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ABSTRACT. In the formulation of shape optimization problems, multiple geometric constraint functionals
involve the signed distance function to the optimized shape 2. The numerical evaluation of their shape
derivatives requires to integrate some quantities along the normal rays to €2, a task that is usually achieved
thanks to the method of characteristics. The goal of the present paper is to propose an alternative, variational
approach for this purpose. Our method amounts, in full generality, to compute integral quantities along
the characteristic curves of a given velocity field without requiring the explicit knowledge of these curves
on the spatial discretization; it rather relies on a variational problem which can be solved conveniently by
the finite element method. The well-posedness of this problem is established thanks to a detailed analysis
of weighted graph spaces of the advection operator 8-V associated to a C! velocity fields 5. One novelty of
our approach is the ability to handle velocity fields with possibly unbounded divergence: we do not assume
div(B) € L*. Our working assumptions are fulfilled in the context of shape optimization of C? domains 2,
where the velocity field 8 = Vdq is an extension of the unit outward normal vector to the optimized shape.
The efficiency of our variational method with respect to the direct integration of numerical quantities along
rays is evaluated on several numerical examples. Classical albeit important implementation issues such as
the calculation of a shape’s curvature and the detection of its skeleton are discussed. Finally, we demonstrate
the convenience and potential of our method when it comes to enforcing maximum and minimum thickness
constraints in structural shape optimization.

Keywords. Advection operator, shape and topology optimization, level set method, signed distance func-
tion, thickness constraints.
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1. INTRODUCTION

The recent achievements of shape and topology optimization techniques in predicting very efficient designs
beyond the reach of the intuition of engineers have raised a tremendous enthusiasm in industry. One key issue
about the practical use of these techniques is that they often lead to shapes which are too complicated to be
assembled by traditional milling of casting processes, to the point that one of the greatest challenges faced
by shape and topology optimization is about the understanding and the implementation of manufacturing
constraints. Such constraints generally bring into play the geometry of shapes; for instance, minimum thick-
ness constraints, maximum thickness constraints, minimum distance between members, casting constraints
have been considered; see [61, 16, 37, 49] or the recent survey [45].

Among the variety of methods proposed in the literature to enforce these constraints, a body of work
has recently been devoted to formulate them by means of integral functionals involving the signed distance
function dg to the optimized domain Q2 [5, 6, 21, 22, 49]. More precisely, the shape 2 is sought among all
possible subsets of a fixed ‘hold-all’ domain D C R™ (n = 2, 3 in applications) as the solution of a constrained
minimization problem of the form:

min J(Q), s.t. P(2) <0, where P(Q) ::/ jlda(x))dx, (1.1)
Qch D

where J(Q) is a measure of the performance of Q (e.g. its elastic compliance), j : R — R is a given,
smooth function, and P(f2) is a geometric constraint. The above framework is quite appealing insofar
as the signed distance function dg naturally lends itself to clear mathematical formulations of maximum,
minimum thickness constraint functionals (and the other aforementioned geometric criteria), thus making
(1.1) amenable to an efficient numerical treatment by means of standard (e.g. steepest-descent) optimization
algorithms. However, several technical stages in its numerical implementation pose difficulties; the leading
motivation of the present article is to introduce a new variational method that make these substantially
simpler to implement.

Let us provide a little more details about the main numerical issues raised by the implementation of (1.1),
while staying at an explanatory level; see Sections 3.1 and 4 below for full details. The use of traditional
optimization methods for the program (1.1) relies (in particular) on the knowledge of the shape derivative
of the considered constraint functional Q — P(£2). Throughout this article, this notion is understood
in the framework of the Hadamard method: the shape derivative corresponds to the Fréchet derivative
of 8 — P(Qg) at 8 = 0, for local variations of Q of the form Qg = (Id + 6)(Q2) and for vector fields
0 € Whe°(D,R") with sufficiently small norm (see Section 4 hereafter). It was shown in our previous work
[2] that the shape derivative of P(2) as in (1.1) has the form

P'(Q)(0) = / u @ -ndy, (1.2)
oQ
where dy refers to the surface measure on 92, and the function u € L!(9) is given by the formula
uly) = — / Jo@) ] (+mde@)de, ¥y eon. (1.3)
zeray(y) 1<i<n—1

In (1.3), n and k;(y) stand for the unit normal vector to 9 pointing outward 2 and the (n — 1) principal
curvatures of 92 respectively; the set ray(y) is the normal ray that originates from y € 92 and that stops at
either the boundary 0D of the hold-all domain, or at the skeleton (or medial axis) ¥ of €; see Section 3.1 for
a short review of these notions and Figure la for an illustration. The normal velocity 8 = —un is then used
as a steepest-descent direction to update the shape Q [1], which raises the need to calculate the quantity
u: I — R defined in (1.3).

In principle, the formula (1.3) featuring integration along the normal rays to 92 can be implemented
efficiently. In particular, its numerical evaluations at several points y € 92 can be performed in parallel.
However, the practical implementation when all the functions involved in the integrand of (1.3) are discretized
on a computational mesh is not trivial: it requires the computation of (i) the ray trajectories on the discrete
mesh (for instance by some variant of the method of characteristics), as exemplified on Figure 1b, and (ii) the
principal curvatures x; of the boundary 92 from the datum of its numerical definition. As we shall illustrate
in our numerical investigations, the accurate calculation of these quantities —even when 052 is endowed with
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(A) The shape optimization setting: shape Q@ C D, skeleton (B) Integration along rays requires detecting the skeleton

Y with normal rays (ray(y))yeaq, local coordinate change 7, of the shape and computing the triangle path at the mesh

outward normal vector n, center of curvature C'. level, that is the intersection points of each triangle with
the ray.

FIGURE 1. Definition of geometric quantities and integration along normal rays.

a discretization as an explicit triangulated surface—is not trivial and is still an active research direction,
already in the case of two space dimensions, and especially in the three-dimensional context [48, 54, 30].

The objective of this paper is to introduce a robust and easy to implement method that allows to compute
integral quantities such as (1.3) by solving a variational problem for advection-like operators which alleviates
the need for resorting to direct integration along rays. This yields an efficient numerical method to calculate
shape derivatives of geometric constraints, which is very simple to implement using a standard finite element
software, and which does not raise any additionnal algorithmic difficulty in 3-d than in 2-d. We shall actually
perform the mathematical analysis of our method in a more general setting, that we now describe and which
is subject to offer wider applications than shape optimization.

Let 3 be a C! vector field on a bounded (possibly non smooth) open domain U C R™ and let I' C U be a
C! codimension-one surface (with boundary if ' # T'); two examples of admissible settings are represented
on Figure 2. We assume that I' is a Poincaré section or a stream surface for 5, meaning that for any y € I,
there is a unique characteristic curve s — 7(y, s) passing through y = n(y,0) at time s = 0, and that lives
in the domain U on some maximal interval s € ((_(y), (+(y)). In other words, for any y € ', ({—(y), (+(y))
is the maximum existence interval such that the solution s — 7(y, s) of the ordinary differential equation

S uly, ) = Blnly.5)).

n(0,y) =y,

(1.4)

remains in the domain U (note that by definition, (— < 0 < (). A few more technical but not restrictive
assumptions on I', (_ and (4 shall be stated in the beginning of Section 2. We then require the vector field
B to be U-filling, meaning that characteristics leaving from the surface I fill the whole domain U, i.e. the
defined flow map 7 is surjective from W = { (y,s) |y € T, s € ((~(y),(+(y)) } onto U. Finally, we denote by
|Dn| the Jacobian of the local coordinate change #:

Vy €T, Vs € (C-(¥), ¢+ (), [Dnl(y,s) = |det(Vn), (1.5)

where the Jacobian matrix of n reads Vn = [ dyn ‘ 0sm ] and dy denotes the collection of derivatives with

respect to the (n — 1) tangential coordinates of T'.
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(A) Cracked set U. (B) Stream surface domain U.

FIGURE 2. Two different types of admissible settings.

The main point of this article is to propose a numerical method to compute integrals of an arbitrary
function f: U — R along the characteristic curves of 3, namely:

¢+ (y)
uy) = /< (f o |Dnl) (g, s)ds, Vy € T. (1.6)

—(v)

The shape optimization setting of Figure la reduces to the particular case where
U=D\X, I'=0Q, B=Vdq, (1.7)

and ¢_(y) and (4(y) are the distances at which ray(y) hits either the skeleton ¥ or the boundary 9D.
Furthermore, in this situation, the local coordinate change n and its Jacobian |Dn| are explicitly given by
(see [13] and Section 3.1).

n(y,s) =y+s(Vda)on(y,s), Pnl(y,s) = ] (+riy)s),  Vyeo Vse (- (), (), (1.8)

1<i<n—1

so that the function u of (1.3) coincides with the expression (1.6) for f = —j’. Let us emphasize that, in
this context, the open set U is not smooth; in particular, it is not located on one side of its boundary—a
common assumption for many useful results in functional analysis [58]—but it is rather a “cracked domain”;
see Figure la. This lack of smoothness raises the need for several technical ingredients in the sequel, which
otherwise would have been fairly classical.

Our numerical method for the calculation of (1.6) is based on the following variational problem, set over
a suitable Hilbert space V,;:

Find u € V,, such that Vv € V,, /
r

uvds +/ w(p-Vu)(p-Vo)de = / fude, (1.9)
U U

where w > 0 is a rather arbitrary weight function, over which relevant assumptions shall be stated later on.
Indeed, our key result is to show that (1.9) is well-posed, and that the trace of its unique solution w on I' is
exactly (1.6).

A formal insight that allows to see this is the following: assume that for any vy € C°(T'), the function v
satisfying v = vp on I" and taking constant values along the characteristic curves of 5 (i.e. - Vo =0in U)
belongs to the space V,,. Using v as a test function in the variational formulation (1.9) then yields:

S+ ()
/Fuvods = /Fuvds + /Uw(ﬁ -Vu)(8 - Vo)dz = /vadac = /F </<_(y) fon |D77|ds> vody, (1.10)

where the last equality follows from the change of variable formula (see (2.3) below). Since vy € C%(T) can be
chosen arbitrarily in (1.10), the identity (1.6) follows. These considerations are made rigorous in Section 2.5.
4



The variational formulation (1.9) makes it possible to compute integrals (1.6) along the characteristic
curves of § without the need to calculate these curves (or the Jacobian |Dn|) explicitly on a spatial dis-
cretization. This feature is especially convenient for shape optimization applications relying on the level set
method, as described in Section 4; there, the vector field § = Vdg is easy to calculate on an unstructured
mesh of the considered hold-all domain D from a P; approximation of the signed distance function. The
variational formulation (1.9) can then be readily implemented in a finite element framework, even if the
boundary I' = 91 is not meshed explicitly. This method does not require accurate estimates of the principal
curvatures k; involved in the definition (1.8) of the Jacobian |Dn|, but only the correct localization of the
skeleton set X, which, as detailed further in our numerical Section 3, influences the choice of the weight w.

The present article is organized as follows. In Section 2, we carefully discuss the mathematical setting that
guarantees the existence and uniqueness of a solution to the variational problem (1.9), and the justification
of the key identity (1.6) satisfied by the trace of its solution. For that purpose, we provide a variational
theory for the advection operator -V associated to arbitrary C' vector fields 3 on the weighted graph space
V,; in particular, we examine the existence of traces on I' and we prove an adapted Poincaré inequality
for functions v € Vy. Let us stress that related works about these matters (e.g. [28, 31]) usually require
less regularity on the vector fields 5 and do not rely on the existence of a flow 7, but at the cost of rather
strong boundedness assumptions on the divergence of § (typically div(3) € L*(U)), which do not hold for
our shape optimization applications (1.7) and (1.8): indeed, in the latter situation where 8 = Vdgq, the
divergence div(Vdgq) typically blows up near ¥; hence the need for our different approach. Likewise, we do
not assume strong smoothness assumptions on the domain U, whose regularity shall be determined only by
that of the functions (_, (4 (assumed continuous only).

In Section 3, we investigate the numerical accuracy of our variational method for calculating integrals along
characteristic curves in the shape optimization setting (1.7) where 8 = Vdg. After a short review of the
properties of the signed distance function, we compare the direct numerical integration along rays with the
use of our variational method on several numerical examples where the value of (1.6) is analytically known.
We also consider “practical” cases where some of the required regularity assumptions by our framework are
not fulfilled. Most importantly, we illustrate how the selection of an appropriate weight w in the variational
formulation (1.9) allows to deal with the presence of cracks in the domain U—or of the skeleton ¥ in shape
optimization—when those are not explicitly meshed.

Eventually, in Section 4, we turn to practical shape optimization applications, in the particular case of two
space dimensions, which is sufficient to demonstrate the simplicity and effectiveness of our method. Indeed,
the variational approach (1.9) in easy to implement in any space dimension while the 3-d implementation
of geometric integration along rays requires much more efforts than in 2-d. Elaborating on our previous
works [3, 6, 22] we demonstrate that the method proposed in this paper allows for a convenient and efficient
implementation of maximum and minimum thickness constraints in structural design.

2. WEIGHTED GRAPH SPACE OF THE ADVECTION OPERATOR (3 -V FOR VELOCITY FIELDS OF CLASS C!

This mathematical section investigates the well-posedness of the variational problem (1.9) as well as the trace
identity (1.6); this involves in particular the definition and properties of suitable functional spaces V,,. After
setting notations and discussing a few preliminaries in Section 2.1, we define in Section 2.2 the weighted
graph space V,, for the directional derivative S -V, as well as its counterpart V,, obtained after changing
variables. Then, we show in Section 2.3 that under suitable hypotheses, C! functions are dense in V,,. In
Section 2.4, we establish a trace theorem for functions in V,, on I' and we provide a Poincaré-type inequality.
Finally, we prove in Section 2.5 that the variational problem (1.9) is well-posed on V,, and properly discuss
the identity (1.6).

2.1. Preliminaries, notations and assumptions

Let U C R™ be a (possibly non smooth) bounded open set and let I' C U be an hypersurface of class C*.
I' may not be a compact manifold (e.g. if I' # T as in Figure 2b); in that case we require the closure ' to
be a manifold with boundary, which in particular prevents I from showing spiralling patterns near its ends.
Such assumption is needed for technical reasons e.g. in the proof of Lemma 3.

5



Let 8 : U — R" be a vector field of class C! on U as in the introduction. The flow map 7 of 3 is defined
by (1.4); for any y € T', the curve s — 7(y, s) passes through the surface I at s = 0, and it is defined on the
interval ((—(y),(+(y)). We assume that (_ and (4 are continuous, bounded functions on I, satisfying the
following separation condition:

Jde > 0, Vy € F7 <+(y> - C* (y) > €. (21)
We require the mapping 7 to be U-filling; hence, it realizes a C! diffeomorphism from the tensor product set
W={(y,s) |y €T, s€((-(y),¢+ )} (2.2)

onto U (see [43], Chap. IV), where W is a manifold obtained as an open subset of the tensor product of T
with the real line R (note that the “open” character of W comes from the continuity assumption on ¢_ and

)

Remark 1. If T C U is taken to be the inlet boundary of the flow 3 (in this case, I' C OU), the separation
condition (2.1) becomes then equivalent to saying that the inflow and outflow boundaries are separated by
a positive minimum distance, which is a rather classical assumption in the study of the advection operator,
see e.g. Section 2.1.3 in [27]. In our case, this assumption is required in the proof of Proposition 2.

Throughout the article, the considered measure on W is that induced by the standard product measure
of the surface measure dy on I' and of the Lebesgue measure ds on R. Thus, the space L'(W) of integrable

functions on W is defined as the space of measurable functions f : W — R such that [ [ <€+((;)) |f(y, s)|dsdy <
+00. The integral of f over W is then defined by:

/ F(y, s)dsdy = / / Sdsdy.
¢-(v)

Under these notations, the classical change of variable formula over manifolds reads (see [43], Chap. XVI):

vf e L), [ sdo= [ foniDuldsdy, (2.3)
U w
where the Jacobian |Dn| is defined by (1.5).

Let us now consider a weight function w : U — R involved in our variational formulation (1.9) and the
following related assumptions:

(H1) w e C%(U,R%) is a positive, continuous function on U.

(H2) The transported weight a := w o n|Dn| € C°(W,R%.) over W is such that the function

go : I' —  RTU{+o0}
) (2.4)
Yy — a(y, s)ds
¢-(v)

is uniformly bounded, i.e. g, € L>=(T).
(H3) The transported weight o = w o n|Dn| over W is such that the function

he @ T — R* U {+o0}

b /;:j) [a(y’ ) /0 O‘_I(yvt)dt] ds (2.5)

is uniformly bounded: h, € L>=(T").

Above and in the sequel, the notations a=1(y,s) = 1/a(y,s) and w™(y,s) = 1/w(y,s) are used for the
inverses of the scalar weights o and w respectively, whereas the notation n~! : U ~ W stands for the
reciprocal mapping of the diffeomorphism 7.

Hypothesis (H1) is essentially a regularity assumption, positivity being no surprise for w to be an ad-
missible weight in the variational formulation (1.9). Notice that no assumption is made about the behavior
of w near the boundary of U; in particular, w(z) may tend to 0 as x approaches OU. Hypothesis (H2) is
an upper-boundedness assumption for «. For the practical weights that we are going to consider for our
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applications in Section 3.2, (H1) and (H2) are going to be satisfied almost automatically. Finally, (H3) is
roughly a monotonicity constraint for the decay of a towards 0 as s — (4 (y). In practice, we will rely
on the following lemma which provides a simple monotonicity condition under which the condition (H3) is
automatically fulfilled, indicating that the class of weights satisfying (H3) is large enough.

Lemma 1. Let o € CO(W,R%) be a weight of the product form:
V(y,s) € W, aly,s) = f(y,5)9(y,s) (2.6)

where [ and g are two positive functions on W satisfying:

(i) There exist two constants g, g+ € R such that for all (y,s) € W, 0< g_ < g(y,s) < g+.
(i) For anyy € T, the real function s — f(y,s) is decreasing on (0,(4(y)) and increasing on (¢_(y),0).

Then « satisfies the condition (H3).
Proof. Under the above conditions, it holds, for any y € T" and for s € (0, {4 (y)):
s s
_ g - g g
a(w)/ a 1(t,y)dt‘ <o (y,S)/ I, dt < 0 w) < EIIG = Gl
0 - 0 - -

Arguing in the same fashion allows to prove a similar estimate when s € ({_(y),0), which finally implies
that ||hqa||rem) < Z—f||§+ - C,||%M(F); this allows to conclude. O

Remark 2. The statement of Lemma 1 does not require f or g to be continuous on W.

Remark 3. From the Liouville theorem for ordinary differential equations [18], it holds

W(y,5) € W, [Dn|(y, 5) = exp ( / div(B) o n(y,t>dt) | (27)

Therefore, it is straightforward to verify that (H1) to (H3) are satisfied for the constant weight w = 1 whenever
div(B) € L>°(U)—a customary assumption in the study of advection operators; see e.g. [11, 40, 27, 51, 14].

Our setting, based on (H1) to (H3), allows to handle more general velocity fields /3, with unbounded
divergence, which leaves room for the Jacobian |D#n| to vanish on the boundary OU. This feature is crucial
to deal with the shape optimization setting (1.7); in there, the divergence div(f) of § = Vdg blows up near
centers of curvatures C' € ¥ (see Figure la and Section 3.1 below) where one of the principal curvatures s; is
such that x;(paq(x))da(z) — 1 as x — C. For instance, consider the following very simple situation where
Q = D is the unit ball in two space dimensions. Its skeleton reduces to a single point, its center. Then it is
easy to see that Adq(y,s) = 1+S for all y € 99 and s € (—1,0), which blows up at the center for s = —1,
so that div(VdQ) §Z L>°(D\X). However, in this case, (H1) to (H3) hold for w = 1 since a(y,s) = 1+ s and

s) J a7t (y,t) = (1 4 s)log(1 + s) are uniformly bounded on W = 99 x (—1,0).

In the following, for a weight w satisfying (H1), we denote by L2 (U) the weighted space

LA(U) = {v measurable | / wv?de < +oo} , (2.8)
U

and by [[v]|2 ) = ([, wo?dz) 2 the corresponding L? norm.
2.2. Definition of the graph space V,, of the advection operator 5 -V
We recall that the assumption 3 € C'(U,R™) implies that div(3) belongs to L2 (U).

Definition 1 (Derivative along characteristic curves). Let v € L (U) be a locally integrable function on
U. The directional derivative - Vv € D'(U) is the distribution on U defined by

W € CR(U), /U (8- Vo)oda = /U (—(8 - V) — div(8)gv)dz. (2.9)

Remark 4. The definition (2.9) of 8-V mimics the integration by part formula that holds for functions v of
class C. Considering test functions ¢ € C°(U) allows to avoid imposing classical regularity requirements
on the open domain U such as that being locally located on one side of its boundary [58].
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Definition 2 (Graph space of the operator 3 - V). Let w € C°(U,R%) be a positive weight on U. The
weighted graph space V,, of the advection operator 3 -V is defined by:

V,={veL2(U)|B Vve L2(U)}. (2.10)

V., is a Hilbert space when it is endowed with the norm

1/2
lollv, = ( [ wrars | wm-wdx) .
D D

Remark 5. The completeness of V,, follows from very standard arguments, see e.g. [59, 27]. It is also easy
to see from the assumption w € C°(U,R%) that the inclusion L2 (U) C L}, .(U) holds.

Let us then introduce a corresponding notion of derivative with respect to the s variable and graph space
on the set W:

Definition 3 (Graph space of the derivative ;). Let v € C°(W,R% ) be a positive weight on W. The weak
derivative 9,0 € D'(W) of a function v € L, (W) is the distribution defined by

Vo € C2 (W), / Osvpdyds = —/ v0,¢pdyds. (2.11)
w w
The weighted graph space of the operator Js is defined by:
Vo ={ve L2(W)| 8,0 € LZ(W)}. (2.12)

This space is a Hilbert space when it is equipped with the norm

1/2
|Vl = (/ ai)adsdy—k/ a0352dsdy> .
“ w w

Remark 6. The defining identity (2.9) of the weak derivative 3 - Vv also holds for test functions ¢ € C1(U),
as follows from a standard density argument. Likewise, (2.11) holds for test functions ¢ which are only
continuously differentiable with respect to the s variable.

The motivation behind the introduction of the spaces IN/a is that they allow to transfer the difficulty of
studying the “curvilinear” directional derivative 8 -V over the domain U, to that of the more standard,
“flat” derivative 05 over W. The price to pay is the need to account for the weight of the Jacobian |Dn|
resulting from the change of variables. This point is made precise by the following technical lemma.

Lemma 2. Let w € C°(U,R%) be a positive weight on U, and let o = w o n|Dn|. The following equivalence
holds true:
vveﬁ)vone‘Nfa.

Additionally, for any v € V,,, the function v = v o n satisfies:

(i) 0sv = (B-Vv)on,

(ii) 1Jollv, = llvonlly, -
Proof. Let v € V,; it follows from the change of variables (2.3) that v := v o7 belongs to L2 (W). Using the
definition (2.9) of the weak derivative along 8 with a test function ¢ € C}(U) of the form ¢ = ¢ on~! for an
arbitrary ¢ € CL(W) (see Remark 6), then using (2.3), we obtain:

Vg € CL(W), /Ww Vo) o d|Dyldsdy = /W<—as;5 % — div(B) o 1 ¢%)[Dnldsdy, (2.13)

where we have used the equality 83(5 = (B-V¢)on. Now using that |Dn| is continuously differentiable with
respect to s with 95|Dn| = div(B) o |Dn|, as a consequence of the Liouville formula (2.7), (2.13) rewrites:

Vo € CLW), / (8- Vv) ondDnldsdy = /W<—as&55|Dn| — 05|Dn|¢v)dsdy = — / 30, (¢/Dn)dsdy.

By a standard density argument, the above equality holds more generally for functions qS that are only
continuously differentiable with respect to s on W. Therefore, taking (b = w/ |Dn| as a test function in
8



the above equation for arbitrary 1Z € CH(W), it follows that ¥ = v o n has a weak derivative 9,0 given by

950 = (B - Vv) on. Then the change of variables (2.3) yields [[v]|v,, = [[v o ]| , which implies von € V,.
Conversely, one proves in a similar way that if ¥ is in ‘7&, the function v = 7 o ™! belongs to V,,, which

terminates the proof. |

Remark 7. In the following we prove a density result, a trace theorem and a Poincaré inequality in Va in
order to obtain the direct transposition of these results to the graph space V,, thanks to the above Lemma 2.
There exists actually a wide literature about weighted Sobolev spaces such as YN/Q [33, 41, 42, 59], in which
analogous results are proved for weights « in the so-called Miickenhoupt class As (see e.g. [29] for a definition
of the class A,). Our working assumptions however are of a different nature: for instance, the hypothesis

(H3) essentially requires that the inverse weight a~! belong to the Miickenhoupt class A;.

2.3. Density of functions of class C! in the weighted space V,

We now examine the density of C* (W) NV, in V,,, whence we shall infer the density of C1(U)NV,, in V,—the
loss of regularity between both statements coming from the fact that the coordinate change 7 is only of class
Cl'on W. _

Our study classically involves mollifying functions; since the space V,, of interest contains functions defined
on the manifold W, a little treatment is in order. In particular, we shall need the so-called Ahlfors reqularity
of T (see [24]); this is the purpose of the next lemma, whose proof is outlined for the convenience of the
reader. Here and throughout the article, B(y, h) C R™ stands for the ball with center y and radius h.

Lemma 3 (Area covered by extrinsic balls on an embedded manifold). Let ' C R™ be a C' hypersurface
such that either T is compact (' =T) or T is a compact manifold with boundary. Then there exists hg > 0
and constants m > 0 and M > 0 depending only on I' such that for any 0 < h < hg,

Yy €T, mh"™ ' <|T'nB(y,h)| < MA" 1. (2.14)

Proof. Since T is compact, there exist finitely many open subset V; C R”, i = 1,..., N, such that T’ C U; Vi,
and for each i = 1,..., N, there exists a local coordinate chart ¢; : U; C R"™ ' — ¢;(U;) C T such that
¢:(U;) = V; NT. The set U; is a convex open subset of R"~! if V; N T = §); when the latter intersection is
not empty, U; is of the form U; = ﬁi N Ri_l, where 171 C R ! is a convex open subset, and Rr_ﬁ_l is the
upper half-space of R"!. Let hg > 0 be a Lebesgue’s number associated with this cover, that is:

VyeTl,Jie{l,..,.N}, B(y,hg) CCV;. (2.15)

Now, given y € V;, one has for any 0 < h < hg:

PABbI = [ 1= [
r

1z h dZ:/ Ly 2 |D¢z|d$7
oy A L)

where 7 is the index supplied by (2.15) and 14 denotes the characteristic function of a subset A C R™.
Let 0y,-1(Vi(x)) < 01(Vei(x)) be respectively the smallest and the largest singular values of the n x
(n — 1) Jacobian matrix V¢;(x), and let o_ and o4 be defined by:

o = min_ inf on-1(Vi(z)), o4 = pax, sup 01(V¢i(z)).

Applying the Taylor formula to ¢; yields:
Vi = 17...,]\77 V(aco,xl) S Ui, 0',||3?1 - ZL‘0|| S chﬁl(xl) - (bl(.’lﬁ())H S g4 ||.T1 — $0||

Therefore, possibly shrinking the value of the constant hy supplied by (2.15) and taking xo = ¢; *(y), we
obtain:

h h
YO < h < hgy, B (l‘o, O’) C ¢;1(B<y,h)) CcB (l‘o, O’) cU;.
+

9



Finally, denoting by |B,,_1| the volume of the unit ball in R*~!  we obtain:

1 o n—1 B
5'8"_1| (U> h S/ 1B(z0,n/04) | Dildx
+ U,

= /U 1y (B(yny Dildz = [ N B(y, h)l

i

n—1
o .
S/ 1B(20,h/0_)|D@ildz < | By 1| <+> T
U; o_

i

which completes the proof. O

The purpose of the next lemma is to construct the kernels p, and &, which shall be used for mollification
purposes in W.

Lemma 4. For any h > 0, there exist two positive, smooth functions pp, € C°(R"xR™,R) and &, € C°(R,R)
satisfying the conditions:

(i) For all points y € R™, supp(pn(y,-)) C B(y,h).
(i) For anyy € R™, fr on(y, z)dz = 1.
(iii) There exist constants C > 0 and hg > 0 depending only on T' such that

YO < h < hg, Vz € F,/ on(y, 2)dy < C. (2.16)
r

() supp (&) C [—h,h] and [, Ex(s)ds = 1.
Proof. Let p € C°(R™,R) be a smooth, positive function such that supp(p) C B(0,1), p < 1 on R™ and
P|B(0,1/2) = 1; we define py, by:

y—z

P(h)

note that pp(y,2) is not a function of (y — z). The conditions (i) and (ii) of the statement are obviously
satisfied by (2.17). The condition (iii) is a consequence of Lemma 3 whence the following inequalities are

inferred:
y—z h R\"!
VO<h<hg,Vyel, [ p|=——)dz>T'NnBly,=|]|>m| = ,
- h 2 2

YO < h < ho, Yz €T, /p (yh_z> dy < [T N B(z, h)| < Mh" 1.
I

Vh > 0,Y(y,z) € R" x R™, pp(y,z) := (2.17)

Therefore, (2.16) holds with C' = 2"~1 M /m.
Eventually, a function &, satisfying (iv) is constructed from any positive function £ € C°(R,R) with
compact support inside [—1,1] and unit integral over R, by setting &, = h=1&(-/h). a

Definition 4 (Mollification on the tensor product manifold W). For h > 0, let p;, and &, be two functions
as in the statement of Lemma 4. For any u € L{ (W), (y,s) € W and h > 0 sufficiently small (depending

loc

on (y, s)), the mollification of u is the function up = ppé, * u defined by
(on6s < 0)w5) = [ [ onlo (s — Dtz i (218)
rJr

Note that for a given open subdomain W; CC W and because I is compact, there exists hg > 0, depending
on Wy, sufficiently small so that (2.18) makes sense for any (y,s) € Wi and 0 < h < hy.

Lemma 5. The following properties hold true:
(i) Ifu € L} (W), for any subdomain Wy CC W and for h > 0 sufficiently small, the convolution pp&p, *u

loc
is of class C>° on Wy.
(it) If u € Vy, then for any subdomain Wi CC W and for h sufficiently small, Os(pnép *u) = pr&p * Osu.
(iii) If ¢ € CO(W,R) then ppé&n * ¢ — ¢ in LSS, (W) as h — 0.

10



Proof.

(i) This results from the Lebesgue dominated convergence theorem and the smoothness of pp, and &.
(ii) This is again a consequence of the Lebesgue dominated theorem and of an integration by parts:

V(s ) € Wa (pnén * D) (y, s) = / / Py, 2)6n(s — 1)0su(z, t)dtdz

= / / (Y, 2)0s&n (s — t)u(z, t)dtdz = s (pnén * u).
rJr

(iii) For a given subset Wi CC W, let € > 0 and hy > 0 be uniform continuity constants for ¢ on Wy, i.e.
VO<h<hy, (y,8) € Wi, (2,t) € Wi, (|ly — z|| < h and |s — t| < h) = |d(z,t) — &(y, s)| <e.
Then for any 0 < h < hy:

V(. 5) € Wi, [pnén * 6y, ) — By, )| = \ / / o (1> 2)6En(s — 1)(6(2,1) — 6y, 5))didz

< e/F/Rph(y, 2)én(s — t)dtdz = e.
]

Proposition 1. Let o € CO(W,R%). Then for any function w € L2\, .(W), un = ppén *u € L2 1,.(W) N
C>®(W) and up, — w in L2 | . (W).

a,loc

Proof. We adapt the proof of Prop. 1.18, p.30 in [52]. Let W3 CC W be an open subset of W and consider
another open subset W5 such that Wy CC W CC W. For € > 0, let ¢ € CO(W) be such that (see [53]):

lu— Bl L2 (wy) < e (2.19)

From Lemma 5, pp&p * ¢ — ¢ in L>(Wy) as h — 0 and so, for h small enough, |[pnén * ¢ — ¢[|r2 (wy) < e
Then,
llu —unllpz (wy) < |lw— [z wy) + 1@ — prén * Bz (wy) + lpnén * ¢ — prén * ul| L2 (w)- (2.20)

The first two terms in the right-hand side of (2.20) are controlled by e owing to the previous discussion; as
for the last term, we get from the Cauchy-Schwarz inequality:

2
V(. 5) € Wi, [pnén * (6 —u)(y, )| = ] / / o1 (3> 2)n(s — 1)(6(2, 1) — ulz, 1))dtdz

< (/1“/Rph(y72)£h(s - t)a_l(z,t)dtdz) (/F/Rph(y,z)fh(s —t)a(z, t)|o(z,t) — u(z,t)|2dtdz) .
Multiplying both sides by « and integrating over W; yields:
llonén * (o — u)||%g(vv1)
< lla(onn * o)) / / / / oy, 2)6n(s — Dz, l6(2,1) — u(z, t) Pdidzdsdy

< Clla(pnén * ™) Loe (w9 — ullF2 (1w,

where C is the constant supplied by the condition (iii) in the statement of Lemma 4. By assumption, a~!

is a continuous function on Ws, which implies by Lemma 5 that a(ppén * a=1) — 1 in L°(W;). Hence
|le(pnén * a™)|| Lo (wy) is bounded by some constant C’. Finally, using (2.19), we obtain from (2.20) that
for A > 0 small enough:

[lw = unllzz (wr) < (CC" + 2)e,
which is the desired result. O

We conclude this subsection with the desired density result of C! functions in V,:

Corollary 1.

(i) Let o € C°(W,R%) be a positive weight on W ; the space C>(W) N V., is dense in V,.
11



(ii) Let w € CO(U,R%) be a positive weight on U; the space C*(U) NV, is dense in V,,.

Proof. The proof of the density (i) of C>=°(W) N V,, in V,, relies on a partition of unity argument and on the
properties of Lemma 5 and Proposition 1, exactly along the lines of the proof of Theorem 5.15 in [52], to
which the reader is referred for details. B B

The density (i) of C*(U) in V,, follows then from the density of C>*(W) NV, in V, with a = w o n|Dn|
and by composition with the C' diffeomorphism 7. O
Remark 8. Corollary 1 does not preclude anything regarding the density of C(U) in V,,. A result of this
kind would require careful regularity assumptions on 0U and on the behavior of w near 9U.

2.4. Trace theorem and Poincaré inequality in V,

In this section, the trace operator on I' is defined and studied for functions in the weighted space V,, or
equivalently for functions in V,, on n(I'x{0}) = {(y,0) |y € I'}. In the sequel, with a little abuse of notations,
the latter set (I’ x {0}) is identified with T'.

Proposition 2 (Trace theorem). Let w € C°(U,R%) be a positive weight on U. The trace operator

v CYU) —  L*T) (2.21)
v = ’7(”):U|F

induces a bounded operator V,, — L*(T'); there exists a constant C > 0 (possibly depending on the weight w)
such that
Yv eV, H’Y(U)HLZ(F) < CHUHVN' (222)

Proof. Introducing o = w o n|D7|, using the change of variables (2.3) and the density result of Corollary 1,
it is enough to prove that there exists a constant C' > 0 such that:

Vo e C*(W)NVa, |[v(©)llL2y < Cll0]l5,- (2.23)
Let us consider the following partition of I': ' =T, UT'_, where I'y = {y e I'| (_(y) > —¢/2}, T =T\I'y,
and ¢ is the parameter featured in separation condition (2.1). Then

Vy ey, 0 <e€/2<(4(y),

VyeT_, (_(y) < —€/2 <0.
Now, let @ = €¢/2 and & € C°(R) be such that £(0) = 1 and {(—a) = &(a) = 0. Let K be the bounded
measurable set defined by K := (I'_ x [—a,0]) U(T'y x [0,a]) C W. Then for any function v € C*(W)NV,,
it holds:

0 0
v 2 = v 2 = L (02€)ds L (D%€)ds
/F| (4, 0)2dy /F| (4, 0)2€(0)]dy /F o6 dy+L/a 0,(7€)dsdy

_ / (200,5€ + 120,)dsdy
K

< 2la™ oo 1)l 0] 2 () 10501 | 22 (wry + ||071<9s§|\Lw(K)||§||%g(W)
< Qllam e pex) + [l 05l o () IIOIIT
which implies (2.23) and therefore terminates the proof of Proposition 2. O

Remark 9. The proof of Proposition 2 supplies the existence of the trace on I' of an arbitrary function
v € V,, which we shall also denote by vjp.

For later purposes (see Section 2.5), we shall need the surjectivity of the above trace operator; this is the
purpose of the next proposition.

Proposition 3 (Surjectivity of traces). Let w € CO(U,R?%.) be a positive continuous weight.
(i) The trace operator defined by (2.21) is surjective from V,, onto L*(T):

L*(T) = {vr|veV,}



(ii) If w additionally satisfies (H2), then any function vo € L*(T) can be extended constantly along the
characteristics of 3: there exists v € Vi, such that vip = vo and 8- Vv = 0.
Proof.

(i) We rather prove that L*(I') = {o;r |0 € Va}, where oo = won|Dpl; see Remark 9. To this end, consider
¢ and K be as in the proof of Proposition 2. For an arbitrary function vy € L?(I'), we define ¥ by the
formula

U(y, s) := vo(y)&(s) a.e. in W.
Obviously, ¥(y,0) = vo(y) and 950(y, s) = vo(y)Is&(s), whence the Cauchy-Schwarz inequality yields:

C+ y)
/ oTPdsdy = / / N £(5) 200 () 2dsdy < [[ad oo €] 22wy 1ol 2y < +o,
C—(y

¢+ ()
/a|a o] dsdy—/A() $)00(0)*10:(3)2dsdy < |1z () 10:ElL 2@ ol 2y < +o0.
Yy

Hence v is a function in Va such that v|r = v, which is the desired result.
(ii) If (H2) is satisfied, then for an arbitrary function vy € L?(T), we simply define ¥ by the formula:
(y, s) == vo(y) a.e. in W.

Then, clearly 950 = 0; what’s more, one has v € L2 (W) as follows from the following estimate:

C+(y)
/ o dsdy = / /C Joo(y)?dsdy < [lgal =0yl [v0l 22 ry. (2.24)

where g, is as in the statement of (H2). Hence the function v belongs to ‘7,1, and so v :=von~!is an

element of V,, which has the desired properties owing to Lemma 2.
|

We now prove a Poincaré-type inequality in the spaces V, under the additional assumptions (H2) and (H3)
about the weight w.

Proposition 4 (Poincaré type inequality on V,,). Let w € C°(U,R%.) be a weight satisfying the assumptions
(H1) to (H3). Then there exists a constant C' > 0 (depending on w) such that:

Yo € V,, / wvidr < C {/ U2dy+/ w|f - VU|2dx] . (2.25)
U r U

Proof. Introducing again o = won|Dn| € C°(W,R?%) and using the change of variables (2.3), we rather prove
the analogous Poincaré inequality in W, that is:

Vo € Va, / at?dsdy < C [ / o2ds + / a|855|2dsdy]. (2.26)
w r w

Furthermore, since C> (W) NV, is dense in V,, it is enough to prove that (2.26) holds for o € C>(W) N V,,
which we now do. To this end, for arbitrary v € C* (W) NV,, a use of Taylor’s formula yields:

V(y, ) € W, 5y, 5) = 0y, 0 / 0,5y, 1) (2.27)

n (2.27), the Cauchy-Schwarz inequality implies that, for (y,s) € W:

s s 12 [ 1¢iy) 1/2
/ 1050 (y, t)|dt < (/ a_l(yﬂﬁ)dt) / 0,0 (y, t)dt : (2.28)
0 0 ¢~ ()

Now multiplying both sides of (2.27) by a and using the Young inequality (Va,b € R, (a + b)? < 2a? + 2b?)
together with (2.28), we obtain:

¢+(y)

Y(y,s) € W, a(y,s)|0(y, s)|* < 2a(y, s)[o(y,0)|* +2a(y, s) / Ofl(yi)dt/ a(y, )00 (y, t)dt. (2.29)
0 ¢-(v)
13



Integrating (2.29) over W now results in:

¢+ (v) ()
/ av?dsdy 2/?}’2(;(;,0) / a(y, s)ds dy+2/ha(y) / alds0)2ds | dy
w r ¢—(y) r ¢-(y)

2[|gallLe () v2dy + 2||hal| Lo () 04|85'17|2d5dy,
r w

IN

IA

where g, and h, are the functions featured in (H2) and (H3). This completes the proof of (2.26), and so
that of Proposition 4. O

Remark 10. This Poincaré type inequality is close in spirit to the “curvilinear” Poincaré inequality of Azerad
[11], who considered the weight w = 1 and vector fields 3 satisfying div = 0.

2.5. Well-posedness of the variational problem (1.9)
We are now in a position to state and prove the main result of this section.

Proposition 5. Let w € CO(U,R%) be a positive weight on U, satisfying the assumptions (H1) to (HS3).
Then:

(i) For any function f € L2 _,(U), there exists a unique solution u € V,, to the variational problem
Find u € V,, such that Vv € V,,, / uvds Jr/ w(f - Vu)(p - Vv)dz = / fudz. (2.30)
r U U
(ii) The trace up € L2(T') of the solution u to (2.30), is independent of the weight w as long as it fulfills

(H1) to (H3); it is given by:

¢+ ()

u(y) = / fonDnlds a.e. onT. (2.31)
¢-(v)

Proof.

(i) The assumption f € L2_,(U) ensures that v — [, fvdz is a continuous linear form on V,, owing to
the Cauchy-Schwartz inequality:
/ fudzx
U

Moreover, the Poincaré inequality of Proposition 4 ensures the coercivity on V,, of the bilinear form

(1, 0) /F wody + /U W(B - Vu)(8 - Vo)da.

Vv € Vi, < Allzz_, @ llollez @)-

Hence, the classical Lax-Milgram theorem (see e.g. [31]) yields the existence and uniqueness of a
solution u € V,, to (2.30).

(ii) Since w satisfies (H2), it follows from Proposition 3 (ii) that for any vg € C°(T'), there exists a function
v € V,, such that vjr = v and 3- Vv = 0. Taking v as an admissible test function in (2.30) then yields:

C+(v)
Yoo € C(), /uvody :/ fodx = / vo(y) </ fo n|Dn|ds> dy, (2.32)
r U r ¢-(v)

whence (2.31).
O

Remark 11. Problem (1.9) or (2.30) can be solved, for an arbitrary choice of weight w satisfying (H1) to (H3),
if the right hand side satisfies f € L2_, (U). This holds true, for example when f belongs to L>(U), as soon

as the weight w satisfies: w™! € L}(U). This property is not a consequence of (H1) to (H3) as explained in
Remark 14.

Remark 12. If (H2) is not satisfied, which is the case if for example w blows up “too fast” near some part
of the boundary of U, functions v € V,, are expected to vanish near this part of U and then V,, may not
contain all functions which are constant along the characteristic curves of 3.
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3. NUMERICAL METHODS FOR INTEGRATION ALONG NORMAL RAYS

We now instantiate the general setting of Section 2 to the shape optimization context (1.7) outlined in the
introduction. As we have mentioned, it relies heavily on the notion of signed distance function, which we
briefly recall in the next Section 3.1 for the convenience of the reader. We then discuss in Section 3.2 the
construction of suitable weights w that allow to to solve accurately the variational problem (1.9) by means
of P; conforming finite elements. After clarifying some of the algorithmic stages required by the direct
integration of (1.6) along rays in Section 3.3—such as the numerical computation of the principal curvatures
k; of the considered shapes, and the detection of their skeleton on unstructured meshes—we perform several
experiments as far as the choice of the weight w in (1.9) is concerned in Section 3.4. Finally, in Section 3.5,
we compare on several 2-d analytical examples the numerical calculations of (1.6) by means of our variational
formulation (1.9) with those produced by direct integration of this formula along rays.

3.1. A short reminder about the signed distance function

In this section, we consider a fixed, bounded and Lipschitz ‘hold-all’ open domain D C R", as well as a
bounded Lipschitz open subdomain Q@ C D. We recall the main definitions and properties of the signed
distance function that will be relevant for the shape optimization applications of Section 4, referring to
[13, 25, 26] for further details.

Definition 5 (Signed distance function). For any « € D, let d(x, 92) be the usual Euclidean distance from
x to O

d ) := mi - 1
(w,00) = min [lz =y, (3.1)
where || - || denotes the Euclidean norm of R™. The signed distance function dg : D — R to the domain € is

defined by:
—d(z,0Q) ifx e,
Vz € D, do(z) = 0 if 2 € 8Q, (3:2)
d(z,00) if z € D\Q.

We then recall the definitions of the projection mapping onto 92 and of the skeleton of 2, which are
illustrated on Figure 1la.
Definition 6 (Skeleton and projection).
(i) The (non empty) set of projections Ilgpq(x) of a point € D onto 9 is the set of points y € 9N
achieving the minimum in (3.1), that is:
oa(x) = {y € 09| ||z — yl||= d(xz, 092)}.
(ii) The skeleton ¥ C D of Q (relative to D) is the set of points z € D such that IIpq(z) is not a singleton.

(iii) For x € D\X, the unique element in IIsq(x) is denoted by pga(x) and is called the projection of x onto
0.

In order to describe further the connections between the signed distance function dg and the geometry
of Q, we thenceforth suppose Q to be a domain of class C2; note however that this assumption may not be
minimal for some of the forthcoming properties.

Proposition 6 (Differentiability of dg). The signed distance function dgq is differentiable at any point
x € D\X, and it is not differentiable on ¥. The gradient Vdg is an extension of the unit normal vector n
to O pointing outward Q, in the sense that it satisfies the properties:

Yy € 09, Vdqo(y) = n(y) and Vz € D\X, ||Vdql| = 1. (3.3)
Definition 7 (Normal rays). For y € 91, the ray emerging from y is the one-dimensional segment

ray(y) := {x € D\X, poalz) =y} = {y+sVda(y)|s € ((-(v), {+ ()} (3.4)

where (_(y) and (4 (y) are the maximum distances at which ray(y) hits either the skeleton X or the boundary
0D of the hold-all domain:

Vy € 9Q, (4(y) =sup{s > 0|{y +tVda(y)|t €[0,5)} N (X UID) = 0}, (3.5)
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Vy € 99, (_(y) =inf{s <0|{y+tVda(y)|t € (5,01} N (ZUID) = 0}. (3.6)

The functions ¢ and {4 are continuous on 052 (see [15] or [44]).

Let us now turn to properties related to the second-order regularity of the signed distance function dq,
still under the assumption that the domain € is at least of class C2. In all what follows, we denote for any
y € 00 by n(y) the outward normal to 2. Its tangential gradient d,n(y) (with respect to the coordinates of
09) is a symmetric tensor whose eigendecomposition

n—1

oym(y) = ki) m(y)”, (3.7)

i=1

involves the principal curvatures (k;(y))1<i<n—1 and the associated principal directions (7;(y))i<i<n—1 of
00 at y. Note that for any unit extension n : ¥V — R™ of n to some tubular neighborhood V C D of 92
satisfying n(y) = n(y) for any y € 00 and ||[n(z)|| =1 for any x € V, it holds that Vn(y) = 9,n(y).

The next proposition is related to the differentiability properties of the projection pgq, or equivalently to
the second-order differentiability of dq (see [8, 13, 15, 36, 47]).
Proposition 7 (Differentiability of psqa). The following properties hold true:

(1) For any point x € D\X, one has:

1+ ki(poa(x))da(xz) >0, i=1,...,n — 1.
(2) The projection pagq is differentiable on D\X and

n—1

Vz € D\Y, Vpaa(z) = Z

i=1

1
1+ ki(paq(x))da

@ 7i(poa(z))Ti(poa(z))". (3.8)

Remark 13. The projection ppq is not differentiable on the boundary 0% of the skeleton ¥. Indeed (see
Figure la and [15, 36]), a point C' € D belongs to the closure X either because it lies on X, or because it is
a center of curvature of 9€), i.e. there exists y € IIpo(C) and 7 = 1,...,n — 1 such that

1+do(C)ri(y) =0.

Since dq is Lipschitz, it follows from Rademacher’s theorem (see [32], §3.1.2) that the skeleton ¥ has
zero Lebesgue measure. However, if ) is only supposed to be of class C?, the closure ¥ may have non
zero Lebesgue measure (see [47] for an example). For X to be also of null Lebesgue measure, a little more
regularity is required about 2, namely, that it be at least of class C? [15, 47].

From (3.7) and (3.8), we may calculate the Hessian matrix of dg and the Jacobian |Dn|. The last
proposition of this section sums up the characteristics of the shape optimization setting in the perspective
of the previous Section 2.

Proposition 8 (Shape optimization setting). Let 2 C D be a domain of class C?; then the signed distance
function dq is of class C* on the open set U := D\X. Hence 3 := Vdq is a vector field of class C* on U; the
associated flow map n : W — D\X is a diffeomorphism of class C*, whose expression reads:

V(y,s) € W, n(y,s) =y + sVdal(y), (3.9)

where W is the set defined by (2.2). The inverse flow mapping n~*

U — W is given by
Vo € U, n~ Y (z) = (paa(x),da(z)). (3.10)
The divergence of the vector field B = Vdgq and the Jacobian |Dn| of the flow map n are respectively given by

n—1

vz € D\, div(Vdg) = Adg(x) = Z — dZ}(ffZ(é);Q o (3.11)
n—1

V(y.s) € W, [Dn| = | det(Vn)| = [ (1 + swi(y)- (3.12)
=1
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3.2. Admissible weights built upon the signed distance function

Let us now discuss the numerical resolution of the variational problem (1.9) in the shape optimization context
(1.7) and (1.8) (see also Proposition 8). For our numerical applications, the hold-all domain D is equipped
with a simplicial mesh 7 (i.e. composed of triangles in 2-d, or tetrahedra in 3-d) with maximum element
size h, and we rely on the Lagrange P finite element method for the discretization of (1.9) on account of
its robustness and ease of implementation. In other terms, the approximation wuj to the solution v € V,, of
(1.9) is sought in the space V}, of continuous piecewise linear functions on each simplex of 7.

As already mentioned, our final target is to calculate the trace (1.6) on I' = 9Q of u; in the continuous
setting of Section 2, this trace does not depend on the choice of the weight w as long as it fulfills (H1)
to (H3), so that in principle, any such weight could be used. However, our commitment to use Lagrange P,
finite elements for the resolution of (1.9) makes some weights w more adapted than others in the numerical
context.

For instance, if we choose w = 1 on U = D\Y (which is an admissible weight on account of Lemma 6
below), the discretization of (1.9) with IP; finite elements is expected to be not very accurate if the skeleton
¥ is not explicitly discretized in T (as is the case in our applications; see Section 4). Indeed, functions in V,,
are in general discontinuous across X, and in order to solve (1.9) using the space V},, the weight w should
be chosen in such a way that arbitrary functions v € V,, are well approximated (in the norm || - ||y, ) by
functions vy, € V},, as is reflected by the classical Céa’s lemma (see e.g. [31]):

[lu—upllv, < C inf |ju—ovp|lv,, (3.13)
vp €V

h

for a constant C' > 0 (which possibly depends on w). Heuristically, and without looking for a very precise
statement, these considerations call for the choice of a weight w almost vanishing on 3, so that the approxi-
mation error ||u — vy||y, in (3.13) attributes a lesser weight to a neighborhood of ¥ where u is expected to
be discontinuous while the functions v;, € V}, are continuous.

We now provide explicit candidates for weights w which fulfill the conditions (H1) to (H3), take small
values near the skeleton, and that we are going to use in our practical implementations.

Lemma 6. For any real number p > 0, the weight

_ 1
1+ |Adgl?
satisfies the conditions (H1) to (H3) (this includes in particular the constant weight w = 1/2 for p =10).

Proof. At first, it follows readily from the definition that w belongs to C°(U, R% ), and is uniformly bounded
on U, so that (H1) and (H2) are trivially satisfied. We then define x_(y) and x4 (y) by:

w (3.14)

k—(y) = min(0, ml_in ki(Y)), £+ (y) = max(0, max ki(Y)), (3.15)

as well as the corresponding multiplicities m_(y) and m4 (y):

my(y) = Card({i € {1,...,n— 1} | ki(y) = kx(y)})-
Using formula (3.11) for Adg, the weight @ = w o n|Dn| is decomposed as

not ki(y)s nl Ki(y)s)PHt
alys) = Lt Orms) Tl O ml)ol” 5 = F09)g.9) (310)
TS 2 IS+ @) + |2 mil) T (0 + 45(9)9)]

where f and g are the following functions:
Fly,s) = (1+sk_(y))™ DT 6(s) + (1 + sk (y)™+ @1 _o(s), (3.17)
[z 1+ Ki(y)s)PT 1s0(s) + [T, (1 ki(y)s)PT 1 1<0(s)

n—1 p
T (U maw)s)? + |32 i) T a1+ 55 (0)9)
Then, f satisfies clearly the monotonicity condition (ii) in the statement of Lemma 1 and g is a continuous
function on each of the domains W_ = {(y,s) € W|s <0} and W, = {(y,s) € W |s > 0}, that does not
vanish on the compact sets W_ and W,. The assumptions of Lemma 1 are therefore fulfilled, so that w
satisfies (H3). This terminates the proof. d
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Remark 14.

e When it comes to solving (2.30) by relying on Proposition 5 with some data f € L*°(U), it is useful
to observe that f belongs to L?_,(U) as soon as the weight w satisfies w™' € L*(U) (see Remark
11), which is the case if it is of the form (3.14) with p < 2. In the following numerical experiments,
we shall see however that using values for p which are larger than 2 still provides good results.

e The weight (3.14) with p > 0 does not vanish on points 2 € ¥ that are not centers of curvatures.
However it still takes small values on ¥ and it is convenient to use in the implementation. Variants
can easily be imagined, for example weights based on dg itself or its Hessian V?dq,.

e For the most general setting where U is an arbitrary open set, the methodology of this section
extends naturally by considering weights w which vanish on the cracked parts of QU that are not
explicitly meshed.

3.3. Computing weights, curvature and skeleton detection

Before going to numerical examples we clarify important practical details which are required in the nu-
merical resolution of the variational problem (1.9) or in the implementation of the direct integration along
characteristics (1.6).

The numerical setting at stake is the same as that of the previous Section 3.2: the hold-all domain D
is equipped with a simplicial mesh 7, and the space V}, of Lagrange P; finite element functions on 7 is
considered. The shape € is solely known via an accurate approximation dj, of the signed distance function
dg as an element in V},; multiple efficient methods are available to achieve such a calculation [56, 62], and
we rely on the numerical algorithm from the previous work [23].

In Section 3.3.1, we discuss the issue of detecting triangles crossing the skeleton when traveling along the
rays (note that this step is not required by the variational method). Then, we detail in Section 3.3.2 the
method we used to compute the Laplacian Adg of the signed distance function involved in the weights (3.14)
used in the variational method (in any dimension) and by the integration along rays (only in 2-d).

3.3.1. Detection of the skeleton X of 2 and identification of normal rays

The numerical detection of ¥ in the course of the identification of the set ray(y) for some given point y € 92
is achieved by assessing the following criterion (independently on the dimension), holding at the continuous
level (see [26]):
dQ(Zl) — dQ(ZO)
Yy € 0N, Vzg, 21 € ray(y =1
s <1 ( )7 (Zl—ZO)VdQ(y)

In our implementation, when computing the ray emerging at some point y € 9 (which is detected by the
fact that dj(y) = 0), we travel the triangles in the mesh 7 in the normal direction n = Vdj,(y), and we stop
the calculation of the ray in the triangle T' € T where the entering and exiting points zo and z; satisfy:

dn(z1) — dn(20)
[[21 — zol|

—sign(dp(20))| > tolRay, (3.19)

where tolRay a small tolerance (set to 0.3 in our implementation). This provides meanwhile an approximate
location of the skeleton 3, up to a tolerance of the order of the mesh size.

Our criterion (3.19) differs from that used in the related works [6, 49]. In there, the authors detect X by
looking at changes in the monotonicity of the signed distance function dj along the ray, i.e. they rely on the
following property of the (continuous) signed distance function dg:

Yy € 00, Yz, 21 € ray(y), (da(z1) — da(z0))((z1 — 20) - Vda(y)) > 0. (3.20)

Our personal experiment with the above criterion suggests that it may sometimes fail to detect the skeleton
3 accurately, because such a change in monotonicity may simply not occur when the ray is supposed to
cross % in the neighborhood of center of curvatures (see Remark 13). Our criterion (3.19) may also fail
depending on the chosen tolerance parameter, but it offered visible improvements (Figure 3) in our academic
test-cases. Note that when integrating along the ray, the last triangle, where the skeleton is hit, is included
in the integration.
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(A) Criterion (3.19) (B) Criterion (3.20)

FIGURE 3. Comparison between the two criteria of Section 3.3.1 for the detection of ¥ when
travelling along rays in an unstructured mesh (Skeleton displayed in the black line).

3.3.2. Computation of the curvature of Q0 and of the Laplacian Adg of the signed distance function

The numerical approximation of Adg for the computation of the weight w of (3.14) is not completely
straightforward and is detailed now. Note that

(i) such step is required only to avoid the need for ellaborate shock capturing schemes (e.g. discontinuous
finite elements or mesh truncations) for the discrete test functions near the skeleton (see Section 3.4
below), which allows to solve the variational formulation (1.9) with simple P; finite elemets.

(ii) even when using a Py discretization as in all the examples following, a very accurate estimation of the
Laplacian Adg for computing the weight w of (3.14) is not needed, as long as w vanishes near the
skeleton .

In contrast, integration along rays via the formula (2.31) with the Jacobian (3.12) requires accurate estimates
of the principal curvatures ;. In 2-d, there is only one principal curvature, hence we estimate it directly
from the value of Adg on 002 with the method of this subsection. In 3-d, this estimation is more complicated
to implement because the single knowledge of the mean curvature does not yield the values of both principal
curvatures 1 and ko: these could e.g. be computed from the eigenvalues of the Hessian V2dg, however with
a possibly poor accuracy.

Let us now detail our method for the numerical approximation of Adg, or equivalently that of the curvature
K of 002 in 2-d when dgq is only known via its approximation dj at the nodes of the mesh 7. Our first step
consists in calculating a Py interpolation g, € V}, x V}, of the piecewise constant gradient Vdj, by solving the
following variational problem:

V¢h e Vi x Vy, / gn ’lﬁhdx = / vdy, - ¢hdx (321)
D D

The approximation of the divergence div(Vdgq) is then calculated as the (piecewise constant) divergence of
the reconstructed field g,. Unfortunately, this procedure generally produces a very noisy approximation
characterized by a lot of spurious oscillations when the mesh size decreases (see Figure 4). In order to
overcome this difficulty, we calculate a regularization k; of this noisy estimation with a Laplace kernel,
namely we solve:

Find kj € V}, such that Vi, € Vj, / (V%VHh - Vb + Kshwh) dr = / div(gp)rde, (3.22)
D D
where 7y, > 0 is a regularization length scale (equal to 3hmax Where hpyay is the maximum edge length in the

mesh).

Let us now illustrate our method by considering the example of an ellipse € inside a square-shaped hold-all
domain D: let D and 2 be defined by

2 13
D = {(zx1,22) € R?||z1| < 2 and |z5| < 2}, Q= {(xl,xg) €D a—; + b—j < 1} : (3.23)
where a = 1.5 and b = 1. The skeleton of Q is explicitly known in this case: ¥ = {(z1,0) ||z1] < a — b*/a}
and the curvature s of 9Q at a point y = (y1,92) is given by x(y) = ab/y3 with v = \/Z—zy% + i—jy%
The difference between the exact curvature k(y) of 9Q and its reconstruction s, (at the boundary nodes
discretizing 0€2) using both procedures (3.21) and (3.22) is represented in Figure 4.
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3.5
div(gn)
3.0 K
251 —— Analytic
2.0
1.51
1.0
0.5
0.0— ; ‘ : :
0 2 4 6 8
(A) Zoom on a mesh discretization of an ellipse Q@ C D
with a maximum edge length hAmax=0.08. (B) Estimated values of Adg on 9.
3.5
div(gn)
3.0 K
251 —— Analytic
2.0
1.51
1.0
0.51
{EaEs 0.0 — w w w ;
0 2 4 6 8
(¢) Zoom on a finer mesh discretization of Q C D with a
maximum edge length hmax=0.02. (D) Estimated values of Adg on 9.

FIGURE 4. Estimation of Adg on the mesh 7T for the shape 2 in (3.23) and for two different mesh
resolutions. The x coordinate on the right-hand graphs represents the arc length coordinate on
02 when the starting point is the green reference point. Estimates of the mean curvature of 0f,
div(gn) and kp, (see (3.21) and (3.22) for the definitions) are compared to the analytical value k(y).

3.4. Choice of the weight w when using a P; discretization

In this section, we perform several numerical experiments about the influence of the choice of the weight
function w in the resolution of the variational problem (1.9) using the Lagrange P finite element method.
With this perspective in mind, and in the 2-d numerical setting described in Sections 3.2 and 3.3, we consider
the issue of generating numerical functions v € V,, which are constants along the normal rays to the shape
Q. Namely, we solve the boundary-value problem

Vdo-Vo=0 in D\,
¢ \ (3.24)
v =1 on 0,

for given data vy € L?(99).
Using the variational setting of Section 2, and in particular the Poincaré inequality of Proposition 4 and
the surjectivity of traces of Proposition 3, it is not difficult to infer the existence of weak solutions to (3.24).

Proposition 9. Let w € C°(D\X,R%) be a weight satisfying (H1) to (H3) and let Voo = {v € V,,|v =
0 on O} be the subspace of functions of V,, vanishing on 0. There exists a unique solution v € V,, to the
20



variational problem:

Find v € V,, such that v =vy on 9 and Yw € V,, o, / ~ w(Vdgq - Vv)(Vdg - Vw)dz = 0. (3.25)
D\S
The solution v is independent of the choice of w as long as (H1) to (H3) are satisfied, and it is given by the
formula:

v(z) = vo(paq(z)), a.e. z € D\I. (3.26)

The formulation (3.25) is to be compared to the so-called Galerkin Least Square formulation and SUPG
methods for advection-reaction problems [31], with the difference that usual assumptions of uniformly
bounded divergence, which do not hold, are replaced with the regularity assumptions of Section 2.1.

Various numerical techniques may be thought of in order to solve (3.25): one could for instance use a
finite element space of discrete functions vanishing on the boundary nodes of 02 when the latter boundary
is discretized in the computational mesh 7 of D. For our applications, we use a boundary penalization
approach which is commonly used in finite element software packages (such as FreeFem++ [38]): a numerical
approximation of the solution v to (3.24) is obtained as the solution to the approximate problem:

Find v, € V,, such that Yw € V,,, 1/
€

1
vewdy +/ ~ w(Vue - Vdq)(Vw - Vdg)dx = 7/ vowdy, (3.27)
1) D\E o9

€

for a very small value € (¢ = le — 16 in our implementation). If sufficient regularity holds for the true solution
v of (3.25), arguments similar to those of [12] would show the convergence v. — v when € — 0.

Remark 15. The problem of building constant functions along normal rays of the form (3.24) may be solved
on unstructured meshes owing to variants of the fast marching algorithm; see e.g. [19].

We now verify that a good approximation of the solution v to (3.25) (or more precisely (3.27)), which is
in particular discontinuous across the skeleton ¥ of €2, can be obtained either by truncating manually the
skeleton from the computational mesh 7 and taking the weight w = 1, or by selecting a weight w taking
“small” values near . For the latter experiment, we use the weight w = 1/(1+ |Adq|P) with p = 2 (see also
Remark 14 about the “small values of w near ). Of course, removing the skeleton from the mesh is a not
straightforward task in full generality but it is performed here for the sake of comparison.

Let us consider again the ellipse example of (3.23). We consider two different computational meshes T
and 7’. The former is a triangular mesh of D, and the latter 7' is a triangular mesh of D\Y (i.e. the
skeleton X has been manually removed). In both 7 and 77, the considered shape (2 is explicitly discretized
as a submesh; see Figure 5 for an illustration. The variational problem (3.27) is numerically solved for a
boundary datum vy € L?(99) given by (see Figure 6d):

Y(y1,y2) € 0, vo(y1, y2) = cos(3y1)? + 20ys,

and the computed finite element solution is plotted on Figure 6 in the following three situations.

e The mesh 77 is used, in which D and Q C D are meshed explicitly, and where a thin layer around %
has been manually removed (see Figure 5¢). The solution v to (3.27) is computed using the constant
weight w = 1 and the result is displayed on Figure 6a. As expected, the fact that ¥ be absent from
T allows the numerical solution v to have very different values on either sides of 3.

e The mesh 7 of D (where ¥ has not been removed) is used (see Figure 5b), and v is computed with
the constant weight w = 1; the result is represented on Figure 6b. The formulation (3.27) proves
numerically stable with the choice w = 1, but it tends to over smoothen the sharp discontinuities of
v near the skeleton ¥, which results in a loss of accuracy for the extension problem (3.24).

e The mesh 7 of D is used again, but the solution v to (3.27) is now computed by using the weight
w = 2/(1 + |Adg|?); the result is represented on Figure 6¢. Obviously, the obtained numerical
solution is much closer to the expected result (3.26); the numerical procedure in this case seems to
achieve the same order of accuracy than in the experiment using the truncated mesh 7.
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g‘?) 1)\/[;8h Tt.ofghe hold—sll d(})lmain D with @ C D (in (¢) Zoom on the mesh 7’ (skeleton 3 truncated)
ue) discretized as a submesh.

FIGURE 5. The two meshes 7 and 7' used for the test-case of Section 3.4.
21.0 21.0
11.0
.9
-9.2
-19.2

11.0

o

-19.2
) Mesh 77, w=1. (B) Mesh T, w=1
21.0
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11.0 101
0.9 01
_10<
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—-201, . . . .
192 0 2 4 6 8
) Mesh T, w = 2/(1 + |Adq|?) (D) Input function v (y1,y2) = cos(3y1)2 +20y2 for the prob-

lem (3.25). The horizontal coordinate is the arc length with
the green point as reference point.

FIGURE 6. Numerical resolution of the problem (3.24) using the variational problem (3.27) for
various weights, with or without removing the skeleton ¥ from the computational mesh.
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2.7

(A) The mesh T for D (part corresponding to € in blue) (B) The numerical solution u extended constantly along rays.
The green point provides the O reference for the horizontal
axes of Figure 8.

FIGURE 7. Setting of Section 3.5.1

3.5. Numerical comparisons between the variational method and direct integration along rays

We now investigate the numerical evaluation of the function v € L?(9Q) in (1.6) for several 2-d academic
configurations as far as D, 2 and the function f are concerned. In particular, we compare the evaluation of
u obtained by direct integration along rays (i.e. implementing directly the formula (1.6)) to that obtained
by solving the variational formulation (1.9) on meshes T (resp. 7') of D in which  is explicitly discretized
and the skeleton X of € is not removed (resp. is removed).

3.5.1. A domain with trivial skeleton: the case of a circle
We first consider the case where €2 is a disk enclosed in a larger disk D:
D = {(x1,22) € R? |23 + 23 < 4}, and Q = {(z1,22) € R?|2? + 23 < 1}; (3.28)
see Figure 7. In this case, the skeleton ¥ is reduced to the point 0. The considered function f is:
Vo = (z1,22) € D, f(x1,x2) = o,

which belongs to the finite element space V},, and is therefore amenable to an exact integration when the
travel procedure along rays of Section 3.3.1 is used.

In this situation, the sought function wu, given by (1.6), is known analytically; a calculation in polar
coordinates indeed yields:

Vi, v2) €09, ulyn,ya) = S (3.29)

Comparisons are displayed on Figure 8 between the version of u obtained after direct integration along
rays, and the numerical solutions of (1.9) obtained for various choices of weight functions w on the mesh 7
of D (where ¥ has not been removed). We observe a good match between the variational and the direct
method. As expected, the solutions computed thanks to our variational method are less accurate when the
constant weight w = 1 is chosen. A significant increase in accuracy is achieved by selecting a weight w
vanishing at the center of the circle, i.e. w = 1/(1 + |Adgl|).

3.5.2. A C? domain with non trivial skeleton

We take on the example (3.23) where  is an ellipse inside a square-shaped hold-all domain D, reusing both
meshes 7 and 7" depicted on Figure 5. To emphasize the influence of the skeleton on our numerical method,
we compute the quantity (1.9) for a function f which is supported in 2 only (see Figure 9):

flz1,22) = (1 + 22)1q(z1, 22) . (3.30)

The presence of the constant 1 in (3.30) avoids the “simplification” of having f vanishing on X. After an
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FIGURE 8. Comparison between direct integration along ray, analytical formula (1.3), and finite
element solution of (1.9) for two choices of weights w for the example of Section 3.5.1. In the legends
of this figure and all those to follow, uAnalytic, uRays and uVariational refer respectively to the
analytical value of u, its numerical estimation using (2.31), and the trace of the variational solution
of (2.30).

2.0

0.0

FIGURE 9. The function f for the identification problem (1.6) for the test case of Section 3.5.2.

explicit calculation based on (1.6), the exact solution is given by:

¢
Vo = (y1.42) € 00, uly) = (L+ ) — % gﬁ Fr(l+y) ) + y—;ngi, (3.31)
with & = 2, (- =2, v =/ 5y} + 3.

The numerical trace u (which is extended along rays using (3.27) to ease the visualization) obtained by
solving the variational formulation (1.9) on 7 or 7, and for various choices of weights, is represented on
Figure 10. On Figure 11, we compare for each of these strategies the boundary values of the numerical trace
u to that computed with (1.3) by direct integration along rays, and to the analytical expression (3.31).

‘We note that the solutions obtained by integrating along rays are generally characterized by small spurious
oscillations. We explain this error by the fact that our criterion (3.19) detects the skeleton up to an error
proportional to the mesh size (the actual location of the skeleton is not estimated within the last travelled
triangle; see Figure 12). Such a procedure could be improved by using more systematic skeleton detection
methods; see for instance the works [9, 10] in the field of computer graphics. We verify that the amplitude
of these oscillations decreases with the size of the mesh, as shown on Figure 11d.

3.5.3. A C' domain, with discontinuous curvature

We now consider the case where (2 is a stadium, i.e. the union of a rectangle and two half-disks. Define (see
Figure 13)

D = {(x1,72) € R?||zy| <2 and |2o| < 2} (3.32)
and

Q = {(21,22) € D|(|z1] < 0.5 and |2s| < 0.5) or (z1 —0.5)* + 23 < 0.25 or (z1 +0.5)* +23 < 0.25}. (3.33)
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cated), w =1
FIGURE 10. The numerical solution u of the variational problem (1.9) extended constantly along

rays (for visualization purpose). Inaccuracies occur if the skeleton X is not removed from the mesh

or if the weight w does not vanish in its vicinity.
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(D) Mesh T, w = 2/(1 + |Adq|?®) (Fine mesh of Fig-
ure 4c)

0
(¢) Mesh T, w = 2/(1 + |Adg|?®)
FIGURE 11. Comparison between the results of a direct integration along rays and our variational

method for the example of Section 3.5.2.
The domain €2 is not of class C?, and the curvature s of the boundary 9 is discontinuous at the points
where x1 = +0.5. Hence, this example does not fall into the admissible setting of Proposition 8, and there

is, in principle, no guarantee that our variational method based on (1.9) should still work.
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FIGURE 12. Numerical rays for the example of Sections 3.5.2 and 3.5.3. The inaccuracy of the
direct integration along rays is related to that of the skeleton detection within the last triangle.
Triangle’s paths are colored in transparent blue (the darker, the more visited); depicting that some
mesh triangles might not be crossed by all the rays or some triangles may be visited more than
others.
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blue) discretized as a submesh.

FIGURE 13. Meshes used for the test-case of Section 3.5.3.

In this example, the skeleton ¥ is Q2 is explicitly given by ¥ = {(x1,0)]|z1] < 0.5}. We calculate the
function u in (1.6) associated to the datum function f defined by (3.30); the analytical solution w for this
problem is given by

% + %sign(yl) if [y1] < 0.5,
u(y17 y2) = 1
Y2

1 + E if |y1| > 0.5.

In particular, u is ill-defined at the points z € 92 where the curvature is discontinuous.

Both methods for the numerical evaluation of u (i.e. the direct integration along rays and our variational
method) are applied, and the results are represented on Figure 14. Even though this example does not fit
into the admissible setting of Section 2, the results indicate that our numerical method still works, up to
over-smoothing inaccuracies of the computed solution u near the discontinuities of the curvature .

3.5.4. A test case involving a Lipschitz domain Q0 with angular corners
In this last example, we consider the following situation:
D = {(v1,22) € R?*||z1| < 2 and |y| < 2}, Q = {(21,72) € D| max(x3/2 — x5 — 1,25) < 0}, (3.34)

together with the datum function f:

f(l‘l, ZL‘Q) = COS(6$1)2,
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FI1GURE 14. Comparison between the direct integration along rays and our variational method for
the example of Section 3.5.3.

as illustrated on Figure 15. Again, the theoretical framework of Section 2 does not apply to the present
situation because:

e The vector field Vdqg, is not of class C! on U and is not U-filling: the reunion of all the rays emerging
from points y € 9 does not cover the whole set U = D\X;

e The flow 7 of this vector field is not of class C', because the curvature x of the boundary (and even
the normal vector) is discontinuous at the corners. Numerically, |Adgq| blows up in the whole area
filled by the skeleton and the set of points that are not covered by normal rays.

Still, the quantity u given by (1.6) can be calculated analytically wherever it makes sense. A few elementary,
albeit technical computations yield:

cos(6y1)*(2 = A_ (s (1)) if y2 > 0,

u\y1,Yy2) = . 335
) { d(A+(y1)) — ¢(A=(y1)) if y2 < 0 (3.35)
where
(t) = t2/2 -1 Ay (t) = min((2/|t] — 1),42/2)V/1 + 12 (3.36)
- 1+1/~/1+t2’ + ) V4 , )
571 is the reciprocal function of t — s(t) = (1 + —:>1__~(_—tt)2) t and ¢ is a primitive function of A — cos(6¢(1 +

MVTHE2)2(1+ N/ (1 +12)3/2).

A numerical approximation to this function v is computed by using either a direct integration along rays
or our variational method based on (1.9), on a single mesh T where the skeleton ¥ is not removed, and using
three possible choices of the weight w. The results are represented on Figure 16. In all cases, the observed
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FI1GURE 16. Comparison between direct integration along normal rays and our variational method
for the example of Section 3.5.4.

numerical inaccuracies, characterized by very high values, are concentrated near the angular corners of €2,
while the method yields satisfying accuracy on the remaining smooth parts of 9€2. Again, we observe the
poor accuracy associated to the choice of a constant weight w = 1. For this example, a uniformly small
weight w = 1le7!'Y seems to yield a better accuracy than the previous choice w = 2/(1 + |Adgq|3).
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4. APPLICATIONS TO MAXIMUM AND MINIMUM THICKNESS IN SHAPE OPTIMIZATION

In the shape optimization setting which is the original motivation for our work, we show how the general
method proposed in Section 2 and the inferred numerical methods in Section 3 allows to efficiently implement
geometric constraints, namely maximum and minimum thickness constraints.

4.1. Shape optimization of linearly elastic structures

We consider shapes, that is, smooth bounded domains €2 enclosed in a fixed, bounded and Lipschitz hold-all
domain D C R™. Any such shape 2 is clamped on a part I'p of its boundary, and traction loads g € L?(Tw)
are applied on a disjoint region of 9€; the complement I" := 9Q\(I'p U Ty ) is traction-free and body forces
are omitted for simplicity; I" is the only region of the boundary 92 which is subject to optimization.
In this situation, the displacement uq of the shape is characterized as the unique solution in H(Q, R™)
to the linearized elasticity system:
—div(Ae(ugq)) =0 in £,
Ae(ug) -n =g on Ty,
Ae(ug) - n=0onT,
ug =0on I'p,

(4.1)

where e(u) := 3(Vu+ Vu”) is the strain tensor associated to the displacement w and A is the Hooke’s law,
defined for any symmetric n X n matrix by

Ae(u) = 2ue(u) + ATr(e(u))],

involving the Lamé coefficients A, u which characterize the physical properties of the constituent material.
In this context, we consider structural optimization problems of the form

i <
Iin J(Q), st. P(Q) <0, (4.2)

where J(2) is a performance criterion, which will typically be the volume Vol(2) or the compliance C(£2) of
shapes:

Vol(Q) = / dz, C(Q) = / Ac(ug) : e(ug) dz, (4.3)
Q Q
and P(Q) is a geometric constraint
P@) = [ j(do) s, (1.4
D

involving the signed distance function dg to 2 and a given smooth function j : R — R.
In order to achieve the numerical resolution of (4.2), we rely on Hadamard’s method of boundary variations
(see for instance [1, 4, 39, 50, 57]), whereby variations of a given shape Q are considered under the form

Qg := (Id + 0)(9)3 0 € Wl’oo(Dan)v ||0HW1'°°(D,R")< L. (45)

Definition 8. A function F(Q) of the domain is shape differentiable at a shape € if the underlying mapping
0 — F(Qg), from Wh>(D,R") into R, is Fréchet differentiable at @ = 0. The corresponding derivative
0 — F'(2)(0) is the shape derivative of F' at Q and the following expansion holds in the vicinity of 8 = 0:

[o(0)] -0

F(Qg) = F(Q) + F'(Q)(0) + 0(0), where
18]l 1.0 (D rm)

0.

Remark 16. In our setting, the set of admissible deformation fields 8 used in (4.5) is restricted to smooth
vector fields, which vanish on the non optimizable subset I'y and I'p of the boundaries of shapes.

The shapes derivatives of the volume and compliance functions defined in (4.3) are classically given by
(see for instance [7]):

Vo' (Q)() = /F 0 - ndy, and C'(Q)(0) = — /F Ae(ug) : e(uq)(8 - n)dy. (4.6)
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where we recall that dy stands for the surface measure on I'. As far as the shape derivative of the geometric
constraint P(2) in (4.4) is concerned, the following (equivalent) surface and volumetric expressions were
obtained in our previous work [2]:

P@e) - [ o @0l (@)t = [ u6-nay (4.7)

where the “Eulerian” derivative df,(0) of the signed distance function dg is defined on U = D\X by:
Vo € D\X, dq(0)(x) = —8(poa(x)) - n(paa(z)), (4.8)

and the scalar function v : I' — R reads:

u(y) = — / L 3a@) I (4 ri)dals)ds,

1<i<n—1

as follows from an application of the coarea formula with the help of the material recalled in Section 3.1.
Using the conclusions of Section 2, the function u in (4.7) may be conveniently evaluated by solving the
variational problem:

Find u € V,, such that Yv € V,,, / uvdy+/ w(Vdg - Vu)(Vdg - Vu)dz = —/ j'(do(z))vdx, (4.9)
o9 D

\Z D\S

for a suitable weight w satisfying (H1) to (H3), as discussed in Section 3. Note how easily (4.7) is retrieved
by taking the test function v = —dg,(0) in (4.9). Since 8-n € L*°(9Q), the derivative given by (4.8)is indeed
an admissible test function dg,(0) € V,,, for it belongs to L>°(D \ ) and is constant along normal rays.

In our numerical implementation, we set w = 1/(1 + 100|doAdg|3-) in order to solve (4.9) with Py finite
elements. This weight is not exactly of the form of Lemma 6, but works well in numerical practice. Very
similar arguments to those of the proof of Lemma 6 would in fact show the validity of assumptions (H1)
to (H3). Note, however, that w™! € L'(U) may not rigorously hold as in the numerical examples of the
previous section (see Remark 14).

Let us now outline briefly the numerical implementation of the above shape optimization framework. All
the involved finite element computations are performed within the FreeFem++ environment [38]—whether
they are related to the resolution of the physical system (4.1) or to that of our variational problem (4.9).
The resolution of the constrained optimization program (4.2) is carried out by the discretization of a specific
gradient flow in the spirit of [55], see the details of our algorithm in our recent work [35]. When it comes to
representing shapes and their evolution in the course of the iterative resolution of (4.2), the level set based
mesh evolution method of [3, 34] is used, as a convenient combination of the ‘classical’ level set method for
shape and topology optimization [7, 60] and the mmg open-source mesh modification algorithm [20].

4.2. Shape optimization under a maximum thickness constraint

We first consider structural optimization problems featuring a maximum thickness constraint. Following the
work in [6, 49], a shape Q C D is said to have maximum thickness lower than dp,.x > 0 provided:

Va € Q, do(z) > —dmax/2. (4.10)

Loosely speaking, this amounts to saying that the skeleton X of 2 lies at a distance of at most dy.x from
the boundary 992. Following closely [6, 49], the pointwise constraint (4.10) is relaxed into a single integral
constraint formulated in terms of the following penalty functional Pypar(€):

1/2
J / h(dg)d3dx
PMaxT(Q) S r;ax, where PMaxT(Q) = 0 y (411)
/ h(dq)dz
Q
and h is a regularized the Heaviside function centered on dyax/2:
1 T — dmax/2
VereR, h(z) == (1+tanh | —————— ] ] . 4.12
) = (1o (7)) @12
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FIGURE 17. Physical setting and optimized shapes obtained in the two-dimensional arch optimiza-
tion test-case of Section 4.2.1.

Lrmax , where
max

The parameter oy in (4.12) tunes the level of regularization; in our context, it is set to ay = =7

hmax 18 the maximum edge length of the computational mesh of D.
A simple calculation yields the shape derivative of PyiaxT(€):

/ h(dg)d3dx
1 Q

 2Pyaxtr(Q) (/Q h(dQ)dx)

’ 2 h(dg)d3dz
+2PM;T(Q)/Q h(dﬂ}dZLQ;ﬁdQ)dQ‘ /Q - sh'(do) | do(0)dz, (4.13)
g aa)ds (Qh(dg)dz>

where the term involving df,(0) is then computed using the variational formulation (4.9).

Pl(ﬁaxT(Q) (0) =

2h(O)/FG -ndy

In the forthcoming examples of Sections 4.2.1 and 4.2.2, we solve the optimization problem of minimizing
the volume Vol(Q2) of the structure while imposing that the compliance C(2) do not exceed a given threshold
Jmax, as well as the maximum thickness constraint (4.11), namely:

min Vol(Q)
C(Q) < 9max (4‘14)

s.t. dinax
PMaxT(Q) S 2&

4.2.1. Optimization of the shape of a two-dimensional arch

Our first test-case reproduces that considered in §8.1.1 of [6], whose setting is displayed on Figure 17a: in
a square-shaped domain D, the considered shapes are clamped on both their bottom left and bottom right
corners, and a vertical load g = (0, —20) is applied at the middle of their bottom side.

Starting from an initial shape arbitrarily perforated with several holes, the optimization problem (4.14) is
solved with and without including the maximum thickness constraint, using the numerical values gyax =7.00
and dpax =0.12 when they are relevant.

The resulting optimized shapes in both cases are displayed on Figs. 17b and 17c. Several intermediate
shapes as well as the convergence histories of the computation are displayed on Figs. 18 to 20. The obtained

31



(A) Without thickness constraint.

D &3 D

(B) With maximum thickness constraint.

FIGURE 18. Iterations 0, 5, 40, 65, 100 and 200 in the shape optimization example of a 2-d arch of
Section 4.2.1.

shapes are quite analogous to those obtained by [6, 49] where the calculation of the shape derivative of
Purtaxt (§2) relied on a direct numerical integration along rays.

4.2.2. Optimization of a two-dimensional MBB-Beam

We consider now the classical MBB-Beam test-case depicted on Figure 21a: in a box D with dimensions

3 x 1, a material shape €2 is constrained to no horizontal motion on the left boundary, and to no vertical

motion on the bottom right corner. A vertical load g = (0, —10) is applied on the top left corner, and the
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(A) Volume Vol(£2) (B) Compliance C(2)

FIGURE 19. Optimization histories for the optimization problem (4.14) without maximum thickness
constraint. Final values: volume Vol(2) = 0.19, and compliance C(§2) =7.00.
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FIGURE 20. Optimization histories for the optimization problem (4.14) with maximum thick-
ness constraint. Final values: volume Vol(©2) = 0.19, compliance C(2) =7.30, and penalty
Prtaxt (2) =0.06.

optimization problem (4.14) is considered again, with the numerical values for the thresholds gmax =30.00
and dpax=0.16.

The resulting optimized shapes with and without including the maximum thickness constraint in (4.14)
are represented on Figs. 21b and 21c¢ and the convergence histories of the computation are shown on Figs. 22
to 23.

4.3. Shape optimization examples under a minimum thickness constraint

We now turn to the implementation of a minimum thickness constraint thanks to our variational method.
Following [6, 49], we say a shape {2 has a thickness greater than d;, if

Wy € 09, (~(y) < —dmin/2. (4.15)

In other words, the boundary 0f2 is at a minimum distance dy;, /2 of the part ¥ N Q of the skeleton located
inside the shape.

Enforcing a minimum thickness as a hard constraint (i.e. rather than a penalty term in the objective
function) is by no means a straightforward task, because:

(1) our definition (4.15) of minimum thickness involve the distance to the skeleton (_, which is not
differentiable with respect to the shape,
(2) it is not clear how to formulate (4.15) by mean of a penalty functional such as (4.11) to penalize
localizations on the shape that do not meet the thickness requirement,
(3) even if we were able to enforce the constraint at each iteration, such would prevent topology changes
to occur naturally, which would be an issue.
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(A) Setting of the optimization problem. Small black areas correspond to non optimizable
parts of the design domain.

(B) Optimized shape without maximum thickness constraint (max dg =0.36).

(¢) Optimized shape with maximum thickness constraint.

FI1GURE 21. Physical setting and obtained optimized shapes in the 2-d MBB beam optimization
test-case of Section 4.2.2 (max |dq| =0.26).
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(A) Volume Vol(Q2) (B) Compliance C(2)

FIGURE 22. Optimization histories for the shape optimization problem (4.14) of the 2-d MBB-
Beam of Section 4.2.2 without including a maximum thickness constraint. Final values: volume
Vol(§2) =1.88, and compliance C(£2) =29.96.
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FIGURE 23. Optimization histories for the shape optimization problem (4.14) of the 2-d MBB-
Beam of Section 4.2.2 with maximum thickness constraint. Final values: Vol(2) =1.96, compliance:
C(Q) =30.03, and penalty Puaxt(2) =0.25.

We propose in the following a more flexible setting to enforce such a requirement in a structural opti-
mization problem. Elaborating on ideas proposed in [49, 16, 17, 46], the minimum thickness requirement
is implemented in the objective function rather than in the constraints: we minimize a penalty functional
PyiinT(92) for the minimum thickness under constraints on the volume and compliance of shapes, i.e. we
solve:

min PMinT(Q

)
C() < gmax (4.16)
51 Vol(9) < Vi

This strategy is expected to work because our optimization algorithm is designed to satisfy violated con-
straints first, before then attempting to reduce the objective function while maintaining the constraints
respected.

The penalty functional PyinT(€2) we considered in our case when solving (4.16) is taken from [49] and is
specially designed to have a zero derivative when the constraint (4.15) is satisfied:

PMinT(Q) = 7/ d?z max(dg + dmin/2,0)2d$. (417)
Q

The shape derivative of Py, (f2) is given by

Pl (2)(0) = — / 2(dey ma(dey + dynin /2, 0)? + d2 max(de, + duin/2,0))do (0)dz.  (4.18)
Q
Note that an increase of perimeter entails a decrease in the value of Pyiinr(§2), but this behavior is tempered

in our case by the volume constraint. Variants can be considered to address such an issue, and we refer to
[49] for the details.

4.3.1. Optimization of the shape of a 2-d cantilever beam

We first consider the classical two-dimensional cantilever benchmark example, as depicted on Figure 24: in
a box D with size 2 x 1, shapes Q are clamped on their left-hand side, and a vertical load g = (0,—10) is
applied on the middle of their right-hand side.

The optimization problem (4.16) is solved with the parameter values gmax =70.00 and Vj,ax =0.80. The
resulting optimized shapes are displayed on Figure 25 without including minimum thickness constraint
(we minimize the volume V() subject to the compliance constraint as in (4.14)), and with the minimum
thickness for two different values of dy,,. The corresponding convergence histories are shown on Figs. 26
to 28.
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FIGURE 24. Setting of the cantilever test case of Section 4.3.1.

(A) Optimized shape without including minimum thick-
ness constraint.

(B) Optimized shape with minimum thickness constraint (c) Optimized shape with minimum thickness constraint
(dmin = 0.1). (dmin = 0.2).

FIGURE 25. Optimization of the shape of the 2-d cantilever of Section 4.3.1 under minimum thick-
ness constraint.

4.3.2. Shape optimization of a 2-d MBB Beam under a minimum thickness constraint

We now apply the same methodology on the MBB beam test-case of Section 4.2.2. Optimized shapes are
compared on Figure 29 without minimum thickness (the result being that of Figure 21b), and for two values of
dmin- The corresponding convergence histories are shown on Figs. 22, 30 and 31. Finally, some intermediate
shapes of the optimization process are reprinted on Figure 32.

One observes that for the last case of Figure 29¢ with dp,in = 0.2, the minimum thickness constraint is not
satisfied everywhere but a substantial improvement is visible over the first design of Figure 29a. Notably, this
approach is sufficiently flexible to guide the optimization path towards shapes with very different topologies.
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FIGURE 26. Optimization history for the 2-d cantilever optimization problem (4.14) of Section 4.3.1

without minimum thickness constraint.

Final values: volume Vol(2) =0.75, and compliance

C(9) =70.29.
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FIGURE 27. Optimization history for the 2-d cantilever optimization problem (4.14) of Section 4.3.1
with minimum thickness constraint. (dmin = 0.1) Final values : volume Vol(€2) =0.80, compliance:
C(9) =70.26.
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FIGURE 28. Optimization history for the 2-d cantilever optimization problem (4.14) of Section 4.3.1
with minimum thickness constraint. (dmin = 0.2). Final values: volume Vol(2) =0.80, and compli-

ance: C'(Q2) =70.09.
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(A) Optimized shape without minimum thickness constraint.

(B) Optimized shape with minimum thickness constraint (dpmin = 0.1).

(¢) Optimized shape with minimum thickness constraint (dmin = 0.2).

FIGURE 29. Minimum thickness optimization for a cantilever test case of Section 4.3.1.
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FicURE 30. Convergence histories for the MBB-Beam test-case of Section 4.3.1 with minimum
thickness constraint. (dmin = 0.1). Final values: volume Vol(f2) =1.89, and compliance

C(€) =30.17.
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Fi1cURE 31. Convergence curves for the MBB-Beam test-case of Section 4.3.1 with minimum thick-
ness constraint (dmin = 0.2). Final values: volume Vol(Q2) =1.89, and compliance C(£2) =30.18.

(A) No minimum thickness constraint (setting of Figure 21b).
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¢) Minimum thickness constraint with dp,;, = 0.2

FIGURE 32. Optimization histories for the MBB beam test-case with minimum thickness constraints
of Section 4.3.2: Iterations 0, 10, 40, 100, 150 and 200.
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