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Abstract

The method of asymptotic partial decomposition of a domain (MAPDD) proposed and
justified earlier for thin domains (rod structures, tube structures consisting of a set of thin
cylinders) generates some special interface conditions between the three-dimensional and one-
dimensional parts. In the case of fluid mechanics these conditions prescribe a pre-computed
Poiseuille-type shape of a solution at the interface, which however are not generalizable to the
case with a boundary layer in time. In this work we present a new more general version of
the method which considered and justified for the transient Navier-Stokes equations. Although
theoretical justification (well posedness, asymptotic analysis) can be shown only for moderate
Reynolds numbers, the provided numerical tests show good accuracies for higher values.

Keywords: Stokes and Navier-Stokes equations, thin structures, asymptotic partial decom-
position, hybrid dimension models

AMS classification: 35Q35; 76D07; 66N55

1 Introduction

The Stokes and Navier-Stokes equations in thin tube structures are the most classical models
for a viscous flow in pipelines or blood vessels. Tube structures are domains which are tree-like
sets of thin cylinders (or thin rectangles in two-dimensional setting). The ratio of the diameters
of cylinders to their heights (or ratio of the sides of rectangles) is a small parameter €. The
method of asymptotic partial decomposition of a domain (MAPDD) allows to reduce essentially
the computer resources needed for the numerical solution of such problems. This method combines
the full-dimensional description in some neighborhoods of bifurcations and a reduced-dimensional
description out of these small subdomains and it prescribes some special junction conditions at
the interface between these 3D and 1D submodels (see [14], [5], [16], [20]). In particular, for the
non-steady Navier-Stokes equations these interface conditions prescribe a pre-computed Poiseuille
type shape. To this end one has to solve a Jordanian chain of elliptic equations on the section and
take their linear combination (see [20]). This condition is justified for the Navier-Stokes equation
without a boundary layer in time, when the data of the problem have vanishing all derivatives in



time at the initial moment. However in the case of a general setting (see [21]) the question on the
high order interface conditions is still open. The goal of the paper is to give and justify a more
general interface condition which is applicable for the problems with a boundary layer in time.
Such condition is constructed for the steady state Stokes equations and then is generalized for the
non-stationary Navier-Stokes equations. In this new version the trial and test functions have
vanishing transversal components of the velocity and vanishing normal derivative of the normal
component inside the cylinders, instead of the pre-computed Poiseuille-type shape. This also leads
to a easy-to-implement finite element formulation of the MAPDD and to assess it numerically in
dependance of the Reynolds number.

The reminder of paper is organized as follows. In Section 2 the full-dimensional Dirichlet’s
problem for the non-stationary Navier-Stokes equations and stationary Stokes equations in a thin
tube structure are formulated. We give two weak formulations: one containing only the unknown
velocity (formulation "without pressure” which is convenient for the asymptotic analysis) and one
formulation containing both unknown velocity and unknown pressure which is convenient for the
numerical solution. In Section 3 the original MAPDD method is revisited. In Section 4 the new
version of MAPDD for the steady Stokes and transient Navier-Stokes equations is introduced and
the main theorems summarized. For the sake of readability by a wide range of specialists the proofs
are moved to the Appendices. Finally, we present some numerical examples in Section 5 where the
theoretical results are confirmed.

2 The full dimensional fluid flow problem in a tube structure

In this section we will introduce the full dimensional fluid flow problem in a tube structure. Further
its solution will be approximated using partial dimension reduction.
2.1 Thin tube structure domain

Let us remind the definition of a thin tube structure [I5], 17, 20], and graphically exemplified in
Figure

Figure 1: Illustration of the computational domain for N = 2 and M = 1.

Let O1,09,...,0N be N different points in R®,n = 2,3, and ey, eo,...,ex be M closed seg-
ments each connecting two of these points (i.e. each e; = O;,; Oy, , where ij, k; € {1,...,N},ij #kj).
All points O; are supposed to be the ends of some segments e;. The segments e; are called edges
of the graph. The points O; are called nodes. Any two edges e; and e;, i # j, can intersect only at




the common node. A node is called vertex if it is an end point of only one edge. Assume that the
set of vertices is On,+1,O0n,+2,...,On, where N3 < N.
M

Denote B = |J e; the union of edges and assume that B is a connected set. The graph G is
j=1
defined as the collection of nodes and edges.
Let e be some edge, e = 0;0;. Consider two Cartesian coordinate systems in R". The first one
has the origin in O; and the axis Oix(le) has the direction of the ray [0;0;); the second one has the
origin in O; and the opposite direction, i.e. Oja?ge) is directed over the ray [0;0;).

With every edge e; we associate a bounded domain o; C R"~! having a C?—smooth boundary

dol,j=1,...,M. For every edge ej = e and associated o; = o©) we denote by Bge) the cylinder
(©) — (4@ (€ CARMPE)
B ={2'9 e R" : ;7 € (0, |e|), € o'},
where z(¢) = ( ge)’ e :vgf)), le| is the length of the edge e and € > 0 is a small parameter. Notice

that the edges e; and Cartesian coordinates of nodes and vertices O, as well as the domains o},
do not depend on e.
(©) 2 (©) (©)
Denoting 0c” = {z(®/ e R*1: Z— € ¢(®)} we can write B:” = (0, |e]) x 0:”.
6 .
Let w!,...,w" be bounded independent of ¢ domains in R” with Lipschitz boundaries dw?;

z—0

introduce the nodal domains w! = {z € R" : i A w’}. Denote d = MaT1<j< ydiamw .

By a tube structure we call the following domain
M N
_ (e5) j
B. = (jL:Jl B! ) U <}:Jl°"€)'

So, the tube structure B is a union of all thin cylinders having edges as the heights plus small
smoothing domains w? in the neighborhoods of the nodes. Their role is to avoid artificial corners in
the boundary of intersecting cylinders. Furthermore, we will assume that B. is a bounded domain
(connected open set) with a C?-smooth boundary.

2.2 The full dimension fluid flow problem

Through the paper we will consider the stationary Stokes or the non-stationary Navier-Stokes
equations in B. with the no-slip conditions at the boundary dB. except for some parts 7/ of the
boundary where the velocity field is given as known inflows and outflows (for alternative boundary
conditions on the inlet and outlet boundaries of the domain, the reader is referred to [2, 3]).
~Let us define these parts of the boundary. Denote 74 = dw! N 9B., 749 = dw’ N OB] where
Bl ={y:ye+0; € B} and 7. = UN_y, 71
Let us introduce first the Cauchy problem for the non-stationary Navier-Stokes equations.

631:56 —vAu. + (u. - V)u. + Vp. =0,
divu, = 0, (1)
ua“aBS :g8> uE(:E)O):O)

where u. is the unknown velocity vector, p. is the unknown pressure, g. is a given vector-valued

0. ,
function satisfying the following conditions: g.(x,t) = gj(x Ltyifzenl,j =N +1,.,N
€



and equal to zero for the remaining part of the boundary 0B.\v.. Here g; : v; x [0, +00) — R"

belonging to C[%Hl([O,T]; Hg/Q(fyj)), T is a positive number. Assume that g;|;—o = 0 and (the

compatibility condition)

/BB g. -nds = 0. (2)

ie.

N
x — O; _
> /jgj( 8 ,t) -nds = 0.

j=N1+177¢
Remark 1.In this case one can prove that g. has a divergence free extension g defined in
J+4
B: x [0, T] which we denote by the same symbol g., g € C[%]‘H([(),T]; H?(B.)) satisfying for all
t € [0,T] the following asymptotic estimates

n—1
lgell2(B.y + lIgetll L2y + lI8eitll Loy S ce 7 ;

n—3
IVeellrzsy + IV8etllrzpy <ce 2y
n—>5
[Agellz2(p) <ce 2, n=2,3, (3)

where the constant ¢ is independent of ¢ (See Lemma 1 in Appendiz).

There are two equivalent weak formulations of the problem: "with pressure” and ”"without pres-
sure” which differ by the space of test functions; in the formulation "without pressure” test functions
are divergence free and so the integral containing the pressure disappears; the only unknown func-
tion is the vector of velocity. In the formulation ”with pressure” the space of test functions is
wider, they may not be divergence free, so that the pressure parcipates in the formulation as an
unknown function. The formulation "without pressure” is used mainly in analysis while the def-
inition "with pressure” is more convenient for the numerical approximation using finite elements
because it doesn’t require construction of divergence free bases in the space of test functions.

Introduce the space H¢11w0( 9 Bg\%)(Be) as the subspace of vector valued functions from H'(B.)

satisfying the conditions divv =0, v|yp.\,. =0, i.e.,

\7e
Hcllivo(aBE\’yg)(BE) = {V € H1 (Bg)| leV = O, V|aB€\,YE = O} .

We consider as well the smaller subspace HY, ,(B.) = Hzlwo( 9 Bs\%)(Ba) NH}(B.) of divergence
free vector-valued functions vanishing at the whole boundary.

Definition 1.1.

By a weak solution we understand the couple of the vector-field u. and a scalar function p. such
that us(z,0) = 0, uc € L*(0, T3 Hy, 9.\ (Be)), uer € L2(0,T5L%(Be)), p € L?(0,T; L*(Be)),
u. = g. on v, and (u.,p.) satisfy the integral identity for every vector-field ¢ € H}(B.) for all
t e (0,7),

/ (uat ¢+ vVu. : Vo + ((ug, Vue) - ¢)d:n = /B pedivoda. (4)

Replacing the space of test functions by a subspace of divergence free functions we get another
weak formulation without the integral [ B, Pedivodz.
Definition 1.2.



By a weak solution we understand the vector-field u. such that u.(z,0) = 0, u. € L?(0, T} Héivo(aBa\%) (B:)),

u., € L?(0,T;L%(B.)), u. = g. on 7. and u. satisfies the integral identity for every vector-field
¢ € HY, (B.) for all t € (0,7),

/ (ugt o +vVu. : Vo + ((u, Vue) - d)) dr = 0. (5)

Be
For sufficiently small € there exists a unique solution to this problem (see [20]). The equivalence
of these formulations follows from [9], see also De Rham theorem [25].
Consider the Dirichlet’s boundary value problem for the stationary Stokes equation:

—vAu. 4+ Vp. =0, z € B,
divu, =0, z € B, , (6)

U =ge, T C a(Ba) )

v is a positive constant, g. is a given vector-valued function satisfying the following conditions:
~ 0

g-(x) = gj(x )ifx €4, j = Ny+1,..., N (O are vertices!)and equal to zero for the remaining

part of the boundary 0B.\v.. Here g; : 7; — R" belonging to Hg/ 2(’yj). Assume that (the
compatibility condition)

/ g. - nds = 0. (7)
0B¢
i.e. N
— 0.
S [ e %) a0
Jj=Ni1+1 7

Remark 2.In the stationary case as well one can prove that g. has a divergence free extension
g defined in B. which we denote by the same symbol g., g. € H?(B.)) (see Lemma 1 in Appendiz).

Let as give two equivalent definitions of a weak solution. First one is "with pressure”.

Definition 1.1°

By a weak solution we understand the couple of the vector-field u. and a scalar function p. such
that u. € H}mo(aBs\%)(Bg), pe € L*(B:), u. = g. on v, and (u.,p.) satisfy the integral identity:
for any test function v € H}(B:)

v | Vu(z):Vv(r)dr = / pedivode. . (8)
B. Be

The second is "without pressure”.
Definition 1.2’
By a weak solution we understand the vector-field u. such that u. € H(lmo(a B\ 'ys)(BE)’ u. = g.

on . and u. satisfies the integral identity: for any test function v € HY, ,(B:)

v | Vue(z):Vv(z)de =0.. (9)
Be

It is well known that there exists a unique solution to this problem (see [9]). The equivalence
of these formulations follows from [9], see also De Rham theorem [25].



3 MAPDD: the classical version

3.1 The reduced domain and classical version of MAPDD
(e)

Let us remind first the definition of the steady Poiseuille flow in a cylinder Be
If the local variables 2(¢) for the edge e coinside with the global ones z then the Poiseuille flow
is defined as

V) (2) = const (vp(a'/e),0,...,0)"

where vp(y) is a solution to the Dirichlet’s problem for the Poisson equation on ¢(®):
—vAup(y) =1, yeo®, vp(y)=0, yecdol® . (10)

If e has the cosines directors ke1, ..., ke, and the local variables 2(© are related to the global
ones by equation z(¢) = z(¢)(z) then the Poiseuille flow is

V) (@) = const (kearvp((@© (@) /), oo, kenvp (2@ (2))' f))T

o (e), it is the normalized

2’ = (xg,...,2,). In the case const = 1 denote the Poiseuille flow V
Poiseuille flow.

Let § be a small positive number much greater than € but much smaller than 1. For any edge
e = 0,0, of the graph introduce two hyperplanes orthogonal to this edge and crossing it at the
distance 0 from its ends, see Figure

Denote the cross-sections of the cylinder Bge) by these two hyperplanes respectively, by S; ;
(the cross-section at the distance ¢ from O;), and S;; (the cross-section at the distance 0 from Oj),
and denote the part of the cylinder between these two cross-sections by BdecE Denote B; % the
connected truncated by the cross sections S; ;, part of B. containing the Vertex or the node O;.

Define the subspace Hd vo( -) (and respectively, Hil%f;o( 8 Ba\%)(Ba)) of the space HY, ,(B:) (re-

“€ jts elements described

spectively of H} div0(d BE\%)( B.) ) such that on every truncated cylinder Bf;-e
in local variables z(¢) for the edge e (vector-valued functions) have a form of the Poiseuille flow
Vi (2).

The MAPDD replaces the original full-dimensional problem for the steady Stokes equations @
by the following weak formulation:

Find u.s € HdwO(@BE\'y )( ) such that u. s = g. on ~. and for all v € H}i;‘zO(BE),

1// Vu,s(z): Vv(z)de =0. (11)
Be

For the non-stationary Navier-Stokes equations the Poiseuille flow has more complicated struc-
ture: it is a linear combination of vector-valued functions Vpi(z),..., Vp j(z) such that in local
variables their first component vp ;(y) satisfies a Jordanian chain of equations

—vAvpi(y) = —vp;i(y), v e A vpj+1(y) =0, y € do'®) (12)

while the transversal components of vectors Vp(z), ..., Vp j(z) are equal to zero, Vpi(z) = Vp(z)
(the steady Poiseuille flow), and so the space of test functions for the MAPDD H}iﬁo(Be) is a



dec,e
ij
variables z(¢) for the edge e (vector-valued functions) have a form of linear combinations of these
functions a1 Vpi(z) + ... + ayVp (x), a1, ..., oy are real numbers.

Define as well the space Hil;‘io( 5 BE\%)(BE) as a similar subspace of H}lwo(a B\ %)(BE). The weak
formulation of the classical version of MAPDD for the non-stationary Navier-Stokes problem is

given in [20]. It is equivalent to the following formulation without pressure:

subspace of Hfliwo(BE) such that on every truncated cylinder B its elements described in local

By a weak solution we understand the vector-field u. 5 such that u. 5(z,0) = 0, u. s € L*(0, T} Hcll;‘io(aBe\%) (B:)

Uc s € L?(0,T;L?(B.)), u. s = g on 7. and u, s satisfies the integral identity for every vector-field
¢ e HY (B.) for all ¢ € (0,T),

/B (u&&t o+ 1vVue5: Vo + ((ues, Vues) - d)) dx = 0. (13)

£

Existence and uniqueness of a solution for sufficiently small ¢ is proved as in [20] by Galerkin
method.

3.2 Summary of main results on the classical version

For the classical version of MAPDD the theorem on the error estimates is proved. Namely, it was
proved that given J there exists a constant C independent of ¢ such that if 6 = CJe|ln(e)| then
for the Stokes equations the following estimate holds [16], [5]:

lue = vesllm(s.) = O(). (14)
For the non-stationary Navier-Stokes equations we have the following result [20]:
Given natural number J, if g; € C[%]‘H([O,T];W3/2’2(8wj)) and there exists an interval

(0,7),7 > 0 such that g; = 0 for t € (0,7) then there exists a constant C' (independent of € and J)
such that if 6 = CJe|lne| then

supreo.) e — Uellr2(p) + [ Vues — ucllr2o.m).02(5.) = O7) (15)

Although this classical version of the MAPDD is an effective method reducing considerably
the computational costs it does not work in the situation when the above condition g; = 0 for
t € (0,7) is not satisfied. Indeed, in [21] it was shown that for small values of time of order &2
linear combinations of functions V p; are no more a good approximations for the velocity inside the
tubes, they should be replaced by the "boundary layer-in-time”. Moreover, the coordinate change
from velocity degrees-of-freedom to aji,...,a; involves intrusive modifications of the numerical
simulation software, for both system assembly and linear algebra parts.

4 MAPDD: the new junction conditions

We now propose a new, more general, way of formulate and solve for the junction conditions. The
advantages are twofold: (1) it removes the condition g; = 0 for ¢ € (0, 7), therefore being applicable
for arbitrary transient regimes, and (2) it considerable simplifies the numerical implementation in
the context of finite elements since only additional, easy-to-build integral terms need to be added
to a standard weak form.



4.1 Formulation of the new version

Let us define the subspace H}j;fjo(B ) (and respectively, Hcll;‘io(a B\ )(Bg)) of the space H, (B:)

(respectively of Hcllivo(a BE\%)(BE) ) in a different way, so that on every truncated cylinder Bdec © its

elements described in local variables (vector-valued functions) have vanishing trasversal (tangen—
tial) components while the longitudinal (normal) component has vanishing longitudinal (normal)
derivative. Namely, if the local variables (¢ for the edge e coinside with the global ones z then
they have a form of the Womersley-Poiseuille flow

W (z) = (v1(2'/e),0, ..., 0)7 .
vy € Hy(0(®).
If e has the cosines directors ke1, ..., ke, and the local variables 2(©) are related to the global
ones by equation z(¢) = z(¢)(z) then they are

Wi (@) = const (ki (@ (@))'/e), o kenvr () (@) /€))"
' = (2., Tn).

As in the classical version the method of asymptotic partial domain decomposition (MAPDD)
replaces the problem (@) by its projection on this newly defined space HY dwo(aB e )( -). Note
that this space is wider than the space of test functions in the classical version because the steady
Poiseuille flow is a particular case of functions W%‘f ),

The weak formulations repete literally the formulations of the previous section but with respect
to the newly defined space Hil;'io(a Be\%)(Bg).

4.2 Stokes equations

Consider the Stokes equations @
The new version of the method of asymptotic partial domain decomposition (MAPDD) replaces
. . 1,6
the problem @) by its projection on Hdivo(aBE\%)(B ): to find u. 5 € HdwO(aBE\'y )(BE), such that
u. s = g. on 7, and satisfies the following integral identity

/Vug 5(2) : Vv(2)de =0 Vv e HY (B.). (16)

Applying the Lax-Milgram argument one can prove that there exists a unique solution u. s of
the partially decomposed problem.

Remark 3.The classical version of MAPDD differs from this new one by the definition of the
space on which we project the problem. Namely, in the new version the projection is taken onto the
space Hdsz(aBg\yg)(BE)’ while in the classical case [177] it is a subspace of Hcllivo(ﬁBs\'yg)(Bg) such

dec,e

that on every truncated cylinder B;; 7 its elements are equal to a Poiseuille flow ng).

4.3 Estimate for the difference between the exact solution and the MAPDD
solution: asymptotic analysis of the Stokes equations

Theorem 1. Given natural number J there exists a constant C' (independent of € and J) such that
if 6 = CJe|lne|, then
[ue — uE,J”Hl(BE) = O(EJ) . (17)



Proof. This estimate is the same as in the classical version of the MAPDD. The proof is similar
to that of the classical version. However, for the sake of completeness we give it in the Appendix.

4.4 Navier-Stokes equations

Consider the Navier-Stokes equations .
The new version of the method of asymptotic partial domain decomposition (MAPDD) re-

places the problem by , where the space H;ﬁo(aBg\%)(Bg) is replaced by the newly de-
fined space of divergence free vector-functions having the Womersley—Poiseuille form within cylin-
ders B?jec’a: by a weak solution we understand the vector-field u.s such that u.s(x,0) = 0,
é .
u.s € L>(0,T; Hcll;vo(aBg\%)(Bé))’ U.5; € L?(0,T;L?(B.)), u.; = g- on . and u.; satisfies

the integral identity for every vector-field ¢ € Hcll;io(Bs) for all t € (0,7),

/ (ue,a,t ¢+ vVues: Vo + (o5, Vues) - ¢> dx = 0. (18)

£

The existence and uniqueness of its solution is proved as in [20].

Let us give the formulation ”"with pressure”. Note that it is less evident than for the full
dimension problem. First note that knowing the velocity field u. s, solution to problem we
can reconstitute some function p. s which is interpreted as the MAPDD pressure. Namely, let us
denote Uij(:n(e)’ ,t) the trace of the solution u. s to problem 1’ at every cross-section S;j;. Then
we get a standard Navier-Stokes problem in each domain B;° with the known boundary value
U, (2(®” ) on S;;, the no-slip boundary condition on 835’5\2‘@ ifi=1,..., Ny, or on 8Bf’6\(EiUfyf)
it # = N1 +1,..., N and respectively with condition U;; = g. at ; in the last case; the initial

condition is U;j(x,0) = 0. Here ¥; is a union Uj:TOje{el,‘..,eM}Sij of all cross-sections S;; belonging

to the boundary of B; This problem admits a unique solution-velocity (coinciding with u. s)
and a pressure p. s, unique up to an additive function ¢; of t. So, we can introduce an extended
space of the test functions

H{"(B.) = {¢ € Hy(B.)|¢(x) = WS (), € BE®, e = 0;0;; e & 0=00=1.N}

and extend the integral identity for test functions of this space:

/ (ue’(;,t -¢p+vVu.s: Vo + ((u&g, Vu,s) - ¢) dr =

€

8u575
= Z (/ (us,a,t ¢ —vAu.5- o+ ((us5, Vueg) - qﬁ) dx + > }/335’5051,- 8T</>d8>+
M

Be® _
i=1 i j:0;0;€{e1,....e

M

)/ —_—

+> d /UW Wogr @+ UV epitle t Ve pda @) =
=1 Joe

N

— .. augﬁ .
=3 (- /B s VPebi -Gzt 3 /a prons,,” om dds)+

i=1 7:0,0;€{e1,....enm}




M
Z / Ucsi @+ VUV (e)Ues: le),d)d:z =

g: (/ pesidivods + > /E)Bf*‘imsij (Vagfl’é - p&(;n) : ¢ds)+

=1 VE Oine{eh...,eM}

M
N
+ E d; /U<ez> Ue st @+ UV (e)Ues Vr(e”,/qﬁdx(el) ,
=1 e

Here for ¢; = TO]-, d; is the distance between the cross sections S;; and Sj;, n is an outer normal
vector for Bf"s. We will prove in the Appendix that the sum of the last two sums of integrals is
equal to zero.

So, the variational formulation is: find the vector-field u.s and the pressure p.s such that

u€,5($70) =0, u; € L*>(0,T; H}ilf)O(@Bs\'yE)(Be))’ Uc st € L2(07T§ Lz(Ba))a U5 = e ON Ve,De s €
L?(0,T; Lz(Bf"s)) for all « = 1,..., N, and the couple (u.s,p.s) satisfies the integral identity for
every vector-field ¢ € Hy’(B.) for all ¢ € (0,T):

/B (ug 5t @ +vVues: Vo + (ugs, Vue ) da: = Z/ Pe sdivodz (19)

Note that so defined pressure is not unique, it is defined up to N functions 6;(¢t),i = 1,..., N in
each subdomain B; 0

A similar weak formulation with pressure can be given for the Stokes equations.

Note that if N = M + 1 (number of nodes and vertices is equal to the number of edges plus
one) then the restriction

/aB?’§¢-n:0,i:1,...,N (20)

can be removed from the definition of space H(l]’é(Bg) and then the number of undetermined con-
stants 0;(t) in the variational formulation will be reduced to one Oy(t), so that the pressure in
the reduced geometry is defined up to a constant as in the case of full geometry. It will be proved in
the Appendix. The numerical tests are held for such geometries. In this case it is possible to apply
the restrictions on the solution directly in equation so that a considerably simpler-to-implement
formulation holds true: find the vector-field u. s and the pressure p. s such that u. ;(z,0) = 0,

u. s € L0, T; HY(BS)), for all i = 1,..., N, uz g5, € L2(0,T; L2(B°)), uc5 = g- at 7., uc5 = 0
at (8Bf’6 NOB:)\Ve, pes € L2(0,T5 LQ(B;E"S)) for all i = 1,..., N, and the couple (u. s, p. ;) satisfies
for all ¢ € (0,7) the integral identity for every vector-field ¢ € Hl(Bf’a),q € L2(Bf’5)7 for all
i =1,...,N, such that ¢ = 0 at 835’6 N 0B;, and for all edges 0;0;, ¢ -t = 0 at S;; U Sj; and
(¢ ) n)’Sij + (¢ : n)‘Sﬁ =0:

N
Z /BE ] (ums,t “p+vVues: Vo + ((us,g, Vu. ;) - ¢ — pesdivg + qdivuag)dx

+Zdl [ et &+ 0V et £ V e a0 = 0, (21)
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with
U, s-t= 0 on Sij U Sji,

where t is the unit tangent vector, and with
(ues - n)‘sij + (ues - n)|sji =0.

Finally, note that the last two terms in are analogous to the ones obtained in the context the
so called Stokes-consistent methods for backflow stabilization at open boundaries [4].

4.5 Estimate for the difference between the exact solution and the MAPDD
solution for the non-stationary Navier-Stokes equations

The result of the previous section can be generalized for the non-stationary problem for the Navier-
Stokes equations using the approach of [20] and [21].

Assume that g. introduced in the second section has a divergence free extension g. defined in
B, withg e C [%Hl([o, T); H?(B.)) satisfying for all ¢ € [0, 7] the following asymptotic estimates

n—1

I8z + I8l (B.) + 18t LBy < ce 25
n—3

IV&l2m.) + IVEillLap) <ce 7,
|Aglla(p.) < ™2, n=2.3, (22)
where the constant c¢ is independent of ¢.
As before,
/ g. - nds = 0. (23)
0B

Theorem 2.Let g; € C[%]H([O,T];W3/2’2(8w]~)). Given natural number J there exists a
constant C' (independent of € and J) such that if § = C'Je|lne|, then

ts(%%) [ues — Uellrz(p) + IV (0es — ue) | z2(0.r)12(8.)) = O(7) (24)
€(0,

5 Numerical examples

In this section, the previous analysis is complemented by numerical experiments for the new
MAPDD formulation applied to the stationary Stokes problem and the transient Navier-Stokes
problem, for a sequence of values of ¢.

The errors of the MAPDD solutions obtained in the truncated domain with respect to reference
solutions computed in the full domain are evaluated in the norms given by Egs. , .

5.1 Problem setup

Consider the two-dimensional geometry illustrated in Fig. Two junctions are connected by
a straight tube. This straight tube (labeled Bie;’e) is included in the full reference model, or
truncated when the reduced MAPDD model is used.

11



The radius of the tube is proportional to ¢ (we set R = ¢). For each value of €, the junction
domains are contracted homothetically by a factor of € with respect to the center points marked
with plus signs in Fig. The distance between these points, L, remains the same for all values
of e. Straight tube extensions (blue areas, Bfg) are added to the junction domains. Theorem 1
requires the associated distance, §, from the centers of the junction domains to the interfaces, to
be

0 = Celln(e)|. (25)

C is a user parameter.

Pairs of full and reduced domains are created for a sequence of values ¢ = 27% k=1, ...,6.

In the particular examples of the investigated geometry and our selection of ¢, 1/In(2) < C <
6/1n(2) is necessary for Bfg # () and for Bldzc’s # (b, respectively. In what follows, we choose the
values C' = K/In(2), K = 2, 3 and 4. The factor 1/1n(2) is added for convenience, to cancel with
the In(e) terms and leave rational numbers as the interface coordinates.

5.2 Stationary Stokes test case

Since one of our main motivations is the numerical simulation of blood flows, we choose for the
viscosity and the density values that represent physiologically relevant conditions, assuming the
fluid is incompressible and Newtonian. Typical parameters of blood are a dynamic viscosity of
p = 0.035cm?/s and a density of p = 1g/ cm®. At the inlet T';, of the upstream junction domain a
Dirichlet boundary condition for the velocity is defined as

g- = (0, 1500(1 — (1 — c0)?/e?))

where ¢y is the z1 coordinate of the center of the boundary and Uy is chosen such that Re =
2peUy/u = 1. A homogeneous Neumann boundary condition for the normal stress is applied on
the outlet I'yy+ of the downstream junction domain.

5.3 Transient Navier-Stokes test case

In the transient Navier-Stokes test case, the physical constants are set to the same values as for
the Stokes problem, i.e., u = 0.035cm?/s and p = 1g/cm?.
A pulsating inflow velocity is defined on I';, via Dirichlet boundary conditions as

g- = (0, 1500(1 — (a1 — )/ sin(nt/T)) " .

where t is the actual time and T = 0.8s is the duration of a cycle. Uy is computed from the
Reynolds number, Re = 2peUy/u. As for the Stokes problem, a homogeneous Neumann boundary
condition defines the outflow on I'yy;.

For the convergence study, Reynolds numbers Re = 1, 25, 50, 80 and 100 are considered. In
addition, we analyze the MAPDD model for a high Reynolds number of Re = 2500.

12



5.4 Numerical discretization

A mixed finite element method is adopted for discretizing the Stokes and Navier-Stokes equations.
We use monolithic velocity—pressure coupling with inf-sup stable second order Taylor-Hood elements
on unstructured, uniform triangle meshes. The transient Navier-Stokes problem is discretized in
time with the implicit Euler method. The convection term, written in skew-symmetric form, is
treated semi-implicitly. The time step size is At = 0.01s. The time interval of the simulations is a
half cycle, i.e., 0 <t <T/2.

The numerical meshes of the domains are created such that the number of elements along the
tube diameter is approximately 20 for each value of €. The average grid size at the boundaries is
therefore h = £/10. This results in 170592 elements in the full domain for the smallest value of
e =27%and C = 2/In(2), which corresponds to 784037 degrees of freedom in the Navier-Stokes
system. The triangulation of the corresponding reduced domain consists of 15366 elements and the
solution space contains 70741 degrees of freedoms.

The problem is implemented and solved using the FEniCS finite element library [I]. The
numerical meshes are generated with Gmsh [7].

5.5 Results
5.5.1 Stationary Stokes test case

The velocity and pressure field of the stationary Stokes problem, computed with the full model
and with the MAPDD method, are illustrated in Fig. [2] for the largest value of ¢ = 0.5. No visible
differences exist between the full and the MAPDD results.

The velocity error of the MAPDD model with respect to the full reference solution is analyzed
quantitatively in Fig. [3|for the full range of values of ¢. The error is computed in the H'(B.) norm,
cf. in Theorem 1. Note that the error estimate depends on the solutions in the full domain, B..
The mesh nodes of the MAPDD and the full domains match for the junctions. In the truncated
tube, the MAPDD solution was interpolated from the interfaces, ¥ 2, to the mesh nodes of the
full mesh. The rate of convergence can be estimated from the numerical results as

_logep/ex—1

T —
"7 loger/exn i

where ej, = ||ug, — uskﬁHHl(BEk), ex =27% k=2,...,6. While not constant, for C' = 2/1In(2), Jj is
in the range 3 < Ji < 6. The error drops at least with cubic convergence (in the investigated cases).
For C' = 3/1n(2) the convergence rate is greatly improved, and even more so using C' = 4/1n(2),
namely we obtain J ~ 8 and J ~ 11, respectively, discarding the points where the error stagnates.
The stagnation of both cases for ¢ < 274 or 273 is due to the precision of the numerical method
being reached. Rounding errors gain importance for very small values of €.

5.5.2 Transient Navier-Stokes test case

The asymptotic behavior of the error of the MAPDD method with respect to the full model is shown
for different Reynolds numbers in Fig. 4] for C = 2/1In(2). The error is evaluated in the norm ([24)).
For the lowest investigated Reynolds number Re = 1, the rate of convergence J was computed
(omitting the two largest values of €). The line e’ is included in the figure for comparison. With
increasing Reynolds numbers the rate of convergence decreases. Exponential increase of the error
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Figure 2: Pressure fields and velocity magnitude and vectors at the outflow boundaries obtained for
the stationary Stokes problem using ¢ = 0.5 with the full model (top row) and with the MAPDD
model (bottom row).

was observed for Re = 100. Using C' = 3/In(2) (see Fig. [f]), the rate of convergence obtained for
Reynolds numbers Re > 1 is improved. In particular, for Re = 100 the error now decreases with ¢,
at least for small values of ¢.

The errors of the case Re = 100 obtained for C = K/In(2), K = 2,3,4, are shown in Fig. @
Indeed, for higher K, the errors are lower and convergence is improved for e < 27%.

While the error estimate assumes a low Reynolds number, the MAPDD method can still be
applied to these cases. Figures [7] and [§] show velocity streamlines and the pressure field obtained
with the full reference model and the MAPDD method applied to the case ¢ = 1/4 and for a
Reynolds number of Re = 2500, as an example. The boundary mesh size was set to h = /20,
furthermore C' = 2/1n(2). The results match very well visually. The MAPDD model is able to
recover the recirculation zones in both junctions accurately (Fig.[7(a) and (b)). For a more detailed
comparison, the axial velocity profiles at the interfaces for the MAPDD solution and for the full
solution in the corresponding location are shown in Figs. [0] At the left interface, the velocity
interface conditions produce a pressure overshoot near the upper corner, since the Womersley
hypothesis is in disagreement with the high Reynolds number flow conditions. This can be seen
more clearly in Fig. where the pressure profile at the interface is shown for both the MAPDD
and the full solution. However, analyzing the pressure distribution along the cross-section the tube
in a slightly more upstream position (shifted upstream by 2¢), the MAPDD recovers the behavior
observed for the full solution with an error of < 8% (Fig. . The pressure on the right interface
does not suffer any nonphysical oscillations, as can be seen in Fig. [I0b] and the discrepancy between
both models is within 2%.
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Figure 3: Stationary Stokes test case: convergence of the error with respect to € for different values
of C (see legend).

5.6 Conclusion

The MAPDD was shown to be an efficient and accurate method for the steady Stokes problem
and for the low Reynolds number Navier-Stokes problem. In these cases, the error of the MAPDD
method was in agreement with theoretical error estimates, and , respectively. For slightly
larger Reynolds numbers, the convergence can be improved by modifying the computational domain
and adjusting the constant in Eq. .

Although the theory is only valid for small Reynolds numbers, the method yields very good
results also for high Reynolds numbers. For the (arbitrary) example of Re = 2500, ¢ = 1/4, the
MAPDD velocity and pressure solutions were in good agreement with the full solution, except for
pressure oscillations that occur near the upstream interface.
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7 Appendix 1. Proofs of the main theorems

Consider the steady state Stokes equations @ Let us give a weak formulation from equivalent to
Definitions 1.1’ and 1.2’ introducing a new unknown function v, = u. — g., which is divergence
free and vanishing at the whole boundary.

Definition 1.3’

By a weak solution we understand the vector-field u, € HclliUO( 9B\n.) (Be) such that the difference

V. = u. —g. belongs to Hl,, (B:) and satisfies the following integral identity: for all v € HJ. (B-:),

v | Vve(z):Vv(z)dx = —1// Vge(z) : Vv(z)dx . (26)
Be Be

It is well known that there exists a unique solution to this problem (see [9]).

Further we will need as well a modification of this problem containing a right hand side f. =

of;
fo- — >0y 8; where f;. € L2(B.),i =0,1,...,n:
1

—vAv.+Vp. =1, x € B.,
divv, =0, z € B, (27)

ve =0, z € 9(B:),

with variational formulation: to find a vector-valued function v. € HY, (B:) such that for any test
function v € HY. ((B.) it satisfies the following integral identity: for all v € HY, ,(B-:),

t ov
Vv, : 'V dr = foe - + fie - —(z)dx . 28
o f, Tl IV = [ v+ Dt G 29
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Figure 5: Errors (Eq. (24)) of the Navier-Stokes MAPDD model w.r.t. to the full solution for
different Reynolds numbers, with C' = 3/1n(2); the line ¢/=%* for reference.

This problem as well admits a unique solution and using the well-known Poincaré-Friedrichs
inequality with a constant proportional to € (see for example [I7]) we get an a priori estimate:

Ivellm sy < O Ificllrzs.) » (29)
1=0

where C' does not depend on f..

7.1 Divergence free extension of boundary value function having the steady
Poiseuille shape in the cylinders

Let us prove that there exists a divergence free extension g. such that within some interior part of

the cylinders Bée) it is a Poiseuille flow. Let us remind the definition of the steady Poiseuille flow

in a cylinder Bée) .

If the local variables z(¢) for the edge e coinside with the global ones z then the Poiseuille flow
is defined as

Vp(z) = const (vp(z'/e),0,...,0)T
where vp(y) is a solution to the Dirichlet’s problem for the Poisson equation on ¢(©):
—vAvp(y) =1, yeo®, vp(y)=0, yedo® . (30)

If e has the cosines directors ket, ..., ke, and the local variables 2(©) are related to the global
ones by equation z(®) = 2(¢)(z) then the Poiseuille flow is

Vp(z) = const (kavp((2'9(2)) /¢), ... kenvp (€ (2)) /eNT |

2’ = (z2,...,2,). In the case const = 1 denote the Poiseuille flow V$.
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Figure 6: Comparison of the Navier-Stokes error with different values of C' for Re = 100.

Lemma 1.Function g. can be extended to B. so that its extension g. € Hl(BE), in each
subdomain &l = w! U(Bée) N {xge) < ed}) (here e is the edge containing Oj,j = N1 +1,...,N) it is
equal to

g(2) = gy (L=

€

),

and for any cylinder Bée) N{3ed < mge) < |e] = 3ed} it is equal in local coordinates to a Poiseuille
flow Vp(x).

Proof:

Let us consider a problem for the pressure p (in this proof we omit for simplicity the index ¢)
in the nodes (see [20]) with the continuity condition for the pressure on the graph and with given
derivatives of the pressure at the vertices (corresponding to the flow rates fvﬁ g. - nds):

_Pp

]8.%'gej) 28

j:ejzejoi /@jxfgﬁ =0,i=1,...,Nq,

jaj(];) = {gg -nds,i=N1+1,...,N,
1 +

p is continuous function on the graph B.

K

:0,x€ej,j =1,... M,

K

Here r; = "1 [ vp(y')dy’, and the local axes have the origin O;. This problem admits a unique
oj

(up to an additive constant) solution, linear function on every edge, see [18]. The slope of this

solution at each edge defines the Poiseille flow in the corresponding cylinder: V p, such that

Kj 8(2) = /Vp-nds,
8xlj o

je

0je = {z € Bj|z1 = 0}. Then for every domain @) we construct a divergence free extension equal
to the determined Poiseuille flows on the parts of the boundary coinciding with the sections of the
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Figure 7: Velocity stream lines of the transient Navier-Stokes test case at peak time ¢t = 0.2s, for
Re = 2500, ¢ = 0.25. Full model (a) versus MAPDD model (b).

cylinders. The possibility of this construction is insured by the flow balance in every node of the

graph (see [11], [22], [23], [6]). O
Lemma 2. The extension may be constructed in such a way that it belongs to H?(B.). Indeed,
(ei) 0 (ed)
for every edge e; multiply constructed Poiseuille flow V p by a cut-off function (( L_)¢( leil = 21 ),

5
where ((7) is a smooth cut-off function independent of ¢ with {(7) = 0 for 7 < 1/3 and {(7) =1
(e) (ei)

for 7 >2/3,0 < {(r) < 1. Denote ), = div (C(?d )¢ ( el 3—da:1 )Vp(z)). Then for every domain
) € € .
@] we can construct a functionw. such that divw. = —1. and w. € H3(&0),j =1, ..., Ny (see [0],

[8]) and w. € H3(®!),7 = N1 + 1, ..., N, moreover, w. and its gradient vanish on the part of d&J
(ed) (e:)
)¢( !

L1
3de

le;| —

belonging to B., and w. = g. on 7. We take g. = w. + (( 3
3

)WVp(z).0

7.2 Estimate for the difference between the exact solution and the MAPDD
solution: asymptotic analysis of the Stokes equations

Theorem 1. Given natural number J there exists a constant C' (independent of € and J) such that
if 6 = ClJe|lne|, then
Ju. = uesllm () = OE) - (31)
Proof.
1. Consider an asymptotic expansion of the solution (see [I5], [5]). For the velocity it has the
following shape: a Poiseuille flow V p(x) within the cylinders Bée) plus some functions depending
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Figure 8: Pressure fields of the transient Navier-Stokes test case at peak time ¢t = 0.2, for Re =
2500, € = 0.25. Full model (a) versus MAPDD model (b).

—9; tends

x—0j x
on the variable . exponentially tending to zero in the cylinders as the variable

€ €
to infinity. One can write this expansion as a uniform approximation of order J in a form

( i)
ez l e) O x— O,

Here V%J] () = ClTNkeyup(y©), ..., kenvp(y©))T (as above, e has the cosines directors
ke1, ..., ken and the local variables (¢) are related to the global ones by the equation z(¢) = z(¢) (z)),
Cli7] are constants such that for any node O; the flux conservation law is satisfied:

C[’J] / vp(y ) Ydy®) = (33)

i OlEez (e

(the local coordinate system 2(¢) has its origin in 0;) and for vertices Oy, the end points of only
one edge e;,

cli] / vp(y ) dy® + /g6 ‘ndse'™™ =0 (34)

o(es) 00t

(n is an outer normal vector). Every VE@’J] () is defined only within the cylinder B! associated
to the edge e. Here |e|min is the minimal length of the edges; the boundary layer term, vector
valued function VIBLOWJl(y) exponentially vanishes as |y| tends to infinity: in the sense that
the product VIBLOLI](4))eflvl helongs to the space H' () with some positive § independent of ¢,
QG ={y e R"e(y+ O)) € Blg’a}, and Bl‘g’é is an extension of Ble’a behind the cross-sections S;;
as semi-infinite cylinders: BIE’(S = Bla’(s Ue:0, e {xge) > sd;x(e)’/s IS a(e)}. So, €; is an unbounded
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Figure 9: Axial velocity component ug at the interfaces for the MAPDD and the full solutions
computed for Re = 2500, ¢ = 1/4.

domain obtained from the bounded domain {e(y + O;) € Bf’é} with truncated at the distance §
from the node cylinders by extention of them behind the truncations, so that they become the
cylindrical outlets to infinity. Functions VIBLOLI] satisfy an integral identity:
irJ] 5
JreviEreni) ey + 3 [ve(VEI OB s Vemdy =0 (35)

, 3d
o) z:OZGein

for all divergence free vector valued test functions ® from H{(£2;) and
div (VIBLOwJ] viEd e ?Aei) -0
IV( (y) + Z (V' (y )C(W») =0

i:01€e;

VIBLOLI] gatisfy the homogeneous Dirichlet boundary conditions if O; is an end point for at least

two edges:
VIEEO(y) =0, y € 00 (36)

or the non-homogeneous Dirichlet boundary conditions
VIBEOI() = gi(y), yey; VPOl =0, y € 0\ (37)

in the case if O; is a vertex (i.e. an end-point for only one edge), v = 9 N dwy.
For the asymptotic expansion the following estimate (see [17], [3])

lue = v |15, = O7) (38)

holds.
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Figure 10: Pressure along the interfaces for the MAPDD and the full solutions computed for
Re = 2500, ¢ = 1/4.

2. Let us multiply all boundary layers by a cut-off function passing from value one within the
distance less than 0/3 from the nodes to the value zero if the distance from the nodes is greater
than 20/3, i.e. we replace v(/)(z) by the new asymptotic approximation
xgei)

3de

W)+ 31— o= O visoun @ =0 (o)
=1

lei] — a1
3de

M
ul(z) =) ¢(55-)¢(
i=1

This new approximation consists only from the Poiseille flow within the cylinders Bge) at the
|z — Oy

distance 0 from the ends of e because the cutt-off function 1 — (( ) vanishes in this area. Let

us choose 0 equal Cje|lnel|e|min and choose constant Cy such that the residual in the right-hand
side of the equations has the order O(e”). To this end notice that the boundary layer functions decay
exponentially, i.e. VIBLOLII(3))eflul belongs to the space H'(€;) with some positive 3 independent
of . Let us find § such that

Fi 5 =0(?) (40)

where
FiLr = HV[BLOZ’J]HHI(QZ’R),

and @ p = QN {|y| > R}. Indeed, the inclusion VIBLOLI](y)eBlWl € HT () implies
5
PEF 5 < (VIO ) g 5y < [PMIVIEEO () g o

and the last norm is bounded by a constant, denote it C}. So, we can write

)
eﬁgf.l [ < Cla
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full solutions computed for Re = 2500, ¢ = 1/4.

ie. s
F 5 < Cle—ﬂg‘

Let us take 1
0= B(J+ 2)e|lneg|,

then we get the estimate , and so, making the change of variables x—O; = ey, we get that the
difference v{/) —u¢ has support belonging to the cylinders B3 _ plon {6/3 < $g€) < le|—4d/3}
and

v —ug| = 0().

H! (B)/%)
Thus,
HV(J) - ugHHl(Bg) = O(EJ)-

3. Unfortunately, u? may be not divergence free within the parts B3 = Blo/3q {xge) <
26/3} and B3+ — pledf3n {:z:ge) > |e| —20/3} of the cylinders B3 because the products

(1- C(M))V[BLO“J](%_EOZ) have the divergence equal to

’f]f — Ol’)v|x _ Ol’ . V[BLO[,J}(‘T — Ol

() = —aie (L= hyyisroon @ =00y - sl =)

0 €
The vector field VIBLOLJ] belongs to H} (%) and, therefore, the flux of it in every outlet to

infinity is equal to zero. Let us show that [ hy(z)dz = 0. Indeed,
Bge),é/S,ﬂ:

div(g(‘x;O”)V[BLOl,J](x_gOl))d:ﬁ _ / ¢( k2 —601\ )V[BLOZ,J](CC —601) nds —
Bée),&/S,i aBée),é/S,:t
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_ / vIsLou (2 Oty nds = o,

ol (2{)=25/3)

where aé )(am(f = 2§/3) is the section of B§€) corresponding to xge) = 26/3, and we have used that

C('x_gO”) =0 for |x_50l| <1/3, C('m_(;Ol') =1 for |$_50l| > 2/3, and that VIPLO7T s equal

(e)

to zero on the lateral boundary of Bz".
Thus, we can apply the results from [19] (see Lemma 3.1 and the change of variables from

Lemma 3.6 in [19]) and prove that there exists w € H}( ée)"s/&i) such that
divw = —hy(x)
and
||hz||L2(B§e>,5/3,i) < g”V[BLOZ’J]HLz(Bge)’f‘/&i) _ O(%€J+2+s/2)
and so,

||WHH1(B§6>,5/3¢) = 0(e).

(e),0/3,% ()

Extending w by zero out51de the domains we get an approximation us”’ = ul +w

which belongs to the space Hdwo(aBg\%)(BE)'

4. Evidently the difference ug‘]) — u,. satisfies the homogeneous Dirichlet boundary condition
on dB. and the Stokes equations in B. with a residual of order O(e”). There holds the following
integral identity

Z//V(ug‘])(x) —u.(z)) : Vv(z)de = —IJ/VI'6 (z)dx Vv € HY0(Be), (41)

where

re(z) = V(w(z) + (ul(z) — v (@) + (v (2) - u.(2))).

Due to the previous estimates the norms ||wl[g1(p,), [|ug — V(J)||H1(BS) and ||v(/) — u)|[m (B,
are of order O(¢”) and we get that

Irellez(s.) = O().
So, applying the a priori estimate , we get the following inequality

lue = ul”||m1(s.) = O(7) - (42)

5. Consider now the projection of problem @ on the subspace HY dwo(a B\n. )( -). By the Lax-
Milgram theorem there ex1sts a unique solution u, s to this projection and the difference ugj) —Ug s
belongs to the space H dwO(aBg\"/ )(Ba) and satisfies, as before (see ), variational formulation

with a residual of order O(g”):

v / V) (z) - ues(2)) : Vv(a)de = —v / Vr(z): Vv(e)de WveHY (B.).  (43)
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Now applying an a priori estimate (29) we get
[0l —ucsllmi(s.) = O(7) - (44)

Estimates , imply . O
Remark 4.Notice that in [15], [5], [17] an asymptotic expansion pg‘]) of the pressure p. was
as well constructed and it has similar to (@ structure a linear pressure depending on the lon-

gitudinal variable for each cylinder Bée) multiplied by a cut-off function plus the boundary layer
-0
terms exponentially decaying as u tends to infinity. For the linear pressure the second order

differential equation on the graph with the Kirchhoff type junction conditions in the nodes holds.

The couple (vg‘]),pg‘])) satisfies equations in classical sense with a residual of order O(e”) in the

norm L*(B.). Moreover, the couple (ug‘]),pg), where p? is obtained from pg‘]) replacing the cut-off
‘.’L‘ — Ol . . . . .
————), as well satisfies equations in classical sense with

J
a residual of order O(e”) in the norm L?(B.):

factor of boundary layers by 1 — ((

—vAu)(z) + Vp(z) = ro(z), = € B, (45)

where
Irel[r2(p.) = O(e7).

The boundary conditions are satisfied exactly.

7.3 Navier-Stokes equations

Consider the Navier- Stokes equations (I). Remind a weak formulation from [20] equivalent to
Definitions 1.1 and 1.2. It introduces a new unknown function v. = u. — g., which is divergence
free and vanishing at the whole boundary.

Definition 1.3. By a weak solution we understand the vector-field u, = v. 4+ g., where
divve =0, vo(z,0) = 0, v. € L>®(0, T; H)(B.)), vi € L*(0,T; L%(B.)), and v, satisfies the integral
identity

/ (Vat ¢+ vVv, - Vo — ((Va +ga) ) V)gf) * Ve — (Va : V)¢ ) ga)d$

Be

— v [ Ve Vodo~ [ (& V)e- +gu) oo (46)
Be

€

for every vector-field ¢ € H}(B.) and for all t € (0,7T).

The proof of the existence of a solution for sufficiently small values of € repeats literally the
proof from [20].

The new version of the method of asymptotic partial domain decomposition (MAPDD) replaces
the problem by , where the space Hcll;io(aBE\%)(BE) is replaced by the newly defined space

of divergence free vector-functions having the Womersley-Poiseuille form within cylinders ijec’e.
Let us justify the weak MAPDD formulation with pressure . First let us construct the
orthogonal complement of this space in L?(B;).
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Lemma 3. Let u. 5 be a solution to problem . For all test functions ¢ € H(l]’é(Ba),

N
Z Z . Ued _ Pes) - ¢ds )+
i=1 j:0,0;€{er, et} OB Sy 6n ) )

Jerl/ Ue gt ¢+Z/v$(el)/u€5 Vx(el)/d)dx e, "=0.

Proof. Consider in the divergence free test functions ¢ vanishing in all cylinders Bff

except for one of them and two adjacent domains B; % and Bj»’a. We get

/BE’EUBE"SUBE’(S (us’&t ~¢p+1vVues: Vo + ((ua(g, Vu,;) - qﬁ) dx =0,
i i; Y

i.e.

/BE";UBS"SUBE"S (ue,a,t - ¢ — VAU, 5¢ + ((ugﬁ, Vu&(g) . g{)) dx+

—H// Ouc; - pds + 1// OUes - pds = 0,
S.. On s;; On

ij

ie.

|oops) - odat [ (<Tpgy) - ddnt [ (uess o= vBuss- 6+ (s, Vaios) - 6)dat
J @

+/ Deb ¢>d+/ ds =0,

ie.
/135’5 Des,idivodr + /BE"; Pe,s,jdivodr + /BE’(S (ue’&t ¢ —vAu. 5 ¢+ ((ues, Vueg) - ¢) dx+

.
Si

J

Un(ua,éape,é,z‘) - pds + /S O'n(ue,éape,é,j) - ¢ds = 0.
i

Here 0y (ue 5, pesi) = (V(Vue s + (Vues)?) — pesil)n = 8;;"5 — De,5,,1, N is an outer normal vector
with respect to B; 9 (respectively Bj’a), I is the identity matrix. Note that ¢ has only the first
component (in local variables) which may be different from zero and it depends on z’ only, so

fB_Eza (e 5, Vues) - gb) dx = 0. On the other hand the first component of ¢ is an arbitrary function
ij

with vanishing mean. So, in every Bff we get an equation for u. g1, the first component of u, s:

(lesj| = 28) (tep10 = vAU 51 ) + 0n(Ues, Pesillsy; + On(Wes,Pes)ls, = Dig(),  (47)

where D;;(t) are "constants” depending on time only. If we take now an arbitrary test function
from the space Hcll;f)O(Bg), we get as above
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> /194?675 D;j(t)prdx = 0. (48)

iaj:i<j70ioj€{€1""7eM}
Varying ¢ we get that for any arbitrary set of fluxes Fjj = [pace.s ¢1ds/(lei;| — 26) satisfying
equation N
> Fi;=0 (49)
j:eijCB
foralli =1,..., N, the following relation holds:
Y (lesj| = 20) Dy (1) Fij = 0. (50)
j:ei]-CB

Consider now an arbitrary function of the space H(l]’d (B:) and the sum

N
0
S Y [ (v pm) st
7 1]

=1 j:OinE{el,...,eM}

£

M

u \V4 /
E Z/O'(el) Ue 5t - (;S + I/Vx(el),/ ed " z(en,/gﬁdaz(el)v )
=1

Using now relations , , we get that this expression is equal to

Z /Bdec,g Dij(t)¢rdzx = 0.
1,jii<§,0;0;5€{e1,menr} 1

Lemma 3 is proved.

Note that in case N = M + 1 condition can be removed from the definition of the reduced
space, and we can take D;; = 0 without condition , only controling constants ;. Indeed, in (47))
every stress oy, (Ue s, Pes,i)ls,; 18 defined up to an addidive constant 0;(t), so relations (47)) define
uniquely some constants F;;(t) equal to 0;(t) — 0;(t) — D;;(t). Setting D;; = 0, we get a system of
equations for 6;:

92(25) - Gj(t) = ]'-Z'j(t),i <7, eij C B. (51)

The sum of all these equations gives 0 = 0 because the sum of all fluxes in all nodes and vertices
is equal to zero. So, one equation should be deleted. Setting 65 = 0 and deleting the equation
containing Ay, we get the system of N — 1 equations with non-degenerate matrix. Indeed, the
homogeneous system is 0; = 0,7 < j,e;; C B. It means that due to the conectedness of the graph
B) the unique solution to the homogeneous system is: all §; = 0. So, system admits a unique
solution such that 0 = 0. Consequently, constants 6; can be chosen in such a way that D;; = 0.
This choise of #; is unique up to one constant . So, integral identity holds true for a wider
subspace of test functions with removed condition .
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7.4 Estimate for the difference between the exact solution and the MAPDD
solution for the non-stationary Navier-Stokes equations

The result of the previous section can be generalized for the non-stationary problem for the Navier-
Stokes equations using the approach of [20] and [21].

Assume that g. introduced in the second section has a divergence free extension g. defined in
B, withg e C [%Hl([o, T]; H?(B.)) satisfying for all ¢ € [0, 7] the following asymptotic estimates

I&llL2(s.) + [18tllLz(m.) + 18ullLy(B.) < ce s

~ ~ n=3
V&l + V8L <ce 7,
HAgHL2(Bg) S CE”T—57 n= 27 37 (52)
where the constant c¢ is independent of ¢.
As before,
/ g. -nds = 0. (53)

OB¢

The proof of the existence of the unique solution to for sufficiently small values of € repeats
literally the proof from [20].

A complete asymptotic expansion of order J to this problem is constructed in [20], [21] and it
has the form

M (es) (es)
x €| — % i, ,NSI]; (e i, ,NSII], (e
V(1) = 3o (AL Ty VRN 0 e ) 4 VRN G0 122
i=1
N
301 (O visroms 200y 4 yitownsn =0 ey, (s
=1 min
where the functions V%J’NSI] and VE@’J’NSH] are C2-smooth "quasi-Poiseuille” functions such that

in local variables only the longitudinal component of the velocity may be different from zero and
its longitudinal derivative is equal to zero, while VIBLOLINSI] gnq VIBLOLJNSI] 16 the boundary
layer correctors belonging to the spaces L%((0,7); H'(£))) and L?((0,00); H(€;)) respectively,
and such that for some positive 3, ePlUIVIBLOLINSI] anq PlylvIBLOLLNSII] 4156 belong to these
spaces. The corresponding norms of these four terms are bounded by constants independent of &.

(/)

The vector function v’ satisfies the estimate

sup [V — w2 + IVVE) — Va2 gom) 28,y = 0”2

te(0,7)
For more details see [20], [21].
Remark 5. An asymptotic expansion for the pressure was as well constructed in [20], [21)] and
has a similar structure:

(J) a Ly ‘€i|_l“§€i) [6,J,NSI](,.(e) [i,J,NSII] . .(€) 2
e (@) =3 A5 )4 YN @y t) 4 pt N (@ ¢/ e?)) +

= 3de 3de
N
xr — Ol xTr — Ol xTr — Ol
30~ <<’M,’>><P[BLOZ»J’NS” (S0 + PIPROCINSTIE=ZL ye)) - (55)
l:1 min
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where the terms plt/NST] (xge),t) and plhF NS (acge),t) are linear in xge), while PBLOLINSI gy q
PBLOLINSH] gre the boundary layer terms belonging to the spaces L*((0,T); L*(€)) and L*((0, 00); L2(Y))
respectively and such that for some positive 8, ¢SV PIBLOLINSI] o 4 oBlyl pIBLOLINSIT] g1s belong
to these spaces. (Standard theorems on the asymptotic behavior of the pressure in domains with
outlets at infinity establish that it tends to some constants, however the construction of asymptotic
expansion in [20] subtracts these constants so that the pressure terms belong to the space L?). The

<() (/)

couple ,pe’) satisfies the Navier-Stokes equations in classical sense with a residual of order
O(£772) in the norm H'((0,T);L?(B.)). The boundary and the initial conditions are satisfied
exactly.

Consider the following settlng:

to find v.5 € L?(0,T; Hdwo(ng\%)

(B:)) such that u.5 = ve5 + 8-, ves(x,0) = 0, vo5 €
L?(0,T; H(liz‘io(BE))’ vest € L2(0,T; L%(B.)), and v, 5 satisfies the integral identity
/ (vg@t D+ UV VO — (ue+8:) V)P ves— (Vo5 - V)D- gg) dx
B.

- —V/Vgg'Vfbdxf/((gg’V)gg+§at) B dr (56)
B.

for every divergence free vector-field ® € Hil%io(Bg). Here an extension g. is such that it belongs
to L*(0,T; H}h‘io(%g\7 |(B.)).

Existence and uniqueness of a solution to an analogous problem set in the usual Sobolev spaces
is proved in [20] by Galerkin method. For the problem the proof is just the same. Note only
that an orthogonal base exists due to the separability of the space H;;f}o( 8 Ba\'Ys)(Ba) (as a subspace
of a separable space).

Theorem 2.Let g; € ol ]H([O T); W3/22(0w;)).  Given natural number J there exists a
constant C' (independent of € and J) such that if § = C'Je|lne|, then

sup [lucs — uellne(p) + IV (Ue,s — o)l p20.1)12(8.)) = O7) - (57)
te(0,T)

Proof:
The idea of the proof is similar to that of Theorem 4.1. Replace VE;J) by a new approximation

(ei)

v ( \ezl —zj [i,.NSI) () oyl INSII) (o)
zc (P (VNS 0 e, ) 4 VIS e 1) ¢
+ Z(l o C( ’IIZ _601’ ))(V[BLOl JNSI]( -0 ) €2V[BLOZ,J,NSII](LOI’t/52))7 (58)
=1 9 S

where 6 = Ce|Ine||e|min and C; is chosen in such a way that

[VIBEORINSI s o

[BLO;,J,NSI|
(O.1)H2(2 40) T IVE

l2(0.)m2(0,5,0)) = O )

and

HV[BLOl,J,NSH] ™ V[TBLOI,J,NSH] 2

((0,00);H2(Q,5/)) + || (0,00)H2( 5/.)) = 0(63J+6),
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9(J +2)

Blelmin
of Theorem 2, J + 2 is enougl{b. Then we use the same arguments as in the proof of Theorem

6.2 of [20]: we check that this new approximation v&’“’“) with the modified in the same way

approximation p§J+2’a) satisfy the Navier-Stokes equations in the classical sense with a residual

of order O(¢”) in the norm H'((0,7T); L?(B.)), and that the velocity approximation satisfies the
boundary and initial conditions exactly. In the same way the pair (V§J+2’a), péJH’a)) satisfies the
problem with the same error. Applying results from the paper [20] (see the inequality (5.7) in

the proof of Theorem 5.1 in [20], we get the estimate

Namely, Cy = , see [20], p.158. (In fact, the order 3J + 6 is too much for the estimate

t S(%I;) [ucs — v 2my + 1V (Ues — V)| 20 1):02(8.y) = O(E7).
(0,

Applying now the estimate of Theorem 5.3 in [20] and the triangle inequality we derive (57]). O
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