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1. Introduction

Let (X, D) be a Kawamata log-terminal pair (shortened in klt), ie X is a normal projective
variety over C of dimension n, and D is an arbitrary Q-divisor such that K x + D is Q-Cartier,

and for some (or equivalently any) log-resolution 7 : X’ — X, we have:
KX’ = W*(KX +D) +ZalEl

where E; are either exceptional divisors or components of the strict transform of D, and

the coeflicients a; satisfy the inequality a; > —1.

For such a pair (X, D), there exists a natural notion of Kihler-Einstein metric devel-

oped by Eyssidieux, Guedj and Zeriahi in [EGZ09] for the non-positively curved case (ie
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Kx + D ample or trivial), and extended by Berman, Boucksom and the previous authors
in [BBE"11] for log-Fano varieties (—(Kx + D) ample).

Those objects are currents living on a log-resolution of the pairs, and are very particular
from the point of view of pluripotential theory (they have finite energy). Moreover, those
currents are shown to induce genuine Kahler-Einstein metrics on the Zariski open subset
Xo = Xieg \ Supp(D). However, few is known on the behavior of the Kéhler-Einstein

metrics near the degeneracy locus X \ Xp.

As understanding the degeneracy of the Kéahler-Einstein metric near the singularities of
X seems out reach for the moment, we will focus on the behavior near the support of D
intersected with the regular locus of X. It turns out that this is equivalent to control the
singularities of the solution of a degenerate Monge-Ampere equation on a smooth manifold,
the term ”degenerate” meaning here that the solution lives in a class which is not Ké&hler
(but at least big, or nef and big), and that the right-hand side is not smooth.

Theorem A. — Let (X, D) be a kit pair, and let LS(X, D) := {z € X; (X, D) is log-smooth
at x}. We assume that the coefficients of D are in [1/2,1).

(i) If Kx + D s big, then the Kdihler-Einstein metric of (X, D) has cone singularities
along D on LS(X, D) N Amp(Kx + D).

(1) If —(Kx + D) is ample, then any Kdihler-Einstein metric of (X, D) has cone singular-
ities along D on LS(X, D).

We also prove a similar result for the Ricci-flat case : if under the same set-up, we are
given « a nef and big class, and assume that ¢;(Kx + D) is trivial, then the Ricci-flat
Kéhler-Einstein metric in a has cone singularities along D on LS(X, D) N Amp(Kx + D).
As the result is a bit less natural, we chose not to include it in the previous Theorem.

Let us also mention that LS(X, D) is a dense open subset of X of codimension at least

2, as it contains the intersection of X;.o and the regular locus of Dicq.

Let us explain the first case. For the moment, we do not know any regularity result
for solutions of Monge-Ampere equations in general big classes. But in the case of adjoint
bundles coming from klt pairs, the main theorems of the Minimal Model Program (MMP)
theory enable us to boil down to the semipositive and big case which is far better under-

stood. Let us now be more precise:

Let (X, D) be a klt pair of log-general type, ie Kx + D is assumed to be big. By
the fundamental results of [BCHM10, Theorem 1.2], we know that (X, D) has a log-
canonical model f : X --» X, where X ., is a projective normal variety and f is a
birational contraction such that f.(Kx + D) = Kx_,, + Dcan is ample (here Dcay, := f. D).

can
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Ifp:Y —X,v:Y — Xcan is a resolution of the graph of f, then
1 (Kx + D) = [ (KX + Dean) + E

for some effective v-exceptional divisor E. A consequence of this Zariski decomposition
is that every positive current T in ¢;(Kx + D) comes from a unique positive current
S € e1(Kx,,, + Dcan) in the following way: p*T = v*S + [E]. In particular the Kéhler-
Einstein metric on (X, D) constructed in [BEGZ, Theorem 6.4] (see also Theorem 2.2
for the general case of a klt pair) corresponds in this way to the Kihler-Einstein metric
on (Xcan, Dean) constructed in [EGZ09, Theorem 7.12]. In particular, this last metric is
smooth outside of the singular locus of X¢a, and Supp(Dean)-

Moreover, as the log-canonical model f : X --+ X ,, induces an isomorphism from the
ample locus of Kx + D onto its image (this is an general property for the maps attached to
big linear systems, which follows directly from the definition of By (Kx + D)), it is enough
for our matter to understand the Kéhler-Einstein metric of (Xcan, Dean). So we are reduced

to work in semipositive and big classes as explained above.

Once this reduction is done, we can express the problem in terms of Monge-Ampeére
equations (cf section 3.1); the framework is the following one: let X be a compact Kihler
manifold of dimension n, a a nef and big class class and 6 € a a smooth representative.
Let E = )" ¢;E; be an effective R-divisor with snc support such that o — E is Kéhler. Let
also D = Y a;D; an effective divisor with snc support such that F and D have no common
components, and that F 4+ D has snc support.

We write Xg = X \ (Supp(E) U Supp(D)), and we choose non-zero global sections
t; of Ox(E;) and s; of Ox(D;), and we choose some real numbers ¢t; > —1. We
choose some smooth hermitian metrics on those bundles which we normalize so that
Jx IT1¢512% [T 1si| 72%dV = vol(c). Finally, if ¢ is a 6-psh function, we denote by MA(¢p)
the non-pluripolar product {(6 + dd®p)™).

Theorem B. — We assume that the coefficients of D satisfy the inequalities a; > 1/2 for
all 3.

(1) If A = 0, then the solution with full Monge-Ampére mass of

e dv
MA(p) = | [ 1t/ 5
L e

defines a smooth metric on Xy having cone singularities along D.
(1i) If A <0, then any 0-psh function ¢ with minimal singularities solution of
erdV

defines a smooth metric on Xy having cone singularities along D.

MA(p) = [T 16
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In order to deduce Theorem A from Theorem B, one considers a log-resolution of the
pair (X, D) which also computes the augmented base locus as an SNC divisor meeting the
strict transform of D properly. The Monge-Ampere equation giving the Kihler-Einstein
metrics pulls back to this resolution and has exactly the form considered above. Finally, we
observe that a log-resolution of a pair (X, D) is an isomorphism on the previously defined

log-smooth locus LS(X, D), so we are done.

One may remark that to deduce Theorem A from Theorem B, it would have been enough
to assume « semi-positive and big. As the proof of the nef and big case is not really more
complicated, we chose to state the Theorem in this slightly greater generality. We should
also add that these last results of are expected to be valid in the more general case where «
is only big and not necessarily nef. However, even when D = 0, we were not able to prove
that the Kéhler-Einstein metrics are smooth on the ample locus of «, and new ideas shall

probably be needed to settle this question.

In order to relate this result to previous works, we should mention that a result like
Theorem B was already known when « is a Kéahler class, so that E is empty. More precisely,
this result was obtained in [Brell, JMR11] whenever D is irreducible and in [CGP11]
when the coefficients of D are in [1/2,1). Moreover, the general (Kéhler) case has been
announced by R. Mazzeo and Y. Rubinstein in [MR12].

2. Monge-Ampeére equations in big cohomology classes

In this section, we recall some generalities on big cohomology classes on a compact Kéhler
manifold, and then give an outline of the paper by Boucksom, Eyssidieux, Guedj and Zeriahi
[BEGZ] which we are going to rely on.

2.1. Generalities on big cohomology classes. — We start with a compact Kéhler
manifold X of dimension n, and we consider a class o € H%!(X,R) which is big. By defini-
tion, this means that « lies in the interior of the pseudo-effective cone, so that there exists a

Kahler current T’ € «, that is a current which dominates some smooth positive form w on X.

2.1.1. The ample locus of a. — One may define, following S. Boucksom [Bou04, §3.5], the
ample locus of v, denoted Amp(«), which is the largest Zariski open subset U of X such that
for all x € U, there exists a Kéhler current 7, € o with analytic singularities such that T,
is smooth in an (analytic) neighbourhood of z. A generalization of Kodaira’s lemma asserts
that for some modification 7 : X’ — X, one can write 7*a = 8 + E where 3 is a Kéhler
class and FE is an effective divisor on X’. Then one has the following characterization of the
complement of Amp(«), denoted B4 («) and called augmented base locus in analogy with
the case where « is a big class in the real Néron-Severi group NS(X) @ R (cf [ELM™T06],
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[BBP10, Lemma 1.4)):
B () = (1 =(Supp(E))
m*a—E Kéhler
where E ranges over all effective R-divisor in a birational model m : X’ — X such that

™o — F is a Kahler class.

At this point, two remarks need to be made. The first one is that the augmented base locus
(or equivalently the ample locus) of a big class « can be computed by a single modification
m: X — X.

Indeed, by the noetherianity of X for the (holomorphic) Zariski topology, there exists a
Kahler current T' € o with analytic singularities such that the singular locus of T is exactly
B (). Resolving the singularities of T' (cf [Bou04, §2.6]), one obtains a morphism 7 :
X' — X such that 7*T = 6 4 [E] where 6 > 7*w for any Kéhler form w on X dominated
by T, and E = ) a,;F; is an effective R-divisor lying above the singular locus of T' (so it
is not necessarily exceptional because B, («) might have one-codimensional components).
Moreover, as 7 is a birational morphism between smooth varieties (actually we use here that
X is locally Q-factorial) there exists some positive linear combination F' = > b, E;, (so with
b; > 0) such that —F is m-ample (cf [Har77, II, ex. 7.11 (c)] or [Deb01, 1.42]). Therefore,
for a sufficiently small &, the cohomology class of 8 — ¢ F' contains a Kahler form, so that we

have the following decomposition:
mra={0—-cF}+ (E+cF)

with {6 — eF} Kihler, and F + ¢F effective, with support equal to Supp(F). Therefore
B, (o) = w(Supp(F)), which shows that B («) can be indeed computed by a single modifi-
cation of X.

The second remark we would like to do about the notion of ample locus concerns the case
when a = ¢;(L) is the Chern class of a line bundle. In that case, there is no need to perform
modifications of X to compute B, (), as is shown in [ELM 06, Remark 1.3]:

Bi(L)= (] Supp(E)
L=A+E
A ample, E20
2.1.2. Currents with minimal singularities. — We will be very brief about this well-known

notion, and refer e.g. to [Bou04, §2.8], [BBGZO09, §1], [Ber09] or [BD12] for more details
and recent results.

By definition, if 7,7’ are two positive closed currents in the same cohomology class a,
we say that T is less singular than T if the local potential ¢, ¢’ of these currents satisfy
¢ < ¢+ O(1). This definition does not depend on the choice of the local potential, and
induces a (partial) order on the set of positive currents in «. In each (pseudo-effective)
cohomology class «, one can find a positive closed current Ty, which will be less singular
than all the other ones; this current is not unique in general; only its class of singularities

is. Such a current will be called current with minimal singularities.
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One way to find such a current is to pick 6 € « a smooth representative, and define then,

following Demailly, the upper envelope
Vi := sup{p 6—psh, p <0 on X}

Once observed that Vj is 6-psh (in particular upper semi-continuous), it becomes clear that

0 + dd°Vy has minimal singularities.

The following observation, which dates back to S. Boucksom [Bou04, Proposition 3.6],

will be important for dealing with positively curved Kéhler-Einstein metrics:

Proposition 2.1. — Let a be a nef and big class, and 6 € o a smooth representative. Then

all the Lelong numbers of Vy vanish:
Vee X, v(Vy,x)=0.
Equivalently, exp(—Vy) € LP for all p > 1.

Proof. — Let T € « be a Ké&hler current: T > w for some Ké&hler form w on X. By
definition, as « is nef, then for anys € > 0, there exists a smooth form 7. € « such that
T. > —cw. Then S; := T+ (1—¢)T. > 2w defines a positive current in o, and for all z € X,
v(Se,z) = ev(T, x) by linearity of v. Let now Tinin = 0 + dd°Vy be a current with minimal
singularities. As S. is a positive current in a, we have v(Tiin, ) < v(Se, x) = ev(T, ) for
all € > 0, and therefore v(Tiin, x) = 0.
The second point is a straightforward consequence of the first one using Skoda’s integra-
bility theorem [Sko72].
o

2.2. Non-pluripolar product and Monge-Ampeére equations. —

2.2.1. Non-pluripolar product. — In the paper [BEGZ], the non-pluripolar product T
(T™) of any closed positive (1,1)-current T € « is shown to be a well-defined measure on
X putting no mass on pluripolar sets. Given now a 6-psh function ¢, one defines its non-
pluripolar Monge-Ampeére by MA(p) := ((8 + dd°p)™). Then one can check easily from the
construction that the total mass of MA(yp) is less or equal than the volume vol(«) of the

class a:
[ MA@ < vol(@)
X

A particular class of #-psh functions that appears naturally is the one for which the last
inequality is an equality. We will say that such functions (or the associated currents) have

Sfull Monge-Ampére mass.

Let us consider now the case of #-psh functions with minimal singularities. By definition,
they are locally bounded on Amp(«), so that one can consider on this open set their Monge-

Ampere (6 + dd°p)™ in the usual sense of Bedford-Taylor. Then one can see that the trivial
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extension of this measure to X coincide with MA(p) and satisfies

/ MA(p) = vol(a)
X
In particular, currents with minimal singularities have full Monge-Ampere mass, the converse

being false however.

2.2.2. Monge-Ampére equations in big cohomology classes. — One of the main results of
the paper [BEGZ], is that for every non-pluripolar measure p, there exists a unique positive
current T, € a with full Monge-Ampere mass satisfying the Monge-Ampere equation

(T") = n

The strategy of the proof is to consider approximate Zariski decompositions Xj —» X
(with i = By + [Ex] where By is Kéhler and Ej, effective) and to solve (S}) = VOl(ﬁ’“)w,’gM

vol(a)
with Si € B, which is possible thanks to the main result of [GZ07] (8 is Kdhler). Then
one needs to prove that Tj := (mg)«(Sk + [Ek]) converges to some current 7' with full

Monge-Ampere mass solution of the initial equation.

In that same paper, the authors of [BEGZ]| obtain L estimates of the potential of the
solution T" whenever the measure p = fdV has L'*¢-density with respect to the Lebesgue
measure. More precisely, they get the following result [ BEGZ, Theorem 4.1]: the normalized
potential ¢ (ie maxx ¢ = 0) solution of MA(p) = u satisfies

1/n
> Vo — MI|fIIA%.

where Vj is the upper envelope Vp := sup{v 6—psh,4 < 0 on X} defined in the previous
section, and M depends only on 6,dV and e.

Finally, if 4 = dV is now a smooth volume form, and under the additional assumption
that « is nef and big, then [BEGZ, Theorem 5.1] asserts that the solution 7}, is smooth on
the ample locus Amp(c). Very little is known however on the behavior of T}, along B, (),

even in the case where « is semi-positive (and big).

2.3. The equation MA(p) = e®Pu. — In this section, we focus on the equation
MA(p) = e®u, where p is a non-pluripolar measure. As we explained in the introduction,
this equation is related to the search for negatively curved Kéhler-Einstein metrics.

Whenever = dV is a smooth volume form, we have at our disposal [BEGZ, Theorem
6.1] which garantees that the previous equation admits a unique solution ¢ #-psh with full
Monge-Ampére mass (we are still assuming that a = {0} is a big class).

In fact, their proof can be readily adapted to the case where i has a L'*¢ density with

respect to the Lebesgue measure:

Theorem 2.2. — Let X be a compact Kdhler manifold of dimension n, « € HY*(X,R) a
big class, and p = fdV a volume form with density f > 0 belonging to L**(dV') for some
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e > 0. Then there exists a unique 0-psh function @ with full Monge-Ampére mass such that

((60 4+ dd°p)™) = e®u. Furthermore, ¢ has minimal singularities.

Sketch of Proof. — The proof is almost the same as the one of [BEGZ, Theorem 6.1}, so
we only give the main ideas. Assume first that p has total mass 1, and consider C the
subset of L'(X, 1) consisting of all #-psh functions 1 normalized by supy 1 = 0. Indeed,
PSH(X,0) C L'(X, 1) because any 6-psh function is in Lf.  for every p > 0, so applying
Holder’s inequality with p = 1 + %, we obtain the result. This set is convex, compact, so
there exists C' > 0 such that fX Ydp > —C for all ¢ € C, as explained in [GZ05, Proposition
1.7]. By convexity, one deduces in particular that log | ¥ e¥du > —C for all ¢ € C.

For all ¢ € C, the measure e¥ has uniform L'*¢ density with respect to dV because
¥ < 0. Therefore, [BEGZ, Theorems 3.1 & 4.1] ensure the existence of a unique func-
tion ®(¢)) € C such that MA(®(y)) = e¥*vp, where ¢, = logvol(a) — log [y e¥dp <
log vol(a) + C, and ®(¢p) > Vy — M for some uniform M.

[BEGZ, Lemma 6.2] shows that the map ® : C — C is continuous, therefore it has a
fixed point 9 € C by Schauder’s fixed point theorem, and one concludes setting ¢ := 1+ cy.
As any 0-psh function is bounded above on X, every solution of our equation has minimal
singularities, and thus uniqueness follows from the straightforward generalization of [ BEGZ,
Proposition 6.3] in the setting of measures with L1*¢ density with respect to the Lebesgue

measure. O

Remark 2.3. — Let us note that it follows from the proof of this theorem that there exists
M depending only on 6,dV and e such that the solution ¢ of {(6 + dd°p)™) = e®u satisfies
M>2p>Vy— M||f||1L/125 Indeed, the only point is to control the constant C appearing in
the previous proof, but C' is bounded by sup{||¥||1+1/<- || f||L1+< ; ¥ € C} which is finite by

compactness of C and equivalence of the L' and L? topology for quasi-psh functions.

3. Cone singularities for Kéihler-Einstein metrics

3.1. Singular Kihler-Einstein metrics. — As we mentioned in the introduction, one
can define the notion of Kihler-Einstein metric attached to any klt pair (X, D). We refer
e.g. to [EGZ09] or [BBET11] for the definition in the non-positively curved case and in
the log-Fano case respectively. What is important to remember about those objects is that
they are currents on the singular variety X which satisfy on any log-resolution (X', D") (D’
being given by the identity Kx, 4+ D’ = 7*(Kx + D)) a Monge-Ampéere equation of the form

(KE») MA(g) = e=(¢=00")

in the negatively or positively curved case (and a similar equation in the Ricci-flat case).
Here ¢ is a (singular) psh weight on +¢1(Kx/ + D’) (or in some given semiample and big
class), ¢ps is a (singular) psh weight on the R-line bundle Ox (D) such that dd°¢p. = [D'],
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and MA is the non-pluripolar Monge-Ampere operator.

As a current, a Kihler-Einstein metric w = dd°¢ attached to (X, D) shall satisfy the

equation
Ricw = Fw + [D]

or equivalently Ricw’ = Fw’+[D’] where w’ = 7*w for a log-resolution 7 : X’ — X of (X, D).

It is not completely clear that any Kihler-Einstein metric (as previously defined) should
be smooth on X, \ Supp(D), or equivalently on X'\ Supp(D’). This work has been done
for the log-Fano case in [BBET11] using an estimate appearing in [Pau08]. We will also
follow this strategy to obtain the smoothness on the suitable locus (cf Remark 4.2). This

strategy will also enable us to establish the cone singularities of the Kéhler-Einstein metric).

There are two difficulties arising when one wants to understand the solutions of the
Monge-Ampere equation (KEy): first of all, the right hand side is singular, and also the
class in which one looks for a solution is no more ample (or Kéihler) but merely semi-ample
and big. However, working with those weak positivity notions has the advantage that
our equation is invariant by modification, and can be read equally on any log-resolution.
Therefore, one can assume that the augmented base locus of +7*(Kx + D) (or m*a for
a a Kihler class on X, in the Ricci-flat case) is given by a divisor E (in a sense to make
clear) having simple normal crossing support, and meeting the strict transform of D also

normally. We will see shortly that this context is well adapted for our purposes.

Let us recall that in the case where (X, D) is a log-smooth pair (with D having coefficients
in (0,1)) and +(K x+D) is ample, then the behavior of any Kéhler-Einstein metric along D is
well understood: it has socalled cone singularities (cf [Brell, CGP11, Don10, JMR11]).
We now want to show a similar statement in our situation; so let us first recall the notion

of cone singularities.

3.2. Metrics with cone singularities. — Let X be a compact Kéhler manifold of
dimension n, and D = Y a;D; an effective R-divisor with simple normal crossing support
such that the a;’s satisfy the following inequality: 0 < a; < 1. We write Xy = X \ Supp(D),

and we choose non-zero global sections s; of Ox (D;).

Our local model is given by the product Xmoq = (D*) x D"" where D (resp. D*) is
the disc (resp. punctured disc) of radius 1/2 in C, the divisor being Dyoq = di[z1 =
0]+---+d,[z = 0], with d; < 1. We will say that a metric w on Xy,0q4 has cone singularities
along the divisor Dy,oq if there exists C' > 0 such that

-1
c Wmod S W < CV‘*Jmod
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where
r n

idz; N\ dz; . _

Wmod 1= Z W + Z 1dz; N dz;
Jj=1 Jj=r+1

is simply the product metric of the standard cone metric on (D*)” and the euclidian metric

on D™ ",

This notion makes sense for global (Kéhler) metrics w on the manifold Xy; indeed, we can
require that on each trivializing chart of X where the pair (X, D) becomes (Xmod; Dmod)
(those charts cover X), w is equivalent to wmeq just like above; of course this does not

depend on the chosen chart.

In our case, we are going to deal with K&hler metrics no more on the whole Xy but on
some Zariski open subset, more precisely Xo N Amp(«) for some semi-positive and big (or
nef and big) class o (in Theorem B, we work on Xy \ Supp(E) for example). Therefore
one needs to make precise what we will call cone singularities for such a metric. Indeed,
Amp(a) being non compact in general (more precisely as soon as « is not ample), the
bi-Lipschitz constant comparing the initial and the model cone metric in each local charts
may not be chosen uniformly for all charts covering Amp(«). So we just do not ask it

to be uniform, and therefore only care on what happens on compact subsets of XoNAmp(«).

3.3. Statement of the main result. — We have seen in the introduction that Theorem
A, which asserts that (under some assumptions) the Kihler-Einstein metric for a klt pair
has cone singularities along the boundary (restricted to some suitable open subset). We
also explained in the introduction and the previous section 3.1 how to relate this assertion
to some particular properties of solutions of degenerate Monge-Ampére equations. So let us

now fix the set-up.

Let X be a compact Kédhler manifold of dimension n, « a nef and big class class and
6 € a a smooth representative. Let E = )" ¢; E; be an effective R-divisor with snc support
such that a — F is Kéhler. Let also D = Y a;D; an effective divisor with snc support such
that F and D have no common components, and that £ + D has snc support.

We write Xg = X \ (Supp(E) U Supp(D)), and we choose non-zero global sections
t; of Ox(E;) and s; of Ox(D;), and we choose some real numbers ¢t; > —1. We
choose some smooth hermitian metrics on those bundles which we normalize so that
S IT1t1%% T |ss| =2*'dV = vol(ex). Finally, if ¢ is a 6-psh function, we denote by MA(¢)
the non-pluripolar product {(6 4+ dd®p)™).

Theorem 3.1. — We assume that the coefficients of D satisfy the inequalities a; > 1/2 for

all .
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(1) If X =2 0, then the solution with full Monge-Ampére mass of

e dv
[Tlsif?

defines a smooth metric on Xy having cone singularities along D.

MA(p) = [T 1t;1*

(i¢) If A < 0, then any 0-psh function ¢ with minimal singularities solution of

e dv
[Tlsif?

defines a smooth metric on Xy having cone singularities along D.

MA(p) = [T 1t;1*

4. Proof of Theorem B

The strategy of the proof is to regularize the Monge-Ampere equation into an equation
with smooth right-hand side. The stake will then consist in obtaining uniform estimates
on the compact subsets of X (cf Proposition (4.1)). In order to simplify the notations, we
will use the same notation for Supp(E) and E whenever no confusion might result from this
abuse of notation.

4.1. Regularization. — We start from our solution ¢, and we regularize the Monge-
Ampere equation in two ways: first, we regularize ¢ by approximating it with a decreasing
sequence of smooth quasi-psh functions 7. satisfying

(4.1) dd°r. > —Cw

for some (Kéhler) form w. This is possible thanks to Demailly’s regularization theorem
[Dem82, Dem92]. In particular the 7.’s are uniformly upper bounded by supr for in-
stance. Then, we consider the following equation (in ¢.):

AT,
c n\ __ 12b; e dV
(MAE) <(9 +dd 905) > = H |t]| H(|51|2 +€2)ai

By multiplying dV with a constant, we can make sure that the total mass of the RHS is
vol(a)); this constant depends on e, but in a totally harmless way because %
is uniformly bounded in L'(dV) : this is clear if A > 0 and follows from the monotone
convergence combined with Proposition 2.1 if A < 0. Therefore we can assume that the

volume form is already normalized.

By [BEGZ], we know that (MA.) has a unique solution ¢, which is #-psh and has minimal
singularities. One could also deduce a uniform estimate, but at that point we do not really

need it, and we will anyway recover it implicitly with Proposition 4.1.
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4.2. Laplacian estimates. — In this section, we explain in Proposition 4.1 how to
obtain laplacian estimates for our regularized solutions: this is the key result for the proof
of the main theorems. It is an adaptation of [BBET11, Theorem 10.1] in the nef and big
case, with a slight refinement (cf point (i4¢)) which will be crucial for us. Before we can
state the result, let us introduce some notations.

We recall that « is a nef and big class and F is an effective R-divisor such that a — E is
Kihler. We choose sg a non-zero section of the Ox (E), and choose some smooth hermitian
metric b on this Q-line bundle; we set

p:=log|spl;
(actually sg is not well-defined if E is not a Z-divisor, but p is). Then, we define
Wp = 0 — @h(E)

which is a K&hler form if h is properly chosen (©,(F) is the Chern curvature of the hermitian
R-line bundle (Ox(E), h)). A trivial but important fact is that w, coincide with 6 + dd®p
on X \ E.

We emphasize that w, depends on the smooth hermitian metric chosen on F, or equiv-
alently it depends on p, hence the notation. In the following proposition, we explicit the
precise dependence in h (or p) in the laplacian estimates obtained in [BBET11, Theorem
10.1]:

Proposition 4.1. — With the previous notations, let T be quasi-psh functions on X such
that eV~ € LP(dV) for some p > 1, and satisfying [, ew+_w7w;‘ = vol(a) . Let ¢ be a
0-psh function solution of
(0 +ddog)") ="~V wp

and assume given a constant C > 0 such that

(i) dd¢t > —Cw, and supx ¢t < C;

(i) dd*¢~ > —Cw, and [e™" wp/dV]s@av) < C;
(41) w, > C~'w and the holomorphic bisectional curvature of w, 15 bounded below on X by

—C.

Then there exist A, B > 0 depending only on 0,p and C such that on X \ E:

0<0+dd°y < Ae_Bp_wpr

Proof. — We will only treat the case where ¥/ are smooth; the general case can be reduced
to the smooth case by regularization exactly in the same way that in [BBET11], the only
difference being the use of the degenerate version of Kotodziej’s stability theorem for big
classes given in [GZ11, Theorem C].

For ¢t > 0 (say t < 1), we consider the Kéahler form w; on X defined by wy := (1 + t)w,;
we also define 6, := 6 +tw,. As a is nef, {6;} is a Kéhler class for all ¢ > 0. Therefore there
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exists a unique normalized (smooth) ;-psh function ¢; such that
(0 + ddp)™ = e¢+7wiecfwg

where e = vol(a +t{w,})/vol(a). As {w,} is independent of p (E is fixed), ¢; is uniformly
bounded.

We want to obtain an estimate |A, ] < Ae=Br=v" on X \ E; as wp = %wt, it will be
enough to show the same estimate with A, ;.

To begin with, thanks to assumptions (i) and (ii), we have a ¢ estimate given by
[BEGZ], and recalled in section 2.2.2: ¢; > Vp, — M. Besides, it is easy to see that Vjp,
decreases to Vg when t — 0, so that ¢, > Vy — M for all £ > 0.

For the rest of the proof, we will work on X\ E, so that w, actually coincide with 0+ dd°p.

At this point of the proof, one cannot use Siu’s formula [Siu87, pp. 98-99] as in [ BBET11]
anymore because we do not have an uniform upper bound on the scalar curvature of w;.
Instead, we use a variant of Siu’s formula given in [CGP11, Lemma 2.2] involving only a
bound on the bisectional curvature of wy; it yields:

A, (Y —97)
tre, (wf)
where w; = 0; + dd°p;. We notice, as in [BBET11], that even if [CGP11, Lemma 2.2] is

stated for two cohomologous forms, the last formula is valid because the computations are

A, (logtr,, (wy)) = — Ctryy (wy)

local, and locally all forms are cohomologous.

Using both inequalities w; > w, and n < try, (w})tr., (wt), we get then a constant Ag > 0
under control such that:
A, 0™
try, (wh)
Now we use the computations of [BBET11] based on [P&u08, Lemma 3.2]: as Cw; +
dd®y¥~ > 0, we have

A, (logtry, (wy)) = — — Aotry, (wr)

0 < Cwy +ddy™ < tryy (Cwy + dd™

Taking the trace with respect to w; gives:

0<nC+ A,Y™ < (Ctrwé (we) + Awéi/f) tre, (wh)

so that A _
At~ > 7% — Ctroy (wr)
trwt (wt) !
and therefore:
(4.2) Ay (log try, (wy) +97) = —Agtry (wr)

for some constant A; > 0 under control.
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Now, if we set
Ut -= Pt — p
then wi = w; + dd®u; so that n = try(w) + Ayyue. Equation (4.2) gives us two positive

constants Ay, As under control satisfying:
Ay (logtry, (wi) + 97 — Agug) > tryy (wi) — As

We want now to apply as usual the maximum principle to the term inside the laplacian

in the right hand side. To ensure we can do this, we must check that the function
H; :=logtry, (w;) + 19~ — Aquy

attains its maximum on X \ E. This is a qualitative problem, and of course we do not ask
any kind of uniformity here. We know that ¢~ is bounded (but we do not have uniform
bounds), moreover try, (w;) < Ctr,(w;) by assumption (i77), and as wj is smooth, this last
quantity is bounded above. Finally, —u; = p — ¢ is upper bounded and tends to —oo
near F. We conclude that H; attains its maximum on at some point z; € X \ E, so that

try (wt)(z+) < As is under control.

Using the basic inequality
-1
tra, () < (wp/wp') (treg (wr))”

and the inequality

+ 7€thn + —
Wi = ¥ Y vt

wy'
we get
log try, (wi) < =¥~ + (n — 1) log try (wi) + Ag

with A4 under control, and therefore
H, < (n—1)log tr,, (w) — Aquy + Ay

so that

sup H = H(xy) < As — Agu(ay)
X\E

Therefore, one has, for any € X \ E:

(log try, (wi) +¥7)(x)

H(x) + Aqui(x)

H(xy) + Asug(x)

As + Ag(ue(2) — ue(21))
Ag + Asug(x)

NN N

Indeed, p; > Vo — M and p is 0-psh, thus ¢, > p — A7 so that infx\ g ¢ — p is uniformly
bounded from below. As ¢, is normalized, u; < —p, so that one finally gets A, B > 0 under
control and satisfying: logtr,, (w;) + ¢~ < A — Bp, which is what we were looking for. O
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Remark 4.2. — Combined with Evans-Krylov’s theorem, this proposition shows that any
Kéhler-Einstein metric attached to a klt pair (X, D) (satisfying e.g. Kx + D ample, the
other cases being similar) is smooth on X,eg \ Supp(D). Indeed, if we work on a suitable log-
resolution X’ "+ X of (X, D) with Kx/+ D’ = 7" (K x + D), then the KE metric (viewed on
X') written as usual 0’ + dd°¢’ satisfies an equation of the form (6 + dd¢y')* = ¥ ~¢bdV)
and we just have to apply the previous proposition with (¢ ,%7) = (¢’ + ep ,epy ) if
D' = D! — D’ is the decomposition of D’ into its positive and negative part.

4.3. Approximation of the cone metric. — We now recall the global approximation
of a cone metric, as explained in [CGP11, Section 3| for instance.

Let w be a Kéhler form on some compact Kéhler manifold Y carrying a R-divisor F =
> e Fy, with simple normal crossing support and coefficients ¢; €]0, 1[. Then for any suffi-
ciently small £ > 0, there exists a smooth function . such that the form w. on Y defined
by

wWe = w + ddY.
satisfies the following properties:
- we dominates a fixed Kéhler form on Y
- 1) is uniformly bounded (on Y) in ¢;

- When € goes to 0, w. converges to some Kéhler metric on Y \ Supp(F') having cone

singularities along F'.

Our goal is now to apply this construction for some suitable Kéhler form w, and
try to apply the laplacian estimates obtained in the previous section in order to get
C™lw. <0+ dd°p. < Cw. on compact subsets of X \ E.

We know that for some hermitian metric h on E, the form w, = 0—0;,(E) is a Kéhler form.
So we can apply the previous approximation processto Y = X, F' = D, and w = w,. We get
a sequence of smooth functions 1. such that w,, := w, + dd°t). is a Kahler form satisfying
the three conditions above. Moreover, w, corresponds to the Kéhler metric § — ©;_(E)
where h. := he¥s, or equivalently p. := p + 1., and we still have that wp, and 6 4 dd°pe
coincide on X \ E.

4.4. End of the proof. — Recall now that we try to understand the behaviour of the
solution of
ATe dVv
MA 0+ ddo.)") = [T 1t =y
( 8) <( + (pé‘) > H| J| H(|Sz|2 +€2)ai

If we use the metric w,_ as new reference, equation (MA.) may be rewritten:

(0 +ddope)") = [T 5% X+ ey,
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where

av
F.=1lo .
T (rmsm R, )
In order to use the same notations as Proposition 4.1, we set:

o= biloglt P+ AT+ Fe, T =) —byloglt)?

b]‘>0 bj<0
if A >0, and
Y=Y biloglt P+ Fe, Y7 =M+ Y —bjlogt;|?
bj>0 b]‘<0

else. We should add that despite the notations, ¥+ and ¥~ actually depend on €.
With these notations, equation (MA.) becomes:

(MAL) (0 + dd°p.)™) = "~ wp
On the compact subsets of X \ E, w,_ converge to a K&hler metric with cone singularities
along D. Therefore the proof of Theorem B boils down to showing that on each relatively
compact open subset U € X \ E, there exists a constant Cyy > 0 such that on U, we have
for each € > 0:
Cplwp, <O+ dd°p. < Cyw,,
We fix such a open subset U. We want to apply Proposition 4.1 in our situation, so we need
to check that there exists C' > 0 independent of ¢ satisfying:

(i) dd°¢* > ~Cuw,, and supy o+ < Cs
=

(i1) dd“p~ > —Cuw,, and [e™¥ Wl /dV'|1» < C;
(4ii) w,. = C~'w and the holomorphic bisectional curvature of w,_ is bounded from below
(on X) by —C.

Let us begin with (é7). The first thing to check is that dd°r. > —Cw,_. As w,_ dominates
some uniform Ké#hler form (cf construction of the approximate cone metric, section 4.3), this
follows from (4.1). Then, we have to check the uniform LP integrability condition. We may
assume that A < 0; let us fix § > 0 small enough, and more precisely

6 < min i_ -1
i b;
where b;” = max(—b;,0).
Then by monotone convergence, e*(1+97 is uniformly in L? for all ¢ > 1 because so is
eM1+9)% by Proposition 2.1; we will fix an appropriate ¢ later. Moreover, by the normal
crossing property and the klt condition, ([T, -, [t;]2%)1+° is also uniformly in L*7(dV)
for some 7 > 0 small enough. Therefore, taking ¢ =1+ %, we get the result.
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There remain two non-trivial estimates to check, namely that dd“F. > —Cw,,_, and that
the holomorphic bisectional curvature of w,_ is uniformly bounded below on X \ E. This is
precisely at this point of the proof that we use in a crucial manner the assumption that the
coefficients of D are in [3,1).

Indeed the first estimate is already obtained in [CGP11, §4.5] in the slightly weaker
form A, F. > —C, and is proven in the desired form in [Guel2, §4.2.3]. As for the
second estimate, concerning the curvature of w,_, it is equally proven in [CGP11, §4.3-4.4].

Finally, as for the bound F. < C, it is quite easy and explained in the same references.

Therefore, we can legitimately apply Proposition 4.1 to equation (MAL), which ends the
proof of Theorem B.

Remark 4.3. — Let us emphasize that we may use the computations of [CGP11] to esti-
mate e.g. the curvature of w, because this last metric is of the form w, + dd“y). for some
fized Kéhler metric w, on the whole X. It is not clear to us whereas the same regular-
ization argument could be performed directly on Amp(«) (ie without choosing a suitable
compactification) as in [BBET11, Theorem 10.1].

References

[BBE*11] R. BERMAN, S. BOUCKSOM, P. EYSSIDIEUX, V. GUEDJ & A. ZERIAHI - “Kihler-Einstein
metrics and the Kéhler-Ricci flow on log-Fano varieties”, arXiv:1111.7158v2 (2011).

[BBGZ09] R. BERMAN, S. BoucksoM, V. GUEDJ & A. ZERIAHI — “A variational approach to
complex Monge-Ampere equations”, Publ. IHES (to appear) arXiv:0907.4490 (2009) (English).
[BBP10] S. BoucksoM, A. BROUSTET & G. PACIENZA — “Uniruledness of stable base loci of adjoint

linear systems with and without Mori Theory”, arXiv:0902.1142 (2010).
[BCHM10] C. BIRKAR, P. Cascini, C. HacoN & J. MCKERNAN — “Existence of minimal models
for varieties of log general type”, J. Amer. Math. Soc. 23 (2010), p. 405-468.

[BD12] R. BERMAN & J.-P. DEMAILLY — “Regularity of plurisubharmonic upper envelopes in big
cohomology classes”, in Perspectives in analysis, geometry, and topology, Progr. Math., vol. 296,
Birkh#user/Springer, New York, 2012, p. 39-66.

[BEGZ] S. BoucksoM, P. EvssIDIEUX, V. GUEDJ & A. ZERIAHI — “Monge-Ampére equations in
big cohomology classes”, Acta Math. (to appear).

[Ber09] R. BERMAN — “Bergman kernels and equilibrium measures for line bundles over projective
manifolds”, Amer. J. Math. 131 (2009), no. 5, p. 1485-1524.

[Bou04] S. BoucksoM — “Divisorial Zariski decompositions on compact complex manifolds”, Ann.
Sci. Ecole Norm. Sup. (4) 37 (2004), no. 1, p. 45-76.

[Brell] S. BRENDLE — “Ricci flat K&hler metrics with edge singularities”, arXiv 1105.5454 (2011).

[CGP11] F. CamPANA, H. GUENANCIA & M. PAUN — “Metrics with cone singularities along normal
crossing divisors and holomorphic tensor fields”, arXiv:1104.4879 (2011).

[Deb01] O. DEBARRE — Higher-dimensional algebraic geometry, Universitext, Springer-Verlag, New
York, 2001.

[Dem82] J.-P. DEMAILLY — “Estimations L? pour I'opérateur 0 d’un fibré vectoriel holomorphe

semi-positif au-dessus d’une variété kihlérienne complete”, Ann. Sci. Ecole Norm. Sup. (4) 15
(1982), no. 3, p. 457-511.



18 HENRI GUENANCIA

[Dem92] , “Regularization of closed positive currents and intersection theory”, J. Algebraic
Geom. 1 (1992), no. 3, p. 361-409.

[Donl0] S. DONALDSON — “Kihler metrics with cone singularities along a divisor”, arXiv: 1102.1196
(2010).

[EGZ09] P. EYSSIDIEUX, V. GUEDJ & A. ZERIAHI — “Singular Kéhler-Einstein metrics”, J. Amer.
Math. Soc. 22 (2009), p. 607-639.

[ELM106] L. EIN, R. LAZARSFELD, M. MUSTATA, M. NAKAMAYE & M. Popra — “Asymptotic
invariants of base loci”, Ann. Inst. Fourier (Grenoble) 56 (2006), no. 6, p. 1701-1734.

[Guel2] H. GUENANCIA — “Kéhler-Einstein metrics with mixed Poincaré and cone singularities
along a normal crossing divisor”, arXiv:1201.0952 (2012).

[GZ05] V. GUEDJ & A. ZERIAHI — “Intrinsic capacities on compact Kdhler manifolds.”, J. Geom.
Anal. 15 (2005), no. 4, p. 607-639 (English).

[GZ07] V. GUEDJ & A. ZERIAHI — “The weighted Monge-Ampére energy of quasi plurisubharmonic
functions”, J. Funct. An. 250 (2007), p. 442-482.

[GZ11] V. GUEDJ & A. ZERIAHI — “Stability of solutions to complex Monge-Ampére equations in
big cohomology classes”, arXiv:1112.1519 (2011).

[Har77] R. HARTSHORNE — Algebraic geometry, Springer-Verlag, New York, 1977, Graduate Texts
in Mathematics, No. 52.

[JMR11] T. JEFFRES, R. MAZZEO & Y. RUBINSTEIN — “Ké&hler-Einstein metrics with edge singu-
larities”, arXiv:1105.5216 (2011), with an appendix by C. Li and Y. Rubinstein.

[MR12] R. MAzzEO & Y. A. RUBINSTEIN — “The Ricci continuity method for the complex Monge—
Ampere equation, with applications to K&hler—Einstein edge metrics”, C. R. Math. Acad. Sci.
Paris 350 (2012), no. 13-14, p. 693-697.

[Pau08] M. PAUN — “Regularity properties of the degenerate Monge-Ampere equations on compact
Kéhler manifolds.”, Chin. Ann. Math., Ser. B 29 (2008), no. 6, p. 623-630.

[Siu87] Y.-T. S1U — Lectures on Hermitian-Einstein Metrics for Stable Bundles and Kdihler-Einstein
Metrics, Birkh&user, 1987.

[Sko72] H. SKODA — “Sous-ensembles analytiques d’ordre fini ou infini dans C™”, Bull. Soc. Math.
France 100 (1972), p. 353-408.

November 15, 2012

HENRI GUENANCIA, Institut de Mathématiques de Jussieu, Université Pierre et Marie Curie, Paris &
Département de Mathématiques et Applications, Ecole Normale Supérieure, Paris
E-mail : guenancia@math. jussieu.fr e Url: www.math.jussieu.fr/“guenancia



	1. Introduction
	2. Monge-Ampère equations in big cohomology classes
	2.1. Generalities on big cohomology classes
	2.2. Non-pluripolar product and Monge-Ampère equations
	2.3. The equation MA(phi)=ephi mu

	3. Cone singularities for Kähler-Einstein metrics
	3.1. Singular Kähler-Einstein metrics
	3.2. Metrics with cone singularities
	3.3. Statement of the main result

	4. Proof of Theorem B
	4.1. Regularization
	4.2. Laplacian estimates
	4.3. Approximation of the cone metric
	4.4. End of the proof

	References

