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1. Introduction

Let (X,D) be a Kawamata log-terminal pair (shortened in klt), ie X is a normal projective

variety over C of dimension n, and D is an arbitrary Q-divisor such that KX+D is Q-Cartier,

and for some (or equivalently any) log-resolution π : X ′ → X , we have:

KX′ = π∗(KX +D) +
∑

aiEi

where Ei are either exceptional divisors or components of the strict transform of D, and

the coefficients ai satisfy the inequality ai > −1.

For such a pair (X,D), there exists a natural notion of Kähler-Einstein metric devel-

oped by Eyssidieux, Guedj and Zeriahi in [EGZ09] for the non-positively curved case (ie
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KX + D ample or trivial), and extended by Berman, Boucksom and the previous authors

in [BBE+11] for log-Fano varieties (−(KX +D) ample).

Those objects are currents living on a log-resolution of the pairs, and are very particular

from the point of view of pluripotential theory (they have finite energy). Moreover, those

currents are shown to induce genuine Kähler-Einstein metrics on the Zariski open subset

X0 := Xreg \ Supp(D). However, few is known on the behavior of the Kähler-Einstein

metrics near the degeneracy locus X \X0.

As understanding the degeneracy of the Kähler-Einstein metric near the singularities of

X seems out reach for the moment, we will focus on the behavior near the support of D

intersected with the regular locus of X . It turns out that this is equivalent to control the

singularities of the solution of a degenerate Monge-Ampère equation on a smooth manifold,

the term ”degenerate” meaning here that the solution lives in a class which is not Kähler

(but at least big, or nef and big), and that the right-hand side is not smooth.

Theorem A. — Let (X,D) be a klt pair, and let LS(X,D) := {x ∈ X ; (X,D) is log-smooth

at x}. We assume that the coefficients of D are in [1/2, 1).

(i) If KX + D is big, then the Kähler-Einstein metric of (X,D) has cone singularities

along D on LS(X,D) ∩ Amp(KX +D).

(ii) If −(KX +D) is ample, then any Kähler-Einstein metric of (X,D) has cone singular-

ities along D on LS(X,D).

We also prove a similar result for the Ricci-flat case : if under the same set-up, we are

given α a nef and big class, and assume that c1(KX + D) is trivial, then the Ricci-flat

Kähler-Einstein metric in α has cone singularities along D on LS(X,D) ∩ Amp(KX + D).

As the result is a bit less natural, we chose not to include it in the previous Theorem.

Let us also mention that LS(X,D) is a dense open subset of X of codimension at least

2, as it contains the intersection of Xreg and the regular locus of Dred.

Let us explain the first case. For the moment, we do not know any regularity result

for solutions of Monge-Ampère equations in general big classes. But in the case of adjoint

bundles coming from klt pairs, the main theorems of the Minimal Model Program (MMP)

theory enable us to boil down to the semipositive and big case which is far better under-

stood. Let us now be more precise:

Let (X,D) be a klt pair of log-general type, ie KX + D is assumed to be big. By

the fundamental results of [BCHM10, Theorem 1.2], we know that (X,D) has a log-

canonical model f : X 99K Xcan where Xcan is a projective normal variety and f is a

birational contraction such that f∗(KX +D) = KXcan
+Dcan is ample (here Dcan := f∗D).
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If µ : Y → X , ν : Y → Xcan is a resolution of the graph of f , then

µ∗(KX +D) = f∗(KXcan
+Dcan) + E

for some effective ν-exceptional divisor E. A consequence of this Zariski decomposition

is that every positive current T in c1(KX + D) comes from a unique positive current

S ∈ c1(KXcan
+ Dcan) in the following way: µ∗T = ν∗S + [E]. In particular the Kähler-

Einstein metric on (X,D) constructed in [BEGZ, Theorem 6.4] (see also Theorem 2.2

for the general case of a klt pair) corresponds in this way to the Kähler-Einstein metric

on (Xcan, Dcan) constructed in [EGZ09, Theorem 7.12]. In particular, this last metric is

smooth outside of the singular locus of Xcan and Supp(Dcan).

Moreover, as the log-canonical model f : X 99K Xcan induces an isomorphism from the

ample locus of KX +D onto its image (this is an general property for the maps attached to

big linear systems, which follows directly from the definition of B+(KX +D)), it is enough

for our matter to understand the Kähler-Einstein metric of (Xcan, Dcan). So we are reduced

to work in semipositive and big classes as explained above.

Once this reduction is done, we can express the problem in terms of Monge-Ampère

equations (cf section 3.1); the framework is the following one: let X be a compact Kähler

manifold of dimension n, α a nef and big class class and θ ∈ α a smooth representative.

Let E =
∑

cjEj be an effective R-divisor with snc support such that α− E is Kähler. Let

also D =
∑

aiDi an effective divisor with snc support such that E and D have no common

components, and that E +D has snc support.

We write X0 = X \ (Supp(E) ∪ Supp(D)), and we choose non-zero global sections

tj of OX(Ej) and si of OX(Di), and we choose some real numbers tj > −1. We

choose some smooth hermitian metrics on those bundles which we normalize so that
∫

X

∏

|tj |
2bj

∏

|si|
−2aidV = vol(α). Finally, if ϕ is a θ-psh function, we denote by MA(ϕ)

the non-pluripolar product 〈(θ + ddcϕ)n〉.

Theorem B. — We assume that the coefficients of D satisfy the inequalities ai > 1/2 for

all i.

(i) If λ > 0, then the solution with full Monge-Ampère mass of

MA(ϕ) =
∏

|tj |
2bj

eλϕdV
∏

|si|2ai

defines a smooth metric on X0 having cone singularities along D.

(ii) If λ < 0, then any θ-psh function ϕ with minimal singularities solution of

MA(ϕ) =
∏

|tj |
2bj

eλϕdV
∏

|si|2ai

defines a smooth metric on X0 having cone singularities along D.
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In order to deduce Theorem A from Theorem B, one considers a log-resolution of the

pair (X,D) which also computes the augmented base locus as an SNC divisor meeting the

strict transform of D properly. The Monge-Ampère equation giving the Kähler-Einstein

metrics pulls back to this resolution and has exactly the form considered above. Finally, we

observe that a log-resolution of a pair (X,D) is an isomorphism on the previously defined

log-smooth locus LS(X,D), so we are done.

One may remark that to deduce Theorem A from Theorem B, it would have been enough

to assume α semi-positive and big. As the proof of the nef and big case is not really more

complicated, we chose to state the Theorem in this slightly greater generality. We should

also add that these last results of are expected to be valid in the more general case where α

is only big and not necessarily nef. However, even when D = 0, we were not able to prove

that the Kähler-Einstein metrics are smooth on the ample locus of α, and new ideas shall

probably be needed to settle this question.

In order to relate this result to previous works, we should mention that a result like

Theorem B was already known when α is a Kähler class, so that E is empty. More precisely,

this result was obtained in [Bre11, JMR11] whenever D is irreducible and in [CGP11]

when the coefficients of D are in [1/2, 1). Moreover, the general (Kähler) case has been

announced by R. Mazzeo and Y. Rubinstein in [MR12].

2. Monge-Ampère equations in big cohomology classes

In this section, we recall some generalities on big cohomology classes on a compact Kähler

manifold, and then give an outline of the paper by Boucksom, Eyssidieux, Guedj and Zeriahi

[BEGZ] which we are going to rely on.

2.1. Generalities on big cohomology classes. — We start with a compact Kähler

manifold X of dimension n, and we consider a class α ∈ H1,1(X,R) which is big. By defini-

tion, this means that α lies in the interior of the pseudo-effective cone, so that there exists a

Kähler current T ∈ α, that is a current which dominates some smooth positive form ω on X .

2.1.1. The ample locus of α. — One may define, following S. Boucksom [Bou04, §3.5], the

ample locus of α, denoted Amp(α), which is the largest Zariski open subset U of X such that

for all x ∈ U , there exists a Kähler current Tx ∈ α with analytic singularities such that Tx

is smooth in an (analytic) neighbourhood of x. A generalization of Kodaira’s lemma asserts

that for some modification π : X ′ → X , one can write π∗α = β + E where β is a Kähler

class and E is an effective divisor on X ′. Then one has the following characterization of the

complement of Amp(α), denoted B+(α) and called augmented base locus in analogy with

the case where α is a big class in the real Néron-Severi group NS(X) ⊗ R (cf [ELM+06],
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[BBP10, Lemma 1.4]):

B+(α) =
⋂

π∗α−E Kähler

π(Supp(E))

where E ranges over all effective R-divisor in a birational model π : X ′ → X such that

π∗α− E is a Kähler class.

At this point, two remarks need to be made. The first one is that the augmented base locus

(or equivalently the ample locus) of a big class α can be computed by a single modification

π : X ′ → X .

Indeed, by the noetherianity of X for the (holomorphic) Zariski topology, there exists a

Kähler current T ∈ α with analytic singularities such that the singular locus of T is exactly

B+(α). Resolving the singularities of T (cf [Bou04, §2.6]), one obtains a morphism π :

X ′ → X such that π∗T = θ + [E] where θ > π∗ω for any Kähler form ω on X dominated

by T , and E =
∑

aiEi is an effective R-divisor lying above the singular locus of T (so it

is not necessarily exceptional because B+(α) might have one-codimensional components).

Moreover, as π is a birational morphism between smooth varieties (actually we use here that

X is locally Q-factorial) there exists some positive linear combination F =
∑

biEi, (so with

bi > 0) such that −F is π-ample (cf [Har77, II, ex. 7.11 (c)] or [Deb01, 1.42]). Therefore,

for a sufficiently small ε, the cohomology class of θ− εF contains a Kähler form, so that we

have the following decomposition:

π∗α = {θ − εF} + (E + εF )

with {θ − εF} Kähler, and E + εF effective, with support equal to Supp(E). Therefore

B+(α) = π(Supp(E)), which shows that B+(α) can be indeed computed by a single modifi-

cation of X .

The second remark we would like to do about the notion of ample locus concerns the case

when α = c1(L) is the Chern class of a line bundle. In that case, there is no need to perform

modifications of X to compute B+(α), as is shown in [ELM+06, Remark 1.3]:

B+(L) =
⋂

L=A+E
A ample,E>0

Supp(E)

2.1.2. Currents with minimal singularities. — We will be very brief about this well-known

notion, and refer e.g. to [Bou04, §2.8], [BBGZ09, §1], [Ber09] or [BD12] for more details

and recent results.

By definition, if T, T ′ are two positive closed currents in the same cohomology class α,

we say that T is less singular than T ′ if the local potential ϕ, ϕ′ of these currents satisfy

ϕ′ 6 ϕ + O(1). This definition does not depend on the choice of the local potential, and

induces a (partial) order on the set of positive currents in α. In each (pseudo-effective)

cohomology class α, one can find a positive closed current Tmin which will be less singular

than all the other ones; this current is not unique in general; only its class of singularities

is. Such a current will be called current with minimal singularities.
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One way to find such a current is to pick θ ∈ α a smooth representative, and define then,

following Demailly, the upper envelope

Vθ := sup{ϕ θ−psh, ϕ 6 0 on X}

Once observed that Vθ is θ-psh (in particular upper semi-continuous), it becomes clear that

θ + ddcVθ has minimal singularities.

The following observation, which dates back to S. Boucksom [Bou04, Proposition 3.6],

will be important for dealing with positively curved Kähler-Einstein metrics:

Proposition 2.1. — Let α be a nef and big class, and θ ∈ α a smooth representative. Then

all the Lelong numbers of Vθ vanish:

∀x ∈ X, ν(Vθ, x) = 0.

Equivalently, exp(−Vθ) ∈ Lp for all p > 1.

Proof. — Let T ∈ α be a Kähler current: T > ω for some Kähler form ω on X . By

definition, as α is nef, then for anys ε > 0, there exists a smooth form Tε ∈ α such that

Tε > −εω. Then Sε := εT+(1−ε)Tε > ε2ω defines a positive current in α, and for all x ∈ X ,

ν(Sε, x) = εν(T, x) by linearity of ν. Let now Tmin = θ + ddcVθ be a current with minimal

singularities. As Sε is a positive current in α, we have ν(Tmin, x) 6 ν(Sε, x) = εν(T, x) for

all ε > 0, and therefore ν(Tmin, x) = 0.

The second point is a straightforward consequence of the first one using Skoda’s integra-

bility theorem [Sko72].

2.2. Non-pluripolar product and Monge-Ampère equations. —

2.2.1. Non-pluripolar product. — In the paper [BEGZ], the non-pluripolar product T 7→

〈T n〉 of any closed positive (1, 1)-current T ∈ α is shown to be a well-defined measure on

X putting no mass on pluripolar sets. Given now a θ-psh function ϕ, one defines its non-

pluripolar Monge-Ampère by MA(ϕ) := 〈(θ + ddcϕ)n〉. Then one can check easily from the

construction that the total mass of MA(ϕ) is less or equal than the volume vol(α) of the

class α:
∫

X

MA(ϕ) 6 vol(α)

A particular class of θ-psh functions that appears naturally is the one for which the last

inequality is an equality. We will say that such functions (or the associated currents) have

full Monge-Ampère mass.

Let us consider now the case of θ-psh functions with minimal singularities. By definition,

they are locally bounded on Amp(α), so that one can consider on this open set their Monge-

Ampère (θ+ ddcϕ)n in the usual sense of Bedford-Taylor. Then one can see that the trivial
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extension of this measure to X coincide with MA(ϕ) and satisfies
∫

X

MA(ϕ) = vol(α)

In particular, currents with minimal singularities have full Monge-Ampère mass, the converse

being false however.

2.2.2. Monge-Ampère equations in big cohomology classes. — One of the main results of

the paper [BEGZ], is that for every non-pluripolar measure µ, there exists a unique positive

current Tµ ∈ α with full Monge-Ampère mass satisfying the Monge-Ampère equation

〈T n〉 = µ

The strategy of the proof is to consider approximate Zariski decompositions Xk
πk−→ X

(with π∗
kα = βk + [Ek] where βk is Kähler and Ek effective) and to solve 〈Snk 〉 = vol(βk)

vol(α) π
∗
kµ

with Sk ∈ βk, which is possible thanks to the main result of [GZ07] (βk is Kähler). Then

one needs to prove that Tk := (πk)∗(Sk + [Ek]) converges to some current T with full

Monge-Ampère mass solution of the initial equation.

In that same paper, the authors of [BEGZ] obtain L∞ estimates of the potential of the

solution T whenever the measure µ = fdV has L1+ε-density with respect to the Lebesgue

measure. More precisely, they get the following result [BEGZ, Theorem 4.1]: the normalized

potential ϕ (ie maxX ϕ = 0) solution of MA(ϕ) = µ satisfies

ϕ > Vθ −M ||f ||
1/n

L1+ε

where Vθ is the upper envelope Vθ := sup{ψ θ−psh, ψ 6 0 on X} defined in the previous

section, and M depends only on θ, dV and ε.

Finally, if µ = dV is now a smooth volume form, and under the additional assumption

that α is nef and big, then [BEGZ, Theorem 5.1] asserts that the solution Tµ is smooth on

the ample locus Amp(α). Very little is known however on the behavior of Tµ along B+(α),

even in the case where α is semi-positive (and big).

2.3. The equation MA(ϕ) = eϕµ. — In this section, we focus on the equation

MA(ϕ) = eϕµ, where µ is a non-pluripolar measure. As we explained in the introduction,

this equation is related to the search for negatively curved Kähler-Einstein metrics.

Whenever µ = dV is a smooth volume form, we have at our disposal [BEGZ, Theorem

6.1] which garantees that the previous equation admits a unique solution ϕ θ-psh with full

Monge-Ampère mass (we are still assuming that α = {θ} is a big class).

In fact, their proof can be readily adapted to the case where µ has a L1+ε density with

respect to the Lebesgue measure:

Theorem 2.2. — Let X be a compact Kähler manifold of dimension n, α ∈ H1,1(X,R) a

big class, and µ = fdV a volume form with density f > 0 belonging to L1+ε(dV ) for some
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ε > 0. Then there exists a unique θ-psh function ϕ with full Monge-Ampère mass such that

〈(θ + ddcϕ)n〉 = eϕµ. Furthermore, ϕ has minimal singularities.

Sketch of Proof. — The proof is almost the same as the one of [BEGZ, Theorem 6.1], so

we only give the main ideas. Assume first that µ has total mass 1, and consider C the

subset of L1(X,µ) consisting of all θ-psh functions ψ normalized by supX ψ = 0. Indeed,

PSH(X, θ) ⊂ L1(X,µ) because any θ-psh function is in Lploc for every p > 0, so applying

Hölder’s inequality with p = 1 + 1
ε , we obtain the result. This set is convex, compact, so

there exists C > 0 such that
∫

X ψdµ > −C for all ψ ∈ C, as explained in [GZ05, Proposition

1.7]. By convexity, one deduces in particular that log
∫

X
eψdµ > −C for all ψ ∈ C.

For all ψ ∈ C, the measure eψµ has uniform L1+ε density with respect to dV because

ψ 6 0. Therefore, [BEGZ, Theorems 3.1 & 4.1] ensure the existence of a unique func-

tion Φ(ψ) ∈ C such that MA(Φ(ψ)) = eψ+cψµ, where cψ = log vol(α) − log
∫

X e
ψdµ 6

log vol(α) + C, and Φ(ψ) > Vθ −M for some uniform M .

[BEGZ, Lemma 6.2] shows that the map Φ : C → C is continuous, therefore it has a

fixed point ψ ∈ C by Schauder’s fixed point theorem, and one concludes setting ϕ := ψ+ cψ.

As any θ-psh function is bounded above on X , every solution of our equation has minimal

singularities, and thus uniqueness follows from the straightforward generalization of [BEGZ,

Proposition 6.3] in the setting of measures with L1+ε density with respect to the Lebesgue

measure.

Remark 2.3. — Let us note that it follows from the proof of this theorem that there exists

M depending only on θ, dV and ε such that the solution ϕ of 〈(θ + ddcϕ)n〉 = eϕµ satisfies

M > ϕ > Vθ −M ||f ||
1/n
L1+ε . Indeed, the only point is to control the constant C appearing in

the previous proof, but C is bounded by sup{||ψ||L1+1/ε · ||f ||L1+ε ; ψ ∈ C} which is finite by

compactness of C and equivalence of the L1 and Lp topology for quasi-psh functions.

3. Cone singularities for Kähler-Einstein metrics

3.1. Singular Kähler-Einstein metrics. — As we mentioned in the introduction, one

can define the notion of Kähler-Einstein metric attached to any klt pair (X,D). We refer

e.g. to [EGZ09] or [BBE+11] for the definition in the non-positively curved case and in

the log-Fano case respectively. What is important to remember about those objects is that

they are currents on the singular variety X which satisfy on any log-resolution (X ′, D′) (D′

being given by the identity KX′ +D′ = π∗(KX +D)) a Monge-Ampère equation of the form

(KEλ) MA(φ) = e±(φ−φD′)

in the negatively or positively curved case (and a similar equation in the Ricci-flat case).

Here φ is a (singular) psh weight on ±c1(KX′ + D′) (or in some given semiample and big

class), φD′ is a (singular) psh weight on the R-line bundle OX(D) such that ddcφD′ = [D′],



CONIC KÄHLER-EINSTEIN METRICS ON KLT PAIRS 9

and MA is the non-pluripolar Monge-Ampère operator.

As a current, a Kähler-Einstein metric ω = ddcφ attached to (X,D) shall satisfy the

equation

Ricω = ∓ω + [D]

or equivalently Ricω′ = ∓ω′+[D′] where ω′ = π∗ω for a log-resolution π : X ′ → X of (X,D).

It is not completely clear that any Kähler-Einstein metric (as previously defined) should

be smooth on Xreg \ Supp(D), or equivalently on X ′ \ Supp(D′). This work has been done

for the log-Fano case in [BBE+11] using an estimate appearing in [Pău08]. We will also

follow this strategy to obtain the smoothness on the suitable locus (cf Remark 4.2). This

strategy will also enable us to establish the cone singularities of the Kähler-Einstein metric).

There are two difficulties arising when one wants to understand the solutions of the

Monge-Ampère equation (KEλ): first of all, the right hand side is singular, and also the

class in which one looks for a solution is no more ample (or Kähler) but merely semi-ample

and big. However, working with those weak positivity notions has the advantage that

our equation is invariant by modification, and can be read equally on any log-resolution.

Therefore, one can assume that the augmented base locus of ±π∗(KX + D) (or π∗α for

α a Kähler class on X , in the Ricci-flat case) is given by a divisor E (in a sense to make

clear) having simple normal crossing support, and meeting the strict transform of D also

normally. We will see shortly that this context is well adapted for our purposes.

Let us recall that in the case where (X,D) is a log-smooth pair (with D having coefficients

in (0, 1)) and ±(KX+D) is ample, then the behavior of any Kähler-Einstein metric alongD is

well understood: it has socalled cone singularities (cf [Bre11, CGP11, Don10, JMR11]).

We now want to show a similar statement in our situation; so let us first recall the notion

of cone singularities.

3.2. Metrics with cone singularities. — Let X be a compact Kähler manifold of

dimension n, and D =
∑

aiDi an effective R-divisor with simple normal crossing support

such that the ai’s satisfy the following inequality: 0 < ai < 1. We write X0 = X \ Supp(D),

and we choose non-zero global sections si of OX(Di).

Our local model is given by the product Xmod = (D∗) × Dn−r where D (resp. D∗) is

the disc (resp. punctured disc) of radius 1/2 in C, the divisor being Dmod = d1[z1 =

0]+ · · ·+dr[zr = 0], with di < 1. We will say that a metric ω on Xmod has cone singularities

along the divisor Dmod if there exists C > 0 such that

C−1ωmod 6 ω 6 C ωmod
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where

ωmod :=

r
∑

j=1

idzj ∧ dz̄j
|zj|2dj

+

n
∑

j=r+1

idzj ∧ dz̄j

is simply the product metric of the standard cone metric on (D∗)r and the euclidian metric

on Dn−r.

This notion makes sense for global (Kähler) metrics ω on the manifold X0; indeed, we can

require that on each trivializing chart of X where the pair (X,D) becomes (Xmod, Dmod)

(those charts cover X), ω is equivalent to ωmod just like above; of course this does not

depend on the chosen chart.

In our case, we are going to deal with Kähler metrics no more on the whole X0 but on

some Zariski open subset, more precisely X0 ∩ Amp(α) for some semi-positive and big (or

nef and big) class α (in Theorem B, we work on X0 \ Supp(E) for example). Therefore

one needs to make precise what we will call cone singularities for such a metric. Indeed,

Amp(α) being non compact in general (more precisely as soon as α is not ample), the

bi-Lipschitz constant comparing the initial and the model cone metric in each local charts

may not be chosen uniformly for all charts covering Amp(α). So we just do not ask it

to be uniform, and therefore only care on what happens on compact subsets of X0∩Amp(α).

3.3. Statement of the main result. — We have seen in the introduction that Theorem

A, which asserts that (under some assumptions) the Kähler-Einstein metric for a klt pair

has cone singularities along the boundary (restricted to some suitable open subset). We

also explained in the introduction and the previous section 3.1 how to relate this assertion

to some particular properties of solutions of degenerate Monge-Ampère equations. So let us

now fix the set-up.

Let X be a compact Kähler manifold of dimension n, α a nef and big class class and

θ ∈ α a smooth representative. Let E =
∑

cjEj be an effective R-divisor with snc support

such that α− E is Kähler. Let also D =
∑

aiDi an effective divisor with snc support such

that E and D have no common components, and that E +D has snc support.

We write X0 = X \ (Supp(E) ∪ Supp(D)), and we choose non-zero global sections

tj of OX(Ej) and si of OX(Di), and we choose some real numbers tj > −1. We

choose some smooth hermitian metrics on those bundles which we normalize so that
∫

X

∏

|tj |
2bj

∏

|si|
−2aidV = vol(α). Finally, if ϕ is a θ-psh function, we denote by MA(ϕ)

the non-pluripolar product 〈(θ + ddcϕ)n〉.

Theorem 3.1. — We assume that the coefficients of D satisfy the inequalities ai > 1/2 for

all i.
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(i) If λ > 0, then the solution with full Monge-Ampère mass of

MA(ϕ) =
∏

|tj |
2bj

eλϕdV
∏

|si|2ai

defines a smooth metric on X0 having cone singularities along D.

(ii) If λ < 0, then any θ-psh function ϕ with minimal singularities solution of

MA(ϕ) =
∏

|tj |
2bj

eλϕdV
∏

|si|2ai

defines a smooth metric on X0 having cone singularities along D.

4. Proof of Theorem B

The strategy of the proof is to regularize the Monge-Ampère equation into an equation

with smooth right-hand side. The stake will then consist in obtaining uniform estimates

on the compact subsets of X0 (cf Proposition (4.1)). In order to simplify the notations, we

will use the same notation for Supp(E) and E whenever no confusion might result from this

abuse of notation.

4.1. Regularization. — We start from our solution ϕ, and we regularize the Monge-

Ampère equation in two ways: first, we regularize ϕ by approximating it with a decreasing

sequence of smooth quasi-psh functions τε satisfying

(4.1) ddcτε > −Cω

for some (Kähler) form ω. This is possible thanks to Demailly’s regularization theorem

[Dem82, Dem92]. In particular the τε’s are uniformly upper bounded by sup τ1 for in-

stance. Then, we consider the following equation (in ϕε):

(MAε) 〈(θ + ddcϕε)
n〉 =

∏

|tj |
2bj

eλτεdV
∏

(|si|2 + ε2)ai

By multiplying dV with a constant, we can make sure that the total mass of the RHS is

vol(α)); this constant depends on ε, but in a totally harmless way because
eλτε

∏
|tj |

2bj
∏

(|si|2+ε2)ai

is uniformly bounded in L1(dV ) : this is clear if λ > 0 and follows from the monotone

convergence combined with Proposition 2.1 if λ < 0. Therefore we can assume that the

volume form is already normalized.

By [BEGZ], we know that (MAε) has a unique solution ϕε which is θ-psh and has minimal

singularities. One could also deduce a uniform estimate, but at that point we do not really

need it, and we will anyway recover it implicitly with Proposition 4.1.
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4.2. Laplacian estimates. — In this section, we explain in Proposition 4.1 how to

obtain laplacian estimates for our regularized solutions: this is the key result for the proof

of the main theorems. It is an adaptation of [BBE+11, Theorem 10.1] in the nef and big

case, with a slight refinement (cf point (iii)) which will be crucial for us. Before we can

state the result, let us introduce some notations.

We recall that α is a nef and big class and E is an effective R-divisor such that α− E is

Kähler. We choose sE a non-zero section of the OX(E), and choose some smooth hermitian

metric h on this Q-line bundle; we set

ρ := log |sE |
2
h

(actually sE is not well-defined if E is not a Z-divisor, but ρ is). Then, we define

ωρ := θ − Θh(E)

which is a Kähler form if h is properly chosen (Θh(E) is the Chern curvature of the hermitian

R-line bundle (OX(E), h)). A trivial but important fact is that ωρ coincide with θ + ddcρ

on X \ E.

We emphasize that ωρ depends on the smooth hermitian metric chosen on E, or equiv-

alently it depends on ρ, hence the notation. In the following proposition, we explicit the

precise dependence in h (or ρ) in the laplacian estimates obtained in [BBE+11, Theorem

10.1]:

Proposition 4.1. — With the previous notations, let ψ± be quasi-psh functions on X such

that e−ψ
−

∈ Lp(dV ) for some p > 1, and satisfying
∫

X
eψ

+−ψ−

ωnρ = vol(α) . Let ϕ be a

θ-psh function solution of

〈(θ + ddcϕ)n〉 = eψ
+−ψ−

ωnρ

and assume given a constant C > 0 such that

(i) ddcψ+ > −Cωρ and supX ψ
+ 6 C;

(ii) ddcψ− > −Cωρ and ||e−ψ
−

ωnρ /dV ||Lp(dV ) 6 C;

(iii) ωρ > C−1ω and the holomorphic bisectional curvature of ωρ is bounded below on X by

−C.

Then there exist A,B > 0 depending only on θ, p and C such that on X \ E:

0 6 θ + ddcϕ 6 Ae−Bρ−ψ
−

ωρ

Proof. — We will only treat the case where ψ± are smooth; the general case can be reduced

to the smooth case by regularization exactly in the same way that in [BBE+11], the only

difference being the use of the degenerate version of Ko lodziej’s stability theorem for big

classes given in [GZ11, Theorem C].

For t > 0 (say t 6 1), we consider the Kähler form ωt on X defined by ωt := (1 + t)ωρ;

we also define θt := θ+ tωρ. As α is nef, {θt} is a Kähler class for all t > 0. Therefore there
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exists a unique normalized (smooth) θt-psh function ϕt such that

(θt + ddcϕt)
n = eψ

+−ψ−

ectωnρ

where ect = vol(α+ t{ωρ})/vol(α). As {ωρ} is independent of ρ (E is fixed), ct is uniformly

bounded.

We want to obtain an estimate |∆ωρϕt| 6 Ae−Bρ−ψ
−

on X \ E; as ωρ > 1
2ωt, it will be

enough to show the same estimate with ∆ωtϕt.

To begin with, thanks to assumptions (i) and (ii), we have a C 0 estimate given by

[BEGZ], and recalled in section 2.2.2: ϕt > Vθt −M . Besides, it is easy to see that Vθt
decreases to Vθ when t→ 0, so that ϕt > Vθ −M for all t > 0.

For the rest of the proof, we will work on X \E, so that ωρ actually coincide with θ+ddcρ.

At this point of the proof, one cannot use Siu’s formula [Siu87, pp. 98-99] as in [BBE+11]

anymore because we do not have an uniform upper bound on the scalar curvature of ωt.

Instead, we use a variant of Siu’s formula given in [CGP11, Lemma 2.2] involving only a

bound on the bisectional curvature of ωt; it yields:

∆ω′

t
(log trωt(ω

′
t)) >

∆ωt(ψ
+ − ψ−)

trωt(ω
′
t)

− Ctrω′

t
(ωt)

where ω′
t = θt + ddcϕt. We notice, as in [BBE+11], that even if [CGP11, Lemma 2.2] is

stated for two cohomologous forms, the last formula is valid because the computations are

local, and locally all forms are cohomologous.

Using both inequalities ωt > ωρ and n 6 trωt(ω
′
t)trω′

t
(ωt), we get then a constant A0 > 0

under control such that:

∆ω′

t
(log trωt(ω

′
t)) > −

∆ωtψ
−

trωt(ω
′
t)

−A0trω′

t
(ωt)

Now we use the computations of [BBE+11] based on [Pău08, Lemma 3.2]: as Cωt +

ddcψ− > 0, we have

0 6 Cωt + ddcψ−
6 trω′

t
(Cωt + ddcψ−)ω′

t

Taking the trace with respect to ωt gives:

0 6 nC + ∆ωtψ
−
6

(

Ctrω′

t
(ωt) + ∆ω′

t
ψ−

)

trωt(ω
′
t)

so that

∆ω′

t
ψ−

> −
nC + ∆ωtψ

−

trωt(ω
′
t)

− Ctrω′

t
(ωt)

and therefore:

(4.2) ∆ω′

t

(

log trωt(ω
′
t) + ψ−

)

> −A1trω′

t
(ωt)

for some constant A1 > 0 under control.
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Now, if we set

ut := ϕt − ρ

then ω′
t = ωt + ddcut so that n = trω′

t
(ωt) + ∆ω′

t
ut. Equation (4.2) gives us two positive

constants A2, A3 under control satisfying:

∆ω′

t
(log trωt(ω

′
t) + ψ− −A2ut) > trω′

t
(ωt) −A3

We want now to apply as usual the maximum principle to the term inside the laplacian

in the right hand side. To ensure we can do this, we must check that the function

Ht := log trωt(ω
′
t) + ψ− −A2ut

attains its maximum on X \ E. This is a qualitative problem, and of course we do not ask

any kind of uniformity here. We know that ψ− is bounded (but we do not have uniform

bounds), moreover trωt(ω
′
t) 6 Ctrω(ω′

t) by assumption (iii), and as ω′
t is smooth, this last

quantity is bounded above. Finally, −ut = ρ − ϕt is upper bounded and tends to −∞

near E. We conclude that Ht attains its maximum on at some point xt ∈ X \ E, so that

trω′

t
(ωt)(xt) 6 A3 is under control.

Using the basic inequality

trωt(ω
′
t) 6 n (ω′n

t /ω
n
t )

(

trω′

t
(ωt)

)n−1

and the inequality

ω′n
t /ω

n
t = eψ

+−ψ− ectωnρ
ωnt

6 ect+ψ
+−ψ−

we get

log trωt(ω
′
t) 6 −ψ− + (n− 1) log trω′

t
(ωt) +A4

with A4 under control, and therefore

Ht 6 (n− 1) log trω′

t
(ωt) −A2ut +A4

so that

sup
X\E

H = H(xt) 6 A5 −A2ut(xt)

Therefore, one has, for any x ∈ X \ E:

(log trωt(ω
′
t) + ψ−)(x) = H(x) +A2ut(x)

6 H(xt) +A2ut(x)

6 A5 +A2(ut(x) − ut(xt))

6 A6 +A2ut(x)

Indeed, ϕt > Vθ −M and ρ is θ-psh, thus ϕt > ρ−A7 so that infX\E ϕt − ρ is uniformly

bounded from below. As ϕt is normalized, ut 6 −ρ, so that one finally gets A,B > 0 under

control and satisfying: log trωt(ω
′
t) + ψ− 6 A−Bρ, which is what we were looking for.
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Remark 4.2. — Combined with Evans-Krylov’s theorem, this proposition shows that any

Kähler-Einstein metric attached to a klt pair (X,D) (satisfying e.g. KX + D ample, the

other cases being similar) is smooth on Xreg \Supp(D). Indeed, if we work on a suitable log-

resolution X ′ π
−→ X of (X,D) with KX′ +D′ = π∗(KX+D), then the KE metric (viewed on

X ′) written as usual θ′ + ddcϕ′ satisfies an equation of the form (θ′ + ddcϕ′)n = eϕ
′−ϕ′

DdV )

and we just have to apply the previous proposition with (ψ+, ψ−) = (ϕ′ + ϕD′

−

, ϕD′

+
) if

D′ = D′
+ −D′

− is the decomposition of D′ into its positive and negative part.

4.3. Approximation of the cone metric. — We now recall the global approximation

of a cone metric, as explained in [CGP11, Section 3] for instance.

Let ω be a Kähler form on some compact Kähler manifold Y carrying a R-divisor F =
∑

ckFk with simple normal crossing support and coefficients ck ∈]0, 1[. Then for any suffi-

ciently small ε > 0, there exists a smooth function ψε such that the form ωε on Y defined

by

ωε := ω + ddcψε

satisfies the following properties:

· ωε dominates a fixed Kähler form on Y ;

· ψε is uniformly bounded (on Y ) in ε;

· When ε goes to 0, ωε converges to some Kähler metric on Y \ Supp(F ) having cone

singularities along F .

Our goal is now to apply this construction for some suitable Kähler form ω, and

try to apply the laplacian estimates obtained in the previous section in order to get

C−1ωε 6 θ + ddcϕε 6 Cωε on compact subsets of X \ E.

We know that for some hermitian metric h onE, the form ωρ = θ−Θh(E) is a Kähler form.

So we can apply the previous approximation process to Y = X , F = D, and ω = ωρ. We get

a sequence of smooth functions ψε such that ωρε := ωρ + ddcψε is a Kähler form satisfying

the three conditions above. Moreover, ωρε corresponds to the Kähler metric θ − Θhε(E)

where hε := heψε , or equivalently ρε := ρ + ψε, and we still have that ωρε and θ + ddcρε

coincide on X \ E.

4.4. End of the proof. — Recall now that we try to understand the behaviour of the

solution of

(MAε) 〈(θ + ddcϕε)
n〉 =

∏

|tj |
2bj

eλτεdV
∏

(|si|2 + ε2)ai

If we use the metric ωρε as new reference, equation (MAε) may be rewritten:

〈(θ + ddcϕε)
n〉 =

∏

|tj |
2bjeλτε+Fεωnρε
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where

Fε = log

(

dV
∏

(|si|2 + ε2)aiωnρε

)

.

In order to use the same notations as Proposition 4.1, we set:

ψ+ :=
∑

bj>0

bj log |tj |
2 + λτε + Fε, ψ− :=

∑

bj<0

−bj log |tj |
2

if λ > 0, and

ψ+ :=
∑

bj>0

bj log |tj |
2 + Fε, ψ− := −λτε +

∑

bj<0

−bj log |tj |
2

else. We should add that despite the notations, ψ+ and ψ− actually depend on ε.

With these notations, equation (MAε) becomes:

(MA′
ε) 〈(θ + ddcϕε)

n〉 = eψ
+−ψ−

ωnρε

On the compact subsets of X \E, ωρε converge to a Kähler metric with cone singularities

along D. Therefore the proof of Theorem B boils down to showing that on each relatively

compact open subset U ⋐ X \ E, there exists a constant CU > 0 such that on U , we have

for each ε > 0:

C−1
U ωρε 6 θ + ddcϕε 6 CUωρε

We fix such a open subset U . We want to apply Proposition 4.1 in our situation, so we need

to check that there exists C > 0 independent of ε satisfying:

(i) ddcψ+ > −Cωρε and supX ψ
+ 6 C;

(ii) ddcψ− > −Cωρε and ||e−ψ
−

ωnρε/dV
′||Lp 6 C;

(iii) ωρε > C−1ω and the holomorphic bisectional curvature of ωρε is bounded from below

(on X) by −C.

Let us begin with (ii). The first thing to check is that ddcτε > −Cωρε . As ωρε dominates

some uniform Kähler form (cf construction of the approximate cone metric, section 4.3), this

follows from (4.1). Then, we have to check the uniform Lp integrability condition. We may

assume that λ 6 0; let us fix δ > 0 small enough, and more precisely

δ < min
j

1

b−j
− 1

where b−j = max(−bj , 0).

Then by monotone convergence, eλ(1+δ)τε is uniformly in Lq for all q > 1 because so is

eλ(1+δ)ϕ by Proposition 2.1; we will fix an appropriate q later. Moreover, by the normal

crossing property and the klt condition, (
∏

bj<0 |tj |
2bj )1+δ is also uniformly in L1+η(dV )

for some η > 0 small enough. Therefore, taking q = 1 + 1
η , we get the result.
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There remain two non-trivial estimates to check, namely that ddcFε > −Cωρε , and that

the holomorphic bisectional curvature of ωρε is uniformly bounded below on X \E. This is

precisely at this point of the proof that we use in a crucial manner the assumption that the

coefficients of D are in [ 12 , 1).

Indeed the first estimate is already obtained in [CGP11, §4.5] in the slightly weaker

form ∆ωρεFε > −C, and is proven in the desired form in [Gue12, §4.2.3]. As for the

second estimate, concerning the curvature of ωρε , it is equally proven in [CGP11, §4.3-4.4].

Finally, as for the bound Fε 6 C, it is quite easy and explained in the same references.

Therefore, we can legitimately apply Proposition 4.1 to equation (MA′
ε), which ends the

proof of Theorem B.

Remark 4.3. — Let us emphasize that we may use the computations of [CGP11] to esti-

mate e.g. the curvature of ωρε because this last metric is of the form ωρ + ddcψε for some

fixed Kähler metric ωρ on the whole X . It is not clear to us whereas the same regular-

ization argument could be performed directly on Amp(α) (ie without choosing a suitable

compactification) as in [BBE+11, Theorem 10.1].
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