) — k*(u, v)12(p,) — tHu,v), V(u,v) € W x Wr. (48)

Here (-,-)p, refers to the bilinear duality pairing between W} and Wpy. Working as in the proof
of Theorem 4.1 (in Lemma 4.2, replace the space Vi by W) and using the Fredholm theory, we
obtain the main result of this section.

Theorem 4.2. Assume that k € (nm;(n + 1)7) with n € N. The operator B defined in (48) is
Fredholm of index zero. As a consequence,
a) If ker B = {0}, then B°" is an isomorphism.

b) If ker B°" = span(z1,...,zq) for some d > 1, then the equation B°"u = F € W% admits a
solution (defined up to an element of ker B ) if and only if F satisfies the compatibility conditions
(F.Zj)p, =0 forj=1,....d.

Remark 4.3. From Theorem /.2, we deduce that if Problem (}5) for f = 0 has only the zero
solution in HZ (D), then Problem (45) has a unique solution in HZ (D) for any f € L2(D) which

loc loc
is compactly supported.
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Remark 4.4. Assume that u € HZ (D) satisfies Problem (/5) with f = 0. Then u is a trapped
mode, in the sense that u € H2(D). Indeed, if m = 0, setting v = u in (47), we obtain

Imt(u,u) = 0.
Using the decomposition (u,0yu) = ;oc{(gp ,hp )0p on Xip, we find
Im¢(u,u) Z Zr}p vp |2—|—|h“|2—|—27pRe Z anhpgp —I—h“|2.
p=%p=1 p==xp=1

We deduce that v,g, 4—hjE =0 forp=1,...,n. Then working as in (31), we find that the coefficients
in (RC) satisfy a =0 forp=1,...,n (the projection on the propagating modes is null). We
mfer that u is ea:ponentmlly decaying fm’ |:L'| > L. As a consequence, u belongs to H*(D).

4.4 Scattering problem in the perturbed strip with radiation conditions

Finally, we use the results of the previous paragraph to study the following scattering problem: find
the total field u such that
A’u—k* = 0 inD
u=Mu = 0 ondfd
Mu=Nu = 0 ond0l
u — u; satisfies (RC)

where u; is an incident field which solves

(49)

AQUi — k4ui =0 in Q
u;=Cu; = 0 on 0.

In the following, we take k € (nm; (n 4 1)7) with n € N* and u; € {w[:,t |lp=1,...,n}, where w;,t is
the propagating mode such that

wy (,y) = (20p) 727G, (y) = m, PV sin(mpy). (50)

The normalization in (50) is chosen so that the scattering matrix below is unitary.

Theorem 4.3. Assume that k € (nm; (n + 1)m) with n € N*. Then for u; = wy, p = 1,...,n,
Problem (49) admits a solution ui. This solution is uniquely defined if and only if trapped modes
are absent at the wavenumber k.

Proof. Let ¢ be a smooth cut-off function which depends only on z, which vanishes in a neighborhood
of the hole &, and which is equal to one for |x| > L — ¢ for some small given € > 0. Theorem 4.2
guarantees that there is a function v € HZ2 (D) which solves the problem

A2 —k* = f inD
v=Mv = 0 on9dfQ
Myv=Nv = 0 ond0
v satisfies (RC).

(51)

with f := —(A2%(Cu;) — k*(Cw;)). Indeed, first we observe that f belongs to L2(D) and is compactly
supported. Now, if trapped modes are absent at the given wavenumber k, B°" is an isomorphism
and the existence of v is clear. If ker B°" = span(z1, ..., zq) for some d > 1, one observes that for
7=1,...,d, we have

fridedy =~ | (A*(Cui) — k*(Cui)) 75 dady
DL DL
- _/zﬂ <(Nui)zj (Mul)aan> ds + . (uisz Ous

- / Cui(A?*z; — k*Z5) dedy = 0.
Dr,

sz> ds
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To obtain the second identity, we used twice the integration by parts formula of Lemma 4.1 (observe
that ¢ vanishes in a neighbourhood of &', { depends only on x so that the integrals on ', vanish
and finally ¢ is equal to 1 in the neighborhood of ¥ ). To obtain the third equality, we used the
formulas (3), the orthonormality of the family (6,) in L?(I) and the fact that the trapped modes z;
satisfy (51) with f = 0 and do not decompose on the propagating modes (see Remark 4.4). Once
we have the guarantee that v is well-defined, we can set v := v + (u;. One can verify that u is a

solution to problem (49). O
For p = 1,...,n, denote ¥, the solution of (49) for u; = w, and ¥, , the solution for u; = w;.

Introduce x* € €°(R?) a cut-off function equal to one for +x > 2L and to zero for +2 < L, for a
given L > 0. Decompose the ¥, as

n n
v, = X+w; +xT Z spmw;;ﬁ—x_ Z Spntm Wy, + ¥y,

m=1 m=1

n n
o + o4 -\
Yoty = X wp+ +x* E Sntpm Wy, + X E Sntpntm Wpy + Unip,

m=1 m=1

where the @p, p=1,...,2n, are functions which are exponentially decaying at infinity and where
the sp.,, 1 < p,m < 2n, are complex numbers. Define the scattering matrix

S:= (Spm)lép,mé% € P, (52)

Theorem 4.4. For all k € (nm;(n+ 1)7), n € N*, the scattering matriz (52) is uniquely defined
(even in presence of trapped modes), unitary (S §' = Id?"*2") and symmetric (ST =S).

Proof. If trapped modes are absent at the wavenumber k, the ¥,’s are uniquely defined and the
scattering matrix as well. In the presence of trapped modes, assume that Problem (49) admits two
solutions u! and u? for a given u; € {w;t |p=1,...,n}. Then u' — u? is a trapped mode which,
according to Remark 4.4, do not decompose on the propagating modes. This is enough to show
that S is uniquely defined. The unitarity and the symmetry of S will be established in the clamped
case (see Theorem 5.3). The proof is exactly the same here. O

5 Well-posedness in the clamped case

In this section, we suppose that k is not a threshold wavenumber, i.e. k # k,, for n € N, where k,
is defined in (23).

5.1 Preliminaries

In this section, our goal is to study Problem (1) with clamped boundary conditions. To proceed,
first we shall work on the problem set in the reference strip, without hole:

2u—k*u = in
{Au k*u f Q (53)

u=0,u = 0 on0f,

where f is a given source term in a space to determine. In order to define radiation conditions at
infinity, we will have to establish a modal decomposition for the solutions of (53) with f = 0 similar
to (27) for the simply supported case. Expansion (27) was derived thanks to a result of Hilbert
basis (see Remark 4.1). For the clamped problem, we do not know if the family of eigenfunctions of
the symbol .Z defined in (7) forms a Hilbert basis of L2(I). As a consequence, as mentioned in the
introduction, we will establish the modal decomposition with a different strategy based on the joint
use of the Fourier-Laplace transform in the unbounded direction, of weighted Sobolev spaces defined
in Section 5.1.1 and of the residue theorem. The foundation of the theory is due to Kondratiev [19].
For a modern presentation of the technique, one may consult the monographs [32, 20, 21]. To help
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the reader, below we try to give enough details to get a self-consistent presentation of the approach.
Again, we emphasize that the method we develop in this section to study the clamped problem can
also be used to consider the simply supported problem.

5.1.1 The weighted Sobolev spaces
For B € R, define the space W%(Q) as the completion of 5°(2) for the norm

1/2
lolwy@ = (X e 0pvltag) (54)

a,vEN, a+vy<2

Observe that for 8 = 0, we have W2(Q) = H3(Q) where H2(Q) stands for the usual Sobolev space.
We denote W%(Q) the topological dual space of WB(Q) endowed with the norm

_ [(f,D)al
||f||\7v%(g)* = _sup W
veW?2(2)\{0} W2 ()

Here (-, -)q refers to the bilinear duality pairing between W%(Q)* and W%(Q) For 8 € R, define
the linear and bounded operator Ag : W% Q) — W2 5(§2)" such that

(Agu,T)q = / AuAv — kK*uv dedy, V(u,v) € W%(Q) X W%B(Q) (55)
Q
Define the partial Fourier-Laplace transform £, ., with respect to the variable x such that, for

AeC, .
BN = (Lassr0)(A, ) ::/ e u(z, ) dr.

—0o0

It is an isomorphism between

W2(Q) and W3 := {@€L2(€_5,H3(I)),/E 10O Merpapy dA < +00)
-8

where {_g = {\ = -+ 1is, s € R}, for all § € R and where

1/2
leleapy=( 3 UNelm) Ve e W), (56)
a,veEN, a+y<2

Note that for a fixed A, the norms || - [[g2(s, |z and || - [[g2(p) are equivalent on H3(I). However the
constants of equivalence depend on |\|.

We have also the Plancherel formula

1
2 _ N 2 A2
19y = g7 19O MRy @2 = ol (57)
and the inverse L;i ) is given by
~ X7 1 AT A
Vo e W3, (£.4,0)(z,) = 5 » e (N, -) dA.

Let us denote W%* the topological dual space of W% which can be characterized as

Wh = {g e 12t H /ug M-2rnp A < +o0}
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where

|<g>¢>l‘ _
lglla—2,a) == sup ,  VgeH*(I), (58)

eerz@\fo} 1@llmzr,
(-,-)1 being the duality product between H=2(I) and H2(I). The partial Laplace Fourier Transform
L., can be defined by duality for functions in W%(Q)* as
Ve WA(Q)", 0 € W, (Losafo0)g = (f,£.5,0)q

where (-, -)q refers to the bilinear duality pairing between W%(Q)* and W%(Q) and (-, -)q refers to

the one between \/7\\7%* and \/7\\7% Finally, we have also a Plancherel formula

1 A
2 _ 2
1R = 577 ], IFOMrosey (59)

We can now apply £, to the equation Agu = f, one is led to study the symbol £ ()) : H3(I, |A|) —
H=2(1,|)\|) for A € —B + iR, defined in (7) and such that

(LN, ¥y = /1 (N2 + dyy @) (NY + dyyth) — Ko dy, Ve, ¢ € HY(D). (60)

In the following, we shall denote (-,-); the usual inner product of L2(I). Studying the properties of
the symbol .Z(+) defined in (60) leads to consider 1D problems set on I depending on a complex
parameter A.

5.1.2 Properties of the symbol

In this paragraph, we study the properties of the symbol .Z(-) defined in (60). For a fixed A, as the
norms || - ||H2§17 1)) and ||+ [[g2(r) are equivalent on H2 (1), it suffices to study .Z(-) as an operator from
HZ(I) in H2(I) and establish estimates in the A\ dependent norms of H?(I,|)\|) and H=2(1,|)|).

Lemma 5.1. There is 79 > 0 such that for A = it with |7| > 10, £L(\) : H3(I) — H2(I) is an
isomorphism.

Proof. For A = it, we have
(ZL(iT)p, ¥)r = /IdnyO dyy$ + 272 dyp dytp + T — ko dy. (61)
Therefore, the result is a consequence of the Lax-Milgram theorem (take 79 = k). O

We remind the reader that we say that A € C is an eigenvalue of . if there is a non-zero ¢ € H3(I)
such that Z(\)p = 0. We denote A the set of eigenvalues of .. From Lemma 5.1, according to
the analytic Fredholm theorem, we deduce the following result.

Corollary 5.1. For all A € C, Z(\) : H3(I) — H™2(I) is an isomorphism if and only if X is not
an eigenvalue of £. The set of eigenvalues of £ is discrete and does not have any accumulation
point in C.

-1

In order to apply the inverse Fourier-Laplace transform, we need estimates for .Z(\)™" on lines

{Ae C|ReX =p}, B €R, in the parameter dependent norms (56), (58).
Lemma 5.2. There are real positive constants p, § such that for all X € C satisfying
Al > p and |Re A| < 0 [|Sm Al

(see Figure 4), £ ()\) : H3(I) — H2(I) is an isomorphism. Moreover, if ¢ € HZ(I) satisfies
LN =g € H2(I), then there holds

lella2r,ay < C llglla-2(, 5, (62)
where C' > 0 is independent of g and .
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Figure 4: Lemma 5.2 ensures that the eigenvalues of .Z are located in an infinite bow tie of the
complex plane.

Proof. Lemma 5.1 together with identity (61) ensure that (62) holds for A € iR with |A\| > 2k.
Now let us consider the case A ¢ iR. We write A as A = +i| e with ¢ € (—7/2;7/2). Set
A = +i|A|. Since |A| = ||, by definition of the parameter dependent norm (56), for ¢ € H3(I), we

have [[¢[lm2(r,z) = ||<pHH2(I x))- Define g = Z(N)p. Assume that |A| > k. In that case, according
to the first step of the proof, we have

lella(, x) = ||<P”H2(17\5\|) < C||§||H—2(1,|5\\)- (63)

Here and in what follows, C' > 0 is a constant which can change from one line to another but which
is independent of A, ¢. Now we can write

19127, 13 = N9lE-202, 10 < Nlgllm-2, 7 + 19 — gllm-2(z, 12p-

A direct calculation gives, for all ¢ € HZ(I),

G- 9.9)1 = (£)p = LW, D)1 = (02 = W) ( [ ¢ +24,,T) dy + [ (3) ).
We deduce that

17 = glli-2z, apy < C 1N = Xllllan < Cle™ = 1 [|elluzr, z)- (64)

Thus for all ¢ > 0, there is J small enough so that one has ||§ — gllu—2(s,n)) < S l@llm2(r, |x)) for all
A = 4i|\|e? such that || < J. Gathering the latter estimate, (63) and (64) leads to

lellazi, ay < Cllgla-2,n) + Cs lelluza, a)-
Taking ¢ sufficiently small (¢ = 1/(2C) for example), finally we obtain (62). O
From this lemma, we deduce the following result.

Theorem 5.1. Let 8 € OR be such that £ has no eigenvalue on the line Re X\ = —3. Then the
operator Ag : W%(Q) — Wzﬁ(ﬂ)* defined in (55) is an isomorphism.

Remark 5.1. Proposition 3.6 guarantees that for k € (0;k1) (k1 is the first positive threshold
defined in (23)), we have ANRi = 0. From Theorem 5.1, we deduce that when k € (0;ky), the
operator Ag is an isomorphism from H3(Q)) to H=2(Q).

Proof. Assume that % has no eigenvalue on the line te A = — . Let us first suppose that u € W%(Q)
is such that Agu = 0. Applying the partial Fourier-Laplace transform with respect to x, we obtain

ZLNa(\, ) =0, YAeC.

From Corollary 5.1, we deduce that for all A € ¢_g, @(A,-) = 0. From the properties of the inverse
Fourier-Laplace transform, we deduce that v = 0. This shows that Ag is injective.

21



We prove now that Ag is onto. Let f € Wg_ﬁ(ﬂ)* Lemma 5.2 guarantees that for A € C such
that Re A = —f and |Im A| > v, we have the estimate

12N a2,y < C 1F N, 21, 12))> (65)

where C' > 0 is independent of A and vg depends only 5. For A\ € [—f — ivg; —f + ivg], the
operator .Z () is invertible according to Corollary 5.1. The continuity of A — £ ()\)~!, ensured by
the analytic Fredholm theorem, guarantees that Estimate (65) also holds for A in the compact set
[—B —ivg; —f +ivg]. Therefore (65) is valid for all A such that e A = —f with a constant C' > 0
independent of A.

By definition

. . 1 R
fewl @ = /e 1O B2 vy dA < o0,
We deduce that ]
N = Az —17 . x72
ule,) =5 | N0 an e W) (66)

is solution of Agu = f with, by the Plancherel formulas (57) and (59), ||ul|\;2 @ < Cllf w2 @+ U
5 -8

5.2 Source term problem in the reference strip with radiation conditions

For k < ki (k1 is the first positive threshold defined in (23)), as noticed in Remark 5.1, Problem (53)
is well posed in Hg(Q) in particular for locally supported L? source term. For k > ki, the problem is
not well posed in this setting. Indeed, since in that case .Z has an eigenvalue on the line Re A = 0,
one can show that the range of Ay is not closed. For 5 # 0, the solution to Problem (53) defined
via the operator Ag is a priori exponentially growing as * — +o0o or as * — —oo. The results
of the previous section do not provide a solution which is physically acceptable. In what follows,
we explain how to impose radiation conditions at infinity to construct a solution to Problem (53)
which decomposes as the sum of outgoing propagating modes (defined later) plus an exponentially
decaying remainder.

In order to measure exponentially growing or decaying behaviours as |z| — +o0, for § € R, introduce
the weighted Sobolev space W%(Q) defined as the completion of €5°(€2) for the norm

_ 1/2
oz = (X le?o2agultag)
a,vEN, a+y<2

Remark the absolute value in the weight e ?1*l. Due to this absolute value, observe that
gr<p® = Wh(Q) CcWE(Q). (67)

Note that this property is not true for the spaces W%(Q) introduced in (54). Observe also that we
have W2(Q) = HZ(Q). Let (-,-)q stand for the bilinear duality pairing between W%(Q)* and W% (Q),
where W%(Q)* is the topological dual space of W%(Q) endowed with the norm

‘ <f7 U>Q ’

[fllypz ) = sup (68)
W5 veW2 (2)\{0} H“”W?g(ﬁ)

Due to (67), we have . )
pr<p® = WL CWhH()" (69)

For n € N*| pick k € (kn;knt1), the threshold wavenumbers k,, being defined in (23), and choose
B > 0, once for all, small enough such that {A € A| — < ReA < B} =ANR:i\ {0}. According to
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Corollary 5.1 and Lemma 5.2, we know that such a 5 exists. We denote 1; < --- < np the positive
real numbers (belonging to (0; k) according to the proof of Lemma 5.1) such that

ANRi = {Fin,}/_,. (70)
For p=1,..., P, we define the propagating modes w?f as
wy (,y) = e pp(y), (71)

where ¢, is a non zero element of ker .#(in,). Observe that we have (A% — 14:4)11);,—L = 0. We normalize
the ¢, so that

[ Vo) + 1lin(w) Py = 1. (72)

This special choice for the normalization will appear naturally in (80). In the next step of the
analysis, we shall use the following decomposition result. It can be proved exactly in the same
manner as Theorem 5.4.2 of [20] working with the residue theorem on formula (66) which is a result
of the use of the Fourier transform in the unbounded direction. The proof of Proposition 5.1 uses
the fact that all modal exponents have an algebraic multiplicity of 1, since the wavenumber is not a
threshold wavenumber (see Proposition 3.4). In this statement and in what follows, Y= € €*°(R?)
is a cut-off function equal to one for +z > 2L and to zero for +x < L, for a given L > 0.

Proposition 5.1. Assumeothat k€ (kn;kny1), n € N*, the threshold wavenumbers ky, being defined
in (23). Assume that u € W?B(Q) is such that (A% — k*)u € W%(Q)* C W%B(Q)* Then there holds
the following representation

P
u:XJFZ(a;w;r—l—a;w;)—l-X*Z(b;w;—l—b;rw;r)—f—ﬂ, (73)

=, bF € C and i € W2 4(Q).

with coefficients a;, by

Remark 5.2. Observe that Formula (73) for the clamped problem is the equivalent of (27) for the
stmply supported problem. But again we emphasize that the tools to derive the two decompositions
are different (see the discussion at the beginning of the section).

In the sequel, we will say that for any u € W%(Q),

P P
u is outgoing iff wu =y Z ap w;{ +x~ Z bp w, + 1, (RC)
p=1 p=1

with coefficients ap, b, € C and @ € w2 5(£2). We introduce the space with detached asymptotic
(see, e.g., the reviews [29, 28]) WU () that consists of functions in W%(Q) that satisfies (RC). The
space WU () is a Hilbert space for the inner product naturally associated with the norm

& 2, - 2, A2 1/2
lullwon ey = (2 lapl® + 3 lbpl” + l1allge ) -
p=1 p=1 B
For u € WO C W%(Q), the map ¢ — a(u, ¢) with
a(u,p) = / AulG — k*ud dady
Q

is well-defined in W2 5(€2). Although u ¢ w2 5(€) in general when u € WU, we will extend it as a
map in W%(Q) For ¢ € 65°(Q2), applying Green’s formula yields

P
a(u, ) =Y ap /Q (AA = K1) (x w;h) ¢ dady + by /Q (AA = K1) (x " wy,) ddady + a(d, ). (74)
p=1
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Since the support of (AA — k4Id)(Xiw;t) is compact, p = 1,..., P, we deduce that there is a
constant C' > 0 independent of ¢ € €5°(€2) such that

la(u, @)| < Cllullwou@ll9llwz )- (75)

By density of €5°(Q2) in W% (Q), we deduce that ¢ — a(u, ¢) can be uniquely extended as a contin-

uous map in W%(Q) This discussion allows us to define the linear operator &7°"* such that

o/out . Wout(Q) SN W%(Q)*

+ z + - > - ~ out (76)
u=x E apw, + X E bpw, +u — F"u
p=1 p=1

where &7 is the unique element of W%(Q)* such that (&°"u, ¢)q = a(u, ¢) for all ¢ € €5°(Q).
We deduce from (74) that for v € W%(Q), we have

P
(", D)o =D ap / (AA = k') (x w;)) v dady + by / (AA = k') (x " wy,) Ddady + a(i,v).
=1 Q Q

Theorem 5.2. Assume that k € (ky; knt1), n € N*, the threshold wavenumbers ky, being defined in
(23). The operator «/°" defined in (76) is an isomorphism.

Remark 5.3. Let us reformulate Theorem 5.2 in order to compare it with Theorem 4.1. For

fe W%(Q)*, Problem (53) has a unique solution u in WO (Q). In particular, for all § > 0, any
compactly supported function f € L*(Q) belongs to W%(Q)* while the solution u € WO (Q) belongs
to H2 () and satisfies the radiation conditions. Note that the result of Theorem 5.2 is slightly

loc
stronger than the one of Theorem /.1 concerning the assumptions for the source term. Indeed the

functions of W%(Q)* do not need to be compactly supported.

In order to prove Theorem 5.2, we need to establish an intermediate result. Define WT(Q) the space
of functions v of W% (©) that admit the representation

P P
v:X+Z(a;w;+a;wp_)+x_2(b;wp_+b;w;r)+f), (77)
p=1 p=1

with coefficients a;,t, b;,t € Cand o € W2 5(§2). Define also the symplectic (sesquilinear and anti-
hermitian) form gqo(-,-) such that for all u, v € W(Q), we have

ga(u,v) = (A% — kM, ) — (A% — kYT, u)q. (78)

Note that for u, v € WI(Q), the maps (A% — k*)u, (A% — k*)7 are defined as elements of W%(Q)*
using an extension similar to what has been done above. As a consequence, we have

P
ga(u,v) = ;pgl aj(u) /Q(AA — k4Id)(X+w§) vdzrdy + b;t(u) /Q(AA - k4Id)(X*w;E) v dxdy

P
PERY 4 _s PEIRN 4 _—F
- zi:pz_:lap (v) /Q u (AA — K'1d) (x T wy ) dzdy + by (v) /Q u(AA — E*1d) (x~ wp ) dedy

+a(a,v) — a(u, ).

Here a;,t (u), b;,—L (u) (resp. aff(v), b;f(v) ) refer to the constants appearing in (77) in the decomposition

of u (resp. v). In the next proposition, we show some biorthogonality relations for the modes with
respect to the form ¢q(-,-). The proof is a computation, it can be skipped without altering the
understanding.
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Proposition 5.2. Assume that k € (kp; kn+1), n € N*, the threshold wavenumbizrs kyn being defined
in (23). Forv, p€{+,—}, j,l €{+,—=} and m, pe {1,..., P}, for alla, v € Wg_ﬂ(Q), we have

qQ(wagn + ﬁa X“wé + ﬁ) = _Z] v 6l/,u 5j,l 6m,p-

Proof. First, integrating by parts, we find that qqo(x"w?, + &,x“wé +0) = qg(x”wgn,xl‘wé) for
all o, 0 € W%B(Q) On the other hand, observing that (AA — k*)w), = 0 for all j € {+, -},
m € {1,..., P}, and that x* = 1 for £2 > 2L, we can write

g (X" wh, x"w),) = /Q ) AN wh,) xFwh, — X wh, AN (x#wh) dedy, — VH > 2L.
Here we use the notation Qp = {(x,y) € Q||z| < H}. Integrating by parts, we get
go(x w X“wé) =0y, /EH &LAwfﬁwié —wl, anAuTédy
by /Z A, Ol — Opwl, Awldy,  VH > 2L,

with X :={—H} x (0;1) U{H} x (0;1) and 9,, = 0, at x = +H. We deduce

g (X wh,, xwh) = 0y, eIt 5y > o, (79)
where the quantity J is independent of H > 2L. Since qq(x w?,, X“wﬁ,) is also independent of
H > 2L, we must have gqo(x"w?,, X“wi,) = 01if jnm —Inp, #0 < [j # L or m # p]. To conclude the

proof, it remains to study the case v = u, j = and m = p. Writing more precisely the quantity J
in (79), we find

g0 (X" wh,, X" w),) = —4ij v 1 /1 ldyem ()17 + 0 lom (W) dy = —ij v. (80)
To obtain the second equality in (80), we used (72). O

Proof of Theorem 5.2. From (75), we see that the operator &°" defined in (76) is continuous. On
the other hand, if

P P
u:)ﬁZapw;—l—X*prw;—{—&
p=1 p=1

belongs to ker @7°"* then gq(u,u) = 0. From Proposition 5.2, this implies
P P
. 2 . )
zZ|ap| +ZZ|bp| =0.
p=1 p=1

We deduce that v = @ € W%B(Q) and so u is in ker A_g and in ker Ag which are both reduced
to {0} (Theorem 5.1 together with the fact that - has no eigenvalue on the lines Re A = +5).
Therefore, 27°" is injective. To conclude the proof, it remains to show that 27°% is onto. Consider
fe W%(Q)* C WQ_ﬁ(Q)* Since Ag is onto (Theorem 5.1), there is some v € W%(Q) C W%(Q) such
that Agv = f. According to Proposition 5.1, v admits the following decomposition

P P
v :X+Z(a;w;+a;w;) +x~ Z(bgwp_ —|—b;w;)+7l,
p=1 p=1

with coefficients a;r, b € C and @ € Wz_ﬁ(ﬂ) Set

p’7p

P

P
u::v—Za;w;—Zb;w;r.
p=1 p=1

One can see that u belongs to the space W' (). On the other hand, observing that the w;,t satisfy
(A% — l{:4)w]jt = 0, we obtain &/°"u = f. This shows that .&7°" is onto. O
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5.3 Problems in the perturbed strip with radiation conditions

We previously saw that for the simply supported strip, the unperturbed and perturbed cases where
handled quite similarly. In the case of the clamped strip, the perturbed case is significantly more
difficult than the unperturbed one, in the sense that additional arguments have to be introduced.
Let us come back to the original Problem (1) with a hole & in the clamped case:

A’y —k*u = f inD
u=0,u = 0 ondf (81)
Mu=Nu = 0 ond0,

where f will be specified later on. To set ideas, we assume in this paragraph that L is chosen so
that & C (—L;L) x (0;1). Problem (81) leads to consider the variational equality

b(u,v) =m(v),  Vve{glpl¢e (D)},

O Fu O o
0x? 0x2 0xdy 0xdy  Oy? Oy?

with  b(u,v) = /(zuAqu)—i—(l—y)(

m) = (f,0)a
Observe that the functions of {¢|p|¢ € €5°(2)} do not necessarily vanish on 00. Now, we
introduce notation similar to the one of the two previous paragraphs in the geometry D instead of
Q. For g € R, define the weighted Sobolev space W%(D) as the completion of {¢|p| ¢ € E5°(Q)}
for the norm

) — kK*uv dedy

—B8lzl aa 1/2
lolwa iy = (> e agogulitem)

a,vEN, a+v<2

Again, remark the absolute value in the weight e #1*l. We denote W%(D)* the topological dual
space of W%(D) endowed with the norm (68), 2 being replaced by D. We define the linear and
bounded operator %3 : W%(D) — WQ_B(D)* such that

(Bau,B)p = b(u,v),  VY(u,v) € W3(D) x W2 4(D). (82)

One can easily prove that #j; = #_3.

As in the previous section, for n € N*| pick k € (kn;kn11). In what follows, the weight 5 > 0
is chosen small once for all enough such that {A € A| — 8 < ReX < } = ANRi\ {0}. Using

again the notation introduced in (70), (71) for the w;)t, we define the space WU (D) that consists

of functions v € W%(D) that admit the representation
P P
v = X+Zapw; +x prwg + 0,
p=1 p=1

with coefficients a,, b, € C and ¥ € w2 5(D). We remind the reader that Xt € €°(R?) is a cut-off
function equal to one for +x > 2L and to zero for 2 < L. The space W (D) is a Hilbert space
for the inner product naturally associated with the norm

L 2 N2 (2 1/2
lelhomsoy = (3 lanl + D 0o + 19012 (1) -
p=1 p=1
Working as we did in (76) for &7°", we define the linear operator #°"* such that
BN Wt (D) — W3(D)*

P P
u=x"> apuwi +x" Y byw, +0 — FB"u
p=1 p=1
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where °"y is defined as the functional such that for all v € W% (D)

P P
(Z,T)p =Y ap / (AN — K1) (xFw) o dedy + 3 b, / (AA — K1d) (x"w} )5 dady + b(ii, v).
p=1 b p=1 b

As in the previous section, in order to prove our main theorem for %°", we need to establish
intermediate results. Let us define WT(D) the space of functions v of W%(D) that admit the

representation
P

P
v = X*Z(a;w; +a,w, ) +x" Z(b;w; +b;rw;r) + 0,
p=1 p=1
with coefficients aff, bff € Cand v € WQ_B(D) Let us introduce also the symplectic form gp(-,-)
such that for all u, v € W(D),

qD(u,v) = <3§5U,@>D — <%55, u>D. (84)

Here %zu and %30 must be regarded as elements of W%(D)* defined using the extension by conti-
nuity process presented in (75). Working exactly as in the proof of Proposition 5.2, one can establish
the following result.

Proposition 5.3. Assume that k € (kp; kn+1), n € N*, the threshold wavenumbgrs kn being defined
in (23). Forv, ue€{+,—}, j,le{+,—} and m, pe {1,..., P}, foralla, v € WQ_B(D), we have

aD (wagn =+ ’lNL, qué) + /lN)) = _Z.] v 51/,# 6j,l 5m,p'

The following theorem is the equivalent of Theorems 4.3 and 4.4 in the simply supported case. In
other words, it solves the corresponding scattering problems. Moreover, such theorem is used in the
proof of the main result of this section, that is Theorem 5.4. We postpone the proof of Theorem
5.3 to the end of this section.

Theorem 5.3. Assume that k € (kn; kny1), n € N*, the threshold wavenumbers ky, being defined in
1) The operators AB+p are of Fredholm type.

2) Moreover, we have dim ker g —dimker #_3 = 2P and there are functions W1, ..., Wap € ker Apg
admitting the decomposition, forp=1,..., P,

P P
U, =xTw, +x* Z Spm Wi, + X~ Z Sp P+m Wy, + Yp,
m=1 m=1
P P ) (85)
Upip = X~ wf +x* Z SPpm W + X~ Z SP+p P+m Wy, + Y ppp.
m=1 m=1

Here, the \ilp, p=1,...,2P, belong to W2_5(D) and the scattering matriz S := (Spm)i<pm<2p €
C2PX2P s uniquely defined, unitary (Sg—r =1d%P%%P) and symmetric (ST =S).

Now we state the main result of the section, which is the equivalent of Theorem 4.2 in the simply
supported case.

Theorem 5.4. Assume that k € (ky; knt1), n € N*, the threshold wavenumbers ky, being defined in
(23).

1) The operator P°"* defined in (83) is Fredholm of index zero and ker B°" = ker B_5. As a
consequence,

a) If ker B_z = {0}, then B°" is an isomorphism.
b) If ker B_g = span(z1,...,2q) for some d > 1, then the equation B°"u = f € W%(D)* admits a
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solution (defined up to an element of ker B_3) if and only if f satisfies the compatibility conditions
<fa7j>D :OfO?”j = 17"'ad'

2) If u € WOU(D) is such that #°"'u = f € W%(D)*, then we have

P P
u—X+Zcpw;—X_Zcp+pw;EW%B(D) with cp =1(f,¥,)p, p=1,...,2P,
p=1 p=1

the W, € ker B3 being defined in (85).

Remark 5.4. When k € (0; k1), using the result of Remark 5.1, one can prove that Fredholmness of
(81) holds in {u € H3(D) |u = d,u = 0 on 9Q}. In particular, we do not need to impose radiation
conditions.

Remark 5.5. From Theorem 5./, we deduce that if Problem (81) for f = 0 has only the zero solution
in W%B(D), then for any f € W%(D)*, Problem (81) has a unique solution u in W' (D). In order
to make the connection with the result of Theorem /.2, observe that any compactly supported function
f € L3(D) belongs to W%(D)* while the solution u € W (D) belongs to H2 (D) and satisfies the

loc
radiation conditions. Notice also that the equality ker 28°%" = ker PB_p is the equivalent of the result

established in Remark j.4. It says that the elements of the kernel of the problem, if they exist, are
exponentially decaying at infinity. In other words, they are trapped modes.

Proof of Theorem 5.J. 1) i) First we show that ker 2°" = ker Z_3. Clearly we have
ker B_5 C ker °".

It is then sufficient to establish that ker 28°% C ker P#_p. Assume that

P P
u:X+Zapw;+x_prwp_+ﬂ
p=1 p=1

belongs to ker 8°"*. Then one has qp(u,u) = 0. Using Proposition 5.3, this implies

P P
ZZ ‘ap|2 +iz ‘bp‘Q =0
p=1 p=1
and shows that u € ker Z_3.

ii) Now, let us prove that 2°" has a closed range and that dim coker °** = dim ker #_3. Theorem
5.3 ensures that %_g is a Fredholm operator. Therefore ker _g is of finite dimension. Assume
that ker Z_3 = span(z1,...,2q) where the functions zi, ..., z4 are linearly independent. The case
ker #_5 = {0}, simpler to study, is left to the reader. Consider some f € W%(D)* satisfying the
compatibility conditions (f,Zj)p = 0 for j = 1,...,d. This is equivalent to f € (ker %Lg)L. Since
Bz = P 5 and since the range of #j is closed (because %y is of Fredholm type), this is also
equivalent to the fact that f belongs to the range of %3. Then there is some v € W%(D) such that
PBgv = f. Moreover, multiplying v by a well suited cut-off function and using Proposition 5.1, one
obtains that v admits the decomposition

P P
v=x"Y (afwf +a,w,)+ x> (b, w, +bfw))+1,
p=1 p=1

with coefficients a;t, b;)t cCandae W%ﬁ(D) Set
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One observes that u belongs to the space W (D). Besides, since the ¥, are in ker %3, we obtain
By = PBgv = f. This shows on the one hand that the range of A is included in the one of Z°"*.
Since W"(D) C W% (D) the two ranges coincide and then the range of %°" is closed. This shows
on the other hand that dim coker °" < d = dimker #_z. Now assume by contradiction that
dim coker #°"* < d. In that case, we can find f = #°"u with u € W' (D) such that (f,z;)p # 0
for some j € {1,...,d}. Then we have (#°"'u,z;)p = (Bsu,z;)p = (B_pz;,u)yp = 0 which con-
tradicts the fact that (f,zj)p # 0. Thus there holds dim coker °* = d = dim ker Z°"* so that
ind 2°" = dim ker 2°** — dim coker Z°%* = 0.

Finally, we show statement 2). For f € W?g (D)* (satisfying the compatibility conditions if ker #_3 #

{0}), consider
P P

u=x" chpw;,r +x~ Zcerpw; + @ € WO'(D)
p=1 p=1
a solution to the equation %°%'u = f. Then for p = 1,...,2P, using Theorem 5.3, we find
(f,Y,)p = qp(u,¥,) = —ic,. This leads to the desired result. O

«

We conclude this section by giving the proof of Theorem 5.3

w3

—2L —L L 2L

Figure 5: Partition of unity used in the proof of Theorem 5.3

Proof of Theorem 5.3. 1) First we show that % are Fredholm operators. Since %_g is the adjoint
of %3, it is sufficient to establish the result for Z,3. The strategy is the following. In order to
prove that %s is a Fredholm operator, the first step consists in proving that range %3 is closed
and ker %3 is finite-dimensional. This will be a consequence of inequality (86) and Lemma 7.1 in
appendix. The second step consists in proving that coker %3 is finite-dimensional, which will be a
consequence of the existence of a right regularizer of % and of [26, Lem. 2.23].

Define the domains

wy := (—o0; —L) x (0;1) wy = {(z,y) € D||z| < 2L} w3 1= (+L;400) x (0;1)

(see Figure 5). For v = 1,...,3, let ¢, and 1, be € functions (with support in D) satisfying the
conditions

3
supp ¢ C supp ¢, C wy, Gy = Cuy Z ¢, =1in D.
v=1

Note in particular that (o = (3 = 0 for x < —L, (; = (3 =0 for || < L and ¢ = {a = 0 for
x > L. Define the space H?(ws2) := {¢ € H*(w2) |¢ = One = 0 on dws \ 00} endowed with the
inner product of H2(ws). Introduce the unique linear continuous operator %, : H2(wy) — H2(ws)*
such that for all u, v € H2(ws),

— 0%u 0*v 0*u 0%t 0*u 0%
o) = [ vAuRv+(1—p) (LI H0u TV U Oy .
(B, 7)., /w2 vAuAv + (1 —v) (8372 502 + 20y 910y + 05 8y2> dxdy

According to Lemma 4.2, we know that for v € [0; 1), the operator 4 is an isomorphism.

Let us prove the following a priori estimate:

llhes oy < C (1Bsulle e + el o), V€ WA(D). (36)
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For u € W%(D), noticing that #s((1u) = A_g(¢u) and Bp((su) = Ag(¢3u) because the supports
of (1u, (3u do not meet OO, we can write

[ellwz () C (Icrullwz (o) + IC2ullnzw,) + [1Gullwz @)

(lA- (C1U)||w2 ) T 1B (Qull1z )+ + 145(GW) w2 ()-)
(Hr@ﬂ(CW)HWz Loy T 185z () +H«95’5(43U)HW2 ) (87)
> j= 1|’CJ*@B“HW2 (D +”[<@5 CJ]UHWQ D))

(

C
C
c
C(I1#sullypz ,(p +Z =1 15, Gilullvoz | (p)-)-

(VAN VAN VAN VAR VAN

Here we use the notation [%g, (jlu = B((ju) — (;Bpu. Now, let us establish the estimate

An algebraic computation using the fact that the support of {1 does not meet 00 shows that for
o€ {dp|d € €5°()}, we have

([Bs, Cilu, ¢)p = /D(UAQ +2Vu - VG )Ap — Au(pAG + 2V ¢ - V(1) dzdy.

Integrating by parts in the term involving Au, we obtain [([Zg, (1]u, #)p| < Cllullm1(wy) H(bHWsz

where C' > 0 is independent of u. Taking the suprememum over {¢|p|¢ € €5°(2)} leads to (88).
Dealing with the terms [#3, (2Ju and [%3, (3]u of (87) in a similar manner, we obtain the a priori
estimate (86). Finally, observing that the map u — u/y, from W%(D) to H'(ws) is compact (because
wy is bounded), one deduces from Lemma 7.1 in Appendix that range %3 is closed and ker %3 has
finite dimension.

Now, let us build a right regularizer (also called a right parametrix), i.e. an operator R such that
3R — 1d is a compact operator of W2 5(D)*. According to [26, Lem. 2.23], this will prove that
coker %3 is finite-dimensional. Define the operator

R:= (1 (Aop) ™ (Y1) + G2 (%) (v2) + G5 (Ag) " (¥s0).

For all f € Wz_ﬁ(D)*, one finds

Bs(Rf) = B (C1(Ap) (V1)) + Bs (2 (%)~ (¥2f)) + B (C3 (Ag)~ (¥3])
= A_g(C(Ap) ™ (Y1) + Bo (G (B2) 7" (Y2f)) + Ag (¢G5 (Ag) " (W)
= G+ A GI(A) T (W) + [Zo, G (B0) 7 (V2f) + [A5, G5] (Ag) ™ (Us]).
One can prove working as in (88) that [A_g, (1], [%y, (2] and [Ag, (3] are compact as operators from

W%(D) to W2 ,(D)*. Thus, R is indeed a right regularizer and coker g is finite-dimensional. This
concludes the proof that %z is a Fredholm operator.

2) Now, we focus our attention on the indices of %45. Since g is the adjoint of Z_3, we have
ind g = —ind #_3. (89)

On the other hand, [32, Chap. 4, Prop. 3.1, p. 110] guarantees that the quantity ind %3 —ind #_z
is equal to twice (because of the two outlets at infinity) the sum of the algebraic multiplicities of
the eigenvalues of . located in the strip —5 < A < 8. From Propositions 3.6, 3.4 and 3.3, we infer
that

ind #p —ind #B_5 = 4P. (90)

Gathering (89) and (90), we obtain ind #g = —ind #_3 = 2P. In particular, since dim coker A3 =
dimker #_5 (again we use the fact that Zj = #_3), we get dimker B3 — dimker Z_5 = 2P.
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Let v1,...,v2p be functions of ker 3 which are linearly independent modulo W2 B(D)‘ Moreover
multiplying the v, by cut-off functions and using Proposition 5.1, one finds for p = 1,..., P, the
function v, decomposes as

P
Yp = X+ Z apmw +bpmw +Xx Z apP-i—mw +pr+mw )+Up,
m=1 m=1
P P
Vp4p = X+Z aP—i—pmw +bP+pmw +Xx Z AP+p P+m Wy, +bP+pP+mw )+UP+P7
m=1 m=1

with coefficients ay,m, bpm € Cand 0, € WQ_B (D). Let us show that the matrix B := (bym)1<m. p<2p €
C2Px2p is invertible. If it is not, then there is a non zero U in kerB'. Define the function
v = Z P Upv, € ker Bs. Since Y2 1 b,, U, = 0 for m = 1,...,2P, we find that v belongs
to WO“t(D). Computing ¢p(v,v) as in the Step 2 of the proof of Theorem 5.4, one deduces that

v E WQ_B(D) and so v € ker Z_g. But this is impossible because U # 0 and the v1,...,v2p are lin-
carly independent modulo W2 5(D). Thus the matrix B is invertible of inverse B! := (Ep j)1<pj<2p-

Then we construct the functions ¥, introduced in (85) setting ¥, = 2?1:31 byjvj, p=1,...,2P.

Besides, using Proposition 5.3 and the fact that the W, defined in (85) belong to ker %z, we find
form,pe {1,...,2P}

O—QD(\I/m,\I/ ( Zsmj Sjp)
Thus we deduce SS' = Id2°*2P Tn other words, S is unitary. Using again Proposition 5.3, we also
find, for m # p,
0=qgp(Vm,Vp) = i(Smp — Spm)-
From this, we infer that S is symmetric. O

6 Selection of the outgoing modes

For each type of boundary conditions on the edges of the strip (simply supported or clamped), we
defined the outgoing solution, the interesting one from a physical point of view, as the solution

decomposing on the propagating modes w;,t (and not wi ),p=1,..., P, as © — £oo. This choice
was arbitrary. In particular, let us mention that a functional framework where we impose to the
solution to decompose on the propagating modes w}, p = 1,..., P, as z — 400 also leads to a

Fredholm operator of index zero. In this section, we explain why our choice is physically relevant in
the case of the clamped strip (the case of the simply supported strip would be treated similarly). To
proceed, we come back to the time dependent equation from which the harmonic Problem (53) has
been derived. We prove that the waves associated with the propagating modes w;t have a positive
group velocity as  — +oo. In other words, these waves propagate energy to +o0o. Positive (resp.
negative) group velocity is known as the usual criterion to discriminate what are the outgoing modes
as © — 400 (resp. x — —o0o). In order to justify that this choice is pertinent, in a second step we
prove that it leads to select the solution with satisfies the so-called limiting absorption principle.
The idea of this limiting absorption principle consists in adding some small loss (dissipation) to the
medium. In this case, we can establish that Problem (53) (with k replaced by a complex k to take
into account dissipation) admits a unique solution in Wg(Q) C H2(2) (to simplify, we shall work
in © but everything is similar for Problem (81) in D). This solution decomposes as the sum of a
slowly exponentially decaying part plus a rapidly exponentially decaying component as © — £oo.
The decay of the slowly exponentially decaying part is characterized by the position in the complex
plane of the eigenvalues of the symbol of the operator with dissipation. What we will do is to
study the limit of this complex eigenvalues to check that they converge to the ones which have been
selected for the problem without absorption (the in,, p=1,...,P).
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6.1 Group velocities

In this paragraph, we compute the group velocities of the waves associated to the propagating modes
w;—L, p=1,...,P, defined in (71). Let us start from the equation of the motion of the plate given
by

>P*W ) PW . D
phW—FDA W =0 & 92 +c"A*W =0 with ¢:= oh (91)
Looking for waves with the time harmonic dependence in e~ (this is a convention) leads us to
set W;t(a:, y,t) = w}jf(x,y) et = ei(inl’fc—m)g@p(y). Plugging W;E in (91), we obtain the already

known equation for w;t :

—w2w;t + C2A2w;,t =0 & AQw;t - k:4w;t =0 with £ :=w/c

By definition, the group velocity of the waves W;E(x, y,t) = ei("””_Wt)gop(y) with n = £n,, is given
by
Ow ok

vy (W) = %!n:ﬂ:np = 2k g, In=tny- (92)

In order to compute vg(Wf), we differentiate the relation £ (in) = Ogap - 27728390 +m*—kHe =0
(see the definition (7) of operator .Z) with respect to n € R to obtain

o0 ok
L(in)(Z2) — dn(02p — nPp) — 4k

an an? ="

Taking n = +£n,, multiplying by © and integrating by parts, we deduce that
ok
+ 47717/[ ‘ay‘Pp(yNQ + 77121’9013(3/)‘2 dy = 4k3%‘nzinp /I "Pp(y)P dy. (93)
Gathering (92), (93) and using the normalisation (72), we find

iny [ 10y0(0)F + () dy o
==+2c L =

Ug(Wi) = .
2 [ ouw) dy 42 [ ouw)| dy

p

This shows that from a physical point of view, Wp+ (resp. Wp*) is the outgoing wave as  — +00
(resp. © — —o0). As a consequence, in time harmonic regime, we have to look for a solution
which decomposes on the propagating modes w;t as © — +oo. This explains our choice in (76).
Let us translate this into a criterion for the symplectic form gq(-,-) defined in (78). For v = &+,

computation (80) gives

| L o 2 [ len(w) P dy
iqgo (X wy, , X w, ) = 4 v, /I 10y 0p(W)|” + nplop(y) |~ dy = vog (W) 50 :

Therefore at infinity (x — +00), we have to select the propagating modes providing a positive value
for the form igq(wp,wp). Finally, note that if we define the phase velocity

w
ve(WF) = —,
s(Wy) .
we obtain the identities
L [P e WP e
v (W) vg(W5) = 2¢ ; = .
4 [ lepto)dy 4 [ lepto) Py

In particular for this problem, we see that the group and phase velocities of the waves have the
same sign.
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6.2 Limiting absorption principle

In this paragraph, we add small dissipation, modelled by a parameter v, to the system. This
dissipation ensures that the problem is well-posed in a usual setting. Then we make v tend to zero.
This process allows us to define the physical solution and we will show that this solution is the
same as the one selected via the group velocity. As a first step, we have to explain how to take into
account dissipation in the time harmonic Problem (53). To proceed, again we start from the time
dependent problem. Consider the damped equation

*wr oW, N _
9 +7 5 +c"AWT =0 in Q (94)

with the boundary conditions W7 = 9, W7 = 0 on (0; +00) x 92 and appropriate initial conditions
(compactly supported in space). Multiplying by 9;/W7 and integrating in 2, we obtain the energy
balance

oW\ 2 1/ owm\?
dB(t) =—/ ot ( ) dedy — with  E(t) =/ ( ) + & |AW? ddy.
Q Q

dt ot 2\ ot

Therefore, we see that v must be chosen positive so that the term involving 7 in (94) corresponds to
some dissipation (loss of energy). Applying the Fourier transform with respect to the time variable

defined by
+o0 .
w (z,y,w) := / e W (2, y,t) dt

—0o0

(note the convention of a time harmonic regime in e~?), we are led to study the equation

— W —iyw) +AEA%wT =0 & A2 — (KM =0  with ()% := kT +iv/c2 (95)

As a consequence, taking into account dissipation of the system boils down to add a positive
imaginary part to k* (observe that a convention of a time harmonic regime in ! leads to add a
negative imaginary part to k*). Due to the imaginary part of k7, using the Lax-Milgram theorem,
one can prove that Problem (95) supplemented with the same boundary conditions as in (81)
admits a unique solution w? € W(Q)(Q) C H2(Q). On the other hand, all the analysis presented in
the previous sections for Problem (53) can be adapted to consider this new problem with & replaced
by k7. In particular, as in (60), we can define a symbol associated with this problem named 7. We
let A7 refer to the set of eigenvalues of £7. We denote inj, p=1,..., P, the P elements of A7 which
have the largest negative real part. These elements are uniquely defined for v small enough and get
closer and closer to Ri as v — 0. We assume that they are ordered so that 0 < |n]| < --- < |n}].
Using a result similar to the one of Proposition 5.1, we obtain the decomposition

P P

. B o i
w(z,y) = xT(z,9) Y al el (y) + x " (z,y) Dby e ol (y) + @7 (2, y)
p=1 p=1

where aj, b] are complex numbers, ¢} is a non zero element of ker ,,im(ing ) and w” is rapidly
exponentially decaying as x — +o0o. Note that w?” is exponentially decaying at x+ — +oo because
e (in)) < 0. The question we are interested in is as follows. Does the limit of in) as v — 0" is
equal to in, or to —in,? To answer this question, we compute

o(iny) _ L oy
9y =0 = T I g

(96)
We start from the equation

82%0 - 2n28§<p + (n* —kHe =0.
We differentiate it with respect to k£ to obtain

9
Ok

on

2im)(50) ~ 4y

(020 — nPp) — 4kPp = 0.

33



Taking v = 0, multiplying by @ and integrating by parts, we deduce by denoting 772 = lim, o+ 7,
that
09 2,2 2 3 2
A1 =i =lv=0 [ 10y ep ()7 +mplep(y) " dy = 4k | |op(y)|” dy. (97)
ok I I

A(iny)
Oy
Therefore indeed we have ng = 1) and the picture is as illustrated in Figure 6: the limiting absorption
principle leads us to call outgoing modes the modes w}:,IE as * — £oo. This is coherent with what

we got from considerations based on the group velocity in the previous paragraph.

Since by definition of 7, there holds ly=0 < 0, we deduce from (96) and (97) that ng > 0.

+in) when vy — 0% 4 Sm A
>

’ >< XX>@ +/L’7/p

> Re

—iny ?5<><<>< >< ,

—in) when v — 0%

Figure 6: Schematic view of the behaviour of the eigenvalues of the symbol .Z7 as the dissipation
~ tends to zero.

7 Concluding remarks

In this article, we proved the well-posedness in the Fredholm sense of time harmonic problems set
in an unbounded strip for a thin plate model. We considered two types of boundary conditions:
either the strip is simply supported or the strip is clamped. To show these results, we used two
different strategies, both relying on some modal decomposition. In the simply supported case, a
strong result of Hilbert basis for the eigenfunctions of the symbol of the transverse problem (5)
allowed us to easily obtain the modal decomposition. For the clamped problem, this result is not
freely available and instead we worked with the Fourier transform in the unbounded direction, with
weighted Sobolev spaces and with the residue theorem (Kondratiev approach). The second approach
is more systematic than the first one. For example, it would allow one to deal with waveguides of the
form © = R x w, where w is a bounded domain of R4, d > 2. Its main drawback maybe is that it
leads to an analysis which is slightly longer than the one we get with the first method. In this work,
we have considered a setting with a hole in the waveguide. We could also have considered other
types of perturbations (change of material, local perturbation of the geometry,...). Our article does
not address the question of uniqueness of the solution. Can one find conditions on the geometry and
on the wavenumber k so that trapped modes are absent? Can one show the existence of settings
where trapped modes exist? These are interesting questions to study. A natural direction after
this analysis would be to investigate how to approximate the solutions. For the simply supported
case, the fact that we know explicitly the Dirichlet-to-Neumann operator allows one to adapt the
methods used to deal with the Helmholtz problem. In the clamped case, another technique must
be found. Could the technique of Perfectly Matched Layers be used and justified?

Appendix

In this appendix, we state a result established in [41] which is an extension of the well-known Peetre’s
lemma [38] (see also [43]), that is particularly useful to prove that an operator is of Fredholm type.
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Lemma 7.1. Let (X,] [|x), (Y, |ly) and (Z,]| ||z) be three Banach spaces. Let K : X — Z be a
linear compact map and B : X — Y be a continuous linear map. Suppose that there exists C > 0
such that

lzllx < C(I1Bz|ly + [[K=llz), VoeX. (98)

Then dimker B < oo and range B is closed in Y.
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