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ON BOUNDED PSEUDODIFFERENTIAL OPERATORS IN A

HIGH-DIMENSIONAL SETTING

L. AMOUR, L. JAGER, AND J. NOURRIGAT

(Communicated by Michael Hitrik)

Dedicated to the memory of Bernard Lascar

Abstract. This work is concerned with extending the results of Calderón

and Vaillancourt proving the boundedness of Weyl pseudodifferential opera-

tors OpWeyl
h (F ) in L2(Rn). We state conditions under which the norm of such

operators has an upper bound independent of n. To this aim, we apply a de-

composition of the identity to the symbol F , thus obtaining a sum of operators

of a hybrid type, each of them behaving as a Weyl operator with respect to
some of the variables and as an anti-Wick operator with respect to the other

ones. Then we establish upper bounds for these auxiliary operators, using

suitably adapted classical methods like coherent states.

1. Introduction

Since the work of Calderón and Vaillancourt [2], it is well known that, if a
function F , defined on R2n, is smooth and has bounded derivatives, it is possible
to associate with it a pseudodifferential operator, depending on a parameter h > 0,
which is bounded on L2(Rn) (see also [7, ?, 20, 22]. This operator is formally
defined by:
(1.1)

(OpWeyl
h (F )f)(x) = (2πh)−n

∫
R2n

e
i
h (x−y)·ξF

(
x+ y

2
, ξ

)
f(y)dydξ x ∈ Rn

for f belonging to L2(Rn). (When h = 1 the subscript h will be omitted). Moreover,
its norm is bounded above by

(1.2) ‖OpWeyl
h (F )‖L(L2(Rn)) ≤ C

∑
|α+β|≤N

‖∂αx ∂
β
ξ F‖L∞(R2n)

where N and C depend on the dimension n.
The aim of this work is to prove that, under certain conditions, the constants

appearing in the upper bound do not depend on the dimension. The set of deriva-
tion multi-indices which are used depends on the dimension in a way that will be
precisely stated.

We shall thus be able to give examples where the dimension goes to infinity and
the norm, nevertheless, remains bounded.
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In a later work we shall study pseudodifferential operators where the configura-
tion space Rn will be replaced by an infinite dimensional Hilbert space, by a method
differing from Bernard Lascar’s (see [9]-[18]). These results have been announced
in a preprint [1] in September 2012.

We first recall an example in which the constant appearing in the upper bound
on the norm does not depend on the dimension. This is the case when the function
F is the Fourier transform of a function G belonging to L1(Rn) :

F (x, ξ) = (2πh)−2n

∫
R2n

e
i
h (a·x+b·ξ)G(a, b)dadb.

Since the Weyl operator associated with the function

(x, ξ)→ Ea,b,h(x, ξ) = e
i
h (a·x+b·ξ)

is the operator Wa,b,h defined by

(OpWeyl
h (Ea,b,h)f)(u) = (Wa,b,hf)(u) = e

i
ha·u+ i

2ha·bf(u+ b),

the equality (1.1) may be rewritten in the form

OpWeyl
h (F ) = (2πh)−2n

∫
R2n

G(a, b)Wa,b,hdadb.

Since Wa,b,h is unitary,

‖OpWeyl
h (F )‖ ≤ (2πh)−2n

∫
R2n

|G(a, b)| dadb.

Situations of this kind have been considered by B. Lascar ([9]-[18] ) in an infinite
dimensional setting, but the L2 boundedness was not the main motivation of these
works.

Our approach is different, in that we aim at extending the bound (1.2). Let us
specify the set of multi-indices which will be used. Cordes [5], Coifman Meyer [3],
Hwang [8] noticed that one does not need all the multi-indices to state (1.2) but
only the (α, β) satisfying 0 ≤ αj ≤ 1 and 0 ≤ βj ≤ 1 for each j. In this paper we
shall use the multi-indices (α, β) such that 0 ≤ αj ≤ 2 and 0 ≤ βj ≤ 2 for each j.
We now can state the hypotheses on the function F .

Let (ρj)1≤j≤n and (δj)1≤j≤n be two sequences satisfying ρj ≥ 0 and δj ≥ 0 for
every j ≤ n, let M be a nonnegative real number. Suppose that

(H) for every multi-index (α, β) such that 0 ≤ αj ≤ 2 and 0 ≤ βj ≤ 2 for every

j ≤ n, the partial derivative ∂αx ∂
β
ξ F exists, is continuous, bounded and satisfies

(1.3) |∂αx ∂
β
ξ F (x, ξ)| ≤M

n∏
j=1

ρ
αj

j δ
βj

j .

If ρj = 0 and αj = 0, we set that ρ
αj

j = 1.

Our main result is the following Theorem.
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Theorem 1.1. If a function F defined on R2n satisfies hypothesis (H), then the

operator OpWeyl
h (F ), defined formally by (1.1), is bounded in L2(Rn) and satisfies

(1.4) ‖OpWeyl
h (F )‖L(L2(Rn)) ≤M

n∏
j=1

(1 + 81πhρjδj)

if 0 < hρjδj ≤ 1 for every j ≤ n.

Example 1.2. Let V ≥ 0 be a real-valued bounded function in C∞(R), whose
derivatives are all bounded. For all integer n ≥ 1, set

Hn(x, ξ) =
∑
j≤n

ξ2
j +

∑
j≤n,k≤n
|j−k|=1

gjgkV (xj − xk)

where (gj) is a sequence of positive numbers such that, for some C0 > 0, we have
gj ≤ C0gk if |j − k| ≤ 1. Set:

(1.5) Pn(x, ξ) = e−Hn(x,ξ)

We shall see that Hypothesis (H) is satisfied, with

(1.6) M = 1, δj = C1 ρj = C1λj

(1.7) λj = max
1≤ν≤4

(g2
j ‖V (ν)‖L∞)1/ν

where C1 is a real constant, to be determined, depending only on C0. Let us set:

W (x) = −
∑

j≤n,k≤n
|j−k|=1

gjgkV (xj − xk),

and

An = {(j, k), |j − k| = 1, 1 ≤ j, k ≤ n}.
We shall estimate ∂αeW when αj ≤ 2 for every j. For each function f ∈ C4(R)
with bounded derivatives, set:

M(f) = max
1≤ν≤4

(‖f (ν)‖L∞)1/ν .

We notice that:

e−f∂νef = (∂ + f ′)ν · 1.
From this and a simple computation follows that:

(1.8) |e−f∂νef | ≤ (2M(f))ν .

In order to apply this inequality we divide W into two parts. Set:

Uj = Uj(x1, ..., xn) = −gjgj+1U(xj − xj+1), U(y) = V (y) + V (−y)

and

We =
∑
j even

Uj , Wo =
∑
j odd

Uj .

Then W = We +Wo and we notice that the variable xν occurs only once in the We

and Wo. Also, since

∂αeWe =
∏

j even, j<n

(∂
αj

j ∂
αj+1

j+1 e
Uj )



4 L. AMOUR, L. JAGER, AND J. NOURRIGAT

we have the estimate

(1.9) |∂αeWe | ≤ eWe

∏
j even, j<n

Tj

where Tj is the L∞ norm of the function:

efj∂αj+αj+1e−fj , fj = gjgj+1U(x).

Let λj be defined by (1.7), and set:

Mj = max
1≤ν≤4

(‖gjgj+1U
(ν)‖L∞)1/ν .

Then

(1.10) Mj ≤ 2C0λj , Mj ≤ 2C0λj+1

where C0 is defined so that gjgj+1 ≤ C0 min(g2
j , g

2
j+1). It follows from (1.8) and

(1.10) that:

Tj ≤ (2Mj)
αj+αj+1 ≤ (4C0λj)

αj (4C0λj+1)αj+1 .

Then (1.9) gives:

|∂αeWe | ≤ eWe

∏
j even,j<n

(4C0λj)
αj (4C0λj+1)αj+1 .

In a similar way one gets the estimate:

|∂αeWo | ≤ eWo

∏
j odd,j<n

(4C0λj)
αj (4C0λj+1)αj+1 .

Then we write:

∂αeW = ∂αeWeeWo =
∑ ′(α

β

)
(∂α−βeWe)(∂βeWo)

where the prime indicates that one only takes the summation over terms with
β1 = α1 and βn = αn if n is even, and with β1 = α1 and βn = 0 if n is odd. We
get the estimate:

|∂αeW | ≤ eW
∑ ′(α

β

)( ∏
j even, j<n

(4C0λj)
αj−βj (4C0λj+1)αj+1−βj+1

)
·

·
( ∏
j odd, j<n

(4C0λj)
βj (4C0λj+1)βj+1

)

= eW
∑ ′(α

β

) n∏
j=1

(4C0λj)
αj ≤ 2|α|eW

n∏
j=1

(4C0λj)
αj .

We have proved that:

|∂αeW | ≤ eW
n∏
j=1

(8C0λj)
αj .

Therefore, hypothesis (H) is satisfied with the choice (1.6). We may apply Theorem

1.1 if hρjδj ≤ 1 for all j. It follows that ‖OpWeyl
h (Pn)‖L(L2(Rn)) is bounded inde-

pendently of n if the sum
∑
j≥1 g

1/2
j converges, and if h is small enough. If gj = 1,

the norm is not bounded, but estimated, with some constant C > 0, independent
of the dimension, by:

(1.11) ‖OpWeyl
h (Pn)‖L(L2(Rn)) ≤ eChn.
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Example 1.3. The mean-field approximation uses hamiltonians of the form

Hn(x, ξ) =
∑
j≤n

ξ2
j +

1

n

∑
j≤n,k≤n

V (xj − xk)

where V is as in Example 1.2. Let Pn be the function defined as in (1.5). Then
hypothesis (H) is satisfied with M = 1 and ρj = δj = C1, where C1 does not depend
on n. In this case, Theorem 1.1 shows that, provided C1 is small enough, we have
also (1.11) for some constant C which is independent of n.

We express our thanks to the referee for his helpful suggestions, which allowed
us in particular to gain on the number of derivatives and to simplify the proofs.

2. Hybrid Weyl anti-Wick quantization.

In order to prove Theorem 1.1, we may as well assume that ρj = δj for every
j ≤ n and that h = 1. Indeed, if a function F satisfies hypothesis (H) with two

sequences (ρj) and (δj) of positive real numbers, then the function F̃ defined by

F̃ (x, ξ) = F

(
x1

√
hλ1, ..., xn

√
hλn,

ξ1
√
h

λ1
, ...,

ξn
√
h

λn

)
λj =

√
δj
ρj

satisfies (H) with ρj and δj replaced by εj =
√
hρjδj . If Theorem 1.1 is valid for

OpWeyl
1 , then we get that, if ε2

j ≤ 1:

‖OpWeyl
1 (F̃ )‖L(L2(Rn)) ≤M

n∏
j=1

(1 + 81πε2
j ).

Since OpWeyl
h (F ) = T−1OpWeyl

1 (F̃ )T , where T is a unitary operator acting in

L2(Rn), Theorem 1.1 for OpWeyl
h (F ) holds true. This follows by continuity if some

of the ρj or δj are equal to 0.

Consequently, we shall assume from now on that ρj = δj ≤ 1 for every j ≤ n
and that h = 1.

In order to prove Theorem 1.1 we shall split the operator into a sum of operators
which will behave as Weyl operators with respect to a first subset of the variables
(meaning the operators will be defined by a formula analogous to (1.1) in which
only these variables appear) and as anti-Wick operators with respect to the other
variables.

We first need to recall the anti-Wick quantization. The definition uses the co-
herent states, which is the family of functions ΨX indexed by X = (x, ξ) ∈ R2n,
defined by
(2.1)

ΨX(u) = π−n/4e−
|u−x|2

2 eiu.ξ−
i
2x.ξ X = (x, ξ) ∈ R2n u ∈ Rn.

Recall that

(2.2) < f, g >= (2π)−n
∫
R2n

< f,ΨX > < ΨX , g > dX.
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If F is a function in L∞(R2n), one can associate with it an (anti-Wick ) operator
OpAW (F ) such that, for all f and g in L2(Rn):

(2.3) < OpAW (F )f, g >= (2π)−n
∫
R2n

F (X) < f,ΨX > < ΨX , g > dX.

We then have

(2.4) ‖OpAW (F )‖L(L2(Rn)) ≤ ‖F‖L∞(R2n).

The relationship between Weyl and anti-Wick quantizations is given, for every F
in L∞(R2n), by :

(2.5) OpAW (F ) = OpWeyl
(
e

1
4 ∆F

)
where

(2.6) ∆ =
∑
j≤n

∆j ∆j =
∂2

∂x2
j

+
∂2

∂ξ2
j

.

This fact is classical (see Folland [6]). One has an identity decomposition in
L∞(R2n):

(2.7) I =
∑

E⊆{1,...,n}

T (E)e
1
4 ∆Ec T (E) =

∏
j∈E

(I − e 1
4 ∆j )

(2.8) ∆Ec =
∑
j∈Ec

∆j .

For every subset E ⊆ {1, ..., n} and every symbol F , we define an operator
Ophyb,E(F ) by :

(2.9) Ophyb,E(F ) = OpWeyl
(
e

1
4 ∆EcF

)
This operator behaves as a Weyl operator with respect to the variables xj (j ∈ E)
and as an anti-Wick operator with respect to the variables xj (j ∈ Ec). If E = ∅, it
is the anti-Wick operator and conversely if E = {1, ..., n}, it is the Weyl operator.

One derives a decomposition of the Weyl operator OpWeyl(F ):

(2.10) Opweyl(F ) =
∑

E⊆{1,...,n}

Ophyb,E(T (E)F ).

We shall now prove an upper bound on the norm of a hybrid operatorOphyb,E(G),
where the function G is bounded on R2n. The only derivatives of G which will play
a role are the derivatives with respect to xj or ξj with j ∈ E. For every integer m
we introduce the set of multi-indices
(2.11)
Im(E) = {(α, β), αj ≤ m, βj ≤ m, (1 ≤ j ≤ n) αj = βj = 0 if j /∈ E}.

We shall prove the following Lemma in Section 3, by adapting classical methods
(Unterberger [22]).
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Lemma 2.1. If F satisfies hypothesis (H) and if E 6= ∅, then

(2.12) ‖Ophyb,E(F )‖L(L2(Rn)) ≤
(

9π

2

)|E| ∑
(α,β)∈I2(E)

‖∂αx ∂
β
ξ F‖L∞(R2n)

We shall establish the following Lemma in Section 4.

Lemma 2.2. If F satisfies hypothesis (H) with ρj = δj ≤ 1 for every j ≤ n,
and if E 6= ∅, the function T (E)F satisfies

(2.13)
∑

(α,β)∈I2(E)

‖∂αx ∂
β
ξ T (E)F‖L∞(R2n) ≤M18|E|

∏
j∈E

ρ2
j

where T (E) is defined in (2.7).

End of the proof of Theorem 1.1. We assume that h = 1 and that ρj = δj ≤ 1 for
every j ≤ n. According to (2.10), we have

‖OpWeyl(F )‖L(L2(Rn)) ≤
∑

E⊆{1,...,n}

‖Ophyb,E(T (E)F )‖L(L2(Rn)).

By Lemma 2.1:

‖OpWeyl(F )‖L(L2(Rn)) ≤
∑

E⊆{1,...,n}

(
9π

2

)|E| ∑
(α,β)∈I2(E)

‖∂αx ∂
β
ξ T (E)F‖L∞(R2n).

With the same hypotheses, Lemma 2.2 shows that:

‖OpWeyl(F )‖L(L2(Rn)) ≤M
∑

E⊆{1,...,n}

(
9π

2
× 18

)|E|∏
j∈E

ρ2
j .

It follows easily that

‖OpWeyl(F )‖L(L2(Rn)) ≤M
∏
j≤n

(1 + 81πρ2
j ).

The theorem is proved in the case when h = 1 and ρj = δj ≤ 1 for all j ≤ n. In
the general case, the announced result follows as we saw.

�

3. Proof of Lemma 2.1.

We shall use the results of Unterberger [21, 22] concerning the upper bound
of < AΨX ,ΨY >, where A is a pseudodifferential operator and the ΨX are the
coherent states defined by (2.1). We first recall the integral expression of this
scalar product and give an analogous statement for hybrid operators.

Proposition 3.1. Let F be a function defined on R2n and satisfying hypothesis
(H). Then we get, for every X and Y in R2n:

(3.1) < OpWeyl(F )ΨX ,ΨY >= π−n
∫
R2n

F (Z) Φn(X,Y, Z)dZ

with

(3.2) Φn(X,Y, Z) = e−|Z−
X+Y

2 |2−iσ(Z,X−Y )− i
2σ(X,Y )



8 L. AMOUR, L. JAGER, AND J. NOURRIGAT

where the symplectic form σ is given by σ(X,Y ) = y · ξ − x · η for all X = (x, ξ)
and Y = (y, η) in R2n,

Proof. For all functions f and g belonging to the Schwartz space S(Rn), one defines
the Wigner function H(f, g, Z) (Z ∈ R2n) by :
(3.3)

H(f, g, Z) =

∫
Rn

e−it·ζf

(
z +

t

2

)
g

(
z − t

2

)
dt Z = (z, ζ) ∈ R2n

(cf Unterberger [22], or Lerner [19], sections 2.1.1 et 2.1.2, or Combescure Robert
[4], section 2.2). The following equality is proved in [22] or [19] or [4], for all f and
g in S(Rn) and every Borel function F which is bounded on R2n:

(3.4) < OpWeyl(F )f, g >= (2π)−n
∫
R2n

F (Z)H(f, g, Z)dZ.

An explicit computation using the coherent spaces ΨX defined by (2.1) shows that

(3.5) H(ΨX ,ΨY , Z) = 2nΦn(X,Y, Z),

which implies (3.1). �

Let n′ < n and n′′ = n − n′. We denote by X = (X ′, X ′′) the variable in R2n,
with X ′ = (X1, ..., Xn′) and X ′′ = (Xn′+1, ..., Xn). Set

∆′′ =

n∑
j=n′+1

(∂2
xj

+ ∂2
ξj ).

Proposition 3.2. For all f and g in S(Rn), we have :

(3.6) < OpWeyl(e
1
4 ∆′′F )f, g >= ...

= C(n′, n′′)

∫
R6n′+2n′′

F (Z ′, T ′′)Φn′(X
′, Y ′, Z ′) < f,ΨX′,T ′′ >< ΨY ′,T ′′ , g > dX ′dY ′dZ ′dT ′′

where C(n′, n′′) = 2n
′
(2π)−3n′−n′′ , Φn′ being the function defined by (3.2) with

n′, X ′ instead of n,X.

Proof. Proposition 3.1 and the integral expression for the heat operator e
1
4 ∆′′ give:

(3.7)

< OpWeyl(e
1
4 ∆′′F )ΨX ,ΨY >= π−n−n

′′
∫
R2(n+n′′)

e−|Z
′′−T ′′|2F (Z ′, T ′′)Φn(X,Y, Z)dZdT ′′

An explicit computation yields

π−n
′′
∫
R2n′′

e−|Z
′′−T ′′|2Φn′′(X

′′, Y ′′, Z ′′)dZ ′′ = 2−n
′′
< ΨX′′ ,ΨT ′′ >n′′< ΨT ′′ ,ΨY ′′ >n′′

where < ·, · >n′′ is the scalar product of L2(Rn′′). Combining (3.7) with this
equality one sees that

(3.8) < OpWeyl(e
1
4 ∆′′F )ΨX ,ΨY >= ...

= 2−n
′′
π−n

∫
R2n

F (Z ′, T ′′)Φn′(X
′, Y ′, Z ′) < ΨX′′ ,ΨT ′′ >n′′< ΨT ′′ ,ΨY ′′ >n′′ dZ

′dT ′′.

For all f and g in S(Rn), one gets, applying (2.2) twice :

(3.9) < OpWeyl(e
1
4 ∆′′F )f, g >= ...
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(2π)−2n

∫
R4n

< f,ΨX >< OpWeyl(e
1
4 ∆′′F )ΨX ,ΨY >< ΨY , g > dXdY.

One then applies (3.8) and the following result, deduced from (2.2) in dimension
n′′:

(2π)−n
′′
∫
R2n′′

< f,ΨX >< ΨX′′ ,ΨT ′′ >n′′ dX
′′ =< f,ΨX′,T ′′ > .

Formula (3.6) follows from that and from an analogous result about < ΨY , g >. �

For every X ′ = (x′, ξ′) in R2n′ , set:

(3.10) Kn′(X
′) =

n′∏
j=1

(
1 + x2

j

) (
1 + ξ2

j

)
.

Lemma 3.3. For every function G satisfying hypothesis (H), for every X ′ and

Y ′ in R2n′ and Z ′′ in R2n′′ :

(3.11) Kn′(X
′ − Y ′)

∣∣∣∣π−n′ ∫
R2n′

F (Z ′, Z ′′) Φn′(X
′, Y ′, Z ′)dZ ′

∣∣∣∣ ≤ 9n
′
Nn′(F ),

Nn′(F ) =
∑

(α,β)∈I2(n′)

‖∂αx ∂
β
ξ F‖L∞(R2n)

where I2(n′) is the set of multi-indices α such that αj ≤ 2 and βj ≤ 2 for all j ≤ n,
and αj = βj = 0 for j > n′.

Proof. Let I(X ′, Y ′, Z ′′) be the left side of (3.11). Integrations by parts show that

for all X and Y in R2n′ :

I(X ′, Y ′, Z ′′) ≤ π−n
′
∫
R2n′

∣∣∣∣(LF )

(
Z ′ +

X ′ + Y ′

2
, Z ′′

)∣∣∣∣ e−|Z′|2dZ ′
where L is the differential operator defined by

L =
∏
j≤n′

LzjLζj Lzj =

2∑
k=0

ak(zj)∂
k
zj

a0(z) = 3− 4z2 a1(z) = 4z a2(z) = −1.

We get as a consequence that

I(X ′, Y ′, Z ′′) ≤
∑

(α,β)∈I2(n′)

∥∥∥∂αx ∂βξ F∥∥∥
L∞(R2n)

∏
j≤n′

Cαj
Cβj

with

Ck = π−1/2

∫
R
|ak(z)|e−z

2

dz k = 0, 1, 2.

The formula (3.11) then follows from the fact that max(C0, C1, C2) ≤ 3. �

End of the proof of Lemma 2.1. The subset E may be any subset of {1, ..., n}, but
we can assume in the proof that E = {1, ..., n′} with 0 ≤ n′ ≤ n. In this case,
we use the above notations, and we set x = (x′, x′′) with x′ = (x1, ...xn′) and
x′′ = (xn′+1, ...xn), etc.

Using (3.6) and Lemma 3.3 to obtain an upper bound on the right side, one gets:∣∣∣ < OpWeyl(e
1
4 ∆′′F )f, g >

∣∣∣ ≤ ...
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... ≤ 9n
′
(2π)−2n′−n′′Nn′(F )

∫
Kn′(X

′−Y ′)−1| < f,ΨX′,T ′′ >< ΨY ′,T ′′ , g > |dX ′dY ′dT ′′

According to Schur’s Lemma, this is smaller than

... ≤ 9n
′
(2π)−2n′−n′′Nn′(F )‖K−1

n′ ‖L1(R2n′ )...

...

[∫
| < f,ΨX′,T ′′ > |2dX ′dT ′′

]1/2 [∫
| < ΨY ′,T ′′ , g > |2dY ′dT ′′

]1/2

.

Using (2.2), one shows that | < OpWeyl(e
1
4 ∆′′F )f, g > | is smaller than

≤ 9n
′
(2π)−n

′
Nn′(F )‖K−1

n′ ‖L1(R2n′ )‖f‖L2(Rn) ‖g‖L2(Rn).

Since ‖K−1
n′ ‖L1(R2n′ ) = π2n′ , the former inequalities imply that∣∣∣ < OpWeyl(e

1
4 ∆′′F )f, g >

∣∣∣ ≤ (9π

2

)n′
Nn′(F )‖f‖L2(Rn) ‖g‖L2(Rn).

Lemma 2.1 holds if E = {1, ..., n′}, a case which we are brought back to by a
suitable permutation.

�

4. Proof of Lemma 2.2

Let ∆j be the operator defined by (2.6) and

(4.1) Aj = I − e 1
4 ∆j

Lemma 4.1. One can write

(4.2) Aj = Bj∂xj + Cj∂ξj = Dj∆j

where the operators Bj, Cj and Dj are bounded in the space Cb of continuous
bounded functions on R2n. More precisely,

(4.3) ‖Aj‖L(Cb) ≤ 2 ‖Bj‖L(Cb) ≤ π−1/2

‖Cj‖L(Cb) ≤ π−1/2 ‖Dj‖L(Cb) ≤ 1/4.

Proof. The first inequality in (4.3) is standard. The expression of the heat operator
allows us to write the first equality in (4.2) with

(4.4) (Bjϕ)(x, ξ) = −π−1

∫
R2×[0,1]

e−(u2+v2)uϕ(x+ θuej , ξ + θvej)dudvdθ

(4.5) (Cjϕ)(x, ξ) = −π−1

∫
R2×[0,1]

e−(u2+v2)vϕ(x+ θuej , ξ + θvej)dudvdθ

We deduce the bounds on the norms of Cj and Dj in (4.3) from these inequalities.
The last inequality (4.2) and the bound on Dj in (4.3) follow by integrating by
parts in (4.4) and (4.5). �
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End of the proof of Lemma 2.2. For every multi-index (α, β) in I2(E), one can

rewrite the operator ∂αx ∂
β
ξ T (E) as follows

∂αx ∂
β
ξ T (E) =

∏
j∈E

Uj ∂
αj
x ∂

βj

ξ

with

Uj =

 Aj if αj + βj ≥ 2
Bj∂xj

+ Cj∂ξj if αj + βj = 1
Dj∆j if αj + βj = 0

According to the bounds on the norms of the operators Aj to Dj given by Lemma
4.1, if F satisfies hypothesis (H) with ρj = δj ≤ 1, one has:

‖∂αx ∂
β
ξ T (E)F‖L∞(R2n) ≤M2|E|

∏
j∈E

ρ2
j

Since I2(E) contains exactly 9|E| elements, this achieves the proof of Lemma 2.2.
�
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