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Geometric synthesis of a hybrid limit cycle for the stabilizing control of a
class of nonlinear switched dynamical systems™
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Abstract

This paper proposes a new constructive method for synthesizing a hybrid limit cycle for the stabilizing
control of a class of switched dynamical systems in IR?, switching between two discrete modes and without
state discontinuity. For each mode, the system is continuous, linear or nonlinear. This method is based on
a geometric approach. The first part of this paper demonstrates a necessary and sufficient condition of the
existence and stability of a hybrid limit cycle consisting of a sequence of two operating modes in IR? which
respects the technological constraints (minimum duration between two successive switchings, boundedness
of the real valued state variables). It outlines the established method for reaching this hybrid limit cycle
from an initial state, and then stablizing it, taking into account the constraints on the continuous variables.
This is then illustrated on a Buck electrical energy converter and a nonlinear switched system in IR?. The
second part of the paper proposes and demonstrates an extension to IR™ for a class of systems, which is then
illustrated on a nonlinear switched system in IR3.

Key words: Switched dynamical system, stability, hybrid limit cycle, nonlinear optimization, stabilizing
control.

1. Introduction consists of a process with autonomous switching
(caused by shocks or using diodes etc) or controlled
Switched dynamical systems (SDS) are an impor- switching (using transistors, relays, valves, etc.). The
tant class of hybrid dynamic systems [25] in which controlled switching sequence is the discrete control.
the trajectory is continuous or piecewise continuous The SDS are found in many fields of application:
with controlled or autonomous switches (i.e.with or transport, embedded systems, electronics power,
without a control signal) between different dynamics aeronautics, chemical engineering, pharmaceutical,
(or modes). This class of dynamic systems typically etc. It can be seen in these applications that
interactions between discrete events and continuous
phenomena give rise to complex system behavior
UThis work is a collaboration between LAGEP laboratory that can only be properly controlled if the hybrid
of Claude Bernard University., Lyonh7 France, an(.i Mathematic phenomena (continuous and discrete features, and
Departement of Faculty of sciences in Sfax, Tunisia. . . .
*Corresponding author interactions between them) are fully taken into
Email addresses: jben_salah@hotmail.com (J. Ben consideration [117 15, 16]-
Salah), valentin@lagep.univ-lyoni.fr (C. Valentin), Significant progress has been made in stability
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hybrid systems (piecewise linear systems, switched
systems, etc.). However the field synthesis of control
laws with or without constraints remains wide open
(robustness, performance, delay, saturation, etc.)
[9, 10, 11, 15, 16, 17, 18, 19, 21, 26].

Several important results regarding stability and
stabilization of dynamic switched systems are pre-
sented in [4, 5, 6]. These provide us with different
definitions of stability (total stability, uniform stabil-
ity, conditional stability, global asymptotic stability,
etc.) as well as the relevant conceptual tools (hybrid
solution, duration time, common Lyapunov function,
multiple Lyapunov functions, convexified system,
etc.). In [6], stabilization methods are given in the
linear and nonlinear case (uniform stabilization).

If x4 is the desired operating point of the SDS and
if it is different from the equilibrium points (same or
different) of the two discrete modes, if any, the SDS
is stable if, and only if, there exists at least one sta-
ble hybrid limit cycle around the desired operating
point, x4, or as close as possible to it [24]. If the
technological constraints which impose a minimum
duration between two successive switchings are met,
this hybrid limit cycle can not be degenerated at a
Zeno state. The most commonly used method for
stability analysis and systems stabilization, includ-
ing for switched systems, is based on the Lyapunov
theory [16, 7, 12, 8, 6, 2, 23]. However, the synthesis
of Lyapunov functions is, and has always been, a
difficult task especially for nonlinear systems. Some
synthesis methods based on quadratic Lyapunov
functions have been proposed for Piecewise Linear
Systems (PLS), for example, in [14, 20]. In his PhD
thesis [12], Goncalves defines some conditions for
the existence and stability of hybrid limit cycles for
PLS with known switching surfaces. This means
that the control function is also known. Then, over
execution time 7, the 7-trajectory (7-solution) can
be calculated and the existence and the stability of
the obtained limit cycle proven.

The approach presented in this paper deals with
the synthesis of stabilizing control with unknown
switching surfaces. It is an extension of [1].

One widely studied family of switched dynamical
systems is that of electrical energy converters, how-
ever it remains difficult to synthesize a direct control
law for the switching because of the high frequency
of their dynamics (or modes). These systems are
usually controlled using pulse width modulation
(PWM) due to the simplicity with which it can be
implemented (output continuous signal compared
to a triangular signal). However, this method is
unreliable in some cases. For example, in [3] the
authors illustrate the instability of multicellular (or
multilevel) converters with an odd number of cells
under PWM control, and propose a direct and rapid
control using a geometric approach which respects
an optimal limit cycle with the switching frequency
imposed by the characteristics of the semiconductors
and which can be synthesized for any number of cells.
Another control law is proposed for this converter in
[22]. Tt is based on the switching surfaces calculated
using a Lyapunov theory based method which forces
the energy of the system to decrease continuously
over time.

In the greatest part of this paper, switched dy-
namic systems (SDS) have a dimension two and
switch between two discrete modes without state
discontinuity. The main objectives are to define the
set of all points around which a hybrid limit cycle
can be established (named E in IR? and £ in IR"
with n > 2) and to find a hybrid limit cycle which
respects the technological constraints (minimum
duration between two successive switchings, bound-
edness of the real valued state variables). It presents
a new method, based on the geometric properties of
the vector fields [9], and provides an alternative way
of addressing the stabilizing control problem. The
hybrid limit cycle is determined around a desired
operating point, x4, or as close as possible to it.
This cycle can be reached from an initial state, with
a reachability sequence optimized according to time
and which meets the physical constraints on the
continuous real variables (hypersurfaces threshold)
or on the time (minimum duration between two
switchings, etc.). A classic method can be used [17].
The threshold hypersurfaces can also be switching
surfaces so that the constraints are met. In the



latter part of this paper, the extension of the main
two theorems 3.1 and 3.2 to IR™ is presented and
demonstrated for a restricted class of systems.

There are other methods to analyse existence and
stability of limit cycles in SDS, as Poincare’ maps.
For example [24] extends the Poincare’ Bendixson
criterion to hybrid systems with reset functions (i.e.
with state discontinuities).

Section 2 sets out some notations and assumptions
on geometric properties of vector fields and condi-
tions of existence of a hybrid limit cycle. Section 3
presents and demonstrates the main results of this
paper in theorems 3.1 and 3.2. Section 4 formulates
the reachability problem in a generic way and sec-
tion 5 the optimization of the reachability sequence.
The algorithm we have developed for the stabilizing
control synthesis is given in section 6 and illustrated
in section 7 on the linear Buck energy converter and
in section 8 on a nonlinear example in IR?. Sections
9 and 10 present and demonstrate the extension of
the two theorems 3.1 and 3.2 to IR™ for a restricted
class of systems. Finally, a nonlinear example in IR3
is given.

2. Notations and assumptions

Assumption 2.1. A continuous trajectory (param-
eterized arc) in IR? is defined by an enough smooth
map ~v:IC IR+~ IR%.

The Taylor series of y(t 4 tg) is:
tho
Yt +to) = y(to) + i, E’Y(Z) (to) + t*<(t)

where (t) — 0 when t — 0 and v (o) represents
the " derivative of v with respect to t. We de-
note ki the smallest strict positive integer such that
7*1)(t9) # (0,0) and ko the smallest strict positive
integer such that det(y*V)(to), v#2)(t9)) # 0. If M
is the point of coordinate v(t +ty) and O is the point
of coordinate 7(tp), it is clear that, for small ¢:

tk ko

1 t
OM = (— +..)0 + — 3 + tFe(t)
k1! ko!

, with 77 = y*1)(t5) (77 is the tangent vector of
the parametrized curve vy at ty) and w3 = v(F2)(ty).
The shape of the continuous trajectory depends on ko
and k1. The two possible shapes corresponding to &y
odd are represented in figure 1 and the two possible
shapes corresponding to ki even are represented in
figure 2 (without loss of generality, the vectors oy
and U3 are represented orthogonally).

Figure 1: Shapes of the continuous trajectory if k; is odd: on
the left, k2 is even and on the right, k2 is odd.

Figure 2: Shapes of the continuous trajectory if k1 is even: on
the left, k2 is odd and on the right, kg is even.

Assumption 2.2. Let v; : I C R — IR%j €
{1,2}, be two enough smooth maps. Suppose that
Y (to) = va(to) (the two continuous trajectories in-
tersect at to at the point O) with ~i(tg) # 0 and
Y(to) # 0 and det(x} (o), "h(to)) = O (i.c. +i(to)
and v5(to) are collinear. Vj € {1,2}, kj1 =1 so the
two possible shapes of the two continuous trajectories
near the point O are represented figure 1).



The Taylor series of ~,(t 4+ t9) with j € {1,2} are:

;i (t + to) = 75 (to) + Sy ,%( (to) + the;(t)

where ¢;(t) — 0 when t — 0.

For SDS which meet the assumption 2.2, the
existence of a hybrid limit cycle around the point
O depends on the relative position of the two
continuous trajectories near this point.

Let us denote v = 74 (tg), p1 as the smallest strict
positive integer such that det('yip 1)(t()),v) # 0 and
p2 as the smallest strict positive integer such that
det(vP?) (ty),v) # 0. Without loss of generality,
suppose that p; < py. Let M; be the point of
coordinate v;(t; + to). Under these notations, for
SDS which meet assumption 2.2, we can write, for
small t; and to:

OM, = Y1(t1 +to) — 71 (to)
= t17,(to) + .. +p,7§p1)( o)+ ...

OM, = Ya(t2 + to)
= tQ’Yé(tO) +.

t1<’¥1(t0)|v>

(vato)lv)
scissa in the basis (v,v1). Note that <7é(t0)|v> #0
because the SDS under consideration meets assump-
tion 2.2.

- Vz(to)
o+ EAP (1) +

If to = M, and M5, have the same ab-

Definition 2.1. For SDS which meet the assumption
2.2, p is the smallest positive integer such that:

(1a(to) i (t0) ) det({(to), 7 (t0))
# (7 (to) i lto) ) det(:d(t0), 71 (to)).

Note that (v (to)lvt) = det(v* (to),

7
i € {1,2} and vt a vector orthogonal to v.

v) with

If po > py then p = p; and the difference between
M, and M, ordinates in the basis (v,v"'), is:

(to) v)

(OM;|v*) — (OM;|vt) = 3 det(%

(1)

If ((p2 = p1) and (p1 # p)) then p > py and the
difference between M; and Ms ordinates in the basis
(v,vh), is:

<OM1"UJ‘ >
P P
. o)
' L(to)v
g%i!“ o)lv > ol <<v (t2)|u <72 (t0)|UL>
o 1 (a0)lv)"det(x” (t0),0)— <v1(to)\ )" det(v” (t0) v)

! (r2(to)lv)”
(2)

The two parameterized curves are transverse at tq if
the sign of ((OM;|v+) — (OMz|vt)) changes when t;
changes sign.

Theorem 2.1. For SDS which meet assumption 2.2,
the two parameterized curves are transverse if p is
odd. Otherwise they are not transverse.

Proof: this theorem comes directly from the equa-
tions (1) and (2) because the sign of ((OM;|vt) —
(OMj3|vt)) depends on the sign of % Figure 3
presents two possible respective shapes of v and ~s.

v’

Figure 3: On the left, p is even (curves not transverse) and on
the right, p is odd (curves transverse).

Let us consider the time invariant switched dy-
namic system (SDS) in IR™:

& =ufi(z)+ (1 —u)fa(r) 3)



with the so-called switching function (or discrete con-
trol) u(.) : [0 oo] — {0,1} and z € IR™. Tt is made
of two locations (modes, subsystems) I; (i € {1,2}),
with respective Lipchitz vector fields fi(x) and fa(z)
in IR™. There is no state discontinuity at the moment
of switching.

The state of the SDS is hybrid (continuous and

discrete states): (z,l;) € R" x L with L = {l;,j €
{1,2}}. The (Carathéodory) solution of the dif-
ferential equation & = fi(z) after elapsed time &
with initial condition z(0) = x¢ is denoted ®;(zo, 9),
i € {1,2}. In section 4 and 5, we also use the follow-
ing notation: ®%(zo), i € {1,2}.
If both modes [; and [, have an equilibrium point
Ze1 and xeo (same or different), and are globally
asymptotically stable, then, for all zy € IR™ and
i € {1,2},lims,00 Di(20,0) = xei. If ©g = 21 OF
T4 = Zeo, then, the desired operating point x4 can
be reached asymptotically.

Definition 2.2. Let us consider x.,1 and T.o two
points in IR™, with x4 # Tea. CC(Te1,Te2) is the
hybrid limit cycle of the SDS & = f;(x),i € {1,2},
between the switching points x.1 and x.o, if and only
if (0c1,0c2) € Ri exists such that: . = ®1(zc2,001)
and Ty = Po(2c1,002). Then

CCO(xc1,Te2) = {P1(22,0)/0 < § < g JU
{®2(2c1,6)/0 <6 < dea}.

If zg # xe1 and x4 # X or if at least one of
the subsystems is unstable, stabilizing a SDS whilst
respecting the technological constraints involves
determining a stable hybrid limit cycle as close as
possible to z4.

Definition 2.3. In the plane, a loop L. is defined
by a continuous map in the interval [a,b], v : [a,b] —
IR%t — ~(t) such that v(a) = ~(b). The interior
of the loop L, = ~([a,b]) is the union of open sets
bounded by this loop. This is denoted as Int(L.,).

An example in which the interior of the loop is
formed from a single open bounded set is given in
figure 4.

Figure 4: Example of the interior of a loop L~ in the plane.

A hybrid limit cycle in IR?, CC(x.1,7e2), with at

least one point © € CC(xc1,xc2) such that fi(x) #
—f2(x), is aloop. Since .1 # X2, such a hybrid limit
cycle is not degenerated at a single point. If Vz €
CC(xe1,e2), f1(x) = —fa(x), the hybrid limit cycle
is made up of two opposite trajectories and reduced
to a curve, the trajectory making a roundtrip between
the two switching points, and d.; = d.2. An example
of a hybrid limit cycle in IR? with at least one point
x € CC(xc1,xc2) such that fi(z) # —fa2(x) is given
in figure 5.
Note that a hybrid limit cycle is a closed trajectory
made up of two dynamics unlike a periodic orbit in
the real valued state space that is generated by a
single continuous dynamic (one time invariant state
space representation & = f(z) with € IR™).

D, (x,,,6)

X
c2 X,

D, (x,,,6)

Figure 5: Example of hybrid limit cycle for a SDS in IR2.

3. A necessary and sufficient condition of ex-
istence and stability of a hybrid limit cycle

Notation: Let us denote as dP~lfi(z) =
AP, (2,t) .
S, Withp > 1.

v = fi(x) # 0, py is the smallest integer such that
p1 > 1 and det(dP* L fi(z),v) # 0 and p, the smallest



integer such that ps > 1 and det(dP2~! fo(x),v) # 0.
From definition (2.1), p(z) is the smallest positive
integer such that:

(f2(2)[0)" det(dP~" f1 (), v)

# (fr(@)[v)" det(dP~! fa(x), v).

Definition 3.1. E = {z € IR?/det(f1(2), f2(2)) =
0, (f1(2)|f2(2)) < 0 and p(z) is even } is the set of
points in IR? with collinear and opposite vector fields
fi(x), i € {1, 2}, and with non transverse trajectories.

Let us recall that
Int(CC(xe1,2:2)) JCC (21, 202) is  denoted as
Int(CC(xe1,xe2)). Int(CC(xe1,xe2)) is the closure
of Int(CC(ze1,Te2))-

Theorem 3.1. Let us consider a SDS (38) with
r € IR?.  Let CO(xe1,2e2) in IR? be a hybrid
limit cycle with x.1 # o with at least one point
x € CC(xc,xc2) such that fi(x) # —fa(zx). If
the closure Int(CC(x.1,2ce2)) does not include any
of the equilibrium points of the two dynamics fi
and fo, then, there exists a non-empty set of points
z € IR?, such that z € E(Int(CC(xe1,202)) i.e
ENInt(CC(ze1,xc2)) # ¢.

Proof: Let us consider the hybrid cycle
CC(Z¢1,%e2). Some part of the trajectory, defined
by A = {®a(xc1,t) with 0 < t < oo} is fixed. For
any points x. of A, the trajectories with dynamic
fi1(z), starting from z. may have three shapes be-
cause there is at least one point x € CC(zc1,Te2)
such that fi(z) # —fa(x). First, consider the tra-
jectories that renter inside Int(CC(z.1,22)). Nec-
essarily, §. > 0 exists such that zz = ®1(z.,d.) € A
because Int(CC(x.1, Tc2)) does not include an equi-
librium point of the dynamic f;. Since two tra-
jectories from the same vector field do not inter-
sect, it follows that CC(z., xz) C Int(CC(xc1, Te2)).
Secondly, let us consider the trajectories that leave
Int(CC(xc1,Te2)). In this case, 6. > 0 exists such
that zz = ®i(x.,—0d.) € A, then CC(x.,zz) C
Int(CC(xc1,xc2)). In the third case, the trajectory
starting from z. with dynamic f(x) is tangent to A
at x.. Figure 6 represents cases 1 and 3. Case 2 can
be easily deduced.

Figure 6: Geometric motivation of thorem 3.1.

In the following, it is proved that a point z. neces-

sarily exists in A and that this point verifies the third
condition and belongs to FE.
For any point z. in A a hybrid cycle CC(z., zz) can
be constructed. Since two trajectories from the same
vector field do not intersect, then for any two points
z. and z. in the set A, we have:

Int(CC(ze,xz)) C Int(CC(xer,x5))

or

Int(CC(xe,25)) C Int(CC (e, xz))

This creates a non-empty closed set, A, of hybrid
limit cycles with switching points belonging to the
fixed path A:

A= {]nt(CC(mc,xg))/a:c € A}

Note that CC(z, xz) C Int(CC(xe1,xe2)). The ele-
ments of A are nested one inside each other and are
ordered by set inclusion. According to Zorn’s lemma
[27] (Any inductive, ordered and non-empty set ad-
mits at least a minimum element), this set accepts a
minimum that cannot be a cycle, because within a
cycle, we can always find another cycle (continuity of
the two vector fields), but a point, z. So, the intersec-
tion between the fixed trajectory, A, and the trajec-
tory with dynamic fi(.) passing through z, is reduced
to this point z. As this trajectory is tangent to A at
2, det(f1(2), f2(2)) = 0. Moreover, (f1(2)|fa(2)) > 0
would mean that there is no cycle around this point,



which contradicts the fact that z is the minimum el-
ement, thus (f1(2)|f2(z)) < 0. As z is the minimum
element of a set of hybrid limit cycles, the trajectory
with dynamic f;(.) passing through z is not trans-
verse with A, then z € E. This completes the proof.

Theorem 3.2. Let us consider the SDS (3) with
x € IR%. For each point = € E # ¢, there ex-

ists a hybrid limit cycle CC(xc1,xc2) such that z €
Int(CC(xe1,e2)).

Proof: ¥V z € E, fi(z) = afa(z) with o < 0
and the trajectories issued from z with dynamic
f1 and fo are not transverse in z. Figures 7.a
and 7.b represent two possible trajectory shapes in
the neighbourhood of z. As the trajectories from
z with dynamic f; and f; are not transverse in
z, it follows that two trajectories from these two
vector fields in the neighbourhood of z create a
hybrid limit cycle. Figures 8.a and 8.b represent
two possible shapes in the state space. Therefore,
a hybrid limit cycle can always be designed around
the point z, where it exists. This completes the proof.

'

£ A6
(2) (b)

Figure 7: Sections of trajectories passing through z € E in

Figure 8: Geometric motivation of theorem 3.2.

Note that there exists an infinity of hybrid limit

cycles around each point of the non-empty set E.
Then, if x4 € E, there exists a hybrid limit cycle,
between two different switching points, where the
SDS (3) can be stabilized. If x4 does not belong to
E, it is necessary to find the nearest point belonging
to the non-empty set E, around which the SDS can
be stabilized. Note that the physical constraints
imposed by the system (minimum duration time
between two switchings, states thresholds, etc.)
must also be fulfilled.

Note that CC(zg4,24) is a stable cycle degener-
ated at the point z4. It has a physical meaning only
if zg = xeq1 Or x4 = Ten. Otherwise, the SDS is Zeno,
i.e there are an infinite number of switchings at a
finite time and the period of the cycle becomes null.

4. Reachability domain

Let us now recall the classic method for reaching
the hybrid limit cycle determined in the previous
section, from an initial state, and stabilizing it,
with respect to the constraints on the continuous
variables. Let us formulate this reachability problem
in a generic way.

A trajectory (or solution) of a SDS from a hybrid
initial state (xo,!;) with ¢ € {1,2} to a hybrid final
state (2.,l;) € CC(xe1,xe2) is defined as follows:
xo — 1 = @i(x0,0s,) — x2 = @j(21,05,) — ... —
T = Pi(Tm-1,0s,,) — ... = x¢c = Pp(xc_1,05,)
with (i,7,k) € {1,2}3 and Vm € {1,..,c},
ds,, € IRy with d,, the duration time in the active
subsystem (or mode) before the m!* switching in
the sequence S. This continuous trajectory is made
up of a succession of continuous trajectories with
different dynamics. The concatenation of dynamics
(discrete states) defines the switching sequence
S = (lsys sy, s ls,) with s, € {1,2} and 1 < k < c.
The switching points are (z1,x3,...,2.). The SDS
vector field may be discontinuous at the moment of
switching, but there is no state discontinuity. The
total duration of time the SDS takes to reach the
hybrid limit cycle CC(z¢1,Zc2) from the initial point
is therefore: t, = 05, + s, + ... + ds.-

The global constraints of the system define the global



operating domain which is denoted as €2. It can be
represented using the g following linear inequalities:
V ke{l,...g}, Crx+d; <0 with Cj of dimension
n and dj is a constant.

Definition 4.1. Let us consider a hybrid limit cycle
CC (w1, xe2). We define:

A ={P1(z,-0) € Q,Vz € CC(xc1,xc2) and § > 0}
By = {®3(z,—-0) € Q,Vz € CC(xe1,%c2) and 6 > 0}

Ai+1 = {CI)l(z, 7(5) € Q,VZ € B; and § > 0}
Bi+1 = {(I)Q(Z, —(5) S Q,VZ € A; and § > 0}

These are the sets of trajectories that define all
backward inferences from the hybrid limit cycle
CC(xe1,Te2) following the two wvector field flows.
It should be mnoted that these A; and B; do not
necessarily define a partition of the state space.

A necessary and sufficient condition for SDS reach-
ability by switching between two vector fields in IR"
is given in the following theorem 4.1:

Theorem 4.1. Let us consider that D =
(Us>1 4) UWU;>1 Bi) € IR™ is the global reachabil-
ity domain of the SDS. If xy € D, there exists at
least a sequence with a finite number of switchings,
which leads the state of the system from the point xg
to the hybrid limit cycle CC(xc1, Ze2)-

Proof: If we consider that o € D, then there ex-
ists an integer J > 1 such that xg € A (without loss
of generality because Ay C Bjt1). Then, from def-
inition 4.1 and because D = (U~ 4i) UU;>1 Bi)s
d0,, € IRy and Jzy;_; € By_; such that
o = @;551 (ZJ,1) and 3(552 S B+ and Jzy_ o€ Ay o
such that zy_1 = @5 2(z5-2), - -

By inference, 3z. € CC(zc1,2c2) and 305, € Ry
such that: z¢ = @;651 0@5552 0@;553 o-- -O<I>;ZJSC (zc)

Therefore,
ds ds ds ds
To=®,°0-- 0P 0@, 0D ' (x0)

After the selection of a hybrid limit cycle
CC(%e1,e2), all the possible trajectories obtained
by backward inferences from this cycle and meeting
the global operating domain 2 can be determined,
according to definition 4.1. If D covers the totality
of Q, then, the hybrid limit cycle can be reached by
switching from all point zg in Q. Otherwise, the
initial point xg must be in D C (Q, so that there is
at least one possible switching sequence that leads
the SDS from this point zy to the hybrid limit cycle
CC(xc1,2e2). This analysis involves calculating all
the state space regions from which the final hybrid
limit cycle can be reached.

If one is interested only in finding a hybrid switch-
ing sequence that drives the system from the initial
state g to the final hybrid limit cycle CC(x.1, xc2),
the analysis is completed as soon as the initial state
is included into one of these regions. This analysis is
done backwards in the continuous state space. For
more details see [17, 18].

5. Reachability sequence optimization

Let S be a switching sequence obtained by

switching between the two vector fields f;(x) with
i € {1,2} that defines a trajectory of the SDS from
the initial hybrid state (xq,l;) to a final hybrid state
(ze,lg) € CC(we1,xe2). ¢ is the length of S ie. the
number of switchings in the sequence S. f;, (z) with
1 <k <cand s, € {1,2}, is the vector field active
in the k' mode I, of S during a time J, called
duration time. xy and x. are respectively the initial
and the final continuous states of SDS trajectory. t.
is the total duration time for the system to reach
z. from zy with the switching sequence, S. The
optimization problem involves minimizing ¢., which
depends on the duration times J, .
For all t such that 0 < t < t., the continuous state,
z, must belong to the global reachability domain of
the SDS, D. In this problem, we must also ensure
that the trajectory leads to the hybrid limit cycle
CCO(Ze1, Te2).



So, the problem can be written as the follow-
ing constrained minimization problem,

t. = méin(;:_1 dsi)

such that,
eVzeD s, €5 /Vie0d,,], ¥ (x) €D,

0

5 b
[ ] ch:(DSCLo...O

d,.% o (I)Sil (1‘0) S Cc(xchch)'

Two methods to solve this problem are given in [17,
18]. In the litterature, the reachability analysis has
been realized by many other methods as explained
for instance in [13].

6. Stabilizing control synthesis algorithm

The algorithm for the synthesis of a stabilizing con-
trol for the SDS (3) has six steps:

1. Write the SDS model in the form: & = f;(x)
with ¢ € {1,2}.
2. Determine the set E given in definition 3.1:

o If E # ¢, then at least a hybrid limit cycle
exists and the SDS can be stabilized around
all points of . Go to step 3.

o If £ = ¢, no switching sequence exists to
stabilize the SDS around any point of the
continuous state space. The SDS cannot be
stabilized.

3. After choosing the desired operating point, x4,
determine x4g, the point of E around which a
hybrid limit cycle CC(zc1, Ze2) can be designed:

o If x4 € E, then x4g = x4.

e Otherwise, x4z € FE is such that

d(xqp,rq) = min,cg d(z,xq).

4. Determine a hybrid limit cycle CC(zc1,xc2)
around z4p that meets the desired specifications.
By definition, a hybrid limit cycle whose inte-
rior includes x4 always exists but not necessar-
ily one that meets the technological constraints

(0c1 > Omin and de2 > Opmin, Omin 18 the minimum

duration time between two successive switchings
(dwell time), the state variables are bounded by
specific values, the cycle duration time, 6.1 + d.2,
is bounded, etc.). This hybrid limit cycle is not
unique.

e If there is such a hybrid limit cycle, go to
Step 5.

e Otherwise, remove a constraint or choose
another point z45.

5. Determine backward (according to defini-
tion 4.1), all regions from which the hybrid
limit cycle CC(zc1,2.2) can be reached whilst
respecting the global operating constraints. If
one is interested only in finding a hybrid switch-
ing sequence that drives the system from the
initial state xp to the final hybrid limit cycle
CC(xc1,Te2), the algorithm is completed as soon
as the initial state x is included into one of these
regions. If possible, all the regions included in €2
can be calculated and all the possible switching
sequences that drive the system from the initial
hybrid state to the desired hybrid limit cycle are
made known.

6. Calculate the switching instants of a reachability
sequence found in the previous step to obtain
the shortest total reaching time, t..

7. Application to the Buck energy converter

In this section, the control synthesis algorithm pre-
sented in the previous section is applied to the Buck
converter control. The usual Buck circuit is given in
Figure 9. T and D represent the system switches
(electrical semi-conductors). D is a self-switching
diode and T is a controlled transistor (or thyristor).
This system operates in continuous mode. The case
with both switches open is not considered (no discon-
tinuity of the current through the inductance). The
case with both switches closed is not considered ei-
ther, short-circuiting the voltage source. Thus, only
two SDS modes of operation are used: mode I; with
T closed and D blocked and mode I with T open and
D closed. If T is closed, the load receives energy from
the source. If T is opened, the energy is dissipated



by the load.

The goal is to define a hybrid limit cycle for this sys-
tem, as near as possible to the desired operating point
x4, as well as to define a trajectory for reaching this
cycle that meets the desired specifications (operat-
ing and technological constraints). The synthesized
control sequence defines the switching signal.

oy
B o1

Figure 9: The Buck energy converter.

T K

Now let us apply the control synthesis algorithm
presented in the previous section to the following
Buck circuit: U = 20V, L = 20mH, C = 47uF,
R =22Q.

The model of the Buck converter is & = f;(z) with
i€{1,2} and x = [V i|T = [z, z2]T

ol 0
fi(x) = Az + B = x+
=1 9 1%
L L
L (4)
RC C
fo(z) = Az = T
=0

This SDS is a Piecewise Linear System (PLS).

Let us now calculate the set FE {z

R? / det(fi(2), f2(2)) = 0 and (fi(2)|f2(2)) <

and p(z) is even }:

S
0
1 = Rxo

(_

x1 # U such that p1 =pa=p =2

X1

RC

x2

+¢

)2+ (21 — U) < 0

= 21(r1-U)<0<=0<z1 <U

Thus, E={2€R? /21 =R 2z and 0 < z; < U} is
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1

part of a straight line with slope % and end points
(0, 0) and (U, %) (the straight line that connects
the two stable equilibrium points of the two Buck
converter modes of operation, z.; and z.2). E is the
set of all points around which a hybrid limit cycle
may be synthesized for this system.

Figure 10 gives the possible trajectories for the
two modes of operation of the Buck converter with
vector fields fi1(z) (blue curves) and fo(z) (red
curves) as well as the set E (part of a straight
line in black color). One can intuitively verify the
properties of the points which belong to E. If x4

State space

Figure 10: Buck converter trajectories and set E.

does not belong to the set E, x4g is chosen so
that d(zqg,xq) = mingepd(z,2q). I CC(xc1, Te2)
is a hybrid limit cycle, according to the equations (4):

Tel = (I)l(xc%écl)

= eMeig .y + fogcl eA0a—t) Bat
Te2 = (1)2(517017502) =e70%%x
with d.1 (respectively d.2) the duration time in

mode [y (respectively ls) of the hybrid limit cycle.
The switching points are:

Tep = (I — eA(561+6cz))—1A—1(€A6c1 —-1)B
(5)
— eAS

T2 2 Tcl

If z.1 is chosen near x4g, the choice of §.; and §.o



determines a hybrid limit cycle whose interior in-
cludes z4p. Zc2 is given in equations (5). According
to theorem 3.2 such a cycle always exists.

The global reachability domain D is obtained ac-
cording to the backward inference method presented
in definition 4.1 and by the property of theorem 4.1,
given that Q = {z € R?/0 < 71 < Zimas and
0 < 29 < Tomaz}. Thus, the system is controllable,
and hybrid sequences exist which drive the system
from an initial state into the global reachability
domain D to the hybrid limit cycle CC(xc1, ze2).

The synthesis and simulation results are given in
figure 11. The desired operating point is zg4 =
[15 V 0.7 A]. The choice of .4 = 0.24 ms and
0o = 0.336.1 defines a cycle around x4 with the
switching points z., = [15.007 V 0.711 A] and
Zez = [15.005 V' 0.651 A]. The global operating do-
main is defined by: Zimar = 25 V, Zomar = 1.2 A
and Zimin = 0 V and xomin = 0 A. Then, the
possible and admissible control sequences from the
initial point zp = [0 0]7 and final point
[14.968 0.681]7 which belongs to ®;(z.,d) with
0 <6 < 5c1 are (ll,lg)k, lg(ll,lg)k, (ll,lg)kll or
lo(l1,12)F1; with k € IN. The switching sequence with
minimum time duration is (I1,l3) and each mode du-
ration time is d5, = 1.407 ms and ds, = 0.565 ms.
Thus, tc = 1,972 ms.

8. Nonlinear example in IR?

Here, the algorithm presented in section 6 is ap-
plied to the stabilizing control of a nonlinear SDS,

& = fi(x), x = [z1 22]7 with the following vector
fields:
_ —2x1 — a::f — bxg — m%
i) = ( 61 + 23 — 319 — 23

(6)
3

.’E2+(E%—(E1

4y + 229

fa(z)

( )

The objective is to define a hybrid limit cycle for
this system, which remains as close as possible to the
desired point x4, as well as to find the most rapid
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trajectory for reaching this limit cycle from every
initial state that meets operating constraints (global
operating domain and global reachability domain).

This system (6) belongs to the class defined by
the SDC (3).
It should be noted that mode [; is stable at the ori-
gin ("spiral” trajectories) while mode I3 is unstable
(hyperbolic trajectories).

Now, let us determine the set of points around
which a stable hybrid limit cycle can be designed for
this system. E = {z € R? / det(f1(2), f2(2)) = 0
and (f1(2)|f2(2)) < 0 and p(z) is even }

det(fl(z)a fZ(Z)) =0& _82% — 302122+
221 — 62720 — 723 — 4232 — 25 — 627 — 20+
328z + 2325 + 25 — 2323 = 0.

(fi(2)|f2(2)) <0
& (=221 — 23 — bz — 28) (20 + 27 — 2
(621 + 23 — 329 — 23) (421 + 222) < 0.

3

i)+

Figure 12 gives the dynamics of the two modes
of the SDS, associated with vector field fi(x) (black
stable "spiral” trajectories) and fa(x) (red unstable
hyperbolic trajectories) and the set E (blue curves
match the condition det(fi(z), f2(2z)) = 0, and green
curves match the condition (f1(2)|f2(z)) = 0). The
properties of the F points given in theorems 3.1 and
3.2 can be checked intuitively. Indeed, the properties
det(f1(2), f2(2)) = 0 and (f1(2)|f2(2)) < O ensure
that a limit cycle exists around each point of F.

Let zq4 [-1 5|7 ¢ E. The nearest point
in E such that d(xgp,xq4) = mingepd(z,xq), is
g = [-0.89 5.01]T € E. The hybrid limit cycle
CC(xc1,2e2) is determined by choosing one of the
switching points, for example z. = [-0.5 5.5]7.
The second one can be calculated from the tra-
jectories using the Lipchitz subsystems vector
fields starting from z.,. The solution is unique
for the both modes fi(z) and fo(x). The limit
cycle CC(x.1,z02) passing through the switching
point z. = [-0.5 5.5]7 has x4 = [-1.29 4.71]7
as the second switching point. This hybrid limit
cycle CC(x.1,e2) is given in figure 13. Then, the
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Figure 11: Synthesis and simulation results for the Buck converter.

global reachability domain D can be determined
by backward inference from the hybrid limit cycle
CC(xc1,me2) (see definition 4.1) with respect to
the global operating domain of the system, .
Q={zreR?/ —2<x <2and -2 < zy <8}. All
regions A; and B; are calculated until Ay1; = By.
Thus, D = (Uizl A;) U(U¢21 B;i) = Any1 = Bn.
Figure 14 presents all A;’s and B;’s regions, 2 and
D. Note that A; and B; regions expand step-by-step
(A;=1 C A; and B;—1 C B;). According to the
theorem 4.1, the SDS (6) is controlable for all
xo € D, and there exists a switching sequence which
drives the system from the initial state xy to the
final hybrid limit cycle CC(z.1,ze2). The possible
switching sequences are: (Iy,12)*, (I1,12)Fl1, (I2,11)F
and (ZQ, ll)klg with k£ € IN.

The optimization of the constrained timed switch-
ing sequence to reach CC(xc1,xc2) from different ini-
tial points of D is done using time criterion and con-

straints imposed by 2. The trajectory reaches the
hybrid limit cycle at x; = [—1.2 4.8]7 € &1 (22, 9)
with 0 < § < d.1. There are three examples of tra-
jectories which drive the SDS from an initial point
in D to the hybrid limit cycle CC(z1,zc2) with a
minimum total duration time:

o if xp = [~1.5 5|7, the switching sequence
is (l1,13), the duration times are (05, =
2.97ms, s, = 63.89ms) and the total reachabil-
ity time is t¢ = 66.86ms (pink trajectory).

e if 79 = [2 1]T, the switching sequence is
(ll,lg,ll,lz,ll,lg,ll), the duration times are
(6s, = 2,97ms, 05, = 344,66ms, 05, =
0,78ms, 05, = 61,13ms, §;, = 0.61lms, 65, =
53,54ms, 05, = 12.35ms) and the total reacha-
bility time is t¢ = 476.02ms (black trajectory).

e if 1o = [—1 3]T, the switching sequence is (l2, 1),
the duration times are (05, = 464.36ms,ds, =

12



State space
8 T

State space

Figure 14: Synthesis results of the hybrid limit cycle and of the reachability domain, D, for the nonlinear example (6).

10.61ms) and the total reachability time is tc =
474.97ms (blue trajectory).

Note that no shorter sequence can reach the hybrid
limit cycle from these initial states, whilst meeting
the constraints imposed by €2, and note that any
longer sequence results a longer total reachability
time.

The trajectories of the controlled SDS from its initial
state to the chosen hybrid limit cycle are given in
figure 15.

To extend the theorems 3.1 and 3.2 to IR™, the
intention is to find a submanifold of IR™ which is
a surface and which includes the hybrid limit cycle
CC(zc1,2e2). Thus, the proofs of the theorems 3.1
and 3.2 extended to IR", can be carried out on this
submanifold with dimension 2. As this submanifold
must exist, the class of systems concerned by this
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extension is restricted.

9. Extension of the theorem 3.1 to IR™

Let us consider a SDS with the two follow-
ing vector fields: V i € {1,2}, ¢ = fi(x)
[fi (@) f2(x),---, f7(2)]" withz € R™

Let us consider the function ¢:
¢: R" — IR"2

z— p(x) = [p1(2), @2(x), -, Pn—a(@)]”

Definition 9.1. b € IR"?2 is a regular value of ¢
if and only if Va € p~1(b), rank(J,(a)) = n—2, with

) 52 (a)
Joa)=| :

Opn_2 Oppn_2

g2 (). .. 28n=2(q)



Figure 12: 2 Subsystems dynamics (red and black trajectories)
and set E (left-upper and right-lower parts of the blue curves)
for the nonlinear example (6).

being the Jacobian matriz of ¢ at a.

i.e. b is not a stationary value of ¢ and there exists a
submatriz of J,(a) of order n-2 which has a non-zero
determinant.

In the sequel, we note:

e M =p1(b)={x € R"/ p(r) =b} a submani-
fold of IR™ with dimension 2.

o &£={z€ IR"/3n <0/ (fi(2) = nf2(z) and p(z)
is even}. In the plane, £ represents F, the set
of points with collinear and opposite direction
fi(x) and fa(x) and non transverse trajectories.

o T,M = ker(J,(a)) is the set of vector fields
which are tangent to the submanifold M at point
a. Then, T,M is orthogonal to grad(y;(a)),
jed{tl, -+ ,n—2}

o Int(CC(ze,,20,)) = INt(CC(ze,,20,) N M) is
the union of open sets in M bounded by the
hybrid limit cycle CC(z¢, , T, )-

Theorem 9.1. Let us consider a SDS (3). Let
CC(xe1,2e2) in IR™ be a hybrid limit cycle with
{Zey,Tey} € M, To1 # ez, with at least one point
x € CC(xe1,xe2) such that f1(x) # —fa(x). Let us

14

state space

Figure 13: hybrid limit cycle of the nonlinear example (6).

consider xg € ENM (#£ ¢) and v ER,. IfV z €
B(xzog,y)NM, Vie{l,2} and Vje{l,---,n—2},
(fi(z)|grad(p;(x))) = 0, and if the closure of its in-
terior, m(CC(xd, Zc2)), does not include any of the
equilibrium points of the two dynamics fi1 and fs,
then, there exists a non-empty set of points z € IR™,

such that z € € Int(CC(ze1, 7e2)) C B(wo,7) N M
i.e. ENInt(CC(xe1,262)) # ¢.

Proof: As Vi € {1,2} and Vj € {1,---,n — 2},
(f(z,li)|grad(p(x))) =0,V x € B(zg,v) N M, the
trajectory xz(t) stays inside B(xg,7) N M, whatever
its length. Then, if CC(x.1, Z.2) exists, necessarily it
is on B(zo,y) N M. Moreover, if Int(CC(xe1,2e2))
does not include any of the equilibrium points of the
two dynamics f; and fs, the proof of theorem 9.1 is
equivalent to that of theorem 3.1 to conclude that

ENINH(CC (o1, Tea)) # 0.

10. Extension of the theorem 3.2 to IR™

Theorem 10.1. Let us consider o € ENM (# @)
and v > 0. IfVa € B(xzo,y) "M, Vi € {1,2}, Vj €
{1,---,n=2}, (fi(z)|grad(p;(z))) = 0, a hybrid limit
cycle CC(xe1,xe2) exists around the point xo (such

that xg € m(CC(ﬂﬁchch)))-
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Figure 15: Trajectories of the controlled SDS (6) to reach the
hybrid limit cycle from different initial points

Proof: The proof of theorem 10.1 is the same as
the proof of theorem 3.2 because £ N M is a sub-
manifold of IR™ and M is a surface which includes
the hybrid limit cycle CC(z¢1, zc2).

Then, the existence of a hybrid limit cycle for the
switched dynamical system is directly related to the
existence of the submanifold M # ¢ which is defined
from a regular point of the function ¢. The submani-
fold M is the surface which includes the hybrid limit
cycle. If the SDS is switching between two discrete
modes with continuous dynamics in IR?, this surface

M is the plane IR2.
11. Nonlinear example in IR3
Let us consider two nonlinear three dimensional

vector fields to illustrate theorems 9.1 and 10.1:

xlx%
—x%:zzg + x3
—o

fi(x) =

o (2} + 23 + 23)
—x1 + 3
—X2x3

f2(x) =

Let us consider the function ¢:

v: R*— R
(1 22 23) — 22 + 23 + 23

Vb € Ry, Va € o~ 1(b), rank(J,(a)) = 1. Then, b is
a regular value of .
The submanifold in IR?, M = ¢~1(b), is the sphere:

M={z e Rz} +25+2%=0b be R}

€ is the set of points in IR3 such that fi(x) = nfa(x),
with 1 < 0 and p(z2) is even.

£ = {1’ € R3/$11'2$3 = 1}

Choosing b=6 ensures that ENM # ¢. A quadrant of
the submanifolds M and £ and of their intersections
is given in figure 16.

Since Vi € {1,2}, Vo € M, (fi(z)|grad(p(x))) =
0, then, for zp € ENM (# ¢) and v > 0, Va €
B(zo,v) "M, (fi(x)|grad(p(x))) = 0 and a hybrid
limit cycle CC(2¢1,xc2) exists around the point .

Figure 16: Submanifolds M and £ of nonlinear example with
vector fields (7) and (8) in IR3.

12. Conclusion

This paper presents a new constructive method
for the synthesis of a stabilizing control for a class
of switched dynamical systems in IR?, switching be-
tween two discrete modes, without state discontinu-
ity and which respect the technological constraints
(minimum duration between two successive switch-
ings, boundedness of the real valued state variables).
For each mode, the system dynamic is continuous,
linear or nonlinear. The main result of this paper,
a necessary and sufficient condition of existence and
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stability of a hybrid limit cycle consisting of a se-
quence of two operating modes in IR?, is presented
in theorems 3.1 and 3.2. The method is based on a
geometric approach. It is made of three main steps:
firstly, determining a stable hybrid limit cycle around
the desired operating point, x4 or as close as possi-
ble to it, then calculating the regions of the state
space from which the hybrid limit cycle is reachable
from the initial state and finally synthesizing a sta-
bilizing control which optimizes time. Theorems 9.1
and 10.1 extend to IR™,n > 2 the necessary and
sufficient condition of existence and stability of a hy-
brid limit cycle proven in IR? but only for a restricted
class of systems. Then, the stabilizing control synthe-
sis method can be extended to IR"™,n > 2. Different
examples are used to illustrate these theorems.
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