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ON BOUNDED PSEUDODIFFERENTIAL OPERATORS IN A
HIGH-DIMENSIONAL SETTING

L. AMOUR, L. JAGER, AND J. NOURRIGAT

(Communicated by Michael Hitrik)

Dedicated to the memory of Bernard Lascar

ABSTRACT. This work is concerned with extending the results of Calderén
and Vaillancourt proving the boundedness of Weyl pseudodifferential opera-
tors Opg/eyl(F) in L?(R™). We state conditions under which the norm of such
operators has an upper bound independent of n. To this aim, we apply a de-
composition of the identity to the symbol F', thus obtaining a sum of operators
of a hybrid type, each of them behaving as a Weyl operator with respect to
some of the variables and as an anti-Wick operator with respect to the other
ones. Then we establish upper bounds for these auxiliary operators, using
suitably adapted classical methods like coherent states.

1. INTRODUCTION

Since the work of Calderén and Vaillancourt [2], it is well known that, if a
function F, defined on R?", is smooth and has bounded derivatives, it is possible
to associate with it a pseudodifferential operator, depending on a parameter h > 0,
which is bounded on L?(R™) (see also [7, ?, 20, 22]. This operator is formally
defined by:

(1.1)
(OplV ¥ (F) f) () = (2nh) ™" /

R2n

for f belonging to L2(R™). (When h = 1 the subscript h will be omitted). Moreover,
its norm is bounded above by

(1.2) lOp Y (Fllcza@ey <C D (10902 Fl| e mon)
la+BI<N

where N and C depend on the dimension n.

The aim of this work is to prove that, under certain conditions, the constants
appearing in the upper bound do not depend on the dimension. The set of deriva-
tion multi-indices which are used depends on the dimension in a way that will be
precisely stated.

We shall thus be able to give examples where the dimension goes to infinity and
the norm, nevertheless, remains bounded.
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In a later work we shall study pseudodifferential operators where the configura-
tion space R™ will be replaced by an infinite dimensional Hilbert space, by a method
differing from Bernard Lascar’s (see [9]-[18]). These results have been announced
in a preprint [1] in September 2012.

We first recall an example in which the constant appearing in the upper bound
on the norm does not depend on the dimension. This is the case when the function
F is the Fourier transform of a function G belonging to L!(R") :

F(x,€) = (2mh)~2" / et (@e ) G, b)dadb.
R2n

Since the Weyl operator associated with the function
(l’, g) — Ea,b,h(x7€) = e%(a'z-i-bf)

is the operator W, , defined by

(0P Y (Ba) )(1) = (Wapp f)(u) = eF o3 f(u 4 b),
the equality (1.1) may be rewritten in the form
Op) UN(F) = (2rh)™2 | G(a,b)W,p ndadb.
R2n

Since W, p 5 is unitary,

(0Pl (F)| < (2mh) 2" / G (a,b)| dadb.
RQ’VL

Situations of this kind have been considered by B. Lascar ([9]-[18] ) in an infinite
dimensional setting, but the L? boundedness was not the main motivation of these
works.

Our approach is different, in that we aim at extending the bound (1.2). Let us
specify the set of multi-indices which will be used. Cordes [5], Coifman Meyer [3],
Hwang [8] noticed that one does not need all the multi-indices to state (1.2) but
only the («, 8) satisfying 0 < o; <1 and 0 < 3; < 1 for each j. In this paper we
shall use the multi-indices (e, ) such that 0 < a; <2 and 0 < 3; < 2 for each j.
We now can state the hypotheses on the function F'.

Let (pj)i1<j<n and (0;)1<j<n be two sequences satisfying p; > 0 and §; > 0 for
every j < n, let M be a nonnegative real number. Suppose that

(H) for every multi-index (c, 8) such that 0 < o; <2 and 0 < §8; < 2 for every
7 < n, the partial derivative 8;185 F exists, is continuous, bounded and satisfies

(1.3) 0202 F(x, €)] < M ] p5705".

Jj=1

If p; =0 and o; = 0, we set that p?j =1.

Our main result is the following Theorem.
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Theorem 1.1. If a function F defined on R*" satisfies hypothesis (H), then the
operator Opweyl( F), defined formally by (1.1), is bounded in L*(R™) and satisfies

(1.4) 10D} V! (F)| ey < M H 1+ 817hp;d;)

if 0 < hpjd; <1 for every j < n.

Ezample 1.2. Let V > 0 be a real-valued bounded function in C*°(R), whose
derivatives are all bounded. For all integer n > 1, set

=> &+ > gigV(z;— )

j<n j<n,k<n
|i—k[=1

where (g;) is a sequence of positive numbers such that, for some Cy > 0, we have
g; < Cogy if |7 — k| < 1. Set:

(1.5) P (z,8) = e Hn(@8)

We shall see that Hypothesis (H) is satisfied, with

(16) M = 1, 5j = Cl P = Cl)\j
— (v) 1/v

(1.7) Aj = lgla§4(g V¥ llLe)

where C1 is a real constant, to be determined, depending only on Cy. Let us set:

W) == > ggV(z;— i),
i<n,k<n
li—k|=1
and
A, ={(,k),lj—kl =1, 1<4,k<n}.
We shall estimate 0%e" when «; < 2 for every j. For each function f € C*(R)
with bounded derivatives, set:

M(f) = 1Iga§4(||f( Mg ).

We notice that:
e Tovel = (0 + f)”
From this and a simple computation follows that:
(1.8) lelovel | < (2M(f))".
In order to apply this inequality we divide W into two parts. Set:
Uj = Uj(x1, .y an) = =g 951U (x; —xj41),  Uly) =V(y) +V(-y)

> U, Wo= Y Uj.

J even j odd

and

Then W = W, + W, and we notice that the variable x, occurs only once in the W,
and W,. Also, since

9%eWe — H (8§‘j8ﬁ?eUﬂ')

Jj even, j<n
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we have the estimate
We We
(1.9) e <V I T
j even, j<n

where Tj is the L® norm of the function:

6fj8°‘j+aj+le*fj’ fj — gjgj+1U($).
Let A; be defined by (1.7), and set:
M; = 1S3§4(H9j9j+1U(”)||L°o)1/”-
Then
(1.10) M; < 2Co\;, M; < 2CoA;s 41

where Cj is defined so that g;g;11 < Comin(g7,g7,,). It follows from (1.8) and
(1.10) that:
Ty < (2M;)* 9+ < (4CoA;)™ (4C0Aj41) "+
Then (1.9) gives:
|ao¢eWe‘ < BWe H (400)\j)aj (400)\j+1)aj+1.
J even,j<n
In a similar way one gets the estimate:
0%e™e| < e [ (4CoA;)™ (4C0A;41)% .
j odd,j<n
Then we write:

9%eW — §aeWe Wo — Z /(g)(aa—ﬁewe)(aﬁewo)

where the prime indicates that one only takes the summation over terms with
B1 = a1 and B, = «, if n is even, and with 51 = oy and 3, = 0 if n is odd. We
get the estimate:

e <SG TT (@Con) P aCA ) P ).

j even, j<n

II «“cor)? (4co>\j+1)5"“)

j odd, j<n
=" () [TCor) s < 21 TT(aCo)™.
i=1 =t

We have proved that:
‘8a€W| S €W H(SC@)\J‘)QJ.
j=1
Therefore, hypothesis (H) is satisfied with the choice (1.6). We may apply Theorem
1.1 if hp;d; < 1 for all j. It follows that |Op,” “* (Py)| z(r2(mny) is bounded inde-

pendently of n if the sum 3+, g;/Q converges, and if h is small enough. If g; = 1,
the norm is not bounded, but estimated, with some constant C' > 0, independent
of the dimension, by:

(1.11) 10D, Y (Pu)ll cer2(rny) < €9
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FEzxzample 1.3. The mean-field approximation uses hamiltonians of the form
“Ygl S vi-a
i<n ]<n k<n

where V' is as in Example 1.2. Let P, be the function defined as in (1.5). Then
hypothesis (H) is satisfied with M = 1 and p; = ¢; = C1, where C; does not depend
on n. In this case, Theorem 1.1 shows that, provided C; is small enough, we have
also (1.11) for some constant C' which is independent of n.

We express our thanks to the referee for his helpful suggestions, which allowed
us in particular to gain on the number of derivatives and to simplify the proofs.
2. HYBRID WEYL ANTI-WICK QUANTIZATION.

In order to prove Theorem 1.1, we may as well assume that p; = §; for every
j < n and that h = 1. Indeed, if a function F' satisfies hypothesis (H) with two
sequences (p;) and (4;) of positive real numbers, then the function F' defined by

ﬁ(x,g) =F (xl\/ﬁAl,...,xn\/ﬁ)\n’61)\\/57.“’§n\/ﬁ> )\j _ 57]
1

)\n Pj

satisfies (H) with p; and ¢; replaced by €; = /hp;9d;. If Theorem 1.1 is valid for
Opweyl then we get that, if e7 < 1:

HOPWW( F)lcz@ny <M H 1+817r5

Since Opweyl(F) = *1Opweyl(ﬁ)T, where T is a unitary operator acting in
L?(R™), Theorem 1.1 for Opweyl(F ) holds true. This follows by continuity if some
of the p; or §; are equal to 0.

Consequently, we shall assume from now on that p; = d; < 1 for every j < n
and that h = 1.

In order to prove Theorem 1.1 we shall split the operator into a sum of operators
which will behave as Weyl operators with respect to a first subset of the variables
(meaning the operators will be defined by a formula analogous to (1.1) in which
only these variables appear) and as anti-Wick operators with respect to the other
variables.

We first need to recall the anti-Wick quantization. The definition uses the co-
herent states, which is the family of functions ¥x indexed by X = (z,&) € R?",
defined by
(2.1)

Ux(u) = a /e
Recall that

(2.2) < f,g>= (27r)‘”/ < fi¥x ><VUx,g>dX.
R2n

u—z|? i
e tTane X = (z,6) e R ueR"
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If F is a function in L>°(R?"), one can associate with it an (anti-Wick ) operator
OpAW (F) such that, for all f and g in L2(R"):

(2.3) < Op™W (F)f, g >= (27r)_"/ F(X)< f,¥x ><Vx,g> dX.
R2n

We then have
(2.4) 10p™™ (F)|| £(p2@ny) < I1F| poo (r2n)-

The relationship between Weyl and anti-Wick quantizations is given, for every F
in L°°(R?"), by :

(2.5) OpAW (F) = OpWev! <e%AF)
where
»? o
(2.6) A=A Aj:@+a—§2.
Jj<n J J

This fact is classical (see Folland [6]). One has an identity decomposition in
Lo (R?™):

27 1= Y T(E)eite T(E) = [[ (- i)

EC{1,...,n} jEE

(2.8) Ape= Y A

jeEC

For every subset E C {1,...,n} and every symbol F, we define an operator
Op">E(F) by :

(2.9) OptE(F) = Opert (ehae )

This operator behaves as a Weyl operator with respect to the variables z; (j € E)
and as an anti-Wick operator with respect to the variables x; (j € E¢). If E =0, it
is the anti-Wick operator and conversely if F = {1,...,n}, it is the Weyl operator.

One derives a decomposition of the Weyl operator Op" ¢¥!(F):

(2.10) Op*(F)= > Op"*(T(E)F).

EC{1,...,n}

We shall now prove an upper bound on the norm of a hybrid operator Op"¥*¥(G),
where the function G is bounded on R?". The only derivatives of G which will play
a role are the derivatives with respect to x; or §; with j € E. For every integer m
we introduce the set of multi-indices
(2.11)

Im(E):{(aaﬁ)v aj§m7 ﬁjgmv (1§J<n) ajzﬁj:() if .7¢E}

We shall prove the following Lemma in Section 3, by adapting classical methods
(Unterberger [22]).
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Lemma 2.1. If F satisfies hypothesis (H) and if E # 0, then

|E|
97 o
(212)  OPE(F) | ey < (o 10202 F | e
2
(o,8)€l2(E)

We shall establish the following Lemma in Section 4.

Lemma 2.2. If F satisfies hypothesis (H) with p; = 6; < 1 for every j < n,
and if E # 0, the function T(E)F satisfies

(2.13) > 0ROLT(E)F| 1 oy < M18P [ ] 3
(e, B)EI2(E) jeE
where T(E) is defined in (2.7).

End of the proof of Theorem 1.1. We assume that h = 1 and that p; = 6; < 1 for
every j < n. According to (2.10), we have

109" U (Pl ez < Y IIOP"™F(T(E)F)|| ciregeny-
EC{1,...,n}

By Lemma 2.1:

1|
97
lOp" U (F)llerz@ny < Y (2) > 0202T(E)F| L gen).-
(a,B)EI>(E)

With the same hypotheses, Lemma 2.2 shows that:

|E|
I
HOpWeyl(F)Hc(Lz(Rn)) <M Z (2 X 18> H p?.
JEE

It follows easily that

|Op™ M (F) | £(z2enyy < M ] (1 + 81mp?).

Jj<n

The theorem is proved in the case when h =1 and p; = d6; < 1forall j <n. In

the general case, the announced result follows as we saw.
O

3. PROOF OF LEMMA 2.1.

We shall use the results of Unterberger [21, 22] concerning the upper bound
of < AUx, WUy >, where A is a pseudodifferential operator and the Wy are the
coherent states defined by (2.1). We first recall the integral expression of this
scalar product and give an analogous statement for hybrid operators.

Proposition 3.1. Let F' be a function defined on R?™ and satisfying hypothesis
(H). Then we get, for every X and Y in R?":

(3.1) < OpVH F)Ux, Uy >=qg" F(Z) ®,(X,Y,Z)dZ
R2n
with

(3.2) ®,(X,Y,Z) = o~ 12X P —io(2,X-Y) - {o(X)Y)
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where the symplectic form o is given by o(X,Y) =y - & —x-n for all X = (z,§)
and Y = (y,n) in R*,

Proof. For all functions f and g belonging to the Schwartz space S(R™), one defines
the Wigner function H(f,g,Z) (Z € R?*") by :
(3.3)

H(f,g9,2) = / e ey <z+ ;) g (z ;)dt Z = (z,() eR*"

(cf Unterberger [22], or Lerner [19], sections 2.1.1 et 2.1.2, or Combescure Robert
[4], section 2.2). The following equality is proved in [22] or [19] or [4], for all f and
g in S(R™) and every Borel function F which is bounded on R?":

(3.4) <O g 5= 2m) " [ F(2)H(f,.2)d2.
R27
An explicit computation using the coherent spaces ¥x defined by (2.1) shows that
(3.5) H(Ux,Vy,Z)=2"0,(X,Y,2),
which implies (3.1). |

Let n’ < n and n” = n —n'. We denote by X = (X’, X"') the variable in R?",
with XI = (Xl, ...,Xn/) and XN = (Xn/+1, ,Xn) Set

A" = Zn: (92, + 82,)-
j=n'+1
Proposition 3.2. For all f and g in S(R™), we have :
(3.6) < OpWVeH (it F) f, g >= ...
=C(n',n") / o P2 T (XY Z) < [ W >< Wy o, g > XY dZ AT
where C(n',nﬂf’) = 27" (27) 3" =n" &, being the function defined by (3.2) with

n', X' instead of n, X.

Proof. Proposition 3.1 and the integral expression for the heat operator e1d” give:

(3.7)
< OpVer(etA )y, Uy >=a """ / e 12T R (2 T ®, (X, Y, Z)dZdT"
R2(n+n'’)

An explicit computation yields
1" 1 1112 1"
7_[_—77, / e_lz -T | @n// (XN7YN7 Z//)dZN = 2—71 < \I’X//’ \I/T// >n//< \I/T//7 \I/Y// >n//
Rzn//

where < -,- >, is the scalar product of L2(Rn”)' Combining (3.7) with this
equality one sees that

(3.8) < OpWe (it F)Ux, Uy >= ...
= 2_n”7T_n F(Z/; Tl/)(bn’ (X/7 Y/7 Z/) < \I]X"a \IIT” >pr < \I]T”7 \IJY” >pr dZ/dT//'

R2n
For all f and g in S(R™), one gets, applying (2.2) twice :

(3.9) < Opweyl(eiA”F)f,g >= ..
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(2m) 2" / < [ Uy >< OpVer(AA BYI . Wy S< Ty, g > dXAY.
R n

One then applies (3.8) and the following result, deduced from (2.2) in dimension
n':
(27T)_n”/ < fiUx >< Uxi,Upn >, dX" =< fiWxrpm >
R2n'’

Formula (3.6) follows from that and from an analogous result about < Uy, g >. O

For every X' = (2/,€') in R?™' | set:

(3.10) K (X') = ﬁ (1+22)(14+¢).

Lemma 3.3. For every function G satisfying hypothesis (H), for every X' and
Y’ in R2 and Z" in R?":

(3.11) K (X' —Y")

71'_”// F(Z/7 Z”) én’ (X/,Y/7Z/)dZI S 9n/Nn,(F),
R2n/

No(F)= 3 0000 F| g uony
(a,8)€I2(n")
where Iz(n') is the set of multi-indices o such that oi; <2 and B; <2 for all j <n,
and o = B; =0 for j >n'.

Proof. Let I(X',Y', Z") be the left side of (3.11). Integrations by parts show that
for all X and Y in R?"":
/ X' +Y
(XY, 2") <7 / SRS
R2n/

(LF) <Z’+ 7Z//> ‘ e—IZ/‘QdZ/

where L is the differential operator defined by
2

L=1]J L-,Le L., =Y ax(z)0f

j<n’ k=0
ap(z) = 3 — 422 ai(z) =4z az(z) = —1.

We get as a consequence that

1Nl ol a B
I(X ’Y ’Z ) S Z Haz agFHLoo(Rzn) H CaJCﬁj

(o, 8)€l2(n") j<n’
with
Cy = 71'71/2/ \ak(z)|efz2dz k=0,1,2.
R
The formula (3.11) then follows from the fact that max(Cy, Cy, Cs) < 3. O

End of the proof of Lemma 2.1. The subset E may be any subset of {1,...,n}, but
we can assume in the proof that £ = {1,...,n'} with 0 < n’ < n. In this case,
we use the above notations, and we set x = (a/,2”) with 2’ = (x1,...x,/) and
" = (xpy1,...2p), ete.

Using (3.6) and Lemma 3.3 to obtain an upper bound on the right side, one gets:

< Opweyl(e%A”F)f,g > <.
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<9V (2m) " N (F) / Ko (X' =Y") Y < f,Uxs g0 >< Uy oo, g > |[dX'dY'dT”
According to Schur’s Lemma, this is smaller than
e 9" (2m) TP T N (F)IK 0 | 1 oy

1/2 1/2
|:/ < f, ‘I’X',T“ > |2XmdTN:| |:/| < \PYI,TII’g > ‘2dY/dT”

Using (2.2), one shows that | < Opweyl(e%A”F)f,g > | is smaller than
< 9" (2m) " Nt (P K | o geory | |2y Mgz .-

Since HK;}HLI(RQ,L,) = 727" the former inequalities imply that

e 1A 971' n’
<Op IS P g > | < (F ) MutP Il ol

Lemma 2.1 holds if E = {1,...,n’'}, a case which we are brought back to by a
suitable permutation.
U

4. PROOF OF LEMMA 2.2

Let A; be the operator defined by (2.6) and

Lemma 4.1. One can write
(4.2) Aj = Bjﬁmj =+ Cjagj = DjA]'

where the operators Bj, C; and D; are bounded in the space Cy of continuous
bounded functions on R*™. More precisely,

(4.3) 1451l zecy) <2 I1Bjllccy,) < m /2

ICill ey < 72 1D;lle(ciy < 174

Proof. The first inequality in (4.3) is standard. The expression of the heat operator
allows us to write the first equality in (4.2) with

(4.4) (Bjp)(z,€) = -1 / e’(“2+”2)ug0(x + Oue;, & + Qve;)dudvdd
R2x[0,1]

(4.5) (Cijp)(z,&) = fﬂfl/ e*(“2+”2)vg0(:c + Ouej, & + Qve;)dudvdd
R2 x[0,1]

We deduce the bounds on the norms of C; and D; in (4.3) from these inequalities.

The last inequality (4.2) and the bound on D; in (4.3) follow by integrating by

parts in (4.4) and (4.5). O
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End of the proof of Lemma 2.2. For every multi-index (a, ) in I3(E), one can
rewrite the operator 8?8? T(E) as follows

o a; 9B;
000.T(E) = [[ U; 0570,

with

JEE
A, if aj+8;>2
U; = Bj&,;j + Cja&*]. if o + ﬁj =1
DjAj if Qg + 6j =0

According to the bounds on the norms of the operators A; to D; given by Lemma

4.1, if F satisfies hypothesis (H) with p; = d; < 1, one has:

1020 T(E)F || e zemy < M2 ] 43
jEE

Since I5(FE) contains exactly 9IZl elements, this achieves the proof of Lemma 2.2.

10.

11.

12.

13.

14.

15.

16.

O
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