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A DECOMPOSITION THEOREM FOR SMOOTHABLE VARIETIES WITH TRIVIAL
CANONICAL CLASS

STEPHANE DRUEL AND HENRI GUENANCIA

ABsTRACT. In this paper we show that any smoothable complex projective variety, smooth in codimension
two, with klt singularities and numerically trivial canonical class admits a finite cover, étale in codimension
one, that decomposes as a product of an abelian variety, and singular analogues of irreducible Calabi-Yau
and irreducible symplectic varieties.
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1. INTRODUCTION

The Beauville-Bogomolov decomposition theorem asserts that any compact Kéhler manifold with nu-
merically trivial canonical bundle admits an étale cover that decomposes into a product of a torus, and
irreducible, simply-connected Calabi-Yau, and symplectic manifolds (see [Bea83]).

With the development of the minimal model program, it became clear that singularities arise as an in-
evitable part of higher dimensional life. If X is any complex projective manifold with Kodaira dimension
k(X) = 0, standard conjectures of the minimal model program predict the existence of a birational contrac-
tion X --» Xpin, where Xpyin has terminal singularities and Kx_, = 0. This makes it imperative to extend
the Beauville-Bogomolov decomposition theorem to the singular setting.

In the singular setting, several notion of irreducible Calabi-Yau varieties or irreducible symplectic varieties
have been proposed but the results of [GKP16] and [GGK17] provide evidence that the following definition
should be the correct one in view of a singular analogue of the Beauville-Bogomolov decomposition theorem.

Definition 1.1. Let X be a normal projective variety with canonical singularities such that Kx ~z 0.

(1) We call X irreducible Calabi-Yau if hO(Y, Qg?]) = 0 for all numbers 0 < ¢ < dim X and all finite
covers Y — X, étale in codimension one.

(2) We call X irreducible symplectic if there exists a holomorphic symplectic 2-form o € H° (X , Q[é])
such that for all finite étale covers f: Y — X, étale in codimension one, the exterior algebra of global
reflexive forms is generated by fl*o.

Let X be a normal projective variety of dimension at least 2 with Kx = 0 and klt singularities. Suppose
moreover that its tangent sheaf is strongly stable in the sense of Definition 2.3. In [GGK17, Theorem C], it is
proved that X admits a finite cover, étale in codimension one, that is either an irreducible Calabi-Yau variety
or an irreducible symplectic variety. That result, given the infinitesimal version of the Beauville-Bogomolov
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2 STEPHANE DRUEL AND HENRI GUENANCIA

decomposition theorem proved in [GKP16], is a strong indication that the notions of irreducible Calabi-Yau
and symplectic varieties described in Definition 1.1 should be the good ones.

In [Drul6] the first author extends the Beauville-Bogomolov decomposition theorem to complex projective
varieties of dimension at most five with kit singularities and numerically trivial canonical class. The main
result of our paper is the following decomposition theorem for smoothable mildly singular spaces with
numerically trivial canonical class.

Theorem A. Let X be a normal complex projective variety with klt singularities and smooth in codimension
two. Suppose that Kx = 0. Suppose furthermore that there exists a flat projective holomorphic map with
connected fibers f: & — A from a normal analytic space & onto the complex open unit disk A such that
X = f71(0) and such that f=1(t) is smooth for t # 0. Then there exists a finite cover Y — X, étale in
codimension one, and a decomposition of Y into a product of an abelian variety and irreducible, Calabi-Yau
and symplectic varieties.

Remark 1.2. The assumptions of Theorem A imply that X does not have any quotient singularity. Indeed,
a theorem of Schlessinger [Sch71, Theorem 2] (see also [Art76, Theorem 10.1]) shows that a germ of a quotient

singularity (X, ) is rigid as soon as codim{z} > 3.

In addition to the smoothability condition, the strategy of proof of Theorem A requires us to assume that
the codim(X \ X,ez) > 3. Let us briefly explain why. The idea of the proof is to consider a cover of the
smooth generic fiber that splits off an abelian variety as well as irreducible, simply-connected Calabi-Yau
and symplectic manifolds. A significant part of the paper is devoted to showing that one can take the flat
limits of these irreducible pieces and recover the central fiber as product of those limits.

It is then tempting to believe that the flat limit X of irreducible and simply-connected, Calabi-Yau or
symplectic manifolds admits a finite cover, étale in codimension one, which is an irreducible Calabi-Yau or
symplectic variety. Unfortunately, this turns out to be false in general as we explain in Section 8.3. This
makes it much harder to use the smoothability assumption in order to prove a decomposition theorem in full
generality. However, we are able to prove that Tx is stable, see Theorem B below. To conclude the proof of
Theorem A, we show that, in the setting of Theorem A, we must have 7t (Xreg) = {1} (see Theorem 7.1).
Note that in Theorem A, we do not require 2" to be Q-Gorenstein as this condition is automatically satisfied,
see Lemma 7.6.

As we explained above, it seems difficult to obtain a full decomposition theorem using our strategy without
further assumptions on the singularities of X. However, we are still able to produce a splitting of some quasi-
étale cover of X where each non-abelian factor has a stable tangent bundle, and possesses the same algebra
of reflexive holomorphic forms as the one of an irreducible, simply-connected, Calabi-Yau or symplectic
manifold of the same dimension.

Theorem B. Let X be a normal complex projective variety with klt singularities. Suppose that Kx = 0.
Suppose furthermore that there exists a projective morphism with connected fibers f: & — A from a normal
analytic space Z whose canonical divisor K o is Q-Cartier onto the complex open unit disk A such that
X = f71(0) and such that f=1(t) is smooth for t # 0. Then, there exists an abelian variety A as well as a
projective variety X' with canonical singularities, a finite cover

Ax X — X,

étale in codimension one, and a decomposition
x'=[[vix[]%
i€l JjeJ
of X' into normal projective varieties with trivial canonical class, such that the following holds.

(1) The sheaf Ty, is stable with respect to any polarization and one has h° (Yi, Qg%]) =0 for all numbers
0<qg<dimY;.

(2) The sheaf Tz, is stable with respect to any polarization and there ervists a reflexive 2-form o €
HO (Z]-, Q[ZQJ}) such that o is everywhere non-degenerate on the smooth locus of Z;, and such that the
exterior algebra of global reflexive forms is generated by o.
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Remark 1.3. If 7 : Zj — Z; is a Q-factorial terminalization of the variety Z; from Theorem B, then it
follows from [Nam06, Corollary 2| that Zj is a smooth symplectic variety, but not necessarily irreducible,
since the varieties Z; are smoothable by construction (see Section 6). In particular, Z; admits a symplectic
resolution. Note that the existence of 7 is established in [BCHM10, Corollary 1.4.3].

In fact, a little more can be said about the factors of X’ in the decomposition given by Theorem B
above. We refer to Section 6.2 for partial results from the point of view of holonomy representation, and
for a proof of Conjecture 1.4 below assuming that a weak analogue of Beauville-Bogomolov decomposition
theorem holds.

Conjecture 1.4. Let X be a normal complex projective variety with kit singularities and Kx = 0. Suppose
that T'x s stable with respect to some polarization. Then there exists a quasi-étale cover Y — X such that
either Y is an abelian variety, or it splits as a product of copies of a single Calabi-Yau (resp. irreducible
symplectic) variety.

Note that a positive answer to the conjecture above implies that Theorem A holds without the assumption
that X is smooth in codimension 2.
The following result is an immediate consequence of Theorem B.

Corollary C. Let X be a normal complex projective variety with kit singularities and Kx = 0. Suppose
that m$t (Xreg) = {1}. Suppose furthermore that there exists a projective morphism with connected fibers
[+ Z = A from a normal analytic space Z whose canonical divisor K o is Q-Cartier onto the complex
open unit disk A such that X = f=1(0) and such that f='(t) is smooth for t # 0. Then there exists a
decomposition of X into a product of irreducible, Calabi-Yau and symplectic varieties.

Structure of the paper. Section 2 is mainly devoted to setting up the basic notation. We have also
gathered a number of facts and basic results which will later be used in the proofs. Sections 3, 4 and 5
consist of technical preparations. In Section 3, we recall some results on deformations of Kéhler-Einstein
metrics on smoothable singular spaces with numerically trivial canonical class. In Section 4, we establish a
structure result for families of mildly singular varieties with trivial canonical class. In Section 5, we use results
from [GGK17] to analyze the stability of the tangent sheaf of smoothable singular spaces with numerically
trivial canonical class. Section 6 is devoted to the proof of Theorem B. In Section 7, we prove Theorem A.
Finally, in Section 8, we give examples of smoothable (irreducible) Calabi-Yau and symplectic varieties. We
have also collected examples which illustrate to what extent our results are sharp.
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invitation. They would like to thank Benoit Claudon, Daniel Greb, Stefan Kebekus, Mihai Paun, and Song
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under agreement ANR-16-CE40-0008-01.
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2. NOTATION, CONVENTIONS, AND BASIC FACTS

2.1. Global Convention. Throughout the paper we work over the field C of complex numbers.

A wariety is a reduced and irreducible scheme of finite type over C. An analytic variety is a reduced and
irreducible analytic space. Given a scheme X, we denote by X?" the associated analytic space, equipped
with the Euclidean topology.

Given a scheme or an analytic space X, we denote by X, its smooth locus.

2.2. Reflexive differential forms. Given a normal (analytic) variety X, we denote the sheaf of K&hler

differentials by Q%. If 0 < p < dim X is any number, write Q[)]?] = (Q%)**. The tangent sheaf will be
denoted by Tx := (Q%)*.
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2.3. Quasi-étale covers.

Definition 2.1. A morphism v: Y — X between normal (analytic) varieties is called a quasi-étale cover if
~ is finite and étale in codimension one.

Remark 2.2. Let v: Y — X be a quasi-étale cover. By the Nagata-Zariski purity theorem, + branches only
on the singular set of X. In particular, we have 771 (X,eg) C Yieg

2.4. Stability. The word “stable” will always mean “slope-stable with respect to a given polarization”.

Definition 2.3 ([GKP11, Definition 7.2]). Let X be a normal projective (analytic) variety of dimension n,
and let ¢ be a reflexive coherent sheaf. We call & strongly stable, if for any quasi-étale cover v: Y — X,
and for any choice of ample divisors Hi,...,H,_; on Y, the reflexive pull-back 7*|¢ is stable with respect
to (Hl, ceey Hn—1)~

2.5. Smoothings. We will use the following notation.

Notation 2.4. Let f: 2 — T be a morphism (resp. holomorphic map) of schemes (resp. analytic spaces).
We will denote by Z; the fiber of f over ¢t € T.

Definition 2.5. Let X be a compact analytic space. A smoothing of X is a flat proper holomorphic map
f: & — A, where 2 is an analytic space and A is the complex open unit disk, such that 2y = X and
Zy is smooth for any t # 0. A smoothing of a proper scheme X is a smoothing of the associated analytic
space X?". Let f: 2 — A be a smoothing of a compact analytic space or a proper scheme. We say that
f is a projective smoothing if f is a projective map. If 2 is normal, then we say that f is a Q-Gorenstein
smoothing if K g/ is Q-Cartier.

Let X be a proper scheme. A smoothing of X over an algebraic curve is a flat proper morphism f: 2" — C,
where 2 is a scheme and C' is a connected algebraic curve, such that 23, = X for some point ¢y on C' and
Z; is smooth for any t # tg. A smoothing f: Z° — C of X over an algebraic curve is said to be projective
if f is a projective morphism. If 2" is normal, then we say that f is a Q-Gorenstein smoothing if K o ¢ is
Q-Cartier.

The following elementary facts will be used throughout.

Fact 2.6. Let 2" be an analytic space (resp. a scheme), and let f: 2" — T be a flat holomorphic map
(resp. morphism) with connected fibers onto a smooth connected analytic (resp. algebraic) curve T. If 2}
is normal for any t € T, then so is 2" by [Gro65, Corollaire 5.12.7] and [DG67, Théoréme 1.2]. In particular,
Z is reduced and locally irreducible (resp. reduced and irreducible).

Fact 2.7. Let 2 be a variety, and let X C 2" be a Cartier divisor. If X is regular at z, then so is 2.

Fact 2.8. In the setup of Fact 2.6, suppose that £ is a normal variety, and that K o is Q-Cartier. If 27
has klt singularities for some point ¢ on C', then 2" has klt singularities in a neighborhood of %} by inversion
of adjunction (see [Kol97, Corollary 7.6]). This implies that £ has rational singularities in a neighborhood
of Z; (see [KMMS87, Theorem 1.3.6]).

Remark 2.9. In the setup of Fact 2.6, suppose that 2 is a normal variety, and that K4 is Q-Cartier. If
Zi, has lc singularities for some point ¢y on C' and Z; has canonical singularities for t # tg, then 2" x¢ Cy
has canonical singularities for any finite morphism C; — C from a smooth algebraic curve C; by [Kar00,
Theorem 2.5]. Note that the proof of [Kar00, Theorem 2.5] relies on [BCHM10, Theorem 1.2]. However, we
will not need this stronger statement.

Let X be a normal projective variety. If X admits a projective Q-Gorenstein smoothing over an algebraic
curve then X obviously admits a projective Q-Gorenstein smoothing. The main result of the present section
is a partial converse to this observation. See Lemma 2.10 and Proposition 2.14 for precise statements.

Lemma 2.10. Let X be a normal projective variety with Gorenstein singularities. If X admits a projective
smoothing, then X admits a projective Q-Gorenstein smoothing over an algebraic curve.

Proof. Let f: & — A be a projective smoothing of X. We may assume without loss of generality that
2 C PN x A for some positive integer N. Let A — Hilb(P")2® be the universal holomorphic map, and let
H any irreducible component of Hilb(P") such that H*" contains the image of A. Let also U C PN x H
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be the universal family. Note that dim H > 1 and that the generic fiber of the natural morphism U — H is
smooth. Replacing H by a Zariski open neighborhood of [X], if necessary, we may assume that for any t € H,
U; is normal and Cohen-Macaulay by [Gro66, Théorémes 12.2.1 et 12.2.4]. Denote by wy g the dualizing
sheaf of the Cohen-Macaulay morphism U — H (see [Con00, 3.5]). By [Con00, Theorem 3.5.6], for any
closed point ¢ € H, we have wu/H g, = wy, where wy, is the dualizing sheaf of U; — pt. Set ¢y := [X] € H.
Because wy,  is invertible by assumption, we see that wy,p is invertible in a Zariski open neighborhood of
X. By shrinking H if necessary, we may therefore assume that wy,y is invertible. Let C' — H be a smooth
curve passing through [X] and a general point, and set % := C x g U. It comes with a natural morphism
g: % — C. Note that g is a projective smoothing of X over C. By Fact 2.6, we know that % is normal.
Applying [Con00, Theorem 3.5.6] again, we see that wg /¢ is invertible. Moreover, its restriction to the locus

%oy C Heg where g is smooth is Wae /H- On the other hand, Wayo JH = Oao (K@;;g/H) Oy (K@//H)|gxo .

reg reg
It follows that way /g = O (K@/H) since both are reflexive sheaves. Hence Ky, p is Cartier, completing
the proof of the lemma. O

The same argument used in the proof of Lemma 2.10 above shows that the following holds.

Lemma 2.11. Let X be a normal projective variety. If X admits a projective smoothing, then X admits a
projective smoothing over an algebraic curve.

The proof of [Laz04, Proposition 1.4.14] apply in the analytic setting to show that the following holds.

Lemma 2.12. Let f: & — T be a projective holomorphic map (resp. morphism) of analytic spaces (resp.
schemes), and let £ be a line bundle on 2. Suppose furthermore that f is surjective. Then the set of points
t on T such that £, is not nef is a countable union of analytic subsets.

We end the preparation for the proof of Proposition 2.14 with the following observation.

Lemma 2.13. Let f: & — T be a flat projective holomorphic map (resp. morphism) of analytic spaces
(resp. schemes). Suppose that Z is normal, T is smooth, and that Z; is connected with klt singularities
for any point t € T'. Suppose furthermore that K g /7 is Q-Cartier. If Ko, =0 for some point to € T,
then there exists a Zariski open cover (T*)aeca of T such that K g-o e is torsion where 2°* := f~1(T).
In particular, Kg, is torsion for allt € T.

Proof. Let mg be a positive integer such that moK 4,7 is a Cartier divisor. Applying Lemma 2.12 in the
analytic setting or [Laz04, Proposition 1.4.14| in the algebraic setting to +moK 4,7, we see that the set of
points ¢ € T' such that K2, # 0 is a countable union of proper Zariski closed subsets. If K g, =0, then K4,
is torsion by [Nak04, Corollary V 4.9]. Note also that we have moK g, ~z moK%/Tl% by the adjunction

formula. Let now m be a positive integer. Because the functions ¢ — h?(2;, O, (EmmoK 2,)) are upper
semicontinuous in the Zariski topology on T (see [BS76, Chapter ITI, Theorem 4.12] in the analytic setting
or [Har77, Theorem 12.8] in the algebraic setting), the set of points ¢ on T such that mmoK g, ~z 0 is
closed. It follows that there exists a positive integer m; such that mimoKz, ~z 0 for all ¢ € T. From
[BS76, Chapter III, Theorem 4.12] in the analytic setting or [Har77, Corollary 12.9] in the algebraic setting,
we see that f.0q (m1moK g ,r) is a line bundle. Let (T“),ca be a Zariski open affine cover of 7" such that
f*ﬁg(mlmoK%/T)‘Ta & Ora for all @ € A. Set 27 := f~1(T%), and let t € T. Because the formation
of fu@q (mimoK 9 /p) commutes with base change (see loc. cit.), any non-zero section of mlmOKgg/T‘%t
extends to a global section of mimoK o /T | e that is nowhere vanishing in a neighborhood of 2. Refining
the cover, if necessary, we conclude that mimoK o /T e > 0 g «. This completes the proof of the lemma. [

Proposition 2.14. Let X be a normal projective variety with kit singularities. Suppose that Kx = 0. If
X admits a projective Q-Gorenstein smoothing, then there exist a normal projective variety Y, a quasi-étale
cover Y — X, and a projective smoothing % — C of Y over an algebraic curve such that Ko )¢ ~7 0.

Proof. Let f: 2" — A be a projective smoothing of X. Applying Lemma 2.13, we see that K 4~/ is torsion.

By [KM98, Definition 2.52 and Lemma 2.53], there exists a normal analytic variety ¢ and a finite cover
v: ¥ — X, étale over Zyeq, such that Ko /a ~z 0. Note that v;: % — 23 is étale for any ¢ # 0. In
particular, %; is smooth if ¢ # 0. Note also that % is normal, and that vy: %) — %y is a quasi-étale
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cover. Applying [Kol97, Proposition 3.16] to g, we see that Y := % has klt singularities. Moreover, by the
adjunction formula, we have Ky ~z 0.

By Lemma 2.10, Y admits a projective Q-Gorenstein smoothing over an algebraic curve. Arguing as
above, we see that there exist a normal projective variety Y7 as well as a quasi-étale cover y;: Y7 — Y, and
a projective smoothing #; — C; of Y; over an algebraic curve such that Kg, ¢, ~z 0, completing the proof
of the proposition. a

3. KAHLER-EINSTEIN METRICS ON SMOOTHABLE SPACES
In this section, we work in the following setting, referred to later as the analytic setting.

3.1. The analytic setting. Let f: 2" — A be a projective smoothing of a normal projective (analytic)
variety X such that K g /o ~z 0. Suppose moreover that X has canonical singularities. Let .2 be a relatively
ample line bundle on 2", and set %} := £ 4,. Given t # 0, we denote by g; the unique Ricci-flat Kéhler
metric on 2; whose fundamental form w; satisfies [w;] = [c1(Z)] € H?(Z2:,R). The existence of g; is
established in [Yau78|. We denote by gy the Ricci-flat Kahler metric on X,.; given by [EGZ09, Theorem
7.5] applied to (Z0,-%).

3.2. Smooth convergence on X,.. In the setting described above, let ®: X;oe X A = 2 be a smooth
embedding such that ®(z,t) € 2; for any (,t) € X;eg x A and ®|x, , x {0} = ldx,,, (see [RZ11b, p. 1547]).
Let us write ®; := ®|x,, x (1} : Xreg = £ If I; denotes the complex structure on 23 for ¢t # 0, and X,q for
t = 0, then it is not hard to see that ®;I; converges to Iy in the €2% (X eg)-topology. The following theorem
is due to Rong-Zhang (see [RZ11a, Theorem 1.4]).

Theorem 3.1 ([RZ11a]). The family of Riemannian metrics ®fg. converges to go when t — 0, in the
620 (Xreg)-topology.

Sketch of proof. We recall the main arguments of the proof for the convenience of the reader.

The first step is to show that w; and wgg differ by the dd® of an uniformly bounded potential ¢, that we
can assume to be normalized by th prwy = 0. Here, wps 1 = wrs| g, under the embedding 2" — PY x A
given by sections of .#. This is proved in [RZ11a, Lemma 3.1] using Moser iteration given that the Sobolev
and Poincaré constants of (23, w;) are bounded, which in turn is a consequence of the diameter estimate
[RZ11a, Theorems B.1 and 2.1].

The L*°-estimate on ¢; combined with Chern-Lu inequality implies that w; > C *1wFs7t for some uniform
C > 0 (see the proof of [RZ11a, Lemma 3.2]). This enables to get estimates at any order on &}y, over
compact subsets of X,.;. Therefore, one can extract smooth sequential limits ¢, of ®;¢; over Xieg: oo
is bounded on the whole X,.; and as ®;I; converges to Iy, ¢ satisfies the same Monge-Ampére equation
as o on Xyeg, Where g is the normalized potential of wy with respect to wpso. By the choice of the
normalization, ¢, and ¢ coincide, and therefore ®;¢; converges locally smoothly to (g, which concludes
the proof. O

Remark 3.2. An important observation is that if 2; admits another complex structure J; compatible with
g¢ (in the sense that J; is unitary and parallel with respect to g;), then one can extract sequences ¢; — 0 such
that <I>2‘j Ji; converges locally smoothly to a complex structure Jy over X,eq which is compatible with respect
to go. Indeed, @7 J; is almost go-unitary and go-parallel in the sense that the tensors (®}.J;)* (®;.J;) —Id and
V9 (®;J;) converge to zero on X,.g, where xo denotes the adjoint with respect to go. The first property gives
order 0 estimates while the second one enables to get higher order ones. Arzela-Ascoli theorem combined
with a diagonal argument yield the result.

3.3. Identification of the Gromov-Hausdorff limit. One can actually understand the global limit of
(Z%,g¢), but this requires considerable more work and will not be used in the following. The next result
is essentially contained in [SSY16, Section 3] (see also [LWX14, Section 4.2]). As the context is slightly
different here since we deal with Calabi-Yau manifolds rather than log-Fano manifolds, we will recall their
main arguments and point out the slight changes to operate.

Theorem 3.3 ([SSY16, LWX14]). In the standard setting, the metric spaces (2, wi) converge in the
Gromov-Hausdorff sense to (X,d) when t — 0 for some metric d on X. Moreover, the convergence is
smooth on X,eg, and the restriction of d to X,eg is induced by the Riemannian metric go.
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Sketch of proof. The fundamental results of [DS14] give the convergence in the sense of the statement above
to a projective variety endowed with a singular Kahler-Einstein metric, but the key point is to identify that
variety with the central fiber X of our family.

As in the proof of Theorem 3.1, one can write w; = wrs ¢ +ddp; with |||~ < C, C being independent
of t € A*. This has been seen to imply the estimate w; > C _1wFS)t. Also, it is easy but important to notice
that the bound on the potential remains valid after Veronese re-embeddings (see [SSY16, Lemma 3.3]).

The next step consists in comparing the two different embeddings of 2; into a large P, one being given
by a Veronese embedding (using a large power of ., say k) and the other one being an embedding by L?
sections of .i’@®k with respect to w;. In the following, we may assume that the first re-embedding is the
identity while the second one will be denoted by 4;. So in P, we have two isomorphic varieties, namely 2;
and i;(2;). The variety i;(2;) can be obtained from 2; by a transformation g; € PGL(CM*1) that sends
a basis (so,-..,sm,) of HO(%,QZ@]“) to a L2-orthonormal basis (oq,...,0n ), where the first basis of
sections is obtained by the standard embedding induced by .#®*. Then one can prove using the estimates
on [|¢¢|[ree, [y, wi's trw, (wrs¢) that g¢ evolves in a compact subset of PGL(CM*1) (see proof of [SSY16,
Theorem 3.1]).

The last step invokes the main result of [DS14] that guarantees in this context that one can choose k
and a sequence t; — 0 such that the re-embedding i;; (X¢;) converges both in the sense of cycle and in the
Gromov-Hausdorff sense to a projective variety W (for some metric on W). Up to extract a subsequence,
one can assume that g;; converges to g € PGL(CM+1) so that W = g(X) as projective varieties. The rest is
a consequence of [DS14]. O

4. RELATIVE ALBANESE MORPHISM

The Albanese morphism, that is, the universal morphism to an abelian variety (see [Ser01]), is one
important tool in the study of varieties with trivial canonical divisor. If X is a projective variety with
rational singularities, recall from [Kaw85, Lemma 8.1] that Pic®(X) is an abelian variety, and that Alb(X) =
(Pic®(X ))v Moreover, the Albanese morphism ay: X — Alb(X) is induced by the universal line bundle.
In particular, dim Alb(X) = h'(X, Ox). The following result of Kawamata describes the Albanese map of

X (see also [Bril0, Section 3]).

Proposition 4.1 ([Kaw85, Proposition 8.3]). Let X be a normal projective variety X with canonical singu-
larities. Assume that Kx is numerically trivial. Then Kx is torsion, the Albanese map ax: X — Alb(X)
is surjective and has the structure of an étale-trivial fiber bundle. More precisely, the following holds. The
neutral component A of the automorphism group Aut(X) of X is an abelian variety. It acts on Alb(X) by
translation, compatibly with its action on X. The induced morphism A — Alb(X) is an isogeny and the fiber
product over Alb(X) decomposes as a product

X XAlb(X)AgF X 147
where F is a fiber of ax.
In this section we extend Proposition 4.1 to the relative setting.

Proposition 4.2. Let 2 be a normal variety, and let f: Z — C be a flat projective morphism with
connected fibers onto a smooth connected algebraic curve C. Suppose that Z; has klt singularities for any
point t € C. Suppose furthermore that K g )¢ ~z 0.

(1) The neutral component Aut’(2;) of the automorphism group of 2; is an abelian variety, and the
algebraic groups Auto(f%’t) fit together to form an abelian scheme <7 over C.
(2) Suppose that f has a section, and consider the morphism

ag o X — (P’ic"(ﬁ&”/C’))v
induced by the universal line bundle. Let 0: C' — (Pico(,fr‘f/C))v denotes the neutral section, and
set ¥ = a}{l/c(O), Then % — C is a flat projective morphism with normal connected fibers, and
there exists a relative isogeny of — (Pico(%/C))v such that

A X(Pic"(%/C))v o =2 Xc o .
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Before we give the proof of Proposition 4.2, we need the following auxiliary result.

Lemma 4.3. Let f: 2 — C be a flat projective morphism with connected fibers from a normal variety Z
onto a smooth connected algebraic curve C. Suppose that & has rational singularities. Then hi(%, ﬁg]@)
is independent of t € C for any integer i > 0.

Proof. Let C be a smooth compactification of C, and let 2~ be a projective compactification of 2" such that
f extends to a morphism f: 2~ — C. Finally, let v: 2~ — 2 be a desingularization of 2", Set f := fow.
It follows from [Kol86, Corollary 3.9] that the sheaves R'f,0 7~ are torsion free, and hence locally free. The

relative Leray spectral sequence gives Riﬁﬁ’ ~ Rf,04 using the assumption that 2  has rational

Z\c
singularities. This in turn implies that hi(%, 0 ggt) is independent of t € C' by a theorem of Grothendieck
(see [Har77, Theorem 12.11]). O

Proof of Proposition 4.2. Note that 2; has canonical singularities since K g, ~7z 0 is a Cartier divisor by the
adjunction formula. Write n := dim 2" — 1. From Lemma 4.3 and Fact 2.8, we see that h”fl(%, ﬁggjt) is
independent of t € C. On the other hand, we have h" (25, O, ) = h°(2;, Q- ) by [GKP11, Proposition
6.9]. It follows that ho(,%,ngt) is independent of t € C since ng:” = T9,. Note that h"_l(%, ﬁggt) =
h' (%, O2,) by Serre duality, so that h°(2;, Ta,) = h' (2, O2,). By [GP11, Exposé Vg, Proposition 1.6],
the group scheme Aut(.:2"/C) is then smooth over C. Note that the existence of Aut(.2"/C) is guarantee by
[Gro95b]. Let t € C, and denote by Aut’(.2;) the neutral component of the automorphism group Aut(.2;) of
2. We have dim Auto(%) =h%(2;, Ty,) = ht (%, ﬁg{t). We claim that Auto(%) is an abelian variety. If
not, by a theorem of Chevalley, Auto(%) contains an algebraic subgroup isomorphic either to G, or to G,,,
and hence, X is uniruled. On the other hand, x(2%) = 0 since K g, ~z 0 and 27 has canonical singularities,
yielding a contradiction. Now, recall from [GP11, Exposé VIg, Théoréme 3.10] that the algebraic groups
Auto(%) fit together to form a group scheme & over C. Note that & is quasi-projective over C (see
[Gro95b]). Applying [Gro66, Corollaire 15.7.11], we see that <7 is proper, and hence projective over C. In
particular, .o/ is an abelian scheme over C.

Suppose from now on that f has a section s: C'— 2, and consider the relative Picard scheme Pic(2"/C)
whose existence is guaranteed by [Gro95a, Théoréme 3.1]. By [Kaw85, Lemma 8.1], Pic®(2%) is an abelian
variety for any point ¢ on C. As above, the algebraic groups Pic®(23) fit together to form a group scheme
Pic®(Z /C) over C. Note that Pic’(2 /C) C Pic(2Z /C) is an open subscheme, quasi-projective over C by
[BLR90, Theorem 5]. Using [Gro66, Corollaire 15.7.11] again, we conclude that it is projective over C. Let

(Pic®(2/ C))" be the dual abelian scheme (see [MFK94, Corollary 6.8]), and consider the morphism
ay o X — (Pic®(2/C))"

induced by the universal line bundle. Consider also the action ¢: & xo Z" — 2, and the second projection
po: A Xo X — Z. By the rigidity lemma ([MFK94, Proposition 6.1]), there exists a morphism

b o xe (Pic®(27/C))" — (Pic®(27/C))"
such that the square

o xo X L s
(Ian%/c)l lafx/c
o x¢ (Pic*(2°/C))" (Pic®(2 /)"

is commutative. It follows that < acts on (Pic®(2"/ C))V over C. By Proposition 4.1, the induced morphism
o — (Pic°(2°/C))"

is a relative isogeny. Let 0: C' — (Pico(ﬂi”/C))v denotes the neutral section, and set % := a_%l/c(()). Using

Proposition 4.1 again, one readily checks that

L X (o) ¥ EY Ko .

The proposition then follows easily. O



A DECOMPOSITION THEOREM FOR SMOOTHABLE VARIETIES WITH TRIVIAL CANONICAL CLASS 9

We end this section with an extension result for differential forms. We feel that this result might be of
independent interest.

Proposition 4.4. Let 2" be a normal variety with rational singularities, and let f: & — C be a flat
projective morphism with connected normal fibers onto a smooth connected algebraic curve C. Let 0 <

p < dim Z — 1 be an integer, and assume that ho(%,ﬂggt) = hP(%Z:, Og,) for any point t on C. Given
to € C and w € HO(%O,Q@ ), and replacing C by an open neighborhood of tqy if necessary, there exists
to

Qe Ho(%7QF§;/C) such that Ql(ﬁﬁﬂ)reg = W|( Ly )res -

Remark 4.5. In the setup of Proposition 4.4 above, suppose moreover that 2; has klt singularities for any
t € C. Then Hodge symmetry h° (2, Q{g}t) = h?(2%, Og;,) holds by [GKP11, Proposition 6.9].

by

[Har80, Proposition 1.6]. The sheaf Qg e is torsion free, and hence flat over C. This implies in particular

Proof of Proposition 4.4. Denote by i: Zieg — Z the natural morphism, so that Q@/C =~ 4, Q0

reg/C

that f*Qgg/C is locally free of rank h° (,%”tl , Q[;l/cl% ) where t; € C is a general point. On the other hand,
ty
[p] ~ olrl

. . [p] . .
if ¢ is general enough, then the sheaf Q%/Clﬁt’tl is reflexive, and hence Q‘%/C\%h = Q%n'
Given t € C, consider the exact sequence

0= 02, (—Z:N Zieg) = Oy, = O 250, — 0,

rog rog reg
and let ji: 27 N Zreg — 23 denotes the natural morphism. Tensoring the above exact sequence with the
sheaf QF,. P and applying 7, yield an exact sequence

rog

[p] [p] :
0— ng/c ® Ogq (— ) — Q%/c — (Jt)*(Qg”mg/Cl%m%eg)'

. , . ) I .
Now, by [Gro05, Exposé VIII, Corollaire 2.3|, (j;)« (Q%rca/c\%m%,eg) is a coherent sheaf of € 4;,-modules.

On the other hand, the complement of Z; N Z5ee in Z; has codimension at least 2, and Qp%
res/C| 2,0 ver

) is reflexive, and thus (j;). (QP ~ ql!

- ; P
is locally free. It follows that (j;). (Q ey /C‘%m%mg) = Q0%

Zreg/C| 200 Xreg
(see [Har80, Proposition 1.6]). Thus, we obtain an injective morphism of sheaves

Q[gzzv]/q P ol
and hence
(4.1) hO(%,Q{;}/CI%) <hO(2:,08).
We claim that the inequality above is an equality, that is,
(42) W( 20,08, ) = 10 (20.98,).

Indeed, let us start by observing that as the function ¢ — h° (%7 Q[g,] /C\ 9, ) is upper semicontinuous on C,
2 .

we also have for a general point ¢; on C'

ho(%’g{g/@%) > h0<%1’9@/0m1) B ho(%“g[gﬁ]ﬁ)'

Now, recall from Lemma 4.3 that hp(ﬁ?ft, ﬁggt) is independent of ¢ € C. This implies that ho(%v QE%) is
independent of ¢ € C since h" (%, Q[%) = hp(%, ﬁm) by assumption. It follows that

hO(%,QQZJ/C%) > h0(2;, 9.

Combining this with (4.1), we obtain (4.2) hence the claim. Therefore, the quantity h0<3?ft, Q[gl/cl %) is

independent of ¢t € C. By a theorem of Grauert, it follows that the natural map

(.05 ) C) - HO(%,Q@/CL%)
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is an isomorphism (see [Har77, Corollary 12.9]). Finally, observe that the natural map Q!;l /C) — Q@t
induces an isomorphism
0 (p] ~ 770 [p]
" (%’Q%W\%) = (2, 0%)
by (4.2). This ends the proof of the proposition. a

5. HOLONOMY AND STABILITY OF THE TANGENT SHEAF

In this section, we study the stability of the tangent sheaf of smoothable projective varieties with canonical
singularities and trivial canonical divisor. The proof of Proposition 5.4 relies on results proved in [GGK17],
which we recall first.

5.1. Singular K&hler-Einstein metrics, holonomy and stability. Let X be a normal projective an-
alytic variety with canonical singularities such that Kx ~z 0, and let H be an ample Cartier divisor. By
[EGZ09, Theorem 7.5], there exists a unique closed positive (1, 1)-current w with bounded potentials on X
such that [w] = [c1(H)] € H*(X,R) and such that the restriction of w to Xeg is a smooth Kéhler form
with zero Ricci curvature. Let g be the Riemannian metric associated with wj Xyeg O1L KXreg- Given o € Xieg,
we view (T,X, g,) as an euclidian vector space. We denote the holonomy group (resp. restricted holonomy
group) of (Xyeg, 9) at by Hol(Xyeg, )2 (resp. Hol(Xreg, 9)3). It comes with a linear representation on 7, X.
Recall that Hol(X g, g)s is a subgroup of SO(T, X, g, ), and that Hol(X,eg, g)5 is the connected component
of the Lie group Hol(X,eg, g)s- Moreover, the complex structure I on X,e, is parallel with respect to g,
so that the hermitian metric h, on T, X, induced by g, and I, enables to realize the holonomy group as
subgroup of U(T, X, h,). We refer to [GGK17, Section 2.2] for more detailed explanations.

Irreducibility of the holonomy representation and stability of the tangent sheaf are related by the following.

Proposition 5.1 ([GGK17, Proposition 1.5]). In the above setting, the tangent sheaf Tx is stable (resp.
strongly stable) with respect to any polarization if and only if the holonomy representation Hol( X eg, )z O
T, X (resp. the restricted holonomy representation Hol(X,cg, 9)s O TpX) is irreducible.

5.2. Varieties with strongly stable tangent sheaf. The next result relates varieties strongly stable
tangent sheaf to irreducible Calabi-Yau and irreducible symplectic varieties.

Theorem 5.2 ([GGK17, Proposition 1.4]). In the setting of Proposition 5.1, suppose furthermore that X
has dimension n > 2. If T'x is strongly stable, then one of the following two cases holds. In either case, the
action of the restricted holonomy group on T, X is isomorphic to the standard representation.

(1) The group Hol(Xieg, g)5 is isomorphic to SU(n), and X is Calabi- Yau.

(2) The dimension of X is even, the group Hol(Xieg,g); is isomorphic to Sp(%g), and there exists a
quasi-étale cover Y — X such that Y is irreducible symplectic.

One of the crucial tools in the proof of Theorem 5.2 above is the so-called Bochner principle.

Theorem 5.3 (Bochner principle, [GGK17, Theorem A]). In the setting of Proposition 5.1, let p and q be
non-negative integers, and write & = (Tf?p ® (Qk)‘gq)**. Then the restriction to x induces a one-to-one
correspondence between global sections of & and Hol(Xieg, 9)s-fized points in &.

5.3. Smoothings and holonomy. In the analytic setting 3.1, assume that for ¢ # 0, 27 is simply-connected
and either irreducible Calabi-Yau or irreducible symplectic. The following result then says that Tx is stable.
If moreover ¢t (Xreg) = {1}, we conclude that Tx is strongly stable with respect to any polarization.

Proposition 5.4. In the analytic setting 3.1, assume that for t # 0, Z; is simply-connected and either

irreducible Calabi-Yau or irreducible symplectic. We maintain notation of Proposition 5.1, and set G :=

Hol(Xyeg, 9)a, G° := Hol(Xyeg, 9)5, and V := T, X. Then the following holds.

1) The representation G OV is irreducible. Equivalently, Tx is stable with respect to any polarization.

2) G C SU(V) if Z; is irreducible Calabi-Yau and G C Sp(V) if 2% is irreducible symplectic.

3) If G° is trivial, then there exists a quasi-étale cover A — X where A is an abelian variety.

4) If G° is nontrivial, then G° is isomorphic to SU(r) x --- x SU(r) or Sp(r) x --- x Sp(r), for some
positive integer r. In either case, the action of G° on V is isomorphic to the corresponding product
of standard representations.

(
(
(
(
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Proof. Let us start with (2). In both cases, Kx is trivial so there exists a non-zero holomorphic n-form on
Xreg- By the Bochner principle (see Theorem 5.3), this implies that G C SU(V). In the symplectic case,
Remark 3.2 enables to find two compatible complex structures Jy, Ko on (Xieg, go) satistying IoJo Ko = —Id
and which are smooth limits of such complex structures on (Z3,g:). In particular, setting oo(X,Y) :=
90(JoX,Y) +igo(KoX,Y) defines a non-degenerate holomorphic 2-form oy on X,e, (see [Bes87, Proposition
14.15]). Therefore, we must have G C Sp(V') by the Bochner principle again.

Moving on to (1), assume that the representation G © V is reducible. Then one can decompose V =
P, Wi and write G = [[,.; Gi where the action of G; on W; is irreducible if j = i and trivial otherwise
(see |Bes87, Theorem 10.38]). Consider the Calabi-Yau case first. We have G; C SU(W;) by (2), which
by the Bochner principle, provides a non-zero reflexive holomorphic form on X,., of degree dim W;. By
Proposition 4.4 and Remark 4.5, it follows that W; is either zero or the whole V', which concludes. In the
symplectic case, (2) and an elementary computation shows that W; is even dimensional and that G; C
Sp(W;). In particular, one gets h° (X , Q[;]) = #I, and Proposition 4.4 enables to conclude once again.
Finally, the equivalence with stability is a consequence of Proposition 5.1 above.

Finally, let us prove (3) and (4). Set Vo := {v € V,Vg € G°, g(v) = v}. As G° is normal in G, V} is fixed
by G. By (1), this implies that V; is either zero or the whole V. Assume Vj = V to start with. Then G°
is trivial, that is, (X;eg, g) is flat. This implies that T’x,,, is holomorphically flat since the (1,0)-part of the
Chern connection of g is holomorphic. By [GKP16, Corollary 1.16], we get the expected quasi-étale cover
of X from an abelian variety. So one can now assume that Vj = {0}. Therefore G° © V decomposes as
sum of non-trivial irreducible representations V = €p jes Vj along with G° =1]] jed G5. By normality of G°
in G, each element g € G permutes the V;. As the representation G O V is irreducible, this implies that
the representations G O V; are pairwise isomorphic. Set r = dimVj. By the classification of restricted
holonomy [GGK17, Proposition 5.4], we see that G5 O Vj is isomorphic to the standard representation of
SU(r) or Sp(%), completing the proof of the proposition. a

6. TOWARDS A DECOMPOSITION THEOREM

6.1. Reduction to smoothings by simply-connected and irreducible manifolds. The main result
of this section is Proposition 6.1 below. It reduces the proof of Theorem B to the case of a smoothing by
simply-connected, irreducible Calabi-Yau or symplectic manifolds.

Proposition 6.1. Let X be a normal projective variety with kit singularities. Suppose furthermore that
Kx =0, and that X admits a projective Q-Gorenstein smoothing. Then there exists an abelian variety A as
well as a projective variety Y with canonical singularities, a quasi-étale cover

AXY — X,

Y%HYZ-

iel

and a decomposition

such that the following holds.

(1) The Y; admit projective Q-Gorenstein smoothings over algebraic curves by irreducible and simply-
connected Calabi- Yau, or symplectic manifolds.

(2) The sheaves Ty, are slope-stable with respect to any ample polarization on Y, with trivial determi-
nants.

We first provide technical tools for the proof of our result.

Lemma 6.2. Let 2" be a normal variety, and let f: 2 — C be a flat projective morphism with connected
fibers onto a smooth connected curve C. Suppose that K o ;¢ is Q-Cartier. Suppose furthermore that 2
has kit singularities for any pointt on C. Let v: % — 2 be a quasi-étale cover with % normal. Then %;
is mormal with klt singularities for any point t on C.

Proof. Note first that Kg o is Q-Cartier since we have Ko o ~z 7*Kg c. Moreover, by Fact 2.8, 2
has klt singularities. Applying [Kol97, Proposition 3.16] to v, we see that ¢ has klt singularities as well.
In particular, # is Cohen-Macaulay by [KMMS87, Theorem 1.3.6], and hence so is #%; for all t € C. By
the Nagata-Zariski purity theorem, v branches only over the singular set of 2°. On the other hand, we
know that the smooth locus of 2} is contained in the smooth locus of 2 . It follows that %; is smooth in
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codimension one. Now, from Serre’s criterion for normality, we see that %; is normal for any t € C. Note
also that ~v;: % — 2 is a quasi-étale cover. By [Kol97, Proposition 3.16] applied to 7;, we conclude that
%, has klt singularities. O

Remark 6.3. In the setup of Lemma 6.2, let 8: B — C be the Stein factorization of g. Then [ is étale,
and v factors through the étale cover B x¢ & — 4.

Lemma 6.4. Let f: & — C be a flat projective morphism with connected fibers from a normal variety
X2 onto a smooth connected curve C. Suppose that Ko ;o is Q-Cartier. Suppose furthermore that 2
has kit singularities for any point t on C. Let C° C C be a dense open set, and let g°: #%° — C° be a
smooth projective morphism with connected fibers. Finally, let v°: #° — f=1(C°) be a quasi-étale cover
such that g° = fiy-1(coy ©7°. Then there exists a normal variety % as well as a projective morphism
g1: % — Cy with connected fibers onto a smooth curve Cy, a finite morphism w: C; — C, and a quasi-étale
cover v1: W — X xc Oy such that the following holds. Write Cy := 7w—1(C°).

(1) We have Phice = ¥° xco CF and Vgt (co) 8 induced by v°.

(2) Any fiber of g1 has klt singularities.

Proof. Let % be a reduced and irreducible variety, and let g: # — C' be a projective morphism onto C
such that #[ -1(coy = #° as varieties over C°. We may also assume that 7° extends to a generically
finite morphism v: # — 2". By a theorem of Kempf, Knudsen, Mumford, and Saint-Donat ([KKMSD?B])
there exist a smooth curve C, a ﬁmte morphism 7: C; — C, and a blratlonal projective morphism @1

% x ¢ C1 from a smooth variety @1 such that the induced fibration @1 — (1 is semi-stable. We may also
assume without loss of generality that Y, — U x¢ Oy induces an isomorphism over Cy := 7 1(C°). Write
21 = Z xc¢ Ch, and consider the Stein factorization @I — % — 27 of @I — Z1. We have the following
commutative diagram:

% Y xc Ch
\\biational \
~1, finite
@1 3?//'1 =z Xc Cl
semi-stable
g1 l iﬁ
C1 C1

Note that Vg (c9) is a quasi-étale cover. Since @I — (' has reduced fibers, it follows that 7; is étale in
codimension one.

We still have to show that fibers of g; are klt. Note first that 27 is normal by Fact 2.6. This implies
that K g, is well-defined and Q-Cartier since K 9, /¢, is then the pull-back of K4 ¢ under the projection
morphism 27 = 2 x¢ Cy — Z'. The claim now follows from Lemma 6.2, completing the proof of the
lemma. O

We are now in position to prove Proposition 6.1.

Proof of Proposition 6.1. We maintain notation and assumptions of Proposition 6.1. Note that the statement
(2) in Proposition 6.1 is an immediate consequence of (1) together with Proposition 5.4.

By Proposition 2.14, replacing X with a quasi-étale cover, if necessary, we may assume that there exist a
normal variety 2" and a flat projective morphism with connected fibers f: 2~ — C onto a smooth connected
algebraic curve C such that X = f~!(¢q) for some point ¢y on C, f~1(¢) is smooth for t # t4, and such that
K%/C ~7z, 0. Set C° := C\{to} and Z°° = %\%0

Let K be an algebraic closure of the function field of C. Applying the Beauville-Bogomolov decomposition
theorem to 2k (see [Bea83]), we see that, replacing C by a finite cover of some open neighborhood of ¢y, if
necessary, there exists an abelian scheme 2°/C°, as well as finitely many families (%;°/C°)1<i<s of projective
manifolds, and a finite étale cover

’}/OI B° X o %o Xgo +++ Xgo %o — Z°
such that the (%:°) i are irreducible and simply-connected Calabi-Yau, or symplectic manifolds In particular,
we have 7¢' ((%;°) k) = {1}. Applying [sga03, Exposé X, Théoréme 3.8], we conclude that w$*((#,°);) = {1}

K2
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for any point ¢ on C°. On the other hand, we have h' ((%O)t, ﬁ(@i")t) =0 by Lemma 4.3 and K(g>), ~z 0

by the adjunction formula. It follows from [Bea83| that (%;°), has finite fundamental group for ¢ # to. Hence
(%.°); is simply-connected. Using [Bea83] and Lemma 4.3 again, we obtain that for any ¢ € C°, the (%;°);
are irreducible and simply-connected Calabi-Yau, or symplectic manifolds.

Write #° := #° Xco -+ Xgo #L, and Z° := B° Xco #°. By Lemma 6.4, replacing C by a further
cover, if necessary, we may also assume that there exists a normal variety 2 as well as a flat morphism
g: Z — C whose fibers have klt singularities, and a quasi-étale cover v: 2 — 2 such that g=}(C°) = 2°
and 7° = 7)4-1(co). We may also assume that h°: #° — C° has a section. Together with the neutral

section 0°: C° — %°, we obtain a section of g|4-1(co), and hence a section of g. Moreover, the projection

morphism 2° — 28° identifies with the natural morphism 2° — (Pic®(2°/ C’O))v induced by the universal
line bundle. By Proposition 4.2, there exists an abelian scheme &/ — C, as well as a normal variety % C 2,
and a finite étale cover % x¢ &/ — % such that the natural map h: % — C is a flat projective morphism
with connected normal fibers, and such that h=1(C°) = 0° xgo #° = %°. The situation is summarized in
the following diagram:

A xc W ¥ ! X c

étale quasi-étale

U U U
ZC 2B Xeo W —— X —— C°.
Let £ be a relatively ample line bundle on %". Denote by s7: C° — %;° the induced section of #;° — C°,

and consider the embedding %,° C #1° X o -+ Xco #° = #° induced by the sections s; for j # i. Denote
by p?: #° — #.° the projection morphism. Then, we have

Lo = (p7)" (Lap) @ © (02)" (Lae)
since h' ((Wo)t, ﬁ(gﬁt) = 0 for any point ¢ on C°.

Suppose now that .Z is very ample over C, and set N; := ho((%‘))t, ﬁ(@iO)t) — 1. Then ,,ngo is very
ample over C° and induces an embedding #,° C PYi x C°. It follows that #° xco - xco #° embeds
into PVt x .- x PNs x C°. Set N := h®(#°,0ns) —1 = (N; +1)---(Ny+ 1) — 1. Then .Z embeds &
into PV x C and the image of Z° agree with the image of Z;° X¢co - -+ X o Z° under the Segre embedding
PN x ... x PNs x C° C PN x C°. Let % C PNi x C be the closure of #.°. Note that %; — C is flat. Since
the scheme Hilb(PY) is separated, we conclude that (24);, x -+ X (%)1, = %, C PN. This easily implies
that (%), is a normal projective variety with klt singularities and trivial canonical divisor, completing the
proof of Proposition 6.1. O

Proof of Theorem B. By Proposition 2.14, we may assume without loss of generality that X admits a pro-
jective Q-Gorenstein smoothing. Theorem B is now an easy consequence of Propositions 6.1 and 5.4. Indeed,
the only thing to check is the assertion concerning the algebra of reflexive forms. Proposition 4.4 settles the
Calabi-Yau case immediately. In the symplectic case, item (2) in Proposition 5.4 together with the Bochner
principle (see Theorem 5.3) yield a reflexive 2-form ¢ on X, symplectic on X,.s, while Proposition 4.4 shows
that o generates the algebra of reflexive forms. a

6.2. Irreducible Calabi-Yau and symplectic varieties with stable tangent sheaf. In this section, we
try to analyze a bit further the factors appearing in the decomposition of X’ in Theorem B. These varieties
have stable tangent sheaf, but that sheaf may not be strongly stable. Such varieties are conjecturally covered
by either an abelian variety or a product of copies of a single irreducible, Calabi-Yau or symplectic variety,
see Conjecture 1.4. Assuming that a weak singular analogue of the Beauville-Bogomolov decomposition
theorem holds, we prove this conjecture.

Proposition 6.5. Suppose that any projective variety X with klt singularities and numerically trivial canon-
ical class admits a quasi-étale cover Y — X that splits as a product of an abelian variety and varieties with
strongly stable tangent sheaves. Then Conjecture 1.4 holds.

Proof. We maintain notation and assumptions of Conjecture 1.4. We know that there exists a quasi-étale
cover Y — X of X such that Y decomposes as a product Y = Yy x Y] X - XY, of an abelian variety Y, and
varieties Y; for 1 < ¢ < m with strongly stable tangent sheaves. We may assume without loss of generality
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that dimY; > 2 for 1 < ¢ < m. Let Z — Y be a quasi-étale cover such that the induced quasi-étale cover
Z — X is Galois, with Galois group G.
The decomposition Y = Yy x Y; x --- x Y}, induces a decomposition

T; 2606 DB En

of Tz, where the &; for 1 < i < m are strongly stable sheaves. Observe that the foliation &; is induced by
the Stein factorization of the projection

WZZ%B7 ::YO><~~Y1'_1><Y1'+1><~~><Ym.

Note also that

HD - DE1DELL D DE,
induces a flat connection on ;. A classical result of complex analysis then implies that 7; is a locally trivial
fibration for the Euclidean topology over the smooth locus of B;. Denote by Z; a connected component of
general fiber of 7;. It comes with a quasi-étale cover Z; — Y;.

Suppose first that dim Yy > 1. Since & is strongly stable for 1 < i < m, we have h°(Z, &) = 0 for each
1 < i < m. This immediately implies that &; is stable under G, and thus Ty = & since T'x is stable. This
shows that Y is an abelian variety.

Suppose from now on that dim Yy = 0. We claim that &; 2 & if i # j. Indeed, we have glei = ﬁ?jrankéﬂj
while (&‘Zi)** =~ Ty and h%(Z;, Tz,) = 0 since Ty, is strongly stable. Therefore, the group G acts on the
set 1 < ¢ < m of stable summands of T, and since Tx is stable, this action is transitive. Thus, for any
i € I, there exists g; € G such that &; = g/ & C g/Tz = Tz. This in turn implies that Z; = Z;, completing
the proof of the proposition. O

To finish this section, let us rephrase some results obtained in Proposition 5.4 with the notations of
Theorem B. We start by fixing on X a singular Ricci-flat Kéhler metric, provided by [EGZ09]. It can be
showed (see [GGK17, Proof of Proposition 7.6]) that the induced metric on A x X’ is actually a product
metric, and that the metric induced on X’ is also a product metric compatible with the decomposition of
X'. Up to passing to a further cover and inflating the abelian part, one can assume that the factors of X’
have non-trivial restricted holonomy. Finally, one can pass to an holonomy cover by [GGK17, Theorem B] to
ensure that the holonomy is connected. Piecing everything together, Proposition 5.4 shows that a quasi-étale

cover of X splits as
A x H Y; x H Z;
i€l jeJ
where A is an abelian variety, and such that the following holds. Let y; € Y; and z; € Z; be smooth points.
(1) For every i € I, there exist n;,r; € N with n;r; = dimY; such that the holonomy acts on T,,Y; by
the standard product representation SU(n;)*" ¢ C4imYi,
(2) For every j € J, there exist n;,r; € N with 2n;r; = dim Z; such that the holonomy acts on T, Z;
by the standard product representation Sp(n;)*"# ) C4mZi,

7. PROOF OF THEOREM A
In this section we prove Theorem A.

Let X be a (proper) variety, let m be a positive integer, and write A := C[[z1,...,Zy]] and K :=
C((x1,...,2Zm)). Let also K be an algebraic closure of K. Recall that a deformation of X over A is a flat
morphism of schemes f: X — Spec A such that X ® (A/m) = X, where m denotes the maximal ideal of A.
We say that f is a proper deformation of X over A if f is a proper morphism.

If f is a smooth proper morphism with geometrically connected fibers, then there is an isomorphism of
fundamental groups m$* (X)) = 75 (X) (see [sga03, Exposé X, Théoréme 3.8]). However, it is well-known
that this statement becomes wrong if f is not assumed to be proper. The following will prove to be crucial.

Theorem 7.1. Let X be a normal proper variety with kit singularities, and assume that X is smooth in
codimension two. Write A = C[[z1,...,2p]] and K := C((x1,...,2m)), and let K be an algebraic closure
of K. Let X be a proper deformation of X over A. Suppose that Xz is smooth with 7" (X?) = {1}. Then

mét (Xreg) ={1}.
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The following example shows that Theorem 7.1 is wrong if one relaxes the assumption on the codimension
of the singular locus.

Example 7.2. Let X C P3 be a cone over a smooth plane cubic curve, and let f: 2~ — P! be flat family
of cubic surfaces in P? such that f~1(0) = X and f~!(¢) is smooth for a general point ¢ on P!. Then
Wl(%m) = {1} and 1 (Xreg) =7 &) 7.

The same arguments used in the proof of Lemmas [Art76, 1.9.1 and 1.9.2] show that the following holds.

Lemma 7.3. Let X be a normal variety of dimension at least two, let X° C X,eq be an open subset, and
let A be a local artinian C-algebra. Let i: X° — X be the inclusion map.

(1) Let X4 be a deformation of X over A, and suppose that X \ X° has codimension at least two. Then
the restriction map induces an isomorphism Ox , = i, (i_lﬁXA). Let X}l and X,%x be deformations of
X over A, and let (X})° C X} and (X3)° C X2 be the open subschemes with underlying topological
space X°. Then any isomorphism (X})° = (X%)° of A-schemes uniquely extends to an isomorphism
XY > X3 of A-schemes.

(2) Suppose that X is affine, that X \ X° has codimension at least three, and that depth Ox , > 3 for
any point & € X \ Xyeg. Let X be a deformation of X° over A, and set X 4 := Spec H(X§, Oxs).
Then X4 is a flat deformation of X over A extending X .

Proposition 7.4. Let v: Y — X be a quasi-étale cover of normal proper varieties. Suppose that X is
smooth in codimension two, and that depth Oy, > 3 for any point y € Y \ Yieg. Let (A,m) be a complete
local noetherian C-algebra with residue field C, and let X be a proper deformation of X over A. Then there
exists a proper deformation )Y of Y over A, and a finite morphism I': Y — X extending . If moreover A is
reqular, then I' is a quasi-étale cover.

Proof. For any non-negative integer m, write A4,, := A/m™*! S := Spec A, S,, := Spec 4,,, and X,,, :=
X xg S,,. We will also denote by X the formal completion of X along X. Note that X is the colimit of the
X . Moreover, it comes with a proper morphism onto S = Spf A.

Let X° be the smooth locus of X, and set Y° := 4~ 1(X°). By the Nagata-Zariski purity theorem,
branches only over the singular set of X, and hence vjy.: Y° — X° is an étale cover. Note that Y\ Y° has
codimension at least three and that ¥Y° C Yieg.

Let iy, : X2, C X, be the open subscheme with underlying topological space X°. By [Gro67, Théoréme
18.1.2], there exists a finite étale cover v, : Y2 — X such that V) =Y° | xg, ., Sy, for any integer m > 0.
Set Y, := Specy, (im07,,)«Oye, and denote by 7y, : i, — X, the natural morphism. Note that Y, can be
identified with the open subscheme of Y;, with underlying topological space Y°. Applying Lemma 7.3 above,
we see that Y;, is flat over S, and that v,,41Xs,,,,5,, = Y- Moreover, by [Gro05, Exposé VIII, Corollaire
2.3], Ym is finite. Let ) denote the colimit of the Yoi; Y is a noetherian formal scheme, proper and flat
over S. It comes with a finite morphism r: y —X. Now, by [G1061 Proposition 5.4.4], y is algebraizable.
More precisely, there exists a scheme y ) proper over S such that y identifies with the formal completion of )
along Y. Moreover, the morphism [': Y — X of formal schemes is induced by a finite morphism of schemes
I': Y — X (see proof of [Gro61, Proposition 5.4.4]). Note that Y is flat over S by [Bou61, Chapitre III, §5,
Théoréme 2 et Proposition 2].

Suppose from now on that A is regular. Let x € X be a codimension one point, not contained in the
special fiber X},, and suppose that I" is ramified at z. Then ~ must be ramified along m N Xm. On the
other hand, {37} N X has codimension one in Xy, since A is regular. This yields a contradiction, and shows
that T' is a quasi-étale cover, completing the proof of the proposition. O

Before proving Theorem 7.1 below, we note the following consequence of Proposition 7.4.

Corollary 7.5. Let X be a normal proper variety with klt singularities, and assume that X is smooth in
codimension two. Write A := C[[z1,...,%m]], and let X be a proper deformation of X over A. Then the
natural map 75 (Xreg) — 75" (Xreg) is injective.

Proof. Given a finite étale cover v°: Y° — X,.; with Y° connected, we need to show that there exists a
finite étale cover I'°: J° — Xjeq such that Y is a connected component of Y°|rey-1(x,,,) and such that +°
is induced by I'°.
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Let v: Y — X be the normalization of X in the function field of Y°. Note that ~ is a quasi-étale cover.
Applying [Kol97, Proposition 3.16] to v, we see that Y has kit singularities. It follows that Y is Cohen-
Macaulay by [KMMS87, Theorem 1.3.6]. By the Nagata-Zariski purity theorem, v branches only over the
singular set of X, and hence Y is smooth in codimension two. Combining the previous two assertions, one
sees that the assumption from Proposition 7.4 about the depth of points in Y \ Y, is satisfied. Applying
the aforementioned proposition then proves the corollary. O

Proof of Theorem 7.1. By the semicontinuity theorem, we have h°(Xz, Ox._) = RO(X,0x) = 1, and hence
X is connected.

Let v°: Y° — X, be a finite étale cover with Y° connected, and let v: ¥ — X be the normalization
of X in the function field of Y°. Note that v is a quasi-étale cover. The same argument used in the proof
of Corollary 7.5 shows that there exists a deformation ) of Y over A and a quasi-étale cover I': ) — X
over A extending y. By the semicontinuity theorem again, we see that V3 is connected. Moreover, by the
Nagata-Zariski purity theorem, the finite morphism 5 : V5 — A% is étale, and hence an isomorphism since
st (X?) = {1}. This implies that 7 is an isomorphism as well, completing the proof of the theorem. O

We will also need the following observation. The proof follows the line of argument given in [KM92,
Corollary 12.1.9].

Lemma 7.6. Let X be a normal projective variety with kit singularities. If X is smooth in codimension
two, then any projective smoothing over an algebraic curve is a Q-Gorenstein smoothing.

Proof. Let 2 be a normal variety, and let f: 2" — C be a flat projective morphism with connected fibers
onto a smooth connected curve C such that X = f~1(¢y) for some point ¢, on C and such that f=1(¢) is
smooth for t # tg.

By [KMMS87, Theorem 1.3.6], we know that X is Cohen-Macaulay. Let m be a positive integer such that
mKx is a Cartier divisor. Set U := 2"\ (X \ Xieg) C Zieg, and denote by j: U — 2 and i: Xyeg = £, N
U < X the natural inclusions. By [Har80, Proposition 1.6], we have j*(ﬁgg (mK%/C)‘U) = Oy (mKy o)

and i, (O o (MK 9 /c)|x,.,) = ix(Ox(mKx)x,.,) = Ox(mKx). Applying [KM92, Lemma 12.1.8], we see
that ﬁ’%(mK%/C)‘X = Ox(mKx). This implies that 09 (mKg /o) is a Cartier divisor, proving the
lemma. g

We are now in position to prove our main result.

Proof of Theorem A. We maintain notation and assumptions of Theorem A.

Applying Lemma 2.11 and Lemma 7.6, we see that we may assume without loss of generality that X
admits a projective Q-Gorenstein smoothing f: 2" — C over an algebraic curve C. Let ty be a point on
C such that X = f~1(¢y). By Proposition 6.1 and Lemma 7.6 again, we may also assume that 2} is an
irreducible and simply-connected Calabi-Yau, or symplectic manifold for any point ¢ # to, and that Ty is
slope-stable with respect to any ample polarization on X.

Denote by A the completion of the local ring 0¢4,. Note that A = C[[t]] by a theorem of Cohen. Let
K denotes the field of fractions of A, and let K be an algebraic closure of K. Write S := Spec 4, and
X =% Xc S.

Applying [sga03, Exposé¢ X, Théoréme 3.8|, we see that ¢t (X?) = {1}. It follows from Theorem 7.1
that ¢t (Xmg) = {1}, and hence the tangent sheaf Tx is strongly stable. The theorem now follows from
Theorem 5.2. g

Remark 7.7. There is a alternative proof of Theorem A in the case where 2 is irreducible symplectic,
still assuming the X := % is smooth in codimension two. Indeed, in that case a theorem of Namikawa
[Nam06, Corollary 2| asserts that if 7: ¥ — X is a Q-factorial terminalization of X, then Y is smooth
and 7 is a symplectic resolution. Note that Q-factorial terminalizations always exist for varieties with
canonical singularities by [BCHM10, Corollary 1.4.3]. By a result of Kaledin (see [KalO1, Proposition 1.2]),
a symplectic resolution is a semi-small morphism; in particular, 2codim 7 !(Xgne) > codim Xgpg, and
therefore codim 77 (Xging) = 2. Set Y° := Y\ 77 (Xging), and note that Y° = X, and codim (Y \Y°) > 2.
In particular, we have m1(Y°) = 71 (Y). By [Tak03, Theorem 1.1, we also have m1(Y) = m1(X), and from
[Kol93, Lemma 5.2.2]), we see that m1(X) = 0. Eventually, X,e, is simply-connected, and as T’x is stable by
Proposition 5.4, it is automatically strongly stable.
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8. EXAMPLES

In this section, we first give examples of smoothable (irreducible) Calabi-Yau and symplectic varieties.
We also collect examples which illustrate to what extent our results are sharp. We maintain notation of
Section 5.

8.1. Examples of smoothable Calabi-Yau varieties.

Example 8.1 (Nodal hypersurfaces). Let X be a nodal degree n + 2 hypersurface in P**! with n > 3. This
means that the singularities of X are isolated and locally analytically isomorphic to the germ at 0 of the

quadric
n+1
Q= {ZE(C"'H 223:0}.

i=1
Then X has canonical Gorenstein singularities, and it is smooth in codimension 2. Moreover, X has triv-
ial canonical bundle and is smoothable by irreducible Calabi-Yau manifolds. By Theorem 7.1, one has
78" (Xyeg) = {1}. Then, Proposition 4.4 shows that X is an irreducible Calabi-Yau variety.
This applies in particular to

X = {[x0:~~~:x4]€P4|:cof+l’19:0}

where f and g are general homogeneous polynomials in xy, ..., z4 of degree 4. Indeed, it is clear that X has
16 (isolated) nodal singularities. In that example, there is an alternative proof that bypasses Theorem 7.1.
Indeed, blowing up the plane S := (g = x; = 0) C P* yields a small resolution 7: X = X soin particular,
we must have 71 (Xyeg) 2 71 (X~ 771(8)) 2 71 (X) since codim7~1(S) > 2. Applying successively [Tak03,
Theorem 1.1] and the Lefschetz’s hyperplane theorem for fundamental groups, we see that m (X) 2 m (X) =
{1}, and hence 71 (X eg) = {1} as claimed.

Example 8.2 (Calabi-Yau threefolds with non-nodal singularities). Let S; — P! and Sy — P! be rational
elliptic surfaces with sections, and let X := S; xp1 Sy (see [Sch88]). In [Nam94, Example 5.9], Namikawa
gives conditions on the singular fibers of each fibration under which X is a smoothable Q-factorial 3-fold
with trivial canonical class with one isolated terminal singularity locally analytically isomorphic to the germ
at 0 of the hypersurface

{2 € C*| 22 4+ 22 + 23(23 + 2z4) (23 — z4) = O}.
As in the example above, one concludes that X is an irreducible Calabi-Yau variety.

Example 8.3 (Calabi-Yau threefolds with Q-factorial isolated rational hypersurface singularities). If X
is a projective variety of dimension three with canonical singularities and trivial canonical bundle, then
Namikawa and Steenbrink proved in [NS95, Theorem 1.3] that X admits a flat deformation to a smooth
Calabi-Yau threefold provided that X has only Q-factorial, isolated, rational hypersurface singularities. If
X is singular, then it is an irreducible Calabi-Yau variety. The argument is as follows.

Suppose from now on that X is singular, and let Y — X be any quasi-étale cover. We claim that Y is also
singular. Suppose otherwise, and let Z — Y be a quasi-étale cover such that the induced finite morphism
Z — X is Galois. By the Nagata-Zariski purity theorem, Z — Y is étale, and thus Z is smooth as well.
This in turn implies that X has quotient singularities. On the other hand, any isolated quotient singularity
in dimension at least three is rigid by [Sch71, Theorem 2| (see also Remark 1.2), yielding a contradiction.
By the Nagata-Zariski purity theorem again, we conclude that Y has isolated singularities.

Applying Proposition 6.1, we see that there exist a quasi-étale cover Y — X and a smoothing of Y into
irreducible and simply-connected Calabi-Yau or symplectic manifolds. By Proposition 5.4 and Theorem 7.1,
Y is an irreducible Calabi-Yau variety, and hence so is X.

If the global assumption on Q-factoriality is dropped, [NS95, Theorem 2.4] shows that one can still improve
the singularities of X by deforming it to a variety with only nodal singularities.

Remark 8.4. It should be noted that from our classification point of view, threefolds are completely
understood as they are known to satisfy a singular analogue of the Beauville-Bogomolov decomposition
theorem by [Drul6]. Therefore, Examples 8.2 and 8.3 should be thought as illustrative rather than new.
For instance, [Drul6] can be used along the same lines as in Example 8.3 above to prove that if X is a
smoothable projective variety of dimension three with canonical isolated singularities and trivial canonical
class, then X is an irreducible Calabi-Yau variety.
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8.2. Examples of smoothable symplectic varieties. Let X be a normal variety. Recall that we say that
X is a symplectic variety if X has canonical singularities and there exists w € H° (Xreg, Q% ) everywhere

non-degenerate. If : X — X is a resolution of singularities of X, then w extends to a holomorphlc 2-form
on X by [GKKP11, Theorem 1.4]. Let now : X — X be a Q-factorial terminalization of X. Recall that
the existence of 7 is established in [BCHM10, Corollary 1.4.3]. Then [Nam06, Corollary 2] asserts that X
is smoothable if and only if X is smooth. Note that w automatically extends to a symplectic form on Xreg
since 7 is crepant. In particular, if X is smoothable, then X admits a symplectic resolution. Conversely,
if X admits a symplectic resolution, then X is smoothable by [Nam01, Theorem 2.2]. More precisely, any
smoothing X; of X by symplectic manifolds is a flat deformation of X.

Note that Namikawa’s theorem [Nam06, Corollary 2] provides smoothings by Kahler manifolds which are
not projective.

8.3. Examples of smoothable symplectic varieties with stable but not strongly stable tangent
sheaf. Recall from Proposition 5.4 and Theorem 7.1 that if a normal projective variety X with klt singu-
larities and Kx = 0 whose tangent sheaf is not strongly stable admits a projective smoothing into simply-
connected irreducible Calabi-Yau, or symplectic manifolds then codim(X \ X;eg) = 2.

Example 8.5 (Singular Kummer surface). In the following example, we consider a degeneration of K3
surfaces to a singular Kummer surface X. More precisely, let X = A/(£1) where A is a principally polarized
abelian surface. Then the following holds.

e The Kummer surface X admits a Q-Gorenstein projective smoothing f: 2 — C by K3 surfaces.

e The tangent sheaf Tx is not strongly stable.

o Let .Z be a relatively ample line bundle on 2, and denote by g the Ricci-flat Kéhler metric on Xieq
given by [EGZ09, Theorem 7.5] applied to (£, %] ;). Given x € Xy, we have

Hol(Xreg, 9)s = Z/2Z and Hol®(Xyeq,9)s = {1}.
e We have m;(X) = {1} and 71 (X,cg) is an extension of Z* by Z/2Z.

It is well-known that X can be realized as a singular quartic surface in P? (see [BL04, Theoremm 4.8.1]).
In particular, it can be seen as the fiber over some point tg € C' of a projective flat family f: Z° — C of
quartic surfaces over a smooth algebraic curve C' such that 2 is smooth if ¢ # £y. The total space 2 is an
hypersurface in C' x P2, and hence Q-Gorenstein. For t # ¢y, 2; is a smooth quartic surface, and thus it is
a K3 surface.

The tangent sheaf T'x is not strongly stable as X admits a quasi-étale cover v: A — A/(£1) of degree
two and Ty = 0y D2 i3 obviously not stable.

By [EGZ09, Theorem 7.5], there exists a unique closed positive (1, 1)-current w with bounded potentials
on X such that [w] = [c1(Z]x)] € H*(X,R) and such that the restriction of w to Xyeg is a smooth Kéahler
form with zero Ricci curvature. Note that ¢ is the Riemannian metric associate with W] X,o, OL Xieg- We
claim that g is flat, or equivalently that Hol®(Xieg,9)s = {1}. Indeed, it is known that w is of orbifold
type, that is, v*w defines a smooth Ricci-flat Kéhler metric on A. On the other hand, it is well-known that
any Ricci-flat metric on a torus is flat. Next, we show that Hol(X,eg, 9)s = Z/2Z. Note that the natural
surjection 71 (Xyeg) — Hol(Xreg, 9)z/Hol®(Xyeg, ). together with the fact that (v,-1(x,.,))*g is flat yields
a surjective map Z/27Z — Hol(X,eg, g)5- Suppose that Hol(X,eg, ), is trivial. Then, by Bochner principle,

one would get a non-zero element o € HY(X, Q[)l(}), and therefore a non-zero global 1-form on A invariant
under the involution a — —a, yielding a contradiction. Thus

Hol(Xyeg, 9)s = Z/27.

As for the fundamental group, X is simply-connected by Lefschetz theorem. Moreover, a degree two étale
cover of X, is isomorphic to the complement of 16 points in an abelian surface, therefore the fundamental
group of this cover is Z*.

Example 8.6 (Symmetric square of a K3 surface). This following example was already exhibited in [GKP16,
Example 8.6 as a variety with stable but not strongly stable tangent sheaf. Let S be a K3 surface, and let
X := 8 x S/(i) where i is the natural involution (s1,s2) — (s2,$1) of S x S. Recall from [Bea83, Section
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6] that the Hilbert scheme S? parametrizing length 2 zero-dimensional subschemes on S is an irreducible
symplectic manifold which admits a birational crepant morphism S — X. Then the following holds.

e The variety X admits a Kéhler deformation to a smooth irreducible symplectic variety.
e The tangent sheaf X is not strongly stable.
o Let © € X,os. There exists a Ricci-flat Kéhler metric g on X;ee such that

Hol(Xreg, ) = (SU(2) x SU(2)) ¥ Z/2Z  and  Hol®(Xyee, 9)0 = SU(2) x SU(2).
e We have m1(X) = {1} and m1(X,ep) = Z/2Z.

The claim on the existence of a smoothing follows from the existence of the symplectic resolution S? — X
combined with a theorem of Namikawa [Nam06, Corollary 2| (see also Section 8.2).

The tangent sheaf Tx is not strongly stable as X admits a quasi-étale cover v: S x S — X of degree two
and Tsx g is obviously not stable.

Let us consider the two projections p;: S x S — S with ¢« = 1,2. Given a Ricci-flat K&hler metric gg on
S, pigs + p5gs defines a K&hler Ricci-flat metric on S x S that descends to a Ricci-flat Kéhler metric g on
Xreg- Let y be a point on S x S such that y(y) = x. As the restricted holonomy is preserved by passing to
an étale cover, we must have

Hol®(Xieg, 9)2 = Hol®(S x S\ A,v%g), = SU(2) x SU(2)

where A C S x S denotes the diagonal.

As in the previous example, we have a surjective map Z/2Z — Hol(Xieg, 9)z/H0l" (Xieg, 9)z. Suppose
that Hol(Xeg, )5 = Hol(Xyeg, 9)z. Then, by the Bochner principle, one would get two linearly independent
reflexive 2-forms on X, hence two independent 2-forms on S X S invariant by the involution, yielding a
contradiction. This shows that

Hol(Xyeq, 9) 2 (SU(2) x SU(2)) x Z/2Z.

By a theorem of Armstrong (see [Arm82|), we have 71 (X) = {1}. As for X,cq, it admits a degree two
cover from S x S~ A. Since codimA = 2 and S x S is simply-connected, we conclude that S x S~ A is
simply-connected as well, and hence m1 (X, eq) = Z/27Z.

Remark 8.7. As already mentioned, Namikawa’s theorem [Nam06, Corollary 2| provides smoothings by
Kahler manifolds which are not projective. We do not know whether X admits a projective smoothing by
irreducible symplectic varieties.

REFERENCES
[Arm82| M. A. Armstrong, Calculating the fundamental group of an orbit space, Proc. Amer. Math. Soc. 84 (1982), no. 2,
267-271.
[Art76] Michael Artin, Lectures on deformations of singularities. Notes by C. S. Seshadri, Allen Tannenbaum, Lectures

on Mathematics and Physics. 54. Bombay: Tata Institute of Fundamental Research. II, 127 p. (1976), 1976.
[BCHM10| Caucher Birkar, Paolo Cascini, Christopher D. Hacon, and James McKernan, Ezistence of minimal models for
varieties of log general type, J. Amer. Math. Soc. 23 (2010), no. 2, 405-468.

[Beag3| Arnaud Beauville, Variétés Kdhleriennes dont la premiére classe de Chern est nulle, J. Differential Geom. 18
(1983), no. 4, 755-782 (1984).

|Bes87] Arthur L. Besse, Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathe-
matics and Related Areas (3)], vol. 10, Springer-Verlag, Berlin, 1987.

|[BLO4] Christina Birkenhake and Herbert Lange, Complex abelian varieties. 2nd augmented ed., 2nd augmented ed. ed.,
Berlin: Springer, 2004.

[BLR90] Siegfried Bosch, Werner Liitkebohmert, and Michel Raynaud, Néron models, Ergebnisse der Mathematik und ihrer
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 21, Springer-Verlag, Berlin, 1990.

[Bou61] N. Bourbaki, éléments de mathématique. Fascicule XXVIII. Algébre commutative. Chapitre 3: Graduations,

filtrations et topologies. Chapitre 4: Idéaux premiers associés et décomposition primaire, Actualités Scientifiques
et Industrielles, No. 1293, Hermann, Paris, 1961.

[Bri10] Michel Brion, Some basic results on actions of nonaffine algebraic groups, Symmetry and spaces, Progr. Math.,
vol. 278, Birkh&user Boston, Inc., Boston, MA, 2010, pp. 1-20.

[BST76] Constantin Banicd and Octavian Stan#sild, Algebraic methods in the global theory of complex spaces, Editura
Academiei, Bucharest; John Wiley & Sons, London-New York-Sydney, 1976, Translated from the Romanian.

[Con00] Brian Conrad, Grothendieck duality and base change, Lecture Notes in Mathematics, vol. 1750, Springer-Verlag,

Berlin, 2000.



20

[DG67]
[Drul6]
[DS14]
[EGZ09]
[GGK17]
[GKKP11]

[GKP11]

[GKP16]

[GP11]

[Gro61]
[Gro65]
[Gro66]
[Gro67]

[Gro95a]

[Gro95b|

|Gro05]

[Har77]
[Har80]
[Kalo1]
[Kar00]
[Kaw85]
[KKMSD73)|
[KM92|

[KMO8]

[KMM87]
[Kol86]
[Kol93]
[Kol97]

[Laz04]

STEPHANE DRUEL AND HENRI GUENANCIA

J. Dieudonné and A. Grothendieck, Critéres différentiels de régularité pour les localisés des algébres analytiques,
J. Algebra 5 (1967), 305-324.

Stéphane Druel, A decomposition theorem for singular spaces with trivial canonical class of dimension at most
five, Preprint arXiv:1606.09006v2, 2016.

S. Donaldson and S. Sun, Gromov-Hausdorff limits of Kahler manifolds and algebraic geometry, Acta Math. 213
(2014), no. 1, 63-106.

Philippe Eyssidieux, Vincent Guedj, and Ahmed Zeriahi, Singular Kdhler-FEinstein metrics, J. Am. Math. Soc.
22 (2009), no. 3, 607-639.

Daniel Greb, Henri Guenancia, and Stefan Kebekus, Klt varieties with trivial canonical class: holonomy, differ-
ential forms, and fundamental groups, Preprint arXiv:1704.01408, 2017.

Daniel Greb, Stefan Kebekus, Sandor J. Kovacs, and Thomas Peternell, Differential forms on log canonical spaces,
Publ. Math. Inst. Hautes Etudes Sci. (2011), no. 114, 87-169. MR, 2854859

Daniel Greb, Stefan Kebekus, and Thomas Peternell, Singular spaces with trivial canonical class, To appear in:
Minimal models and extremal rays — proceedings of the conference in honor of Shigefumi Mori’s 60th birthday,
Advanced Studies in Pure Mathematics, Kinokuniya Publishing House, Tokyo, 2011.

, Singular spaces with trivial canonical class, Minimal Models and Extremal Rays, Kyoto, 2011, Adv. Stud.
Pure Math., vol. 70, Mathematical Society of Japan, Tokyo, 2016, Preprint arXiv:1110.5250, pp. 67-113.
Philippe Gille and Patrick Polo (eds.), Schémas en groupes (SGA 8). Tome I. Propriétés générales des schémas
en groupes, Documents Mathématiques (Paris) [Mathematical Documents (Paris)|, 7, Société Mathématique de
France, Paris, 2011, Séminaire de Géométrie Algébrique du Bois Marie 1962-64. [Algebraic Geometry Seminar
of Bois Marie 1962—64|, A seminar directed by M. Demazure and A. Grothendieck with the collaboration of M.
Artin, J.-E. Bertin, P. Gabriel, M. Raynaud and J-P. Serre, Revised and annotated edition of the 1970 French
original.

A. Grothendieck, éléments de géométrie algébrique. III. étude cohomologique des faisceaux cohérents. I, Inst.
Hautes Etudes Sci. Publ. Math. (1961), no. 11, 167.

, Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes de schémas. II, Inst.
Hautes Etudes Sci. Publ. Math. (1965), no. 24, 231.

, Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes de schémas. III, Inst.
Hautes Etudes Sci. Publ. Math. (1966), no. 28, 255.

, €léments de géométrie algébrique. IV. étude locale des schémas et des morphismes de schémas IV, Inst.
Hautes Etudes Sci. Publ. Math. (1967), no. 32, 361.

Alexander Grothendieck, Technique de descente et théorémes d’existence en géométrie algébrique. V. Les schémas
de Picard: théoréemes d’existence, Séminaire Bourbaki, Vol. 7, Soc. Math. France, Paris, 1995, pp. Exp. No. 232,
143-161.

, Techniques de construction et théorémes d’existence en géométrie algébrique. IV. Les schémas de Hilbert,
Séminaire Bourbaki, Vol. 6, Soc. Math. France, Paris, 1995, pp. Exp. No. 221, 249-276.

, Cohomologie locale des faisceauz cohérents et théorémes de Lefschetz locauz et globaux (SGA 2), Doc-
uments Mathématiques (Paris) [Mathematical Documents (Paris)|, 4, Société Mathématique de France, Paris,
2005, Séminaire de Géomeétrie Algébrique du Bois Marie, 1962, Augmenté d’un exposé de Michéle Raynaud. [With
an exposé by Michele Raynaud], With a preface and edited by Yves Laszlo, Revised reprint of the 1968 French
original.

Robin Hartshorne, Algebraic geometry, Springer-Verlag, New York, 1977, Graduate Texts in Mathematics, No.
52.

, Stable reflexive sheaves, Math. Ann. 254 (1980), no. 2, 121-176.

Dmitry Kaledin, Symplectic resolutions: deformations and birational maps, Preprint arXiv:0012008, 2001.

Kalle Karu, Minimal models and boundedness of stable varieties, J. Algebraic Geom. 9 (2000), no. 1, 93-109.
Yujiro Kawamata, Minimal models and the Kodaira dimension of algebraic fiber spaces, J. Reine Angew. Math.
363 (1985), 1-46.

G. Kempf, Finn Faye Knudsen, D. Mumford, and B. Saint-Donat, Toroidal embeddings. I, Lecture Notes in
Mathematics, Vol. 339, Springer-Verlag, Berlin-New York, 1973.

Janos Kollar and Shigefumi Mori, Classification of three-dimensional flips, J. Amer. Math. Soc. 5 (1992), no. 3,
533-703.

, Birational geometry of algebraic varieties, Cambridge Tracts in Mathematics, vol. 134, Cambridge Uni-
versity Press, Cambridge, 1998, With the collaboration of C. H. Clemens and A. Corti, Translated from the 1998
Japanese original.

Yujiro Kawamata, Katsumi Matsuda, and Kenji Matsuki, Introduction to the minimal model problem, Algebraic
geometry, Sendai, 1985, Adv. Stud. Pure Math., vol. 10, North-Holland, Amsterdam, 1987, pp. 283—-360.

Janos Kollar, Higher direct images of dualizing sheaves. II, Ann. of Math. (2) 124 (1986), no. 1, 171-202.

, Shafarevich maps and plurigenera of algebraic varieties, Invent. Math. 113 (1993), no. 1, 177-215.

, Singularities of pairs, Algebraic geometry—Santa Cruz 1995, Proc. Sympos. Pure Math., vol. 62, AMS,
1997, pp. 221-287.

Robert Lazarsfeld, Positivity in algebraic geometry. I, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A
Series of Modern Surveys in Mathematics|, vol. 48, Springer-Verlag, Berlin, 2004, Classical setting: line bundles
and linear series.



http://arxiv.org/abs/1704.01408
http://arxiv.org/abs/1110.5250
http://arxiv.org/abs/0012008

A DECOMPOSITION THEOREM FOR SMOOTHABLE VARIETIES WITH TRIVIAL CANONICAL CLASS 21

[LWX14] Chi Li, Xiaowei Wang, and Chenyang Xu, On proper moduli spaces of smoothable Kdhler-Einstein Fano varieties,
Preprint arXiv:1411.0761, 2014.

[MFK94] D. Mumford, J. Fogarty, and F. Kirwan, Geometric invariant theory, third ed., Ergebnisse der Mathematik und
ihrer Grenzgebiete (2) [Results in Mathematics and Related Areas (2)], vol. 34, Springer-Verlag, Berlin, 1994.

[Nak04] Noboru Nakayama, Zariski-decomposition and abundance, MSJ Memoirs, vol. 14, Mathematical Society of Japan,
Tokyo, 2004.

[Nam94| Yoshinori Namikawa, On deformations of calabi-yau 3-folds with terminal singularities, Topology 33 (1994), no. 3,
429-446.

[NamO01] , Deformation theory of singular symplectic n-folds, Math. Ann. 319 (2001), no. 3, 597-623.

[Nam06] , On deformations of Q-factorial symplectic varieties, J. Reine Angew. Math. 599 (2006), 97-110.

[N'S95] Yoshinori Namikawa and J. H. M. Steenbrink, Global smoothing of Calabi-Yau threefolds, Invent. Math. 122
(1995), no. 2, 403-419.

[RZ11a] Xjaochun Rong and Yuguang Zhang, Continuity of extremal transitions and flops for Calabi-Yau manifolds, J.
Differential Geom. 89 (2011), no. 2, 233-269, Appendix B by Mark Gross.

[RZ11b] Wei-Dong Ruan and Yuguang Zhang, Convergence of Calabi-Yau manifolds, Adv. Math. 228 (2011), no. 3,
1543-1589.

[Sch71] Michael Schlessinger, Rigidity of quotient singularities, Invent. Math. 14 (1971), 17-26.

[Sch88| Chad Schoen, On fiber products of rational elliptic surfaces with section, Math. Z. 197 (1988), no. 2, 177-199.

[Ser01] Jean-Pierre Serre, Ezposés de séminaires (1950-1999), Documents Mathématiques (Paris) [Mathematical Docu-
ments (Paris)], vol. 1, Société Mathématique de France, Paris, 2001.

[sga03] Revétements étales et groupe fondamental (SGA 1), Documents Mathématiques (Paris) [Mathematical Documents
(Paris)], 3, Société Mathématique de France, Paris, 2003, Séminaire de géométrie algébrique du Bois Marie 1960
61. [Algebraic Geometry Seminar of Bois Marie 1960-61|, Directed by A. Grothendieck, With two papers by M.
Raynaud, Updated and annotated reprint of the 1971 original [Lecture Notes in Math., 224, Springer, Berlin]|.

[SSY16] Cristiano Spotti, Song Sun, and Chengjian Yao, FExistence and deformations of Kdahler—Einstein metrics on
smoothable Q-Fano varieties, Duke Math. J. 165 (2016), no. 16, 3043-3083.

[Tak03] Shigeharu Takayama, Local simple connectedness of resolutions of log-terminal singularities, Internat. J. Math.
14 (2003), no. 8, 825-836.

[YauT78| Shing-Tung Yau, On the Ricci curvature of a compact Kdahler manifold and the complexr Monge-Ampére equation.

1., Commun. Pure Appl. Math. 31 (1978), 339-411.

STEPHANE DRUEL: INsTITUT FOoURIER, UMR 5582 pu CNRS, UNIVERSITE GRENOBLE ALPES, CS 40700, 38058 GRENO-
BLE CEDEX 9, FRANCE
E-mail address: stephane.druel@univ-grenoble-alpes.fr

HenrI GUENANCIA: DEPARTMENT OF MATHEMATICS, STONY BROOK UNIVERSITY, STONY Brook, NY 11794-3651,
UNITED STATES
E-mail address: henri.guenancia@stonybrook.edu


http://arxiv.org/abs/1411.0761v3

	1. Introduction
	2. Notation, conventions, and basic facts
	3. Kähler-Einstein metrics on smoothable spaces
	4. Relative Albanese morphism
	5. Holonomy and stability of the tangent sheaf
	6. Towards a decomposition theorem
	7. Proof of Theorem A
	8. Examples
	References

