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Control in Multi-User and Multi-Relay Networks
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Senior Member, IEEE, and M. Debbah, Fellow, IEEE

Abstract—We consider a multi-user, multi-relay network where
each source communicates with its destination via an assigned
relay. To ensure fairness among the users, the minimum of the
users’ energy efficiencies (in bit-per-Joule) is jointly maximized
with respect to the relay assignment and transmit power of
both source and relay nodes. The resulting algorithm is prov-
ably convergent, requires limited complexity, and significantly
outperforms the baseline scenario in which no joint optimization
of transmit powers and relay assignment is performed.

Index Terms—Energy efficiency, multi-user networks, multi-
relay networks, relay assignment, power optimization.

I. INTRODUCTION

Radio resource allocation for energy efficiency has become
a key performance indicator for the design of future mobile
networks [1]. Furthermore, the use of relays constitutes a
fundamental tool for extending the coverage of current and
future wireless networks [2]. In the context of single- or multi-
user networks, where multiple relays are available, properly
designed relay assignment strategies have the potential of
providing spatial diversity gains to the users, thus improving
their performance [3]. The relay assignment problem is usually
formulated to improve the error rate and throughput of the
source-to-destination links, by assuming that their transmit
powers are fixed, e.g. [4], [5]. The rise of energy efficiency as a
key performance indicator for wireless networks, however, has
put forth the relevance of investigating the relay assignment
problem from an energy efficiency perspective.

The design of relay assignment schemes that aim at optimiz-
ing the energy efficiency is considered in several recent works
focused on single-user networks [6]–[10] (and references
therein). The goal is to minimize the transmit power of a
multi-user orthogonal frequency-division multiplexing system.
In [11], a power-allocation method that reduces the total power
consumption while maintaining the required quality of service
for application to single-user and multi-user relay systems is
proposed. Other recent works study power allocation schemes
for relay-aided networks, considering a fixed assignment. In
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Fig. 1: Considered multi-user multi-relay network model.

[12], the energy efficiency of a multi-user and single-relay
MIMO system is maximized. In [13], a relay-assisted cognitive
system is considered. An information-theoretic analysis of
the multi-way relay channel is available in [14]. Energy-
efficient resource allocation policies for the multi-way relay
channel are studied in [15]. In [16], schemes that minimize
the energy expenditure of cloud radio relay-assisted networks
under quality of service constraints are analyzed.

In the depicted context, the present work considers a multi-
user and multi-relay network, and aims at jointly optimizing
the relay assignment and transmit powers to maximize the
minimum bit-per-Joule energy efficiency across the users, a
problem that has not been considered in previous works.
Indeed, as outlined above, most previous works focus only on
either relay assignment or power control. Moreover, available
works that jointly consider relay assignment and power control
are focused on non-energy-efficient allocations, like [17],
where a joint optimization of relay selection and resource
allocation under rate constraints is considered.

The novel scenario considered in this work leads to a mixed-
integer optimization problem, which is tackled by generalizing
to the energy-efficient scenario the relay assignment strategies
from [5], where SNR maximization was considered, and by
employing generalized fractional programming tools to deal
with the power allocation part of the problem [1].

II. SYSTEM MODEL

We consider the dual-hop wireless relay network depicted in
Fig. 1, where K source nodes (S1, . . . , SK) send information
to their corresponding destination nodes (D1, . . . , DK) via N
relay nodes (R1, . . . , RN ) that operate either in decode-and-
forward (DF) or in amplify-and-forward (AF) mode. Each
node is equipped with a single antenna and operates in half-
duplex mode. The transmit powers of the kth user and nth
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relay, n ∈ {1, . . . , N}, are pk and qn, respectively. Motivated
by practical considerations, we consider the case in which each
user is assisted by one and only one relay1, thus assuming
N ≥ K. To avoid interference among the users, orthogonal
(time, frequency) channels are used for transmission.

The fading channel between Sk and Rn and between
Rn and Dk are denoted by fk,n and gk,n, respectively. All
channels are assumed to be independent and identically dis-
tributed, to remain constant during one transmission block, but
to change independently over different transmission blocks.
Moreover, the direct user-destination channels are assumed to
be too weak for communication and hence are neglected. Then,
the achievable rate, rk,n, and bit-per-Joule energy efficiency,
ηk,n, of the kth user-destination pair are:

rk,n =
1

2K
log2 (1 + γk,n (pk, qn)) [bpcu] (1)

ηk,n =
B log2 (1 + γk,n (pk, qn))

λkpk + µnqn + P
(c)
k,n

[bit/Joule] (2)

where “bpcu” stands for bit per channel use, the pre-log factor
1/2K is due to the half-duplex operation mode and to the
use of orthogonal transmission channels, λk and µn are the
inverse of the power amplifier efficiencies of Sk and Rn,
respectively, P (c)

k,n is the static power dissipated to operate the
communication of user k through relay n, and γk,n is the SNR
of the Sk −Dk pair through relay Rn, which depends on the
particular relaying protocol being used. Let γ(1)

k,n = pk
|fk,n|2
σ2

and γ(2)
k,n = qn

|gk,n|2
σ2 , be the SNRs of the Sk−Rn and Rn−Dk

links, where σ2 is the noise power. The SNRs enjoyed using
the DF and AF relaying protocols are, respectively:

γDFk,n (pk, qn)=min
(
γ

(1)
k,n,γ

(2)
k,n

)
=

min
(
pk|fk,n|2,qn|gk,n|2

)
σ2

(3)

γAFk,n (pk, qn)=
γ

(1)
k,nγ

(2)
k,n

γ
(1)
k,n+γ

(2)
k,n+1

=
pkqn|fk,n|2|gk,n|2/σ2

pk|fk,n|2+qn|gk,n|2+σ2
. (4)

Motivated by fairness considerations2, our goal is to max-
imize the minimum energy efficiency across the users, with
respect to {pk}Kk=1, {qn}Nn=1, and to the source-relay associ-
ation {δk,n}k,n, where δk,n = 1 if user k is assisted by relay
n, and δk,n = 0 otherwise.

III. PROBLEM FORMULATION AND SOLUTION

The energy efficiency of the kth user before knowing its
associated relay is given by3:

ηk =

∑N
n=1 log2 (1 + δk,nγk,n (pk, qn))

λkpk +
∑N
n=1 δk,n

(
µnqn + P

(c)
k,n

) . (5)

Then, the maximization of the minimum energy efficiency
among the users can be formulated as follows:

max
{pk,qn,δk,n}k,n

min
1≤k≤K

ηk(pk, qn, δk,n) (6a)

s.t. pk ∈ [0, pmax,k] , qn ∈ [0, qmax,n] ∀k, n (6b)

δk,n∈{0,1},
∑N
n=1δk,n=1,

∑K
k=1δk,n∈{0,1} ∀k, n (6c)

1Having multiple users associated to multiple relays would increase the
system complexity and energy consumption [18], [19].

2If instead a system-wide performance optimization is desired, the system
global energy efficiency is a more suitable performance metric.

3Recall that the users are assigned to only one relay.

where pmax,k and qmax,n are the maximum power levels of
Sk and Rn, respectively, while (6c) ensures that each user is
connected to one and only one relay.

The main challenges to solve (6) lie in its mixed-integer
nature and in its non-concave fractional objective, which is
not differentiable even with respect to only the transmit powers
due to the min(·) operator. We tackle these issues by using
the alternating optimization method illustrated in Algorithm
1, alternatively optimizing the association variables {δk,n}k,n
for fixed transmit powers {pk, qn}k,n, and the transmit powers
for fixed association variables, until convergence.

Algorithm 1 Alternating maximization of the problem in (6)

Set {δ̄k,n}k,n ∈ {0, 1}KN ;
repeat
{p̄k, q̄n}k,n = arg max{pk,qn}k,n

min1≤k≤K EEk(pk, qn, δ̄k,n),
subject to (6b);
{δ̄k,n}k,n = arg max{δk,n}k,n

min1≤k≤K EEk(p̄k, q̄n, δk,n),
subject to (6c);

until convergence

Algorithm 1 monotonically increases the value of the ob-
jective and converges in the value of the objective4, even
though global optimality cannot be theoretically guaranteed.
The two optimization subproblems that constitute Algorithm
1 are discussed and solved in the next two sections.

A. Transmit Power Optimization
The first subproblem in Algorithm 1 assumes that the associ-

ation variables δk,n = δ̄k,n are fixed for all k, n, and optimizes
the energy efficiency with respect to {pk}k and {qn}n. Thus,
the following optimization problem is considered:

max
{pk,qn}k,n

min
1≤k≤K

ηk(pk, qn) (7a)

s.t. pk ∈ [0, pmax,k] , [0, qmax,n] ∀k, n . (7b)

The optimization problem in (7) is an instance of a generalized
fractional program [20], which differs from the well-known
class of fractional programs because of the presence of the
min(·) operator. An algorithm to globally solve general-
ized fractional programs was proposed in [20, Section 2.2]
and named generalized Dinkelbach’s algorithm. If each ratio
within the min(·) operator is the ratio of a concave function
over a convex function, and all the constraints are convex,
then the generalized Dinkelbach’s algorithm finds the solution
of (7) by solving a sequence of convex auxiliary problems
that converge at a rate that is at least linear [20, Proposition
3.3]. As far as the specific problem at hand is concerned, the
denominators in (7a) and the affine constraints in (7b) fulfill
these requirements. Instead, as for the numerators in (7a), the
analysis is more challenging. In particular, the DF and AF
protocols need to be treated separately.

Proposition 3.1: Let the DF protocol be used. Every numer-
ator in (7a) is jointly concave in pk and qn, for all k, n.

Proof: It needs to be proved that γk,n is jointly concave
in pk and qn, for all k, n. This follows since the logarithm
of a concave function is concave and the sum of concave

4The objective (6a) is upper-bounded over the feasible set and thus it cannot
increase indefinitely.
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functions is concave. Also, γk,n in (3) is the minimum of
linear functions and, thus, it is concave, since the minimum
of concave functions is concave.

Proposition 3.2: With the AF protocol, every numerator in
(7a) is jointly concave in pk, qn if γ(1)

k,nγ
(2)
k,n ≥

1
2 for all k, n.

Proof: Similar to DF, it needs to be proved that γk,n is
jointly concave in pk and qn, for all k, n. We observe that (4)
can be equivalently studied as a function of γ(1)

k,n and γ(2)
k,n, or

as a function of pk and qn, since the two pairs of variables
are related by a linear mapping that preserves concavity. We
study the concavity of (4) as a function of γ(1)

k,n and γ(2)
k,n, by

computing its Hessian matrix. With some algebra, we obtain
(8) shown at the top of the next page. The diagonal elements
of (8) are non-positive, and, thus, it is negative semi-definite
if its determinant is non-negative5. This is equivalent to:

2pkqn(p2
k+2pk+q2

n+2qn+2pkqn)−(p2
k+2pk+q2

n+2qn+1)

= (2pkqn−1)(p2
k+2pk+q2

n+2qn+2pkqn+1) ≥ 0 (9)

from which the proof follows.
Remark 1: The condition γ(1)

k,nγ
(2)
k,n ≥

1
2 in Proposition 3.2 is

not very restrictive. The term γ
(1)
k,nγ

(2)
k,n, in fact, is the product

of the SNRs at the relay and destination, which cannot be too
low to ensure a reliable communication link.

B. Users-Relay Association Optimization

The second subproblem in Algorithm 1 assumes that the
transmit powers pk = p̄k and qn = q̄n are fixed for all k, n,
and optimizes the energy efficiency with respect to {δk,n}k,n.
Thus, the following optimization problem is considered:

max
{δk,n}k,n

min
1≤k≤K

ηk(p̄k, q̄n, δk,n) (10a)

s.t. δk,n∈{0,1},
∑N
n=1δk,n=1,

∑K
k=1δk,n∈{0,1} ∀k,n. (10b)

The optimal solution of (10) can be found as follows. Since
the transmit powers {p̄k}Kk=1 and {q̄n}Nn=1 are given, one
can stack, for any possible relay assignment, the energy
efficiencies of all the users in a K×N matrix E = {ηk,n}k,n,
whose elements are ηk,n =

B log2(1+γk,n(p̄k,q̄n))

λkp̄k+µnq̄n+P
(c)
k,n

(see (2)).

The kth row gives the energy efficiencies of the k if assisted
by relay {Rn}Nn=1, and the nth column gives the energy
efficiencies of all the users if assisted by Relay Rn. Since
a given relay can assist the transmission of only one user, a
selection policy is admissible if only one entry of each row is
non-zero, and if each of those entries is in a different column.
Since the max-min problem in (10) considers individual per-
formance and fairness, an optimal assignment can be obtained
by generalizing the algorithms from [4], [5], to the energy
efficiency maximization scenario.

In particular, we propose the following two-step algorithm.
Step I: The energy efficiency matrix E is computed as

explained above. Algorithm 2 is applied to E to maximize the
minimum energy efficiency across the users. Let u and Ru be
the user and the associated relay that achieve the optimum.

5Recall that a 2 × 2 Hermitian matrix is non-negative semidefinite if its
(1, 1)-element is negative and if its determinant is non-negative.

Step II: After Step I, the uth row and Ruth column of E
are deleted and Algorithm 2 is applied to the new matrix Eu.
This is iterated until all users are associated to a relay.

Both steps use Algorithm 2 to operate on a given energy effi-
ciency matrix by the functions6 find_another_relay()
and check_relay_availability(), where the user
associated to relay Rj is denoted by U (Rj) and its energy
efficiency by η (U (Rj) , Rj).

Algorithm 2 Optimal Relay Assignment for a Given Energy
Efficiency Matrix

1: If in Step I, make a random assignment for all users. If in Step II,
use the previous selection

2: Set all the relays as “unmarked”
3: Find the smallest energy efficiency among the selection. Set the

value ηm and relay index km
4: Check for a better assignment for the user U (Rkm) using the

function find_another_relay(U (Rkm) , km, ηm)
5: If a better assignment is found, update the relay assignment

accordingly. Otherwise terminate the algorithm.

find_another_relay(U(Rj), j, ηm)

1: For every “unmarked” relay Rn with η (U (Rj) , Rn) > ηm, do
the following in non-increasing order of η (U (Rj) , Rn)

2: Run the function check_relay_availability(Rn, ηm)
3: if Rn is available then
4: Remove relay Rj from user U(Rj)
5: Assign relay Rn to user U(Rj)
6: else
7: Continue on to next Rn and go to line 2
8: end if
9: If all relays are unavailable, U(Rj) cannot find another relay

check_relay_availability(Rj , ηm)

1: if Rj is not assigned to any user or Rj = Rkm then
2: Rj is available.
3: else
4: Set Rj as “marked”
5: Run find_another_relay(U (Rj) , Rj , ηm)
6: If U (Rj) finds another relay, then Rj is available, otherwise

it is not
7: end if

As for computational complexity, [20] shows that gener-
alized fractional programming to solve (7) has polynomial
complexity, whereas [5] shows that the complexity of the user-
relay association procedure is quadratic in K and N .

IV. NUMERICAL RESULTS AND DISCUSSION

A multi-user and relay-assisted network with K = N = 10
is considered. Fast fading is modeled as zero-mean, unit-
variance circularly symmetric Gaussian complex random vari-
ables, while the channel-to-noise ratios of all the user-relay
and relay-destination channels are u = 10 and v = 100,
respectively. Also, P (c)

k,n = 0.1 W for all k, µn = λk = 1
for any k and n, B = 1 MHz, and qmax = 10 W for all n.
Average results over 104 system realizations are reported.

Figs. 2 and 3 show the minimum energy efficiency in (7a)
versus pmax (assumed the same for all users), for DF and AF

6See [4] for further details about these functions.
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Hg(pk, qn) =
1

(pk + qn + 1)2

 −
(q2n + 2qn + 2pkqn)

(pk + 1)2
1

1 − (p2k + 2pk + 2pkqn)

(qn + 1)2

 (8)

relaying protocols, respectively. The following algorithms are
compared: (a) the proposed joint power and relay allocation;
(b) optimal power allocation by solving (7), with a random
relay assignment; (c) optimal relay assignment by solving (10),
with full power transmission. It is seen that the joint allocation
of the transmit powers and relay assignment significantly
outperforms the optimization of only the transmit powers or
the relay assignments.

Finally, Tab. I shows the average number of outer iterations
for Algorithm 1 to converge, versus Pmax. Convergence is
declared when |mink EE(n)

k −mink EE(n−1)
k |/mink EE(n)

k ≤
10−3, with mink EE(n)

k denoting the minimum energy ef-
ficiency achieved in iteration n. The results indicate that
convergence occurs in only a few iterations.
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Fig. 2: Minimum energy efficiency vs. pmax for DF relaying.
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Fig. 3: Minimum energy efficiency vs. pmax for AF relaying.

Pmax [dB] -30 -20 -10 0 10
No. Iterations for AF 2.82 2.89 3.71 3.85 3.94
No. Iterations for DF 2 2.24 2.95 3.07 3.19

TABLE I: Algorithm 1. Average iterations number vs. Pmax.

V. CONCLUSION

An algorithm for joint relay relay assignment and transmit
power control has been developed to maximize the minimum

among the users’ energy efficiencies. The proposed approach
merges alternating optimization and fractional programming
theory, exhibiting a low complexity, while at the same time
improving the energy efficiency compared to the optimization
of only either the relay assignment or the transmit powers.

REFERENCES

[1] A. Zappone and E. Jorswieck, “Energy efficiency in wireless networks
via fractional programming theory,” Foundations and Trends in Com-
mun. and Inform. Theory, vol. 11, no. 3-4, pp. 185–396, 2015.

[2] L. Sanguinetti, A. A. D’Amico, and Y. Rong, “A tutorial on the
optimization of amplify-and-forward MIMO relay systems,” IEEE J.
Sel. Areas Commun., vol. 30, no. 8, pp. 1331–1346, Sept. 2012.

[3] A. Bletsas, A. Khisti, D. P. Reed, and A. Lippman, “A simple cooperative
diversity method based on network path selection,” IEEE J. Select. Areas
Commun., vol. 24, no. 3, pp. 659–672, Mar. 2006.

[4] S. Sharma, Y. Shi, Y. T. Hou, and S. Kompella, “An optimal algorithm
for relay node assignment in cooperative ad hoc networks,” IEEE/ACM
Trans. Networking, vol. 19, no. 3, pp. 879–892, June 2010.

[5] S. Atapattu, Y. Jing, H. Jiang, and C. Tellambura, “Relay selection and
performance analysis in multiple-user networks,” IEEE J. Select. Areas
Commun., vol. 31, no. 8, pp. 1517–1529, Aug. 2013.

[6] M. Zhou, Q. Cui, R. Jantti, and X. Tao, “Energy-efficient relay selection
and power allocation for two-way relay channel with analog network
coding,” IEEE Commun. Lett., vol. 16, no. 6, pp. 816–819, Jun. 2012.

[7] G. d. S. Peron, G. Brante, and R. D. Souza, “Energy-efficient distributed
power allocation with multiple relays and antenna selection,” IEEE
Trans. Commun., vol. 63, no. 12, pp. 4797–4808, Dec. 2015.

[8] J. Kim, K. Kim, and J. Lee, “Energy-efficient relay selection of cooper-
ative HARQ based on the number of transmissions over rayleigh fading
channels,” IEEE Trans. Veh. Technol., vol. 66, no. 1, pp. 610–621, 2017.

[9] C. Li, F. Sun, and J. M. Cioffi, “Energy efficient MIMO relay transmis-
sions via joint power allocations,” IEEE Trans. on Circuits and Syst. II,
vol. 61, no. 7, pp. 531–535, July 2014.

[10] C. Li, H. J. Yang, F. Sun, J. M. Cioffi, and L. Yang, “Approximate
closed-form energy efficient PA for MIMO relaying systems in the high
SNR regime,” IEEE Commun. Lett., vol. 18, no. 8, pp. 1367–1370, June
2014.

[11] Z. Sheng et al., “Energy-efficient relay selection for cooperative relaying
in wireless multimedia networks,” IEEE Trans. Veh. Technol., vol. 64,
no. 3, pp. 1156–1170, Mar. 2015.

[12] A. Zappone, E. A. Jorswieck, and S. Buzzi, “Energy efficiency and
interference neutralization in two-hop MIMO interference channels,”
IEEE Trans. Signal Process., vol. 62, no. 24, pp. 6481–6495, Dec. 2014.

[13] C. Luo et al., “Energy-efficient distributed relay and power control
in cognitive radio cooperative communications,” IEEE J. Sel. Areas
Commun., vol. 31, no. 11, pp. 2442–2452, Nov. 2013.
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