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ABSTRACT

It has been shown that the current IAAF decathlon scoring tables involve some
bias. Westera has already shown how to improve fairness in decathlon rules and
he has proposed new scoring rules in order to improve equity between the events.
As in the actual scoring system, the scoring rules suggested by Westera depend
on some parameters. In all these systems the parameters are difficult to choose.
Indeed, different arguments give different values for the parameters. Then, a natural
question arises: Are these parameters mandatory to obtain a fair ranking between
the athletes? In this article we show that the answer to this question is no.
Furthermore, we show that if we want a ranking method satisfying four natural
fairness axioms then this ranking method is unique. Moreover, this ranking method
is easy to perform in practice.

KEYWORDS
Decathlon; rules; ranking; axioms

Introduction

Combined events have a long history. Indeed pentathlon was already practice during
the antiquity. The events are known: there were the long jump, javelin throw, discus
throw, the stadion foot race and wrestling. Unfortunately, the used method to
choose the winner is not clear and nowadays several hypotheses exist. However, some
elements allow us to deduce that a victorious athlete in the first three events was
declared the overall winner, see e.g. Young (2004). This implies that the final result
of the competition depends of the ranking in the different events and not on the
performance in each event.

Nowadays, a different method is used. Since the beginning of the XX-th century, the
strategy used to rank the athletes is the following: associate to each performance a
number of points, after the ten events sum the points and then the winner is the
athlete with the maximum number of points. Thus, if an athlete wins the first six
events we cannot declare him or her as the overall winner. Indeed, suppose that
during the first six events an athlete A, wins 800 points in each event and an athlete
B, wins 790 points in each event. Suppose also that during the four last events A
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obtains 790 in each event and B obtains 830 in each event. Then the final score of A
is: 800 x 6+ 790 x 4 = 7960 points, and the final score of B is: 790 x 6 + 830 x 4 = 8060
points. Therefore, A is not the winner of the decathlon even if A is the best during
the first 6 events.

The approach used today is thus based on the comparison of the performances and
not on the comparison of the rankings in the different events. With the modern
approach, competitors are more incited to do their best in all events. However, this
leads to a serious problem: How can we compare fairly the performance in different
events? Indeed, how can we compare the result of a race expressed in seconds and the
the result of a jump expressed in centimeter?

The IAAF decathlon scoring tables used formulas which convert performances into
a number of points. Some authors have shown that these formulas are not fair and
that some events are favored, see e.g. Tidow (1989, 2000); Westera (2006, 2011).
Obviously, the same kind of criticism can be made for heptathlon, see Gassmann et
al. (2016).

Westera has proposed a method which allows to consider all events in the same
way, see Westera (2006). In this article, we are going to extend Westera’s work. We
propose a new formula which transforms performances into points. Our formula is
a simplification of Westera’s one. Then, we are going to show how to aggregate all
the scores obtained by each competitor in order to get a fair ranking. Indeed, usually
the idea to find the overall winner is to consider the mean of the scores obtained by
each competitor. The winner is the athlete with the highest mean. In practice, we
compute the sum of the scores which corresponds to the arithmetic mean. But, why
don’t we use another mean: the geometric mean or the harmonic mean? Indeed, it is
not proved that computing the sum of the score is the fairest way to find the overall
winner of a decathlon. In this article we are going to show that the geometric mean
is better suited for our problem. Roughly speaking, we prove that it is better to
consider the product of the scores rather than the sum.

We can already explain why it is not unnatural to consider the product instead of
the sum of the scores. Indeed, suppose that we consider an imaginary competition
with only two events. We also suppose that each event give at most 100 points.
Now, consider a competitor A with the following scores (40,100). This means that A
wins 40 points in the first event and 100 points in the second. Consider also another
competitor B who has reached the scores (65,65). If we consider the sum of the
scores then A wins the competition because A has 140 points and B has 130 points.
However, it seems that A is a specialist of the second event and he or she is not very
good for the first event. The competitor B seems to be more versatile. The product
of the scores gives 4225 points for B and 4000 points for A. Thus by considering the
product, B becomes the winner of the competition. This shows that the product of
the scores allows to avoid that a specialist wins a competition of combined events.
The use of a product instead of a sum in order to get a fair ranking is already
implemented in combined climbing competitions, see IFSC (2018).

In this article we study separately two problems:

(1) How can we associate fairly a score to each event?
(2) How can we find a fair final ranking thanks to the score of each event?



It seems that the study of decathlon rules has never been divided into these two
questions. We think that the second question has never been studied because usually
we always add points and the sum gives the ranking. This is the reason why this
question was considered as trivial. However, it is not the case. Indeed, as shown in
the previous example the product of the score gives another possibility of ranking.
The fairness of the scoring rule for each event and the fairness of the final ranking are
two different problems.

In this article, we are going to use an axiomatic approach in order to answer to
these two questions. More precisely, we are going to define axioms, i.e. basic rules,
that we want to satisfy. These basic rules will keep the spirit of the existing scoring
rules and their improvements proposed by Westerra. Then we will show that there
exists only one possible method of ranking satisfying these axioms. We do
not claim that the method proposed in this article is the better one. We prove that
if we want to have a ranking method satisfying these properties then this method is
unique.

The study of ranking rules is not new. Mathematicians and economists have proved
a lot of results about this problem. Our result is in the spirit of classical results in
social choice theory. In our situation, the proof of our theorem follows easily from our
four axioms.

The structure of this article is thus simple: First, we study how to associate fairly a
score to a performance. Second, we show how to obtain a fair ranking from scores. At
last, we will give some examples in order to show the impact of the proposed ranking
method.

1. Fair scoring rules

1.1. State of the art

In the document “IAAF scoring tables for combined events”, see IAAF (2001), the
history of the tables is presented. Different systems have been used since the XIX-th
century. We recall here just some steps in order to introduce our scoring rule.

The first scoring tables were linear. This means that the relation between the perfor-
mance and the number of points were of this kind:

S=Ax(P-DB),

where S is the score (the number of points), P is the performance of the athlete (for
example the height in centimeters for the high jump). The number A and B were
chosen in this way: B represents the performance giving 0 points and A was computed
in order to give 1000 points to an identified top performance, for example the world
record. For the running events the factor (P — B) become (B — P). Indeed, a good
performance for these events corresponds to a shorter time.

The problem with this method is the following: a 1 cm improvement in a high jump
performance increases in the same way the number of points whatever the performance
is. However, if you jump 75 cm and then 76 cm it is not the same performance as if



you jump 220 cm and then 221 cm. Thus, new scoring rules have been introduced:
progressive scoring rules. These rules are based on formula of this kind:

S=Ax(P—-B)Y, with C > 1.

We remark that a new constant C' > 1 has been introduced. To each event is thus
associated three parameters A, B and C.

With this kind of formula, we get more points if we improve our performance from
220 cm to 221 c¢cm than from 75 ¢cm to 76 cm.

The current decathlon scoring tables use these kinds of progressive formulas and
they have been used without modification since the 1980s. However, several studies,
see e.g. Tidow (1989, 2000); Westera (2006, 2011), have shown that this system
is still unfair. Indeed, if you equal the mens long jump world record (8.95m, Mike
Powell, 30 August 1991) you get 1312 points and if you equal the mens 1500 metres
world record (3 min 26 s, Hicham El Guerrouj, 14 July 1998) you win 1218 points.
This means that the same outstanding performance in different events do not give
the same number of points.

Furthermore, this difference 1318 — 1218 = 94 points is not negligible. For example,
during the ITAAF world championship in London (2017), the difference of the number
of points between the silver medal (Freimuth, 8564 points) and the bronze medal
(Kazmirek, 8488 points) is just 76 points.

Moreover, 9000 points is an outstanding performance during a decathlon. Only three
men have already done such a performance. Thus 900 points is the average value
for an event during an outstanding decathlon. Therefore, if we think about the 94
points as an error of measurement related to the IAAF method, then this error of
measurement corresponds to more than 10% of the score obtained during an event.
Thus a difference of 94 points is not negligible.

Westera has proposed a method which avoids this problem. Instead of considering
a performance P we consider a normalized performance Py defined in the following
way:
P-P

Py = ——.
o

where P; represents a high level performance (for example the world record) and Py
a low level performance. Thus if P = P; then Py = 1 and if P = Py then Py = 0.

For running events the performance will be the speed, or the inverse of the time. Thus
for running events if P is the time in seconds then Py is defined in the following way:

Py = +——.

|-

The idea of the normalized performance is thus to compare a performance with a
standard. If an athlete jumps an height corresponding to 80% of the world record we
can consider that this performance is equivalent to a long jump corresponding to 80%
of the length of the world record. This leads to the following formula:

S =AxP§.



In order to treat all events in the same way, Westera has proposed to take the same
values A et C for all events. He has suggested: A = 863.9 and C = 1.479. These values
have been given in order to get scores relatively close to the ones given by the current
scoring tables.

1.2. A new formula

Westera has suggested a method in order to consider events in the same way, but a
question is still open: How do we choose Py and Py for each event?

In the previous discussion we have written that we can take P; as the world
record but we can also take P; as the average of the 100 best performances of all
time. If we consider the last proposition, do we consider the 100 best performances
obtained during a decathlon? As already remarked by Giinter Tidow, see Tidow
(1989), this raises the question of considering an absolute or a relative basis for
scoring rules. If we consider a relative system (this means that we consider uniquely
the performance obtained during a decathlon) then we take into account that after
two days of competitions it is not fair to compare a performance during a decathlon
to performances of single event specialists. Nevertheless, if decathlon is a test of
all-round ability than it seems natural to compare the performance of an athlete
with the performance of a specialist. The choice of P; seems thus to be an unsolvable
problem. There does not exist scientific arguments for choosing P;.

The situation for Py seems more easy. For example, for running events we have to
choose a reference for low level performances. Nowadays this reference is 18 seconds
for the 100 m. Thus 18 seconds gives zero point. Why 18 and not 197 If somebody
walks slowly and needs 50 seconds for 100 m he will also get zero points. It is not fair
and moreover we can always imagine a worst situation. Here, we thus suggest to take
Py = oo, then 1/Py = 0. This just means that the worst performance corresponds to
a situation with a speed equals to 0. This gives for running events:

where P is the time in seconds.

For the other events (jumps and throws), if we define a low level performance we
can always imagine a lower performance except if the low level performance Py is fixed
at 0. This gives:

~ P
Py = —.
N =P

This leads us to suggest the following kind of scoring rules:
S =Ax P§.
We can write, for all events except running, this formula as:

_AXPC

s :
Py

(Score 1)



and for running events we get:

 AxPf

S pC

(Score 2)

The parameter Py has disappeared and we still do not know how to fix A, P, and
C. However, in the following we will prove that these values are unnecessary to get a
ranking between the athletes.

2. Fair ranking based on scores

At the end of the competition, when we have all the scores of all competitors, we have
to rank the athletes. The problem is thus the following: consider the scores obtained
by two athletes Ats and At;, respectively s = (si,...,s10) and t = (1,...,t10), how
can we rank At, and At; thanks to s and ¢?

This means that we are looking for a ranking.

Definition 2.1. A ranking > is a relation between athletes. In the following:
Ats = At; means At is strictly better than At;,

Ats = At; means At is better or equal to At,,

Ats =~ At; means At, is equal to At;, there is a tie.

In the following, if the scores associated to athlete Ats are s = (s1,...,s10) and
to athlete At; are t = (t1,...,t10) then we will write without distinction s > ¢ or
Ats = At;. In the same way, we will write without distinction s ~ t or At, ~ At;.

2.1. One event is sufficient to give the victory

A natural axiom satisfied by the current rule is “one event is sufficient to give the
victory”. In the following we will denote this axiom by 1EV (one event victory).

Definition 2.2. A ranking satisfied the rule “one event is sufficient to give the vic-
tory” (1EV) if it satisfies the following:

If81 =11,82 =12,...,89 =g and S10 > t1o then s >~ ¢.

Reciprocally, if p is a performance and (p,p,...,p,s10) = (p,p,...,p,t10) then
$10 > t10-

This axiom is natural and means that if two athletes At; and At; do exactly the
same performance during the first nine events and At is better than At¢; in the last
event then At is better than At; in the overall competition.

2.2. The anonymity axiom

The second natural and basic rule that we want to satisfy for a ranking is called
anonymity. The idea is the following: it is not important to know the name of the
event where competitors win their points, the important information is the number of
points.

Definition 2.3. A ranking is anonymous if it satisfies the following rule:
if ¢ is obtained from s by exchanging coordinates then t =~ s



This means that the order of the score is not important, for example:
(801, 802, 803, 804, 805, 806, 807, 808, 809, 810) =~ (810, 803, 805, 802, 807, 806, 801, 804, 809, 808).

The anonymity axiom is satisfied by the current rule. Indeed, the sum of the scores
is independent of the order of the different scores.

2.3. The gradation axiom

Definition 2.4. Let z; be the number of scores equal to zero in s.
A ranking satisfies the gradation axiom means that: If z; < 2z; then s > ¢.

This axiom means, for example, that an athlete with one score equals to zero cannot
be considered better than an athlete with all his or her scores positive. This axiom is
not theoretically satisfied by the current rule. However, in practice it is impossible to
win a decathlon when one of the score is equal to zero.

2.4. The scale independence ariom

Now, we are going to introduce a new axiom in order to avoid some difficulties raised
by the choice of parameters A, and P;. The problem with these parameters is the
following: if we change them then we change the scores and thus probably the ranking.
For example, if we use (Score 1) with P, = Py where Py is the world record of the
considered event or with P, where P, is the average of the 100 best performances of
all time then we get two different scoring rules Sy and S, where:

A x P¢ A x P¢
Sw=—pc3 Sa="po -
Py, P
It follows
C

Sw = aS, where o = —ac
w

In the same way, if we want to change the parameter A by a new parameter A’ then
we get two new scoring rules:

As before these rules are related by the formula S = /S’ where o = A/A’.

As it is impossible to objectively decide a good value for P; and A, we can look for
ranking independent of these parameters. If it is possible to get a ranking satisfying
this property then we avoid discussions and arbitrary decisions. More precisely, we
want to satisfy the next axiom: scale independence.

Definition 2.5. We say that a ranking > is scale independent if

s=t < u.s > ut,



where u.s = (u1 X s1,uz X Sg,...,u19 X $10), with w = (u1,...,u10), s = (s1,...,510)
and wu; > 0 for all 7.

Thus as Sy = aS, and S = /S’ if we want to have a ranking independent of the

choice of the high level performance P; and independent of the parameter A then the
ranking must be scale independent.
Furthermore, whatever the choice that we make for the parameter P, it will change
in the future. Indeed new records will be broken. The scale independence axiom says
also that it will be unnecessary to change the rule if the high level performance P;
changes. Therefore, this last axiom avoids a lot of practical problems.

2.5. The Nash relation

The question now is: Is there a ranking satisfying the gradation azxiom, anonymity,
1EV and scale independence?

The following ranking N>_h gives an answer to this question. The notation H Si
as

81750
corresponds to the product of all positive scores.

Definition 2.6. We set s = ¢ when z; < z; or when z; = z; and H s; > H t;.
Nash - - - -

We set s N?Sht when z, = z and [[; o8 =[], 20 ti-

We call this relation the Nash relation because it is inspired from the work of John
Forbes Nash who has studied this kind of relation. John F. Nash was a mathematician
who won the Nobel memorial prize in Economic Science in 1994 and the Abel prize
in 2015.

The Nash relation uses the geometric mean and not the arithmetic mean in
order to compare two series. We recall that the geometric mean of n numbers is
/a1 X --- X ap. Here the n-th root of the product is not taken into account because
we just want to compare two numbers and x >y <= /x> /Y.

The Nash relation satisfies the gradation azxiom. Indeed, by definition we have
s > t when z; < z.

Nash

The Nash relation satisfies the anonymity axiom. Indeed, a product is independent
of the order of the different factors.

The Nash relation satisfies 1EV because if s1 = t1, ..., sg = tg and s1g9 > t19 then

[1s, 208 > 111, 20tj and s Ni-sh t.
The Nash relation is also scale independent. For example if we multiply by 2 the
parameter A of the first event (100 m) and by 3 the one in the last event (1500m)

then this situation corresponds to u = (2,1,1,1,...,1,3). Suppose that s N>-h t and
as

in order to simplify the notations s; # 0, t; # 0, for i = 1,...,10. Then we have
81 X 89 X +-+ X 819 >t X tg X --- X t1g <= 281 X Sg X .-+ X 38109 > 2t1 Xty X --- X 3tqp

= u.s > u.t.
Nash



Actually, the Nash relation is the only relation satisfying our four axioms. In order
to state this characterization we have to define the following notion:

Definition 2.7. We say that two rankings >=1 and > coincide when:
s=1l < s>2l.

Example 2.8. Let f be a strictly increasing function.
We set s ? t when z; < z or when z; = 2z and f([[;, .0 81) > f(I1;,0t)-

We set s ? t when z; = z and f([[;, 20 5) = f(I 1,0 ti)-
Then > and > coincide.

Nash f
In the following we will use the function deca(x) = 7670x%23.

Then > and > coincide. The ranking > will be used when we will study some
Nash deca deca 0.23

examples. Indeed, the number 7670 x (Hgl S; has approximatively the same

order of magnitude than the number of points obtained with the IAAF scoring
method. Thus with > we get the same ranking than the one obtained with the Nash

deca

0.23
relation but the number of points given by the formula 7670 x (H}ﬂl si) can be
compared with the TAAF score.

We have then the following characterization:

Theorem 2.9. e The Nash relation satisfies the gradation aziom, anonymity,
1EV and scale independence.

o Conversely, if a relation defined on non-negative numbers satisfied the gradation
axiom, anonymity, 1EV and is scale independent then it coincides with the Nash
relation.

Proof. We have already prove the first point. For the proof of the second point, see
the appendix. O

Similar characterizations of the Nash relation with other axioms already exist, see
Moulin (1988). However, in these characterizations the Nash relation is only used
and proved on positive numbers. Here, we consider non-negative numbers because it
is possible to have a performance equal to zero.

2.6. Application

We apply the previous theorem to the decathlon when scoring rules defined by
formulas (Score 1) and (Score 2) are used.

Consider two athletes Ats; and At; with associated scores (si,...,s10) and
(t1,...,t10). The first score corresponds to the first event (100 m) and the last score



to the last event (1500 m). We have thus

C c C
5 A % Prigo s Ax Py, < A X Pyl
1= —pa 2= —Fpa S0 = T 5
P00 Pry, Py 1500

where P 100 is the high level performance chosen for the first event (100 m), P ;, the
high level performance chosen for the second event (long jump),..., and Pj 1500 the
high level performance chosen for the last event (1500 m). In the same way P 100 is
the performance of the athlete At in the first event, etc.

Now, suppose that > is a ranking defined on the scores which satisfies our four
axioms, then by Theorem 2.9 this ranking coincides with the Nash relation. Thus we
have the following equivalences:

s=1 <= 23 <z orz; =z and H8i> Hti'

In order to simplify the notation we suppose z; = z; = 0, this gives

s>tand zg =2 =0

0

C c C C C
A x P A x Py A X Pii500 - AX Pig P
X X oee X > X

C
o x A X Pi500
C & C C C C :
P00 Pry Pgis00 Phoo Prp P 1500
We can simplify the right hand side and the left hand side by A, wao, ey Pfl500
this gives:
s=tand zg =2 =0

0

c C c c c c C c C C C
Pop X Pig X XPg'py X Peyp X Popp X Pogp - Prp X Prg X XPypy X Pryp X Pupr X Prgp

C C C C C C C C
P00 X P00 X Ps110 X Pg 1500 P00 X Praoo X Prato X Piasoo

where the indices H means high jump, PV pole vault, JT javelin throw, DT discus
throw and SP shot put.

At last, we simplify the power C' in the previous inequality (we compute ¢/~ of the
left hand side and right hand side of the inequality). We get:

s=tand zg =2 =0

0

Pg,L X P§,H X XPQ’pV X Pé)JT X P@DT X Pé,sp N Pﬁ,L X PE,H X XPLPV X PLJT X PLDT X PLSP

(R):
Ps 100 X Ps,400 X Ps,110 X Ps,1500 Py 100 X Py o0 X Pri10 X Pi1500

Remark 1. If we use different coefficients of progressivity C' for different events then
the simplification is still valid.

10



We have thus proved the following;:

Theorem 2.10. Suppose that the score of the different events of the decathlon are
given by formulas (Score 1) and (Score 2). Consider - a relation on scores which
satisfies gradation, anonymity, 1EV and scale independence azioms. Then this relation
is given by (R). That is to say, the relation follows from the final score given by the
formula:

Ps,p X Py X Py pv X Ps j7 X Ps pr X Ps 5P
Ps 100 X Pg.400 X Ps 110 X Ps 1500

Sp =

Thus if we want to use a ranking satisfying some natural axioms then we necessarily
must used a ranking which coincides with the one based on the final score computed
by Sr. We remark that this final score is independent of the choice of the parameters
A, C, P10, P, -, P1is500
Furthermore, we remark that in the numerator we have performances in centimeters
(the greater, the better), and in the denominator performances in seconds (the shorter,
the better).

3. Some examples

Now, we give some examples in order to show what kind of results are given by this
new ranking. We thus compare the ranking obtained with the current score and with
the score Sp.

The values obtained with Sp are very different from the current score. However, if
we consider the score Sge., = 7670 X 5’%23, then the current score and Sge., have the
same order of magnitude. This means that in practice we can use the relation > geqq
previously defined, see Exemple 2.8. We have seen that this ranking coincides with
the Nash ranking. Thus the ranking constructed from S and Sge., are the same and
satisfy our four axioms.

In Sjecq we have used the function f(z) = 76702%23. The value 7670 and 0.23 have
been chosen in order to have a simple relation: If Sg = 2 then Sge., = 9000 and if
Sr = 1.2 then Sgeqq = 8000.

The previous choice is arbitrary. We can use other strictly increasing functions f in
order to define a new score S = f(Sp). The obtained ranking will coincide with the
Nash ranking and > gecq-

Here, the scores Sp and Sge., are rounding with a sufficient precision in order to
rank the athletes.

In Table 1, we study the results of the 2017 IAAF World Championships. We
give the score obtained by the first eight athletes with the current method and their
ranking. In the last three columns we give the score obtained by these athletes with
the proposed scores Sg, Sgecq and the associated ranking.

The score S is computed with the time in seconds and the length and height in
meters.

11



For example, K. Mayer’s results were:

100 m: 10 s 70; Long Jump: 7.52 m; Shot Put: 15.72 m; High Jump: 2.08 m;

400 m: 48 s 26; 110 m hurdles: 13 s 75; Discus throw: 47.14 m; Pole vault: 5.10 m,
Javelin throw: 66.10 m; 1 500m: 4 min 36 s 73.

This gives:

752 x15.72 x 2.08 x 47.14 x 5.10 x 66.10

_ — 1.988679948.
Sk 10.70 x 48.26 x 13.75 x 276.73

In Table 1, we remark that the proposed ranking based on the Nash relation with
the formula Sp and the current ranking do not coincide.

Name IAAF | Ranking with Points Points Ranking with
Points | IAAF Points with Sp | with Sgecq | SF and Sgecq
K. Mayer 8768 1 1.9886799 | 8983.9078 1

R. Freimuth 8564
K. Kazmirek 8488
J. Oiglane 8371
D. Warner 8309
0. Kasyanov 8234
K. Felix 8227
Adam Helcelet | 8222

1.7237276 | 8693.2696
1.5189938 | 8444.0976
1.5677620 | 8505.6948
1.2000365 | 7998.5283
1.2744814 | 8110.0227
1.3922411 | 8276.5566
1.4589213 | 8366.0931

0| | | O =] W N
U | | 0| W | =] N

Table 1.: Study of the different rankings for the IJAAF World Championships London
2017.

In Table 2, we do the same comparison with the last five world records. In this
situation we remark that T. Dvordk’s result was better than Sebrle and Eaton records
if we used the Nash relation. However, Mayer’s TAAF world record (16/09/2018)
gives also the best result with the Nash relation.

Name World Record Points Points
with TAAF Points | with Sg | with Sgeeq
K. Mayer 9126 2.61256 | 9565.7884
A. Eaton 9045 2.03207 | 9028.6263
R. Sebrle 9026 2.29382 | 9283.7678
T. Dvordk 8994 2.39846 | 9379.5093
D. O’Brien 8891 2.12567 | 9122.6191

Table 2.: Study of the different rankings for the world record

12



4. Conclusion

In this article we have suggested a method for ranking athletes at the end of a de-
cathlon. Our approach has been divided in several steps. First, associate to each event a
fair score. This has led to a new scoring method using formulas (Score 1) and (Score 2).
These formulas extend the work done by Westera. Indeed, the score is computed thanks
to a normalized performance. In each event, if a performance corresponds to the same
ratio of a chosen high level performance than the number of points obtained is the
same. With our method for each events three parameters must be chosen. In Westera
approach four was needed.

This proposed new rule is in the same spirit of the current rule but allows to have the
same construction for each event.

In a second part, we have proved that there exists a unique ranking method based on
scores which satisfies four fairness axioms. Our first two axioms 1EV and anonymity
are already satisfied by the current rule. The gradation axiom is satisfied in practice by
the current rule. The fourth axiom, scale independence, has been introduced in order
to have a ranking independent of the choice of the high level performance. Indeed, it
seems not possible to define in a scientific and fair way what is a high level reference
for each event. As a result we obtain a unique possible ranking method given by the
Nash relation.

The advantage of this ranking is that it do not depend on arbitrary coefficients. Thus
this method does not depend on old or future performances and is the same for men
and women. At last, this ranking is easy to compute and if we want to satisfy our four
natural axioms we have no other possible ranking.

Appendix A. Proof of Theorem 2.9.
The first point of the theorem has been already proved, see section 2.5.

Here, we consider the second part of the theorem.
We recall that Ry = [0; +00[ and R1? is the set of vectors with 10 coordinates in Ry.
We consider a relation > defined on R}ro which satisfies gradation, anonymity, 1EV
and scale independence axioms, and we are going to show that > coincides with NZ—Sh.
We consider (s, S2,...,510) and (t1,t2,...,t10).
If z3 < z then s > ¢, by the gradation axiom. Thus the relation > coincides with the
Nash relation.

Now we suppose zs = z:. In order to simplify the notation we suppose z; = 2 = 0,
this means that all scores are positive. We set:

(817527 ce. 7510) -~ (t17t27 .. 7t10)
and we want to prove (s1,S2,...,510) = (t1,t2,...,t10).
Nash
. . . . 1 1 1 1
By the scale invariance axiom with u = (—, — e, —, —) we have:
S1 S2 S9 t1o
510 1 t2 125
(513325-“3510) >~ (tlatQa"'atlo) <~ (171""71a7) -~ (7a77"'a771)'
tio 81 82 S9



Furthermore, the anonymity axiom gives:
510 i1 t2 lg 510 1 1l lg
<1,1,...,1,—) - (7,7,“"771) — (1,1,...,1,—) - (1,f,f,...,f).
10 51 82 59 10 51 82 59

Now, the strategy is to obtained more coordinates equal to 1 in the vector
(1,t1/81,. .., t9/s9).

s
The scale independence axiom with u = (1, 1,...,1, t—9> gives:
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£t ¢ ¢ ¢
(1,1,...,1,—5“’) . (1,%3,...,3) — (1,1,...,1,5951“> . (1 LA £,1>.
t10 51 82 S9 21310

The anonymity axiom gives:

89S t t 898 t t
(1,1,...,1,ﬂ)>(1,—1,...,3,1) — (1,1,...,1, 9 10)>(1,1,i,...,i).
tot10 S1 S8 tot1o 51 S8

The scale independence axiom with u = (1, 1,...,1, j—s) gives:
8
t t t t
(1,1,...,1,39810> - (1,1,i,...,£> — <1,1,...,1,5889810) - (1,1,71,...,77 1).
totio 1 58 tgtotio s1 s7

The anonymity axiom gives:

¢ ¢ ¢
(1,1,...,1 5859510) . (1,1,%...,%1) — (1,1,...,1 8859510) >(1,1,1,i,...
S1

" tstotio s7 " tstotig 81

We continue with the same process and we get:

S983 -8 t
(1,...,1,M> - (1,...,1,i).
tots -+ -t10 $1

Now, the 1EV axiom gives:

10 10

5983 ++-8 t 5283+++S t

(1,...,1,M> - (1,...,1,—1> = 20 2= []s > [[ 6
tatz -+ l1o 51 tatz---ti0  S1 paiey paiey

In conclusion we have:

10 10
(51,82,...,810) - (tl,tg,...,tlo) < HSi > Hti < §N>h§.
i=1 i=1 as

This proves Theorem 2.9.
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