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ABSTRACT   

An analytical slip-flow model, based on second-order boundary conditions, was 

proposed for gaseous flow in rectangular microchannels. An experimental setup has been 

designed for the measurement of gaseous micro flow rates under controlled temperature and 

pressure conditions. Data relative to nitrogen and helium flows through rectangular 

microchannels, from 4.5 to 0.5 µm in depth and with aspect ratios from 1 to 9 %, are 

presented and analyzed. A method is proposed to eliminate the main source of uncertainty, 

which is the imprecision when measuring the dimensions of the microchannel cross-section. 

It is shown that in rectangular microchannels, the proposed second-order model is valid for 

Knudsen numbers up to about 0.25, whereas the first-order model is no longer accurate for 

values higher than 0.05. The best fit is found for a tangential momentum accommodation 

coefficient 0.93σ = , both with helium and nitrogen.  
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INTRODUCTION 
 
 Research in microfluidics has become particularly active for a few years, and the 

literature is now full of novelty dealing with particular applications or fundamental aspects 

[1-4]. At present, with regard to flows through microchannels, the knowledge is more 

advanced for gaseous, than for liquid, flows. The main effects encountered in gaseous 

microflows, namely rarefaction and compressibility, are well identified. Nevertheless, for 

many applications, for example in the medical or chemical fields, precise predictive models 

are required. Moreover, it is interesting to have analytical or semi-analytical models of the 

flows, especially for the optimization of micro-devices requiring a system approach. 

 
 Gaseous steady flows in long microducts have been numerically [5-11], analytically 

and experimentally [2, 12-25] widely studied by several authors. In microducts, the Knudsen 

number 

c

Kn
L
λ

= , (1) 

defined as the ratio of the mean free path λ over a characteristic length Lc of the duct section, 

is often in the range [10-3; 10-1].  

For Knudsen numbers greater than about 10-3, the classic model based on the Navier-

Stokes equation with no-slip boundary conditions (noted NS in the text) is no longer valid, 

and a velocity slip at the wall must be taken into account. The corresponding slightly rarefied 

flow is the so-called slip flow, for which the Navier-Stokes equation remain usable, provided 

they are associated with appropriate boundary conditions. Up to , Maxwell-

Smoluchowski first-order boundary conditions, which express a velocity and temperature 

jump at the wall, may be used. Based on a momentum and an energy balance near the wall, 

they show that the velocity and the temperature at the wall are proportional to their 

respective transverse gradients. If the Knudsen number increases, this first-order slip-flow 

0.1Kn ≈
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model (noted S1 in the text) is no longer valid: the differences between the predictions of the 

model and the experimental data become significant.  

The question we have tried to answer is: is it possible to extend the limit of the 

Navier-Stokes equation applicability (Kn < 0.1), using second-order boundary conditions? 

We can note that the unified form of boundary conditions proposed by [26], although more 

general than the form of second-order boundary conditions, does not easily permit the 

development of analytical or semi-analytical models, since some parameters need a 

calibration based on experiments or on numerical simulations of the Boltzmann equation.  

 
 
FLOW MODEL 
 

For this reason, the proposed model (noted S2 in the text) is based on second-order 

boundary conditions. It has been written for gaseous flows in rectangular microchannels. It 

completes a series of previous analytical second-order models proposed by other authors, for 

circular microtubes [27], or between parallel plates [28]. It is based on Deissler second-order 

boundary conditions [29], which take the dimensionless form 
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at the frontier of a rectangular cross section, 2b in width and 2h in depth.  In this equation, 

x* = x/b and y* = y/h are the dimensionless coordinates and W* is the dimensionless 

longitudinal velocity. The resolution of the Navier-Stokes equation, searching the velocity in 

the form of a double Fourier series, leads to a simple form [30] 

2
1 2 2

1* 1
1 1o o

NS

qq Kn Kn
q

α α lnΠ
= = + +

Π + Π −
 (3) 
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for the reduced flow rate, the αi coefficients depending on the aspect ratio a = h/b of the 

cross section and of the momentum accommodation coefficient σ. In this equation, Kno 

represents the outlet Knudsen number, defined from the microchannel depth 2h = Lc, and Π  

is the inlet over outlet pressure ratio. The flow rate predicted by equation (3) is greater than 

the one predicted by a first order slip flow model [31, 32], the difference for a square duct 

being about 13 % for Kno = 0.1. 

It is important to note that other second-order boundary conditions are proposed in 

the literature, and that some of them [33] lead to a predicted flow rate lower than the one 

given by a first order slip flow model. Therefore, precise experimental data were required to 

justify the present choice of Deissler, in preference to others,  boundary conditions. 

 

EXPERIMENTAL SETUP 
 

An experimental setup has been designed [34] for the measurement of gaseous 

microflows under controlled temperature and pressure conditions, in the range 10-7 to 10-13 

m3s-1. Its main advantage, compared with the setups presented in the literature, is the 

simultaneous measurement of the flow rate both upstream and downstream from the 

microsystem (fig. 1). The volume flow rate is measured by means of opto-electronical 

sensors which detect the passage of a liquid drop injected into two calibrated pipettes, 

connected upstream and downstream from the microsystem.  

A series of individual measures of the volume flow rate can be obtained, which 

allows to determine the mean volume flow rates upstream and downstream from the 

microsystem, and consequently, the mass flow rate through the microsystem. The 

comparison of the individual data given by each pipette, as well as the comparison of the two 

mean mass flow rates deduced from the two mean volume flow rates, must be consistent 

with the experimental uncertainties, for the acquisition to be validated.  
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A typical example is shown in figure 2. The upper data (circles) correspond to the 

downstream pipette and the lower ones (triangles) to the upstream pipette, through which the 

volume flow rate is lower, since the pressure is higher. The white symbols are relative to the 

first, the dark symbols to the second, of the two interfaces of the drop in the pipette. In total, 

44 individual data are obtained for each test. Experimental uncertainties are reported by 

vertical strokes. 

 

MICROCHANNELS 
 

The microchannels have been etched by DRIE (Deep Reactive Ion Etching) in a 

silicon wafer and closed with Pyrex by anodic bounding. The cross sections are rectangular, 

and several identical microchannels are arranged in parallel in order to obtain a sufficient 

flow rate to be measured with a good precision (fig. 3).  

The characteristics of the wafers are summarized in table 1. The widths of the 

microchannels have been measured with an optical microscope. Their depths have been 

measured with a Tencor P1 profilometer; they range from 4.5 to 0.5 µm, with aspect ratios a 

from 1 to 9 %.  It has been shown that, for an outlet Knudsen number , a plane 

flow model overestimates the rate flow, typically about 1%  for a = 0.01 and about 6 % for 

a = 0.1  [34]. For this reason, it is necessary to use the rectangular flow model for 

comparison with our experimental data. 

0.1oKn =

The arrangement of the microchannels and the deep reservoirs on the wafer is shown 

in figure 3a. The connection with the experimental setup is achieved by flexible tubes and o-

rings, using an assembly which does not require any gluing onto the Pyrex (fig. 3b). 

For the comparison of the experimental measures of flow rate with the predictions from 

different models, the sources of error or uncertainty may be globally divided into three 

classes: 
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– The uncertainties inherent to the fluid properties (density, viscosity, dissolved air,…) and 

to their dependence towards the experimental parameters (temperature, pressure). One can 

also note that some properties, as the momentum accommodation coefficient σ, depend 

both on the fluid and the wall. 

– The uncertainties relative to the microchannel geometrical characteristics (dimensions of 

the section, roughness,…) and to their dispersion. 

– The uncertainties due to the flow rate measurement (metrology, leakage, operating 

conditions,…). 

Most of these uncertainties can be limited within an acceptable precision. It is 

generally not the case for the measurement of the cross section dimensions. When these 

dimensions are of the order of one micrometer, the measures obtained by different means 

(profilometer, optical microscope, SEM) can differ notably: about 5 % for the width and 

about  10 % for the depth [35]. These measures are in fact hardly exploitable, since the 

hydraulic diameter plays a part to the power of 4 in the calculation of the flow rate. The 

second parameter which can pose a problem is the accommodation coefficient σ, the value 

of which is not usually well known. 

In order to avoid interpretation errors due to these two mains sources of uncertainty, 

the idea is to compare among themselves data measured on the same wafer. The four tested 

wafers can cover a large range of outlet Knudsen number (fig. 4), changing the pressure 

levels or the nature of the gas. Consequently, different regimes can be met with a same 

wafer.  

– In the little rarefied regime, differences between the flow rates predicted by NS, S1 and 

S2 models are negligible, of the order of the experimental uncertainties. The value of σ 

does not play any significant role. 
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– In the lightly rarefied regime, the difference between models S1 and S2 remains 

negligible, but the difference with the model NS is now significant. 

– In the moderately rarefied regime, the models NS, S1 and S2 predict significantly 

different flow rates. 

 

ANALYSIS OF EXPERIMENTAL DATA 
 

In the following figures, experimental and theoretical mass flow rates are plotted in 

function of the inlet over outlet pressure ratio Π. For wafer n°1, measurements are performed 

for low values of Kno, that is for high values of the outlet pressure Po. The depth 2h kept for 

the simulation is adjusted to 4.48 µm - that is exactly the measured values (table 1) – for a 

good correlation between the experimental data and S1 or S2 models (fig. 5a). This value 

will be retained for all the experiments with wafer n°1. The two dashed lines show the 

influence of the depth uncertainty.  

The Knudsen numbers are not high enough to have a significant difference with the 

no-slip (NS) model, but the influence of the lateral walls must be taken into account (fig. 

5b). If we increase the rarefaction, decreasing the outlet pressure (fig. 5c), the difference 

between NS and S1 or S2 models becomes significant, and the experimental data are in good 

agreement with the slip flow models. The influence of σ  is still negligible. 

The same procedure is followed for the other wafers. For wafer n°2 (fig. 6a), the 

depth is adjusted to 1.88 , that is 0.04  more than the measured value, which is 

compatible with the experimental precision. When the rarefaction is increased (fig. 6b), the 

influence of the value of 

µm µm

σ  becomes noticeable, and the best fit is obtained for 0.93σ = . 

The first tests were made with nitrogen, but the same value for σ  gives also the best fit for 

tests with Helium (fig. 6c), for similar values of Knudsen number, obtained for a much lower 

outlet pressure. This value 0.93σ =  will be kept for comparison with the other data.  
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If rarefaction is more increased (fig. 6d), a difference appears between S1 and S2 

models, and the experimental data follow the second-order slip flow model. Nevertheless, 

this difference is not very high. Rarefaction must be increased even more; it can be achieved 

with the wafers n°3 and n°4.  

The previous remarks are confirmed with the wafer n°3. The value of the depth is 

adjusted to 1.16 µm, 0.01 µm more than the measured value (fig. 7a), for low values of , 

for which both S1 and S2 models accurately predict the experimental flow rates.  

oKn

An increase of the rarefaction leads to a difference between these two models. The 

agreement is good between the experimental data and the S2 model, whatever the gas, 

nitrogen (fig. 7b) or helium (fig. 7c), with 0.93σ = . The rarefaction is increased even more 

and the difference between S1 and S2 models becomes very significant (fig. 7d). The 

experiment confirms here the validity of the second-order slip flow model with Knudsen 

numbers higher than 0.2. 

This trend is confirmed with the wafer n°4, up to Knudsen numbers around 0.25. For 

higher values (tested up to 0.47), the agreement is not so good. An attempt to summarize the 

results obtained with the wafers n° 2, 3 and 4, for nitrogen and helium flows, is shown in 

figure 8. The dimensionless flow rate * NSq q q= , little sensitive to the aspect ratio , is 

plotted in function of . Up to 

a

oKn 0.05oKn = , the first-order (S1) and the second-order (S2) 

slip flow models predict the same flow rate. For higher values of , the difference is 

significant, and the experimental data are in very good agreement with the S2 model, up to 

. Beyond that, although the experimental data are closer to S2 than to S1 

predictions, the agreement is not so fine. 

oKn

0.25oKn
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CONCLUSIONS 
 

1. A second-order model for slip flow in rectangular microchannels has been proposed. 

It takes into account the 3-D effects due to the rectangular geometry of the microchannels 

cross section, which are not negligible for aspect ratio higher than 0.01. 

2. A specific set-up has been built for the precise determination of gas microflows, with 

a double measurement, upstream and downstream from the microchannel. 

3. A technique has been proposed to avoid the analysis errors due to the main sources of 

uncertainties, namely the imprecision in the microchannel depth value and the difficulty for 

the momentum accommodation coefficient determination. 

4. Experimental data have shown that this second-order slip flow model (S2) is more 

precise than a first-order one (S1), which underestimates the flow rate when the Knudsen 

numbers are higher than 0.05. The S2 model is predictive with high precision, up to 

. It is an indirect confirmation that Deissler boundary conditions are more 

interesting than others proposed in the literature, which predict a flow rate lower than the one 

obtained with a S1 model. 

0.25oKn

5. A good agreement has been found for all the data with a momentum accommodation 

coefficient 0.93σ = , for both nitrogen and helium experiments. 

6. Further experiments will be achieved, in order to confirm these first results and to 

check the influence of several parameters, as the nature of the fluid and the wall (material, 

roughness, surface treatment,…). 
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NOMENCLATURE 
 

a  aspect ratio, h , dimensionless b

b  half width, m 

h  half depth, m 

Kn Knudsen number, 2hλ , dimensionless 

P  pressure, Pa 

q  mass flow rate, kg  1s−

*q  mass flow rate, NSq q , dimensionless 

T  temperature, K 

W  longitudinal velocity, ms  1−

λ  mean free path, m 

Π  pressure ratio, i oPP , dimensionless 

σ   tangential momentum accommodation coefficient, dimensionless 

 
Subscript 

i  inlet 

o  outlet 

NS no-slip model 

S1  1st order slip-flow model 

S2  2nd order slip-flow model 
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Fig. 1. Experimental setup for the measurement of gaseous microflows 

Fig. 2. Typical example of volume flow rate measurement 

Fig. 3. Top view of the microchannels etched in a silicon wafer (a) and front view of the 

wafer with its outer connections (b) 

Fig. 4. Range of outlet Knudsen numbers for the experimental data 

Fig. 5. Theoretical and experimental mass flow rates.  

Wafer n° 1, , T . 

a) gas : N

2 4.48µmh =

0.002 oKn

294.2K=

0.0082, ≤ ≤

0.005 oKn

,  

b) same conditions, comparison between plane and rectangular models 

c) gas : N

51.9 10 Pa= ⋅oP

0.0182, ≤ ≤ ,  50.82 10 P= ⋅ aoP

Fig. 6. Theoretical and experimental mass flow rates.  

Wafer n° 2, , T . 

a) gas : N

2 1.88µmh =

0.01 oKn

294.2K=

0.0172, ≤ ≤

.027 oKn≤ ≤

0.029 oKn≤ ≤

0.05 oKn

,  

b) gas : N

50 Pa

0.65 10= ⋅

51.9 10= ⋅

2 1oP = ⋅

0.053 oP

0.053 oP

0.1

2, 0 ,  

c) gas : He, ,  

d) gas : He, 

5 Pa

Pa

≤ ≤ ,  510 Pa= ⋅1.026oP

Fig. 7. Theoretical and experimental mass flow rates.   

Wafer n° 3, , T .   

a) gas : N

2 1.16µmh =

0.016 oKn

294.2K=

0.032, ≤ ≤

.04 oKn

,  

b) gas : N

510 Pa= ⋅1.9oP

0.092, 0 ≤ ≤

0.05 oKn

,  

c) gas : He, 

510 Pa= ⋅0.65oP

0.09≤ ≤

0.1 0oKn≤ ≤

,  

d) gas : He, ,  

510 Pa

510 Pa

1.9oP = ⋅

.22 0.75oP = ⋅
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Fig. 8. Inverse reduced flow rate (1 ) in rectangular microchannels. Comparison of 

experimental data with 1

*q

st and 2nd order slip flow models. 1,8Π =  ; T . Wafer 

n° 2 (white), n° 3 (grey), n° 4 (black). Gas : N

294,2K=

2 (circle) and He (square). 

 

14 



T

T

P

P

micro-
system

        calibrated pipettes
and optoelectronic sensors

tank

Thermal shield

Manometer

Manometer

Pressurized
Gas

Pressure
regulator

Filter

Vacuum
regulator

Vacuum
  pump

 
 
 

Figure 1 

15 



4.0E-10

6.0E-10

8.0E-10

1.0E-09

1.2E-09

1.4E-09

0 2 4 6 8 10 12

data label

Q
 (m

3 /s
)

mean volume flow rates

 
 

Figure 2 

16 



microchannels

reservoirs inlet / outlet

 
 

Figure 3a 

17 



epoxy-phenolic
 glue

flexible tube
 for connection

Viton O-ring Pyrex silicon wafer

polycarbonate

 
 

Figure 3b 

18 



1

2

3

4

0.001 0.01 0.1 1

Kn o

Little rarefied

Lightly rarefied

Moderately rarefied

 
 

Figure 4 

19 



4.0E-10

8.0E-10

1.2E-09

1.6E-09

2.0E-09

2.4E-09

1.3 1.4 1.5 1.6 1.7 1.8 1.9
Π

q
 (k

g/
s)

NS

S2 (σ  = 0.93)

S1 & S2 (σ  = 1)

 
 

Figure 5 a 

20 



4.0E-10

6.0E-10

8.0E-10

1.0E-09

1.2E-09

1.4E-09

1.6E-09

1.8E-09

2.0E-09

2.2E-09

2.4E-09

1.3 1.4 1.5 1.6 1.7 1.8 1.9
Π

q
 (k

g/
s)

S1 & S2 (rectangular model

NS (rectangular model)

NS (plane model)

S1 & S2 (plane model)

 
 

Figure 5 b 

21 



1.1E-10

2.1E-10

3.1E-10

4.1E-10

5.1E-10

6.1E-10

7.1E-10

1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2

Π

q
 (k

g/
s)

S1 & S2 (σ  = 1)

NS

S2 (σ  = 0.93)

 
 

Figure 5c 

22 



1.E-11

2.E-11

3.E-11

4.E-11

5.E-11

6.E-11

7.E-11

1.2 1.3 1.4 1.5 1.6 1.7 1.8
Π

q
 (k

g/
s)

S1 & S2 (σ  = 1)

NS

S2 (σ  = 0.93)

 
 

Figure 6a 

23 



2.0E-12

4.0E-12

6.0E-12

8.0E-12

1.0E-11

1.2E-11

1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

Π

q
 (k

g/
s)

S1 (σ  = 1)

NS

S2 (σ  = 0.93)

S2 (σ  = 1)

 
 

figure 6b 

24 



2.0E-12

4.0E-12

6.0E-12

8.0E-12

1.0E-11

1.2E-11

1.3 1.4 1.5 1.6 1.7 1.8 1.9

Π

q
 (k

g/
s)

S2 (σ  = 0.93)

S1 (σ  =1)
S2 (σ  =1)

NS

 
 
 

Figure 6c 

25 



1,0E-12

1,5E-12

2,0E-12

2,5E-12

3,0E-12

3,5E-12

4,0E-12

4,5E-12

5,0E-12

1,4 1,5 1,6 1,7 1,8 1,9
Π

q
 (k

g/
s)

2,0

S2 (σ  = 0.93)

S1 (σ  = 0.93)

S2 (σ  = 1)

S1 (σ  = 1)

NS

 
 
 

Figure 6d 

26 



0

4E-12

8E-12

1.2E-11

1.6E-11

2E-11

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
Π

q
 (k

g/
s)

S1 & S2 (σ  = 1)

S2 (σ  = 0.93)

NS

 
 

Figure 7a 

27 



 

5.0E-13

1.0E-12

1.5E-12

2.0E-12

2.5E-12

3.0E-12

3.5E-12

1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
Π

q
 (k

g/
s)

.0

NS

S2 (σ  = 0.93)

S2 (σ  = 1)

S1 (σ  = 1)

 
 

Figure 7b 

28 



 

1E-13

6E-13

1.1E-12

1.6E-12

2.1E-12

2.6E-12

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
Π

q
 (k

g/
s)

NS

S2 (σ  = 0.93)

S2 (σ  = 1)
S1 (σ  = 1)

 
 

Figure 7c 

29 



 

2.0E-13

4.0E-13

6.0E-13

8.0E-13

1.0E-12

1.2E-12

1.4E-12

1.6E-12

1.8E-12

1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
Π

q
 (k

g/
s)

NS

S2 (σ  = 0.93)

S2 (σ  = 1)
S1 (σ  = 1)

 
 

Figure 7d 

30 



0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.1 0.2 0.3 0.4 0.5

Kn o

1/
 q

* S1 (σ  = 0.93)

S2 (σ  = 0.93)

 
 
 

Figure 8

31 



 
 

Table 1. Characteristics of the tested microchannels 
 
 
 

Wafer n° 1 2 3 4 Uncertainty 
Number of 
channels 

1 45 380 575 - 

Mea-
sured 

4.48 1.84 1.15 0.541 0.1 Depth
 2h

( )µm Kept  4.48 1.88 1.16 0.545 - 

Width  ( )2 µmb 51.6 21.2 21 50 0.3 

Length  ( )µmL 5000 5000 5000 5000 10 

Aspect ratio a 0.087 0.087 0.055 0.011 - 
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