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1. Introduction

Quantum Homodyne Tomography (QHT), is a technique for reconstructing the
quantum state of a monochromatic light beam in cavity (Artiles et al., 2005).
Unlike classical optics, the predictions of quantum optics are probabilistic so
that we cannot in general infer the result of a single measurement, but only the
distribution of possible outcomes. The quantum state of a monochromatic light
beam in cavity is a positive, self-adjoint and trace-class operator p acting on
the Hilbert space L?(R). We should here distinguish the pure states which are
projection operators onto one-dimensional subspaces of L?(R), and mized-states
which are all the other possible states.

Having prepared a quantum system in state p, the aim of the physicist is
to perform measurement of certain observables. Mathematically speaking, an
observable A is a self-adjoint operator on L?(R). A measurement is a mapping
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which assigns to an observable A and a state p a probability measure 4 on R;
this mapping is given by the so-called Born-von Neumann formula (Hall, 2013).

Two observables of interest in quantum optics correspond to the measure-
ments of the electric field and the magnetic field of a light beam, and are given
respectively by the operator Q and P with domains D(Q) := {¢ € L?(R) :
z — zp(z) € L3(R)} and D(P) := {¢p € L*(R) : = — ¢'(z) € L*(R)}. The
operarors Q and P act on D(Q), respectively D(P), as

Qu() = zi(x), and  Py(x) = —iv! (x).

The derivative in the definitions of D(P) and P is understood in the distribu-
tional sense.

By virtue of the Heisenberg uncertainty principle (Hall, 2013), the observ-
ables P and Q cannot be measured simultaneously; that is there is no joint
probability distribution associated to the simultaneous measurement of P and
Q. Nevertheless, the Wigner density W, : R? — R, with respect to the Lebesgue
measure on R?, as defined below, is the closest object to a joint probability den-
sity function associated to the joint measurement of P and Q on a system in
state p. The Wigner distribution satisfies fR2 W, =1, and its marginals on any
direction are bona-fide probability density functions. In general, however, W,
fails to be a proper joint probability density function, as it can take negative
values, reflecting the non classicality of the quantum state p. For a pure state
py, ¥ € L*(R), the Wigner quasi-probability density of py is defined as

Wy () ::/Rw(x—i—t/QW(x—t/2)e‘2”i‘“tdt, (m,w) ERZ (1)

We delay to later the definition of the Wigner distribution for mixed states,
which will follow from the definition for pure states in a relatively straight-
forward fashion. Here we take the opportunity to say that whenever we will
be concerned with pure states, we will identify the state p, to the function
1 € L?(R), and talk abusively about the state .

Although we cannot measure simultaneously the observables P and Q, it is
possible to measure the quadrature observables, defined as Xy := Q cos 0+P sin
for all @ € [0, 7]. We denote by X/ the random variable whose distribution is the
measurement of Xy on the quantum system in state p. Assuming that 6 is drawn
uniformly from [0, 7], the joint probability density function (with respect to the
Lebesgue measure on R x [0, 71]) for (X/,0) is given by the Radon transform of
the Wigner distribution W,, that is

pp(z,0) := %/RWp(xCOSQ—fsiHQ,xsin@—i—fcos@) d¢, (x,0) e Rx[0,7]. (2)

For a pure state ¢ € L?(R), there is a convenient way of rewriting the previ-
ous equation, as stated for example in (Markus, Bryan and Jorge, 2010, equa-
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tion 4.14),

m }fRd)(z) exp (m’#z2 — Trisife) dz|2 0+#£0, 0+£7/2,
pula,0) = 3 [ (@)|2/x 0=0,
|v(z)|?/m 0=m/2,

R ®3)
where 1 is the Fourier transform of ¢ (according to the convention defined in
the next section of the paper). Equation (3) emphasizes that for any (z,6) we
indeed have py(x,6) > 0, a fact that remains true for mixed states, but which
is not so clear from the definition of equation (2).

Quantum homodyne tomography is an experiment that allow for measuring
the quadrature observables Xy for a monochromatic light beam in cavity in state
p. Here we consider the situation when we perform identical and independent
measurements of Xy on n quantum systems in the same state p, with 6 spread
uniformly over [0, 7]. Following Butucea, Gutd and Artiles (2007), it turns out
that a good model for a realistic quantum homodyne tomography must take
into account noise on observations.

In practice, the noise is mostly due to the fact that a number of photons fails
to be detected. The ability of the detector to detect photons is quantified by a
parameter n € [0, 1], called the efficiency of the detector. When 7 = 0, then the
detector fails to detect all photons, whereas = 1 corresponds to the ideal case
where all the photons are detected. In general, it is assumed that n is known
ahead of the measurement process, and 7 is relatively close to one, according
to the physicists. Then, from Butucea, Guta and Artiles (2007, section 2.4), a
more realistic model for quantum homodyne tomography is to consider that we
observe the random variables (given 6)

1—
Yep:Xng / nﬁXgac’

where Xy ~ p,(- | #), and X3?¢ is the random variable whose distribution is the
measurement of Xy on the vacuum state and is assumed independent of XJ.
Here we adopt the convention that the vacuum state is the projection operator
onto x — 274 exp(—mz?). It turns out from equations (1) and (4) that X
has a normal distribution with mean zero and variance! 1/(4r). This leads to
the following efficiency corrected probability density function of observations,

2 27
Py (y,0 :Z\/—/p z,0) exp [—

To shorten notations, we define

AL !

= 7T(12—n77)’ and @, (z) :=/m/yexp [-7°2> /7], (5)

1Some readers may have noticed that the variance here is different that in Butucea, Guti
and Artiles (2007). This comes from a different convention for defining the vacuum state.
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so that we have pj(y,0) = [py(-,0) * ®,](y), where * denote the convolution
product.

To summarize the statistical model we are considering in this paper, we aim at
estimating the Wigner density function W), or better directly the state p, from n
independent and indentically distributed noisy observations (Y7,61), ..., (Y5, 0,)
distributed according to the distribution that has the density function of equa-
tion (4) with respect to the Lebesgue measure on R x [0, 7].

The problem of QHT is a statistical nonparametric ill-posed inverse problem
that has been relatively well studied from a frequentist point of view in the last
few years, and now quite well understood. We mention here only papers with
theoretical analysis of the performance of their estimation procedure. We should
classify frequentist methods in two categories, depending on whether they are
based on estimating the state p, or estimating W, (although p — W, is one-to-
one, methods based on estimating W, don’t permit to do the reverse path from
W, = p).

The estimation of the state p from QHT measurements has been considered
in the ideal situation (n = 1, no noise) by Artiles et al. (2005), while the noisy
setting is investigated in Aubry, Butucea and Méziani (2008) under Frobenius-
norm risk. For smoothness class of realistic states R(C, B, r), an adaptive esti-
mation procedure has been proposed by Alquier, Meziani and Peyré (2013) and
an upper bound for the Frobenius-norm risk is given. Goodness-of-fit testing is
investigated in Méziani (2008).

Regarding frequentist methods for estimating W, the first result goes back
to Gutad and Artiles (2007), where sharp minimax results are given over a class
of smooth Wigner functions A(f3,r = 1, L), under the pointwise risk. The noisy
framework has been considered in Butucea, Gutd and Artiles (2007); authors
obtain the minimax rates of convergence under the pointwise risk and propose
an adaptive estimator over the set of parameters 8 > 0, r € (0,1) that achieve
nearly minimax rates. In the same time Méziani (2007) explored the estima-
tion of a quadratic functional of the Wigner function, as an estimator of the
purity of the state. In, Aubry, Butucea and Méziani (2008) an upper bound
for the L?-norm risk over the class R(C, B, r) is given. More recently, Lounici,
Meziani and Peyré (2015) established the first sup-norm risk upper bound over
A(B,r, L), as well as the first minimax lower bounds for both sup-norm and
L?-norm risk; they also provide an adaptive estimator that achieve nearly mini-
max rates for both sup-norm and L2-norm risk over A(3,r, L) for all 8 > 0 and
r € (0,2).

To our knowledge, no Bayesian nonparametric method has been proposed to
address the problem of QHT with noisy data, a gap that we try to fill with this
paper. In particular, after having introduced preliminary notions in the next
section, we propose two families of prior distributions over pure states that can
be useful in practice, namely miztures of coherent-states and random Wilson
series. Regarding mixed-states, we will discuss how we can straightforwardly
extend the prior distributions over pure states onto prior distributions over
mixed states. After presenting simulation results, we will investigate posterior
rates of contraction for random Wilson series in the main section of the paper.
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Rates of contraction, or even consistency, is still challenging for coherent states
mixtures, a fact that will be discussed more thoroughly in section 5.2.

2. Preliminaries
2.1. Notations

For x,y € R? zy denote the euclidean inner product of = and y, and Hx|| is
the euclidean norm of a vector z € R%. For any function f, we denote by f the
involution f(z) = f(—x). We use the notation || - ||, for the norm of the spaces
LP(RY).

We use the following convention for the Fourier transform of a function f €
LY(RY).

F f(w) = f(w) = f(z)e 2™ dy, Yw € R4,
Rd

Then, whenever f € L'(R?) and .Ff € L'(R?), the inverse Fourier transform
FLFZ f = f is well defined and given by

f@) = | Fw)e™ do,  VreR"

Regarding the space L?(R?), we use the convention that the inner product
(-, )« L3(R?) x L2(R?) — C is linear in the first argument and antilinear in
the second nd argument, that is for two functions f, g € L?(R?) we define (f, g) :=
fRd x) dz, where Z is the complex conjugate of z € C. The unit circle of
L2(Rd) Wlll be denoted by S?(R%); that is S?(R?) := {f € L2(Rd) S flle = 1}

We shall sometimes encounter the Schwartz space S(R?); that is the space
of all infinitely differentiable functions f : R? — R for which [z*D? f(x)| <
+o0o for all a,8 € N? with the convention 2 = z{! ..xy? and DAf =
§frtABaf ) (9ah .. 9.

Dealing With probability distributions, we consider the Hellinger distance
H?(P,Q) := 3 [(\/dP/dX — \/dQ/d\)?d\, for any probability measures P, Q
absolutely continuous with respect to a common measure .

We denote by P,, respectively P, the distributions that admit equation (2),
respectively equation (4), as density with respect to the Lebesgue measure on
R x [0, 7]. When p = p,; denote a pure state, we denote the previous distribution
by Py and P}, respectively.

Finally, inequalities up to a generic constant are denoted by the symbols <
and 2, where a < b means a < Cb for a constant C' > 0 with no consequence

~)

on the result of the proof.

2.2. Coherent states

In quantum optics, a coherent state refers to a state of the quantized electro-
magnetic field that describes a classical kind of behavior.
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Let T f(y) :== f(y — x), My f(y) = e*™Y f(y), denote the translation and
modulation operators, respectively, and g a window function with ||g|l2 = 1;
most of time g is chosen as g(z) = 2-'/% exp(—7z?). Mathematically speaking,
coherent states are pure states py, that is projection operators, described by a
wave-function 1 belonging to

{p e L*R) : v =T, Mug (z,w) € R*}.

Note that the operators T, and M, are isometric on LP(R?) and ||f||, =
| T M, | for any 1 <p < oo, all f € LP(R?) and all z,w € R.

2.3. Wilson bases

Daubechies, Jaffard and Journé (1991) proposed simple Wilson bases of expo-
nential decay. They constructed a real-valued function ¢ such that for some
a,b>0,

lp@)| S e, [B(w)] S e,

and such that the ¢, l € N, m € %Z defined by

oz —2m) if { =0,
Oim () == V2p(x — m) cos(2rlz) if 1 # 0 and 2m + [ is even,
V2p(z —m)sin(2rlz) if 1 # 0 and 2m + 1 is odd,

constitute an orthonormal base for L?(R). Following Gréchenig (2001, sec-
tion 8.5), we may rewrite ¢y, in a convenient form for the sequel, emphasizing
the relationship with coherent states,

Ot = Ty (M + (1) M), (I,m) eNx iz, (6)

2

where ¢ :=1/2 and ¢; ;= 1/y/2 for [ > 1.

3. Prior distributions

We recall that a pure state p, is a projection operator onto a one-dimensional
subspace of L?(R). Before giving the methodology for estimating general states,
we introduce two types of prior distribution over pure-states. More precisely,
we first define two probability distributions over S?(R), that can be trivially
identified with the set of pure-state through the mapping S*(R) > ¢ ~ py; then
we will show how to enlarge these prior distributions to handle mixed states.

The first prior model is based on Gamma mixtures, whereas the second is
based on the Wilson base of exponential decay.
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3.1. Gamma Process mirtures of coherent states

For any finite positive measure « on the measurable space (X, X), let II,, denote
the Gamma process distribution with parameter «; that is, a Q ~ I, is a
measure on (X, X) such that for any disjoints By,...,B; € X the random
variables Q(B1), ..., Q(By) are independent random variables with distributions
Ga(a(B;),1),1=1,... k.

We suggest a mixture of coherent states as prior distribution on the wave
function . For a Gamma random measure Q on R? x [0, 27], our model may be
summarized by the following hierarchical representation. Recall that P} denote
the probability distribution having the density of equation (4), with p = p, the
projection operator onto .

(Y1,601), ..., (Yo, 0) "= P with o = 9/]|0)]2

U(z) = / ei‘bTxng(z) Q(dzdwd)
R2x[0,27]

Q~Tl,.

3.2. Random Wilson series

Let (¢im) be the orthonormal Wilson base with exponential decay of section 2.3.
For any positive number Z, let Az be the spherical array

Az :={(,m) eNx 3Z : I* +m? < Z%}.

Also define the simplex Az in the /5 metric as

Ag = {P = (plm)(l;m)EAZ : Z(l,m)EAZ PIQm =1, pim > 0}-

We consider the following prior distribution I on S?(R). Let Pz be a distribution
over RT and draw Z ~ Pz. Given Z, draw p from a distribution G(- | Z) over
the simplex Az. Independently of p, draw ¢ = ((im)(,m)ea, from a distribution
P:(- | Z) over [0,27]122] and set

= Y pme S Qi

(I,m)eAz

Note that (¢im) is orthonormal, thus [[¢[13 = 32 ,)en, Pim = | almost-surely,
that is 1 € S*(R) almost-surely.

3.3. Estimation of mixed states

The set of quantum states is a convex set. According to the Hilbert-Schmidt
theorem on the canonical decomposition for compact self-adjoint operators, for
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every quantum state p there exists an orthonormal set (1,,)Y_; in L?(R) (finite
or infinite, in the latter case N = c0), and «,, > 0 such that

N N
p= Z O Py, , and Trp = Zan =1.
n=1 n=1

The (o, )2, are the non-zero eigenvalues of p and (py,, )Y_; projection operators
onto (1,,))_;. Thus every mixed state is a convex linear combination of pure
states. In particular, for any state p we have

N
Wy(z,w) = Z anWy, (z,w),

n=1

making relatively straightforward the extension of priors over pure states onto
priors over general states. In other words, a prior distribution over general states
can be constructed as a mixture of pure states by a random probability measure.

4. Simulations examples

We test the Gamma process mixtures of coherent states on two examples of
quantum states, corresponding to the Schrédinger cat and 2-photons states,
that are respectively described by the wave functions

gt () o SR = 0)) 4 exp(n(o )
ettt 21/4,/1 + exp(—27z?)
Vo) =274 (Ama?® — 1) exp(—ma?).

b

Using equations (1) and (2), it is seen that the conditional density on 6 € [0, 7]
corresponding to the measurement of Xy on the systems in states ¢22, and 1y
are respectively given by

pfgt(x | 9) X \/56727"(1*910 cos 0)?

T

* cos(4mzag sin )

e—27rm(2) sin? 6

4 \/56—27r(z+m0 cos )2 + 26_27mg \/56_2

)

and,
2
po(x | 0) = 272 (4ma® —1)2e 2™,

Note that p>2 (- | 0) is not a mixture density, since one term can take negative
values. Conditionally on 6 drawn uniformly on [0, 7], we simulate observations
from the Schrodinger cat state with xy = 2 using p2% (- | ) and the rejec-
tion sampling algorithm with candidate distribution $N/(—zqcos6,1/(4m)) +
1N (zgcos6,1/(4r)). Similarly, we simulate observations from the 2-photons
state using the rejection sampling algorithm with a Laplace candidate distribu-

tion. Finally, a Gaussian noise is added to observations according to equation (4).
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4.1. Simulation results

We use the algorithm of Naulet and Barat (2015) for simulating samples from
posterior distributions of Gamma process mixtures. The base measure a on
R? x [0, 27] of the mixing Gamma process is taken as the independent product
of a normal distribution on R? with covariance matrix diag(1/2,1/2) and the
uniform distribution on [0, 27].

We ran 3000 iterations of the algorithm for n = 500, n = 2000 and n = 5000
simulated observations of either the Schrodinger cat state or the 2-photons state,
with efficiencies of n = 0.85 and 1 = 0.95. The algorithm was run with p = 50
particles (see Naulet and Barat, 2015), leading to an acceptance rate of approx-
imately 60% for the particle moves for all runs. All random-walk Metropolis-
Hastings steps are Gaussians, with amplitudes chosen to achieve approximately
25% acceptance rates. All the statistics were computed using only the 2000 last
samples provided by the algorithm.

Schrodinger cat | 2-photons

|

| n=085|n=095 | n=0.85 | n=0.95
500 obs. | 0.316 | 0.347 | 0.044 | 0.027

|

|

2000 obs. 0.134 | 0.124 | 0.010 \ 0.006
5000 obs. 0.047 | 0.048 | 0.005 \ 0.003
TABLE 1

Summary of the average over 100 runs of the L?-error between the true Wigner distribution
and the posterior mean estimate for varying number of observations and efficiency of the
detector.

For each run of of the algorithm, we computed the L2-error between the true
Wigner distribution and the posterior mean estimate. The error was computed
using Simpson integration on a fine grid. Table 1 presents the average of the
L2-error over 100 runs of the algorithm for varying number of observations and
efficiency of the detector. Surprisingly, the efficiency of the detector seems to
only have a little impact on the error, and there is no clear difference between
the results for n = 0.85 and 7 = 0.95. However, the number of observations has
a clear impact on the error, although on these simple examples we believe it is
not worth to increase the number of data above 5000 since the gain on error is
then very low for a huge increase of the computation cost.

Figures 1 and 3 represent the average of posterior samples of the Wigner
distribution for the Schrédinger cat state, and the 2-photons state, respectively,
for n = 2000 observations and n = 0.95. Because it is hard to distinguish between
the posterior mean estimator and the true Wigner distribution, we added to the
figures a view map of the absolute value of the difference between the evaluated
posterior mean and the true Wigner distribution.

Figures 2 and 4 show the marginals of the posterior mean estimates of Wigner
distributions for our two examples. We represented the true marginals in dashed
lines, as well as the posterior credible bands provided by the algorithm, which



3604 Z. Naulet and E. Barat

Fic 1. Left: Average of Wigner distribution samples from the posterior distribution of the
mizture of coherent states prior given 2000 quantum homodyne tomography observations sim-
ulated from a Schrédinger cat state with n = 0.95. Right: View map of the absolute value of
the difference between the posterior mean estimate of the Wigner distribution and the true
Wigner distribution.

0.35 12 :
03 - 4 4L H i
025 - 4
08 - -
02 - -
06 - -
0.15 [~ -
04 - -
01 - 4
"1 1] J\J W |
o \ \ \ o ! \ !
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
X w

Fia 2. Marginals of the Wigner distribution samples from the posterior distribution of the
mixture of coherent states prior given 2000 quantum homodyne tomography observations sim-
ulated from a Schrédinger cat state with n = 0.95. In straight line the posterior mean estimate,
whereas the dashed lines corresponds to the true marginals. The 95% credible intervals for
the sup-norm distance are drawn in shading.
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6 0.03
4 = — 0.025
2 - — 0.02
3 0 — — 0015
PR — 0.01
6 4 — — 0.005
6 | | | | | 0

Fic 3. Left: Average of Wigner distribution samples from the posterior distribution of the
mizture of coherent states prior given 2000 quantum homodyne tomography observations sim-
ulated from a 2-photons state with n = 0.95. Right: View map of the absolute value of the
difference between the posterior mean estimate of the Wigner distribution and the true Wigner
distribution.

0.45 0.45
04 — 04 _
035 - -1 035 - -
03 -1 03 -
025 -1 025 -
02 — -1 02 - -
0.15 — 015 - —
01 — -1 01 -
0.05 -1 005 -

0 | | | | 1 0 | | | | 1
6 4 2 0 2 4 6 -6 4 2 0 2 4 6
X [}

Fic 4. Marginals of the Wigner distribution samples from the posterior distribution of the
mizture of coherent states prior given 2000 quantum homodyne tomography observations sim-
ulated from a 2-photons state with n = 0.95. In straight line the posterior mean estimate,
whereas the dashed lines corresponds to the true marginals. The 95% credible intervals for
the sup-norm distance are drawn in shading.
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we computed by retaining the 95% samples with the smaller sup-norm distance
from the posterior mean estimator of the marginals.

Compared to other classical methods in this area, our estimate is non linear,
preventing easy computations. To our knowledge, however, none of the current
approaches can preserve the physical properties of the true Wigner function
(non negativity of marginal distributions, bounds) whereas our approach does
guarantee preservation of all physical properties.

5. Rates of contraction for random series priors

In this section, we establish posterior convergence rates in the quantum ho-
modyne tomography problem, for estimating pure states. Unfortunately, to get
such result we need a fine control of the L?(R) norm of random functions drawn
from the prior distribution, which remains challenging for mixtures of coherent
states. However, dealing with Wilson bases, the control of the L?(R) norm is
straightforward and we are able to obtain posterior concentration rates.

5.1. Preliminaries on function spaces

To establish posterior concentration rates, we describe suitable classes of func-
tions that can be well approximated by partial sums of Wilson bases elements;
these functional classes are called ultra-modulation spaces. To this aim, we need
the following ingredients: the short-time Fourier transform (STFT), a class of
windows and a class of weights. For a non-zero window function g € L?(R),
the short-time Fourier transform of a function f € L?(R) with respect to the
window g is given by

V, F(asw) = (f, Mwng>:/Rf(t)g(t—x)e_zm“’tdt, (z,w) €RZ ()

We also need a class of analyzing windows g with sufficiently good time-
frequency localization properties. Following, Cordero (2007); Cordero et al.
(2005); Grochenig and Zimmermann (2004), we use the Gelfand-Shilov space
S1(R). For any d > 1, a function f : R? — C belongs to the Gelfand-Shilov
space Si(R?) if f € C*®(R?) and there exist real constants A > 0 and k > 0
such that

sup |f@)e"7] < too,  sup [Fw)eIl] < +oo.
z€ER? weRd

Next, for 8 > 0, g € S{(R), and r € [0, 1), we consider the exponential weights
on R? defined by x — exp(8||z|"), and we introduce the class of wave-functions

Cy(B,7, L) == {w € S*(R) : /]R2 Vo (2)| exp(B||z]|")dz < L}. (8)

The class Cy (8, r, L) is reminiscent to modulation spaces (Grochenig, 2001, 2006).
Note that it would be interesting to consider Cy4(3,r, L) for r > 1, since most
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quantum states should fall in these classes. There is, however, at least two
limitations for considering r > 1. First, we use repeatedly in the proofs that
exp(Bllz+y||") < exp(B|lz]|”) exp(B|ly||") for r < 1, which is no longer true when
r > 1. The previous limitation is indeed not the more serious concerns, since
for r > 1 we could use that exp(8||z + y||") < exp(2"=18||z||") exp(2"~1B]ly|")-
The more serious problem is that, to our knowledge, there is no Wilson base for
L?(R) whose elements fall into Cy4(3,7, L) for r > 1 and 8 > 0, L > 0. The case
r = 1 is more delicate since it depends on the value of 8. For sufficiently small
B > 0, the results proved in this paper for » < 1 should also hold for r = 1.

Let also notice that, there is a fundamental limit on the growth of the weights
in the definition of Cy4(8,, L), imposed by Hardy’s theorem. If » = 2 and 8 >
/2, the the corresponding classes of smoothness C4(8,r, L) are trivial for any
L > 0 (Grochenig and Zimmermann, 2001).

A critical point regarding the class C4(8,r, L) is the dependence on g in the
definition. We truly want that for two different windows gg and ¢g; the corre-
sponding smoothness classes are the same. Fortunately, we have the following
theorem, proved in appendix A.

Theorem 1. Let g,g0 € Si(R). For all B,L > 0 and all 0 < r < 1 there is
a constant C' > 0, depending only on g, go, such that embedding C4(5,7,L) C
Cyo(B,7,CL) holds.

The STFT and the Wigner transform both aim at having a time-frequency
representation of functions in L?(R), and are deeply linked to each other. How-
ever, contrarily to the Wigner transform, the STFT has the advantage of being
a linear operator, which is one reason why we prefer to state the class Cy(5,7, L)
in term of the STFT instead of the Wigner transform.

5.2. Assumptions and results

Before stating the main result of this paper, we need some further assumptions
on the random Wilson base series prior, which we state now. To this aim, we
need the following definition of the weighted simplex A% (3, r, M). For a constant
M>0,8>0andr€[0,1) let

AZ(B,r M) = {p €Az Dmen, Pimexp (B2 +m?)/2) < M},
Then, in the sequel, we assume that

e There is a constant ag > 0 such that for any sequence (Tim)imyer, €
[0, 2] !Az1

P (Z(l,m)el\z |Cim — T |* <t | Z) > exp (—apZ%logt™'), Vte (0,1).

e Py(Z < 400) =1 and there are constants a;,as > 0 and b; > 2+ r, such
that for all £ positive integer large enough

Pz(Z = k) > exp(—a k"), Pz(Z > k) < exp(—agk™).
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e For any constant C' > 0 and any sequence q € AY(8,r,C), there is a
constant ag > 0 such that the distribution G(- | Z) satisfy,

G (Z(l,m)eAz |Dim — qum|? < t | Z) 2 exp (fagarTlogt*l) , Vt € (0,1).

We further assume that there exist constants ays > 0, as,co > 0, and
bs > by /r such that for x > 0 large enough

G (p ¢ A%(ﬂvra COIM) | Z < SCl/T) < exp (fa5:cb5) .

It is not clear whether or not we can find a distribution G for which the
above conditions are satisfied simultaneously for all (53,r, L), eventually with
constants ag, aq, as, by depending on (8, r, L). If such distribution exists, then
the rates stated below are easily seen to be adaptive on (8, r, L). In section 6,
we show that for a given (8,r, L) it is easy to construct a distribution G that
satisfies the above conditions, with a4 = 2/r. However, we believe that the proof
for adaptive rates must follow a different path, still to be found.

Under the hypothesis above, we will dedicate the rest of the paper to prove
the following theorem.

Theorem 2. Let 8, L > 0 and r € (0,1). Let II be the random Wilson series
prior satisfying the assumptions above, and (Y1,601), ..., (Yn,0,) be observations
coming from the statistical model described by equation (4), with 0 <n <1 and
v > 0 defined in equation (5). Then for any g € Cq(8,7, L), there is M > 0
such that

Pg;nn(||¢ - '(/)0”2 > Mey, | (Ylv 01), cee (Yn’ 9”)) - Ov

logn r/2
€2 = (logn)®*™ exp{ —f3 ( o ) .

Note that the same result holds with ||¢) — ]2 replaced with ||Wy, — Wi, ||2,
because the Wigner transform is isometric from L?(R) onto L?*(R?); see for
instance Grochenig (2001, proposition 4.3.2).

The rates of contraction are relatively slow, a fact that is also pointed out in
Butucea, Gutd and Artiles (2007). Indeed, the rates are faster than (logn)~*
but slower than n~¢, for all @ > 0. The reason for such bad rates of convergence
is to be found in the deconvolution of the Gaussian noise. If one does not care
about deconvoluting the noise, then all the steps in the proof of theorem 2 can
be mimicked to get weaker a result. In particular, we infer from the results of
the paper that the posterior distribution should contracts at nearly parametric
rates, i.e. at rate e, ~ n~'/2(logn)! for some t > 0, around balls of the form

{w eS®) : [ Wule) — Wy () By (2] < } )
R2

whenever ¢y € C4(8,r,L) for some 5,L > 0 and r € (0,1). Moreover, we’ve
made many restrictive assumptions on the prior distribution that can be easily
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released for those interested only in posterior contraction around balls of the
form (9).

A natural question regarding the rates found in theorem 2 concerns optimal-
ity. We do not know yet the minimax lower bounds over the class Cy(8,r, L) for
the L? risk. However, Butucea, Gutd and Artiles (2007); Aubry, Butucea and
Méziani (2008); Lounici, Meziani and Peyré (2015) consider a class A(«,r, L)
that resembles to C,4 (5,7, L). More precisely, they define

Ala,r, L) = {W,, : /(Wp(z)ﬁ exp(20l|2]")dz < L2}.

Identifying p, with 1, our proposition 7 state the embedding C,(5,r, L) C
A(B/2,r,L). Hence Cy4(B,r, L) is certainly contained in the intersection of a
class A(B/2,r, L) with the set of pure states, and it makes sense to compare
the rates. To our knowledge, the only minimax lower bound for the quadratic
risk known is for the estimation of a state in A(«,r = 2, L), stated in Lounici,
Meziani and Peyré (2015); although minimax lower bounds for the pointwise
risk are known since Butucea, Gutd and Artiles (2007) for all r € (0,2). For
r € (0,1), however, upper bounds for the quadratic risk over A(3/2,r, L) are
established in Aubry, Butucea and Méziani (2008), and coincide with the rates
found here. Therefore, we believe that the rates we found in this paper are
optimal.

Let conclude with a few points that are still challenging at this time. First,
the rates (or even consistency) for the coherent states mixtures priors appears
difficult to establish with the method employed here; the reason comes from
the difficulty to control the norm ||¢||2 when % is a coherent states mixture.
Regarding Wilson based priors, we already discussed the lack of adaptivity,
which clearly deserved to be dug in a near future. Finally, it would be interesting
to consider priors based on Gabor frames expansions, as they are more flexible
than Wilson bases, and should be computationally more efficient than coherent
states mixtures. However, Gabor frames suffer from the same evil that coherent
states, namely the expansions are not unique and it is hard to control from
below the L? norm of random Gabor expansions.

6. Example of prior on the simplex

In this section, we construct a prior on the simplex Az that satisfy the assump-
tions of section 5.2 for a given (3, r). For all k > 1, and a constant M > 0 to be
defined later, we define the sets

T = {(l,m) ENX 3Z : (k—1)M < VP +m? < kM}.

We assume without loss of generality that Z = KM for an integer K > 0;
then Az = UK | 7,. We then construct the distribution G(- | Z) over the sim-
plex Az as follows. For k = 2,..., K, let Hy be the uniform distribution over
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[0,vV2L exp(—B(k" —1)M7)]. Let 6, := 1 and for k = 2,..., K draw 6}, from Hy,
independently. The next step is to introduce distributions F} over the Zy-simplex

Sk = {(nlm)(l,m)eIk : Z(Z7m)€1k T]l2m = 17 mm 2 O})

and draw independently sequences (1im ) (1,m)ez,> (Mm ) (t,;m)ezss - - - > (M) (1,m) €Tse>
according to distributions Fy, Fy, ..., Fi. Finally, the sequence p = (pim) (1,m)en,
drawn from G(- | Z) is defined to be such that

_ mmekﬂ ((l, m) S Ik)

Pim *

K

> =1 O
Now we prove that we can chose reasonably M > 0 and the distributions
F1,F5 ... to met the assumptions of section 5.2. The proofs of the next two

propositions are to be found in appendix D.

Proposition 1. There is a constant co > 0 such that for any Z > 0 it holds
(Pim) (,m)yen, € AY(B,r,c0Z?) with G(- | Z) probability one.

Proposition 2. Let M > 0 be large enough, K > 0 integer, and Z = KM.
Assume that there is a constant co > 0 and a sequence (dy)K_, such that

Zszl di < coKK, and for any sequence (€im)1,m)es, it holds Fk(Z(l,m)EIk [91m —
eim|? < t) 2 exp(—dp K" " llogt™1). Then there is a constant az > 0 such
that G(3_( myen, [Pim — qm|? <12t | Z) Z exp(—az 2> " logt™1).

In the previous proposition, some conditions are required on F1, Fy, ... ; these
conditions are indeed really mild. For instance, it follows from Ghosal, Ghosh
and Van Der Vaart (2000, lemma 6.1) that the conclusion of proposition 2 is
valid if 7y, := /Ui Where (Ui )(,m)ez, are drawn from Dirichlet distributions
with suitable parameters.

7. Proof of theorem 2

The proof of theorem 2 follows the classical approach of Ghosal, Ghosh and Van
Der Vaart (2000); Ghosal and van der Vaart (2007) for which the prior mass of
Kullback-Leibler type neighborhoods need to be bounded from below and tests
constructed. See details in appendix E.

Throughout the document, we let D27 := (log(n)/B8)"/". Then we introduce
the following events, which we’ll use several times in the proof of posterior
contraction rates.

Ey = {(5.6) € Rx [0,21] : [y < D7), (10)
Q, = {((y1791)) R (ynven)) : (yi; 01) €k, Vi=1,... ’n}' (11)

7.1. Prior mass of Kullback-Leibler neighborhoods

We introduce a new variation around the basic lines of Ghosal, Ghosh and
Van Der Vaart (2000); Ghosal and van der Vaart (2007), permitting to slightly
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weaken the so-called Kullback-Leibler (KL) condition. We show that we can
trade the KL condition for a restricted KL condition; that is prior positivity of
the sets

Py )

Bu(0n) = / Py, log =5+ <67, / Pay <10g %) <o (12)
" Py E,. Dy

Although looking trivial, this will ease the proof of our main theorem, since the
prior positivity of B, (d,) is simpler to prove than the classical positivity of KL
balls of Ghosal, Ghosh and Van Der Vaart (2000); Ghosal and van der Vaart
(2007).

7.1.1. Decay estimates of the true density

It is a classical fact that in Bayesian nonparametrics we often require tails as-
sumptions on the density of observations to be able to state rates of convergence.
Here, the density of observations is quite complicated, as being the convolution
of a Gaussian noise with the Radon-Wigner transform of 1. Since the Wigner
transform of v interpolates i and its Fourier transform, we definitively have
to take care about fancy tails assumptions on the density that could be non
compatible with the requirements of a Wigner transform. Instead, we show that
the decay assumptions on the STFT stated in the definition of Cy(8,r, L) di-
rectly translate onto the tails of the joint density of observations. We have the
following theorem, whose proof is given in appendix B.1.

Lemma 1. For all 8, L > 0 and all v € (0,1) there is a constant C(B,7r,n) > 0
such such that P)(Ey,) < 2xC(8,7,n)L*n~? and P;""(Q5,) < 2xC(B,r,1)L*n~"!
for all v € Cy(B,r, L).

7.1.2. Approzimation theory

In order to prove the prior positivity of the sets B, (d,), we need to construct a
family M,, of functions in S?(R) that approximate well ¢ in the L?(R) distance.
We will show later that the sets B, (d,,) contains suitable closed balls around vy
in the norm of L?(R).

In the sequel, we need to relate the parameters 5,r, L to the decay of the
coefficients (g, @im) of Yo € Cq(B,7, L) expressed in the Wilson base. Fortu-
nately, Wilson bases are unconditional bases for the ultra-modulation spaces,
and C4(8,7,L) is a subset of the ultra-modulation space M ém. It follows the
following lemma (Grochenig, 2001, theorem 12.3.1).

Lemma 2. Let ¢ € Cy(B,7,L) for some §,L >0 and 0 < r < 1. Then there is
a constant 0 < C(B,r) < +0o such that

> 1w gum)lexp (B2 +m?)7?) < C(B,7)L.

(Im)€Noo
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Having characterized the decay of Gabor coefficients for those ¢ € C4(8,r, L),
we are now in position to construct functions 1z which degree of approximation
to 1o € Cy(B, 1, L) is indexed by the value of Z. In view of section 2.3, 9o has the
formal decomposition ¥y = ZLm(i/Jo, ©im) Pim, With unconditional convergence

of the series in L2(R). We define ¢, such that

’(ZZ = Z <¢07 @lm> Plm -

(IL,m)eAz

Since (@) constitutes an orthonormal base for L?(R), lemma 2 implies that
for any 8> 0 and r € (0,1),

o —vzl3 =D (o, oim)l?

(Lm)gAz
< exp(=B2) 3 (o, pum)exp (B2 +m?)/2)
l,m

< C(B,r)Lexp(=pZ"),

because on A, we have 12 +m? > Z2 and |(¥o, @im)| < |[%oll2]|¢im]l2 = 1. Note
that 1 is not necessarily in S?(R), that is in general ||1ZZ||2 # 1, whence it is
not a proper wave-function. We now trade {/;Z for a version 1z with [[¢z]|2 = 1,
keeping the same order of approximation. Indeed, let ¥ = 1y / ||1ZZ||2, then
since [|1gll2 = 1,

[0z — olla < 10z — bzl + bz — ol
+ ¥z — oll2 < 219z — oll2

< ||z 1 -

1
[
< 24/C(B,r)Lexp <—5§T> . (13)

7.1.3. A lower bound on II(By(6,))

The proof of the lemmas and theorem of this section are to be found in appen-
dices B.2 and B.3. To prove the Kullback-Leibler condition, we first construct
a suitable set M,, C B,,(d,), and we’'ll lower bound II(B,(d,)) > II(M,,). Let
1z be the function constructed in section 7.1.2 and ¢, := (Y7, ©im), so that
vy = Z(l,m)eAz Cim@im- Then, we define the set M,, = M,,(Z,U) as follows,
and we’ll prove that Z,U can be chosen so that M,,(Z,U) C B, (6y).

1/} - Z(lvm)EAZ plmeiClm Plm,
Mn(Z7 U) = E SQ(R) : Z(l,m)eAZ |plm _ |Clm||2 < U2 ' (14)
Z(l,m)eAZ |Cim — arg Clm|2 < U?
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Lemma 3. For ally € M, (Z,U), it holds with the constant C(3,r) of lemma 2,

1Y — 2oll2 < 2U+2\/mcxp <_B2ZT> .

The fact that M,,(Z,U) is included into a suitable L?(R) ball around 1 is
not enough to prove the inclusion M, (Z,U) C B, (d,). The next lemma states
sufficient conditions for which the inclusion M,,(Z,U) C B, (d,) actually holds
true.

Lemma 4. There are constants 0 < Cq,Cs < oo depending only on v, 3,7, A,
B, L such that if U < Cl(logn)_‘l/réi and Z > Cg(logérjl)l/r, then for n
large enough M, (Z,U) C B, (6,) for every 62 > 4/2nC(B,7,n)Ln~!, where
C(B,1,m) is the constant of lemma 1.

Now that we have shown that M, (Z,U) C B,(d,) for suitable choice of Z
and U, it is clear that the prior mass of B, (d,) is lower bounded by the prior
mass of M,,(Z,U), the one is relatively easy to compute. This statement is made
formal in the next theorem.

Theorem 3. Let vy € Cy(B8,7,L), and by > 2+ r. Then there is a constant
C > 0 such that for n62 = C(logn)®/" it holds TI(B,,(6,)) = exp(—nd2) for n
large enough.

7.2. Construction of tests

The approach for constructing tests is reminiscent to Knapik and Salomond
(2014), where authors provide a general setup to establish posterior contraction
rates in nonparametric inverse problems. We define the following sieve. For
positive constants ¢, h to be determined later, and the constant a4 > 0 of the
assumptions

= iCim 0< 7 < h(log n)l/r
F, = S2(R) - G Z(l,m)eAZ Pime Plm» = S e
" {w ES®) s e A(For (log n)™)

Then, we construct test functions with rapidly decreasing type I and type 11
errors, for testing the hypothesis Hy : ¥ = 1y against the alternative Hy : ¢ €
U, N Fy, with U, == {¢p € S](R) : || — tboll2 > €n}, for a sequence (e,,)n>0 to
be determined later. To this aim, we need the following series of propositions
about F,,, which are proved in appendix C.1.

Proposition 3. Let né2 = C(logn)®/" for some constant C > 0. Then II(FS) <
exp(—6n62) whenever h > (6C/az)'/* and ¢ > 0 large enough.

Proposition 4. Let by > 2 +r and assume that nd2 = C(logn)®/" for some
constant C > 0. Then N(v/262, F, || - ||2) exp(—6162) = o(1).

Proposition 5. There is a constant M > 0, depending only on ¢ and 7, such
that for all ¢ € F,, it holds ||p}||c < Mh?(logn)/".
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Proposition 6. For all 8 > 0 and r € (0,1) there is a constant R > 0 such that
for any u > 0 it holds sup e £, f{\|2\|>u} Wy (2)|? dz < R(logn)?* exp(—fu’).

The first step in the tests construction consists on bounding, both from below
and from above, the Hellinger distance H*(P,, P! ) by a multiple constant of
I — woll2, at least for those 1y € C4(B,r, L) and those ¢ € F,,. To this aim,

=

we need to estimate the decay of Wy, stated in the next proposition. The
remaining proofs for this section can be found in appendices C.2 and C.3.

Proposition 7. Let ¢ € Cy(B,7,L) for some 3,L >0 and r € (0,1). Then
L WP esp(8lel) = < 12,

The practical proposition 7 allows to upper bound ||1) —g||2 by H (Pg, Pgo),
provided v and vy are sufficiently separated from each other.

Lemma 5. Let 8,L >0, r € (0,1), Cy := HpZOHOO, M, R > 0 be the constants
of propositions 5 and 6, and assume n large enough. Then for all w > 0, all
Y € F, and all g € Cy(B,7, L) such that |1 — o3 > 8R(log n)?** exp(—pBu”),
it holds

2
VR (P, PLL) < |14 — tolla < 24/ Co + MI2(log n)2/me™* H (P, PY,).

From the last lemma, we are in position to construct test functions with
rapidly decreasing type I and type II error for testing Hy : ¢ = 19 € Cy(5,7, L)
against Hi : ||t — ¥1]|a < /262 for any vy € F,, such that [[1h1 — |l > €2,
with

2 —2vyu?2)
52 — €n EXP( n 2 — 1 2a4 AT 1
" 48[Cy + Mh2(logn)?/)]’ ;. := 8R(logn)“** exp(—pPu,,), (15)

where (u,)n>0 is an increasing sequence of positive numbers to be determined
later and M, R > 0 the constants of propositions 5 and 6.

Proposition 8. Let 0, ¢, be as in equation (15). Then there exist test functions
(¢n)n>0 for testing Ho : ¢ = bg € Cy(B,7, L) against Hy : ||t —1b1]|2 < v/262 for
any 1 € Fp, such that |1 — o2 > €, with type I and type II errors satisfying

P ¢, < exp(—6ndy,), sup Pl (1= ¢,) < exp(—6nd7,).
PES?: ||lh—e1]]2<V/262

Proof. By lemma 5, we deduce that H(Pgl,Pgo) > V/126,,. From lemma 11, for

any ¢ € S?(R) with ||1) — ¢1]]2 < V202 (¢ not necessarily in F,,), we have the
estimate H(P], P} ) < 0, < H(P) , P} )/2. Then the conclusion follows from
Ghosal, Ghosh and Van Der Vaart (2000, section 7). O

The small balls estimate of proposition 8 allows to build the desired test
functions, using the classical approach of the covering of F,, with balls of radius
V262 in the L?(R) norm (Ghosal, Ghosh and Van Der Vaart, 2000).
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Theorem 4. Assume that o € Cy(B,r, L) for 5,L >0 and r € (0,1), and let
€nyOn be as in equation (15). Let N(v/282, Fn, || - |l2) be the number of L%(R)
balls of radius /262 needed to cover F,,. Then there exist test functions (¢n)n>0
such that

Pl ¢y < N(V202, Fo, || - |2) exp(—6nd7), and

sup Pl —¢n) < exp(—6n62).
YEFn : |v—doll2=en

7.3. Conclusion of the proof

Let summarize what we’ve done so far, and finalize the proof of theorem 2.
In lemma 10 in appendix, we state sufficient conditions to finish the proof of
our main theorem; these conditions involve two parts. First, proving that for a
suitable sequence &, — 0 with né2 — our prior puts enough probability mass
on the balls B, (d,) and; the construction of tests functions with sufficiently
rapidly decreasing type I and type II errors for testing Hy : ¢ = 1y against
Hy : ||t —1boll2 > €n, for those 9 in a set F,, of prior probability 1 —exp(—6n52).

For the prior considered here, we found in theorem 3 that §,, must satisfy
né2 > C(logn)®/" for some C' > 0, otherwise the so-called Kullback-Leilbler
condition is not met. Regarding the construction of tests, this involved to build
explicitly the sets F, in section 7.2. From that construction and equation (15),
we deduce that the required test functions exist, if for some constants K1, Ko > 0
and a sequence u, — 00

o - Kiow(-2yu2)e

L T I 2 Kallog ) exp(—Bur). (10

Since we must also have né? > C(logn)’/", we deduce that the sequence
(un)n>1 should satisfy, for a suitable constant C” > 0,

Bul 4 2yu2 — 2a5(logn)*/? <log C' +1logn — r~ (2 + by — 2ray) loglogn.
Finally, we can take,

o logn
u, = -
2y

O((logn)™?)

and the conclusion of the proof follows by equation (16).

Appendix A: Proof of theorem 1

We need some subsidiaries results to prove the theorem 1.

Proposition 9. For all 3 > 0, all 0 < r < 1 and all z,y € R2, it holds
exp(Bllz +ylI") < exp(Blz]") exp(BllylI")-
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Proof. This follows from the trivial estimate

lz+l™ < (el + lyID™ = el el + lyID™" + lyll il + vl
< ™= + gl ™= =zl + llyll" O

The next lemma is about the change of window in the STFT; its proof is
given for arbitrary g € S(R) and ¢ € §'(R) in Grochenig (2001, lemma 11.3.3).
The proof is identical when g, € L?(R), since it essentially rely on a duality
argument. Note, however, that the class of windows and functions that we are
considering are subset of S(R).

Lemma 6. Let go,g,h € L%(R) such that (h, g) # 0 and let 1) € L?*(R). Then
Voo (z,w)| < [(h, g)| M (IVgw] % Vg hl) (2, w) for all (z,w) € RY.

Proof. From Gréchenig (2001, corollary 3.2.3), for those g,h € L?*(R) with
(h, g) # 0, we have the inversion formula ¢ = (h, g)~* [ Vo (z, w) M,Typh dwdz
for all ¢ € L?. Applying V,, both sides

Voo ¥o(2! ') = /R? Vb (2, w) Vo (M Tph) (2!, w') dwdz.

1
(h, 9)
The conclusion follows because |Vy, (M,Tph)(z',w')| = |V h(2' —z, 0’ —w)|. O

Finally, we have the sufficient material to establish the independence of the
class Cy4(B,r, L) with respect to the choice of the window function g, as soon as
g is suitably well behaved.

Proof of theorem 1. Using lemma 6, we have that [V, 1| < ||gll5 2|Vat| * |Vaegl-
Then, because r < 1 by assumption,

[ Wbl exp(al=11) dz
< /R2(|Vg¢(2)| * Voo g(2)| exp(Bll2]") d=
< [ [ Vot esp(@ el Vag(c = wlexp(allz = ul) dud
< [ Wap@lesp(@lul) du [ Vgl exp(@lul)du
where we’ve used Young’s inequality and the first estimate of proposition 9. We

have by Grochenig and Zimmermann (2004, corollary 3.10) that V,,g € S} (R?),
thus the second integral in the rhs of the last equation is bounded. O

Appendix B: Proofs of Kullback-Leibler neighborhoods prior mass
B.1. Proof of lemma 1

To prove lemma 1, we need the following intermediate lemmas, relating the
smoothness of ¢ to the tails of the Wigner density of .
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Lemma 7. Let 1 € Cy(B,7, L) with B,L >0 and r € (0,1). Then,
[ W)l exp(slzz)as < 22
R2

Proof. Let ¢(x) = ¢(—z). Then from the definition of V1 and Wy, we have
that Wy (z,w) = 264”“9”%;1#(23:,20.)). By lemma 6 (with |(g, ¢)| = ||g]|3 = 1),
proposition 9, and Young’s inequality,

/ Wy(2/2)] exp(B]z]")dz

2 [ (Vi

< 2/ Voo ()| exp(Blul|")[V;9(z — u)| exp(Bllz — ul") dudz

V90)(2) exp(B12]")dz

<2 [ Wp(a)l expBllalNaz x [ Vya(e)l explBlel)as

Moreover, a straightforward computation shows that
)
Vigla,w) = e 2TV (z, —w),

which concludes the proof. O
Lemma 8. Let ¢ € Cy(B,r, L), with B, L >0 and r € (0,1). Then,

sup/ py(z,0) exp(28]z|")dx < L2,
0 Jr
Proof. From the definition of py,

/ py(,0) el de = [ Wy (zcosd — Esinb, xsin b + £ cos 0) P17 ded.
R R2

Performing the change of variable (z,&) — (zcosf + £sinf, —xsin 6 + £ cos ),
we arrive at

/ po(,0) e dw = | Wiy (a,€) e2Plrentreimil dedy,
R R

But for all r € (0, 1), by the triangle inequality and Holder’s inequality
|z cos + EsinB]" < (|2 cos O] + |€sin b)) < (Jz] + &))" < 27/ (2 + €2)7/2.

Then
/pw(x,e)ewwdxg/ W, (=) exp (Bl|22]7) dz
R R2

and the conclusion follows from lemma 7. O
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Lemma 9. Forall 3,L > 0 andr € (0, 1) there is a constant C'(8,7,1n) > 0 such
that if ¢ € Cy(B,r, L) we have supy [ py(y,0) exp(2B|y[")dy < C(8,r,n)L>.

Proof. Using Fubini’s theorem twice and the estimate |u + z|" < |u|" + |z|",

2 _ 2 .
/pg(y,ﬁ) 2" gy = \/f//pw(x,ﬁ) exp{_u} da 2P qy
v v
2,2
- \/é//m(x,e)exp{_”v“ }e"p@ﬁuwm dudz
< /T 28]e|" m?u® ,
</ [ pu(z,0) el dr [ expq— S +28Jul" ¢ du.
%

The conclusion follows from lemma 8. |

From the lemmas above the proof of lemma 1 is relatively straightforward,
we give it here for the sake of completeness.

Proof of lemma 1. We begin with the obvious estimate P,/ (Q5,) < nP,(Ey).
The proof is finished by noticing that
pz) (y,0) 281" e =281u1" gy do

PyE) = [
<n”? / Py (y,0) V" dydo

because of lemma 9. O

B.2. Proofs regarding approximation theory

Proof of lemma 3. For all v € M, (Z,U) we have the following estimate. Be-
cause (g1, ) is an orthonormal base of L?(R),

I —vzl3 = |pme ™ = ciml?

(I,m)eAz
S 2 Z |le - ‘Clm||2+2 Z |<lm*argclm|2 §4U2
(IL,m)eAz (I,m)eAz

Then the conclusion follows using ||[v) — glle < || — ¥zll2 + ||z — oll2 and
equation (13). d

Proof of lemma 4. Recall that pl(y, 0) = [py (-, 0)xP2,](y). We have the obvious
bound

+o0 +D5"
P (5, 0) = / P, 0)®, (y — z) di > / ps (2, 8)®+ (y — ) de.

—00 7D57T'
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Then for all (y,0) € E, (i.e. |y| < D27) it follows from the definition of ®.,
that pj(y,0) > ®.,(2DB")P,(|X| < D& | §)/(2r). From proposition 10 in
appendix, the latter implies for n large enough that for all ¢y € M,, it holds
Py (y,0) > @, (2D5")/(4m) whenever (y,0) € E,. Since 9y € Cy(8,7, L), which
is a subset of the Schwartz space S(R), and since the Radon transform maps
S(R) onto a subset of S(R x [0, 27]) by Helgason (2011, theorem 2.4), we deduce
that there is a constant C' = C(tg,n) > 0 such that for all v € M,,(Z,U),

yi 0 2 2/r
Poo®0) Cexp{i (102") } —: A", V(y,0) € B,

by (y,0)
The proof now follows similar lines as Shen, Tokdar and Ghosal (2013, lem-

ma B2). The function 7 : (0,00) — R defined implicitly by logz = 2(2'/2 —1) —
r(z)(x'/? — 1)? is nonnegative and decreasing. Thus we obtain,

7
p
Ul Yo
Dy, 108 —
/En Yo pl)
Y Ul
p p
_ n P Ul Y
== p o +/ Py” |
/E‘n Yo < p'Z)O > En . (plan))
( /\/pwopw> — 2P} (E}) (17)
2
+2/Efl \/pl/ioplﬁ—i_r()‘n) 5, ( pzf_ \/p;q/)o)

< 2H*(P}, P} ) (1+7(\a)) +2P) (E;)'2P)(E;)'2,

where the last line follows from Holder’s inequality. Also, proceeding as in the
proof of Shen, Tokdar and Ghosal (2013, lemma B2) we find that

P

2
n
p
/E I <1og p‘fﬁ) < H*(PJ,P]) (12 +2r(\,)?) . (18)
Note that r(x) <logz~! for 2 small enough, and by lemma 1,

P] (E;)'\?PJ(E;)Y? < P (ES)Y? < \/2xC(B,r,m)Ln". (19)

Then we deduce from equations (17) to (19) and lemma 11 that for n large
enough, provided 62 > 4,/27C(3,7,n7)Ln~1,

B.(5 P S2(R < 2 8 4/7“52
n(0n) 2 By ¥ €SR), Y —ollo < Foomsg (logn> ")

Then the conclusion follows from lemma 3. O
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B.3. Proof of the lower bound

Proof of theorem 3. Let C1,Cy > 0 be the constants of lemma 4, let U, =
C(logn)~*/7§2 and Z,, be the smaller integer larger than Co(logd;,1)*/". Then
by lemma 4 II(B,,(6,)) > II(M,(Z,,Uy,)), and

H(Mn(Zru Un)) > PZ(Z = Zn)G (Z(l7m)€AZ |plm — |clm||2 < Ug | Z)
< Fe <Z(l,m)eAZ |Cim — arg cim|? < U? | Z) '

Note that by lemma 2 the sequence (|ciml)@,myer, is in A% (B,r,C(B,7)L).
Hence, using the assumptions of section 5.2, we have for n large enough

(M (Zn,Un)) 2 exp {—a1 Z5" — (ag + a3) 22 " log U, 2} .
We deduce from the above the existence of a constant K > 0 not depending on
n, such that for n large enough,
(B, (d,)) = exp {_K(log 5, 1)/" — K(log s, ")"/"* (log 6, * + loglogn) }
> exp(—nd?).

Then the conclusion of the theorem follows since we assume né2 = C(logn)?*/"
for a suitable constant C' > 0. O

Appendix C: Proofs of tests construction

C.1. Proofs regarding the sieve

Proof of proposition 3. Let Z,, be the smaller integer larger than h(log n)l/r.

Clearly 1 ~ II is almost-surely in S?(R). Then if ¢ > 0 is large enough we have
the bound

N(F;) < Pz (2 > hllogn)'/") + G (b ¢ AS(8,r,cllogn)™) | Z < Zy)
< exp (—aghb1 (log n)bl/r) + exp (—as(logn)”)

which is trivially smaller than a multiple constant of exp(—6nd2) when h is as
large as in the proposition, and because bs > by /r by assumption. O

Proof of proposition 4. We use the classical argument that N(v/262, Fy, | - [|2)
is bounded by the cardinality of a v/262-net over J,, is the ||- |2 distance (Shen,
Tokdar and Ghosal, 2013). We compute the cardinality of such /262-net as
follows. Let Z, := h(logn)'/", P be a 62-net over the simplex Az in the f,
distance, and let Obea §2-net over [0, 2] in the euclidean distance. Then define

N, = RS §2(R) . Y= Z:(l,m)EAzn ULWe " Qlms L
(Ulm)(l,m)eAZn S Pa V(L m) € AZn : Clm €O
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For all ¢ € F,, we have ¢ =32 ycp, Q€™ O, With qp, = pim for those
(I,m) € Az, Z < Z,, and q,n, = 0 otherwise. Since (¢;,,) is an orthonormal
base of L2(R), we have o (m)ens ¢, = 1, and we can find a function ¢’ € N,
with ¢ =3 en,. q},,,€tm @y, such that Doy, [Tm — q@m|* < 62, and
¢}, — Cim| < 62 for all (I,m) € Ay, . Using standard arguments, we have

2
-l .
”77[}, - 7//”% = 2 : ‘qllmelclm - qlmelsz

(I,m)eEAz
. . 2
<2 Y g —aml 2D g, € — | <44}
(I,m)eAz (I,m)eAz
Thus N, is a 262 over F,, in the || - |2 norm. Moreover, the cardinality of NV, is

upper bounded by |P| x |O|lAzx |, which is in turn bounded by

Az, | [Az, |
1 nl 2w n
() ()

for a constant C' > 0. Clearly, the cardinality of a /262-net over F,, in the
|| - |2 distance satisfy the same bound, eventually for a different constant C.
Therefore, for a suitable constant K > 0, when n is large enough.

1
N33 o ) S exp { KAz 1og 5 | < exp {in2(1ogn)+2/7}.
The conclusion follows because by > 2 + r. (|

Proof of proposition 5. The bound is obvious for those v € F,, with Z = 0. For
Z > 1, we have from the definition of the Wigner transform (equation (1)), for
an arbitrary ¢ € F,,

W¢(.’E,w) =
Z Z plmpjkei(glm—Cjk)/solm(x_’_t/?)me—?ﬂiwt dt.
R

(Im)eAz (j,k)EAZ

Using the expression of ¢y, from equation (6), it follows

Pum (T +t/2)pji(x — t/2) = ;T Mip(z +t/2) T Mjp(z — t/2)
(=) e Ton Mip( + t/2) T M_jip(x — £/2)
(1) ey Ton M_yp(a + /2) Tie Mo — t/2)
(=) (=1 a6, T M_yp(a + /2) T M_jip(w — t/2).
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Recalling that Top(y) = ¢(y — x) and Mup(y) = e*™“p(y), it follows
/TmMLQO(x +t/2)TiMjp(x — t/2)e” 2™ dt
R

— / e27ril(z+t/2—m)s0(x + t/2 _ m)e—27rij(w—t/2—k)me—2ﬂ'iwt dt
R

— 26477iw(w—m)—27rij(21—m—k) / w(u)w(_u F2r —m— k)e—Qﬂ"iu(2UJ—l—j) du
R

_ 2647Tiw(a:7m)7277ij(2x7m7k:)VSZ)SD(Q‘T —m— k‘, Qv — 1 — ])

Thus, we deduce the following expression for the Wigner transform of an arbi-
trary function ¢ € F,.

Wl/,(a:,w) = Z Z plmpjkei(ézm*@k) % QClcje4wiw(m7m)
(Im)EAz (j,k)EAZ

e~ 2mIRem=Ry o020 —m — k, 2w — 1 — §)
+ (—1)%H 2 Ge=m=k) Y (20 — m — k, 2w — | + j)
+ (—1)2mHlem2midQemm=k) Y (20 —m — k, 2w 41 — §)
+ (71)2m+l(71)2k+j62mj(2m*m*k)V¢ga(2:c —m—k2w+1+7j)]|.
To ease notations, let
flz,wil,m, j, k) := e4ﬂiw(m*m)*2mj(2w*m*k)V¢<p(2x —m—k,2w—1—7).

Letting Zf(z,0) denote the Radon transform of f, it is easy to check that
FIRf(-,0)](w) = f(ucosB,usinf), where f is the Fourier transform with re-
spect to both variables of f, and .# the L' Fourier operator. Note that,

/ Visp(a,y)e™ e 2 tv82) gudy
= / / (p(u)mef%riuy du emxy672m(m£1+y§2)dxdy
R2 JR
= // @(U)eﬂm‘y/(p(t)ezm‘t(&*y/mdt e*?ﬂiu§1—27m‘y§2dy du

— 2647ri§1§2 /S’D\(t)m€74ﬂit£2 dt
= 264V 5(261, 26).

Hence,

~ 1
|f(ucosB, usinb;l,m,j, k)| = §|V¢<25(ucos0 +7—l,usinfd +m—k)|
By Fourier duality, this implies that

1
sup |[Zf(:;1,m, 5, k)(z,0)] < §/|V¢(ﬁ(ucos€+j—l7usin9+m—k)|du
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The function ¢ is in Si (R) by construction. From Gréchenig and Zimmermann
(2004, corollary 3.10) we can then find a constant a > 0 such that [Vz@(z,w)| S

exp(—avz? + w?). Moreover,
(ucos 4 j —1)* 4 (usin@ +m — k)?
= (u+ (j—1)cos® + (m — k)sin)® + ((m — k) cos 6 — (j — 1) sin §)*
> (u+ (j —1)cosd 4 (m — k) sin ).

Therefore,

sup | 2f (1, m, j, k) (2,0)| < / exp(—alu]) du = 2a™".
z,0

Since the Radon transform is a linear map, we deduce that

2
py(,0)] < 8a! (Z(z,m)eAZ plm) < 8a~'|Az| < 8a~'h*(logn)*/".

Now pi,(y,0) = [py(:,0) * ®,](y), so that conclusion of the proposition follows
from Young’s inequality. O

Proof of proposition 6. Using the expression of ¢, of equation (6), we have
Vapim = aVy(TnMip) + (—1)*" e,V (T, M_y0).
Since V(T M) (z,w)| = |Vy(x — m,w —m)|, it follows
[Voim(z,w)| < a|Vyp(z —m,w —1)| + c|[Vyp(r —m,w +1)]|.
Now pick an arbitrary ¥ € F,,. We have

/]Rz Ve (2) exp(B]|=]]") d=
= Z Pim /R2 ‘nglm(z)|exp(ﬁ‘|z|‘7) dz

(I,m)eAz

< Z plmcl/ [Vyp(x —m,w —1)]exp (B(x2 + w2)r/2> dxdw
(Lm)eAz R

b pma [ Wiple - mw+ Dl exp (3 +0?)"1?) ded
(Lm)eAy R2

<2 Y e (B +m2) ) [ Vet exp(8l:1) s
(Lm)EAz -
S Y moexp (802 +m?)72) < (logn)™,
(I,m)eAz
where the last line follows from Grochenig and Zimmermann (2004, corollary
3.10), since both g and ¢ are in S§ (R) and r < 1 by assumption. The previous

estimate show that F,, C C4(8,r, L,,) with L,, < (logn)®. Hence the conclusion
follows from proposition 7. O



3624 Z. Naulet and E. Barat

C.2. Proofs of norm equivalence

Proof of proposition 7. Recall that .# denote the L' Fourier transfom opera-
tor. By definition of Wy, it holds Wy (u1,u2) = F[¥(ur + -/2)(u1 — -/2)](u2).
Clearly if ¢ € Cy(B,7,L) then W, € L'(R?) by lemma 7. Moreover, for all

uy € R the mapping ¢ — 1 (u1 +t/2)1(u; — t/2) is in L'(R) because of Cauchy-
Schwarz inequality and ¢ € L?(R). Then by Fourier inversion, we get

/Ww(uh up)e” 2 M2(782) duyy = ap(uy + E2/2)Y(ur — €2/2).

Taking the Fourier transform with respect to u; yields
/ Wy (uq, uﬁe‘Qm(ulfﬁuz&) duqdus
— [ wlur — &2/2)00 T E/Be T duy
—emoe [ paT Ge et

Hence we proved that Ww(fhfg) = e TV (£, &), at least when ¢ €

Cy(B,r, L). By lemma 6, [Vyy1h(=&2, §1)| < ([Vg[#[Vipg]) (—&2, &) since [|gll2 = 1.
Note that, by proposition 9 we have

exp(B(&] + &)%) < exp(B((—& — w)® + (& — u2)?)""?) exp(B(uf +u3)"/?).

Also, by Cauchy-Schwarz inequality |W¢(§1,§2)| < ||#||3 = 1. Therefore, by
Young’s inequality, and because |Vyg| = |Vy4|,

// Wy (€1, &) |2 exp(B(E2 + €2)"/?) dérdes
= / / (W (€1, E2)| exp(B(€2 + €3)7/2) de 1 dés

2
< ( [ Wasteeleie +£§)”2)d€1d§z) ,

which concludes the proof. O

Proof of lemma 5. The lower bound follows from lemma 11 in appendix F. In
the sequel we let M,, := Mh?(logn)?" and R, := R(logn)?** exp(—pu"). To
establish the upper bound, we first bound the L? distance between densities by
the Hellinger distance. By triangular inequality and Young’s inequality,

L0.0) — 1, (00 < 2[00 00 [l (0.6) — /.00 0. 6)]

+2 ‘\/pz,(y, 9)\/PZO (y,6) — \/ng (v, 9)\/]020 (4,6)

‘ 2
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Taking the integral both sides, under the assumptions of the lemma it comes
/ p)(y,0) — P, (y,0)? dydd < 2(Co + M,)H*(P], P} ).

Recall that .# denote the L!-Fourier transform operator. Then by Parseval-
Plancherel formula we can rewrite

/ | F [}, 0)1(6) — Z [P, (- )OI d&db < 2(Co + M) H* (P, Pl ).

Recalling that py,(y,0) = [py (-, 0) * ®,](y), where F[®,] = &)7, we deduce that
Z L 0)](€) = Zpy(-,0))(€) @+ (). Therefore,

/ | [0 (- 0)1(€) = Flpy, (- O)E)I*12-(€)|* dedo < 2(Co + Mo)H?(P], P ).

Using that F[py(-,0)](&) = Ww(f cosf,€sinf), and performing the suitable
change of variables, we arrive at

5 W (2) = W, (2) 219 ([|2])[? d2 < 2(Co + M) H?(P], P, ).

Now, using that the Fourier transform is isometric from L?(R) onto itself, and
that the Wigner transform is isometric from L?(R) onto L?(R?), by Gréchenig
(2001, proposition 4.3.2), we write

o= voll = [ | [Wul) = W o) =
- / Wy (2) — Wy ()2 d= + / Wy (2) = Wy, ()2 da
{lzlI<u} {llzll>u}
Wy (2) — Wy, (2)]2]2, (||2])[? d=

o[ W) - W )P
tzl>u}

1
()] Jre

Under the hypothesis of the lemma, the second term in the rhs of the last
equation is bounded by 4R,, when n is large, because by proposition 7 we have

/ W, (2)]? dz = / (W (2)[2 P11 1217 g
{llzl>u} {llzl>u}
<e B / |/V[7w0 (2)|? Pl gz < L2 P
R2
Since ®.,(¢) = exp(—7£2), it follows,

1 N
- - W, 21 24 R,
[ — o3 < %) |2/ W, Wo (2) 2@ (1|2]1)]? d= + 4

< 2(Cy + M,,)e*’ H*(PJ,P] ) + 4Ry,
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Consequently, when ||¢) — |3 > 8R,, we have

1 — ol3 < 4(Co + M,,)e>™ H2(P], P ). O

C.3. Construction of global test functions

Proof of theorem 4. Let N = N(v/262, F,.,|| - ||2) denote the number of balls of
radius \/55,% and centers in F,,, needed to cover F,,. Let (B1,...,By) denote
the corresponding covering with centers (¢1,...,%y). Now let J be the index
set of balls B; with ||¢); —1gl|l2 > €,. Using proposition 8, for each of these balls
B; with j € J, we can build a test function ¢, ; satisfying
P ons S exp(=6n8y), sup PY™(1 = gn;) < exp(=6n8y).

Define the test function ¢, := max;jey ¢n ;. Then P ¢, <> . ; Pl by ; <
N exp(—6nd2) and Pl (1—¢n) < minjes SUPy/ e g, Pl (1=¢n ;) < exp(—6nd2)
for any € F,, with [|v) — o2 > €, — v/262 (recall that 6,, < ¢,), and hence
for any ¢ € F,, with ||vb — oll2 > €n. O

Appendix D: Proofs for uniform series prior on simplex

Proof of proposition 1. From the definition of of G and Hélder’s inequality, for
K > 0 integer, Z = KM and (pim),m)en, in the support of G(- | Z), we get
estimate

K
> pmepBE+mA)) <Y 0 Y mmexp(B +m?)?)
(I,m)eAz k=1 (I,m)eZ
K
<3 0Tl expl(5K M),

=~
Il
_

because ZkK:1 0? > 07 = 1. The conclusion is direct because §; = 1 and 6, <
V2Lexp(—B(k" —1)M") for any k=2,..., K. O

Proof of proposition 2. Let Z = KM for K > 0 integer, and (qim),m)er, €
A% (8,7, L) be arbitrary. For any (I,m) € Az, and any sequence (pim),m)er, €
Az, let define the unnormalized coefficients
~ dim ~ Pim
Um = = Pim 1=
Z(mp)EIl 9np E(n,p)EL Prp

Note that 3= ez, Gom = 2o (,m)ez, Pim = 1. Moreover, we also have

Z Pin = Z G = 1;

(I,m)eAz (I,m)eAz
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it turns out that

EIvlm ﬁlm
= Pim = =
Z(nm)EAz Inp Z(n,p)eAz Dhp

By the triangle inequality, the two previous expressions of g, P yield the
bound,

2,/2 |@im — Bum?
(,m)eAz |9im = Pim — —
E |Gim — pim|? < ~ <2 E |Gim — Pim |2
(I,m)eAz \/ Z(l,m)eAZ Qim (I,m)EAz

For any k = 1,..., K, define t; := Z(z m)ETh G2, and e = Gty ' 1((L,m) €
k). Note that by construction we have t; = 1. With obvious definition for 6
and 7;,,, we have

K
S Apm = aml> <2> > 10kmim — teewm|®

(I,m)eAz k=1 (I,m)€ZLy
K z
§4Zt% Z |nlm_elm|2+42|9k_tk|2~
k=1 (I,m)eZy k=2

We can choose M > 0 large enough to have »_, .7, ¢, > 1/2; it turns out
that Zszl t% < 2. Moreover, with M > 0 chosen as previously we have

tr exp(ﬁkTMT) = \/ieﬂMT Z dim exp(ﬁ(/ﬂ - 1)TMT)
(I,m)ETLy

< V2P N g exp(B(12 +m?)/?) < V2LeM
(I,m)€Ly

thus the coefficients (¢)_, are in the support of G(- | Z). By independence

structure of the prior, and since Zszl t2 < 2, it suffices to prove that for any
t>0,

Hi{zl Fy, (Z(l,m)elk |Mm — elm|2 < t) 2 eXp(_CKbl_r 1ogt_1), (20)
Pr (Zszz |0 — t|? < t) > exp(—c K" " logt™1), (21)

for some constants ¢,¢’ > 0. Equation (20) is automatically satisfied by the
assumptions on Fy, F5, ... in the proposition. Equation (21) is straightforward
from the definition of G(- | Z). O

Appendix E: Bounding the posterior distribution

We bound the posterior distribution as follows. Let €2, be the event of equa-
tion (11). Then, with the notation Z; := (Y;,6;) and Z" = (Z4, ..., Z,), for any
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measurable set U,
P Un | 27) = PR () T + I3 + I3] + PR Q)1 (22)
where
17 ':/ LU, NFS| 2 )dPIZ(’]”(z" | ),
13 / O (ZHIL(U, N Fy | 2" )dPgo"(z" | Q2,),

I ::/ (1= Gu(™NI(Un O Fy | 27 dPL" (7 | D),

n

m ;:/ T(U, | 2") P (2" | 95).

This decomposition of the expectation for the posterior distribution serves as a
basis for the proof of the next lemma.

Lemma 10. Let §, — 0 with né2 — oo. Assume that there are sets F,, C F
with II(FS) < e=6"%% and a sequence of test functions (Gn)n>1, On @ (RT %
[0,27])™ — [0, 1], such that P)" ¢, — 0 and supyey, nz, Py (1—¢n) < e—6nn
Also assume that 11(B,,(3,)) 2 e‘”‘;i, where By, (0,) are the sets defined in
equation (12). Then P T(U, | Z") — 0 as n — oc.

Proof. The proof looks like Ghosal, Ghosh and Van Der Vaart (2000), with
careful adaptions. It is obvious that I§ < 1 so that P, (Q5,)[} — 0 by lemma 1.

With the same argument we have that I3 < P"(Q,)~"' P} ¢,. Now we bound
13 . As usual, recalling that the observations are i.i.d we rewrite

Jo.ax, iz 23 (i, 0:) /vy, (i, 0:) dIL()
JTL v (i, 02) /oy, (yi 63) dTL(3)

(U, NF, |2") = (23)

We lower bound the integral in the denominator of equation (23) by integrating
on the smaller set B,,. Consider the events

A= {«yl,el), (om0 [ 4 e e,
)

< exp(—4n6§)}
”7, 1p'¢0 yla ’L )

)
On = {((y1791)7 yna n Z/ pwo 5:7 l) dlgé’(i)) Z 47157%}

By Jensen’s inequality, we have the inclusion C,, C A,,, thus PIZ(’)"(AH | Q,) <

PI"(Cy, | Q). Moreover, using that the observations are independent, and
Yo \-

Fubini’s theorem, we have
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n e poy“ i) dII(y))
E/Bl ; >H<B>'Q"]

pw Yi, 0
_ plﬁo Yi 0 )d ( ) n,m (TN .
- P»LZ n Qn /n;/ pw i, z) H(B )dP (Hj:l dy]dej an)
_ P, (En)"” oo Pe0®:0) 1 dI1(y)
= im0, /B [/El 8 oy, 0) Pl da)} (B,

Likewise, we can bound the variance with respect to P"(- | ©2,), denoted var
for the sake of simplicity; with the same arguments as previously,
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From the definition of B,, and because P (Ey,) > 1/2 for n large enough, we
get from Chebychev inequality that for those n,
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where the third line follows from Fubini’s theorem. Combining the last two
results yields Pj" (Q,)I3 — 0. The bound on I7* follows exactly the same lines
as the bound on I} (see also Ghosal, Ghosh and Van Der Vaart, 2000). |

Appendix F: Remaining proofs and auxiliary results

Lemma 11. Let ¢, € S*(R). Then, H*(P}, P,) ) <V/2H(Py, Py,) < V2|
Yoll2. Moreover, we also have that H(Py(- | 6), Py, (- | 0)) < ||¥0 — voll2 for all
6 €[0,7].

Proof. First, we recall that p;)(y,0) = [py (-, 0) * ®,](y). The same holds for p;
Then using that the square Hellinger distance is bounded by the total variation
distance, which is in turn bounded by the Hellinger distance,

2(P1, P ) /|p¢ B.](y) — [poo (- 0) * 4](y)| dydh

<, / / Do (@,0) — pyy (,0)] dedd < VZH(Py, Pyy),

where the second line follows from Young’s inequality. Now let 6 = 0 and 6 #
7/2. Using that |z| — Jy| = |z —y +y| — |y| < |z —y| for all z,y € C, it holds
from equation (3) that,
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On almost recognize the expression of the square-root of a density in the rhs of
the last equation. Indeed, it is not because 1) — g is not normalized in L?. But,

letting v, := (¢ — o) /|| — ol|2,

(m(x,e) o, <x,9>)2 < pol, )l — ol (24)

One can show easily that the same bound holds when 6 = 0 or § = 7/2 (although
it is even not necessary). The conclusion of the lemma then follows from the
definition of the Hellinger distance and the fact that p, is a probability density.
The results for conditional densities is immediate from equation (24) since py (2 |
0) = mpy(z,0) for any ¥ € S*(R).

Proposition 10. There exists ng such that for alln > ng and allyy € M, (Z,U)
it holds Py(|X| < D2 | 0) > 1/2 for all 6 € [0, 7).

Proof. 1t suffices to write that,

Pu(X1<Di" 02 [ polal 0)dat [ polr] 6)=poy(a ] 0)]da
[-D&",+DET] R

< Py(IX] < D" [ 0) + VZH(Py(- | ), Py, (- | 0)).
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By lemma 11, V2H (Py(- | 0), Py, (- | 6)) < 1/4 for all 9 € M,, if n is large
enough. Moreover, is n is sufficiently large, we also have Py, (|X| < D27 | §) >
3/4, concluding the proof. |
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