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ABSTRACT. This text is an expanded series of lecture notes based on a 5-hour
course given at the workshop entitled Workshop for young researchers: Groups
acting on manifolds held in Teresdpolis, Brazil in June 2016. The course intro-
duced a number of classical tools in smooth ergodic theory—particularly Lya-
punov exponents and metric entropy—as tools to study rigidity properties of
group actions on manifolds.

We do not present comprehensive treatment of group actions or general rigid-
ity programs. Rather, we focus on two rigidity results in higher-rank dynamics:
the measure rigidity theorem for affine Anosov abelian actions on tori due to A.
Katok and R. Spatzier [114] and recent the work of the author with D. Fisher, S.
Hurtado, F. Rodriguez Hertz, and Z. Wang on actions of lattices in higher-rank
semisimple Lie groups on manifolds [31,36]. We give complete proofs of these
results and present sufficient background in smooth ergodic theory needed for
the proofs. A unifying theme in this text is the use of metric entropy and its rela-
tion to the geometry of conditional measures along foliations as a mechanism to
verify invariance of measures.
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PREFACE

This collective work originates from the workshop for young researchers Groups
acting on manifolds held in Teresépolis, June 20-24 2016. The structure of the
text respects the format of the event: Aaron Brown was lecturing about rigidity of
smooth group actions, but other talks were given by young researchers and devoted
to explain background notions. We thank all the participants, whose active pres-
ence contributed to a very pleasant scientific experience. The event was sponsored
by the French-Brazilian Network in Mathematics, CNPq, UFF and EDAI.

Smooth ergodic theory takes a prominent role in the modern theory of differen-
tiable dynamical systems. Typically one is interested in studying iterations of one
single map, or a flow; this can be done under many different aspects, one of the
most successful being the description of statistical behaviors, or the ergodic prop-
erties. That is, given a probability measure which is invariant for the dynamics,
one wants to describe the distribution of the orbits, the typical rates of contrac-
tion/expansion, etc. One of the difficulties, or the richness, is that a given system
usually admits different invariant measures, and for each measure the statistical de-
scriptions may differ in a significant way. The book [2] was giving a good account
of the state of the art about a decade ago.

The study of dynamical systems can be enlarged to include also general group
actions on manifolds. This was historically motivated by geometry and foliation
theory, but since the appearance of hyperbolicity, dynamicists found an own in-
terest for it. A starting point for what will be discussed in this text, goes back to
works of Hirsch, Pugh and Shub [16,26], where the notion of Anosov action first
appeared. Not all isomorphism classes of groups are adapted to usual dynamical
tools, and one usually is forced to restrict the attention to abelian groups, or at
least to groups containing “large” abelian subgroups. Compared to the previous
discussion, a first relevant difference for group actions is that invariant probability
measures (for the full group!) in general do not abound. In the first part of this
work, Aaron Brown presents a pioneering result by Katok and Spatzier [17, 18]
stating that, under suitable hypotheses, invariant ergodic probability measures for
the action of a higher rank abelian group must be of algebraic nature; see Theo-
rem 2.8. Indeed, the main source of examples of Anosov actions is given by Lie
groups, notably by groups of diagonal matrices acting on homogeneous spaces.
One usually refers to these kind of results as measure rigidity.

The term rigidity here will also refer to a different, but closely related setting:
the so-called Zimmer program. Before explaining it, let us make a preliminary
digression. Instead of discrete groups, we first focus on Lie groups. The celebrated
Montgomery—Zippin theorem [23] tells that the topological structure is intimately
connected to geometry; one can go even further:

Conjecture (Hilbert—Smith). If a locally compact topological group G acts faith-
Sfully on some connected n-manifold M, then G is a Lie group.

This conjecture has been validated only for dimension n < 3 [24] (actually, the
conjecture reduces to prove that a group of p-adic integers Z, admits no faithful
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actions on manifolds). Going further, given a Lie group G, what is the lowest
dimension n(G) such that G admits a faithful action on a manifold of dimension n?
For example, the group PSL(n, R) acts on the real projective space RP™~!, which
is of dimension n—1, but it cannot act on a lower dimensional space. In general, for
a simple Lie group G, the optimal lower bound depends on the maximal compact
subgroup of G [27], but a satisfactory bound can be given in terms of the so-called
(real) rank of GG, which is defined as the dimension of the maximal abelian Lie sub-
algebra of the Lie algebra Lie(G). Since the fundamental work of Margulis [22],
it is natural to consider the same kind of questions for lattices (i.e. discrete, finite
covolume subgroups) in simple Lie groups. The so-called Margulis’s superrigidity
states that every linear representation of a lattice of a simple Lie group of rank > 2
extends to the ambient group, and moreover all linear representations of lattices are
classified. Zimmer program is about the nonlinear analogue of superrigidity.

Conjecture (Zimmer). Let G be a simple Lie group with rank(G) > 2 and T a
lattice of G. Let M be a closed d-dimensional manifold, and p : I' — Diff (M) a
homomorphism. If d < rank(G) then p is trivial.

More generally, it is conjectured that a lattice I"' = G cannot act on a closed man-
ifold whose dimension is lower than the least dimension n(G) introduced above.
For detailed discussions, we recommend the expository works by David Fisher
[11,12]. Very recently, Aaron Brown, in collaboration with David Fisher and Se-
bastian Hurtado, solved Zimmer’s conjecture [3, 4] (some additional hypotheses
are required, see Theorem 11.6). The third part of these notes discusses the main
ingredients of their work. As for measure rigidity, the theory of nonuniformly hy-
perbolic dynamical systems takes the major part. The works by Ledrappier—Young
[20, 21] on the relationship between Lyapunov exponents and entropy are of no-
table relevance here. These are very deep works, but we hope the reader will find
a suitable introduction here. The main notions and results are recalled throughout
the text, especially in the second part and in the appendices by Bruno Santiago
and myself, Davi Obata, Sébastien Alvarez and Mario Roldan. Another important
ingredient of similar flavor is the work of Ratner on unipotent flows, but we do not
discuss it in detail, as several very good introductions are available (in primis [29]).

One delicate aspect in Zimmer’s conjecture is about regularity: in [3,4] the au-
thors require the action to be by C? diffeomorphisms, that is p(T') < Diff?(M).
This is a very mild condition, at least compared to the previous approaches ap-
pearing in the literature, which had strong requirements such as invariant volume
or geometric structures, or the action to be by real-analytic diffeomorphisms or on
low dimensional manifolds [5, 6, 10, 13-15, 25, 28, 30]. We recommend the beau-
tiful collection of contributions [9] for more detailed discussions on these works
(and much more!).

As this text is more focused on smooth ergodic theory and applications to rigid-
ity properties, we will shortly mention the other aspects of Zimmer’s conjecture.
These include the algebraic properties of Lie groups and their lattices, especially
their rigidity properties. An essential ingredient of [3,4] is the strong property (T),
introduced by V. Lafforgue [19] and studied by de Laat—de la Salle [7, 8] which
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generalizes the more classical Kazhdan’s property (T) [1] and is also enjoyed by
lattices in higher-rank simple Lie groups. Very roughly, strong property (T) is a
machine to produce invariant vectors for representations as operators of Banach
spaces, and is used by Brown-Fisher—Hurtado to reduce the nonlinear problem to
a linear one, and then applying superrigidity.

Finally, in the fourth and last part, Aaron Brown discusses further rigidity results
that rely on tools of smooth ergodic theory.

Sections that are not required for the rest of the text or that may be skipped on
first reading are marked by an asterisk k.

Michele Triestino (editor)
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Introduction

1. INTRODUCTION: GROUPS ACTING ON MANIFOLDS AND RIGIDITY
PROGRAMS

In the classical theory dynamical systems, one typically studies actions of 1-
parameter groups: Given a compact manifold M, a diffeomorphism f: M — M
generates an action of the group Z; a smooth vector field X on M generates a
flow ¢': M — M or an action of the group R. However, one might consider
groups more general than Z or R acting on a manifold M. Natural families of
group actions arise naturally in many geometric and algebraic settings and the study
of group actions connects many areas of mathematics including geometric group
theory, representation theory, Lie theory, geometry, and dynamical systems.

This text focuses on various rigidity programs for group actions. Roughly, such
rigidity results aim to classify all actions or all invariant geometric structures (such
as closed subsets, probability measures, etc.) under

(1) suitable algebraic hypotheses on the acting group, and/or
(2) suitable dynamical hypotheses on the action.

This text primarily take the first approach: under certain algebraic conditions on
the acting group, we establish certain rigidity properties of the action. Specifi-
cally, we will consider actions of various higher-rank discrete groups: higher-rank,
torsion-free abelian groups Z* for k > 2 or lattices IT' in higher-rank simple Lie
groups such as I' = SL(n,Z) for n > 3. At times we impose certain dynamical
hypotheses as well. In particular, in Part 1 we consider certain families of alge-
braic Anosov actions and will discuss more general results on Anosov actions in
this introduction.

Neither this introduction nor this text as a whole gives a comprehensive account
of rigidity results for group actions on manifolds. (For instance, we do not discuss
the vast literature and many recent result concerning group action on the circle S*.
See however [149].) Our goal is rather to give detailed proofs (in simplified exam-
ples) of a small number of rigidity theorems coming from higher-rank dynamics
and to present the necessary background and constructions in smooth ergodic the-
ory required for these proofs. This introduction aims to give context to these results
and give the reader some familiarity with broader rigidity programs in the litera-
ture.

1.1. Smooth group actions. Let M be a compact manifold without boundary and
denote by Diff" (M) the group of C" diffeomorphisms f: M — M. Recall that if
r = 1is not an integer then, writing

r=k+p forkeNandpge (0,1),

we say that f: M — M is C" oris C**P if it is C* and if the kth derivatives of f
are $-Holder continuous.

For r > 1, the set Diff" (M) has a group structure given by composition of
maps. Given a (typically countably infinite, finitely generated) discrete group I, a
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C™ action of I on M is a homomorphism
a: ' — Diff" (M)

from the group I into the group Diff” (M ); that is, for each y € I" the image a(~y)
is a C" diffeomorphism «(v): M — M and for x € M and ~y1,v2 € I" we have

a(1172) (@) = a(n) (a(r2)())-
If the discrete group I' is instead replaced by a Lie group G, we also require that
the map G x M — M given by (g, z) — a(g)(z) be C".

If vol is some fixed volume form on M we write Diff7, ; (M) for the group of C"-
diffeomorphisms preserving vol. A volume-preserving action is a homomorphism
a: I' — Diff}, (M) for some volume form vol.

As discussed above, actions of the group of integers Z are generated by iteration
of a single diffeomorphism f: M — M and its inverse. For instance, given an

integer n > 1, the diffeomorphism «(n): M — M is defined as the nth iterate of

fiforzxe M
a(n)(z) = f*(z) := fofo---of(x)
n times

Given a manifold M, any pair of diffeomorphisms f,g € Diff (M) naturally in-
duces an action of F5, the free group on two generators, by associating to every
reduced word in {f, g, f~!,g~'} the diffeomorphism obtained by composing ele-
ments of the word. If a pair of diffeomorphisms f: M — M and g: M — M
commute, we naturally obtain a Z?-action «: Z? — Diff (M) given by

a(n,m)(z) = f* o g™ (x).

1.2. Rigidity of Anosov diffeomorphisms. As a prototype for general rigidity
results discussed below, we recall certain rigidity properties exhibited by Anosov
diffeomorphisms f: M — M. We first recall the definition of an Anosov diffeo-
morphism.

Definition 1.1. A C! diffeomorphism f: M — M of a compact Riemannian
manifold M is Anosov if there is a D f-invariant splitting of the tangent bundle
TM = E°@® E" and constants 0 < x < 1 and C' > 1 such that for every x € M
and every n € N

| D f"(v)| < Cr™||v| for all v € E°(x)

| Dy f ™ (w)| < Cr™||w] for all w € E“(x).
As a primary example, consider a matrix A € GL(n, Z) with all eigenvalues of

modulus different from 1. Then, with T" := R™/Z" the n-torus, the induced toral
automorphism L 4: T" — T™ given by

La(x+2") = Ax + 72"
is Anosov. More generally, given v € T" we have f: T — T" given by
f(x) = La(z) +v
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is an affine Anosov map. In dimension 2, a standard example of an Anosov diffeo-
2 1
1 1)

A prototype for local rigidity results, it is known (see [5, 145], [108, Corollary
18.2.2]) that Anosov maps are structurally stable: if f is Anosov and g is C*
close to f then g is also Anosov and there is a homeomorphism A : T — T" such
that

morphism is given by L 4: T? — T? where A is the matrix A =

hog= foh. (1.1)
The map h is always Holder continuous but in general need not be C'' even when
f and g are C*°. The map h in (1.1) is called a topological conjugacy between f
and g.

All known examples of Anosov diffeomorphisms occur on finite factors of tori
and nilmanifolds. From [82, 136] we have a complete classification—a prototype
global rigidity result—of Anosov diffeomorphisms on tori (as well as nilmanifolds)
up to a continuous change of coordinates: If f: T — T™ is Anosov, then f is
homotopic to L 4 for some A € GL(n, Z) with all eigenvalues of modulus different
from 1; moreover there is a homeomorphism A: T™ — T" such that

hOfZLAOh.

Again, the topological conjugacy & is Holder continuous but need not be C'*. Con-
jecturally, all Anosov diffeomorphisms are, up to finite covers, topologically con-
jugate to affine maps on tori and nilmanifolds.

1.3. Actions of higher-rank lattices and the Zimmer program. A principal
family of discrete groups considered in this text are lattices I' in (typically higher-
rank, see Section 10.2) simple Lie groups GG. That is, we consider discrete sub-
groups I' © G such that G/T has finite volume. Examples of such groups include
I' = SL(n,Z) where G = SL(n,R) (which is higher-rank if n > 3) and the free
group F, on two generators where G = SL(2,R) (which has rank 1.) See Section
10.1 for background and additional details.

1.3.1. Linear representations. To motivate the results and conjectures concern-
ing smooth actions of such I', first consider the setting of linear representations
p: I' > GL(d,R). A linear representation w: Z — GL(d,R) of the group of
integers is determined by a choice of a matrix A € GL(d, R); similarly, a linear
representation 7: Fy — GL(d, R) of the free group F; is determined by a choice
of a pair of matrices A, B € GL(d, R). These representations may be perturbed to
non-conjugate representations 7.

In contrast, for groups such as I' = SL(n,Z) for n > 3 (and other lattices
I in higher-rank simple Lie groups), linear representations 7: I' — GL(d,R)
are very rigid as demonstrated by various classical results including [137, 141,
146,155,171, 188]. For instance, local rigidity results in [171, 188] establish that
any representation 7: I' — GL(d,R) sufficiently close to 7 is conjugate to .
Margulis’s superrigidity theorem (see Theorem 12.3 below and [141]) establishes
that every linear representation 7: I' — GL(d,R) extends to a representation
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7: SL(n,R) — GL(d,R) up to a “compact error;” this effectively classifies all
representations I' — GL(d, R) up to conjugacy.

1.3.2. Smooth actions of lattices. As in the case of linear representations, ac-
tions of Z or F» on a manifold M are determined by a choice of diffeomorphism
f € Diff" (M) or pair of diffeomorphisms f, g € Diff" (M ). Such actions may be
perturbed to create new actions that are inequivalent under change of coordinates.
In particular, there is no possible classification of all actions of Z or F5 on arbi-
trary manifolds M. The free group on two generators F5 and the group SL(2,Z)
are lattices in the Lie group SL(2,R). Both F, and SL(2,7Z) admit actions that
are “non-algebraic” (i.e. not built from modifications of algebraic constructions)
and the algebraic actions of such groups often display less rigidity then actions of
higher-rank groups. For instance, there exists a 1-parameter family of deforma-
tions (see Example 10.12) of the standard SL(2, Z)-action on the 2-torus T? (see
Example 10.5) such that no continuous change of coordinates conjugates the de-
formed actions to the original affine action. See Examples 10.11 and 10.12 for
further discussion.

However, as in the case of linear representations, the situation is expected to
be very different for actions by lattices in SL(n,R) for n > 3 and other higher-
rank simple Lie groups. In particular, the Zimmer program refers to a collection
of conjectures and questions which roughly aim to establish analogues of rigidity
results for linear representations 77: I' — GL(d, R) in the context of smooth (often
volume-preserving) actions

a: T — Diff* (M)

or “nonlinear representations.” In particular, it is expected that all nonlinear ac-
tions : I' — Diftf" (M) are, in some sense, of “an algebraic origin.” We note
that genuinely “non-algebraic” actions exist; see for instance the discussion in Ex-
ample 10.10 and [74, Sections 9, 10]. Thus, a complete a classification of all
actions of higher-rank lattices up to smooth conjugacy is impossible. However, it
seems plausible that certain families of actions (Anosov, volume-preserving, low-
dimensional, actions on specific manifolds, actions preserving a geometric struc-
ture, etc.) are classifiable and that all such actions are constructed from modifi-
cations of standard algebraic actions. See Section 10.3 for examples of standard
algebraic actions. We refer to the surveys [72,74,75,122] for further discussion on
various notions of “algebraic actions,” the Zimmer program, and precise statements
of related conjectures and results.

For volume-preserving actions, the primary evidence supporting conjectures in
the Zimmer program is Zimmer’s superrigidity theorem for cocycles, Theorem
12.2 below. This extension of Margulis’s superrigidity theorem (for homomor-
phisms) shows that the derivative cocycle of any volume-preserving action a: I' —
Diff? (M) is—up to a compact error and measurable coordinate change—given

vol

by a linear representation I' — GL(d, R).

1.3.3. Low-dimensional actions. Precise conjectures in the Zimmer program are
easiest to formulate for actions in low dimensions. See in particular Questions 11.1.
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For instance, if the dimension of M is sufficiently small, Zimmer’s conjecture
states that all actions should have finite image (see Definition 10.4). See Conjec-
tures 11.2 and 11.3 for statements of this conjecture. Early results establishing
this conjecture in the setting of actions the circle appear in [39, 89, 191] and in the
setting of volume-preserving (and more general measure-preserving) actions on
surfaces in [83,84, 154]. See also [88] and [70] for results on real-analytic actions
and [41,43,44] for results on holomorphic and birational actions. There are also
many results (usually in the C? setting) for actions of specific lattices on manifolds
where there are topological obstructions to the group acting; a partial list of such
results includes [27,28, 151, 189, 190, 194, 195, 204]. Part 3 of this text presents
recent progress towards this conjecture made in [31].

1.3.4. Local rigidity. Beyond the finiteness of actions in low dimensions, there
are a number of local rigidity conjectures that aim to classify perturbations of non-
finite actions. We recall one common definition of local rigidity of a C* group
action:

Definition 1.2. An action a: I' — Diff (M) of a finitely generated group T is
said to be locally rigid if, for any action &: I' — Diff* (M) sufficiently C'-close
to «, there exists a C'* diffeomorphism h: M — M such that

hoda(y)oh™ = a(y) forall yeI. 1.2)

In Definition 1.2, using that I is finitely generated, we define the C'! distance
between « and & to be

max{dci(a(y), a(y)) [ v € F}
where F' < I is a finite, symmetric generating subset.

Local rigidity results have been established for actions of higher-rank lattices in
many settings. For instance, local rigidity is known to hold for isometric actions by
[17,79]. In the non-isometric setting, local rigidity has been established for affine
Anosov actions.

Definition 1.3. We say an action : I' — Diff (M) is Anosov if a(y) is an Anosov
diffeomorphism for some vy € I

See Example 10.5 and Remark 10.6 for examples of affine Anosov actions of lat-
tices on tori.

For Anosov actions, note that while structural stability (1.1) holds for individual
Anosov elements of an action, local rigidity requires that map A in (1.2) intertwines
the action of the entire group I'; moreover, unlike in the case of a single Anosov
map where h is typically only Holder continuous, we ask that the map A in (1.2)
be smooth.

There are a number of results establishing local rigidity of affine Anosov actions
on tori and nilmanifolds including [90, 94, 110, 112, 156, 159]. The full result on
local rigidity of Anosov actions by higher-rank lattices was obtained in [115, The-
orem 15]. See also related rigidity results including [94] for results on deformation
rigidity and [94,96,130, 157] for various infinitesimal rigidity results. Additionally,
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see [80, 143] for local rigidity of closely related actions and [106] and [115, Theo-
rem 17] for results on the local rigidity of projective actions by cocompact lattices.

1.3.5. Global rigidity. Beyond the study of perturbations there are a number of
conjectures and results on the global rigidity of smooth actions of higher-rank
lattices. Most global rigidity results in the literature focus on various families of
Anosov actions. (Though, see Conjecture 11.5 for a global rigidity conjecture
that is not about Anosov actions.) Such conjectures and results aim to classify
all (typically volume-preserving) Anosov actions by showing they are smoothly
conjugate to affine actions on (infra-)tori and nilmanifolds. See for instance [71,81,
90,94,111,112,143,158] for a various global rigidity results for Anosov actions.

Recently, [38] gave a new mechanism to study rigidity of Anosov actions on tori;
in particular, it is shown in [38] that all Anosov actions (satisfying a certain lifting
condition which holds, for instance, when the lattice is cocompact) of higher-rank
lattices are smoothly conjugate to affine actions, even when the action is not as-
sumed to preserve a measure. This provides the most general global rigidity result
for Anosov actions on tori and nilmanifolds.

1.4. Actions of higher-rank abelian groups. In Part 1, the discrete groups we
consider are higher-rank abelian groups of the form Z* for k > 2. We focus on
certain affine Anosov actions and aim to classify all invariant measures for such
actions.

Recall that Anosov diffeomorphisms f: T¢ — T on tori are classified up to
continuous changes of coordinates. Such maps f leave invariant many closed sub-
sets and probability measures on T¢ of intermediate dimension. (See Proposition
2.1 and nearby discussion.) For Anosov actions (satisfying certain non-degeneracy
conditions) of higher-rank abelian groups Z*, a number of rigidity results show
that properties of higher-rank actions are strikingly different from actions of a sin-
gle Anosov diffeomorphism. We outline some of these results known to hold in
this setting:

(1) Local rigidity results—in which a perturbations of affine Anosov actions
are smoothly conjugate to the original actions—have been established in
[110, 113, 115] with the most general results appearing in [58]. A partial
list of related local rigidity results in the setting of partially hyperbolic
actions include [47,48, 180, 181, 185, 186].

(2) Global rigidity results—in which all Anosov actions on tori and nilman-
ifolds are shown to be smoothly conjugate to affine actions—have been
establish in [49, 76,77, 103-105, 165] with the most complete result be-
ing [166]. Under strong dynamical hypotheses, a number of these results
including [49, 103, 104] establish global rigidity results without any as-
sumption on the underlying manifold.

(3) Results classifying all invariant sets (such as showing all closed invariant
sets are finite or all of M) including Furstenberg’s theorem ([85], Appendix
A, and Theorem 2.2 below) and [19].
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(4) Measure rigidity results—in which all ergodic, invariant Borel probabil-
ity measures with positive entropy are shown to be algebraic or smooth—
have been established in a number of settings including Theorems 2.5 and
2.8 discussed below and in [62, 114, 168]. See also [100, 102] for ver-
sions of these results in non-linear and non-uniformly hyperbolic settings
(discussed in Section 20) and [59-61, 63] for related results for diagonal
actions on homogeneous spaces (discussed in Section 21.)

1.5. Rigidity and classification of orbit closures and invariant measures. A
direction which is not pursued in this text concerns actions of groups I' with much
less structure than those considered above. As a prototype, one should consider
I" = F5, the free group on two generators. Instead of studying all actions of such
groups, one might consider families of actions arising from geometric or algebraic
constructions or actions satisfying certain dynamical properties. The aim is then to
classify certain dynamically defined objects, such as orbit closures and invariant (or
stationary) measures, by showing that such objects are smooth or homogeneous.

Consider a discrete group I' and an action a: I' — Diff" (M) on a compact
manifold M. Given x € M the orbit of x is

0, = {a(7)(z) : ye )
and the orbit closure of z is O, the closure of O,, in M. A probability measure s
on M is I'-invariant if for all v € I" and Borel measurable B < M we have

u(B) = p(a(y~1)(B)).
Given a probability measure v on the acting group I', we say that a probability
measure y on M is v-stationary if for all Borel measurable B — M we have

§(B) = f (o) (B)) du().

That is, p is v-stationary if it is “invariant on average.” While an action might not
admit invariant measures (for instance if the group I' is non-amenable), for any
measure v on I there always exists at least one v-stationary measure (assuming M
is compact and the action is CV.)

For a diffeomorphism f: M — M exhibiting strong hyperbolicity properties,
there always exist orbit closures that are Cantor sets (of intermediate Hausdorff
dimension) and singular invariant probability measures supported on these Cantor
sets. This holds, for instance, if f is Anosov or preserves an invariant measure with
no Lyapunov exponent equal to zero; see Proposition 2.1 and nearby discussion
as well as [24, 107]. Similarly, singular orbit closures and invariant or stationary
measures may appear for actions of free groups.

However, there are a number of extremely influential results establishing homo-
geneity of orbit closures and invariant measures in certain homogeneous or affine
settings. An extremely important setting in which such a program was carried
out is Raghunathan’s conjecture (see [51, pg. 358]) on the homogeneity of orbit
closures for unipotent flows on homogeneous spaces. Important special cases of
this conjecture were established in many papers including [25,50-52,55, 86, 177].
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Classification of orbit closures was central to Margulis’s proof of the Oppenheim
conjecture [139, 140] and later results of Dani and Margulis [53, 54]. The full con-
jecture on the homogeneity of all orbit closures and invariant measures for unipo-
tent flows was established by Ratner in a series of papers [161-164]. Similar results
in more general homogeneous spaces and using different techniques were obtained
in [144].

More recently, there have been a number of breakthroughs in homogeneous dyn-
amics and Teichmiiller dynamics where new techniques are developed to classify
orbit closures and invariant and stationary measures for certain families of group
actions. In these settings, a number of common rigidity properties of an action
a: I' — Diff (M) are established:

(1) Stiffness of stationary measures: all v-stationary measures are I'-invariant
(for a finitely supported measure v whose support generates I').

(2) Rigidity of invariant measures: all ergodic, I'-invariant measures are a
volume on a ‘nice’ (e.g. homogeneous, affine, or smooth) submanifold.

(3) Rigidity of orbit closures: all orbit closures are ‘nice’ submanifolds.

In homogeneous settings, one may consider the natural action (see Example
10.5) of a subgroup I' of SL(n,Z) on the torus T™. In [91,92, 148] closed invari-
ant sets were classified under various hypotheses on the acting group. Assuming
certain algebraic properties of the group I', in [23] and [13] all stationary measures
are shown to be either supported on a finite set or are the Lebesgue volume on T"
and hence are ['-invariant; moreover, every orbit is either finite or dense. Similar
results appear in [13] for groups of translations on homogeneous spaces and under
weaker hypotheses (which allow for orbit closures to be finite unions of proper
homogeneous submanifolds) in [14, 15]. See also [170] for an application of the
method from [14] to a certain non-volume-preserving homogeneous action and the
recent preprint [66] that extends many of the above results with fewer algebraic
conditions.

In Teichmiiller dynamics, an affine but non-homogeneous action of SL(2,R)
(the natural SL(2,R)-action on a strata 7 (x) in the moduli space of abelian dif-
ferentials on a surface) is studied in the breakthrough work [67]. For the ac-
tion of the upper-triangular subgroup P < SL(2,R) and for certain measures v
on SL(2,R), the P-invariant and v-stationary measures are shown in [67] to be
SL(2,R)-invariant and to coincide with natural volume forms on affine submani-
folds. This classification of P-invariant measures is used in [68] to show that P-
and SL(2, R)-orbit closures are affine submanifolds.

In inhomogeneous settings, there are a number of families of actions for which a
classification of orbit closures and invariant measures is both expected and desired.
Such a classification was attained for nonlinear group actions on surfaces (satisfy-
ing certain dynamical hypotheses) in [35]. Analogous results are expected to hold
in higher-dimension.

1.6. Common themes. We end this introduction by outlining two common themes
that recur throughout this text.
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1.6.1. Entropy, exponents, and the geometry of conditional measures. The first
major theme that runs throughout this text is the relationship between metric en-
tropy, Lyapunov exponents, and then geometry of measures along foliations and
orbits. The most basic relationship between these quantities is expressed in Lem-
mas 3.6 and 8.4 which, for C? (or C1*5) diffeomorphisms, characterizes measures
with zero metric entropy precisely as those measures whose conditional measures
along unstable Pesin manifolds are purely atomic.

For measures with positive entropy but failing to attain equality in the Margulis-
Ruelle inequality (Theorem 8.6(1) below), the Ledrappier—Young entropy formula
(Theorem 8.7 below) gives a very general relationship between the geometry of
conditional measures on unstable manifolds (specifically, the transverse dimension
relative to the stratification into fast unstable manifolds), Lyapunov exponents, and
metric entropy.

Our principal interest is in measures which attain equality in the Margulis-Ruelle
inequality. (At times we will also be interested in measures that attain the maxi-
mal value for entropy conditioned along some expanding foliation or orbit of a
group; see Definition 8.3 and (9.3), page 52.) For such measures, Ledrappier and
Ledrappier—Young showed (see Theorem 9.3, and (8.3), page 46) that conditional
measures along unstable manifolds are absolutely continuous with respect to the
Riemannian volume. Moreover, Ledrappier explicitly computes the density func-
tion of the conditional measures; in the case that the foliation and its dynamics
are homogeneous, this yields invariance of the measure along the foliation. See
Proposition 5.8 and Theorem 9.5.

Deriving invariance of a measure from entropy considerations underlies the “in-
variance principle” for linear cocycles in [125] and its extension to C''-cocycles in
[6]. It is one of key ideas in the classification theorem of Margulis and Tomanov
[144] extending and giving some alternative arguments to Ratner’s measure classi-
fication theorem. See for example discussion in [192, Section 5.6]. Related entropy
arguments are used in [67]. The relationship between entropy and the geometry
conditional measures also plays a key role in [60, 61].

In this text, we use the relationship between entropy and geometry conditional
measures in our proofs of Theorem 2.8 and Theorem 15.1 (and its extension in
Proposition 15.5.) In our proof of Theorem 2.8, we use Proposition 5.8 (as well
as the fact that all foliations considered are one-dimensional) to simplify certain
arguments from [114]. In the proofs of Theorem 15.1 and Proposition 15.5, we
use Theorem 9.5 to obtain invariance of certain measures under a group action by
studying the entropy conditioned along the orbits of the group.

1.6.2. Linear functionals and higher-rank dynamics. In the proofs of the rigidity
results considered in this text, we always reduce part of the proof to studying dyn-
amics of higher-rank groups of the form R” for k > 2. The proofs of Theorems 2.8,
11.4, 11.6, and 15.1 all use similar tricks that rely on the fact that R” is higher-rank
when k& > 2. To each action of R¥, we will associate certain dynamically defined
linear functionals. In the proof of Theorem 2.8, these are the Lyapunov exponents.
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In the proofs of Theorems 11.4, 11.6, 15.1 these are the fiberwise Lyapunov expo-
nents and the roots of the Lie algebra (where R¥ ~ A is the maximal split Cartan
subgroup of diagonal matrices).

The higher-rank tricks we employ are all variations on the following trivial fact:
if \: R¥ — R is a non-zero linear functional and if k& > 2, then there exists s € R*
with sg € ker(A) and so # 0. In the proof of Theorem 2.8, the selection of such a
so ensures there exists nontrivial dynamics acting isometrically along a dynamical
foliation (see Lemma 6.2.) In the proofs of Theorem 11.4 and Theorem 15.1,
the higher-rank assumption and the low-dimensionality of the fiber ensures we
may find a nontrivial sy for which all fiberwise Lyapunov exponents vanish (see
(15.1), page 75.) In the proof of Theorem 11.6, we use that if A, 3: R¥ — R are
non-proportional, non-zero linear functionals then we may select so € R* such
that sp € ker 8 and A\(sp) > 0. When X is a fiberwise Lyapunov exponent (for
some RF-invariant measure) and {3 is a root, this implies that s is centralized by
a unipotent root subgroup and we can average (the measure) over this subgroup to
obtain a new fiberwise Lyapunov exponent (for a new measure) ' : R¥ — R with
X (sp) > 0. See Claim 18.1 and the proof of Proposition 17.2 in Section 18.4.
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Part 1. Rudolph and Katok-Spatzier measure rigidity theorems

2. FURSTENBERG’S CONJECTURE; THEOREMS BY RUDOLPH AND
KATOK—-SPATZIER

2.1. Furstenberg conjecture. Let S' = R/Z be the additive circle. Note that for
ke {2,3,4,...} the map

Mp: x— kxr mod 1
is an expanding map of S'. The following properties of M, are well-known. For
instance, using that M, is uniformly expanding for £ > 2, one may pass to a

symbolic extension and derive such properties using symbolic dynamics of the full
k-shift.

Proposition 2.1. For k € {2,3,4,...} there exist

(1) uncountably many mutually disjoint, closed, invariant subsets A — S*;
(2) uncountably many ergodic, My-invariant Borel probability measures p
with positive metric entropy h,(My).
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Analogous results hold for Anosov diffeomorphisms and Axiom A systems [24]
and for any C*5-diffeomorphism of a surface with positive topological entropy
[107].

Note that each map M), generates an action of the semigroup Ng on S*. In [85]
Furstenberg considered the action of the semigroup N(Q) generated by

r+—2r modl, z— 3x modl.

Theorem 2.2 ([85]. See Appendix A). The only closed subsets of S* that are
invariant under both

rx—2xr modl, z—3z modl

are finite subsets (of rational numbers) or all of S*.

In [19], Berend extended Furstenberg’s result to subsets of tori invariant under
certain abelian groups of automorphisms. (See also [187] for further discussion on
higher-rank abelian actions of toral automorphisms and [13-15,23,91,92, 148] for
results concerning actions by toral automorphisms of more general groups.)

Note that both generators z — 2z mod 1 and z — 3z mod 1 preserve the
Lebesgue measure m on S'. Thus, m is invariant under the action of the semigroup
N% generated by Ms and Ms. Also, for any rational point p/q¢ mod 1 € Q/Z, the
orbit of p/q under the action of Ng is finite and there is an Ng—invariant measure
supported on this orbit.

From Theorem 2.2 and the above observations, it is natural to conjecture the
following.

Conjecture 2.3 (Furstenberg’s conjecture). The only ergodic, Borel probability
measure on S* that is invariant under both

x—2x modl, =z~ 3xr modl

is either supported on a finite set (of rational numbers) or is the Lebesgue measure
1
onS".

Remark 2.4. In Conjecture 2.3, the word ergodic means ergodic for the semi-
group action generated by My and Ms. That is, if p is an Ma- and M3-invariant
measure, then /4 is ergodic if any measurable set D — T3 satisfying

My*D)=D  M;YD)=D

has either (D) = 1 or u(D) = 0. Itis possible that /. is ergodic for the N3-action
but not ergodic for either of the generators M, or Mj.

2.2. Rudolph’s theorem. Conjecture 2.3 remains open. Building on previous re-
sults (specifically [135] and [98]), Rudolph obtained what is still the optimal partial
resolution of Conjecture 2.3.

To state the result, we refer to the definition of metric entropy h,(f) for a p-
preserving transformation f defined in Section 8.1 below. If f: X — X is a
continuous transformation of a compact metric space and if y is an f-invariant
measure supported on a finite set then the metric entropy h,,(f) is zero. The con-
verse need not hold; indeed using symbolic dynamics one can build measures . on
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S1 that are ergodic and invariant under Mo, satisfy h,(M2) = 0, and have no atoms
and hence have infinite support. Explicit examples of such measures include mea-
sures supported on infinite minimal subshifts with zero topological entropy such as
Sturmian subshifts and Morse-Thue (and more general substitution) subshifts; see
[131, §13.7].

In [168], Rudolph resolved Conjecture 2.3 except, possibly, for zero entropy
measures with infinite support.

Theorem 2.5 ([168]). The only ergodic Borel probability measure on S' that is
invariant under both

My:xz—2xr modl and Ms: xz— 3x mod1

and satisfies

hu(Mg) >0 or hu(Mg) >0
is the Lebesgue measure on S*.

2.3. Katok—Spatzier reformulation of Furstenberg and Rudolph. A minor tech-
nical nuisance in studying Furstenberg’s conjecture is that the action is noninvert-
ible. That is, the maps

r—2xr modl, z—3z modl

generate an action of the semigroup N3 rather than the action of a group. By
passing to the natural extension solenoid one can induce an action of the group
Z* that contains the N3-action as a topological factor.

One can view the natural extension solenoid as an analogue of 3-dimensional
torus except that the solenoid has non-Archimedean directions. A. Katok proposed
studying a related action on a more familiar space: the action of two commut-
ing (hyperbolic) automorphisms of T3. One then naturally obtains a version of
Furstenberg’s conjecture for Z*-actions by automorphism of tori and solenoids of
arbitrary dimension. A generalization of Rudolph’s theorem under a number of
hypotheses was established in this setting by Katok and Spatzier [114,116].

We will focus on the following concrete example which demonstrates many of
the ideas in the paper [114].

Example 2.6. Let

3 21 2 11
A=\ 2 2 1 |, B=|1 220 2.1
1 11 1 01

One verifies the following properties of A and B:

Claim 2.7.

(1) det A = det B = 1 so A and B preserve the orientation on R® and the
integer lattice 73;
(2) A has 3 distinct real eigenvalues

Xa>1>x%>x%>0;
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(3) B has 3 distinct real eigenvalues
> xhE>1>x%5>0;

(4) A and B commute: AB = BA;
(5) A*B* = 1d only when k = £ = 0.

As A and B commute and are diagonalizable over R, they are jointly diagonal-
izable. The enumerations of the eigenvalues of A and B are chosen so that Xf4 and
Xﬁg correspond to the same joint eigenvector; see (3.1) below.

Since both A and B preserve the integer lattice Z3 — R?, they induce diffeo-
morphisms

Ly: T3 — T3, Lp: T3> T3
where T3 is the quotient group T? = R3/Z3 and L4: T3 — T3 is the automor-
phism
La: (z+7Z3) — Az + 73
Note that each of the diffeomorphisms L: T3 — T3 and Lp: T? — T3 is an
Anosov diffeomorphism.

The maps L4 and Lp generate a Z2-action a: Z? — Diff(T?) on the 3-torus

given by

a(n,ng) (v) = Ly (L (2)) = Lg (LY (2)) = Lan oz ().

Note that given any Z-action, any homomorphism 1 : Z? — Z induces a “fake”
Z?-action where the kernel of 1) acts trivially. Claim 2.7(5) ensures the action « is
not of this form; that is, « is a “genuine” 72-action.

In [114,116], Katok and Spatzier proved a generalization of Rudolph’s theorem
for Z*-actions on tori and solenoids generated by automorphisms under a number
of technical hypotheses. These hypotheses are satisfied by the action in Example
2.6. We note that some of these hypotheses were later removed in [62]. The main
result from [114] applies to the action constructed in Example 2.6 and yields the
following natural analogue of Rudolph’s Theorem, Theorem 2.5.

Theorem 2.8. Let L 4, L: T3 — T2 be as in Example 2.6. Then, the only ergodic,
Borel probability measure 1 on T that is invariant under both L4 and Lp and
satisfies

hu(La) >0 or hy(Lg)>0

is the Lebesgue measure on T3.

The rest of this part will be devoted to proving Theorem 2.8. For a more concise
yet complete proof of this result, see [99, Section 2.2].

Remark 2.9. To generalize the action constructed from Example 2.6, let A €
GL(d,Z) be a matrix whose characteristic polynomial is irreducible over QQ and
has d distinct real roots. It follows from Dirichlet’s unit theorem (see [109, Propo-
sition 3.7]) that the centralizer of A in GL(d,Z) contains Z%~! as a subgroup of
finite index. Let a: Z¢~! — Diff(T¢) be the induced action. See [109], where
such actions of Z%1 on T are called Cartan actions, for further discussion.

The proof we present of Theorem 2.8 adapts to show the following.
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Theorem 2.10 ([114]). For d > 3 and any Cartan action oc: 79~ — Diff(T?) as

above, any ergodic, o-invariant Borel probability measure jv on T¢ with
hu(a(n)) >0

for some n € 73~ is the Lebesgue measure on T¢.

3. REDUCTIONS IN THE PROOF OF THEOREM 2.8

3.1. Lyapunov exponent functionals. Let A and B be as in Example 2.6. Since
the eigenvalues of A and B are distinct real numbers, A and B are diagonalizable
over R. Moreover, since A and B commute, they are jointly diagonalizable; that
is there is a Q € GL(3,R) such that

1 xXh 0 0 ) xp 0 0
Q'AQ=| 0 x4 0 |, Q@ 'BQ=| 0 x% 0 |]. 3D
0 0 x4 0 0 x3

Forl < j <3, let EJ denote the jth joint eigenspace of A and B (corresponding
to x’y and x’%.) As each A and B is irreducible over Q, the eigenspaces E7 are
totally irrational: if v € E* . {0} has coordinates v = (v1, v2, v3) then vy, v, and
vs are linearly independent over Q.

It is more convenient at times to work with the logarithm of the eigenvalues of
Aand B. For j € {1,2,3} let

Ny =log(x%), A =log(xp).
Note that for any (n1,n2) € Z? we have

L ()™ (xp)™ , 0 0
QT AMB™Q = 0 ()™ (xz)"™ 0
0 0 O™ (xB)"™
eTL1>\lA+n2/\IB 0 0
— 0 6711)\124—&-712)\23 0
0 0 enl)\iJrng)\%

For any (ni,ng) € Z2, the subspace E’ is an eigenspace for A" B"2. Let
X’ (n1,n2) be the eigenvalue of A™ B™2 corresponding to the eigenspace E7. We
have A . .

log(x? (n1,n2)) = ni Ny + na .
Thus, the map ) : Z? — R given by

/\j(nl,ng) = log(Xj(nl, ng)) = nl/\ix + ng)\fg
is additive. In particular, each )/ extends to a linear functional )/ : R? — R.

Definition 3.1. The linear functionals \/: R?> — R are called the Lyapunov ex-
ponent functionals for the action .

3.2. Stable, unstable, and Lyapunov foliations of T>. Note that R? acts by trans-
lation on T? as does any vector subspace V < R3. For 1 < j < 3 and any x € T3



ENTROPY, LYAPUNOV EXPONENTS, AND RIGIDITY OF GROUP ACTIONS 15

let W7 (x) denote the orbit of = under translation by elements of the vector sub-
space FV:

Wi(z) ={zx+v:ve E’'}.
The sets W7 (x) form a foliation of T? by lines. We call W7 (z) the jth Lyapunov
manifold through x and call the corresponding foliation the jth Lyapunov foli-
ation. Note that if 2/ € W7 (x) with 2’ = x + v for some v € E7 then for any
(n1,n2) € Z2 we have a(ny,no)(z') € W/ (a(ny,n2)(z)) and

a(ny, no)(a) = a(ng,ng)(x) + e Mm2)y,
In particular, the action by «(n1,n2) dilates distances in W/-leaves by exactly
eAj(nl,ng)‘
Given (0,0) # (n1,n2) € Z2, let

Efoyny) = | @ FadEp, ) = | e ¥~

A\ (TL1,n2)<O A\ (nl,n2)>0
be the stable and unstable subspaces for the matrix A™ B™2. For x € T? we
similarly define W¢, (x) and Wi na) (z) to be the orbits of = under E?

(n1,n2)
and B . respectively. For (ny,n2) # (0,0), the map

(n
a(ni,ng) = LML : T — T?
is Anosov and W¢, ) () and Wi ns) (x) are the stable and unstable manifolds

through x for the Anosov diffeomorphism a/(n1,n2).
Observe

Claim 3.2. For any (n1,ns) € Z2, any x € T3, and any (0,0) # (m1, mso) € Z>

(1) a(ny, n) (W () = W (a(n1,ng)(x));
(2) alng, m2) (W, o () = W (@l n2) (2);

(m1,mo
(3) alm,ma) (Wi o (@) = Wen (e, na) (@));

(4) Eszth) and E(Smth) are positive-dimensional and have complementary

dimension in R3;

(5) the sets Wgn17m2)(z) and W¢

or lines that intersect transversally and have complementary dimension in
T3.

17m2)(33) are injectively immersed planes

J
(n1,m2
and (3) follow from the commutativity of «(n1,n2) and a(mq, mg). Property (4)

follows as A (mq,mz) # 0 for each (0,0) # (m1,m2) € Z? and

Property (1) is clear as E ) is an eigenspace of A™ B™2. Properties (2)

/\1(m1,m2) + Az(ml,mg) + /\3(m1,m2) =0

for every (m1, mz) € Z2. Property (5) follows from (4) and that the spaces E' are
totally irrational.

Remark 3.3. If o: Z%~! — Diff(T?) is as in Theorem 2.10 then there are d
Lyapunov exponent functionals \': Z4~! — R, 1 < i < d. Moreover, these are in
general position. Analogous properties to those in Claim 3.2 hold in this case. For
instance, we claim that for each 1 < i < d there is some n € Z4~! with \(n) > 0
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and \'(n) < 0 for all j # 4; in particular, for such n, E¥ is 1-dimensional and E},
is (d — 2)-dimensional. We actually claim a stronger fact as in Claim 3.2(4): for
any non-trivial partition

{1,...,d} =AuB, A#J,B#*J
there exists n € Z% ! such that
M(n) <0 forallie A

and '
A'(n) >0 forallie B.

This can be seen by observing there are 2¢ — 2 such partitions. Similarly, d
hyperplanes in R?~! in general position divide R%~! into 2¢ — 2 connected com-
ponents each of which corresponds to a different collection of signs.

Recall that the eigenspaces E7 are totally irrational. In particular, from the
unique ergodicity of totally irrational flows on tori we obtain the following.

Lemma 3.4. A Borel probability measure j. on T? is the Lebesgue (Haar) measure
if and only if there exists 1 < j < 3 such that the measure (v is invariant under the
1-parameter group of translations generated by E7.

Thus, to prove Theorem 2.8, it is enough to verify that any ergodic, (L4, Lp)-
invariant measure with positive entropy is invariant under translation by £7 for
some 1 < j < 3.

3.3. Conditional measures and leaf-wise measures. (See Appendix B, [45], Sec-
tion 8.1.1, and [65, Section 5] for additional details and references.) Let u be a
Borel probability measure on T2. In general, the partition of (T3, 1) into the jth
Lyapunov manifolds W7 is not a measurable partition. (See Lemma 3.6 below
for precise statement as well as Appendix B.) Let £ be a measurable partition (see
Section 8.1.1 and Definition B.7 in Appendix B) of T? subordinate to W7 (see
Definition 8.2); that is

(1) € is a measurable partition of the measure space (T3, 1n);

() &(x) € Wi(x) for p-ace. x;

(3) &£(z) contains an open neighborhood of x (in the immersed topology) in

W (x) for p-ae. x;
(4) &(x) is precompact in the immersed topology of W/ (x) for p-a.e. x;

Let { ,ug;} denote a family of conditional measure of y relative to the partition
. That is (see Definition 8.1 and Definition B.2 in Appendix B.2)

(1) 1§ is a Borel probability measure on T3 such that 14 (¢(z)) = 1;
(2) if y € &(x) then g, = pis:

(3) if D < T3 is a Borel set then 2z — ,ug(D) is measurable and

) u(D) = [ (D) du(a).

Such a family { ui} of probability measures exists and is unique modulo p-null sets
(see [167].)
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Rather than studying conditional probability measures {ui} discussed above
that depend on the choice of partition &, it is more convenient to study a family of
leaf-wise measures denoted by {y} along W7, Each measure 2 in this family is
a locally finite, Borel measure (with respect to the immersed topology) on W/ (x)
but is typically an infinite measure. We discuss the properties of these measures
and then outline their construction.

Given z € T3, let

I:={z+v:ve E v <1}
denote the unit ball (i.e. interval) in W7 (x) centered at x. Given two locally finite,
Borel measures 77; and 72 on W/(z) we say 71 and 7)o are proportional, written
niocny if there is ¢ > 0 with

m = cn2.

Proposition 3.5 (Leaf-wise measures). For almost every x € T3 there is a locally
finite, Borel (in the immersed topology) measure 13, on W3 (z) such that

(1) each ,u?; is normalized so that uﬁ;([;{) =1;

(2) the family {p | Ij} of probability measures on T® depends measurably on
x; . .

(3) for x' € W(x) we have P oC

(4) for any (n1,n2) € Z2 we have

a(ni, ng)« (,u,i)OCMg{(m n2)(x)’

(5) given any measurable partition ¢ subordinate to W7, the conditional prob-
ability measure uy at x is given by

e 1
T ()

Outline of construction. To construct the family { ,ué} of leaf-wise measures, con-
sider a sequence {¢ k}keN of measurable partitions of T3 such that

(1) each &F is subordinate to W7,
(2) for almost every x, we have £¥(z) < ¢F+1 (z), and
(3) for almost every z, we have | J; £*(x) = W (z).

k
From the uniqueness of conditional measures, for almost every = we have that ,ug
4
and p& coincide on &% () N €¢(x) up to normalization: if £ > k then

ek 1 gt
Pa =~ Hz lev(z)-
i (€ (x))
For each « and every k sufficiently large so that
I < &),
let
ek 1 ¢k
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Then, given any compact (in the immersed topology) subset K = W7(z), we have
for any k and £ such that K < ¢*(2) and K < /() that

i (K) = i€ (K). (3.2)

The measure ugg on WJ(z) is then defined to be the locally finite Borel measure
defined by (3.2) for each compact K < W/(x). Properties (1), (2), and (5) follow
from construction and the properties of the families of conditional measures { s }.
Property (4) follows from the invariance of . ‘ }

For Property (3), note that if 2’ € W/ (x) then both 7 and ,u?c , are locally finite
Borel measures on the same space W7 (x) = W7(z'). Moreover, there is some /

£ 4
such that 2’ € £¢(z). Since the conditional measures ,ug = Mi, coincide, it follows

that the leaf-wise measures ,u?; and ui, are proportional; however, due to the choice
of normalization we typically have 1, # fi7,. O

See also Section 6 of [64], especially Theorem 6.3, where the construction of the
family of leaf-wise measures is presented in a more general setting. We emphasize
that the topology for which yiZ. is Borelian is the immersed topology on the sub-
manifold W7 (x) rather than the topology inherited as a subset of T?3; as measures
on T3, the measures /. are rather pathological whenever they are non-atomic (see
Lemma 3.6 below.)

For (0,0) # (n1,n2) € Z? and for a.e. z € T we similarly construct locally
finite, leaf-wise measures M(Sn and pf on the leaf of the corresponding

1,n2),% (n1,m2),x
stable or unstable foliation through z.

Recall that an atom of a locally finite measure y on a space X is a point x € X
with p({z}) > 0. A probability measure ; on X is an atom supported at x if
w(X N {z}) = 0and p({zr}) = 1 in which case we write u = J,. We have
the following equivalences. (See Lemma 8.4 below for a proof of a more general
statement. )

Lemma 3.6. Let (n1,n2) € Z? ~ {(0,0)} and let u be an ergodic, a(ny,ns2)-
invariant measure on T3. The following are equivalent:
(1) hy(a(ni,n2)) = 0;
(2) for p-a.e. x, the measure ,u(“nl o) has at least one atom;
(3) for p-a.e. x the measure u”{m o) = 0 Is a single atom supported at x;
(4) the partition of (T3, p) into full W,

n1,n2)

)

-leaves is a measurable partition.

For every x € T3, the subspace £/ — R3 gives a coordinate system (inducing
the immersed topology) on the embedded line W/ (x). It is convenient to make
these coordinates explicit: for z € T3, define an identification ®, between the
vector space F7 and the immersed manifold W7 (z) < T by

®,: B — Wi(x), O, (v) =z + 0.

Let 2 denote the locally finite Borel measure on E7 given by pull-back under ®.;
that is (see also Figure 2, page 32), let

vi = (97 1)+ (ud).
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Remark 3.7. The map @, describes W (z) as an immersed copy of E’ with =
as the origin. Thus, for 2’ € W/(zx) with x # 2’ we have &, # ®,,. However,
writing #’ = x + v for some v € £’ we have

(baz(t) = Oy (t - U).

What is the difference between /ﬂ; and 1/51‘? For each = € T3, the measure ug;
is a locally finite measure on the immersed curve W7 (z) < T3. For 2’ ¢ W/ (x)
it is difficult to compare the measures ,uf; and ,ui,. On the other hand, for each
z € T3, the measure /2, is a locally finite measure on the vector space £/ ~ R; in
particular, it is much more convenient to work with the collection {u%} as we can
easily compare V2 and I/i ,forz # x' € T3,

For 2/ € W(z), recall that yhocy’, as Wi(z) = Wi(z'). However, for
2’ € WJ(z) we do not necessarily have that ugocui ,. The key step in the proof
of Theorem 2.8 is to establish that V%ocyi , for (typical) 2’ € W/ (x).

The following lemma characterizes measures on T3 that are invariant under
translations by E7. Together with Lemma 3.4, this reduces the proof of Theorem
2.8 to studying the geometry of the family of measures {v7}.

Lemma 3.8. A probability measure pi onT3 is invariant under translations by 7
if and only if for p-a.e. x the measure v3 is proportional to the Lebesgue (Haar)
measure on FJ ~ R.

4. INTERLUDE: TOOLS FROM SMOOTH ERGODIC THEORY

To complete the proof of Theorem 2.8, a number of additional tools from smooth
ergodic theory are needed. These tools and facts as well as many additional facts
that will be used in Part 3 are collected in Part 2 below. For the proof of Theorem
2.8 we encourage the reader to first read

(1) Section 8.6, especially Propositions 8.12 and 8.13 (used in Section 6.4),
and

(2) Section 9.1, especially Theorems 9.3 and 9.5 (used in Section 5.1 and Sec-
tion 6.3.)

To understand these statements, the reader should refer to Section 7.1, Section 7.4
(especially 7.4.1), Section 8.1, Section 8.3, and Definition 8.5.

5. ENTROPY, TRANSLATION, AND GEOMETRY OF LEAF-WISE MEASURES

In this section, we present two key propositions, Proposition 5.6 and Proposi-
tion 5.8 below, that will be used in the proof of Theorem 2.8. To motivate these
results, in the setting of Theorem 2.8, let u be an ergodic, a-invariant probabil-
ity measure with positive entropy (for some element of the action). By Lemmas
3.4 and 3.8, the proof of the theorem reduces to showing that for almost every x,
the measure v}, is proportional to the Lebesgue (Haar) measure m on £/ ~ R
for some j € {1,2,3}. This is equivalent to showing that the measure 3 is the
Lebesgue (Haar) measure along the manifold W/ (x) = = + E7.
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We present here two key propositions that will give us such properties of the
measures pj and v2. First, under suitable geometric hypotheses on a measure
v on R, we show in Proposition 5.6 that v is of the form v = pm where m
denotes the Lebesgue measure on R and p: R — R is a density function with
0 < p(z) < o for m-a.e. z. In Section 6, we then show for some j € {1, 2, 3} that
these geometric hypotheses hold for the measure v for p-a.e. x. Second, using
an entropy computation due to Ledrappier (see Theorem 9.3 below), we show in
Proposition 5.8 that the density function p above is constant and, specifically, that
% is the Lebesgue measure on W7 (z) for almost every z.

5.1. Shearing measures on R. Consider a locally finite Borel measure v on R.
For t € R, denote by 7} : R — R the translation

Tt(ac) =x+t
and let (7}),v denote the measure defined by
(T})sv(B) = v(T-+(B)) = v(B — t).

Recall that two locally finite Borel measures v; and 5 on R are proportional,
written 11 Cro, if there is a constant ¢ > 0 with

V| = cls.

Two locally finite measures v; and 15 on R are equivalent if there is a measurable
function p with 0 < p(x) < oo for all = such that

vy =pra

where p 17 indicates the measure defined as

(o) (E) = prm dun(z)

for any Borel E.
Given a locally finite Borel measure v on R, let G(v) = R denote the subgroup
of translations satisfying

G(v) = {teR: (T})svov}.

Example 5.1. Consider the Lebesgue measure m on R. Then G(m) = R; in fact
for every t € R we have (73)«m = m.

Example 5.2. Consider v to be the measure on R given by the density e”; that is
dv(x) = e* dm(z).

For ¢ € R we have

d(Ty)«v)(z) = e tdm(xz — t) = e* tdm(z) = e 'e"dm(x)

SO
(T})sv = e tvocw.

Again we have G(v) = R.

Note that for a generic density function p: R — (0, 0), we expect G(pm) to
be the trivial subgroup G(pm) = {0}.
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Although not needed in our proof of Theorem 2.8, one can show the following.

Claim 5.3. If v is a locally finite Borel measure on R with G(v) = R then there
exist C' > 0 and o € R such that v = pm where

p(x) = Ce™,

Indeed, we show in the proof Proposition 5.6 below that, if G(v) = R, then v
is equivalent to m. The density function p is then a measurable function p: R —
(0, 00) such that for each ¢ € R, the function

p(x)
plz —1)
is a constant (in x) function ¢;. As cs4¢ = cscp and as t — ¢; is measurable, the
claim follows.

€T +—>

Example 5.4. Consider the measure v on R given by
V= Z e"op,.
nez
For t € R we have
(T)«v)(B) =v({z —t:x e B}) = > "0pps(B) =" > "6, ,4(B).

neZ neZ

Thus
(1) (T3)«v is mutually singular with v if ¢ ¢ Z, and
(2) if t € Z then (T})4v = e 'vocw.
We thus have that G(v) = Z is a discrete subgroup of R.
We have the following elementary claim.
Claim 5.5. G(v) is a closed subgroup of R.

Recall the support of a measure v, written supp(v), is the smallest closed subset
of full measure. Note that G(v) restricts to a continuous action on supp(v). In
particular, as G(v) is a closed subgroup, if G(r) has a dense orbit in supp(r) then
G(v) acts transitively on supp(v).

We state our first key proposition of this section.

Proposition 5.6. Suppose G(v) acts transitively on the support of v. Then either
(1) the support of v is a countable set and G(v) is discrete, or

(2) v is equivalent to the Lebesgue measure m and G = R.

The assumption that G(v) acts transitively on the support of v in Proposition 5.6
is a very strong hypothesis; for a typical measure on R, we expect G(v) = {0}.

To prove Proposition 5.6, we recall the Lebesgue differentiation and decompo-
sition theorems:

Proposition 5.7. Let v and v5 be two locally finite Borel measures on R. Let
v (B(z,7))
=1 .
ple) =iy (Bler)
Then



22 A. BROWN (ET AL.)

(1) the limit p(x) exists vy-a.e. and defines a vo-measurable function
p: R — [0,00);
(2) the set
S = fa: plx) = o}
is v1-measurable and vy-null;
(3) v1 decomposes as
v =pra+uls.

Proof of Proposition 5.6. Since G(v) < R is a closed subgroup, there are only two
options: either

(1) G(v) is discrete in which case Proposition 5.6(1) follows, or

2) G(v)=R.
We show that if G(v) = R then v is equivalent to the Lebesgue measure m.

We first consider the assertion that v « m. Let p and .S be as in Proposition 5.7

with 1 = v and v = m. If v is not absolutely continuous with respect to m then

the singular set S has positive v-measure. Fix x € S. Then p(z) = 0.
Consider any y € R. Let t = y — z. By the definition of G(v) we have

(T}) v = cv

for some ¢ > 0 so
v(B(y,r))

Phm(B(yr) T B
= limc ! v(B(z,7))
r—0 m(B(f/U,T))
= 0.

It follows that p(y) = oo for every y € R. This contradicts that S is a m-null set. It
follows that v « m.

The reverse absolute continuity  » m follows in the same manner and is left
to the reader. O

5.2. Invariance from entropy considerations. We return to the setting and nota-
tion of Theorem 2.8.

For each x € T3, recall that I% denotes the unit ball (i.e. interval) in W(x)
centered at z. Let m’, denote the locally finite Lebesgue measure on the leaf W(x
normalized so that m’(I;) = 1. Note that for 2’ € W*(z) we have m’, = m},
since m, is invariant under translations by F°.

Our second key proposition of this section shows that if the leaf-wise measures
i are absolutely continuous with respect to m’, then p is automatically invariant
under translations by E’.

Proposition 5.8. For any i € {1,2,3}, fix n € Z? such that
(1) X'(n) > 0, and
(2) M (n) < 0 for both j # i.

Then, the following are equivalent:
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(a) hy(a(n)) = A% A '
(b) for p-a.e. x, the measure pu, is absolutely continuous with respect 1o mg;
(c) for p-a.e. x, the measure 11}, is equivalent to ‘m;; ‘

(d) for p-a.e. x, we have equality of measures pu; = mg;

(e) V. is the Lebesgue (Haar) measure on E* for u-a.e. x.

Remark 5.9. We only prove the implication (a) == (d) of the proposition.
Given (a) = (d), the only other non-trivial implication is (b) == (a). This
implication follows, for instance, from [126] (see Theorem 8.6(3) below) and can
be shown using calculations similar to those in the following proof.

Our proof essentially follows [124, 128] though we make certain simplifications
using that dynamics along W*-manifolds is affine.

Proof that (a) = (d). We introduce some notation. Fix f = «(n). Then f is
a linear Anosov diffeomorphism of T2 such that for every « € T3, the unstable
manifold through = is W(x).

We may assume i is ergodic for f. Indeed, from the Margulis-Ruelle inequality
(see Theorem 8.6(1) below) we have that

hye (f) < A'(n)
for any f-invariant probability measure p’. As entropy is convex (see (8.1), page
44), it follows that h,(f) = Ai(n) for almost every ergodic component ' of
(see Definition 6.5 and Appendix B.4).

Given a measurable partition ¢ of T™, write f~'¢ for the partition
fre=1{(0) | Cegh
Then the atom of the partition f~'¢ containing z is
Fre(@) = fTHEf ()
Recall that the T¥¢-manifolds are the unstable manifolds for f. Let
of
5

be the unstable Jacobian of f: for any precompact, m’ -measurable subset C' <
W' (x) we have

J4(x) =

sy (F(C)) = fo J¥(x) dm.

As the dynamics of f is affine along W *-leaves, we have that J%(z) is constant in
x. Explicitly, we have _
TU(x) = ' (n) = V).
For the remainder, fix ¢ to be a measurable partition of (T2, 1) such that
(1) € is subordinate to the partition into W*-manifolds (see Section 3.3 and
Definition 8.2 below), and

(2) ¢ is increasing under f: for a.e. x we have f~1¢(z) < &(x).
Using that there exists n € Z? such that the W7 leaves are the unstable manifolds
for the Anosov diffeomorphism «a(n): T3 — T3, a partition ¢ with the above
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properties can be constructed, for instance, by taking £ to be the unstable plaques
of a Markov partition (see [24, 108,174]). See also the construction in [126] which
holds for general C'*# diffeomorphisms.

Let { ui} be a family of conditional measures for this partition. Also let

m = ————— ! me |
o mp(E()
denote the normalized restriction of the Lebesgue measure m/’, to the atom &(x)

of this partition. Note that we have m’ (£(z)) > 0 for p-a.e. x since each atom

¢(x) contains a neighborhood of 2 in W(z); in particular, the measure ms is

well-defined for u-a.e. x.

We have
o [ 50U E@)) )
lg< (e ) =0 b
Indeed,
m§(f~1¢(x))
8 <J PR
mgf 15(9 dul (v)d x)

(H ey, )

<logl =

where the inequality follows as

1
J)M(ff()) diSy) = Y mi(C) < mé (&) = 1.

S(F1E®) Ceflg
15(C)>0
We claim that
§(p—1
1 M) du(z) = 0. (5.2)
J °g<u§<f—1§<a:>> )

Indeed, write

J (ui(f—1§<x>>> e
— [1og (771 6@) duto) ~ [ 1og (4 e(a) dita).

From the properties of £, we have (see Section 8.3 below)

- f log(1S(f1€(x))) dpu(w) = h(F 1€ | €) = hu(f).

On the other hand, we claim that

f log (mS(f~¢(2))) dp(x) = ~An). (53)
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To establish (5.3), let

It follows that the function

is L® (1) (in particular L' (1)); from [126, Proposition 2.2] we have that

Jlongf dup = 0.

We then have that

[ 108 (@) dute) = [ 105 (™
oy (v%n) M) <£)<§f<x>>>> o

= J— log x*(n) + log qf dpu

— N (n)

Q

and (5.3) follows.
As we assumed h,(f) = A(n), equation (5.2) follows. From the strict concavity
of log we have

m£<f1§<m>>) ( mE(f 7€) )
log | —/——— | du(x) <log f du(x)
f <u§(f‘1£(w)) pi (1))
with equality if and only if the function

mé(f~1¢(x))

T e e

pa(f1E(2))

is constant off a u-null set. From (5.1) and (5.2), it thus follows that
e (f71E(@) = my(f (@)

for p-almost every . In particular, if C < £(z) is a union of elements of f~1¢,

then ;5(C) = m§(C).
We may repeat the above calculations with f replaced by f™ for n > 1 and

obtain that
ps(f () = mS(f ()
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for p-a.e. x. As the partitions {f~"&(a’) | 2’ € £(x)} generate the point partition
on each £(z), it follows for u-a.e. x that

ps = ms.
: P o FME ()
Replacing £ with f (&) for each n > 1, we obtain uy = my and the
equality 2. = m?, for p-a.e. x follows. ([

Remark 5.10. When f: M — M is an Anosov diffeomorphism or, more gener-
ally, a non-uniformly hyperbolic C''*# diffeomorphism we still have equivalence
of (a), (b), and (c) in Proposition 5.8 when the right-hand side of (a) is replaced by
the sum of all positive Lyapunov exponents counted with multiplicity and the mea-
sures are conditional measures along unstable manifolds. See Theorem 9.3 below
and Appendix D, especially Section D.2.4, for details. The proof is nearly identical
to the above except for the analogue of computation (5.3). Multiplying the mea-
sures m& with an appropriate dynamically defined density (see (D.6) in Appendix
D), a computation analogous to (5.3) still holds. See [128, Lemma 6.1.2].

The extra conclusion (d) in Proposition 5.8 follows in our setting from the fact
that the W?-manifolds are orbits of a group action (namely translation by E? on T?)
and that f acts homogeneously between orbits. The density function guaranteed
by (c) is then constant and equality in (d) holds by choice of normalization. See
Theorem 9.5 below for a more general framework in which the extra invariance in
(d) follows.

Remark 5.11. In our proof of Theorem 2.8 below, we will apply Proposition 5.6
above to conclude for some j € {1,2,3} that the leaf-wise measures 17 along
leaves of the W7 -foliation are absolutely continuous by showing the group G (v7.) is
not discrete and hence G (V%) = R for a.e. z. We will then apply Proposition 5.8 to
conclude that the measures 1, are Lebesgue along the W/ -foliation and conclude
that g is invariant under translation by E7. This approach heavily uses that the
foliations W/ are 1-dimensional.

Alternatively, one may follow [114] (and many related arguments including
those in [35, 100, 102]) any apply dynamical arguments to show that the den-
sity function in Claim 5.3 is constant. For instance, using that the dynamics ex-
pands unstable manifolds, one may show the curvature o of the density func-
tion p in Claim 5.3 decreases and obtain a contradiction by Poincaré recurrence
unless = 0 and p is constant. This approach can be adapted when leaves of
W-foliations are higher dimensional. In this case, the group G (I/;%) is a closed
subgroup of isometries (of some R™) that preserve the vl up to proportionality. By
classifying orbits of subgroups of the isometry group of R™ and using the dynamics
along W/-leaves, one then argues that G (v2) consists of translations that preserve

va.

6. PROOF OF THEOREM 2.8

6.1. Inducing from a Z2-action to a R%-action. To prove Theorem 2.8, it is con-
venient to induce from the Z2-action on the 3-manifold T? to a R2-action on a
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certain 5-dimensional manifold which we denote by N. We first outline a general
construction of N. (See Section 14.1 below for details of a related construction.)
Let N = R? x T? and let Z? act on N on the right by

(s;,z) = (s+mn,a(—n)(z)).
Let R2 act on N on the left by
b (5,2) = (64 5,2).

Let N = N/Z? be the quotient manifold under the right Z2-action. As the left R2-
action and right Z2-action commute, we obtain a R2-action on N. The manifold
N has a structure of a fiber-bundle with fibers diffeomorphic to T3. The R2-action
on N permutes the 3-dimensional fibers and fibers over the natural R2-action on
T? = R2/Z? by translations. For each j € {1,2,3}, there is a foliation W7 of
N by injectively immersed curves; each curve W7 (z) is contained in the T3-fiber
through z. Moreover, there is a Riemannian metric on N such that, if d%(-,-)
denotes the induced distance in W/ (x), then for any y, z € W7 (z) and s € R?

dgx(s "Y,S- Z) = e/\](S)dg’(yv Z)‘
Given any Riemannian metric on N and any R2-invariant probability measure /i
on N we may define fiberwise Lyapunov exponents for the action of R? restricted
to the fibers of IV (see Section 7.3 and Section 14.2). For any R2-invariant measure
fi, these exponents coincide with the exponents A!, A2, and A3 above.

The above construction of N works in full generality. However, in the context
of Theorem 2.8, using that A and B are diagonalizable over R and have positive
eigenvalues it is possible to give a more algebraic construction of the suspension
manifold N. This construction has the advantage that the dynamical properties
outlined above follow immediately from construction. We state the properties of
this construction now and give its construction in Section 6.5.

Given s = (s1,s2) € R? define subspaces of R?

Elho= @© F ad Ej = @ F.
A (s1,82)<0 A (s1,82)>0
Note that if (sg, s2) € ker M ~ {0} for some j € {1,2,3} then both E? ) and

i . (51,52
EY are 1-dimensional.
(s1,52)

Proposition 6.1 (See Section 6.5). There is a 5-dimensional manifold N and an
R2-action &: R? — Diff(N) with the following properties:

(1) N is a fiber-bundle over T? with fibers diffeomorphic to T3; moreover the
action & permutes the fibers.

(2) For every 1 < j < 3 the vector space EJ acts by addition on N. For
every v € N, the orbit W7 (z) = {x + v : v € E'} is contained in the
T3 fiber containing = and the leaves W7 () form a smooth foliation of N.
The W-leaves are permuted by the action .
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(3) For every 0 # (s1,s2) € R? the vector spaces EfSLSZ)) and Eélm) sim-
ilarly act by addition on N. The orbits W*(x) and W"(x) are con-
tained in the fiber through x and correspond to the stable and unsta-
ble manifolds, respectively, for the partially hyperbolic diffeomorphism
5&(81, 82): N — N.

(4) Forall (t1,t2) € R? and x € N, the map
@(tl, tg) . Wj (.f(}) — Wj(&(tl, tz)(w‘))

dilates distances in W7 by exactly eN (t1t2) That is, fory € W (x) writing
y = x + v for some v € EJ, we have

a(t, t2)(y) € W (a(ty, t2)(x))
and .
a(ty, t2)(y) = a(ty, t2)(z) + eV i)y,

Given s € R? let W¥(z) = EX(z) be the unstable manifold through z € N
for the 1-parameter flow «(t¢s). Similarly let WS (z) = x + EZ(x) be the stable
manifold through = € N for the 1-parameter flow «(t¢s). The stable and unstable
manifolds W (z) and W (x) are contained in the T?-fiber of N through z. Note
that for s # (0,0), the leaves W (z) and W2(x) are at least one-dimensional.
Moreover, if s is not in a kernel of any A’ (see Figure 1) then W () and W (z) are
of complementary dimension in the T3-fiber through . If s # (0,0) is contained
in the kernel of )/ then WX (x) and W (x) are both 1-dimensional.

To begin the proof of Theorem 2.8, fix an ergodic, a-invariant probability mea-
sure 1 on T3 with positive entropy h,,(a(n1,n2)) > 0 for some (n1,n2) € Z2.
Note that «(nq, n9) has either 2-dimensional unstable or 1-dimensional unstable
manifolds. Replacing (n1, ng) with (—nj, —ng) if necessary and recalling that

hu(a(ni,n2)) = hy(a(ny,n2) ™) = hu(a(-n1, —n2))
we can assume that a(n1, nz) has 1-dimensional unstable manifolds. Fix 1 < i <
3 for the remainder of the proof such that £* = E¥ ) We will show that y is

(n1,n
invariant under translations by E’.

We write [ for the ergodic, &-invariant measure on N corresponding to . To
construct the measure fi, first let m? denote the Lebesgue measure on R?. Then
m? x  is a locally finite Borel measure on N = R? x T? that is invariant under
the actions of both R? and Z2. Let /i denote the image of m? x y restricted to the
fundamental domain [0, 1]? x T3. From Lemma 3.6 the leaf-wise measures ¢, of
 along Wi-leaves in T? are nonatomic. This holds if and only if the leaf-wise
measures ji’, of fi along W%-manifolds in N are nonatomic. Moreover, ergodicity
of i for the Z2-action on T? implies that i is ergodic for the R?-action on N.

For 2 € N we again parameterize W*(z) by E’ via the map
O,: B > Wiz), ®,(v)=z+v

and let 7. given by ‘ '
7y = (P )siy



ENTROPY, LYAPUNOV EXPONENTS, AND RIGIDITY OF GROUP ACTIONS 29

be the corresponding locally finite measure on E? ~ R. Recall we fix a normal-
ization of each 7, so that each 7%, gives mass 1 to the unit ball (i.e. interval) in E".
From the choice of E', the measures 7%, are nonatomic for a.e. v € N.

To prove Theorem 2.8, we will show that G(77.) = R for ji-almost every z € N.
This will imply that G(1%) = R and thus »/Z, is absolutely continuous with respect to
Lebesgue for p-almost every x € T3 by Proposition 5.6. Applying Proposition 5.8
then implies that y is invariant under translations by E?, showing that s is the
Lebesgue measure on T3,

6.2. Restriction to the kernel of \’. We now heavily use that our acting group
R? is higher-rank. Recall that A', A2, A3 are linear functionals on R?; moreover,
none of the functionals A\', \?, A3 is the zero function and no pair is proportional.
It follows that each functional A\', A2, A3 has a 1-dimensional kernel and that all
kernels are distinct. See Figure 1.

ker(\3)

FIGURE 1. Kernels of the Lyapunov exponent functionals in the
acting group R?. Signs indicate the signs of the Lyapunov expo-
nents in corresponding half-cones. For instance, + + — indicates
the open half-cone of s € R? such that A!(s) > 0, A\?(s) > 0, and
A3(s) < 0.

As the exponents A’ are not defined over Q, none of the kernels is defined over
Q. In particular, there is no 0 # n € Z? with n € ker M for any j € {1,2,3}. This
is the primary reason why we induce to an R?-action on N rather than studying the
Z2-action on T3,

Recall our fixed 7 € {1,2,3} above such that the leaf-wise measure ji’, is non-
atomic for almost every z € N. As the kernel ker A’ is 1-dimensional, we may
fix so = (s1,s2) € ker X \. {0}. For the remainder of the proof we will (almost)
exclusively study the 1-parameter flow ¢; inside ker A’:

¢r: N > N, oi(x) = altso)(z) = a(tsy, ts2)(x).
From the fact that [z is a-invariant, the choice of sy € ker A\, and the choice

of normalization of the family of leaf-wise measures {/i’ }, we immediately obtain
the following.

Lemma 6.2. For every t € R and almost every x € N
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(1) ¢¢: Wi(x) — Wi(gy(x)) is an isometry;
(2) (S)sli = g, (2);
(3) V. = ﬁfbt(a:)‘
Proof. Conclusion (1) follows from Proposition 6.1(4) and the choice of sy €
ker A’ so that é(sg) dilates distances in W by e} (50) = 1.

For Conclusion (2), from the invariance of ji we have

(G0)sfily, = (u(80)) s filg LTl (1)

On the other hand, since ¢; is an isometry along W-leaves, we have
¢t(1;) = Iéﬁt(x)

where I% is the unit ball (i.e. interval) in W(x). It follows that

(00)alig (I, (1)) = fig(I3) =1
and thus, from our choice of normalization,

(60)slitly = fiip, (2)-
Conclusion (3) then follows from (1), (2), and definition of <I>§C. ]

Recalling Remark 3.7, conclusion (3) of Lemma 6.2 is quite strong: the family
of measures {7} on E" is constant along orbits of the flow ¢,.

6.3. Conclusion of the proof assuming ergodicity of ¢;. Note that while /i is
assumed to be R2-ergodic, there is no reason that ji is ergodic for the 1-parameter
flow ¢;. We complete the proof of Theorem 2.8 assuming the measure [ is ergodic
for the 1-parameter flow ¢;. Although this assumption is not satisfied, we will
explain how to correct this in the next section.

Recall the notation and conclusion of Proposition 5.6. The next lemma verifies
that the measures 772, satisfy the hypotheses of Proposition 5.6.

Lemma 6.3. Assume the I-parameter flow ¢ acts ergodically on (N , ). Then for
u-a.e. x € N, the group G(V%.) acts transitively on the support of ...

Proof of Theorem 2.8 assuming that ¢, is ergodic. Assuming Lemma 6.3 holds, from
Proposition 5.6 we conclude that either 772, is supported on a countable set (and thus
the measure 7%, has atoms) or the measure 7%, is absolutely continuous with respect
to Lebesgue measure on E° ~ R. From our entropy assumptions (recall Lemma
3.6), the measures /i, and thus 7% have no atoms for almost every x € N and thus
from Proposition 5.6 we conclude that 7', is absolutely continuous with respect to
Lebesgue measure on E°.

It follows that the leaf-wise measures /i, are absolutely continuous with respect
to Lebesgue measure on W*(z) for almost ever x € N. From the construction of
fi, it follows that the leaf-wise measures ¢, are absolutely continuous with respect
to Lebesgue measure on W¥(z) for almost every z € T3. (Alternatively, an ana-
logue of (b) = (a) in Proposition 5.8 implies that hz(&(n1,n2)) = Ai(n1,n2)
which, from the structure of fi, implies h,,(a(n1,n2)) = A'(n1,n2) and thus yf is
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absolutely continuous for p-almost every z.) From Proposition 5.8(d), it follows
for a.e. v € T3 that z1!, coincides with the Lebesgue measure on W (x) normalized
on I. From Lemma 3.8, it follows that 1 is invariant under translations by E? and
is hence the Lebesgue measure on T3 by Lemma 3.4. U

We give the proof of Lemma 6.3 (still assuming that ¢, is ergodic.)

Proof of Lemma 6.3 assuming ergodicity of ¢;. Recall from Lemma 6.2(3) that the
parameterized collection of measures x — 17; forms an ¢;-invariant, measurable
function.! As we assume ergodicity of the flow ¢, it follows that the assignment
x +— DL is constant ji-a.s. In particular, for u-almost every € N and fi%-almost
every ' € W'(z) we have
v, = 6.1)
Take such = and z’. Recall the parametrization ®,: E* — Wi(zx). Letv € E°
be such that 2’ = x + v. We observe (see Figures 2(a) and 2(b)) that

o, lod,: E' - E
is the map

q);loq)g;/: t— 14w
Recall that ﬁjc,, [L;,, fii, and &% are canonically defined by our choice of normaliza-
tion. Since x and ' are in the same unstable manifold, we have fi’,, ocfil, so

(D) = gy Spty = (D)l

and

(B! 0 @)l ocil.
It follows that

(To) sy = (T0) sy T,

Thus v € G(7%). Since 2’ was a ﬂé—;ypical point of W¥(z) it follows that G(#7!)
has a dense orbit in the support of 7/, and thus acts transitively on the support of
L. ]

x

Remark 6.4. Above, we showed that 7, = 7%, for 2’/ = z+v with v € E* but only
obtained (7T),).%oci7, rather than (T),).7% = .. The coefficient of proportionality

is due to the choice of normalization on 7% which is chosen so that 7% (BIEZ (0)) =

1 where BF'(0) — E' is the unit ball in £ centered at 0. We have

(T).7% (BF (0)) = 74 (BF (v)

IThere is a minor technical point we ignored here. Namely, we are using that the space of locally
finite Borel measure on R is a reasonable topological space (with the topology dual to compactly
supported continuous functions) and that - — ¢ is a measurable function from (IV, /i) to the space
of locally finite Borel measure on R.
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i =i
£, U,

Wi(z) = Wi(a')
fi e,

i =i
EY U

0
(a) Parametrizations @, and ®,. b)Y tody ittt

FIGURE 2. Proof of Lemma 6.3

but do not (yet) know that 7 (B{f" (v)) — 1. However, we do know that
((T)a7) (B () = (@71 0 0).7k) (BF (v)
= 7 (25! (@u(BF ()
— i, (Bl i(o)) ~ 1

In particular, we have that (T,,).7, = (T,)«0, = (®;'o®,/).0, o0 with explicit

€T
. . . L i
coefficient of proportionality: (75, )., S BF () vy
6.4. Overcoming lack of ergodicity: the 7-partition trick. The proof of Lemma
6.3 seems to fail if the measure i is not ¢;-ergodic. Indeed, we used that the
assignment z — D% was ¢;-invariant to conclude that the assignment 2 +— 7%, was
constant in order to conclude that 7, = 7, for il -typical 2’ € W'(x) in (6.1).
We recall the following constructions and definitions. See also Theorem B.11 in
Appendix B.4.

Definition 6.5. Let f: X — X be a Borel map of a metric space X preserving a
Borel probability measure . Then, there exists a measurable partition € of (X, 1)
such that—writing {u£} for a family of conditional measures of y relative to £
(see Definition 8.1)—for y-a.e. x the measure ,ui is an ergodic, f-invariant Borel
probability measure. The partition £ is called the ergodic decomposition or the
partition into ergodic components of 1, with respect to f. The measures {u¢} are
called the ergodic components of L.

To illustrate the most extreme defect when ergodicity fails, for a typical z, it
could be that the conditional measure along W*(z) of the ¢;-ergodic component
i of fi containing z is an atom at the point z. Then, the only point 2’ € W*(x)
for which one could conclude that 7, = 17;, would be 2’ = .

We now correct the proof of Lemma 6.3. This requires tools and notation dis-
cussed in Section 8.6 below which we encourage the reader to read first.
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Examining the proof of Lemma 6.3, we did not fully use that the assignment
x +— D% was constant. Rather, we used that the assignment z — 7', was constant
along the support of ji{, in W¥(z). From this we concluded that 7%, = ﬂ;, for
fi-typical = and /i’ -typical 2’ in W(x).

Recall thatif f: N — Ris a ¢;-invariant, measurable function then f is constant
on almost every ¢;-ergodic component of ji. Thus, the proof of Lemma 6.3 above
works if we establish that almost every ¢;-ergodic component of /i is saturated by
full W¢-manifolds. Note that if the WW-leaves were expanded (or contracted) by
¢¢, then Proposition 8.12 below would show that every ¢;-ergodic component of
fi contains full W*-manifolds. However, we chose ¢; precisely so that it neither
expands nor contracts 1V *-leaves.

The following lemma, known as the “mr-partition trick,” lets us conclude that ¢;-
ergodic components contain full 1¥*-leaves. We refer to Section 8.6 and Appendix
C for details of the m-partition and measurable hulls. From entropy considerations
in Lemma 3.6, we have that the partition of N into full 7/ ’-leaves is not mea-
surable. We let =% denote the measurable hull of the partition of (N, /i) into full
Wi-leaves (see Section 8.6.1).

To state the following key lemma, we refer to Section 8.3.2 for definition of the
partial order on the space of partition.

Lemma 6.6 (r-partition trick). = is finer than the partition of (N, [i) into ¢;-
ergodic components.

It follows from Lemma 6.6 that almost every ¢;-ergodic component contains
full Wi-leaves and hence the proof of Lemma 6.3 works by replacing i with a
¢-ergodic component of fi.

We complete the proof of Theorem 2.8 by giving the proof of Lemma 6.6. For
s € R and x € N recall that W2 (z) and W¥(z) denote the stable and unstable
manifolds, respectively, for the 1-parameter flow a(ts). We let =% denote the
measurable hull (see 8.6.1 below) of the partition of (N, i) into full W '-leaves.
Similarly =5 denotes the measurable hull of the partition of (/V, /) into full Wg-
leaves.

Given s € R?, let & denote the measurable partition of (IV, fi) into ergodic
components of the 1-parameter flow a(ts). Similarly, let 7 denote the Pinsker
partition (see 8.6.2 below) for the 1-parameter flow «(ts) on (N, f1). As stated in
Proposition 8.12 below, for any s € R? we have

& < =&
From Proposition 8.13 below, we have for any s € R? that

—u

—_
o —i—lS

By = ms = Z25.
(See 8.3.2 for definition of the partial order on space of partitions.)

With the above notation, the conclusion of Lemma 6.6 states, for our fixed sg,
that
Eso < E.
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Given the abstract ergodic theoretic facts above, the proof of Lemma 6.6 is remark-
ably straightforward.

Ni(s) <0 S1 A
° A(s) =0
S0
Mi(s) >0

FIGURE 3. Choice of s1

Proof of Lemma 6.6. Recall we chose sg # (0,0) so that A’ (sg) = 0 and M (sq) #
0 for each j # i. Pick s; € R? close to sy with the following properties (see Figure
3):

(1) M(s1) # 0 forevery 1 <j < 3;

(2) Xi(s1) < 0;

(3) for each j # 4, the numbers M (s1) and A’ (sg) have the same sign.

Since A'(s1) < 0, it follows that W(z) = W¢ () for every x € N. This
immediately implies
=5 < =
S1

Also, note that W¢! (z) = Wg! () for all z € N whence = = ={ . We then
obtain the following string of refinements and equalities:

=5 _ —=U _mu — =5 =i
Esg < EBg, =Tsy = g, = Zg, = Ts; = Zg, < ="
In symbols, this is exactly what we needed to prove. ([

Lemma 6.6 completes the proof of Theorem 2.8. We end this section with some
technical remarks on the proof of Lemma 6.6.

Remark 6.7. In the proof of Lemma 6.6, to choose s; satisfying condition (3),
we heavily used the fact that there is no M with M) = —c\! for any ¢ > 0; that
is, we are using that the action has no Lyapunov exponents that are negatively
proportional to A’. Indeed, if A = —c\! then, for any choice of s; such that
Ai(s1) < 0, the sign of A/ changes from zero at sg to positive at s;. On the other
hand, if A/ and A\’ were positively proportional, we can adapt the proof by grouping
all exponents positively proportional to A’ together into a single coarse Lyapunov
exponent (see Section 7.4.2) and then study the leaf-wise measures along higher-
dimensional coarse Lyapunov manifolds (see Section 7.4.3.)

For an explicit example of a higher-rank action where the proof of Lemma 6.6
(and consequently Theorem 2.8) fails, let

2 1 2 3
A:<1 1> and B:<3 5).
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We have eigenvalues
Xa>1>x%  xp>1>x5>0
andboth L4: T? — T? and Lp: T? — T? are Anosov. Consider
LaxId: T* - T4, Id x Lg: T* - T*.

Clearly L4 x Id and Id x Lp commute and so generate a Z?-action by automor-
phisms of T*. Note that while the generators L 4 x Id and Id x Lp are not Anosov,
the Z2-action contains Anosov diffeomorphisms such as L4 x Lp.

Let 111 be any ergodic, L 4-invariant measure on T? and let yi5 be any ergodic,
L g-invariant measure on T?. Note that we can pick y; different from Lebesgue
with Ay, (La) > 0. Then py X ps is an ergodic, Z2-invariant measure on T* that
is not Lebesgue and has

Py xps (La x 1d) > 0.

The conclusion of Theorem 2.8 thus fails for this Z2-action on T#. The proof

degenerates in a number of places.

(1) The Z2-action on T* has four Lyapunov exponent functionals:
(n1,mg) — ni\y, n1A%, nodh, moAd.
We note that the functionals
(nl,ng) — nl)\}4, (m, ng) — nl)\i
are negatively proportional. Similarly
(nl, n2> — 712)\13, (nl, 'le) — 77,2)\23

are negatively proportional.” The presence of negatively proportional Lya-
punov exponents makes it impossible to choose s; in the proof of Lemma
6.6 above with the desired properties. In fact, the conclusion of 6.6 is false
for this example.

(2) Consider the map h: T* = T? x T? — T? given by h(z,y) = x. Then h
semiconjugates the Z?-action generated by L 4 x Id and Id x Lp with the
Z-action generated by L 4. For any L 4-invariant measure 1 on T?, we can
find a Z2-invariant measure on T* projecting to ; under h. In the language
of [114], L 4 is a rank-1 factor.

To state the general version ([114, Theorem 5.1]) of Theorem 2.8, Katok and
Spatzier impose additional hypotheses on the Z2-action to rule out the defects dis-
cussed above. For the action in Example 2.6, neither of these defects occurs.

The primary obstruction to the rigidity in this example is the presence of rank-1
factors. For genuinely higher-rank actions with negatively proportional pairs, other
tools developed in [62] can be used to overcome the failure of Lemma 6.6.

%6.5. Algebraic construction of the suspension space V. We outline the
construction in Proposition 6.1. Recall our fixed commuting matrices A and B are

%In the literature, negatively proportional exponents such as (n1,n2) — niA}y and (n1,n2) —
n1\2 are often referred to as a symplectic pair.
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jointly diagonalizable: there is Q € GL(3,R) with

A0 0 B0 0
Q'AQ= 0o % o |, Q'BQ=| 0 B 0
0 0 e 0 0 b

Also recall our Lyapunov exponent functionals M/ : R? — R, given by
/\j (tl, tg) = tl)\i{ + tQ)\jB.
Givent = (t1,t2) € R? let M* € GL(3,R) be the interpolation matrix

Nltnt) g 0
Mt =Q 0 N2 (t1,t2) 0 QL
0 0 eNlt)

Note that fort = (ny,n2) € Z", M* = A™ B™2 ¢ GL(3,7Z). However, for t ¢ Z3,
we expect M* ¢ GL(3,Z); in particular, M*® does not define an action on the torus
T3
For t € R? define the “twisted” lattice subgroup Ay — R3 by
Ay = M*Z2.
Note that if m € Z? then A, is the standard integer lattice Z3. For t € R? define a
“twisted torus” T by
T, = R3/As.
Note that if m € Z2 then Ty, is the standard torus T?; also if t’ = t + m where
m € Z? then Ay = Ay whence Ty = Ty
Consider R? x R3. Let Z3 act on R? x R3 as follows: given (t,z) € R? x R3
and n € Z3 define
(6,2) -1 = (t,2 + M*n).
Let N be the quotient of R? x R3 by this action. Note that N is a fiber-bundle over
R? whose fiber over t is exactly the twisted torus 7. )
Consider the following Z2-action on N: given m € Z? and (t,z + Ay) € N
(t,x+A¢) m=(t+m,z+ A¢).

Also consider the following R2-action on N: given's € R? and (t,z + A¢) € N
s-(t,z + A¢) = (s +t, M2 + A¢ys).

Let N be the quotient manifold N/Z2 where the quotient is by the Z2-action
described above. As the R2- and Z2-actions on N commute, the R2-action on N
descends to an R?-action on N which we denote by .

Note that N is 5-dimensional which fibers over the torus T? = R?/Z? and has
3-dimensional fibers where the fiber over t + Z? € T? is T;. Also note that N
inherits a Riemannian metric from R? x R3. Given z € N the tangent space T, N
decomposes as

.N =R*®E'®E*® E*
where E are the joint eigenspaces of A and B enumerated as before.
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Each E? acts on N as follows: givenp = (t + Z%,x + A¢) € N andv € E*
pruv=(t+Z%2+A)+v=(t+Z*x+v+ Ap).

Note that the orbit W*(p) = {p + v : v € E'} is contained in the fiber through p.
Moreover, for any p = (t + Z?,x + Ag) € N, any p’ = p + v forv € E', and any
s = (s1, 82) € R? we have

§(5)(1') = 3(5)(p) + ey = (s)(p) + X O,

Part 2. Primer: smooth ergodic theory for Z%-actions

We present background material and a number of tools from the theory of nonuni-
formly hyperbolic dynamics that will be used in Part 3 and explain a number of
facts and constructions that were used in Part 1. We will be particularly interested
in the relation between entropy, conditional measures, and Lyapunov exponents for
single diffeomorphisms and for actions of higher-rank abelian groups.

7. LYAPUNOV EXPONENTS AND PESIN MANIFOLDS

7.1. Lyapunov exponents for diffeomorphisms. Let f: M — M be a C' dif-
feomorphism of a compact manifold M. Let u be an ergodic, f-invariant Borel
probability measure. We recall Oseledec’s Theorem [150]; see also [160, 182].

Theorem 7.1 (Oseledec [150]). There are
(1) a measurable set A with u(A) = 1;
(2) numbers \! > N2 > ... > \P; ‘
(3) a p-measurable, D f-invariant splitting T,M = @_; E'(x) defined for
zeA
such that for every x € A

(a) for every v e E'(x) \ {0}
: 1 n __\?.
lim = log | Dx f"(v)] = A%

n

(b) if J f denotes the Jacobian determinant of f then

o1 n S i
nl_lgloo Elog |Jf"| = ;mz)\
where m; = dim E*(z);
(c) for everyi # j we have
: 1 : i PN 7 (N _
Jim =~ log ((sin Z(E(f"(2), B/ (f"(2)) ) ) = 0.
The numbers A’ are called Lyapunov exponents of f with respect to ; and

the subspaces E'(x) are called the Oseledec’s subspaces. Above, m’ denotes the
almost-surely constant value of dim E*(z), called the multiplicity of \'.
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Given any f-invariant measure p on M (which may be nonergodic) the average
top fiberwise Lyapunov exponent of f with respect to i is

Noplfo) = it [ log | D" di(a). (.1)

Since p is f-invariant, the subadditive ergodic theorem implies the infimum in (7.1)
can be replaced by a limit (see [87,120] and [179, Chapter 3]).
If {1:£} is the ergodic decomposition (see Definition 6.5) of  and if AL > A2 >

<> Aﬁ(‘””) denote the Lyapunov exponents of f with respect to the ergodic invari-
ant measure £& then we have

)\top fa JAI d/.L

7.2. Lyapunov exponents and (sub)exponential growth of derivatives. Let M
be a compact manifold and equip 7'M with a background Riemannian metric and
associated norm. Let f: M — M be a C! diffeomorphism. We say f: M — M
has uniform subexponential growth of derivatives if for all ¢ > 0 there is a
C¢ > 0 such that

IDf™| = SUAI/)[ |Dof"| < Cee™ foralln € Z.
xTe

Note that we allow that C', — o0 as e — 0.

Proposition 7.2. A diffeomorphism f: M — M has uniform subexponential
growth of derivatives if and only if for any f-invariant Borel probability measure
u, all Lyapunov exponents of f with respect to 1 are zero.

That is, f: M — M has uniform subexponential growth of derivatives if and
only if Mop(fy1t) = Mop(f~L, 1) = 0 for every f-invariant Borel probability
measure [.

Proof. We show that vanishing of all Lyapunov exponents for all f-invariant prob-
ability measures implies that f has uniform subexponential growth of derivatives;
the converse is clear.

Suppose that f: M — M fails to have uniform subexponential growth of
derivatives. Then there is an e > 0 and sequences of iterates n; € Z with |n;| — o,
base points x; € M, and unit vectors v; € T, M such that

| Dy, f 0] = el (7.2)

Replacing f with f~!, we may assume without loss of generality that n; — 0.
Let UM < T M denote the unit-sphere bundle. We represent an element of U M

by a pair (z,v) where v € T, M with |v| = 1. Note that UM is compact. Note

alsothat Df: TM — TM induces amap U f: U — U given by the renormalized

derivative: f( )
st = (10, (g )

Define ®: UM — R as follows: given (z,v) € UM, let
®(z,v) :=log | Dy f (v)].
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By the chain rule, we have

log | Dy f" (v Z (Uf (z,v)

For each j, let 17 denote the empmcal measure along the orbit segment

(25,07), Uf(xj,05), ., U (g, 05)
in UM given by

nij I;O 5Ufk (z,v5)
From (7.2) we have for every j that

J(b v’ > e.

Claim 7.3. Let v be any weak-+ subsequential limit of {v7}. Then

(a) v is U f-invariant;
(b) J(ID dv > €

Proof. Conclusion (a) follows as in the proof of the Krylov-Bogolyubov theorem:
if : M — R is any (bounded) continuous function then

j¢dvj—f¢ofdvj < lim M

Jj—00 n;
showing that v is f-invariant. Conclusion (b) follows from continuity of ® and
weak-# convergence. ]

lim
Jj—©

=0 (7.3)

From Claim 7.3(b), we may replace v with an ergodic component (see Defini-
tion 6.5) v/ of v such that { @ dv/ > e.

Take p to be the push-forward of v/ under the natural projection UM — M.
Then p is an f-invariant, ergodlc measure on M. Let {v/,} denote a family of
conditional measures of v/ for the partition of UM into fibers over M. By the
pointwise ergodic theorem, for p-a.e. x € M and v,-a.e. v € UM (x) we have

n 1 (S 7 /
Jim © L tog | Dy f7(0)] = Jim LS (U ) = J@du >

J=0
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On the other hand,

1 .
Nop(fo) = lm =+ [og 1D, "] du(z)

V
E
—
—
S|
3
|
&
d
Kh
Q.
8
=
QU
S
=
=9
=
&

=J<I>du'>e.

Above, the inequality follows from comparing the maximal growth with the aver-
age growth (averaged by /) It follows that the largest Lyapunov exponent of f
with respect to y is at least € > 0. U

7.3. Lyapunov exponents for nonuniformly hyperbolic Z%-actions. How does
the theory of Lyapunov exponents change for actions of more general abelian
groups? We state a version of Oseledec’s theorem for actions of Z? which can
easily be extended to actions of R x ZF,

Let M be a compact manifold, let a.: Z¢ — Diff! (M) be a Z?%-action, and let p
be an ergodic, a-invariant measure.

Theorem 7.4 (Higher-rank Oseledec’s theorem (see [34])). There are

(1) a measurable set A with u(A) = 1;
(2) linear functionals \', \2,. .., \P: R® - R; ‘
(3) a p-measurable, Da-invariant splitting T, M = @le E'(x) defined for
reA
such that for every x € A
(a) for every v e E'(x) \ {0}

log | Dy — )\

L log | Dea(n)(v)] ~ X(n)
In|—c0 i

(b) if J f denotes the Jacobian determinant of f then

log | Ja(n)| — 31 m'A'(n)

9

lim

In|—o0 n|

(c) foreveryi # j
lim — log (sin2(Ei(a(n)(@)), B (am)(@))) = 0.

w5 Jn]

In (b), m’ is the almost-surely constant value of dim E'(x), called the multi-
plicity of A". Note that (a) implies convergence along rays: for any n € 7% and
ve E'(x)\ {0}

Tim — log | Da(kn)(v)] = N'(n). (7.4)
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The convergence in (a) is taken along any sequence n — c0; this is stronger than
(7.4) and is typically needed in applications.

7.4. Unstable manifolds and coarse Lyapunov manifolds.

7.4.1. Unstable subspaces and unstable manifolds for a single diffeomorphism.
Let f: M — M be a C! diffeomorphisms of M and let 1 be an ergodic, f-
invariant measure. Let A\’ be the Lyapunov exponents for f with respect to y. For
z € A © M where A is as in Theorem 7.1, define

Ai>0
to be the unstable subspace through x. We have that

1
E%(z):={veT,M :limsup —log||D,f " (v)|| < 0}.
n—0o0 n
We may similarly define stable and neutral (or center) subspaces through z, re-

spectively, by '
E*(z) == @ E'(=)
Ai<0

E¢(z) = P E'(z).
Ai=0

We now assume that f: M — M is C'*# for 8 > 0. Through p-almost every
point z the set

W) = {y limsup - log(d(f (), F"(4) < o}

n—oo N

and

is a connected C''*# injectively immersed manifold with T,,W"(z) = E%(x) (see
[152]) called the (global) unstable Pesin manifold of f through . The collection
of all W*"(x) forms a partition of (a full measure subset of) M; in general, this
partition does not have the structure of a nice foliation. However, restricted to sets
of large measure the partition into local unstable manifolds has the structure of a
continuous lamination. That is, for almost every x € M and any € > 0 there is a
neighborhood U of x such that, on a set € of relative measure (1—¢) in U, the local
leaves of W*-manifolds form a partition of {2 by embedded dim(E")-dimensional
balls that vary continuously in the C'+#-topology.

Given the Lyapunov exponents A' > A2 > ... > M\ of y fix j € {1,---,p}
such that \ > 0. Then for almost every z the set

. 1 ,
W) = {y s timsup ©tog(a( "), (1) < ¥ |
n—oo N
is again a connected C''*# injectively immersed manifold with
T,W/(z) = P E'(z)
Az
called the (global) jth unstable manifold through x.
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7.4.2. Coarse Lyapunov exponents and subspaces. Let o: Z¢ — Diff? (M) be
an action and let i be an ergodic, a-invariant probability measure. We introduce
objects that play the role of unstable subspaces and unstable manifolds for the Z%-
action a.

Given Lyapunov exponents A\', A2, ..., \?: R? — R we say A’ and )/ are pos-
itively proportional if there is a ¢ > 0 with
A =N,

Note that this defines an equivalence relation on the linear functionals

AL N RY S R
The positive proportionality classes are called coarse Lyapunov exponents. For a
Z-action generated by a single diffeomorphism f, the coarse Lyapunov exponents
are simply the collections of positive, zero, and negative Lyapunov exponents.

Let x = {)\} be a coarse Lyapunov exponent. While the size of x(n) is not well
defined, the sign of  is well defined. Write

EX(z) = @riey E'(2)

called the corresponding coarse Lyapunov subspace.

7.4.3. Coarse Lyapunov manifolds for 7Z%-actions. Analogous to the existence and
properties of unstable Pesin manifolds for nonuniformly hyperbolic diffeomor-
phisms we have the following for actions of higher-rank abelian groups.

Let a: Z¢ — Diff'*#(M) be an action and let x be an ergodic, a-invariant
probability measure. Let A be as in Theorem 7.4.

Proposition 7.5. For almost every x € A and for every coarse Lyapunov exponent
X there is a connected, C'*P, injectively immersed manifold WX (z) satisfying the
following:
(1) T,WX(x) = EX(x);
(2) a(n)WX(x) = WX(a(n)(x)) for all n € 7,
(3) WX(x) is the set of all y € M satisfying
1
lim sup P log d(a(—kn)(y), a(—kn)(x)) < 0 for all n € Z with x(n) > 0.
k—00
To construct W X-manifolds, given n € Z? with x(n) > 0 let Wam (x) denote

the unstable manifold for the diffeomorphism «(n): M — M through x. Then, for
almost every = € M the manifold WX (x) is the path component of the intersection

ﬂ W(Z(n) (:C)

neZd x(n)>0

containing x.

8. METRIC ENTROPY

8.1. Metric entropy. Let (X, 1) be a standard probability space. That is, (X, u)
equipped with the o-algebra of p-measurable sets is measurably isomorphic to an
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interval equipped with the Lebesgue measure and a countable number of point
masses.

8.1.1. Measurable partitions and conditional measures. Recall that a partition & of
(X, p) is measurable if the quotient (Y, i) := (X, u)/£ is a standard probability
space. See also Definition B.7 in Appendix B.3. This is a technical but crucial
condition. For more discussion and other characterizations of measurability see
[45], [167], and Appendices B and C.

A key property of measurable partitions is the existence and uniqueness of a
family of conditional measures (or a disintegration) of y relative to this partition.
Given a partition £ of X, for z € X we write £(x) for the element of £ containing
x.

Definition 8.1. Let £ be a measurable partition of (X, ). Then there is family of

Borel probability measure { ug }zex, called a family of conditional measures of 1
relative to &, with the following properties: For almost every x

(1) 1§ is a Borel probability measure on X with z4(¢(z)) = 1;
(2) if y € &(w) then i = 4.
Moreover, if D — X is a Borel subset then

(3) x — p&(D) is measurable and

@) (D) = § (D) dp(x).

Such a family is unique modulo p-null sets.

For construction and properties of { ug} see for instance [167]. See also Appen-
dix B.2 for further discussion.

8.1.2. Conditional information and conditional entropy. Given a measurable par-
tition 7 of a standard probability space (X, y1), write {/é} for a family of condi-
tional measures of p with respect to the partition €. Given two measurable parti-
tions 7, £ of (X, i) the mean conditional information of 7 relative to ¢ is

Lu(n | €)(w) = —log(u (n()))
and the mean conditional entropy of 7 relative to £ is

(019 = [ Ln () duo).
The join 1 v & of two partitions n and £ is
nvé={AnB|Aen,Be}.

The entropy of nis H,,(n) = H,(n | {&, X}). Note that if H,,() < oo then 7 is
necessarily countable.
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8.1.3. Metric entropy of a transformation. Let f: (X, u) — (X, ) be an invert-
ible, measurable, measure-preserving transformation. Let n be an arbitrary mea-
surable partition of (X, ). We define

m . w .
nt=\/F'n, n =\/ I
i=0

1EZL
We define the entropy of f given the partition 7 to be
hy(f,0) == Hu(n | fo") = Hu(n™ | fn*) = Hu(f '™ [0").
We define the pi-metric entropy of f to be h,(f) = sup{h,(f,n)} where the
supremum is taken over all measurable partitions of (X, u). If

p=apur + Buz

where «, 5 € [0,1] satisfy « + § = 1 and p; and pg are f-invariant Borel proba-
bility measures then

hu(f) = ahm(f) +Bhu2(f)- (8.1

8.2. Entropy under factor maps. Let (X, 1) and (Y, v) be standard probability
spaces. Let f: X — X and g: Y — Y be measure-preserving transformations.
Suppose there is a measurable map ¥: X — Y with

Yapp =v
and
Yof=goy.
In this case, we say that g: (Y, v) — (Y, v) is ameasurable factor of f: (X, ) —

(X, ).
We note that entropy only decreases under measurable factors: if g: (Y,v) —
(Y, v) is a measurable factor of f: (X, ) — (X, u) then

hu(9) < hu(f)-

The difference between the entropies h, (g) and h,,( f) is captured by the Abramov—
Rokhlin theorem. Let ¢ be the measurable partition of (X, x1) into level sets of
1: X — Y. Note that ( is an f-invariant partition: ¢ = ¢f. Define the conditional
entropy h,(f | ) of f relative to ¢ to be

hu(f | €) = s%phu(f,ﬁ v ¢)
where, as usual, the supremum is over all measurable partitions £ of (X, ). We

call h,(f | ¢) the fiberwise entropy of f. The Abramov—Rokhlin theorem (see
[1,20, 127]) states the following:

hu(f) = hu(g) + hu(f [ €). (8.2)

8.3. Unstable entropy of a diffeomorphism. Let f: M — M be a C'*7 diffeo-
morphism and let x4 be an ergodic, f-invariant measure.
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8.3.1. Partitions subordinate to a foliation. For the following discussion and in
most applications considered in this text, we may take F to be an f-invariant fo-
liation of M with C1*7 leaves. More generally, we may take F to be, in the
terminology introduced in [34], an f-invariant, tame measurable foliation; that
is, F a partition of a full measure set by C''*# manifolds with the property that
locally, restricting to sets of large measure, F has the structure of a continuous
family of C''*# discs. The primary examples of such measurable foliations in-
clude the partition into global jth unstable Pesin manifolds and the partition into
global coarse Lyapunov manifolds in the setting of Z?-actions. Note that the par-
tition into leaves of measurable foliation is not necessarily a measurable partition;
rather the transverse structure of the foliation is measurable.

Write F(z) for the leave of F through x. We say F is expanding (for f) if
F(x) < W¥(z), i.e. if F(x) is a subset of the global unstable manifold through
x for f discussed in Section 7.4. As a key example, one should consider F*, the
partition of M into full global unstable manifolds.

Definition 8.2. We say a measurable partition £ is subordinate to F if
(1) &{(z) < F(z) for p-a.e. x;
(2) &£(z) contains an open (in the immersed topology) neighborhood of z in
F(x) for p-a.e. x;
(3) &(x) is precompact in (the immersed topology of) F(x) for p-a.e. x;

8.3.2. Partial ordering on the set of partitions. We recall the partial order on par-
titions of (M, uu). Let & and 1 be partitions of the probability space (M, ). We
write

n<§g
and say that ¢ is finer than 7 (or that 7 is coarser than &) if there is a subset X < M
with p(X) = 1 such that for almost every z,

E(x)n X cnz) n X.
Wesayn =¢ifn<and & < .

8.3.3. Entropy conditioned on a foliation. We say that a partition ¢ is increasing
if f¢€ < & where f¢ denotes the partition f¢ = {f(C) | C € &}.

Definition 8.3. Given an expanding, f-invariant foliation F we define the entropy
of f conditioned on F to be

hu(f | F) = hu(f,€)

where £ is any increasing, measurable partition subordinate to F.

There are two small claim in Definition 8.3: First we have that h,(f, &) =
hu(f,&2) for any two increasing partitions &; and &> subordinate to F; see for
example [128, Lemma 3.1.2]. Second, such a partition £ always exists. This was
shown when F = F™ is the partition into global unstable Pesin manifolds for a
cl+p diffeomorphism in [126] (see also discussion in [128, (3.1)]) extending a
construction due to Sinai for uniformly hyperbolic dynamics [173, 174]; the proof
in [126] can be adapted for general invariant expanding F.
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When F = F* is the partition into full unstable manifolds, define the unstable
metric entropy of f to be

hy(f) = oy (f | F9).

The principal result (Corollary 5.3) of [128] shows that for C? diffeomorphisms
we have equality of the metric entropy of f and the unstable metric entropy of f:

ha(f) = BA(f)- (8.3)

For C1'*8-diffeomorphism without zero Lyapunov exponents equality (8.3) was
shown by Ledrappier in [124]; for the general case of C' *5-diffeomorphisms, (8.3)
holds from [29].

8.4. Entropy, exponents, and geometry of conditional measures. (See Appen-
dix D for further details). In this section, we consider the relationships between
metric entropy h,,(f), Lyapunov exponents, and the geometry of conditional mea-
sures along unstable manifolds.

Let f: M — M be a C'*P diffeomorphism and let 1 be an ergodic, f-invariant
measure. At one extreme we have the following generalization of Lemma 3.6
characterizing invariant measures with zero entropy.

Lemma 8.4. Let 11 be an ergodic, f-invariant measure on M and let § be a mea-
surable partition of (M, ) subordinate to the partition into unstable manifolds.
The following are equivalent:

(1) hu(f) =0;
(2) for u-a.e. x, the conditional measure ug has at least one atom;
(3) for u-a.e. x, the conditional measure ;é is a single atom supported at x;

(4) the partition of (M, u) into full W*-manifolds is a measurable partition.

Proof sketch. The implications (1) = (4) and (1) = (3) are a consequence
of [128, Theorem B] (see also [29] for C''*# setting.) Indeed, if hu(f) = 0,
then the Pinsker partition (see Section 8.6.2 below) is the point partition. From
[128, Theorem B] we have that the Pinsker partition is the measurable hull of
(and in particular is coarser than) the partition into full unstable manifolds. As the
point partition is the finest partition, it follows that the partition into full unstable
manifolds is measurably equivalent to the point partition and (3) and (4) follow.

The implications (4) = (3) and (2) = (3) follow from the dynamics on
unstable manifolds and ergodicity of the measure. For instance, to see (4) —
(3), assume the partition of (M, p1) into full W*-manifolds is measurable and let
{p2} denote a family of conditional probability measures for this partition. As p
is f-invariant and as the partition into full unstable leaves is f-invariant, we have
fapt = ,u}ﬁ(x) for almost every x.

Given z € M, let W"(z, R) denote the metric ball of radius R centered at
in the internal metric of W*(z). Given 6 > 0 and R > 0, define the set G5  of
(6, R)-good points to be

Gspi= {ze M| (W@, R)) > 1 - 5},
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Fix R > 0 such that /(G5 r) > 0. Take a subset G’ < G5 g with 1(G’) > 0 such
that the function

7 diam’ (. (f " (W" (', R))
converges to 0 uniformly on G’ as n — oo where diamy (B) denotes the diameter
of B < W*(x) with respect to the internal metric on W*(x). For almost every z,
we have f"(x) € G’ for infinitely many n € N. For such = and any € > 0, there is
no € N such that for all n > ng with f"(x) € G’ we have

Fr W (" (), R) « W(z,¢€)
whence
py (W, €)) = pyoy (W (f (2), R)) = 1 =6
Taking € — 0 we have Y ({z}) = 1 — J and, as § was arbitrary, (3) follows.

Finally, the implication (3) = (1) follows from Corollary 5.3 of [128] (see
(8.3) below) and the computation of unstable entropy in Definition 8.3. U

At the other extreme we have the following definition.

Definition 8.5. We say u is an SRB measure (or satisfies the SRB property) if,

for any measurable partition £ of (M, 1) subordinate to the partition into unstable

manifolds, for almost every x the conditional measure ug is absolutely continuous

with respect to Riemannian volume on W*"(z).
We have the following summary of a number of important results.

Theorem 8.6. Let f: M — M be a C'*P diffeomorphism and let 11 be an ergodic,
f-invariant measure. Then

(1) hu(f) < XnimgmA';
(2) if u is absolutely continuous with respect to volume then

hu(f) = Z m*A
Ai>0
(3) if pis SRB then hy,(f) = > yieqm' A

Theorem 8.6(1), known as the Margulis—Ruelle inequality, is proven in [169].
Theorem 8.6(2), known as the Pesin entropy formula, is shown in [153]. Theorem
8.6(3) was established by Ledrappier and Strelcyn in [126]. In the next section,
we will complete Theorem 8.6 with Ledrappier’s Theorem, Theorem 9.3, which
provides a converse to Theorem 8.6(3).

For general measures invariant under a C?-diffeomorphism (for the case of
C+8_diffeomorphisms, see [29]), Ledrappier and Young explain explicitly the
defect from equality in Theorem 8.6(1). This captures the intermediate geome-
try of measures with positive entropy (and hence non-atomic unstable conditional
measures) but entropy strictly smaller than the sum of positive exponents.

Let §° denote the (almost-surely constant value of the) pointwise dimension of
p along the ith unstable manifolds. With 6° = 0, let

'Yi _ 57, . 6i_1.
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The coefficients * reflect the transverse geometry (in particular the transverse di-
mension) of the measure . inside of the ith unstable manifold transverse to the
collection of (i — 1)th unstable manifolds. In particular, we have ' < m’ (see
[129, Proposition 7.3.2].)

Theorem 8.7 ([129]). Let f: M — M be a C**P diffeomorphism and let 11 be an
ergodic, f-invariant measure. Then
=3 4
Ai>0
(Note that the proof in [129] required f to be C?; following [29] and [7, Appen-
dix], the theorem holds when f € C'*+5.)

*k8.5. Coarse-Lyapunov entropy and entropy product structure. Consider now
o: Z% — Diff'*#(M) a smooth Z?-action on a compact manifold M. Let u
be an ergodic, a-invariant measure. Recall that a coarse Lyapunov exponent
is a positive-proportionality class of Lyapunov exponents of «. For almost every
x € M there is a coarse Lyapunov subspace EX(z) < T,, M and a coarse Lyapunov
manifold WX (x) tangent to EX(x) at .

Let FX denote the partition of M into full WX-manifolds. Given n € Z% with
x(n) > 0, following the construction from [126] we can find a measurable partition
€ of (M, ) that is subordinate to X and increasing for a(n). We then define the
x-entropy of a(n) to be

hi((n)) = hy(a(n) [ x) = hu(a(n) | FX) = hu(a(n),§).

The main result of [37] is the following “product structure of entropy” for Z¢-
actions.

Theorem 8.8 ([37, Corollary 13.2]). Let a: Z¢ — Diff**# (M) be a smooth 7.%-
action on a compact manifold M and let p be an ergodic, a-invariant measure.

Then for any n € 7¢
= 2 hulat) ).

x(n)>0

Fix n € Z% and let f = a(n). The formulas in Theorem 8.7 and Theorem 8.8
then look quite similar. However, the contribution of each Lyapunov exponent
A’ to the total entropy in Theorem 8.7 is a “transverse entropy” (the coefficient
4% is a measure of “transverse dimension”). In Theorem 8.8, the entropy of each
coarse Lyapunov exponent x is a “tangential entropy” h,(a(n) | x) obtained by
conditioning along WX-manifolds. Thus, Theorem 8.7 does not immediately imply
Theorem 8.8. To show Theorem 8.8, one first shows that the total “transverse
entropy” Theorem 8.7 contributed by all A\’ € y is equal to the total conditional
entropy h,(a(n) | x). This is done in [37]. The idea is to first establish and
analogue of Theorem 8.7 for the conditional entropy h,,(f | x); this is done in [30]
where a formula of the form

hu(f | X) = hy(a = > WX (n)

Atey
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is shown. Then, (following [93]) one uses that n — h,(«(n) | x) is linear on any
half-cone where no coarse Lyapunov exponent X’ changes sign to show that the
transverse dimensions ;""" of each A\’ € y are independent of n and coincide with
the transverse dimensions ~* appearing in Theorem 8.7 for f = a(n).

8.6. Abstract ergodic theoretic constructions in smooth dynamics. (See Ap-
pendices B and C for further details.) Let f: M — M be a C'*# diffeomorphism
and let i be an f-invariant probability measure. We do not assume p to be ergodic.
We introduce here a number of measurable partitions of the measure space (M, p)
associated with the dynamics f:

(1) &, the ergodic decomposition (see Definition 6.5 and Theorem B.11 in
Appendix B.4);

(2) m, the Pinsker partition;

(3) =%, the measurable hull of the partition into unstable manifolds;

(4) =°, the measurable hull of the partition into stable manifolds.

In this subsection, we will define objects (2)—(4) above and explain the following
two assertions:
) E<z=s
2) =5 =m=2"
The first assertion in is a standard fact in hyperbolic dynamics (which forms the

first step in the Hopf argument for ergodicity) and is discussed in detail in Theorem
C.4 in Appendix C. The second is [128, Theorem B]).

8.6.1. Measurable hull of a partition. Given a (possibly nonmeasurable) partition
€ of (M, u) we write Z(&) for the measurable hull of &; that is, Z(&) is the finest
measurable partition with Z(§) < £. If £ is measurable, then we have Z(§) = &
but in general Z(§) is strictly coarser than £&. We illustrate this concept with a few
examples.

Example 8.9. Suppose that 4 is f-invariant and ergodic. Let O be the partition
into orbits of f. Then O is not measurable (see Example B.6 in Appendix B). The
measurable hull of O is the trivial partition Z(O) = {M, J}. For example, given a
totally irrational flow on the torus T2, the partition into flow lines is not measurable
and the measurable hull is the trivial partition.

More generally, if p is not ergodic then the measurable hull of O is £(0) =
&, the ergodic decomposition (M, u). (See Definition 6.5 and Example C.2 in
Appendix C.)

For the following two examples, recall Lemma 3.6 and Lemma 8.4.

Example 8.10. Let f be a C'*7 volume-preserving Anosov diffeomorphism of a
connected manifold M. Let £* denote the partition of M into unstable manifolds.
Then £“ is not measurable (for the invariant volume). In fact, it is known that the
measurable hull of £" is again the trivial partition (&%) = {M, &}.

Example 8.11. Let f: M — M be a C'*5 diffeomorphism and let ; be any
ergodic, f-invariant probability measure. Let £“ denote the partition of M into
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(full) unstable manifolds. Then £" is measurable if and only if h,(f) = 0. In
particular, if 4, (f) > 0 then the measurable hull of " is strictly coarser than £“.

In general, given a C'*# diffeomorphism f: M — M and an ergodic, f-
invariant probability measure p we let =* and =Z° denote, respectively, the mea-
surable hulls of the partition of (M, p) into full unstable and stable manifolds.

We state the first relationship between the above objects in the following Propo-
sition whose proof follows immediately from the pointwise ergodic theorem. (See
Theorem C.4, Appendix C.)

Proposition 8.12. Let f: M — M be a C'*P diffeomorphism and let 1 be any
f-invariant probability measure. Then £ < Z° and £ < =",

Proof. Let 0(€) and o(=®) denote the o-algebras of £-saturated and Z=°-saturated
sets, respectively.
Consider any continuous function ¢: M — R. Then ¢ : M — R defined by

n—1
b* (2) = limsup = 3 o(f* ()
n—oo T P
is an f-invariant function that is constant along W %-leaves. In particular, the func-
tion ¢ is measurable with respect to o (€) and o(Z*). Moreover, as C°(M) is sep-
arable and dense in L' (1), the o-algebra o (€) is the minimal o-algebra for which
¢ is measurable for all continuous ¢: M — R. It follows that 0(£) < o(E9)
whence £ < =°. O

8.6.2. The Pinsker partition. Let f: (X,u) — (X, p) be a measure-preserving
transformation of a standard probability space (X, i). The Pinsker partition 7 of
f+ (X,u) — (X, p) is the finest measurable partition (X, u) with the following
property: for any measurable partition £ < 7, we have

hu(f,€) = 0.

Another characterization of 7 is the following: 7 is the unique f-invariant partition
such that, if (g,Y,v) is a measurable factor of (f, X, u) with zero entropy, then
(g9,Y,v) is also a factor of the factor system (f, X, u)/7.

Our second relationship, stated as [128, Theorem B], characterizes the Pinsker
partition in smooth dynamics.

Proposition 8.13 ([128, Theorem B]). Let f: M — M be a C'*7 diffeomorphism
and let |4 be any f-invariant Borel probability measure. Then we have equality of

partitions
u

—
= =1 =

s

[1]

Remark 8.14. We say that a measure-preserving transformation f: (X, u) —
(X, p) has the K-property or (the Kolmogorov property) if the Pinsker parti-
tion 7 is the trivial partition 7 = {¢f, X}. For such systems, every non-trivial
factor has positive entropy.

Let f: M — M be a C'*” volume-preserving Anosov diffeomorphism. Anosov
first showed that such maps are ergodic in [5]. In this setting, the analogue of
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Proposition 8.13 is established in [173]; that is any set A € 7 is equal modulo 0
to a set fully saturated by stable manifolds and also equal modulo 0 to a (possibly
different set) that is fully saturated by unstable manifolds. Using the absolute con-
tinuity of the stable and unstable foliations established by Anosov in his proof of
ergodicity, one may show that any A € 7 is equal modulo 0 to a set that is both fully
saturated by stable manifolds and unstable manifolds. It follows that any A € 7 is
null or conull. In particular, this shows that volume-preserving Anosov diffeomor-
phisms have the K-property. This explains the conclusion in Example 8.10 that =*
is the trivial partition. See, for example, [40] for modern discussion of absolute
continuity and the K -property in uniformly (partially) hyperbolic settings.

9. ENTROPY, INVARIANCE, AND THE SRB PROPERTY

In dissipative dynamical systems, ergodic SRB measures p without zero Lya-
punov exponents provide examples of physical measures: there is a set B of pos-
itive Lebesgue measure such that for any continuous function ¢, the forwards time
average of ¢ along the orbit of points in B converges to { ¢ du. In applications
and specific examples, a recurring problem is to establish the existence of physical
and SRB measures. We pose a related question that arises naturally in the settings
considered in this text:

Question 9.1. Given a diffeomorphism f: M — M and an f-invariant measure
u, how do you verify that ¢ is an SRB measure?

Seemingly unrelated, consider a group G acting smoothly on a manifold M. We
pose the following:

Question 9.2. Given a Borel probability measure p on M and a subgroup H < G,
is it is possible to verify that y is H-invariant?

One method to answer both of these questions is given in Theorem 9.3 and
Theorem 9.5 below.

9.1. Ledrappier’s theorem. (See Appendix D for further details.) We outline one
approach that solves both Question 9.1 and 9.2 in a number of settings. We discuss
other approaches towards verifying the existence of SRB measures below.

We recall Section 8.3 where the notion of unstable entropy was introduced. The
main result (Corollary 5.3) of [128] shows for a C? (see [29] for the C''*7# case)
diffeomorphism f: M — M preserving an ergodic probability measure y that the
metric entropy of f and the unstable metric entropy of f coincide:

hu(f) = b (f)-
Using this fact, Ledrappier gave a geometric characterization of all measures sat-
isfying equality h,(f) = Y.yiwom‘A’ in the Margulis-Ruelle inequality, giving a
converse of Theorem 8.6(3).

Theorem 9.3 (Ledrappier’s Theorem [124]). Let f be a C'*? diffeomorphism and
let u be an ergodic, f-invariant, Borel probability measure. Then p is SRB if and
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only if
he(f) = D m'X. ©.1)
Ai>0

In the proof of Theorem 9.3, Ledrappier actually proves something much stronger
than the SRB property: if hj;(f) = D yiog m'\’ then the leaf-wise measures p of
1 along unstable manifolds are equivalent to the Riemannian volume with a Holder
continuous density. That is, if m} the Riemannian volume along W*"(z) then for
a.e. x there is a Holder continuous, nowhere vanishing function p: W*(z) —
(0, 00) with

Ly = p myg. (9.2)
In particular, the leaf-wise measure p% has full support in W*(x). Moreover,
Ledrappier explicitly computes the density function p; see (D.6) in Appendix D
and [128, Corollary 6.1.4].

We make use of the explicit formula for the density p in the following setup.
Consider a Lie group GG and a smooth, locally free, action of G on a manifold M.
We denote the action by g - « for ¢ € G and © € M. Consider a Lie subgroup
H < G and s € G that normalizes H. Let f: M — M be the diffeomorphism
given by s; thatis f(x) = s - x. Let u be an ergodic, f-invariant Borel probability
measure and suppose that the orbit H - x is contained in the unstable manifold
W (z) for u-almost every .

Since s normalizes H, the partition of M into H-orbits is preserved by f; in
particular, the partition into H-orbits is a subfoliation of the partition into unstable
manifolds. Given a Borel probability measure ;. on M and a measurable partition
¢ subordinate to the partition into H -orbits we can define conditional measures ,ug
of u. Given x € M (using that the action is locally free) we can push forward the
left-Haar measure on H onto the orbit H - x via the parametrization H -z = {h-x :
he H}.

Lemma 9.4. u is H-invariant if and only if for any measurable partition & sub-
ordinate to the partition into H-orbits and p-a.e. x the conditional measure ,ug
coincides—up to normalization—with the restriction of the left-Haar measure on

H -z to&(x).

Similar to the definition of metric entropy of f conditioned on unstable man-
ifolds, we can define the metric entropy of f conditioned on H-orbits, written

hu(f | H), by
huf | H) i= hy(£.6) |
where ¢ is any increasing, measurable partition £ subordinate to H-orbits. Let A",
E*(x), and m' be as in 7.1 for the dynamics of f and the measure ;. We define the
multiplicity of \* relative to H to be (the almost surely constant value of)
mH = dim(E'(z) n Tp(H - z)).

Generalizing Theorem 8.6(1) we have (see for instance [30])

hu(f | H) < > NmPH, (9.3)

Ai>0
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From the proof of Theorem 9.3, (in particular, the explicit formula for the density
function p in (9.2); see (D.6) in Appendix D and proof of Proposition 5.8) we have
the following.

Theorem 9.5. With the above setup, the following are equivalent:
(1) hu(f | H) = Eying A'm>H;

(2) for any measurable partition £ subordinate to the partition into H-orbits
and almost every x, ug is absolutely continuous with respect to the Rie-
mannian volume on the H-orbit H - x;

(3) wis H-invariant.

The proof is only a slightly more complicated version of the proof of Proposi-
tion 5.8. Note that as Theorem 9.5 only concerns the entropy and dynamics inside
H-orbits, the result holds for C! or even C? actions since the dynamics permut-
ing H-orbits is affine and hence C®. See for instance [60] where related entropy
results are shown for C? actions of Lie groups.

A possible critique of Theorem 9.3 is that in examples it seems nearly impossible
to verify equality in (9.1) without first knowing that the measure is SRB. However,
in a number of settings of group actions on manifolds, it turns out one can in
fact verify equality in (9.1) (or typically, equality in Theorem 9.5(1)) and thus
derive the SRB property or gain additional invariance of the measure only from
entropy considerations. This is one key idea in this text, the papers [31, 36], and
also appears as a main tool in [67, 144].

Remark 9.6. The statement and proof of Theorem 9.3, especially the reformula-
tion in Theorem 9.5, is very similar to the invariance principle for fiberwise disin-
tegrations of measures invariant under skew products. The earliest version of this
invariance principle is due to Ledrappier [125] for projectivized linear cocycles.
Avila—Viana extended this to cocycles taking values in the group of C'! diffeomor-
phisms in [6]. See Proposition 15.5 for a related invariance principle in the setting
of actions of lattices on manifolds.

9.2. Approaches to Questions 9.1 and 9.2. Although not the main focus of this
text, we summarize a number of alternative approaches towards approaching Ques-
tions 9.1 and 9.2 that arise in various dynamical settings.

SRB property from dynamical hypotheses. In the setting of uniformly hyper-
bolic dynamics, SRB measures are known to exist for Anosov diffeomorphisms,
Anosov flows, and Axiom A attractors. See [24,26]. In the setting of partially hy-
perbolic diffeomorphisms, under suitable conditions on the central dynamics SRB
measures are known to exist; related results hold for dynamics with a dominated
splitting. See for example [2—4,21].

SRB measures via detailed analysis. For specific families of examples exhibiting
nonuniform hyperbolicity, tools of parameter exclusion, normal forms, and detailed
analysis can be used to show the existence of an SRB measure. See for example,
[8-11,97,133,176, 184]. General hypotheses that can be verified in a number of
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examples are given in [183,196] which guarantee the existence of SRB measures.
See the survey article [197] for more background.

Verifying equality in the entropy formula. As discussed above, the culmination
of the results of [124, 126, 128] characterizes SRB measures exactly as those for
which the equality 2, (f) = D>yisg m*\¢ holds. Similarly, equality in Theorem
9.5(1) in holds if and only if the measure g is invariant under the action of the
subgroup H. This approach—verifying equality in the entropy formula to obtain
invariance of a measure—has been exploited in particular in [31,36,67, 144].

Shearing and translation invariance in a homogeneous structure. A common
tool to obtain invariance or absolute continuity properties of leaf-wise measures is
to manufacture a shear of leaf-wise measures along leaves of a foliation. That is,
given an invariant measure y and an affine foliation F with family of normalized
leave-wise measures {47 }, for a y-typical 2 one may be able to use the dynamics to
construct approximations of translations along the support of 7 in the leaf F(x)
that preserve the measure ;> up to normalization. Taking a limit, one has that
w is preserved up to normalization under some translations which gives strong
information (see Proposition 5.6) on the geometry of x7. Additional dynamical
arguments can then often establish translation invariance of the leaf-wise measures
k. Manufacturing translation invariance of leaf-wise measures along their sup-
port in an affine foliation F is a main tool used to established Ratner’s measure
classification results in [162, 164] and [144]. This was also one of the main steps
(see Lemma 6.3) in the proof of Theorem 2.8.

In a setting similar to that of Theorem 2.8, for higher-rank diagonal actions
on semisimple homogeneous spaces (see Section 13.2), the high entropy method
[59,60] and low entropy method [63,132] provide mechanisms to obtain translation
invariance of leaf-wise measures, culminating in the landmark paper [61]. Another
mechanism to obtain translation invariance of leaf-wise measures appears in [13,
14] and is used to establish measure rigidity results for stationary measure for affine
random walks. In [67], a mechanism inspired by [13] is used to obtain invariance
for certain affine actions of SL(2, R).

This approach, and specifically the method presented in Part 1 from [114], has
been adapted to establish measure rigidity in a number of nonlinear settings in-
cluding [100] and [102]. In non-linear settings, unstable manifolds W*(x) are C?
injectively immersed copies of R* for some k. Although there might be no natu-
ral notion of translation, relative to certain coordinate systems H,: R* — W% (x)
obtained from normal forms of the dynamics along unstable manifolds, leaf-wise
measures /" are absolutely continuous if and only if their images (H, 1), u¥ in
these coordinates are translation invariant in R*. In a number of non-linear set-
tings including [35, 100, 102] absolute continuity properties of a measure p along
unstable foliations is shown by establishing translation invariance of the leaf-wise

measures (H, 1), u% in these coordinates.
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Part 3. Smooth lattice actions and new results in the Zimmer program

The main goal of the part will be to understand properties and to classify smooth
actions of certain countable groups I' on compact manifolds. The main results
of this section are Theorem 11.4 and Theorem 11.6. We give their proofs after
introducing some terminology and motivation.

10. SMOOTH LATTICE ACTIONS

We give some background on lattices in semisimple Lie groups and a number of
examples of smooth actions of lattices on manifolds. References with additional
details for this and the next section include [12,74,121,122,141,193].

10.1. Lattices in semisimple Lie groups. Recall that a Lie algebra g is simple if
it is non-abelian and has no non-trivial ideal. A Lie algebra g is semisimple if it
is the direct sum g = @le g; of simple Lie algebras g;; this is equivalent to the
fact that [g, g] = g. We say a Lie group G is simple (resp. semisimple) if its Lie
algebra g is simple (resp. semisimple). The main example for this text is the simple
Lie group G = SL(n,R).

Let G be a connected semisimple Lie group with finite center. Semisimple Lie
groups are unimodular and hence admit a bi-invariant measure, called the Haar
measure, which is unique up to normalization. A lattice in G is a discrete subgroup
I" © @G with finite co-volume. That is, if D is a measurable fundamental domain
for the right-action of " on G then D has finite volume. If the quotient G/T is
compact, we say that I is a cocompact lattice. If G/I" has finite volume but is
not compact we say that I' is nonuniform. The quotient manifold G/I" by the
right action of I' admits a left-action by G and the Haar measure on G descends
to a finite, G-invariant measure on G/I" which we normalize to be a probability
measure.

Example 10.1. The standard example of a lattice in G = SL(n,R) isI" = SL(n, Z).
Note that SL(n, Z) is not cocompact in SL(n,R). However, SL(n, R) and more
general simple and semisimple Lie groups possess both nonuniform and cocompact
lattices. (See for example [193, Sections 6.7, 6.8] for examples and constructions.)

Example 10.2. In the case G = SL(2,R), the fundamental group of any finite
area hyperbolic surface is a lattice in (. In particular, the fundamental group of
a compact hyperbolic surface is a cocompact lattice in G. This can be seen by
identifying the fundamental group of .S with the deck group of the hyperbolic plane
H = SO(2,R)\SL(2,R). For instance, the free group I' = F5 on two generators
is a lattice in G as can be seen by giving the punctured torus S = T? \ {pt} a
hyperbolic metric.

See [193] for further details on constructions and properties of lattices in Lie
groups.
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10.2. Rank of G. Every semisimple Lie group admits an Iwasawa decomposition

G = KAN where K is compact, A is a simply connected free abelian group of R-

diagonalizable elements, and NV is unipotent. See [121] for details. The dimension

of A is the rank of G. We call such a group A a maximal split Cartan subgroup.
In the case of G = SL(n, R), the standard choice of K, A, and N are

K =SO(n,R), A= {diag(etl,et2, ey it ety = 0},

and N the group of upper-triangular matrices with all diagonal entries equal to 1.
Note that, as elements in SL(n, R) have determinant 1, we have

diag(e', e’2,... e') € SL(n, R)

ifand only if ¢; +- - - +t, = 0. Thus A ~ R"~! and the rank of SL(n,R) isn — 1.

We say that a simple Lie group G is higher-rank if its rank is at least 2. We will
say that a lattice I in a higher-rank simple Lie group G is a higher-rank lattice.
In particular, G = SL(n, R) and its lattices are higher-rank when n > 3.

In Example 10.9 below, we present an example of a cocompact lattice I' in the
group G = SO(n,n) when n > 4. The group SO(n, n) has rank n and thus I" is a
higher-rank, cocompact lattice.

For further examples, see Table 1 for calculations of rank for various matrix
groups and [121, VI.4] for examples of Iwasawa decompositions for various matrix
groups.

10.3. Standard actions of lattices in Lie groups. We present a number of stan-
dard examples of “algebraic” actions of lattices in Lie groups. We also discuss in
Example 10.10 some modifications of algebraic actions and constructions of more
exotic actions.

Example 10.3 (Finite actions). Let IV be a finite-index normal subgroup of T
Then F = T'/T"” is finite. Suppose the finite group F' acts on a manifold M. Since
F is a quotient of I we naturally obtain a I'-action on M.

Note that an action of a finite group preserves a volume simply by averaging any
volume form by the action.

Definition 10.4. An action o: I' — Diff (M) is finite or almost trivial if it factors
through the action of a finite group. That is, « is finite if there is a finite-index
normal subgroup IV < T such that o[ is the identity.

We remark that by a theorem of Margulis [138], if I is a lattice in a higher-rank,
simple Lie group then all normal subgroups of I" are either finite or of finite-index.

Example 10.5 (Affine actions). LetT" = SL(n, Z) (or any finite-index subgroup of
SL(n,Z)). Let M = T"™ = R"/Z" be the n-dimensional torus. We have a natural
action a: I' — Diff (T") given by
a(Y)(z+2") =y -x+ 2"
for any matrix vy € SL(n, Z).
To generalize this example to other lattices, let I' < SL(n,R) be any lattice
and let p: I' — SL(d,Z) be any representation. Then we have a natural action
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a: I' — Diff(T?) given by
a(y)(x+2%) = p(y) -z + 2.

Note that these examples preserve a volume form, namely, the Lebesgue measure
on T¢. Also note that these actions are non-isometric.

Remark 10.6. Both constructions in Example 10.5 give actions o: T' — Diff(T%)
that have global fixed points. That is, the coset of 0 in T¢ is a fixed point of a/()
for every vy e I.

The construction can be modified further to obtain genuinely affine actions
without global fixed points. Given a lattice I' — SL(n,R) and a representation
p: I' — SL(d,Z), there may exist non-trivial elements ¢ € H;(I‘,’]I‘d); that is,
c: T'— T4 is a function with

c(m72) = p(11)e(v2) + c(n) (10.1)
and such that there does not exist any € T¢ with
c(y) = p(y)n—n (10.2)

for all v € I'. (Equation (10.1) says that c is a cocycle with coefficients in the
I'-module T%; (10.2) says c is not a coboundary.) We may then define a: ' —
Diff (T?) by

a(y) (@ + 2% = p(v) - x + e(y) + 7.
Equation (10.1) ensures that & is an action and (10.2) ensures that & is not conju-
gate to the action .

In the above construction, any cocycle c: I' — T¢ is necessarily cohomologous
to a torsion-valued (that is, Q¢/Z?-valued) cocycle. This follows from Margulis’s
result (see [141, Theorem 3 (iii)]) on the vanishing of Hg (I',R%). In particular, &
and « are conjugate when restricted to a finite-index subgroup of I'. See [95] for
more details.

Example 10.7 (Projective actions). Let I' = SL(n,R) be any lattice. Then I has
a natural linear action on R". The linear action of I' on R" induces an action
of T on the sphere S™~! thought of as the set of unit vectors in R™: we have
a: I' — Diff (S™) given by

a(y) () = =

Iy -l
Alternatively we could act on the space of lines in R™ and obtain an action of
T on the (n — 1)-dimensional real projective space RP"~!. This action does not
preserve a volume; in fact there is no invariant probability measure for this action.
Additionally, these actions are not isometric for any Riemannian metric.

Remark 10.8 (Actions on boundaries). Example 10.7 generalizes to actions of
lattices I' in G acting on boundaries of G. Given a semisimple Lie group G' with
Iwasawa decomposition G = KAN, let M = K n Cg(A) be the centralizer of
Ain K. A closed subgroup (Q — G is parabolic if it is conjugate to a group
containing M AN. When G = SL(n,R) we have that M is a finite group and
any parabolic subgroup () is conjugate to a group containing all upper triangular
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matrices. See [121, Section VII.7] for further discussion on structure of parabolic
subgroups.

Given a semisimple Lie group G, a (finite-index subgroup of a) proper parabolic
subgroup @ < G, and a lattice I' — G, the coset space M = G/(Q is compact and
I" acts on M naturally as

a(1)(2Q) = 12Q.
These actions never preserve a volume form or any Borel probability measure and
are not isometric.

In Example 10.7, the action on the projective space RP™ ! can be seen as the
action on SL(n, R)/Q where @ is the parabolic subgroup

*

Example 10.9 (Isometric actions). Another important family of algebraic actions
are isometric actions obtained from embeddings of cocompact lattices in Lie groups
into compact groups.

Isometric actions of cocompact lattices in split orthogonal groups of type D4. For
n = 4, consider the quadratic form in 2n variables

Q@ Tn, Y1, oY) = 2] + .2 — V2057 + o ).

- B = diag (1,...,1,—\/2...,—\/5) e GL(2n,R)
be the matrix such that Q(z) = o7 Bz for all 2 € R?" and let
G =80(Q) = {g e SL(2n,R) | g" Bg = B}
be the special orthogonal group associated with (). We have that
SO(Q) ~ SO(n,n)

is a Lie group of rank n with restricted root system of type D,, when n > 4.
Let K = Q[v/2] and let Z[+/2] be the ring of integers in K. Let

I = {geSL(2n,Z[V2]) | ¢ Bg = B}.

Then I is a cocompact lattice in G. (See for example [193], Proposition 5.5.8 and
Corollary 5.5.10.)

Let 7: K — K be the nontrivial Galois automorphism and let 7 act coordinate-
wise on matrices with entries in K. Given v € I we have 7(v) = Id if and only if
v = Id. Moreover, as 72 = Id we have

7(7) € SO(7(Q)) := {g € SL2n,R) | g7 7(B)g = 7(B)} ~ SO(2n).

3For n = 1, SO(1, 1) is a one-parameter group and for n = 2, SO(2, 2) is not simple (it is double
covered by SL(2, R) x SL(2,R)). For n = 3, SO(3, 3) is double covered by SL(4, R).
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In particular, the map v — 7(7) gives a representation I' — SO(2n) with infinite
image into the compact group SO(2n).

As SO(2n) is the isometry group of the sphere S?"~1 = SO(2n)/SO(2n — 1)
we obtain an action of I' by isometries on a manifold of dimension 2n — 1.

Isometric actions of cocompact lattices in SL(n,R). A more complicated con-
struction can be used to build cocompact lattices I' < SL(n,R) that possess
infinite-image representations 7: I' — SU(n) (see discussion in [193, Sections
6.7, 6.8] as well as [193, Warning 16.4.3].) In this case, one obtains isometric
actions of certain cocompact lattices I" in SL(n, R) on the (2n — 2)-dimensional
homogeneous space

SU(n)/S(U(1) x U(n — 1)).

Example 10.10 (Modifications of standard examples and exotic actions). Beyond
the “algebraic actions” discussed in Examples 10.5-10.9, it is possible to mod-
ify certain algebraic constructions to construct genuinely new actions; these ac-
tions might not be conjugate to algebraic actions and may exhibit much weaker
rigidity properties. One such construction starts with the standard action of (finite-
index subgroups of) SL(n,Z) on T™ and creates a non-volume-preserving action
by blowing-up fixed points or finite orbits of the action. In [111, Section 4], Katok
and Lewis showed this example can be modified to obtain volume-preserving, real-
analytic actions of SL(n,Z) that are not C” conjugate to an affine action; more-
over, these actions are not locally rigid. In [16, 18,73], constructions of non-locally
rigid, ergodic, volume-preserving actions of any lattice in a simple Lie group are
constructed by more general blow-up constructions.

Another example due to Stuck [175] demonstrates that it is impossible to fully
classifying all lattice actions. Let P < SL(n,R) be the group of upper triangular
matrices. There is a non-trivial homomorphism p: P — R. Now consider any flow
(i.e. R-action) on a manifold M and view the flow as a P-action via the image of p.
Then G acts on the induced space N = (G x M)/P and the restriction induces a
non-volume-preserving, non-finite action of I'. This example shows—particularly
in the non-volume-preserving-case—that care is needed in order to formulate any
precise conjectures that assert that every action should be “of an algebraic origin.”
Note however, that we obtain a natural map N — G/ P that intertwines I"-actions;
in particular, this action has an “algebraic action” as a factor.

We refer to [74, Sections 9 and 10] for more detailed discussion and references
to modifications of algebraic actions and exotic actions.

10.4. Actions of lattices in rank-1 groups. Actions by lattices in higher-rank Lie
groups are expected to be rather constrained. Although Example 10.10 shows there
exists exotic, genuinely “non-algebraic” actions of such groups, these actions are
build from modifying algebraic constructions or factor over algebraic actions. For
lattices in rank-one Lie groups such as SL(2,RR), the situation is very different.
There exist natural actions that have no algebraic origin and the algebraic actions
of such groups seem to exhibit far less rigidity (for example Example 10.12 which
is not locally rigid) than those above.
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Example 10.11 (Actions of free groups). Let G = SL(2,R). The free group I' =
F5 is a lattice in G. (For instance, F5 is the fundamental group of the punctured
torus; more explicitly, SL(2,7Z) contains a copy of F; as an index 12 subgroup.)
Let M be any manifold and let f, g € Diff(M). Then f and g generate an action
of I' on M that is clearly not of an algebraic origin. In particular, there is no
expectation that any rigidity phenomena should hold in general for actions by all
lattices in SL(2, R).

For the next example, recall Definitions 1.1 and 1.3 of an Anosov actions.

Example 10.12 (Non-standard Anosov actions of SL(2, Z)). Consider the standard
action o of SL(2, Z) on the 2 torus T2 as constructed in Example 10.5. In [94, Ex-
ample 7.21], Hurder presents an example of a 1-parameter family of deformations
oy SL(2,Z) — Diff(T?) of a with the following properties:

(1) Each ¢4 is a real-analytic, volume-preserving action;

(2) Fort > 0, oy is not topologically conjugate to o, (even when restricted to

a finite-index subgroup of SL(2,7Z).)

Moreover, since « is an Anosov action and since the Anosov property is an open
property we have that

(3) each o4 is an Anosov action.

This shows that even affine Anosov actions of SL(2, Z) fail to exhibit local rigidity
properties and that there exist genuinely exotic Anosov actions of SL(2,7Z). This
is in stark contrast to the affine Anosov actions of higher-rank lattices which are
known to be locally rigid by [115, Theorem 15].

In contrast, it is expected that all Anosov actions of higher-rank lattices are
smoothly conjugate to affine actions as in Example 10.5 or Remark 10.6 (or anal-
ogous constructions in infra-nilmanifolds). See Question 11.1(6) below. Recent
progress towards this conjecture appears in [38].

Remark 10.13. There are a number of rank-1 Lie groups whose lattices are known
to exhibit some rigidity properties relative to linear representations. For instance,
Corlette established superrigidity and arithmeticity of lattices in certain rank-1 sim-
ple Lie groups in [46]. In particular, Corlette establishes superrigidity for lattices in
Sp(n, 1) and F4_20, the isometry groups of quaternionic hyperbolic space and the
Cayley plane. It seems plausible that lattices in certain rank-1 Lie groups would
exhibit some rigidity properties for actions by diffeomorphisms; currently, there do
not seem to be any results in this direction.

11. ACTIONS IN LOW DIMENSION AND ZIMMER’S CONJECTURE

11.1. Motivating questions. For actions by lattices in rank-1 groups, we have
seen that it is easy to construct exotic actions of free groups and Example 10.12
shows there are exotic Anosov actions of SL(2,Z) on tori.

However, for actions of lattices in higher-rank, simple Lie groups, the situation is
expected to be far more rigid. In particular, the examples from the previous section
lead to a number of more precise questions and conjectures. For concreteness, fix
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n = 3 and let G = SL(n,R). Let I' = G be a lattice. Recall the action of T" on
S"~1 and the volume-preserving Anosov action of I' = SL(n, Z) on T".

Questions 11.1. Consider the following questions:

(1) Is there a non-finite action of I' on a manifold of dimension at most n — 2?

(2) If the answer to (1) is unknown, does every action of I' on a manifold of
dimension at most n — 2 preserve a volume form?

(3) Is there a non-finite, volume-preserving action of I' on a manifold of di-
mension at most n — 1?7

(4) Is every non-finite action of I'" on an n-torus of the type considered in
Example 10.5? What about volume-preserving actions? That is, if a: I' —
Diff (T™) is a non-finite action is o smoothly conjugate to an affine action
as in Example 10.5 (or as in Remark 10.6)?

(5) Are the only non-finite actions of I" on a connected (n — 1)-manifold those
considered in Example 10.7? That is, if : I' — Diff** (M) is a non-finite
action is M either S"~! or RP"~! and is o smoothly conjugate to the
projective action.

Motivated by various conjectures on the classification of Anosov diffeomor-
phisms and Question 11.1(4), we also pose the following.

(6) Is every non-finite (volume-preserving) Anosov action of I' of the type
considered in Example 10.5? That is, if a: I' — Diff (M) is an Anosov
action is M a (infra-)nilmanifold and is o smoothly conjugate to an affine
action as in Example 10.5 (or as in Remark 10.6)?

Questions 11.1(1) and (3) are referred to as Zimmer’s conjecture, discussed in
the next section. Question 11.1(2) is irrelevant given a negative answer to Ques-
tion 11.1(1) but motivated the result stated in Theorem 11.4 below and was natural
to conjecture before an answer to Question 11.1(1) was known. It may be that an-
swering Question 11.1(2) is possible in dimension ranges where Conjecture 11.3(1)
below is expected to hold but is not yet known.

11.2. Zimmer’s conjecture for actions by lattices in SL(n,RR). Recall Exam-
ple 10.5 and Example 10.7. For lattices in SL(n,R), Zimmer’s conjecture asserts
that these are the minimal dimensions in which non-finite actions can occur. We
have the following precise formulation.

Conjecture 11.2. Forn > 3, let T' = SL(n,R) be a lattice. Let M be a compact
manifold.
(1) If dim(M) < n — 1 then any homomorphism I' — Diff (M) has finite
image.
(2) In addition, if vol is a volume form on M and if diim(M) = n — 1 then any
homomorphism I' — Diff (M) has finite image.

We are intentionally vague about the regularity in Conjecture 11.2 (and Conjec-
ture 11.3 below). Zimmer’s original conjecture considered the case of C* volume-
preserving actions. See [198,201,202]. Most evidence for the conjecture requires
the action to be at least C''. It is possible the conjecture holds for actions by
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homeomorphisms; see for instance [27, 190, 191] for a partial list of results in this
directions. The results we discuss below require the action to be at least C''*7 as
we use tools nonuniformly hyperbolic dynamics though some of our results still
hold for actions by C'! diffeomorphisms (see Theorem 11.7 below.)

*%11.3. Zimmer’s conjecture for actions by lattices in other Lie groups. To
formulate Zimmer’s conjecture for lattices general Lie groups, to each simple, non-
compact Lie group G we associate 3 positive integers do(G), drep(G), demt(G)
defined roughly as follows:

(1) do(G) is the minimal dimension of G/H as H varies over proper closed
subgroups H < G. (We remark that H is necessarily a parabolic subgroup
in this case.)

(2) dyep(G) is the minimal dimension of a non-trivial linear representation of
(the Lie algebra) of G.

(3) demt(G) is the minimal dimension of a non-trivial homogeneous space of
a compact real form of G.

See Table 1 where we compute the above numbers for a number of matrix groups,
(split) real forms of exceptional Lie algebras, and complex matrix groups. We also
include another number 7(G) which is defined in [31,36] and arises from certain
dynamical arguments*; this number gives the bounds appearing in the most general
result, Theorem 19.2 below, towards solving Conjecture 11.3. For complete tables
of values of dyep(G), demt (G), and do(G), we refer to [42].

Given the examples in Section 10.3 and the integers drep(G), demt (G), do(G)
defined above, is it natural to conjecture the following full conjecture.

Conjecture 11.3 (Zimmer’s Conjecture). Let G be a connected, simple Lie group
with finite center. Let I' © G be a lattice. Let M be a compact manifold and vol a
volume form on M. Then

(1) if dim(M) < min{diep(G), demt(G),do(G)} then any homomorphism
a: I' — Diff (M) has finite image;

(2) if dim(M) < min{drep(G), demt(G)} then any homomorphism o: T' —
Diff o1 (M) has finite image;

(3) if dim(M) < min{do(G), drep(G)} then for any homomorphism oc: T' —
Diff (M), the image o(T") preserves a Riemannian metric;

(4) if dim(M) < dyep(G) then for any homomorphism o.: I' — Diff o (M),
the image «(T") preserves a Riemannian metric.

11.4. Two recent results in the Zimmer program. The following two recent
results address Questions 11.1(1)—(3) above. In the remainder of this part, we
outline their proofs (at times, specializing to the case of C'® actions and the case
of G = SL(3,R).) We also refer the reader to the excellent article by Serge Cantat
[42] that presents (in French) a complete proof of Theorem 11.6.

4A precise definition that is equivalent to that in [31,36] is that r(Q) is do(G") where G’ is the largest
R-split simple subgroup in G.
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G oy | Tk | drep(6) | dent(G) | do(@) | #(G)
SL(n,R) An— n—1 n 2n — 2 n—1 n—1
SO(n,n + 1) B, n 2n+1 2n 2n—1 | 2n—1
Sp(2n,R) Ch n 2n dn —4 2n—1 |2n—1
SO(n,n) D, n 2n 2n —1 2n—2 | 2n—2

Er Eg 6 27 26 16 16

By Ey 7 56 54 27 27

Eyiir Eg 8 248 112 57 o7

Fy Ey 4 26 16 15 15

G Go 2 7 6 5 5)
SL(n,C) Ap1 n—1 2n 2n —2 2n—2 | n—1
SO(2n,C) D, n 4n 2n —1 dn—4 | 2n —2
SO(2n + 1,C) B, n dn + 2 2n dn—2 |2n—1
Sp(2n,C) Chn n 4n dn —4 dn—2 |[2n—1
S]?Z”’qq) By p | ptq |ptg—1|p+q—2|2p—1

TABLE 1. Numerology in appearing in Zimmer’s conjecture for
various groups. See also [42] for more complete tables. See The-
orem 19.2 where the number r(G) appears and [31, 36] or Foot-
note 4 for definition.

Before an answer to Questions 11.1(1) and (3) were known, the author together
with Federico Rodriguez Hertz and Zhiren Wang studied Question 11.1(2) and
were able to show that all such actions preserve some probability measure.

Theorem 11.4 ([36, Theorem 1.6]). For n = 3, let I' < SL(n,R) be a lattice.
Let M be a manifold with dim(M) < n — 1. Then, for any C'# action o.: T —
Diff1+# (M), there exists an a-invariant Borel probability measure.

For actions on the circle, an analogue of Theorem 11.4 is shown in [89, Theorem
3.1] for actions by homeomorphisms.

In the critical dimension dim(M) = n — 1, the projective action on RP" !
discussed in Example 10.7 gives an example of an action that does not preserve any
Borel probability measure. If « is an action of I' on a space X, we say that a Borel
probability measure p is nonsingular for « if the measure class of p is preserved
by the action. In particular, any smooth volume on RP™ ! is nonsingular for the
projective action. In [36, Theorem 1.7], it is shown that all non-measure-preserving
actions on manifolds of the critical dimension (n — 1) have the projective action
on RP"~! equipped with a smooth volume as a measurable factor. Precisely, for
any action a: I' — Diff'*#(M) where dim(M) = n — 1 it is shown that either

(1) there exists an a-invariant Borel probability measure p on M; or



64 A. BROWN (ET AL.)

(2) there exists a Borel probability measure p on M that is nonsingular for the
action a;; moreover the action e on (M, p) is measurably isomorphic to a
finite extension of the projective action in Example 10.7 and the image of
p factors to a smooth volume form on RP™ 1,

This gives strong evidence for a positive answer to Question 11.1(5) which we
pose as a formal conjecture.

Conjecture 11.5. For n = 3, let T' = SL(n,R) be a lattice, let M be a closed
(n—1)-dimensional manifold, and let o: T — Diff® (M) be an action with infinite
image. Then, either M = S™ ' or M = RP" ! and the action o is C* conjugate
to the projective action on either S"~' or RP™" ! in Example 10.7.

Returning to actions on manifolds below the critical dimensions in Zimmer’s
conjecture, the author with David Fisher and Sebastian Hurtado recently answered
Questions 11.1(1) and (3) for actions by cocompact lattices in SL(n,R) in [31].
They also announced the result for actions by SL(n,Z) in [32] and for actions by
general lattices in joint work [33] with Dave Witte Morris. This solves Conjec-
ture 11.2 for actions by C? (or even C''*# diffeomorphisms). See Remarks below
for discussion of actions by C'! diffeomorphisms.

Theorem 11.6 ([31, Theorem 1.1]). Forn = 3, let I" = SL(n,R) be a cocompact
lattice. Let M be a compact manifold.
(1) If &im(M) < n — 1 then any homomorphism T — Dift2(M) has finite
image.
(2) In addition, if vol is a volume form on M and if diim(M) = n — 1 then any
homomorphism T' — Diff2_ (M) has finite image.

vol

The proof of Theorem 11.6 uses ideas and results from [36], particularly the
proof of Theorem 11.4, as ingredients. Thus, while Theorem 11.4 follows trivially
from Theorem 11.6, we include the proof of Theorem 11.4 below as key ideas
(namely, Theorem 15.1, Theorem 15.1, and Proposition 15.5) will be needed in
the proof of Theorem 11.6.

Remarks on Theorem 11.6. We give a number of remarks on extensions of The-
orem 11.6. See also the discussion in Section 19.

(1) Recently, the authors announced in [32] that the conclusion of Theorem
11.6 holds for actions of SL(n,Z) for n > 3. The result for general lat-
tices in SL(n,Z) as well as analogous results for lattices in other higher-
rank simple Lie groups, has been announced [33] by the same authors in
collaboration with D. Witte Morris. See Theorem 19.2. The results for
actions of SL(n,Z) and of general nonuniform lattices use many of the
ideas presented in this text but also require a number of new techniques
(including the structure of arithmetic groups, reduction theory, and ideas
from [134]) and will not be discussed.

(2) We state Theorem 11.6 for actions by C? diffeomorphisms though the
proof can be adapted for actions by C''*# actions. Our proof below will
assume the action is by C* diffeomorphisms to simplify certain Sobolev
space arguments.
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(3) The result for actions by lattices in general Lie groups is stated in Theo-
rem 19.2 below. In particular, by Theorem 19.2, Conjecture 11.3(1) and
(2) hold for all C''*+# actions by lattices in all simple Lie groups that are
non-exceptional, split real forms. For C''*# actions by lattices in all sim-
ple Lie groups that are exceptional split real forms, Conjecture 11.3(1) is
known to hold by Theorem 19.2.

(4) D. Damjanovich and Z. Zhang observed that the proof of Theorem 11.6
can be adapted to the setting of actions by C''-diffeomorphisms. Together
with the author, the have announced the following theorem.

Theorem 11.7 (Brown-Damjanovich-Zhang, announced). Let I' < G be

a lattice in a higher-rank simple Lie group G with finite center. Let M be

a compact manifold.

(a) If dim(M) < rank(G) then any homomorphism T' — Diff' (M) has
finite image.

(b) In addition, if vol is a volume form on M and if diim(M) = rank(QG)
then any homomorphism T’ — Diff} (M) has finite image.

vol

For actions by lattices in other higher-rank groups there is a gap between
what is known for C'* versus C''*#-actions. Indeed, our number r(G) in
Theorem 19.2 always satisfies (G) > rank(G) and is a strict inequality
unless G has restricted root system of type A,,.

12. SUPERRIGIDITY AND HEURISTICS FOR CONJECTURE 11.2

The original conjecture (for actions by lattices in SL(n,R)) posed by Zimmer
was Conjecture 11.2(2) (see for example [201, Conjecture II]). Conjecture 11.2(1)
was formulated later and first appears in print in [70, Conjecture I]. The reason
Zimmer posed his conjecture as Conjecture 11.2(2) is that the strongest evidence
for the conjecture—Zimmer’s cocycle superrigidity theorem—requires that the ac-
tion preserve some Borel probability measure. Zimmer’s cocycle superrigidity the-
orem also provides strong evidence for local and global rigidity conjectures related
to Questions 11.1(4)—(6) and is typically used in proofs of results towards solving
such conjectures.

In this section we state a version of Zimmer’s cocycle superrigidity theorem and
some consequences. We also state a version of Margulis’s superrigidity theorem
(for linear representations). We also give some heuristics for Zimmer’s conjecture
that follow from the superrigidity theorems. General references for this section
include [141, 193, 199].

12.1. Cocycles over group actions. Consider a standard probability space (X, ).
Let G be a locally compact topological group and let a: G x X — X be a mea-
surable action of G by p-preserving transformations. In particular, a(g) is a p-
preserving, measurable transformation of X for each ¢ € GG. A d-dimensional
measurable linear cocycle over « is a measurable map

A: G x X - GL(d,R)
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satisfying for a.e. z € X the cocycle condition: for all g1, g2 € G
A(g192, ) = A(g1, a(g2)(x)) A(g2, ). (12.1)
If e is the identity element of G, then (12.1) implies that
Ale,x) = A(e,z)A(e, )

whence A(e, z) = Id for a.e. ©

We say two cocycles A, B: G x X — GL(d,R) are (measurably) cohomolo-
gous if there is a measurable map ®: X — GL(d, R) such that for a.e. x and every
ge G

B(g,z) = ®(a(g)(x)) " Alg, )@ (). (12.2)
We say a cocycle A: G x X — GL(d,R) is constant if A(g,x) is independent
of z, that is, if A: G x X — GL(d,R) coincides with a representation 7: G —
GL(d,R) on a set of full measures.

As a primary example, let a: G — Diffllt (M) be an action of G by C* diffeo-
morphisms of a compact manifold M preserving some Borel probability measure
w. Although the tangent bundle 7'M may not be a trivial bundle, we may choose
a Borel measurable trivialization ¥: TM — M x R? of the vector-bundle 7'M
where d = dim (M ). We have that ¥ factors over the identity map on M and, writ-
ingV,: T, — R? for the identification of the fiber over z with R?, we moreover
assume that | ¥, | and | !| are uniformly bounded in z.

Fix such an trivialization ¥ and define A to be the derivative cocycle relative to
this trivialization:

A(g,z) = Dza(g)
where, we view D,«(g) as an element of GL(d, R) transferring the fiber {z} x R?
to {a(g)(z)} x R via the measurable trivialization W. To be precise, if ¥: TM —
M x R? is the measurable vector-bundle trivialization then

A(g, ) = U(a(g)(x)) Dya(g)¥(x) ",
In this case, the cocycle relation (12.1) is simply the chain rule. Note that if we
choose another Borel measurable trivialization ¥’ : TM — M xR? then we obtain
a cohomologous cocycle A’. Indeed, we have

A'(g,2) = V'(a(g)(x))¥(a(g)(2) " Alg, 2) ¥ (2) ¥ (2) !
so we may take ®(z) = ¥(z)¥’(z)~!in (12.2).
We have the following elementary fact which we frequently use in the case of
volume-preserving actions.

Claim 12.1. Let a: G — Diffl (M) be an action by volume-preserving diffeo-
morphisms. Then, for any a-invariant measure (i, the derivative cocycle A is co-

homologous to a SL*(d, R)-valued cocycle.

Above, SL*(d, R) is the subgroup of GL(d, R) defined by det(A) = +1.

12.2. Cocycle superrigidity. We formulate the statement of Zimmer’s cocycle
superrigidity theorem when G is either SL(n, R) or a lattice subgroup of SL(n, R)
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for n > 3. Note that the version formulated by Zimmer (see [199]) had a slightly
weaker conclusion. We state the stronger version formulated and proved in [78].

Theorem 12.2 (Cocycle superrigidity [78, 199]). For n = 3, let G be either
G = SL(n,R) or let G be a lattice in SL(n,R). Let a: G — Aut(X, p) be a
measurable action of G by p-preserving transformations of a standard probabil-
ity space (X, ). Let A: G x X — GL(d,R) be a bounded,® measurable linear
cocycle over a.
Then there exist

(1) a linear representation p: SL(n,R) — SL(d,R);

(2) a compact subgroup K < GL(d,R) that commutes with the image of p;

(3) a K-valued cocycleC: G x X — K;

(4) and a measurable function ®: X — GL(d,R)

such that for a.e. x € X and every g € G
Algs z) = ®(a(g)(x)) " p(9)C(g, ) (). (12.3)

In particular, Theorem 12.2 states that any bounded measurable linear cocycle
A: G x X — GL(d,R) over the action « is cohomologous to the product of
constant cocycle p: G — SL(d,R) and a compact-valued cocycle C: G x X —
K < GL(d,R).

12.3. Superrigidity for linear representations. Zimmer’s cocycle superrigidity
theorem is an extension of Margulis’s superrigidity theorem for linear representa-
tions. We formulate a version of this theorem for linear representations of lattices
in SL(n, R).

Theorem 12.3 (Margulis superrigidity [141]). For n = 3, let I' be a lattice in
SL(n,R). Given a representation p: I' — GL(d, R) there are

(1) a linear representation j: SL(n,R) — SL(d,R);

(2) a compact subgroup K < GL(d, R) that commutes with the image of p

such that

pMp() e K
forall vyeT.
That is, p = p - c is the product of the restriction of a representation

p: SL(n,R) — SL(d,R)

to I' and a compact-valued representation c: I' — K. Moreover the image of p
and ¢ commute.

In the case that I' is nonuniform, one can show that all compact-valued represen-
tations c: I' — K have finite image. Indeed, a nonuniform lattice necessarily con-
tains non-trivial unipotent elements (see [22, 147] and [193, Proposition 5.3.1,The-
orem 5.3.3].) If ¢ had infinite image, the image ¢(I") would contain a unipotent

5Here, bounded means that for every compact K < G, the map K x X — GL(d,R) given by
(g,z) — A(g, x) is bounded. More generally, we may replace the boundedness hypothesis with the
hypothesis that the function z +— sup, x log | A(g, )| is L' (1). See [78].
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element with infinite orbit; however, compact groups never contain such unipo-
tent elements. See also [193, Corollary 16.4.1] for more general criteria which
guarantees that the image of c is finite.

For certain cocompact I' = SL(n, R), there exists compact-valued representa-
tions ¢: I' — SU(n) with infinite image. (See discussion Example 10.9.) The next
theorem, characterizing all homomorphisms from lattices in SL(n, R) into compact
Lie groups, shows that representations into SU(n) are more-or-less the only such
examples. The proof uses the p-adic version of Margulis’s superrigidity theorem
and some algebra. See [141, Theorem VII.6.5] and [193, Corollary 16.4.2].

Theorem 12.4. Forn > 3, letT' < SL(n,R) be a lattice. Let K be a compact Lie
group and w: I' — K a homomorphism.
(1) If T is nonuniform then 7(I") is finite.
(2) IfT is cocompact and 7 (T') is infinite then there is a closed subgroup K' —
K with
) cK' cK
and the Lie algebra of K' is of the form Lie(K') = su(n) x - -+ x su(n).

The appearance of su(n) in (2) of Theorem 12.4 is due to the fact that su(n) is
the compact real form of sl(n, R), the Lie algebra of SL(n,R). For a cocompact
lattice I" in SO(n, n) as in Example 10.9, the analogue of Theorem 12.4 states that

Lie(K') = s0(2n) x - -+ x 50(2n).

12.4. Heuristic evidence for Conjecture 11.2. We present a number of heuristics
that motivate the conclusions of Conjectures 11.2 and 11.3.

12.4.1. Analogy with linear representations. Note that if d < n, there is no non-
trivial representation p: SL(n,R) — SL(d,R); moreover, by a dimension count,
there is no embedding of su(n) in sl(d, R). We thus immediately obtain as corol-
laries of Theorems 12.3 and 12.4 the following.

Corollary 12.5. Forn = 3, let T be a lattice in G = SL(n,R). Then, for d < n,
the image of any representation p: I' — GL(d, R) is finite.

Conjecture 11.2 can be seen as a “nonlinear” analogue of this corollary. That
is, we aim to prove the same result when the linear group GL(d, R) is replaced by
certain diffeomorphism groups Diff (M ).

12.4.2. Invariant measurable metrics. For n > 3, let I' be a lattice in G =
SL(n,R) and consider a measure-preserving action a.: I' — Diffi(M ) where
M is a compact manifold of dimension at most d < n — 1 and p is an ar-
bitrary Borel probability measure on M preserved by «. The derivative cocy-
cle of the action « is then GL(d,R)-valued. Since there are no representations
p: SL(n,R) — SL(d,R) for d < n, Theorem 12.2 implies that the derivative
cocycle is cohomologous to a compact-valued cocycle. In particular, we have the
following:

Corollary 12.6. ForI', M, ppand oc: I' — DiffL(M) as above
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(1) apreserves a ‘p-measurable Riemannian metric,’ i.e. there is a p-measurable,

a-invariant, positive-definite symmetric two-form on T'M ;
(2) forany € > 0 and y € T, the set of x € M such that
1
liminf — log | Dya ()| = €
n—o N

has zero |-measure.

For (1), suppose the derivative cocycle is cohomologous to a K-valued cocy-
cle for some compact group K < GL(d,R). One may then pull-back any K-
invariant inner product on R? to T, M via the map ®(z) in Theorem 12.2 to an
a(T")-invariant inner product. Conclusion (2) follows from Poincaré recurrence to
sets on which the function ®: M — GL(d, R) in Theorem 12.2 has bounded norm
and conorm. Note from (2) that all Lyapunov exponents for individual elements of
the action must vanish.

From Corollary 12.6, given n > 3 and a lattice I in G = SL(n, R), we have that
every action a: I' — Diff! (M) preserves a Lebesgue-measurable Riemannian
metric g whenever M is a compact manifold of dimension at most n — 1. Suppose
one could show that g was continuous or C*. As we discuss in Step 3 of Section 16
below, this combined with Theorem 12.4 implies the image «(I") is finite. Thus,
Conjecture 11.2(2) follows if one can promote the measurable invariant metric g
guaranteed by Corollary 12.6 of Theorem 12.2 to a continuous Riemannian metric.

The discussion in the previous paragraphs suggests the following variant of Con-
jecture 11.2(2) might hold:

Forn = 3, if ' < SL(n,R) is a lattice and if p is any fully
supported Borel probability measure on a compact manifold M of
dimension at most (n — 1) then any homomorphism

I' — Diff,,(M)
has finite image.

Our method of proof of Conjecture 11.2(2) does not establish this conjecture. How-
ever, the conjecture would follow (even allowing for i to have partial support) if
the global rigidity result in Conjecture 11.5 holds.

12.4.3. Actions with discrete spectrum. Upgrading the measurable invariant Rie-
mannian metric in Corollary 12.6 to a continuous Riemannian metric in the above
heuristic seems quite difficult and is not the approach we take in the proof of The-
orem 11.6. In [200], Zimmer was able to upgrade the measurable metric to a
continuous metric for volume-preserving actions that are very close to isometries.
This result now follows from the local rigidity of isometric actions in [17,79].
Zimmer later established a much stronger result in [203] which provides very
strong evidence for the volume-preserving cases in Conjecture 11.3. Using the in-
variant, measurable metric discussed above and that higher-rank lattices have Prop-
erty (T), Zimmer showed that any volume-preserving action appearing in Conjec-
ture 11.3 has discrete spectrum. In particular, this result implies that (the ergodic
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components of) all volume-preserving actions appearing in Conjecture 11.3 are
measurably isomorphic to isometric actions.

13. STRUCTURE THEORY OF SL(n,R) AND CARTAN FLOWS ON SL(n,R)/T"
Let G = SL(n,R) and let I' = G be a lattice. Recall we write G = K AN for
the Iwasawa decomposition where
K =8S0(n,R), A = {diag(e',e'2,... ") ity + -+ t, = 0},
and N is the group of upper triangular matrices with 1s on the diagonal.
We will be interested in certain subgroups of GG and how they capture dynamical
information of the action of the Cartan subgroup A on the homogeneous space

G/T.

13.1. Roots and root subgroups. We consider the following linear functionals
B4 A >R
given as follows: for ¢ # 7,
B (diag(etl,etQ, ... ,et")) =t; —t;.
The linear functionals 3%/ are the roots of G.

Associated to each root 3%/ is a 1-parameter unipotent subgroup U/ < G. For
instance, in G = SL(3,R) we have the following 1-parameter flows

1t 0 1 0 ¢ 1 00
u?t)=10 10 |, «B3@®)=(0 1 0|, «HBe)=|0 1 t |,

0 01 0 01 0 01

1 00 1 00 1 00

uty=1 ¢t 10 ), «>@®=[01 0|, «>>t=|010

0 01 t 01 0t 1

We let U/ denote the associated 1-parameter unipotent subgroups of G-

U = {ubI(t) : t € R}. (13.1)

The groups U’ have the property that conjugation by s € A dilates their parametriza-
tion by 7"’ (#): N

sub (t)s™! = ub (P D). (13.2)
In particular, if ¢’ = u®/(t) - g is in the U%/-orbit of g and s € A then

S - g, — uivj(eﬁiyj(s)t) .S g

13.2. Cartan flows. For concreteness, consider G = SL(3,R) and let I" be a
lattice in SL(3, R) such as SL(3, Z). Let X denote the coset space X = G/I". This
is an 8 dimensional manifold (which is noncompact when I' is a nonuniform lattice
such as SL(3,Z).) G acts on X on the left: given g € G and x = ¢'T" € X we have

g-v=ggT eX.
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The Cartan subgroup A G is the subgroup of diagonal matrices with positive
entries

e 0 0
A= 0 e 0 tti+to+t3=0
0 0 e

The group A is isomorphic to R?, for instance, via the embedding
(s,1) — diag(e®, e, e 7).
We consider the action a.: A x X — X of A on X given by
a(s)(x) = sx.
For z € X let W%/ (x) be the orbit of = under the 1-parameter group U*/:
Wi (x) = {u™ (t)x : t € R}}.
For s € A, we claim that the s-action on X dilates the natural parametrization of

each W7 (x) by exactly 3% (s). Indeed, if v € X and if 2’ = u*/ (v) -z € W (x)
then for s € A we have

afs)(z') = sub (v

In particular, we interpret the functionals 3%/ as the (non-zero) Lyapunov expo-
nents for the A-action on X (with respect to any A-invariant measure). Note that
the zero functional is a Lyapunov exponent of multiplicity two corresponding to
the A-orbits. The tangent spaces to each W%/ (z) as well as the tangent space to
the orbit A - x gives the A-invariant splitting guaranteed by Theorem 7.4. Note
that no two roots 3%/ are positively proportional and hence are their own coarse
Lyapunov exponents for the action (see Section 7.4.2).

14. SUSPENSION SPACE AND FIBERWISE EXPONENTS

We now begin the proofs of Theorem 11.4 and Theorem 11.6 with a technical
but crucial construction. Here, we induce from an action « of a lattice I" on a
manifold M to an action of G = SL(n,R) on an auxiliary manifold denoted by
M¢*. The properties of the GG-action on M* mimic the properties of the I'-action
on M. However, for a number of reasons it is much more convenient to study
the G-action on M. The construction is parallel to the construction described in
Section 6.1.

14.1. Suspension space and induced G-action. Fix G = SL(n,R) and let I"
G be a lattice. Let M be a compact manifold and let : I' — Diff (M) be an
action.
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On the product G x M consider the right I"-action

(9:2) -7 = (g7, a(v 1) (@)
and the left G-action
a-(g,x) = (ag,x).
Define the quotient manifold M“ := (G x M)/T". As the G-action on G x M
commutes with the I"-action, we have an induced left GG-action on M. For g €
G and x € M we denote this action by g - « and denote the derivative of the
diffeomorphism z +— g -z byax € M* by D,g: T, M* — Ty, M*.
We write
m: M* — SL(n,R)/T
for the natural projection map. Note that M has the structure of a fiber-bundle
over SL(n,R)/I" induced by the map 7 with fibers diffeomorphic to M. The G-
action permutes the M -fibers of M. We let I’ = ker(D) be the fiberwise tan-
gent bundle: for z € M®, F(z) < T, M* is the dim(M )-dimensional subspace
tangent to the fiber through x.

Equip M“ with a continuous Riemannian metric. For convenience, we more-
over assume the restriction of the metric to G-orbits coincides under push-forward
by the projection 7: M® — SL(n,R)/I" with the metric on SL(n, R)/T" induced
by a right-invariant (and left K -invariant) metric on G. (We note that if I" is co-
compact, M is compact and all metrics are equivalent. In the case that I" is not
cocompact, some additional care is needed to ensure the metric is well behaved in
the fibers. We will not discuss the technicalities of this case here.)

To construct such a metric, first fix a C° Riemannian metric {-,-) on T'M.
Let {zﬂl,z = 1,...,m} be a finite C*° partition of unity on the symmetric space
K\G/T subordinate to finitely many coordinate charts. Lift each ¢; to a K-
invariant function defined on G/I" and then select a lift ¢;: G — [0, 1] of each
1@- whose support intersects some fixed compact fundamental domain containing
the identity. Write ¢; ,: G — [0, 1] for the function

Vin(9) = bilgr™)-
The supports satisfy supp(v; ) N supp(¢; ) = & whenever v # ~' and the
collection {v; , | i € {1,...,m},~y € I'} is a partition of 1 on G. Given v,w €
{g} x T M set

m
(W, wge = Z Z Giy (9){Dzc(7)(v), Dzcr()(w) s
i=1~el’
Equip T(y,.)(G x M) = TyG x T,;M with the product of the left K -invariant, right
I'-invariant metric on G and (v, w), . Note that this metric is 3-Holder continuous
if v is an action by C'1*7 diffeomorphisms. We then verify that I" acts by isometries
and thus the metric descends to a metric on M. Indeed, writing || - ||, for the
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norm associated to (-, -)g o, for v € {g¥} x T, M we have

[olse = 25 25 dia(g) I Dea(n)(0)3

i=1~el

_ZZQSVY’Y ‘D Oé( )(U)H%

i=1~el’

= Z D 6i5-1(9) | Dea(v4) ()5

i=1~el’

_ Z D 6519 [ Daiyma(ri ™ ald) (@) Dea(4, ) (0) 3

i=1~el
= [ Dea(3)v]3 o

14.2. Fiberwise Lyapunov exponents. Recall that A — G is the subgroup
= {diag(e', e, ..., e")} ~ R"L,

The G-action on M“ restricts to an A-action on M“. Let u be any ergodic, A-
invariant Borel probability measure on M “. The G-action (and hence the A-action)
permutes the fibers of M“ and hence the derivatives of the G- and A-actions pre-
serve the fiberwise tangent subbundle F' < T'M“.
We equip A ~ R""! with a norm | - |. We may restrict Theorem 7.4 to the
A-invariant subbundle F' < T'M® and obtain Lyapunov exponent functionals for
the fiberwise derivative cocycle. We thus obtain
(1) an A-invariant set A ¢ M with u(A) = 1;
(2) linear functionals )\f#, )‘gu’ el /\5/1 A —R; and

(3) a p-measurable, A-invariant splitting F(z) = @_, EF (z) defined for
reA

such that for every z € A and v € Ef (z) . {0}
log [ Dya(v)]| = Al (a)

la| -0 |al

= 0.
In particular, for any a € A and v € F'(x) \ {0} we have
1
Jim - log | Dza®(v)] = A7, ().
A coarse fiberwise Lyapunov exponent X,f is a positive proportionality class
of fiberwise Lyapunov exponents.

15. INVARIANCE PRINCIPLE AND PROOF OF THEOREM 11.4

15.1. Proof of Theorem 11.4. Given the constructions in Section 14 and Ledrap-
pier’s theorem as formulated in Theorem 9.5 (see also Proposition 5.8), we are
now in a position to prove Theorem 11.4. In fact, we prove the following invari-
ance principle:
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Theorem 15.1. Let ' — SL(n,R) be a lattice. Let ov: T — Diff' ™8 (M) be
an action and let M“ denote the suspension space with induced G-action. Let |
be an ergodic, A-invariant Borel probability measure on M whose projection to
SL(n,R)/I" is the Haar measure.

Then, if dim(M) < n—2 the measure i is G-invariant. Moreover, if o preserves
a volume form vol and if dim(M) < n — 1 then the measure 1 is G-invariant.

Note that Theorem 15.1 does not require that I be cocompact.® Theorem 11.4
follows immediately from Theorem 15.1: since A is abelian (in particular amenable)
and the space of probability measures on M projecting to the Haar measure on
SL(n,R)/I" is nonempty, A-invariant, and weak-* compact, the Krylov-Bogolyubov
theorem implies there is an A-invariant Borel probability measure p on M® pro-
jecting to the Haar measure on SL(n, R)/I". Theorem 15.1 implies y is G-invariant
and Theorem 11.4 then follows from the following elementary claim.

Claim 15.2. The T'-action oo on M preserves a Borel probability measure if and
only if the induced G-action on M“ preserves a Borel probability measure (which
necessarily projects to the Haar measure on G/T).

Indeed, if i is a G-invariant measure on M < then conditioning on the fiber of
M® over eI' € G/T gives an a-invariant measure on M viewed as the fiber of M«
over el'. On the other hand, if /i is an a-invariant measure on M then, writing mg
for the Haar measure on (&, we have m¢g x i is a (right) I'-invariant and (left) G-
invariant measure on GG x M and hence descends to a (finite) G-invariant measure
on M¢“.

Remark 15.3. For more general semisimple Lie groups G we have the following
theorem which follows from the proof of Theorem 15.1. In this setting, we take A
to be a maximal split Cartan subgroup; that is, A is a maximal, connected, abelian
subgroup of R-diagonalizable elements.

Theorem 15.1'. Let G be a simple Lie group and let T' = G be any lattice. Let
a: T — Diff'*#(M) be an action and let M® denote the suspension space with
induced G-action. Let p be an ergodic, A-invariant Borel probability measure on
M® whose projection to G/ is the Haar measure.

Then, if dim(M) < rank(QG) then the measure  is G-invariant. Moreover, if
« preserves a volume form vol and if dim(M) < rank(G) then the measure y is
G-invariant.

Remark 15.4. In fact, Theorem 15.1 and 15.1' hold for actions by C'!-diffeo-
morphisms. This can be shown by the invariance principle of Avila and Viana
[6] (generalizing a result of Ledrappier [125].) We present below a proof that
uses (mildly) the C'1*# hypotheses as this motivates the proof of Proposition 15.5
(which allows us to establish Theorem 15.1" for manifolds of higher critical dimen-
sion) in the next section which requires the higher-regularity of the action.

®However, in the case that I" is nonuniform, the space M is not compact and some care is needed
to define Lyapunov exponents; in particular, we must specify a Riemannian metric on M*. A Rie-
mannian metric on M “ adapted to this setting is constructed in [36].
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We proceed with the proof of Theorem 15.1, adapted from [42], which is some-
what simpler than the arguments in [31,36].

Proof of Theorem 15.1. Let 1 be an ergodic, A-invariant Borel probability measure
on M whose projection to SL(n, R)/T" is the Haar measure.

Recall that A ~ R"~!. In the non-volume-preserving case, since dim(M) <
n — 2 there are at most n — 2 fiberwise Lyapunov exponents. In particular, the
intersection of the kernels of the fiberwise Lyapunov exponents is a subspace of
A whose dimension is at least 1. In the volume-preserving case, there are at most
(n — 1) fiberwise Lyapunov exponents; however, these satisfy the linear relation
they necessarily sum to zero since the cocycle is cohomologous to an SL*(n —
1,R)-valued cocycle (recall Claim 12.1) whence for every g € G,

0= Jlog |det(Dglr)| du = Z)\

Thus, if dim(M) < n — 1 and if « is a volume-preserving action, then the inter-
section of the kernels of all fiberwise Lyapunov exponents again has dimension at
least 1. In particular, in either case we may find a nonzero sy € A such that

)\f #(so) = ( for every fiberwise Lyapunov exponent )\5 " (15.1)
Recall that entropy can only decrease under a factor. Thus

hu(SO) = hHaar(SO)

where hiaar(So) denotes the entropy of translating by sp on SL(n,R)/I" with re-
spect to the Haar measure.

Recall we interpret the roots 5 of SL(n,R) as the (non-zero) Lyapunov expo-
nents for the A-action on SL(n,R)/T" with respect to any A-invariant measures
and hence also as Lyapunov exponents for the A-action on the fiber bundle M®
transverse to the fibers and tangential to the local G-orbits. See discussion in Sec-
tion 13.2. Let N — G be the subgroup generated by all root subgroups U? with
B(sp) > 0. Similarly, let N_ < G be the subgroup generate by all root subgroups
UP with 3(sg) < 0. The orbits of N} and N_ in SL(n,R)/I" correspond, re-
spectively, to the unstable and stable manifolds for the action of translation by sg
on G/T'. Since s is in the kernel of all fiberwise Lyapunov exponents, each tan-
gent space F'(z) to the fibers of M is contained in the neutral Lyapunov subspace
E$ (x) for the action of sg on (M®, 1) for almost every x. Thus, the orbits or N
and N_ in M® also correspond, respectively, to the unstable and stable manifolds
for the action of sg on M.

We have that

hHaar 50 Z /B 50 hHaar(Sal) = Z (_5(50))'
B(s0)>0 B(s0)<0

In particular, from the choice of s, the Margulis-Ruelle inequality (Theorem 8.6(1)),
and the Ledrappier—Young Theorem (8.3) (page 46)

D1 B(s0) = htaar(s0) < hp(s0) = hu(so | Ny) < > B(so).

6(80)>0 ,3(8() >0
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It follows that
w(so | Ny) = >0 Blso).
B(s0)>0
By Theorem 9.5, it follows that i is Ny-invariant. Similarly we have that y is
N_-invariant.

In particular, 1 is invariant by the subgroups N_, N4, and A of G. To end the
proof, we claim the following standard fact: the subgroups N_ and IV, generate
all of SL(n,R). It follows from the claim that the measure p is G-invariant.

To prove the claim, it is best to work with Lie algebras. Let n, n_, and a be the
Lie algebras of N_ and N, and A, respectively. Let f) be the Lie algebra generated
by n; and n_. For any X € a we have

[X,h] =1
since a normalizes each root space g°. For roots 3, 3 with B(so) # 0 and B (so) #
0 we have X

[67, "] < b
by definition. For roots 3, 8 with 8(sg) > 0 and 3(s¢) = 0 we have

[6°.6°] = o°*7 1

since either gB+B = 0 (if 8+ /3 is not a root) or (B +B)(s0) = B(s0) > 0(Gf B +5
is a root). Similarly, for roots 3, § with 3(sg) < 0 and 3(sp) = 0 we have

[a7. 6% = b.
It follows that b is an ideal of the Lie algebra g = sl(n,R) of SL(n,RR). But
sl(n,R) is simple (i.e. has no nontrivial ideals). Since j # {0}, it follows that
bh = sl(n,R) and the claim follows. O

%15.2. Advanced invariance principle: nonresonance implies invariance.
Theorem 15.1 gives the optimal dimension count in Theorem 11.4 for actions by
lattices I" in SL(n,R). However, for lattices in other simple Lie groups, the criti-
cal dimension in Theorem 15.1’ falls below the critical dimension expected for the
analogous versions of Theorem 11.4 and Theorem 11.6. For instance, the group
G = Sp(2n,R), the group of (2n) x (2n) symplectic matrices over R, has rank
n. Theorem 15.1" implies that for any lattice I' = G and any compact manifold M
with dim(M) < n — 1, any action av: ' — Diff*# (M) preserves a Borel proba-
bility measure. However, the main result of [36] shows for a lattice I" in Sp(2n, R)
that any action a: I' — Diff?(M) preserves a Borel probability measure when
dim(M) < 2n — 2. To obtain the optimal critical dimensions, it is necessary to
use a more advanced invariance principle developed in [36] and based on key ideas
from [37].

Recall that we interpret roots 3%/ : A — R as the nonzero Lyapunov exponents
for the action of A ~ R"~! on SL(n,R)/I (for any A-invariant measure on G/T".)
Each root 3%/ has a corresponding root subgroup U/ < SL(n,R). Given an
ergodic, A-invariant measure p on M“ we also have fiberwise Lyapunov exponents
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A A s, Ab o A — R for the restriction of the derivative of the A-action on
(M?, 1) to the fiberwise tangent bundle F' = TM® in M. Then, the roots 3"/

and fiberwise Lyapunov exponents )\ZF ., are linear functions on the common vector

space A ~ R"!. We say that a root 3°/ is resonant with a fiberwise Lyapunov
exponent )\f , Of p if they are positively proportional; that is [£*7 is resonant with

)‘Eu if there is a ¢ > 0 with
i \F
BZ J = C)\i7u.
Otherwise we say that 8"/ is not resonant with /\f .- We say that a root 8" of G

is nonresonant if it is not resonant with any fiberwise Lyapunov exponent A’ , for
the ergodic, A-invariant measure .

The following is the key proposition from [36].

Proposition 15.5 ([36, Proposition 5.1]). Suppose u is an ergodic, A-invariant
measure on M® projecting to the Haar measure on SL(n,R) /T under the projec-
tion w: M* — SL(n,R)/T.

Then, for every nonresonant root 3, the measure u is U -invariant.

Remark 15.6. Since each root 5%7 is a nonzero functional on A, if a fiberwise
exponent )\f , 1s zero, then every root (%7 is not resonant with )\5 - Since no
roots of SL(n,R) are positively proportional, if there are p fiberwise Lyapunov
exponents {)\f w 1 < i < p} or, more generally, p’ < p coarse fiberwise Lyapunov
exponents { Xf: u» 1 < i < p'} then Proposition 15.5 implies that y is invariant under
all-but-p’ root subgroups U%J. Moreover, if every fiberwise Lyapunov exponent
)\5 ., 1s in general position with respect to every root 3%9 then from Proposition 15.5,

1 is automatically G-invariant.

%15.3. Coarse-Lyapunov Abramov—Rokhlin and Proof of Proposition 15.5.
The proof of Proposition 15.5 follows from a version of the Abramov—Rokhlin
Theorem (see equation (8.2), page 44) for entropies subordinated to coarse-Lyapunov
foliations. We outline these ideas and the proof of Proposition 15.5 in this section.
Each root 3%/ of SL(n, R) is a Lyapunov exponent for the A-action on (M, p)
(corresponding to vectors tangent to U%/ orbits in M<.) Let x*/ denote the coarse
Lyapunov exponent for the A-action on (M, ;1) containing 5%/; that is, x*7 is
the equivalence class of all Lyapunov exponents for the A-action on (M®, 11) that
are positively proportional to 557, Let {\F /1 < i < p} denote the collection of

(2
fiberwise Lyapunov exponents. We have that

‘7 | _ ‘7 A '7 j 1 F
X" = {B"7}if 8" is not resonant with any \; ,.

Otherwise, x*/ contains 3%/ and all fiberwise Lyapunov exponents )\5 0 A—->R
that are positively proportional to 3%,

For p-a.e. x € M there is a coarse Lyapunov manifold wx*’ (x) through x (see
Section 7.4.3). If x“ = {B%9} then for z € M, WX’ () is simply the U*J-orbit
of z. Otherwise, Wx"”’ (x) is a higher-dimensional manifold which intersects the
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fibers of M nontrivially. The partition of (M, ;1) into WX"” -manifolds forms an
A-invariant partition FX"’ with C1*5-leaves.

If %7 is resonant with some fiberwise Lyapunov exponent, let x*7/" denote the
corresponding coarse fiberwise Lyapunov exponent; that is, x*»f" is the equiva-
lence class of fiberwise Lyapunov exponents that are positively proportional to 3%/ .
If %7 is not resonant with any fiberwise Lyapunov exponent, let x*7:/" denote the
zero functional. If x%JF" is nonzero, for p-a.e. x € M there is a coarse fiber-
wise Lyapunov manifold WX (x) through z. (To construct fiberwise coarse
Lyapunov manifolds WX" o (x), recall that the fibers of M are permuted by the
dynamics of A; all constructions in Section 7 may be carried out fiberwise in the
setting of a skew-product of diffeomorphisms over a measurable base if the C'' 5
norms of the fibers are uniformly bounded) If x%5F is zero, we simply define
WX F( = {x}. We have that Wx"’ ( ) is contained in the fiber through = and
that WX/ (2 ) is the Ud-orbit of WX (z).

For each x*/ and a € A with 3%7(a) > 0 we define a conditional entropy
of a conditioned on x*/-manifolds, denoted by h,(a | x*/) as in Section 8.5.
Similarly, we can define a conditional entropy of a conditioned on the fiberwise
coarse Lyapunov manifolds associated to /", denoted by h,(a | x*#F). In this
setting, we have the following “coarse-Lyapunov Abramov—Rokhlin formula.”

Theorem 15.7. Let ju be an ergodic, A-invariant measure on M*® that projects to
the Haar measure on SL(n,R)/T. For any a € A with 57 (a) > 0.

hu(a ‘ Xi’j) = hHaar(a | /Bi’j) + hu(a | Xi7j’F)~ (15.2)

Above, N
httaar(a | B*7)
denotes the conditional entropy of translation by @ in SL(n,R)/I" conditioned
along U%-orbits in SL(n, R)/T.

Proof of Theorem 15.7. We first show the upper bound

hu(a | X)) < higaar(a | B) + hyu(a | X55). (15.3)
This is a standard estimate in abstract ergodic theory whose proof we include for
completeness.

Fix a € A with 8% (a) > 0. Let 7 7) be an increasing measurable partition of G /T
subordinate to the partltlon into U%/-orbits. Let 7: M — G/T be the natural
projection and let = 717, Let £ > 7 be an 1ncreas1ng measurable partition of
(M@, 11) subordinate to the partition into T/X"’-manifolds. Let ¢ be the partition
of (M®, i) into the level sets of 7: M* — G/I'; that is, ( is the partition of M
into fibers of the fibration 7: M~ — G/T. Let £ := £ v ( be the join of £ and (.
The partitions 7, &, and &7 satisfy

(D h#(a,n) = hHaar(atﬁ,) = hHaar(a | /Bi’j>,
() hu(a,§) = hyla| x*™), and
(3) hyu(a,&F) = hy(a | X9 ).
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We have the following computation (see for example [118, Lemma 6.1]):
hu(a | X)) i= hy(a,€)
= hy(a,n v §)

< hy(a,n) + hy, <a,£ v \/a"(n)>

nez
= hHaar(a, M) + hy(a,§ v C)
= htaar(a | 5”) + hu(a | Xi’j’F)
and (15.3) follows.
On the other hand, summing over all roots 8 with 5(a) > 0 we have from
the classical Abramov—Rokhlin theorem (8.2), the product structure of entropy in

Theorem 8.8, and an analogous version of Theorem 8.8 for the fiberwise entropy
hy(a | ¢) appearing in (8.2) that

hu(a) = 2 hu(a | x)
x(a)>0

Mohulal )+ Y hula] xF)

B43(a)>0 xF nonres.
x"(a)>0
< S (hrtaar(a] ) + e ] ¥ D) hua ] X
B3 (a)>0 x¥" nonres.
x"(a)>0
= > hmara| B9+ Y hula|X")
B3 (a)>0 xF(a)>0
= hHaar(a> + hu(a ’ C)
= hy(a).

In the second and third lines, the second sum is over all fiberwise coarse Lyapunov
exponents that are not resonant with any root 5 of G. Since entropies are non-
negative quantities, it follows that

hu(a | Xi’j) = hiaar(@ | Bi’j) + hy(a | Xi,j,F)
for all 37 with 87 (a) > 0. -
Remark 15.8. A more general version of Theorem 15.7 appears in [37, Theorem

13.6] where the factor map 7 is allowed to be measurable and the measure 7 (1)
on the factor system is an arbitrary ergodic, A-invariant measure.

The proof of Proposition 15.5 is a straightforward consequence of Theorem
15.7.

Proof of Proposition 15.5. Given a root 3 and a € A such that 3% (a) > 0 we
have defined the a conditional entropy A, (a | 3%9) for the entropy of translation by
a conditioned on U*J-orbits in M. From an appropriate version of the Margulis-
Ruelle inequality (see Theorem 8.6(1) and (9.3)), for a € A with 8% (a) > 0 we
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have that

hu(a | B%7) < B (a). (15.4)
On the other hand, if 3%/ is nonresonant then y*7*" is the zero functional whence
the coarse Lyapunov manifold WX"”’ () associated to x* is simply the U*J-orbit
of z for every x € M and the term hy(a | x*¥F) in (15.2) of Theorem 15.7
vanishes. Hence, by Theorem 15.7,

hu(a | B) = hy(a | X*7) = hiaar(a | B%7) +0 = B4(a). (15.5)
From (15.4) and (15.5), we have that the conditional entropy h,(a | [59) attains

is maximal possible value. In particular, from the invariance principle in Theorem
9.5(3), it follows that 1 is U"7-invariant. O

*15.4. Proof of Theorem 11.4 using the advanced invariance principle. We
outline another proof of Theorem 11.4 based on Proposition 15.5.

Proof of Theorem 11.4 using Proposition 15.5. From Claim 15.2, it is sufficient to
construct a G-invariant probability measure on M/ <. Note that A ~ R~ ! is abelian
(and in particular amenable, see Remark 18.2) and that the space of probability
measures on M® projecting to the Haar measure on SL(n,R)/T" is nonempty,
A-invariant, and weak-* compact. The Krylov-Bogolyubov theorem thus gives
an A-invariant probability measure p on M projecting to the Haar measure on
SL(n,R)/I". Moreover, since the Haar measure on SL(n,R)/I" is A-ergodic, we
may assume p is A-ergodic.

Let dim(M) = d < n — 2. The fiberwise tangent bundle F' of M“ is d-
dimensional and therefore there are at most d Fiberwise Lyapunov exponents

F F
Al s A k< d

As no pair of roots of SL(n, R) is positively proportional, there are at most d roots

that are resonant with the fiberwise Lyapunov exponent )\f - All other roots B
F

are nonresonant. By Proposition 15.5, if 37 is not resonant with any \ e

then p
is U%J-invariant.

Let H < SL(n,R) be the subgroup that preserves . We claim H = G com-
pleting the proof. As d < n — 2, u is invariant under A and all-but-at-most-(n — 2)
root subgroups U%/. Then H has codimension at most (n — 2). From [31, Lemma
2.5], we have that H is parabolic; that is, H is conjugate to a group of block-
upper-triangular matrices (see Remark 10.8). However, the proper closed parabolic
subgroups of SL(n, R) of maximal codimension are conjugate to the codimension
(n — 1) subgroup

(15.6)

(See Section VII.7, especially Proposition 7.76 of [121] for discussion on the struc-
ture of parabolic subgroups.) As H has codimension at most n — 2, it thus follows
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that H = @G as there are no proper parabolic subgroups of G with codimension less
than (n — 1). O

Remark 15.9. The above proof has the advantage that it generalizes to give invari-
ance of measures in the optimal critical dimension for actions by lattices in other
Lie groups including Sp(2n,R), SO(n,n), or SO(n,n + 1) on manifolds of the
optimal dimension. As discussed in Section 15.2 for a lattice I' in a group such as
G = Sp(2n,R), the proof in Section 15.1 yields that any C'*# action of " on a
manifold of dimension at most rank(G) — 1, any A-invariant measure on M that
projects to Haar on G/T" is G-invariant. However, the above proof establishes this
result for manifolds M where the critical dimension is r(G), the number in the last
column of Table 1 (page 63) defined in [31,36] (see also Footnote 4.) For R-split
groups G we have 7(G) = do(G). In particular, the above proof can be adapted to
show the following:

Theorem 15.10. Let G be a higher-rank simple Lie group G with finite center, let
I be a lattice in G, let M be a closed manifold, and let o.: T' — Diff!+8 (M) be
an action. Then
(1) ifdim(M) < r(G)—1, every A-invariant probability measure on M® that
projects to the Haar measure on G /T is G-invariant;
(2) if dim(M) < r(G) and « is volume-preserving, every A-invariant prob-
ability measure on M® that projects to the Haar measure on G/T is G-
invariant.

In particular, if dim(M) < r(G) —1, every action a: T' — Diff' 8 (M) preserves
a Borel probability measure.

16. PROOF OUTLINE OF THEOREM 11.6

We outline the proof of Theorem 11.6 for the case of C® actions of cocompact
lattice in SL(n,R). That is, for n > 3, we consider a cocompact lattice I" in
SL(n,R) and show that every homomorphism «: I' — Diff (M) has finite image
when

(1) M is a compact manifold of dimension at most (n — 2), or
(2) M is a compact manifold of dimension at most (n — 1) and « preserves a
volume form vol.

The broad outline of the proof consists of 3 steps.

16.1. Step 1: Subexponential growth. In the case that I' = SL(n,R) is cocom-
pact, using its action on SL(n, R) and that SL(n,R) is a proper length space one
may show that I is finitely generated (see for example [69, Theorem 8.2]). More
generally, it is a classical fact that all lattices I" in semisimple Lie groups are finitely
generated.

Fix a finite symmetric generating set S for I'. Given «y € T, let |7y| = |y|s denote
the word-length of -y relative to this generating set; that is,

|v| = min{k : v = sp---s1,8; € S}.
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Note that if we replace the finite generating set S another finite generating set .S,
there is a uniform constant C' such that the word-lengths are uniformly distorted:

Vlsr < Clyls.

Thus all definitions below will be independent of the choice of S.
Equip T'M with a Riemannian metric and corresponding norm.

Definition 16.1. We say that an action o: I' — Diff! (M) has uniform subexpo-
nential growth of derivatives if for every ¢ > 0 there is a C' = (' such that for
every ye I,
sup | Dya(y) | < Cel.
xzeM
Note that if o.: I' — Diff*(A/) has uniform subexponential growth of deriva-
tives it follows for every € > 0 that there is a C' = C; such that for every vy € I,

sup | Dya(y)| = Ce™ P,
xeM

The following is the main result of [31] in the case of cocompact lattices in
SL(n,R).

Theorem 16.2 ([31, Theorem 2.8]). Forn > 3, let T" = SL(n,R) be a cocompact
lattice. Let o: T' — Diff?(M) be an action. Suppose that either

(1) dim(M) <n—2, or

(2) dim(M) = n — 1 and « preserves a smooth volume.

Then « has uniform subexponential growth of derivatives.

Remark 16.3. The proof of Theorem 16.2 is the only place in the proof of Theorem
11.6 where cocompactness of I' is used. It is not required for Steps 2 or 3 below.
For I' = SL(m, Z), the analogue of Theorem 16.2 is established in [32] and has
been announced for general lattices [33].

16.2. Step 2: Strong property (T) and averaging Riemannian metrics. As-
sume a: T' — Diff™(M) is an action by C* diffeomorphisms.” The action o of
I' on M induces an action a of I" on tensor powers of the cotangent bundle of M
by pull-back: Given w € (T*M)®* write
ag(w = a(y™!)*w;
that is, if vy, ... v, € T, M then
CY#("Y)W(%‘)(’Ul, R ,’Uk) = w(x>(D$a(7_l>v17 SRR D$a(7_l)vk)'

In particular, we obtain an action of I' on the set of Riemannian metrics which
naturally sits as a half-cone inside S?(T* M), the vector space of all symmetric

2-forms on M. Note that ay preserves C*(S2(T*(M))), the subspace of all C*
sections of S2(T* M) for any ¢ € N.

7For C? actions, one replaces the Hilbert Sobolev spaces W2 (S?(T*M))) below with appropriate
Banach Sobolev spaces WP'*(S2(T*M))) and verifies such spaces are of the type 19 considered
in [57].
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Fix a volume form vol on M. The norm on T'M induced by the background
Riemannian metric induces a norm on each fiber of S?(7*M). We then obtain
a natural notion of measurable and integrable sections of S?(T* M) with respect
to vol. Let H¥ = W?2k(S2(T*M)) be the Sobolev space of symmetric 2-forms
whose weak derivatives of order ¢ are bounded with respect to the L?(vol)-norm
for 0 < ¢ < k. Then H* is a Hilbert space. Let || - |4+ denote the corresponding
Sobolev norm on H* as well as the induced operator norm on the space B(H") of
bounded operators on #*. Working in local coordinates, the Sobolev embedding
theorem implies that

HE < CH(S2(T*(M)))
as long as
¢ < k—dim(M)/2.
In particular, for k sufficiently large, an element w of HF is a C* section of S?(T* M)
which will be a C* Riemannian metric on M if it is positive definite.

The action a4 is a representation of I' by bounded operators on H*. From
Theorem 16.2, we obtain strong control on the norm growth of the induced repre-
sentation ci. In particular, we obtain that the representation a : I' — B (H*) has
subexponential norm growth:

Lemma 16.4. Let a: I' — Diff(M) have uniform subexponential growth of
derivatives. Then, for all € > 0 there is C > 0 such that

e (V) g < CeP
forallyeT.

The proof of Lemma 16.4 follows from the chain rule, Leibniz rule, and com-
putations that bound the growth of higher-order derivatives by polynomial func-
tions in the growth of the first derivative. See [79, Lemma 6.4] and discussion in
[31, Section 6.3].

We use the main result from [57, 123]: cocompact lattices I' in higher-rank sim-
ple Lie groups (such as SL(n,R) for n > 3) satisfy Lafforgue’s strong Banach
property (T) first introduced in [123]. The result for SL(n, R) and its cocompact
lattices (as well as most other higher-rank simple Lie groups) is established by
Lafforgue in Corollary 4.1 and Proposition 4.3 of [123]; for cocompact lattices in
certain other higher-rank Lie groups, the results of [57] are needed. See also [56]
for the case of nonuniform lattices. Strong Banach property (T) considers repre-
sentations 7 of I' by bounded operators on certain Banach spaces E (of type £1p).
If such representations have sufficiently slow exponential norm growth, then there
exists sequence of averaging operators p,, converging to a projection po, such that
for any vector v € E, the limit py,(v) is w-invariant. In the case that E is a Hilbert
space (which we may assume when « is an action by C'* diffeomorphisms) we
have the following formulation. Note that Lemma 16.4 (which follows from The-
orem 16.2) ensures our representation c satisfies the hypotheses of the theorem.

Theorem 16.5 ([56,57,123]). Let H be a Hilbert space and for n = 3, let I be a
lattice in SL(n, R).
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There exists € > 0 such that for any representation w: I' — B(H), if there exists
C¢ > 0 such that

[w(1)] < Cee

for all ~y € T then there exists a sequence of averaging operators p, = > w;w(;)
in B(H)—where w; = 0, >, w; = 1, and w; = 0 for every ~y; € I of word-length
larger than n—such that for any vector v € H, the sequence v, = p,(v) € H
converges to an invariant vector v* = pu,(v).

Moreover the convergence is exponentially fast: there exist 0 < A\ < 1 and
C = Oy such that ||v, — vi| < CA"||v].

Theorem 16.5 as stated in [57, 123] requires that I" be cocompact. The extension
to nonuniform lattices is announced in [56]. The exponential convergence in The-
orem 16.5 is often not explicitly stated in the definition of strong property (T) or in
statements of theorems establishing that the property holds for lattices in higher-
rank simple Lie groups; however, the exponential convergence follows from the
proofs.

We complete Step 2 with the following computation.

Proposition 16.6. For n > 3, let T' < SL(n,R) be a lattice and let o: T —
Diff® (M) be an action with uniform subexponential growth of derivatives. Then
for any ¢, there is a C* Riemannian metric g on M such that

a(I') c Isomg(M).

Proof. Consider an arbitrary C® Riemannian metric ¢. For any k, we have g € H*.
We apply Theorem 16.5 and its notation to the representation cvy: I' — B (H*)
with the g the initial vector v. As averages of finitely many Riemannian metrics
are still Riemannian metrics we have that g,, := p,,(g) is positive definite for every
n. In particular, the limit go, = po(g) is in the closed cone of positive (possibly
indefinite) symmetric 2-tensors in H*. Having taken k sufficiently large we have
that g, is C*; in particular, g., is continuous, everywhere defined, and positive ev-
erywhere. We need only confirm that g, is non-degenerate, i.e. is positive definite
on T, M for every x € M.

Given any x € M and unit vector £ € T, M, for any ¢ > 0 we have from
Definition 16.1 that there is a C. > 0 such that

Pr(9)(€€) = (D wiag(n)g) (€€)

= Y wig(Dea(y e, Doal(r; h)E)
1

—2en
= —
2

OF

where we use that w; > 0 only when ; has word-length at most n.
On the other hand, from the exponential convergence in Theorem 16.5 we have

Pn(9)(§,8) = Pu(9) (&, ) < CaA™
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Thus

1 —Z€ENn n
Po(9)(6:€) = Fze " = CaA

for all n = 0. Taking € > 0O sufficiently small we can ensure that
1
02 2en < —\n
€ € C)\
for all sufficiently large n. Then, for all sufficiently large n we have

1
@e—%n - C}\)\n

€

and thus ps(g)(€,€) > 0. O

16.3. Step 3: Margulis superrigidity with compact codomain. From Steps 1
and 2 we have that any action o: I' — Diff (M) as in Theorem 11.6 preserves a
C* Riemannian metric g. In the general case of C%-actions (or even C1*P-actions),
we have that any action o: ' — Diff>(M) preserves a continuous Riemannian
metric g. See [31, Theorem 2.7]. We thus have

a:'— Isomf](M) c Diff>(M).

Let dim(M) = m. The group Isom, (M) of isometries of a continuous Riemann-
ian metric is a compact Lie group with
dim(Isom,(M)) < m(m2+1) (16.1)
Indeed, the orbit of any point p € M under Isom, (M) has dimension at most m
and the dimension of the stabilizer of a point is at most m(mT_l), the dimension of
SO(m); thus
m(m — 1)
2

With K = Isomg(M ) < Diff?(M) we thus obtain a compact-valued represen-
tation a: I' — K. By equation (16.1), if m < $1/8n2 — 7 — 1 then dim(su(n)) =
n? — 1 > dim(K); by conclusion (2) of Theorem 12.4, «(T") is thus contained in
a 0-dimensional subgroup of K. This holds in particular if m < n — 1. We thus
conclude that the image

a(') « K = Isom? (M) < Diff*(M)

dim(Isomy(M)) < m +

is finite.
Summarizing the arguments from Steps (2) and (3), we obtain the following.

Theorem 16.7. Forn > 3, let T < SL(n,R) be a lattice. Let o: T — Diff?(M)
be an action with uniform subexponential growth of derivatives.

Then, if
1 1
dim(M) < 5«/8n2 —7— 2

the image (1) is finite.
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17. PROOF OUTLINE OF THEOREM 16.2

To establish Theorem 11.6, from the discussion in Section 16 it is enough to es-
tablish Theorem 16.2: the action « has uniform subexponential growth of deriva-
tives. We outline the proof of Theorem 16.2.

17.1. Setup for proof. For n > 3, let ' = SL(n,R) be a cocompact lattice. Let
M be a compact manifold and let a: T' — Diff>(M) an action. As assume either
that dim(M) < n — 2 or that dim(M) < n — 1 and that « preserves a volume
form. We recall the following constructions from the proof of Theorem 11.4:

(1) The manifold M = (SL(n,R) x M)/I" is the suspension space intro-
duced in Section 14.1. M® is fiber bundle over SL(n,R)/I" with fibers
diffeomorphic to M. Moreover, M“ and SL(n,R)/T" have natural (left)
SL(n,R)-actions and the projection w: M — SL(n,R)/I" intertwines
these GG-actions.

(2) A < SL(n,R) denotes the subgroup of diagonal matrices with positive
entries. We have A ~ R™~! which is a higher-rank, free abelian group if
n = 3.

(3) Given an ergodic, A-invariant Borel probability measure p on M we have
fiberwise Lyapunov exponents

F F .
)\1,#""7AP,M'A_)R

for the restriction of the derivative of the A-action on M“ to the fibers of
M introduced in Section 14.2.

(4) B : A — R are the roots of SL(n,R) and U%/ are the corresponding
root subgroups introduced in Section 13.1.

17.2. Two key propositions. The proof of Theorem 16.2 is by contradiction and
follows from the following two propositions. Our first key proposition is an ana-
logue of Proposition 7.2.

Proposition 17.1. Suppose that a: T — Diff! (M) fails to have uniform subexpo-
nential growth of derivatives. Then there exists a Borel probability measure 11 on
M*® such that

(1) i is A-invariant and ergodic;
(2) there exists a nonzero fiberwise Lyapunov exponent )xf W A—- R

The proof of Proposition 17.1 is very similar to the proof of Proposition 7.2 with
some minor modifications and notational differences. We include an outline of the
proof in Section 18.3; see also [31, Section 4] for complete details.

The measure p’ in Proposition 17.1 projects to an ergodic, A-invariant measure
on SL(n,R)/T". If 1/ projected to the Haar measure on SL(n,R)/I" then, from
Theorem 15.1 and the bounds on the dimension )M, the measure i/ would be G-
invariant and, as explained below, the proof of Theorem 16.2 would be complete.
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However, there may exist ergodic A-invariant measures on SL(n, R)/T" that are not
the Haar measure.®

By carefully averaging the measure 4’ along root subgroups U%/ and apply-
ing Ratner’s measure classification theorem [164] to the projected measure on
SL(n,R)/T" we obtain the following.

Proposition 17.2. Let o: T' — Diff' (M) be an action. Suppose there exists an
ergodic, A-invariant measure 1’ on the suspension space M with a nonzero fiber-
wise Lyapunov exponent )\57 e A — R. Then there exists a Borel probability
measure [ on M such that

(1) pis A-invariant and ergodic;

(2) there exists a nonzero fiberwise Lyapunov exponent )\f % A->R;

(3) w projects to the Haar measure on SL(n,R)/T.

Remark 17.3.

(1) Propositions 17.1 and 17.2 hold in full generality; they do not depend on
the comparison between the dimension of M and the rank of SL(n,R).
The constraint on the dimension of M is used to obtain a contradiction
in the proof of Theorem 16.2 by applying Theorem 15.1 and Zimmer’s
cocycle superrigidity to the fiberwise derivative cocycle.

(2) Propositions 17.1 and 17.2 heavily use the fact that I' is cocompact in
SL(n,R) so that the manifold M“ is compact. For instance, if M® is
not compact then the proof of Proposition 17.1 (compare with proof of
Proposition 7.2) fails as there may be escape of mass into the cusp of G/T".
Thus, more subtle arguments are required to establish the analogue of The-
orem 16.2 in the case that I' is nonuniform. In the case that I" = SL(n, Z),
such arguments appear in [32].

(3) Both Proposition 17.1 and Proposition 17.2 holds for C! actions. The
C'*+P hypotheses is later used (along with the dimension bounds) to con-
clude that the A-invariant measure y obtained in Proposition 17.2 is, in
fact, G-invariant by applying Theorem 15.1.

17.3. Proof of Theorem 16.2. We deduce Theorem 16.2 from Proposition 17.1,
Proposition 17.2, Theorem 15.1, and Theorem 12.2.

Proof of Theorem 16.2 . Let a: I' — Diff?(M) be as in Theorem 16.2. For the
sake of contradiction, assume that

a: T' — Diff>(M)

fails to have uniform subexponential growth of derivatives. Let y’ be the measure
guaranteed by Proposition 17.1. We then apply Proposition 17.2 to obtain an er-
godic, A-invariant Borel probability measure p on M“ that projects to the Haar
measure on G/I" and has a non-zero fiberwise Lyapunov exponent. In either case
considered in Theorem 16.2, it follows from Theorem 15.1 that . is G-invariant.

8In fact, for certain lattices I there exist ergodic A-invariant measures on SL(n, R)/T" that have
positive entropy for some element of A as shown by M. Rees; see [59, Section 8].
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Recall that we write 7: M* — SL(n,R)/T" for the natural projection and let F’
be the fiberwise tangent bundle; that is, F' is sub-vector-bundle of T'M“ given by
F = ker Dr. As F' is G-invariant, we may apply Zimmer’s cocycle superrigidity
theorem, Theorem 12.2, to the fiberwise derivative cocycle A(g, x) = D,g! F(z) Of
the p-preserving SL(n, R)-action on M. Since the fibers have dimension at most
n — 1 and since there are no non-trivial representations p: SL(n,R) — SL(d,R)
for d < n, it follows from Theorem 12.2 that the fiberwise derivative cocycle
A(g,x) = Dygl F(z) 18 cohomologous to a compact-valued cocycle: there is a
compact group K < SL(d,R) and measurable ®: M* — GL(d, R) such that

®(g - 2)Dogl p®(2) ' € K.
By Poincaré recurrence to sets on which the norm and conorm of ® are bounded,
it follow for any g € G and € > 0 that the set of x € M such that
1
liminf —log [ Dzg" 1 )| = €
n—0 N

has p-measure zero. This contradicts the existence of nonzero fiberwise Lyapunov
exponent for p. This contradiction completes the proof of Theorem 16.2. (]

18. DISCUSSION OF THE PROOF OF PROPOSITIONS 17.1 AND 17.2

We outline the main steps in the proof of Propositions 17.1 and 17.2.

18.1. Averaging measures on M“. Let H = {h! : t € R} be a l-parameter root
subgroup of SL(n,R). Given a measure x on M* and T' > 0 we define

T 1 g t
H *p= (h*)sp dt
0

to be the measure obtained by averaging the translates of y over the interval [0, T'].
Let s € A. Given any s-invariant measure i on M “, the average top fiberwise
Lyapunov exponent of s with respect to y is

Pt
)\f;p(s, pu) = inf — flog |Dx(s") 1 pl du(x). (18.1)
n—o N
Note that if 1 is moreover A-invariant and A-ergodic with fiberwise Lyapunov
exponents )\fu, e ,)\gﬂz A — R then

F F
)‘top(sau) = 1125227 )‘i,,u(s)'

We have the following facts which we invoke throughout our averaging proce-
dures.

Claim 18.1. Let s € A and let p be an s-invariant measure on M. Let H =
{h',t € R} be a one-parameter group contained in the centralizer of s in SL(n, R).

(1) The measure H™ « u is s-invariant for every T > 0.
(2) Any weak- limit point of {H" * i} as T — o0 is s-invariant.
(3) Any weak-x limit point of {H" + u} as T — oo is H-invariant.

(4) Mop(s, HT % i) = N (s, 1) for every T = 0.
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(5) If i/’ is a weak-* limit point of {H" % u} as T — oo then
Nop (5, 1) = Ngp (5, 1).

(1) is clear from definition and (2) follows since the set of s-invariant measures
is closed. (3) follows from (the proof of) the Krylov-Bogolyubov theorem (see
Claim 7.3). (4) is a standard computation which follows from the compactness of
M*® and hence boundedness of the cocycle. Indeed we have

Nop(s, H 5 ) = inf f log | Dy (5") || d(HT # 1) (z)

-t o f log | Dy (") 1 ] dit dpu(z)

n—oon T

inf L1 f f log | Dye.o (5™ =) p] dt dpu()
t=0

n—oon T

R R

+log | D (s™) 1 || + log | Ds.o:(h") | || dt du(x)

it (([1og 10,6 el duto) + 266

A

N

n—oo N

where

K = sup {log | D,(h") | : 2z e M, t e [-T,T1}.
(5) follows from the well-known fact that the average top Lyapunov exponent is
upper-semicontinuous on the set of s-invariant measures (see for example [179] or
[31, Lemma 3.2(b)]). Indeed, in the weak-* topology, for each n the function

b flog 1D (s") | dpu(a)

is continuous. The pointwise infimum of a family of continuous functions is upper-
semicontinuous.

Remark 18.2. Recall that a Fglner sequence in a Lie group H equipped with a
left-Haar measure my; is a sequence {F),} of compact subsets F,, — H such that
forevery h € H,
. mg(h-F,AF,)
lim
=0 m (Fn)
If H admits a Fglner sequence, H is said to be amenable. When H = R, a Fglner
sequence is given by F,, = [0,n]. Examples of amenable groups include abelian
groups, nilpotent groups, solvable groups, and compact groups.
Consider H to be an amenable Lie subgroup of G = SL(n,R). Given a Borel
probability measure p on M and Fglner sequence {F},} in H we define

=0.

Fy s p:= hap dmpr(h).



90 A. BROWN (ET AL.)

By a computation analogous to (7.3) in the proof of Claim 7.3, any weak-# limit
point /i of the sequence {F,, * u} as n — o0 is an H-invariant measure on M®.
Moreover, properties analogous to those in Claim 18.1 hold when averaging an s-
invariant measure p against a Fglner sequence {F,} in an amenable subgroup H
contained in the centralizer C;(s) of s. See [31, Lemma 3.2] for precise formula-
tions.

18.2. Averaging measures on SL(n,R)/I". When averaging probability measures
on SL(n,R)/T" along 1-parameter unipotent subgroups we obtain additional prop-
erties of the limiting measures. The results stated in the following proposition are
consequences of Ratner’s measure classification and equidistribution theorems for
unipotent flows [161, 162, 164]. See also [192]. We do not formulate Ratner’s
theorems here but only the consequences we use in the remainder.

Proposition 18.3. Let [i be a Borel probability measure on SL(n,R)/T. For each
1-parameter root subgroup U*J

(1) the weak-= limit
U s o= lim (U % 4: T = 0}
T—o0

exists;
(2) if fiis A-invariant, so is U™  [i;
(3) if fi is A-invariant and A-ergodic, the measure U x [i is A-ergodic;
(4) if i is A-invariant and U™ -invariant then fi is U’ -invariant.

Proposition 18.3(1) follows from Ratner’s measure classification and equidis-
tribution theorems for unipotent flows. When U is higher-dimensional, we use
an analogue of Proposition 18.3(1) due to Shah [172, Corollary 1.3]. Proposition
18.3(2) follows from the fact that A normalizes U/ and that the limit in Propo-
sition 18.3(1) exists and is hence unique. Proposition 18.3(4) is a consequence of
Theorem 9 in [164] or Proposition 2.1 in [161].

Proposition 18.3(3) is a short argument that uses the A-invariance of fi and the
pointwise ergodic theorem: Since there is s € A such that U%-orbits are con-
tracted by s, by the pointwise ergodic theorem, the measurable hull of the partition
into U%J-orbits refines the ergodic decomposition for A. (See Proposition 8.12
and Theorem C.4 in Appendix C.) Let n be the measurable hull of the partition
into U%J-orbits and let {/i;} be a family of conditional measures of j for this par-
tition. (Note that from Ratner’s equidistribution theorem, we have that fi;} is a
homogeneous measure on a closed homogeneous submanifold.) If ¢ is a bounded,
A-invariant measurable function then for ji-a.e. , ¢ is constant fi;}-almost surely;
in particular,

o) = [ o d

for ji-a.e. . But z — §¢ djil is a p-almost everywhere defined, A-invariant
function. In particular, z — § ¢ dji:! is constant p1 a.s. by ergodicity of . It follows
that ¢ is constant fi-a.s. and ergodicity follows.
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18.3. Proof of Proposition 17.1. We outline the proof of Proposition 17.1. Re-
call the notation introduced in Section 14.1. In particular, 7: M* — G/I is the
canonical the projection and F' = ker( D) is the fiberwise tangent bundle of M.
We write the derivative of translation by g in M® as Dg and the restriction to the
fiber of F' through z € M by D.g| ;). Equip M with any Riemannian metric
and write

|Dglel = sup [|Deglpl-
zeM™
Let K = SO(n). We equip G with a right-invariant, left- K -invariant metric and
induced distance function d(-,-). We have the following elementary claim which

allows us to transfer exponential growth properties between the I'-action on M and
the G-action on the fibers of M <.

Claim 18.4. IfT' = SL(n, R) is cocompact and if M is compact, then any action
a: T' — Diff! (M)

has uniform subexponential growth of derivatives if and only if for every e > 0
there is a C such that for all g € SL(n, R),

|Dglr| < Ce o).

With the above claim, we outline to main steps in the proof of Proposition 17.1.

Proof of Proposition 17.1. We assume o: I' — Diff! (M) fails to have uniform
subexponential growth of derivatives. Then, by Claim 18.4, there exist ¢ > 0,
integers m,, € N with m,, — o0, elements ¢,,,,, € G with d(gp,,,,€) = my,, points
Tm,, € My, and unit vectors vy, € Tj,, M, such that

emy,

HDxmngmn (Umn)” > €
Let U F denote the unit sphere bundle in F' and, given g € G, let U Dg denote
the induced action on U F': given z € M® and v € U F(x) write
Dag(v)
UDrg(v) =
: [Dzg(v)]|

and
UDg(z,v) = (g-z,UDyg(v)).
By the singular value decomposition of matrices, the group G = SL(n,R) can
be written as G = K AK where K = SO(n). (For general simple Lie groups G
we use the Cartan decomposition). We can thus write each g,,,, € G as

Gm,, = knankl,
where ky,, k], € K and a,, € A. Write
o=kl xm,, o =ankl T,
=UDy,,, k. (vm,), vl = UD,,,, (ank.)(vm,)-
Then
| D2y, 9 (V)| = [ Dy b (0p)|| [ Dy, @ (0)]| [ Dy, Koy (00, |
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and so
. 1 . 1 ,
€ < lim —log||Dy,,, gm, (Um,)| = lim —log | Dy an(vy,)]
n—00 My, n—00 My,

as | D,k r| is uniformly bounded over all k € K and x € M“.
Note that

My — d(an, )| = |d(gm, ,€) — d(an, e)| < d(kp,e) + d(k., e
| (an, €)| = |d(gm,,, €) — d(an, )| < d(kn,€) + d(ky,

is uniformly bounded in n. Thus m,, " 'd(a,,e) — 1. As A ~ R"~!, for each n
there is a unique a,, with a,, = (a,)""; moreover, as A is geodesically embedded
in G, we have d(a,,, e) — 1.

For each n, let v, be the empirical measure on U F' given by

mp—1

1 o
vn=—— >, (@n)40su1)-
Mn =

Taking a subsequence {n;}, we may assume that v,,; converges to some v, and
that G,; converges to some s € A. Note that d(s,e) = 1. Let i denote the image
of v under the natural projection UF — M®. Adapting the proofs of Claim 7.3
and Proposition 7.2 one can show that

(1) vy is U Ds-invariant whence f is s-invariant;
@) Ay (s, ) = e > 0.

Take a Fglner sequence { F}, } in A and let ji be any weak-: limit point of { F}, i}
as n — o0. Then, from analogues of the properties in Claim 18.1 for averaging over
Fglner sequences, we have that

(1) f1is A-invariant;
) Aop(s, ) =€ > 0.

We take 1 to be an A-ergodic component of ji with )\fzp(s, p')=e>0. O

18.4. Proof of Proposition 17.2 for SL(3,R). To simplify ideas, we outline the
proof of Proposition 17.2 assuming I" is a cocompact lattice in SL(3,R). We per-
form two averaging procedures on the measure z’ from the hypotheses of Proposi-
tion 17.2 to obtain the measure p in the conclusion of Proposition 17.2.

Proof of Proposition 17.2 for T'  SL(3,R). Take up = ' to be the ergodic, A-
invariant probability measure in the hypotheses of Proposition 17.2 with nonzero
fiberwise exponent

F F
)\jvl"o : A - R’ /\ij0 # 0

First averaging. Consider the elements
s = diag(i, 2,2) and s = diag(2,2, %)

of A < SL(3,R). Note that s and 5 are linearly independent and hence form a
basis for A ~ R2. As the linear functional Afj 0 1s nonzero, either

A o(s) #0 or A, (5) #0.
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Without loss of generality we may assume that

F
Ajuso (8) 7 0.

Take s to be either s or s~ ! so that AF, (s0) > 0.
Consider the 1-parameter subgroup

100
U?3 = 01 t |:teR
00 1

Note that U%3 commutes with sq. Let 111 be any weak-+ limit point of {(U%3)7 s}
as T' — oo. From Claim 18.1, i is sp-invariant and )\f;p(so, pi) = )\fgp(s(), po)-

We now average pi; over a Fglner sequence in A: identifying A with R? let
AT =10,T] x [0, T] define a Fglner sequence {AT} in A. Then

Tspy = J J (t1,t2)swpr d(t1,t2).

Let ji5 be any weak-+ limit point of {A” % y;} as T — oco. Then, from facts
analogous to those in Claim 18.1, ug is A-invariant and

Aop (50, 12) = Al (s0, 1) > 0.

Note that /5 might no longer be U?3-invariant.

We investigate properties of the projection of each measure g, 41, and ps to
SL(3,R)/T". For each j, we denote by fi; = 74 (u;) the image of x; under the
projection 7: M — SL(3,R)/T".

Observe that ji; = U%3 * fig is U?3-invariant. Since jig was A-invariant, from
Proposition 18.3(2) we have that ji; is A-invariant and it follows that ji; = fio
S0 jlg is U 23_invariant and A-invariant. From Proposition 18.3(4), fis is invariant
under the subgroup
* 0 0
0 = = < SL(3,R)

0 = =
generated by A, U?3 and U32 in SL(3,R). Moreover, since fiyp was A-ergodic,
from Proposition 18.3(3) the measure fi1 = jio is A-ergodic.

Returning to M“, as )\f;p(so, w2) > 0 and as fig is A-ergodic, we may replace
w2 with an A-ergodic component gy of po such that

(1) Af,(s0, p5) > 0, and
(2) the projection of pf to SL(3,R)/T" is fio.

Let Af PAREE ,)\5 - A — R denote the fiberwise Lyapunov exponents for the
sHo Hab]

A-invariant, A-ergodic measure p5. Then 0 < )\5,7”,2 (s0) = Mop(s0, 1t) for some

1 < j/ < p’ whence some fiberwise Lyapunov exponent )\f, e A — Risa

2

nonzero linear functional.
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Second averaging. Consider now the elements s = (2,2, 1) and 5 = (2,1,2) in
A. Again, either

F F
)\]~/7M/2 (S) #* 0 or A -y

“/2(5) # 0.

Case 1: )\5 . (s) # 0. Take 51 = sors; = s~ so that )\5 . (1) > 0. Consider
39 2

the one-parameter group U2 which commutes with s;. As above, any weak-
limit point g3 of {(U2?)T « ph} as T — o is s;-invariant, with

A£p<slvu3) = )‘g)p<517:u3) = Ag)p(slnufé) > 0.

Let 114 be any weak-# limit point of { A7 x 3} as T — oo (where AT x 3 is as in
the first averaging). Then p4 is A-invariant and

)‘ip(slvuél) = )\fgp(shug) > 0.

We claim that the projection fi4 of 14 to SL(3,R)/T is the Haar measure. Since
the groups U2 and U>? commute and since fio was U>2-invariant, it follows that
fiz = UY? % iy is U>?-invariant. Also, since [i» was A-invariant, Proposition
18.3(2) shows that fi3 is A-invariant. Thus i3 = fi4 and fi4 is also invariant un-
der the actions of A, U2, and U32. By Proposition 18.3(4) it follows that 4 is
invariant under the groups U?! and U?3; in particular ji4 is invariant under the
following subgroups of SL(3, R):

+ 0 0 * % 0
0 * = , * % 0
0 = = 0 0 =

These two groups generate all of SL(3,R), and hence /i4 is the Haar measures.

Case 2: )\jF/ i, (3) # 0. Take s = Sor sy = 5! so that )\5 ug(sl) > 0. Consider

the one-parameter group U3 which commutes with s;. As above, any weak-#
limit point y3 of {(U3)T « )} as T — o is s;-invariant, with

Mop (51, 13) = Ngp (51, 5) > 0.

Let y4 be any weak-# limit point of { AT % u3} as T — oo. Then p4 is A-invariant
and
)\g)p(sl,uzl) = )\tip(sl,,ug) > 0.

Again, we claim that iy = U3 % [i5 is the Haar measure. Since the groups
U3 and U%3 commute, it follows that /i3 is U%3-invariant. Also, since jiz was
A-invariant, Proposition 18.3(2) shows that jig is A-invariant. Thus /i3 = ji4 and
fi4 is also invariant under the actions of A, U3 and U?3. By Proposition 18.3(4)
it follows that /i, is invariant under the following subgroups of SL(3, R):

= 0 0 * (0 =
0 = = , 0 = 0
0 = = * 0 =*

o

Again, these two groups generate all of SL(3,R), an
sure.

hence [i4 is the Haar mea-
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Completion of proof. In either Case 1 or Case 2, since the Haar measure fi4 is
A-ergodic, we may take an A-ergodic component yy of 14 projecting to the Haar
measure with

)\tFop(sl,,uil) > 0.

If AF WILEE /\5,, v+ A — R denote the fiberwise Lyapunov exponents for the A-
) My

invariant, A-ergodic measure p then 0 < )\fj, L (s1) = Moo (s1, 1)) for some
sty

F#,:A—>Risa

1 < j” < p” whence some fiberwise Lyapunov exponent A
4

nonzero linear functional.
This completes the proof of Proposition 17.2. O

18.5. Modifications to proof of Proposition 17.2 in SL(n,R). When I is a co-
compact lattice in SL(n, R) we replace the first averaging step with a more com-
plicated averaging.

First averaging. We again take 1o = 1 to be the A-invariant measure in Proposi-
tion 17.2 with nonzero fiberwise exponent

Moo AS RN 20,

k0 3,10
Without loss of generality (by conjugating by a permutation matrix) we may as-
sume that for the element

5= diag(Qn—l,l,Q,...,Q)

of A < SL(n,R), we have
Ao (s) # 0.
Take sp to be either s, or s! so that Af, (so) > 0.

Consider the unipotent subgroup U < SL(n, R) of matrices of the form

10 0 --- 0
01 == - =%
U: . . E
0 0 1 =
0 0 0 1

Note that U commutes with s.
Let {F,} be a Fglner sequence in U and let ;11 be any weak-# limit point of
{F, * po} as n — oo where
)
_— U oo du.
mu (Fr) Jr, o

From facts analogous to those in Claim 18.1, we have that u; is sp-invariant and
)\f;p(so, pi) = /\f;p(so, o) > 0. Moreover, as U is higher-dimensional, we use
[172, Corollary 1.3] rather than Proposition 18.3(1) to conclude (as least for certain
Fglner sequences {F, } in U with nice geometry) that the projection [i; of p; to
G/T is the limit

Fy o« pg =

fn = lim F;, * fig
and is A-invariant, ergodic, and U-invariant.
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We again average p; over a Fglner sequence for the form
AT =10,T] x --- x [0,T]
in A (identified with R"~1) and let 5 be any weak-# limit point of {A” % y1} as
T — oo. Then pgy is A-invariant and
Mop (50, 112) = Al (s0, 1) > 0.

Again, we have equality of the projected measures [i; = jiz SO jiz is U-invariant
and A-invariant. From Proposition 18.3(4), 2 is also invariant under the subgroup

100 --- 0
0 = = *
H = 0 =* = ®

As [ig is A-ergodic, we may replace p2 with an A-ergodic component p, of po
such that

(1) A5, (50, 14) > 0, and

(2) the projection of yf to SL(n,R)/T is fis.

Then, if AT A A;j, 0 A — R denote the fiberwise Lyapunov exponents for
W2 W2

h, we have 0 < )\5 u’Q(SO) = Mop(s0, ph) for some 1 < j/ < p.

Second averaging. Consider now the roots 32 and 3" of . Since 3'? and

Y™ are not proportional, at most one of 312 and 31 is proportional to )\5 . In

Mo

particular, we may find either s or 5 in A such that
(1) BY2(s) = 0 but )\5 y (s) # 0; or
Mo
(2) B4"(3) = 0 but AT} ,(5) # 0.

The two cases in the second averaging step of in Section 18.4 are then identical
to the above, where we either average over the 1-parameter group U2 in the case
)\5 " (s) # 0 or U™ in the case )\f% (3) # 0. The structure theory of SL(n,R)
will then imply that the measure obtained after the second averaging projects to the
Haar measure.

%k19. ZIMMER’S CONJECTURE FOR LATTICES IN OTHER LIE GROUPS

Consider a connected, simple Lie group GG with finite center. Let I' = G be a
cocompact lattice. The proof of Theorem 11.6 discussed above, particularly the
use of Theorem 15.1 in Section 17.3 can be adapted almost verbatim to show the
following. See also [42] where Theorem 19.1 is stated and given a mostly self-
contained proof.

Theorem 19.1. Let G be a connected, simple Lie group G with finite center and
rank at least 2. Let I" < G be a cocompact lattice. Let M be a compact manifold.
(1) If dim(M) < rank(G) then any homomorphism T' — Diff?(M) has finite
image.
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(2) In addition, if vol is a volume form on M and if dim(M ) < rank(G) then
any homomorphism T' — Diff? (M) has finite image.

vol

As mentioned in Section 11.4, Theorem 19.1 holds for C'! actions; see Theorem
11.7.

Theorem 19.1 fails to give the optimal dimension bounds for the analogue of
Conjecture 11.2 given in Conjecture 11.3 for actions by lattices in Lie groups other
than SL(n,R). See Table 1 for various conjectured critical dimensions arising in
Zimmer’s conjecture for other Lie groups.

To state the most general (as of 2018) result towards solving Conjecture 11.3, to
any simple Lie group G, we associate a non-negative integer r(G). See [31, Section
2.2] or Footnote 4 for equivalent definitions of (G) and Table 1 for values of r(G)
in various examples of GG. For actions of lattices in a general Lie group G, the main
result of [31] as well as the announced extension gives finiteness of the action up
to the critical dimension r(G).

Theorem 19.2 ([31] cocompact case; [33] nonuniform case). Let I' < G be a
lattice in a higher-rank simple Lie group G with finite center. Let M be a compact
manifold.
(1) If dim(M) < r(G) then any homomorphism T — Diff' ™8 (M) has finite
image.
(2) In addition, if vol is a volume form on M and if dim(M) = r(G) then any
18 (M) has finite image.

homomorphism I' — Diff_

When G is exceptional or not a split real form, our number 7(G) is lower than
the conjectured critical dimension in Conjecture 11.3(1) and (2). However, for
lattices in all Lie groups that are non-exceptional, split real forms Theorem 19.2
confirms Conjecture 11.3(1) and (2). For instance, for actions by lattices in sym-
plectic groups we have the following.

Theorem 19.3 ([31, Theorem 1.3] cocompact case; [33] nonuniform case). For
n = 2, if M is a compact manifold with dim(M) < 2n—1 and ifT' = Sp(2n,R) is
a lattice then any homomorphism o.: T' — Difo(M ) has finite image. In addition,
if dim(M) = 2n — 1 then any homomorphism o: T — Diff2 (M) has finite
image.

Similarly, for actions by lattices in split orthogonal groups we have the follow-
ing.
Theorem 19.4 ([31, Theorem 1.4] cocompact case; [33] nonuniform case). Let M
be a compact manifold.

(1) Forn =4, ifT' < SO(n,n) is a lattice and if dim(M) < 2n — 2 then any
homomorphism o: T' — Diff?(M) has finite image. If dim(M) = 2n — 2
then any homomorphism o.: T — Diff2 (M) has finite image.

(2) Forn = 3,ifT' « SO(n,n + 1) is a lattice and if dim(M) < 2n — 1 then
any homomorphism «: T — Diff?(M) has finite image. If dim(M) =
2n — 1 then any homomorphism o: T — Diff2_ (M) has finite image.

vol
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For actions by lattices I' in simple Lie groups that are not split real forms such
as G = SL(n,C), SO(n,m) for m = n + 2, or SU(n, m), Theorem 19.2 above
(the main result of [31] for cocompact case, [33] in general) gives finiteness of
all actions on manifolds whose dimension is below a certain critical dimension.
However, this critical dimension may be below the dimension conjectured by the
analogue of Conjecture 11.3 for these groups. See Table 1.

Part 4. A selection of other measure rigidity results
20. NONUNIFORMLY HYPERBOLIC ZF-ACTIONS

Instead of considering Z2-actions by automorphisms of T? as in Theorem 2.8,
we might consider Z2-actions on the torus T generated by two commuting diffeo-
morphisms f, g: T3 — T3.

Recall that for any homeomorphism f: T2 — T3 there exists a unique M €
GL(3,Z) so that any lift f: R — R3 of f is of the form

f(z) = Mz + ¢(z)
where 9: R? — R? is Z3-periodic. The linear map M can also be seen as the
induced action of f on first homology of T3. We call M the linear data of f. By
a theorem of Franks [82], if M has no eigenvalues of modulus 1 then there is a
continuous, surjective 4: T¢ — T%, homotopic to the identity, such that

hof=Lyoh (20.1)
where Ly : T2 — T3 is the induced automorphism of the torus.
If f,g: T3 — T3 are commuting homeomorphisms with linear data A and B,

respectively, one can verify that A and B commute. Indeed if f(z) = Az + o (z)
and g(x) = Bz + ¢(z) are lifts of f and g, respectively, then

fog(z) = ABx + Ag(z) + ) (x)
and 3
go f(x) = BAz + BY(z) + ¢(zx)
are both lifts of f o g = g o f whence AB = BA.
If A has no eigenvalues of modulus 1, we may take a map h: T% — T3 with
hof=1Laoh
as in (20.1). Following [101, Lemma 1] (correcting [100, Lemma 1.2]) the map
h conjugates the Z?2-action generated by f and g to an affine action on T? whose
linear part is generated by L4 and Lp. That is, if a: Z? — Diff(T?) is the non-
linear action
a(ny, ng) = [ g™
then there is an affine action ag: Z? — Diff(T?) of the form
ao(n1,n2)(r) = LY LE (%) + V(ny ny)
for some v(,,, ) € T such that for all (ny, ny) € Z2
hoa(ny,ng) = ap(ni,ng) o h. (20.2)
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We note that the translation term (11, n2) = V(p, ) is a cocycle:

Uy ma)+(mama) = L4 LB Vimyma) + Vingng)-

Moreover, the action « has a fixed point if and only if v is a coboundary:

n1,m2)
U(nine) = L%L%QU -n
for some 1 € T3. The presence of the translation term U(ny,np) 18 due to the non-
uniqueness of the map h satisfying (20.1). However, all maps h satisfying (20.1)
differ by a translation by an element of the finite set of fixed points for L 4. Thus,
the translation terms v(,, ,,) take only finitely many possible values. See discus-
sion in [101] for more details. We note that it is possible to construct genuinely
affine Anosov actions ayg without fixed points as in Remark 10.6. See for example
[95, Theorem 2]. In particular, it may be that the action « is not semiconjugate to
any action by automorphisms. However, restricting to a subgroup ¥ c Z? of finite
index, one has that o |2 : ¥ — Diff(T?) is an action by automorphisms:

ag(n1,n2)(z) = L} L' (2)

for all (ny,n2) € X.

If f is Anosov then its linear data A is known to have no eigenvalues of modulus
1 and the map A in (20.1) is a homeomorphism. Suppose further that f and g
generate a “genuine” ZZ-action so that the group of matrices generated by their
linear data A and B is not virtually cyclic. This implies the linear action generated
by L4 and Lp satisfies Theorem 2.8. Restricted to a finite-index subgroup, the
map h conjugates the action « to a linear action of the type of action considered
in Example 2.6. Since invertible maps preserve entropy, Theorem 2.8 classifies
all positive entropy measures that are jointly f- and g-invariant. We remark also
that under the above assumptions, from [165], we know in this setting that the
conjugating map h satisfying (20.2) is smooth. Note that the assumption that the
group of matrices generated by A and B is not virtually cyclic is essential; for
instance, if g is a power of f we expect no rigidity of jointly invariant measures or
smoothness of the conjugacy h.

If neither f nor g is Anosov, the map A in (20.2) may be non-invertible. In
particular, there may exist ergodic, a-invariant measures g on T3 with hu(f) >0
such that the push-forward measure h, () has zero entropy for a(n) for every
n € Z2. Note however that if

hh*(#) (ao(n)) >0

for some n € Z? then h, (1) is necessarily Haar by Theorem 2.8.

When the map h in (20.2) is non-invertible, analysis of measures invariant under
the affine action o gives little information about measures jointly invariant under
f and g. However, the method of proof of Theorem 2.8 can be adapted to study
measures jointly invariant under f and g; in particular, one can show the following
theorem which is a simplified version of the main results of [100, 117].

Theorem 20.1 ([100, 117]). Suppose f,g: T? — T3 are commuting C**P diffeo-
morphisms. Suppose the linear data of f and g are, respectively, the matrices A
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and B in Example 2.6. Then any ergodic probability measure p that is invariant
under both f and g and such that h(p) is Haar is absolutely continuous with
respect to the Riemannian volume on T3, Such a measure always exists and is,
moreover, unique.

For actions on more general manifolds, there may be no a priori semiconjugacy
between the nonlinear action and an affine Anosov action. However, under cer-
tain dynamical hypotheses on the action, the structure of the algebraic toral action
can be reconstructed. Consider a Z2-action « on a 3-manifold M generated by
two commuting diffeomorphisms f,g: M — M. Given an ergodic, Z?-invariant
probability measure 1, one can define Lyapunov exponent functionals for the Z?-
action as in Theorem 7.4. These extend to linear functionals on R?. Note that
there are at most 3 (the dimension of M) Lyapunov exponent functionals. Under
some genericity assumptions on the Lyapunov exponent functionals, an analogue
of Theorem 2.8 and Theorem 20.1 were obtained in [102].

Theorem 20.2 ([102]). Let a be a Z>-action by CY*B-diffeomorphisms of a 3-
manifold and let u be an ergodic, a-invariant measure. Assume there are 3 nonzero,
Lyapunov exponent functionals )\ll“ )\i, )\i and that no pair of exponents is propor-
tional.

If some element o(ny,n2) has positive entropy with respect to i, then i is ab-

solutely continuous with respect to the Riemannian volume on M.

In [119], it is shown in the setting of Theorem 20.2 that one can reconstruct an
action by (infra-)toral automorphism and a measurable semiconjugacy h between
the non-linear action « (restricted to a finite-index subgroup of Z?) and the alge-
braic action. Moreover the semiconjugacy h takes (an ergodic component of) y to
the Lebesgue measure on the (infra-)torus, is differentiable along stable manifolds,
and is differentiable (in the Whitney sense) off sets of arbitrarily small measure.
This, in particular, implies that the exponents )\L(n) are logarithms of algebraic

numbers for every n € Z2.

21. INVARIANT MEASURES FOR CARTAN FLOWS

In Section 13.2, we introduced an important example of a higher-rank, continuous-
time algebraic Anosov action, namely, the diagonal action (or Cartan flow) on a
higher-rank semisimple homogeneous spaces. We review its properties, referring
back to Section 13 for details.

Example 21.1. Let G = SL(3,R) and let I"' = SL(n,Z) or any lattice in G. Let
X denote the coset space X = G/I'. This is an 8 dimensional manifold (which is
noncompact for I' = SL(n, Z).) G acts on X by left translation.

The group A < G of diagonal matrices with positive entries is isomorphic to
R2. The action a: A x X — X of A on X is given by a(s)(x) = sx. There
are 6 roots 3%7: A — R given by 5% (diag(e’t, e!t,e’)) = t; — t; each with an
associated root subgroup U/ < G. For z € X, W%J(z) is the orbit of  under the
1-parameter group U%7:

Whi(z) = {U -z : t e R}}.
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For s € A, the action a/(s) dilates distances in W (z) by exactly e®” (%),

One might ask whether an analogue of Theorem 2.8 holds in Example 21.1.
That is, if y is an ergodic, A-invariant probability measure on X such that there is
some s € A with h,(«(s)) > 0, is u necessarily the Haar measure on X or on a
homogeneous submanifold of X ?

The answer is no. The extension of the proof of Theorem 2.8 breaks down in
this setting as the trick in Lemma 6.6 fails. Indeed, for every root 37, we have
that 3% = — 37 are negatively proportional roots. Moreover, explicit examples of
diagonally invariant measures with positive entropy (for some element of the diag-
onal) were constructed by Mary Rees in an unpublished manuscript (see [59] for
detailed constructions) on spaces of the form SL(3,R)/T" for certain (cocompact)
lattices I".

However, in the case that I' = SL(3, Z), the Margulis conjecture asserts that all
ergodic A-invariant measures p on X should be algebraic. See [61, Conjecture 1.1]
and discussion in [142, §1.2]. For measures with positive entropy, this conjecture
was solved in [61] (see Theorem 21.5 below). We outline the main results used in
[61], namely the high and low entropy methods.

To discuss the high and low entropy methods, first note that there are some key
differences in the structure of the foliations in this setting versus the setting of
Example 2.6. First note that any two transverse foliations W* W/ of the torus
T3 by lines are jointly integrable; that is there is a foliation of T3 by planes W/
with Wi(z) < Whi(x) and W (z) < W¥I(z) for all 2. This follows as T3
has an abelian group structure. In X = SL(3,R)/T", Lyapunov foliations do not
jointly integrate as the corresponding subgroups may not commute. For instance,
the subgroups U2 and U?3 do not commute and thus the foliations W1-2(x) and
W?23(z) do not jointly integrate. This is the key idea behind the high entropy
method. Moreover, translations along Lyapunov directions E' are isometries in
the torus T3. In X = G/I, translation by an element of a 1-parameter subgroup
U®J is not isometric; there is some polynomial shearing. This is a key step in the
proof Ratner’s measure classification theorem for unipotent flows (see [164]) and
is also a key idea in the low entropy method.

We state the versions of the high entropy and low entropy methods for Example
21.1. Given a measure p on X, for i # j let puz’ denote the locally finite leaf-wise
measures obtained by conditioning y along W*J-manifolds.

Theorem 21.2 (High entropy method [59]). Let p be an ergodic, A-invariant mea-
sure on X. Let i,j, and k be distinct elements of {1,2,3}. If ui? and 1%"* are
nonatomic for a positive measure set of x then 1 is U"*-invariant.

Note that the subgroups U%/ and U7* do not commute; precisely, we have
[U%,UI*] = U**. Theorem 21.2 states that if both Lyapunov exponents 3%J
and (7% contribute entropy (so that ,ufgj and ,u?;’k are nonatomic) then the measure
p is invariant under their bracket U** = [U% U7*]. The noncommutativity of
U%J and U7 is essential in the proof the theorem.

From Theorem 21.2 one can derive the following corollary.
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Theorem 21.3 ([59, Theorem 4.1]). Let I" = SL(n, R) be a lattice and let 1 be an
ergodic, A-invariant measure on X = SL(n,R)/T" such that for every nontrivial
seA,

hu(a(s)) > 0.
Then p is the Haar measure on X.

We note that the statements of Theorems 21.2 and 21.3 are specific for the group
SL(n,R). More general high entropy methods appear in [60].

The low entropy method is a bit more difficult to state. We state a version for
X = SL(3,R)/T". Foreach i # j, let A ; denote the kernel of 3% and let C(4;;)
denote the centralizer of A; ; in G = SL(3, R).

Theorem 21.4 (Low entropy method, [61, Theorem 2.3.]). Let pu be an ergodic,
A-invariant measure on X = SL(3,R)/T. If uz’ and ui%" are nonatomic for some
i,7 and py? is atomic for all other pairs i', j' then either

(1) wis U -invariant, or
(2) thereis xo € X and s € Aé,j with a(s)(xo) = xg such that p is supported
on the orbit C(A; ;)xo.

Conclusion (2) is specific for the case that X is of the form X = SL(n,R)/T’
for n = 3. For n > 3, the appropriate version of (2) is slightly more complicated.

To show that Theorem 21.2 and Theorem 21.4 cover all cases it is shown [61,
Corollary 3.4] for any ergodic, A-invariant measure ;. and every pair ¢, j, the mea-
sure sz’ is nonatomic if and only if " is nonatomic. Thus every A-invariant
measure ;1 with positive entropy is considered in either Theorem 21.2 and Theo-
rem 21.4.

To apply the low entropy method, one typically does additional work to rule out
conclusion (2). Note that conclusion (2) occurs in Rees’s examples so it can not be
ruled out in full generality. However, for certain lattices, it can be shown that (2) of
Theorem 21.4 does not happen. In particular, this is verified for I' = SL(n,Z) in
[61]. In particular the high and low entropy method combine to give the following.

Theorem 21.5 ([61, Theorem 1.3, Corollary 1.4]). Let 1 be an ergodic, A-invariant
measure on X = SL(3,R)/SL(3,Z). Assume . has positive entropy for some non-
trivial element of A. Then i is the Haar measure on X.

Note the conclusion that p is the Haar measure above follows as we assume
n = 3 which is prime. For the general result on SL(n, R)/SL(n, Z), the conclusion
is that p is algebraic.

The study of invariant measures and subsets for actions of various subgroups
H < SL(n,R) on X = SL(n,R)/SL(n,Z) is related to various important prob-
lems in number theory. See for instance the proof of Margulis’s proof [139, 140]
of the Oppenheim conjecture which reduces to the study of H = SO(2, 1)-orbit
closures in SL(3,R)/SL(3,Z). See [192, Section 1.2] for further discussion. One
motivation for studying A-invariant measures on SL(n, R)/SL(n, Z) is its relation-
ship to Littlewood’s conjecture. An important consequence of Theorem 21.5 is that
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the set of values for which Littlewood’s conjecture fails has Hausdorff dimension
zero. See [61] as well as [142, §1.2] and [178] for details.
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Part 5. Appendices

We discuss some classical notions and result that may help reading the main
text, without browsing through the literature on the subject.

APPENDIX A. FURSTENBERG’S THEOREM (BY DOMINIQUE MALICET)

Here we give a self-contained proof of Furstenberg’s Theorem (Theorem 2.2),
mainly following the original proof in [1].

A.1. Notations and statement. Let S! be the 1-dimensional torus R/Z. For « in
S1 we denote by T, : S' — S! the translation operator defined by T, (z) = x + «
mod 1. For n in N we denote by M,, : S' — S! the multiplication operator
defined by M,,(z) = nx mod 1.

Theorem A.1 (Furstenberg). Let a and b be two positive integers which are not
powers of a same integer, and let F be a closed subset of S invariant by M, and
M,,. Then either F is finite or F = S,

Remark A.2.

(1) In the case where F' is an invariant finite set, it is actually a set of rational
numbers. (Indeed if |F'| = ¢ and z is a point of F' then there exists n < £
with a™x = x modulo 1.)

(2) The conclusion does not hold if the closed set is invariant by only one
transformation M. For example the triadic Cantor set is invariant by M3.

(3) We can reformulate the theorem as follows: if a, b are integers which
are not powers of a same integer, then for any irrational number x the
set {a™b"z, (m,n) € N?} is dense modulo 1.

A.2. Proof of the theorem. We follow the proof of Furstenberg (except that we
try to avoid the unnecessary use of the existence of minimal invariant closed sub-
sets). For the whole proof, we fix integers a and b which are not powers of a same
integer. It is equivalent to say that log a and log b are independent over Q. Let F’
be a closed subset of S! invariant by M, and M. If F is infinite, it means that it
has some accumulation point, and we want to deduce that actually F = S'. We
divide the proof into two parts:

(1) The first part treats the particular case where the accumulation point of
F' is a rational number. “Spreading” points of F' close to this rational
number by using M, and M), we manage to prove that F' = S', mainly
by combinatorial techniques.

(2) The second part treats the general case where the accumulation point can
be irrational. The idea here is to use translations 7, commuting with
M, and Mp, and to prove that there is “some T, -invariance” in F'. The
first treated case will help at some key points. The following fact can be
checked by a simple computation:

Lemma A.3. A translation T, commutes with M, and My if and only if
(@ —1Da = (b—1)a = 0 mod 1, or equivalently that « is a rational
number (modulo 1) whose denominator divides a — 1 and b — 1.
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This condition on « is too much restrictive to be useful (there is only a
finite numbers of solutions, and even no solution at all if a — 1 and b—1 are
coprime!). That is why we will actually use translations commuting with
some large powers of M, and M.

A.2.1. The particular case. In this part we prove the following weak version of
the theorem:

Proposition A.4. If F' is closed, invariant by M, and My and has some rational
number g as an accumulation point, then F = S 1

The proof relies on the following combinatorial lemma, which is actually the
only step where we use that we have two transformations M, and M} instead of
one.

Lemma A.5. Let us enumerate the set S = {a™b", (m,n) € N?} c N by an

increasing sequence of integers (Si)ken. Then limy_, | o S’;;fl =1

Proof. Let € be any positive number. The additive group generated by log a and
log b is dense in R (since log a and log b are independent over Q) hence one can
find a finite set A = Z2 such that {mloga + nlogb, (m,n) € A} is e-dense in
[0,1]. Then, if pg is large enough, we have that the set {(m + p)loga + (n +
p)logb, (m,n) € A,p = po} is a subset of {logs,s € S}, and it is e-dense in
[M, +00) where M = pgloga + pologb. Thus if log s, = M, then log sp11 <
log si. + €. We conclude that limg_, o, log spr1 — log sy = 0 and hence that
Sk+1 __

limk_,_l’_(x) Sk == 1. l:'

Proof of Proposition A.4. Take the set S of Lemma A.5 and enumerate it by the
increasing sequence (s;). We denote by x — = the canonical projection of R
onto S*.

Let us treat first the case where the accumulation point of F' is 0 (modulo 1).
Then, up to replacing F' by —F' we assume that for any € > 0, there exists z. in
(0,¢) such that Z. belongs to F. Given ¢ > 0 and = € (e, 1), let k. be such that
Sk.Te < T < Sk 4+1%<. We have

_ Ske+1 Ske+1
d(T, F) < |v—sk, 0| < Spo41Te—Sk. e = <; — 1> Sk, Te < (SS -1z
ke ke

Letting e going to 0 (so that x can be arbitrary in (0, 1)), we have that k. — +0o0
hence the last term tends to 0 by the lemma, and we conclude that = belongs to F.
Thus F = S*.

In the general case where the accumulation point of F' is a rational number %,
then the point p = 0 mod 1 is an accumulation point of M,(F'), and since M,
commutes with M, and M, the set M, (F) is also invariant by M, and M, and
we deduce by the first case that M, (F) = S1. As a consequence, we also have that
MY (My(F)) = S, that is:

q
FUTL(F)U---uTes(F) =S
q q
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Since a finite union of closed sets with empty interiors has empty interior, we
conclude that F' contains some non trivial interval I. But for sufficiently large n,
M™I) = S, hence F' = S' by M,-invariance of F. O

A.2.2. The general case. We establish some lemmas relating F' with the dynamics
of the translations T,.

Lemma A.6. Let F' be a closed infinite set which is invariant by M, and My, and
let Ty, be any translation. Then To(F) n F £ (.

Proof. Note that

To(F)nF 4+ J<aecF —F,
where F' — F = {x — y, (x,y) € F x F}. The set F' — F'is closed and invariant
by M, and M;. Moreover, if F' is infinite, then F' has some accumulation point

z and hence 0 = x — 2 is an accumulation point of /' — F'. By Proposition A.4,
F — F = S and hence T,,(F) n F + (. a

Lemma A.7. Let F' be a closed infinite set which is invariant by M, and My, and
let Ty, be a translation commuting with M, and My. Then there exists a nonempty
closed set F' c F invariant by M,, My and T,,.

Proof. Since F is infinite, the set I of the accumulation points of F' is non empty.
Let us define by induction Fy = F' and Fj,41 = F, 0 To(F,) = iz TE(F),
and let I = Mieo TF(F") be the intersection of all the F,’s. The sequence
(F)nen is a nested sequence of closed sets, all of them invariant by M, and M,
(because T, commutes with M, and M}). The intersection Fis obviously a closed
subset of F' invariant by M, M. Tt verifies TQ(F) > F hence, as T}, is a trans-
lation, F' is also invariant by T,,. What remains to prove is that all the F}, are non
empty, in order to conclude by compactness that F is non empty.

Let us assume by contradiction that F}, = (& for some n > 0. Choosing n
minimal we can assume that F,_1 + ¢, and we have T, (F,,—1) N Fj,—1 = F, =
&5. By Lemma A.6, F},_; is a finite set, and in particular it contains only rational
numbers (see the first observation in Remark A.2). Since F;, 1 + Jand F,,_; C
Fy = F’, this means that we can find a rational number in F”, so that by Proposition
A4, F" = S' and hence F,, = S', which gives a contradiction and concludes the
proof. ]

Remark A.8. We will use the previous lemma with rational translations 7,, and in
this case one easily checks that the set F defined in the proof is actually the finite
intersection F' = F' A To(F') A ---TF=1(F’) where k is the denominator of «
when written in reduced terms.

We are now ready to prove Theorem A.1:

Proof. Let F' be a closed set invariant by M, and M, that we assume infinite.
Let k a large number coprime with @ and b, and let n = (k) be the cardinal of
(Z/KZ)™ so that a™ = b™ = 1 mod k. Then, F is invariant by M,» = M and
Mpy» = M, and the translation T% commutes with M » and My~ by Lemma A.3.
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Applying Lemma A.7 with My» and Mj» instead of M, and Mp, we find FcF
non empty, invariant by T% . In particular F' is %—dense, and hence so is F'. Since k

can be chosen arbitrarily large, F' = S*. ([
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APPENDIX B. MEASURABLE PARTITIONS, DISINTEGRATION AND
CONDITIONAL MEASURES (BY BRUNO SANTIAGO AND
MICHELE TRIESTINO)

Here we discuss more extensively the notion of conditional measures (Section
3.3) and review Rokhlin Desintegration Theorem. We also give some applications,
mainly in relation to unstable partitions. For a more detailed reference, the reader
may consult [3, 13] (or [14] as historical reference).9

B.1. Introduction. Consider a measure space (X, B, ). Suppose that we parti-
tion X in an arbitrary way. Is it possible to recover the measure p from its restric-
tion to the elements of the partition? We shall address this question, defining the
“restriction” via a classical theorem of Rokhlin, giving some affirmative answer
and applying this idea to obtain interesting results.

Let us start with a simple (positive) example.

Example B.1 (Figure 4). Consider the 2-torus T? = S' x S, endowed with the
Lebesgue measure m. The torus is partitioned into the vertical sets {y} x S?.
Denote by m,, the Lebesgue measure over the circle {y} x S !, and 77 the Lebesgue

Sl

Y St with /m = Leb
FIGURE 4

measure over S*. If E — T2 is a measurable set we know from the classical
Fubini’s theorem that

m(E) = o my(E)dm(y). (B.1)

9The author thanks Aaron Brown for helpful conversations and the organizing committee of the
conference “Workshop for young researchers: groups acting on manifolds” for the opportunity of
participating in this wonderful meeting.
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As we shall see later, for some simple, dynamically defined, partitions no disin-
tegration like this exists. In the next sections we shall define formally the notion of
a disintegration and try to explore a little bit this concept.

B.2. Disintegration and Conditional Probability Measures. Let Q — S! be a
measurable subset with 72(Q)) = 0. Notice that if in (B.1) we choose to calculate
the integral over S*\Q only, equality is not affected. Thus, it is natural to consider
partitions only modulo null sets (sets of measure zero).

More formally, let (X, 3, 1) be a probability space. Let P be a partition of X
into measurable sets. Let 7 : X — P be the natural projection:

7(x) is the unique element of P such that x € 7(x).
We can turn P into a measure space (P, B, i), by saying
QeB — Q) e B,
and

Q) = u(x Q).

This clearly makes the projection m measurable.

Definition B.2 (See Definition 8.1). A disintegration of u with respect to P is a
family of probability measures {up; P € P} < M;(X) such that for every E € B
one has

(1) pp(P) = 1 for fi-almost every P € P.

(2) the assignment P € P — pup(E) € R is B-measurable.

) u(E) = §p pp(E)dp(P).
Each measure up is called a conditional probability measure.

Observe that property (3) in Definition B.2 can be reformulated in functional
terms: for every p-integrable Borel function f : X — R one has the Fubini

property
fX fp = L L Fdupdi(P).

As the lemma below states, in reasonable cases disintegrations are essentially
unique.

Lemma B.3. Assume that the o-algebra B is countably generated. If {j1p; P € P}
and {;i}>; P € P} are disintegrations then pup = py for [i almost every P € P.

Sketch of proof. Let G — B be a countable generating family. Using the properties
of disintegrations, one proves that for any E' € G, the subset Pp := {P € P |
pp(E) # ph(E)} has ji-measure zero. Hence the countable union Q = | Jpeg PE
has ji-measure zero. So if P ¢ Q, the measures yp and p} coincide on generators
of B and thus on B. ]

From this lemma, we deduce the following dynamical property.

Lemma B.4. Let (X, d) be a separable metric space, endowed with the Borel o-
algebra B and a probability measure 1. Let (f, X, B, 1) be a measure preserving
system. Assume that there exists a partition P of X into measurable invariant
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subsets, such that p admits a disintegration with respect to 'P. Then for [i almost
every P € P the conditional measure pup is f-invariant.

Proof. We want to prove that the family { f.pp; P € P} is also a disintegration, so
that Lemma B.3 gives f.up = pp for almost every P € P.

As P € P is f-invariant, one has fiup(P) = up(f~1(P)) = pp(P) = 1,
so (1) in Definition B.2 is verified. Fix £ € B. Clearly the assignment P €
P — fupp(E)is B-measurable, thus (2) is verified. For (3), invariance of L gives
p(E) = p(f~1(E)) and thus

u<E>=;mf—%£»>::f up(f A (E))dp(P)

P
=memw®. O

Example B.5. Let P = {Py,..., P,} be a finite partition of (X, B, ). Assume
that no element of this partition has zero measure. Define probability measures
supported p; supported on P; by the expression

1B n P
(E) =
This defines the conditional probability measures. Indeed, we have i({P;}) =
w(P;) and

, forevery Ee B,i=1,...,n.

S WENPE)
p(E) = 3 () B2 = 3 AP a(E).
i=1 ILL ( 1 ) i=1
In the same way, we can show that every countable partition admits a disintegration.

There are very natural examples of partitions for which no disintegration exists
at all.

Example B.6 (cf. Example 8.9). Let § € R\Q be an irrational number, m be the
normalised Lebesgue measure on the unit circle S', equipped with the Borel o-
algebra. We consider Ry : S' — S, defined as the circle rotation by an angle
210. Let O = {{R}(2)}nez; x € S'} be the partition into Ry-orbits, with induced
measure 7. We claim that this partition admits no disintegration. Indeed, assume
that there exists {up; P € O}, a disintegration of the Lebesgue measure with re-
spect to this partition. By Lemma B.4, [i almost every measure . p is Ry-invariant.
Moreover pp(P) = 1, but this is a contradiction because no invariant probability
measure can give positive mass to a countable infinite set (orbits are countable).

More generally, given any ergodic system (f, X, B, 1), where (X, d) is a sepa-
rable metric space and B the Borel o-algebra, one has that the partition into orbits
O admits no disintegration.

B.3. Measurable Partitions. In this section we shall define a class of partitions
for which we can always find a disintegration. Recall from Section 8.3.2 that a
partition P is finer than a partition Q, which we denote by Q < P, if every P € P
is (measurably) contained in some ) € Q. Given two partitions P and O, we
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J(i,n)

FIGURE 5. A measurable partition of T?.

denote by P v Q the smallest partition that refines both P and Q (this is the join
introduced in Section 8.1.2).

Definition B.7 (cf. Section 8.1.1). Let (X, 3, 1) be a probability space. A partition
P is measurable if there exists Xy < X with ;(Xp) = 1 and a nested sequence
of countable partitions P; < Py < --- < P, < --- of X such that P|x, =
\/_, Pn. In other words, for every P € P there exists a sequence P, with
P, € Py, suchthat P n Xo = (), P.

Thus a measurable partition can be described as the joining of a nested sequence
of countable partitions. Recall from Example B.5 that countable partitions always
admit a disintegration.

From this fact and from a suitable martingale argument, one can prove the fol-
lowing fundamental theorem.

Theorem B.8 (Rokhlin Disintegration Theorem). Let (X, d) be a complete and
separable metric space, endowed with the Borel o-algebra B. Let 11 be any prob-
ability measure on (X,B) and P be a measurable partition. Then, there exists
{up;p € P}, a disintegration of pu.

Let us see some examples of partitions which are, and which are not, measur-
able.

Example B.9 (Figure 5). In the two torus T? = S' x S, consider for each pair ¢, n,
with n a positive integer and i € {1,2,3,...,2"}, the interval J (i, n) = [, o]

Then, the partition P,, = {S! x J(i,n)} is a measurable partition.

Example B.10 (cf. Example 8.10). Denote by m the Lebesgue measure on the
two-dimensional torus T2. Let f4 : T?> — T2 be the Anosov diffeomorphism
induced by the integer matrix
2 1
A= [1 1] .
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Let P = {W"(x);2 € T2} be the partition into unstable manifolds. We claim
that P is not measurable. Indeed, if P were measurable, as it is the partition into
orbits of an irrational flow, P = \/fLO:1 ‘P, would imply that for each n there
exists P, € Py, with m(P,) = 1. Thus, the set P = n;°_, P, belongs to the
partition P, and m(P) = 1, which is absurd. (This is the continuous-time version
of Example B.6.)

B.4. Ergodic Decomposition of Invariant Measures. We proceed to give an im-
portant application of the disintegration theorem, namely the decomposition of in-
variant measures into ergodic measures.

Let (X, B, ;1) be a probability space and f : X — X be a measurable map such
that f,p = p. We say that the measure preserving system (f, X, B, u1) is ergodic if
every measurable f-invariant set has either zero or full y-measure.

The goal of this section is to prove the following military principle: divide the
space to conquer the ergodic decomposition.

Theorem B.11 (Ergodic Decomposition; see Definition 6.5). Let (X, d) be a com-
plete and separable metric space, endowed with the Borel o-algebra B and a prob-
ability measure 1. Let (f, X, B, iu) be a measure preserving system. Then there ex-
ists a measurable partition (€, B , 1), with f-invariant atoms, whose disintegration
{up; P € E} satisfies that [i-almost every up is f-invariant and ergodic.

Furthermore, one can prove by measure theoretical arguments that the ergodic
decomposition £ given by the theorem is essentially unique, in the sense that any
other ergodic decomposition (£, 5, ji) is measurably isomorphic to (£, B, /i) (the
isomorphism is even Borel in restriction to conull subsets, see for example [15]).

The idea for Theorem B.11 is that an ergodic system is dynamically indecom-
posable, since its orbits spread uniformly over the configuration space, and thus it
is possible to split X into the indecomposable components of the dynamics (see
Example B.6). Let us see this more closely by recalling a fundamental result in
ergodic theory.

B.4.1. The Birkhoff’s ergodic theorem. Consider the following statistical ques-
tion: given a point p € X and a certain positive measure set A < X, how often
does the forward f-orbit of  visit A?

From a more formal point of view this means to study the behavior of the se-
quence

1 n—1 '
" 2 xa(f(@)).
=0

So, it is natural to ask: does this sequence converges? If so, to what limit?

Theorem B.12. Let (f, X, B, 1) be a measure preserving system. Then for every
measurable set A < X the limit

=3 xalfi(e)

exists for p-almost every x € X.
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It is not hard to show (though we will not do this here) that the ergodic theorem
implies the following.

Corollary B.13. A measure preserving system (f, X, B, u) is ergodic if and only
if

n—w N 4

' 1 n—1 )
lim — 3 xa(f(2)) = u(A),
7=0
for p-almost every x € X, and every measurable set A.

B.4.2. Proof of Theorem B.11. As we said before, we need to divide the space
to conquer the ergodic decomposition. So, our first task is to choose a suitable
partition of X. Let U — B be a countable basis for the topology of X, and A c B
the algebra generated by U/. Notice that A is countable and generates B.

Then the ergodic theorem implies that for each A € A there exists X4 ¢ X
with (X 4) = 1 and such that

1 n—1 ‘
r(4,2) = lim 20 xa(f (@)

exists. Take Xo = () 4c 4 Xa. Then p(Xp) = 1.

We insert the following equivalence relation in Xg: = ~ y if, and only if,
T(A,z) = 7(A,y), forevery A € A.

Lemma B.14. The partition £ = {[z]; x € X} of Xo into ~-equivalence classes
is measurable.

We shall first finish the proof of Theorem B.11 assuming Lemma B.14.

Proof of Theorem B.11. Let £ be the measurable partition from Lemma B.14 and
{pp; P € £} be the associated disintegration. Observe that 7(A, z) = 7(A, f(z))
for every x € X, A € A, thus the every atom of the partition £ is f-invariant. By
Lemma B.4, almost every pp is f-invariant. It remains to prove that almost every
wp is ergodic. Fix P € £ and consider

C ={E e B| 7(E,x) is defined and constant for every = € Xy n P}.

Notice that A < C, by definition of £. Moreover, if Fy < Fj are elements of C
then

T(EZ\E2,x) = 7(E1,x) — 7(E2, )
is well-defined and constant over Xy n P. If { E;} are pairwise disjoint sets then

0 0
T (U Ei,m> = ZT(Ei,a:)
i=1 i=1
is well-defined and constant over Xy n P. We conclude that C is a monotone
class (it is stable under increasing unions and decreasing intersections). By the
monotone class theorem we conclude that C = B. By Corollary B.13 we deduce
that pp is ergodic. O
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Proof of Lemma B.14. Let A = { A} be an enumeration of A and {q;} = Q be
an enumeration of the rational numbers. Fix n € N. We define a partition Py,
in the following way: we mark the points q1, ..., g, on the line and consider the
partition of R into intervals induced by these points. We declare x ~,, y if and

| 7(4;, ) (45, y) e _|_.R

q1 q2 Q3 dn

FIGURE 6. The partition P,,.

only if 7(A4;, z) and 7(A4;,y) belong to the same interval of this partition for every
i=1,...,n (see figure 6). Clearly, 7(A;, z) = 7(A;,y) for every i if and only if
z,y € (o Py, with P, € P, and thus € = \/,_; P,. O

B.5. Non-measurable unstable partitions. Example 8.11 says that in general un-
stable partitions are not measurable. However, as we have seen in Section 3.3, it is
possible to define conditional measures of a measure p conditioned on the unstable
(or stable) partition. The drawback is that the conditional measures are not likely to
be probability measures, and moreover they are defined only up to a multiplicative
constant. The construction is classical and goes back at least to [10, 11]. Since
then, it appears as a standard tool in many important measure rigidity results, as
we have seen for Theorem 2.8 [7, 8], but one also finds it in [1,2, 5,6, 12], just to
cite a few.

The idea described in Section 3.3 consists into considering an exhaustion of the
unstable partition W by a sequence of subordinate measurable partitions &* of

1 conditioned on &;. This gives conditional measures {ugf) | P e ¢F} that one
chooses to renormalize so that the unit ball at = (with respect to the intrinsic metric
of W*(x)), has measure 1 as soon as this ball is contained in &*(z). Then one is
able to take a limit of these conditional measures.

Although the construction is somehow delicate, rigorous treatments appear rarely
in the literature. A very abstract approach can be found in [1, Section 4.1] (in
French), carefully explained in [4]. As conditional measures take a central place in
these notes, we recall the construction as it appears in these cited works.

For this, we start with a second countable locally compact group R (in practice,
this will be a closed subgroup of R?, see Sections 6 and 7) with an action on
a standard Borel space (Z, Z) with discrete stabilizers (i.e. the stabilizer of any
point z € Z is a discrete subgroup of R). We also fix a probability measure [ on
(Z,2).

We denote by M(R) the space of (positive) Radon measures on R and by
PM(R) the space of projective measures, that is, of classes of Radon measures
with respect to the equivalence relation that declares two measures o1 and o3 equiv-
alent if and only if they are (positively) proportional (one writes o;oCo2).

There is a natural map = : M(R) — PM(R) taking a given measure to its
class. Given an exhaustion R = | J,,.y X» of R defined by an increasing union of
compact subsets X,, — R, we define a section PM(R) — M(R) by assigning to
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a given projective measure [o] the unique measure o determined by the condition
o(Xp,) =1, wherenisthe least k € N such that [¢](X}) > 0.

In practice, when R — R?, one may choose X,, = R n [-n,n]%

Definition B.15. A Borel subset > < Z is a discrete section for the action of R if
forany z € Z, the set {r € R | -z € ¥} is a closed and discrete subset of R. (This
is called a lacunary section in [4].)

A result by Kechris [9] states that any such action admits a complete discrete
section, that is, with the additional property that R-3> = Z. Now, given a complete
discrete section 2 < Z, we consider the surjective map

a:RxYX— Z
(ryz) —mr-z

with countable fibers, so that the measure defined by

(a*u)(E) = J Z xe(r,2') |du(z), for E = R x ¥ Borel subset,
z (r,2")ea=1(z)
is a o-finite measure on R x .. (Observe that this is a pull-back of a measure, so
it comes from an exceptional construction.)

Let s, : R x ¥ — X denote the projection onto the second factor, and usx;
the push-forward by 75, of some finite measure equivalent to o™y (recall that two
measures are equivalent if they share the same zero and full measure sets). By
construction, uy is a finite measure on 3.

The horizontal partition P = {R x {z}; z € ¥} is a measurable partition of the
Borel space R x X thus (a refinement of) Rokhlin disintegration theorem (The-
orem B.8) ensures the existence of a disintegration of the measure a*u: for py-
almost every z € X, there exits a conditional measure ps, ., € M(R) (not neces-
sarily finite, but o-finite) such that

a*iu(A x B) = f ps,z(A)dux(z), for Ac R,B c X Borel sets.
B

Given r € R, we denote by p, the right multiplication by  on elements of R.
The following lemma [1, Lemma 4.1] tells that the class of the conditional measure
does not change as we move along one orbit:

Lemma B.16. For ux-almost every z € 3, for any r € R such that r - z € X, one
has

ME,zoc(pr)*ME,r-z-

Proof. The hypothesis of discrete stabilizers implies that the set {(r,z) € R x X |
r -z € X} is a countable union of graphs of partially defined, Borel injective
functions r; : ¥; — R. Therefore it is enough to check the equality for graphs of
injective functions only. (]

Finally, we have [1, Prop. 4.2]:
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Proposition B.17 (Definition of conditional measures). There exists (an essentially
unique) Borel map o : Z — PM(R), a Borel set E < Z of full ji-measure such
that:

(1) for every discrete section 3, for ux-almost every zy € ¥ and for anyr € R
such that r - zg € E one has

[15.20] = (pr)so(r - 20);
(2) foranyr e R,z € E such thatr - z € E, one has

0(2) = (pr)eo(r - 2).
Proof. Fix a complete discrete section . We define, for z = rzge R-¥g = Z,

U(Z) = [(pr_l)*,u«Zo,zo] € PM(R)
The previous lemma guarantees that o(z) is well defined. O
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APPENDIX C. THE PINSKER PARTITION AND THE HOPF ARGUMENT (BY
DAVI OBATA)

C.1. The Pinsker, stable and unstable partitions. Here we treat more exten-
sively some of the notions appearing in Section 8.6. We define the Pinsker partition
and describe its relation with the unstable and stable partitions, given by Theorem
B of [4]. Now we recall a few things from measure theory, for a better discussion
on these points see [2].

Let (X, B, ;1) be a measure space. Given a partition £ of X define B(¢) to be
the o-algebra generated by the measurable sets C' € B that are union of elements
of £&. Given two partitions ¢ and 7, we say that ¢ refines 7 if every element of 7 can
be obtained by union of elements of £, we denote it by < &, we also say that
coarsens £. We say that two partitions 7 and £ are equal mod zero if they are the
same on a set of full u-measure, and we denote it by 1 = £ (cf. Section 8.3.2).

Let f : X — X be a measurable function that preserves p; recall that given any
finite measurable partition & we can define the metric entropy with respect to this
partition, denoted by h,(f, &) (see Section 8.1).

Definition C.1 (cf. Section 8.6.2). The Pinsker partition 7(f) is defined as the
finest measurable partition such that if n is any finite partition with n < 7(f)
then h,(f,m) = 0. We can also define the Pinsker o-algebra as the biggest
sub-g-algebra of B, which we will denote by P such that every A € P satisfies

hu(f,{A, A%}) = 0

Given a partition £ we define its measurable hull =(¢) as the finest measurable
partition which coarsens £. In other words Z(§) < ¢ and if 1 is a measurable
partition such that < £ then n < Z(&) (cf. Section 8.6.1).

Example C.2 (cf. Example 8.9). Let (X, d) be a complete and separable metric
space, B is Borel o-algebra, (f, X, B, 1) a measure preserving system and £ the
ergodic decomposition (Theorem B.11). Then the measurable hull Z(O) of the
partition by f-orbits O is the ergodic decomposition £. To see this, notice the fact
that atoms of the ergodic decomposition £ are f-invariant implies that £ coarsens
O. Thus it remains to prove that £ is the finest measurable partition enjoying
this property. For this, we remark that, replacing X with an ergodic component
P € &£ and p with pp, we can assume that the measure p is ergodic. Now, ergodic
measures admit no nontrivial disintegration with respect to a measurable partition
into invariant subsets (we use Lemma B.4), so any finer measurable partition &,
£ < £ < O, must coincide with £.

From now on let us suppose that X = M is a manifold, B is the Borel o-algebra
and f : M — M is a C'*B-diffeomorphism. By Oseledec’s theorem (Theorem
7.1) we know that for p-almost every point x the Lyapunov exponents are defined.
By Pesin’s theory (see Section 7.4.1) we know that for p-almost every point x € M
there are stable/unstable manifolds W*(x), W*"(x) tangent to the directions of the
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Oseledec’s splitting related to the negative/positive exponents: they are defined by

Wé(z) = {y eEM : 1imsup%logd(f"(:v),f”(y)) < O},

W(z) = {y eM: linmj;pilogd (f™(2), f"(y) < 0}.

In the case all the exponents are zero, those manifolds are just the points. Thus
we obtain two partitions, the stable and unstable partitions which we denote them
by W#* and W, respectively. (Their measurable hulls are denoted by =° and =¥,
respectively, in Section 8.6.)

In [4] Ledrappier and Young proved the following theorem (cf. Proposition
8.13).

Theorem C.3 (Theorem B of [4]). Let f : M — M be a C**B-diffeormorphism
preserving a probability measure . Then we have equality of partitions

S(W) = m(f) = S(WY).

Leddrapier and Young actually state the theorem in terms of o-algebras, the
result is the same, up to replace the partitions by the o-algebras they generate.

C.2. The Hopf Argument. The Hopf argument was introduced by Hopf [3] to
prove that the geodesic flow on compact surfaces with constant negative curvature
is ergodic for the Liouville measure. Later Anosov proved, in [1], that every C?-
Anosov diffeomorphism volume preserving is ergodic. The Hopf argument can be
divided in two parts, the first part is that every ergodic component is saturated, up
to a set of measure zero, by stable or unstable manifolds, the second part is that
under an additional hypothesis called accessibility one can obtain that the system
is ergodic for the Anosov case. Since then the ideas from Hopf argument have
been the main tool to prove ergodicity for partial hyperbolic systems, see [7] for a
survey on conservative partially hyperbolic dynamics.

In our scenario we can state the Hopf argument in the following way (cf. Propo-
sition 8.12).

Theorem C.4 (The Hopf Argument). Let f : M — M be a C**P-diffeormorphism
preserving a probability measure . The ergodic decomposition is refined by the
measurable hull of the stable partition, in other words

=(0) < E(W?).

The same result holds if we change the measurable hull of the stable partition
by the measurable hull of the unstable partition.

Proof. Let v be an invariant ergodic measure in the ergodic decomposition of .
By Birkhoff’s ergodic theorem (see Theorem B.12) for every continuous function
¢ € C°(M) there is a measurable set A, of full v-measure such that if z € A,
then the limit

n—1

ORI TS WEE) .
=0
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exists and it is equal o1 (x) = { @ dv. Let {¢}}ren be a sequence which is dense

in CY(X) and consider the set A, = ﬂ A, ; this set has full v-measure and has
keN

the property that if 2 € A, and ¢ € C°(X), the equality ¢ (x) = { ¢ dv holds.

In other words, we have that for any x € A,

1 n—1 N
d(xz,n):=— E 0fi(a) n2F®, v, in the weak™-topology.
n
=0

Moreover, since the set A, has full v-measure, we can describe it as the set of all
points whose forward Birkhoff’s average converges to v.
We claim that if z € A, then W#(x) < A,. Indeed, if y € W*(x), then

d(f" (@), " (y)) =2 0.
We know that §(x,n) converges to v; to prove that §(y, n) also converges to v we
have to prove that for every ¢ € C°(X) one has

f pdd(y,n) mf odv.
X X

By continuity, one has |¢(f™(x)) — ¢(f"(y))| — 0 as n goes to infinity, thus

1 n—1 4 1 n—1 '
i = N - J = i J =
i, [ o dBtun) = im0 = lim, 5 3% ol7(0) | o

O

Since our system f is invertible the same statement is also true for the mea-
surable hull of the unstable partition. We remark that analogous results hold for
flows.

Example C.5. We now give an example of application of this result. Consider the
group G = PSL(2,R) and the subgroups

* 0 10 1 =
A:(O *>’L:<* 1) andUz(0 1).

It is easy to see that the subgroups A, L and U generate GG. Suppose that G acts
on the left on a compact manifold M, by C''*# diffeomorphisms. Assume that it
preserves a probability measure p. We say that the measure 4 is G-ergodic if every
measurable set B that is G-invariant has zero or full y-measure.

Of course if the measure p is ergodic for any of the subgroups then it is ergodic
for G. We will prove now that if the measure p is ergodic for GG than it is ergodic
for D. We can parametrize the subgroups by

t
ez2 0 10 1 s
At=<0 e-é)’Lr:<r 1) alndU8=<0 1).
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Observe that A; generates a flow and p is an invariant measure for this flow.
First we obtain that
1 set
UsoAy =Ajo(A_4oUsoAy) = Ago

01 > = AjoU,—. (C2)

Observe that from (C.2), we obtain
Uget 0 Ay = Ay o Us.
Now for any x € M and s € R, we have
d(Ai(x), At(Us())) = d(Ae(), User (Ar(x))) — 0.

t——00

Indeed, this convergence is exponentially fast. This implies that Ug(x) € W*(x)
for every s € R, where W*(z) is the unstable manifold of  with respect to the
flow A;. Similarly, we can check that L, o Ay = Ay o Ly, thus L,.(z) € W#(x).

Let ¢ € C°(M) be a continuous function and let ¢ *(-) € L'(M, ) be the
forward Birkhoff average with respect to the flow A;. By Birkhoff’s theorem
this function is A-invariant and is defined on a set of full u-measure. By Theo-
rem C.4, for p-almost every point z € M and for any y € W?*(z) it holds that
ot (z) = ¢ (y). By the previous calculation we know that for any r € R, we
have L,(z) € W#(z). Thus, the function ¢ is also L-invariant. Similarly, we
conclude that p* is U-invariant. Notice that A, L and U generate G, hence ¢ is
G-invariant and since p is G-ergodic, the only G-invariant functions in L' (M, p)
are the constants. We conclude that o+ is constant p-almost everywhere. This is
true for any continuous function, therefore 1 is A-ergodic.

This is a simple case of a larger class of results called the “Mautner phenome-
non” (first appearing in [5], see also [6]).
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APPENDIX D. LEDRAPPIER—-YOUNG’S THEORY (BY SEBASTIEN ALVAREZ
AND MARIO ROLDAN)

Lyapunov exponents give a geometric way to measure the complexity of a map,
and metric entropy gives a probabilistic way to do so. We are interested here in
comparing these two notions. In these directions, the two basic results are (see
Theorem 8.6):

Margulis—Ruelle’s inequality proven in [20]: For every C'*-mapping
f (not necessarily invertible) of a compact Riemannian manifold
M preserving a probability measure 1, the metric entropy is bounded
above by the sum of positive Lyapunov exponents,

B < | D) ml (@) (@)du(a)
M \i~o
Pesin’s Formula (also known as Entropy Formula) proven in [16]
(see also [11, 14]): For every Ccl+p diffeomorphism f of a com-
pact Riemannian manifold M preserving a probability measure p
equivalent to the Riemannian volume, we have

ha(f) = | D mI(@)N (2)du(z).
M \i>o
where, as usual, \'(z) > A2(z) - -- > A"(®)(z) denote all distinct Lyapunov expo-
nents of f at x, m’(z) is the multiplicity of A(z), and h,(f) denotes the metric
entropy. Note that when y is ergodic, the quantities M (z), r(x) and m/ (z) are in-
dependent of the choice of a u-typical x € M and the integral sum in both formulas
may be omitted.

The aim of Ledrappier—Young’s theory is to further study relations of these
types. In [12], F. Ledrappier and L.-S. Young characterize those measures which
satisfy Pesin’s entropy formula. In [13] they prove a formula which is valid for
every invariant measure.

We state below the first result, i.e. the principal result of [12]. The statement of
the general formula shall be postponed until Section D.3. Before stating the result,
let us recall that an ergodic probability measure  invariant by a C*+# diffeomor-
phism of a compact manifold M is said to be an SRB measure if it has absolutely
continuous conditional measures on unstable manifolds.

Theorem D.1 (Ledrappier—Young I). Let f be a C'*P diffeomorphism of a com-
pact Riemannian manifold M and p be an ergodic, f-invariant probability mea-
sure. Then i is SRB if and only if

hu(f) = Z mI N

A >0

The “if” direction is a generalization of Pesin’s formula: it was proven in the
conservative setting by Ya. Pesin. R. Mafié gave a proof in [14] without using
the theory of stable manifold. In this generality (for SRB measures rather than
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FIGURE 7. The baker transformation

for smooth measures), the proof of the “if” part is due to F. Ledrappier and J-M.
Strelcyn in [11].

The proof of the “only if” part is the most difficult one and was first achieved
by F. Ledrappier in [10] under the hypothesis that p is hyperbolic (i.e. has no zero
Lyapunov exponent) (see Section 7.1). Later, together with L.-S. Young in [12],
they were able to treat the difficulties that emerge when one allows the presence of
zero Lyapunov exponents.

Let us say a word about the regularity of the dynamics in Theorem D.1. F.
Ledrappier and L.-S. Young proved that Theorem for C? diffeomorphisms. As we
will see later on there is a crucial step in which the C? hypothesis rather than the
C'*+P hypothesis on the dynamics was used in [12]: obtaining the lipschitzness of
the unstable holonomies inside center-unstable sets. A. Brown recently showed in
[4], that this lipschitzness actually holds for C1*# dynamics. Finally let us note
that the regularity can’t be lowered. It comes from [2, 17] that a C' diffeomor-
phism can have many hyperbolic ergodic probability measures (i.e. without zero
Lyapunov exponents) such that the points on their supports have no unstable nor
stable manifolds [2, 17].

Example D.2 (Baker vs. horseshoe). Before entering in the details let us borrow
to L.-S. Young (see [23, Example 4.1.3.]) an enlightening illustration of the results
above.

Consider first the well known baker transformation. This is a piecewise affine
map of the unit square C of R? defined as follows. We set T'(z,y) = (27,y/2)
ifr <1/2and T'(z,y) = (2o — 1,y/2+ 1/2) if x > 1/2. (See Figure 7.) It is
possible to prove that the Lebesgue measure p is T-invariant and ergodic and that
T is then isomorphic to the (%, %)—Bernoulli shift. It is clear that

hu(T) =log2 = A",
where AT is the largest Lyapunov exponent.

The second transformation is a piecewise affine map defined on a subset of C
that may be extended to Smale’s horseshoe. (See Figure 8.) It has a hyperbolic
invariant set A of measure zero (this is a product of two Cantor set) and we endow
it with its measure of maximal entropy (which is singular since it is supported on
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¢

FIGURE 8. Smale’s horseshoe

A). It is also isomorphic to the (3, 2)-Bernoulli shift. Now we have
h,(T) =log2 < A%,

The first transformation satisfies the entropy formula, while the second one does
not. One may interpret this fact as follows (see [23]). In a conservative system, all
the expansion goes back to the system and contributes to the entropy, whence the
entropy formula. In a dissipative system, some of the entropy is wasted along the
way (in the second case, it is wasted to “bend” the horseshoe) and the entropy is
concentrated in some region of smaller dimension (we will see how in the second
part of Ledrappier—Young’s theory).

D.1. Entropy along the unstable direction. We will focus on the second half of
Ledrappier—Young’s theorem (Theorem D.1) i.e. we want to prove

w satisfies the entropy formula =  pis SRB.

The principal idea of this theorem is that the entropy is created by the expansion
along unstable manifolds. We show below how to formalize this idea and we sketch
the proof given in [12].

D.1.1. Partitions subordinate to the unstable foliation. Let f be a C1*# diffeo-
morphism of a compact Riemannian manifold M and z € M be a regular point,
meaning that Lyapunov exponents A (z), \2(z), ..., \"(®) (z) and Oseledec’s split-
ting T,M = E'(z) ® E*(2) ® ... ® E"®)(z) exist at z. By Oseledec’s Theorem
(Theorem 7.1) the set of such points is full for every f-invariant probability mea-
sure. The unstable manifold at x is defined by

W) = e 25 T L log df ()7 w) <0}

By Pesin’s (un)stable manifold theorem (see [7, 15, 19]) W*(x) is a monotone
union of discs tangent to E*(x) at x, so it is an injectively immersed Euclidean
space tangent to E"(x) at  where

E'(z) = P Fi(x).

M >0
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We will refer to the partition W*" = {WW*"(z); = regular} as the unstable foliation.
The ambient Riemannian structure induces a Riemannian structure on W¥(x).
This provides W*"(z) with a topology that we call the internal topology. Note
that it differs from the topology induced by M on W (x).

In general unstable leaves form a non-measurable partition of M and we can’t
disintegrate p in unstable leaves so we will need the following definition.

Say a measurable partition & is (u-)subordinate to the unstable foliation W*" if
(cf. Section 8.3):

(1) for p-almost every x € M, &(x) is a subset of W*(x) with diameter
bounded by a constant €y independent of z;

(2) for p-almost every z € M, &(x) contains an open neighbourhood of x
inside W"(z);

(3) ¢isincreasing, i.e. f€ < &;

(4) £ is generating, i.e. \/;'LO:O f7™¢ is the partition into points of M.

Note that unstable manifolds W*"(z) are well defined for every regular point,
and that every f-invariant probability measure gives total mass to the set of reg-
ular points. Hence the hypothesis of ergodicity of u is not needed in the above
definition.

The existence of measurable partitions subordinate to the unstable foliation is
due to F. Ledrappier and J-M. Strelcyn [11].

Proposition D.3 ([11]). Let f be a C'*P diffeomorphism of a compact manifold
M and W be the partition into Pesin unstable manifolds of f. Then there exists a
measurable partition £ subordinate to W*.

Let us sketch a proof of Proposition D.3 when W™ is uniformly expanding,
building on recent work of J. Yang [21]. This last hypothesis means that W* is an
f-invariant continuous foliation, tangent to a D f-invariant continuous plane field
E™, such that there exists a uniform A < 1 such that

1D~ pell < A

Note that in the proof below, f needs only to be C' and p does not need to
be ergodic: this proof only uses the expansion property of f on W* and Borel-
Cantelli’s theorem.

Finite partitions and the Borel-Cantelli property. Fix a foliated atlas A" for W,
The proof consists in constructing first a finite partition P of M satisfying the two
conditions below

(1) atoms of P are included in foliated charts of AY;
(2) the series of pu-masses of the \/-neighbourhoods of the boundary of any
atom of P converges.

This partition is constructed from a covering of M by finitely many small balls
By such that 3 y1(Ny;(0Bg)) < oo (in what follows N;.(A) stands for the 7-
neighbourhood of A). The construction of this covering does not require any hy-
pothesis on i and is essentially a consequence of the following Borel-Cantelli type
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lemma which allows us to find the radii of these balls. For the sake of completeness
we include the proof, which is both elementary and elegant.

Lemma D.4. Let v be a finite Borel measure on R supported on [0, 1] for some
ro > 0. Then for every X € (0,1), for Lebesgue-almost every r € [0, 0],

0

Ey([r—)\j,r—i—)\j]) < 0.

Proof. For a fixed 7 > 0 we will define the bad set as

Y, = {re [0,70); v ([r = M, + N]) = 312}

The bad set may be covered by finitely many bad intervals [r; — M ,r; + M] for
i =1,...,l withr; € Y}, in such a way that any point of Y; belongs to at most two
bad intervals. We can bound the number / of these bad intervals because

l t . 4
72 < Zlu ([ri = M, 7 + M]) < 20(R),

1=
sol < 2v(R)j2. We deduce that Leb(Y;) < 4v(R)52)\ so > Leb(Y;) < co. By
Borel-Cantelli’s theorem for Leb-almost every r € [0, ro] there exists j, such that
r ¢ Y forevery j > jr, which implies that 3, v([r — M, r + V]) < 0. O

This lemma being established we can construct the desired finite partition P. We
chose ry smaller than the Lebesgue number of the covering of A*. Given z € M
we want to define the radius 7, of a ball centered at x whose boundary satisfies the
second condition stated above. To do so, we define a measure v on [0, 7] by

va(la,b]) = p({y € M; a <d(z,y) <b}),

and we apply Lemma D.4 to v,. If v, is the zero measure, we set r, = ro/2. If it
is not, Lemma D.4 gives r,, € (r9/2, ro) with

i (N (0B(,73))) < 0.

In particular p gives zero measure to the boundary of the spheres B(z,7;). A
compactness argument allows to cover M with finitely many such balls B, which
are included in unstable charts (by the choice of ry). The desired partition is now

P =\ {Bk, “By}.

Proof of Proposition D.3. Now consider the measurable partition £y whose atoms
are the intersection of atoms of P and unstable plaques of A". We claim that the
following partition is subordinate to W*

¢=\/ Fé.
=0

The most complicated part is to prove that {(z) contains a neighbourhood of
x inside W*(x) for p-almost every x. Denote by 0P the union of boundaries of
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atoms of P. We first use that ;(0P) = 0 and the f-invariance of y to find a Borel
set X full for z such that f7(x) ¢ 0P for every x € X and j € Z. This implies that
for every x € X, & (z) contains an open neighbourhood of z inside of for every
k € N where

k
&=\ Fé.
j=0

The fact that {(z) contains an open neighbourhood of & comes from the fact that

§(2) = k() (z)

for some k(z) € N. This k(x) is obtained from an argument a la Borel-Cantelli.
Let us explain it. Using once more the f-invariance of p as well as the second
property characterizing P, we see that

a0

STl (Wau(@P))] < 0.

j=0
By Borel-Cantelli’s theorem there exists a Borel set X of full y-measure such that
for every z € X we have d(f~*(x), oP) > ¥ for every k greater than some k().
One easily shows that when k > k(x) we have £ (z) = £x1(x), for the contrary
would imply that f**1(0P) n &, (x) # . Using that plaques of A* have uniform
diameters (say smaller than 1) we find that d(z, f*+1(0P)) < 1. Using the uniform
expansion of f along W, one would find that d(f~*+ (), P)) < \¥*1, which
is absurd by the definition of k(z).

Remark D.5. In order to treat the general case one has to use Pesin’s theory in
order to get uniform expansion in sets of positive measure. This is done by defining
Pesin’s sets and analysing the first return maps to these Pesin’s sets. Pesin’s sets A
(we use Katok—Mendoza’s terminology [9]) are sets of positive measure (but which
are not invariant) enjoying the following properties

e the size of local unstable manifolds of elements of A is uniformly bounded
from below; more precisely, there exists > 0 such that for every = € A,
the preimage of W} (x) under the exponential map at  contains the graph
of a C''-map from the §-neighbourhood of 0 in E%(z) to E(x) ® E*(x);

o the dynamics is uniformly expanding along local unstable manifolds inside
A; more precisely there exist constants 0 < € < A/100 and C' > 0 such
that for for every z € Aeveryn > land m € Z

HDxffn|Eu(fm(x))H < CeA—eng=lmle,
where A > 0 is the smallest positive Lyapunov exponent of f for p.

Of course, if one wants to increase the measure Pesin set, one looses control on the
constants C' and €. Nevertheless the argument sketched in the case of uniformly
expanded foliations can be adapted even if one only guarantees the uniformity of
the expansion in positive measure sets. This analysis is essentially an argument
given by Maiié in [14]. We won’t enter here into the details and suggest the reader
to consult the classical references: [11,12, 14,23].
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D.1.2. Entropy along the unstable direction. The next step of the proof of Ledrap-
pier and Young is to define the entropy along the unstable direction. Recall (Section
8.1.2) that when 7 and 7)» are measurable partitions of M, H,, (71 | 12) denotes the
mean conditional entropy of 11 given 72 and that when 7 is an increasing partition
we have

hu(fin) = Hu(n | fn).

The next proposition allows us to define the entropy along the unstable direction
(cf. Definition 8.3).

Proposition D.6. Let f : M — M be a C'*8 diffeomorphism of a compact
manifold. Let &, and &5 be two measurable partitions subordinate to the unstable
foliation W" of f. Then

hu(f5€1) = hyu(f, &2)-

Proof. Let us detail the argument proving this proposition. Let &; and &3 be two
measurable partitions subordinate to . It is enough to prove that h,(f,&1) =
hu(f, &1 v &). The great idea of the proof is to note that since f&; < & we have
forevery n = 0

v ffé <& v P <& v .
By f-invariance of u, the entropies of f conditional to the first and last partitions
coincide so we deduce that

hu(f &1 v &) = hu(f & v ["&) = H, (& v &l f& v MT1&), (DD

the last equality coming from the definition of conditonal entropy. Before carrying
on with the proof, observe that f expands the unstable foliation, so eventually the
atoms of &; should be included in atoms of f"&s, for n large enough. This gives
a good hint that the entropy conditional to £&; v f"&y should tend to the entropy
conditional to &;. Let us give a formal explanation of this intuition.

We will use a formula of conditional mean entropy proving in Rokhlin’s classi-
cal paper [18, §5.9]. For measurable partitions A, B and C we have that

H,(Av B|C) = H,(A|C) + H,(BJA v C). (D.2)
Applying (D.2) with A = &, B = f"& and C = f& v f"1& and having in
mind that & v f& = & we find
Hy (& v fP&l fé v f7M&) = Hy (G| fé v f7T16)
+H, (ff&l& v f& v MTE)
=H, (& |fav ")+ Hy (&) f "6 v f&).

Let us recapitulate. We just prove that the following equality holds for every
n=0

ha(f. &0 v &) = Hy (& |f&av f77&) + Hy (&) f "G v f&).  (D3)

Observe that f~"&; generates (by Item 4. of the definition) so the second term tends
to 0 as n — co. We must now prove that the first term converges to H,,(&1]f&1) =

hu(fs€1). We clearly have Hy, (&1|f&1 v f*Hé2) < Hu(&]fé) (see [18, §5.10]).
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We will now use that f expands the unstable manifold so that for most points
xr € M, the atom f&;(x) is contained in an atom of f™*1¢;. Consider the Borel
set D,, of such z. On the one hand f&; = f& v f"T1& in restriction to D,,. On
the other hand, since f~! contracts unstable manifolds we have u(D,) — 1 as
n — 0. This yields lim,, o H(&1]f€1 v fH1&) = H(&|f€1), thus concluding
the proof. U

This allows us to give sense to the following definition (see Section 8.3).

Definition D.7 (Entropy along the unstable direction). The p-entropy of f along
the unstable direction is the value

hu(f) = hu(f,€),

where £ is any measurable partition subordinate to the unstable foliation ™.

D.1.3. Local entropy. lItis often convenient to work with a local version of entropy
which is due to M. Brin and A. Katok see [3]. The construction is quite general,
but for the sake of clarity we will state their results in our context.

Let us first define dynamical balls. Given x € M, n € N and r > 0 we define

By(z,r) = {y € M; d(f'(x), f'(y)) <7, Vi=0,...,n—1}.
Let i be an ergodic f-invariant measure. Given x € M, set

- 1
hu(f: l‘) = hm hin'l _Elog M(Bn<$,’l”)),

r—=0n—>wn
and !
hu(fyz) = lim lim ——log p(Bn(x,r)).

r—0n—o0
Theorem D.8 (Brin—Katok). Let f : M — M be a C'*# diffeomorphism of a
compact manifold and . an ergodic f-invariant measure. Then for p-almost every
reM

hu(f) = by (f,) = hu(f, ) = lim Tim *flog p(Bn(z, 7).

’f“) n—0o0

Following this classical work, F. Ledrappier and L.-S. Young adopted a point-
wise approach for defining the entropy along the unstable direction, which works
well in the ergodic case.

We will let d“ denote the Riemannian distance on unstable manifolds induced
by the ambient Riemannian structure. Given x € M, n € N and r» > 0 we define

By (z,r) = {y e W"(2); d"((2), f'(y)) <, Vi=0,....n—1}. (D4
We will now consider a partition £ subordinate to W* and a system (u%)ens of

conditional measures of y associated with £, uniquely defined up to a p-negligible
set by Rokhlin’s theorem (see Appendix B). We will define

b (f 2, &) = hm lim —flog pe(By(x,r)),

—0pn-w

and
Fulfo,€) = lim T —log pl(Bi(r, ).

r—0n—o
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In the second part of their work, F. Ledrappier and L.-S. Young prove the following
theorem (see [13, Proposition 7.2.1. and Corollary 7.2.2.]).

Theorem D.9. Let f : M — M be a C**P diffeomorphism of a compact manifold
and let p be an ergodic f-invariant measure. Then for p-a.e. x € M
— 1
w _Tu T . L u u
h,u(fvx7€> _h/j,(faxag) _ll_)r%ggrolo nlog M:L‘(Bn(war))7

and the common value is

Hyu(& ] f&) = hy,(f).

D.2. Measures satisfying the entropy formula.

D.2.1. All the expansion occurs in the unstable direction. The principal accom-
plishment of Ledrappier—Young’s first paper [12] is the proof of the following
key result which says that all the expansion of f occurs in the unstable direction
(cf. Section 9.1).

Theorem D.10. Let f : M — M be a C'*P diffeomorphism of a compact mani-
fold and 1 be an ergodic f-invariant probability measure. Then

hu(f) = hu(f)-

In [10], Ledrappier had already proved a similar statement for measures without
zero Lyapunov exponents, and, as we will see later on, knew how to deduce the
conclusion of Theorem D.1 from the equality

he(f) = D mIN.

A >0

D.2.2. The uniformly hyperbolic case. The case of uniformly hyperbolic dyn-
amics is certainly an oversimplification of the general context. Nevertheless, we
may find useful to understand the skeleton of the Ledrappier—Young’s delicate ar-
gument and the difficulties therein.

Let us assume here that f is an Anosov diffeomorphism. This means that there
is a D f-invariant splitting TM = E°* @ E" where F° and E* are respectively
uniformly contracted and expanded by D f.

Using the local product structure, every small enough ball is contained in a fo-
liated chart for W* of the form D* x D" where D?® and D" are small stable and
unstable discs respectively. Moreover in such a chart the Riemannian distance is
uniformly equivalent to the Lyapunov distance which we may define as the L'-
distance of the product D* x D",

Given z € M and small enough r > 0, the dynamical ball B, (z,r) (for the
Lyapunov distance) is inside B:(z,r) x Bl(x,r). Since W* is uniformly con-
tracted, the dynamical ball B;, (x, r) is independent of n € N. Using the transverse
continuity of the restriction of the induced Riemannian structure on leaves of W*
we see that there exist 71 < ro converging to 0 with r such that

) Biw.r)cBulz,r)c () Biy,r) (D.5)

yeBy (z,r) yeBy (z,r)
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Let 1 be an ergodic f-invariant probability measure and i, a system of conditional
measures of 1 along unstable plaques of a chart D® x D" containing B, (z, 7). Us-
ing (D.5) and the fact that B; (x, r) is independent of n we find a constant C'(r) > 0
such that

C(r) essinf [,uZ(BZ(y, Kﬁlr))] < u(Bp(x,r)) < C(r)esssup [ILLZ(B::(y, Kr))].

Using the pointwise versions of measure entropy one deduces
hu(f) = b (f)-

D.2.3. Some words about the general case. The general case is much more com-
plicated and actually the authors of [12] don’t follow such a naive pointwise ap-
proach. The most immediate difficulty is that the hyperbolicity is not uniform and
we must work inside Lyapunov’s charts, which leads to important technicalities.
But the true difficulty of the paper is to understand and analyse the role of zero
Lyapunov exponents.

Let us explain some of the difficulties. For a regular point z € M one may
consider a Lyapunov chart at x. We won’t enter into the details of the definition
here, let us just say that this is an open set U, which is foliated by local unstable
manifolds W} (y) (which are well defined for p-a.e. /). The size of these unstable
manifolds depends on x and is not uniform a priori.

The situation is similar to what we saw in the uniformly hyperbolic setting.
One has a system of coordinates 7' x D" around the point z, D" being a small
unstable disc and 1" being a small transversal to the unstable foliation. This time
T is not uniformly contracted and one may think of 7" as a center stable set. And
we must analyse how f acts on such sets. The most important difficulty here is the
following.

There is no canonical choice of a transverse distance on T .

More precisely we want to show that the separation of unstable plaques is less
than the expansion along unstable manifolds. We know that this is the case for the
expansion along a central transversal. But this apparent weaker expansion could
be a lure and be caused by the effect of “sliding along unstable plaques”. And
the information that unstable holonomies are Holder continuous, is not enough a
priori to rule out the possibility that the actual separation of unstable plaques (the
dynamics in the quotient by unstable plaques) is stronger than the expansion along
unstable manifolds. The authors treat this difficulty by proving that

unstable holonomies inside center-unstable manifolds are Lipschitz

We don’t enter here into the technical details of the statement and refer to
[12, §4.2]). Before we carry on with Ledrappier—Young’s theory let us mention
that a similar difficulty appears in Hirsch—-Pugh—Shub’s theory of normally hyper-
bolic laminations. In [8, §7] the authors consider a diffeomorphism f with an
invariant normally hyperbolic lamination and study the neighbouring diffeomor-
phisms. It is not quite true that close to f, a diffeomorphism ¢ has an invariant
lamination (leaf)-conjugated to that of f. When one applies the graph transform to
such a g, the leaves of the lamination can merge: the phenomenon of “sliding along
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plaques” could lead to a branched invariant lamination (see [5] for the definition
and [6] for more information). This phenomenon can be avoided by requiring a
technical condition, called plaque expansivity, under which M. Hirsch, C. Pugh
and M. Shub prove that the branched lamination is a true lamination. This plaque
expansiveness is satisfied for Lipschitz foliations (see [8, Theorem 7.2.]). We don’t
know examples of partially hyperbolic diffeomorphisms with a foliation tangent to
the central bundle that does not satisfy plaque expansiveness, and we don’t know
how to prove plaque expansiveness for all such foliations.

The argument provided by F. Ledrappier and L.-S. Young works for C? diffeo-
morphisms, and this is the only argument of the paper that needs this regularity
assumption. A. Brown showed in [4] how this crucial step of Ledrappier—Young’s
proof can be carried on for C1+# diffeomorphisms. The proof then consists in the
precise analysis of how f expands the transverse distance and of dynamical balls.
One may think of this part as the sophistication of the proof given in the uniformly
hyperbolic setting.

D.2.4. Idea of proof of Theorem D.1. Now that we know that h,(f) = hji(f) we
may follow an argument due to Ledrappier [10] and deduce that

hu(f) = Z m/N  —  uis SRB.
A >0
Unstable jacobian. Let us define the unstable jacobian of f at x as the quantity
JUx) = ‘Jac(Dmf]Eu(x)ﬂ )
Using Oseledec’s and Birkhoff’s theorems we get that for py-a.e. v € M
1 & . o
JUp = lim — Zlogju(fl(a:)) = Z mI .
J M I NI=0
Dynamical prescription of densities. It is a well known fact that when an f-invariant
measure p is absolutely continuous along an expanding foliation, the densities

along unstable manifolds are dynamically prescribed. Denote by m? the Riemann-
ian volume of W*(x) and assume that

dpg = pdmy,

where p is a positive and measurable function and p} is a system of conditional
measures of p with respect to a measurable partition £ associated with W* that we
will fix from now on. Then for p%-a.e. y, z € W*(x)

(D.6)

ply) LA JU(f7(2))

In order to derive the equation above we prove the following lemma.

p(z) ﬁ JU(f ()

Lemma D.11. For p-almost every x € M we have Sg(x) pdm? and the map given
by

_% u( p—1
g(y)—p(f,l(y))J (7 () (D.7)
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is constant on &().

Proof. Note that £ < f~'¢ so an atom of ¢ is a countable union of atoms of
F71(€). We will consider the measurable function h, constant on atoms of f (&),

by setting
h(y) = wy (f1€())-

The idea now is to write the family of conditional measures with respect to f~1¢
in two ways. Firstly, using that ¢ < f~1¢ we have that for every Borel set K < M

(K 0 f71E(y))
i (f=E(y))

1
- @ J1<m“1£(y)

Secondly, by f-invariance of ;1 we have

pprey (K 0 fHEW)) = wy (FUK) 0 E(f (1)) (D.9)
We get from (D.8), (D.9) and from a change of variable formula we get
1

L p(2)dm(z) = f p(2)dm ) (2)
h(y) Lm F1e) Y FIK)AE(f(y)) T

p(z)dmf ) (2) = L(mf—lg(y) p(f(2))J"(z)dmy(2).

Consequently for p-almost every y € M and m,-almost every z € f ~1(y) we have

1 u
@p(Z’) = p(f(2))J"(2).

This proves that the function

gt (K N fle@y) =

(D.8)

p(z)dmy (2).

- L(Kmf—ls(y»

1
of =—
gof=1
is constant on atoms of f~'£. Finally we have that g is constant on atoms of £&. [

Reconstructing p. Ledrappier’s argument is an inductive one. Denote by B(§) the
o-algebra whose elements are union of atoms of £. We can see it as a o-algebra
“transverse” to £&. By Rokhlin’s theorem (Theorem B.8), a measure v on M is
determined by its trace on B(£) and by a system of conditional measures with
respect to &.

We will consider a positive function p satisfying (D.6). It is proven in [10,
Theorem 3.1. Item viii] that log(p) is Holder continuous in every atom & (). Hence
on every atom &(x), the function p is uniformly bounded from 0 and oo, and in
particular it is mY-integrable. In order to prove the Holder continuity of log(p),
one uses that on local unstable manifolds, z — E"(z) is Lipschitz, that z — D, f
is Holder continuous, that f~! contracts unstable manifolds so we can apply the
usual distortion controls. We will furthermore normalize p so that for p-almost
everyx € M

J p(x)dmy =1, (D.10)
£(x)
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Define the probability measure v on M satisfying both conditions

(1) p and v coincide on B(§);
(2) the disintegration (v,,) of v with respect to ¢ satisfies

dvy, = pdmy,
where p satisfies (D.6) and (D.10).

We will prove by induction that p and v coincide on the o-algebra B(f~"¢) for
every n € N. Since £ is increasing and generating this implies that © = v. All this
follows from the next lemma.

Lemma D.12. Assume that § J"dp = hy,(f,€). Then pand v coincide on B(f~1€).

Proof. Each element &(z) contains countably many atoms of f~'¢ and p and v
coincide in B(¢). Hence in order to show that i and v coincide in B(f~1¢) it is
enough to prove that v, (f~1¢(y)) = py(f'€(y)) almost everywhere. We con-
sider the derivative

vy (')

1) = py (f~YE(y))

which is well-defined almost everywhere and positive. Furthermore we have { ¢ dp =
1. Using Jensen’s inequality and the concavity of the logarithm, one has:

J log(q) dy < log quu) ~0.

Moreover this inequality is an equality if and only if log(q) = 0 p-almost every-
where, which as mentioned before, would imply that ;= v on B(f~1¢).
On the one hand, we have by definition

- f log 1y (1)) daly) = Hy(F71€ 1 €) = hu(£,6).

On the other hand it is possible, thanks to the definition of p, to compute explic-
itly

— flog vy (F1€(y)) duly) = flog J"dp.

By hypothesis these two quantities are equal. (]

D.3. Ledrappier-Young II. The second part of Ledrappier—Young’s work fo-
cuses on finding a general entropy formula for measures which are not SRB. The
formula they find is similar, the role of the multiplicities being replaced by some
quantities 7/ representing roughly the dimension of the measure y in the E7-
direction. They prove the following theorem.

Theorem D.13 (Ledrappier—Young II). Let f be a C'*P diffeomorphism of a com-
pact Riemannian manifold M and . be an ergodic, f-invariant probability mea-
sure. Let 0; denote the dimension of | along the j-th dimensional unstable mani-
folds and ' . ‘

Al =0 — 5
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(with 69 = 0). Then o
hu(f) = D, ¥N.
A >0

As for Theorem D.1, F. Ledrappier and L.-S. Young proved Theorem D.13 only
for C2 diffeomorphisms, but again, after the works of A. Brown [4] and of L. Bar-
reira, Ya. Pesin and J. Schmeling [1, Appendix] establishing the required Lipschitz
regularity of holonomies of intermediate foliations, it holds for C''*# diffeomor-
phisms.

Before entering into the proof of Theorem D.13 we need to introduce some of
the objects appearing in the statement.

D.3.1. Nested foliations and Hausdorff dimension.

Unstable foliations. For a regular point x € M let
)\1(1‘) > /\2(1‘) > e > )\ku(x)(a;) >0

be the positive Lyapunov exponents of x. They are associated with a splitting of
the tangent space

ToM = ENz) @ F*(2)® - @ E* @) (2).

We assume that p is ergodic so k%(z), m?(z) = dim E7(z) and M (z) are inde-
pendent of the j-typical . The intermediate spaces E?(z), ..., E**(z) need not
to be integrable. But by Pesin’s theory there exist C2-immersed manifolds at
a.e. z denoted by W(xz), W2(x),..., W*"(z), tangent at v to the spaces

E'(x)
El(a:) @EQ(m)

El(x) DFE*(2)®---@E" ().

These manifolds are dynamically determined as follows
. 1 .
W (z) = {y € M; lim —logd(f™"(x), f™"(y)) < —/\J}-
n—o N

They form (a.e.) nested foliations W', ..., W** where Wku is the unstable folia-
tion W* we have already worked with. The foliation W7 will be referred to as the
j-th unstable foliation.

Pointwise dimension of measures. Let X be a metric space and m be a probability
measure on X . Recall the following classical fact. A proof may be found in [22].

Definition D.14. Say the dimension of m, denoted by dim m, is well defined and
equal to « if for m-a.e. point x the following limit is well defined

o = Jim 108 M(B(z,€))
e—0 log e
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In that case the dimension of m coincides with its Hausdorff dimension, i.e.

dimm = HD(m) = inf HD(Y).
m(Y)=1
We can adopt this viewpoint and study the dimension of an ergodic measure
along unstable manifolds. Using Ledrappier—Strelcyn’s argument (see Proposition
D.3) one deduces for every j the existence of a measurable partition &/ subordinate
to the j-th unstable manifold 1¥7. We can moreover ask

ez e
For j € {1,...,k"} we denote by d’ the distance in j-th unstable leaves for the
induced Riemannian structure. The corresponding balls are denoted by B’ (x,r)
and the dynamical balls (by analogy with (D.4) in Section D.1.3) are denoted by
B}(z,r),r > 0andn € N.
We can consider for every j a system (u%)me M of conditional measures of u
associated with £7. We define for py-a.e. z € M

o Jog (B (z,€))

o (x, &) = HO log ¢ ;
I los (B I(z,€))
( &) = e o log e ’

F. Ledrappier and L.-S. Young prove in [13, Proposition 7.3.1] the following.

Proposition D.15. The numbers §' = §'(x,£7) and 5 = §(2,89) don’t depend
on & nor on the p-typical x. Moreover
5 =3
If 87 is the common value then for ji-a.e. x € M and every system of conditional
measures (1) zen associated with a measurable partition & subordinate to W7
we have
57 — 1y 08B I (a, €)
e—0 log e

The number ¢/ is called the dimension of £ on the j-th unstable foliation.

Pointwise entropies. F. Ledrappier and L.-S. Young also define a pointwise ver-
sion of the entropy along the j-th unstable foliation. Considering a partition &;

subordinate to W7 and a system of conditional measures ( MZ;) zeM We define

b L(f,, &y = hm lim —flog pl (B (z,7)),

—0 n—0o0

and )
Fu(f.,€7) = lim Tim —— log i (Bj(w, 7).

r—0n—0o
They proved a result analogue to Theorem D. 9

B (f,2,67) = I (f,2,67) = lim lim ——1og 1 (Bl (x, 1)),

r—0n—o00
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and the common value is
H(E | &) = h,(f)-
D.3.2. Idea of proof for Theorem D.13.

Conformal case. Before explaining the idea of the proof, let us mention the sim-
plest case.

Theorem D.16 (The conformal case). Let f : M — M be a C? mapping and
an ergodic f-invariant probability measure. Assume that f has a unique Lyapunov
exponent \ > 0, p-a.e. Then

h(f) = Adim(p).

Proof. Let us give the main idea. The rigorous proof uses Pesin’s theory and in
particular, Mafié’s argument.

Let n € Nand ¢ > 0. Locally, f “looks like” an expansion by e* and the
dynamical ball B,,(x,r) looks like a ball B(x, 7e~") (this affirmation is the one

that needs Pesin’s theory to be made rigorous). So if € = 7e~*" we have
1 log (B(x, €
—~log u(By(x, 7)) ~ ylog u(B(z,€))
n log €
The formula follows. (]

Of course if f has various Lyapunov exponents, a dynamical ball looks like an
ellipsoid whose eccentricity tends to infinity and the previous argument doesn’t
work as easily. The precise formula is then given by Ledrappier—Young.

D.3.3. Global strategy. The proof of Theorem D.13 follows three steps.
() A =AWh .
(2) hi —hi~1 = N (67 — 5]71) = N~
(3) hF" = h* = hu(f).

The first case is analogous to the conformal case. In restriction to the first unsta-
ble manifolds, there is only one Lyapunov exponent and f looks like an expansion
by eN'. Here again one has to use Pesin’s theory to make this idea rigorous.

In order to consider the second case, one has to collapse W7 ~! inside W7 and to
consider “quotient dynamics” on the quotient space W7 /W7~ (one rather works
with quotient partitions &7 /£7~1). Once again one of the main technical issues
is that there is no canonical “transverse distance” on the quotient, and one has
to prove and use the fact that W7 ~1-holonomies are Lipschitz inside 1#7. Once
we manage to deal with these important technicalities, we see that the quotient
dynamics induced by f on &/ /¢7~1 has a unique Lyapunov exponent (this is A7)
and that the corresponding entropy and dimension are respectively h/ — h/~! and
67 — §7~1. The situation is one more time analogous to the conformal case.

The third case is treated by Theorem D.10. Summing those equalities, the sec-
ond Ledrappier—Young’s theorem follows.
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