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Abstract
We are interested in the quasi-stationarity for the time-inhomogeneous Markov process

B,

X, —
T+ 1)n

where (By)¢>0 is a one-dimensional Brownian motion and x € (0,00). We first show that the
law of X; conditioned not to go out from (—1,1) until time ¢ converges weakly towards the Dirac
measure §g when x > %, when t goes to infinity. Then, we show that this conditional probability
measure converges weakly towards the quasi-stationary distribution for an Ornstein-Uhlenbeck

process when K = % Finally, when x < %, it is shown that the conditional probability measure

converges towards the quasi-stationary distribution for a Brownian motion. We also prove the
existence of a Q-process and a quasi-ergodic distribution for k = % and Kk < %

Key words : quasi-stationary distribution, Q-process, quasi-limiting distribution, quasi-ergodic
distribution, Brownian motion
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1 Introduction

In this paper, we are interested in some notions related to quasi-stationarity for a one-dimensional
Brownian motion (B;):>0 killed when reaching the moving boundary ¢ — {—(t + 1)*, (¢t + 1)}, with
k € (0,00). Quasi-stationarity with moving boundaries was studied in [16] and [15] for periodic
or converging boundaries, but expanding boundaries were not yet considered. Actually, instead of
considering the process B absorbed at t — {—(t+ 1)", (t + 1)}, we will study the quasi-stationarity
for the process X = (X})¢>0 absorbed at (—1,1)¢ and defined by
B
Xy = m, vVt < Tx,

where 7y :=inf{t > 0: | Xy| = 1}.

The process X is a time-inhomogeneous Markov process. For any z € R and s > 0, denote
by P, s the probability measure satisfying P, s(Xs = z) = 1, and denote by E, ; its corresponding
expectation. Also, for any measure u, for any s > 0, one denotes by P, := [p Py su(de) and
Eus = Jp Easp(dz).
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A quasi-stationary distribution for X absorbed at (—1,1)¢ is a probability measure a supported
on (—1,1) such that
Pos(Xt € Jtx >t) =a, Vs<t.

We refer the reader to [11, 13] for more details on the theory. Note however that these refer-
ences only deal with the time-homogeneous setting and that quasi-stationary distributions for time-
inhomogeneous Markov processes do not exist except for particular cases (especially we will see that
the existence of one quasi-stationary distribution holds only for kK = %)

Usually, in the literature dealing with quasi-stationarity, mathematicians are interested in showing
the weak convergence of marginal laws of Markov processes conditioned not to be absorbed by a
cemetery set. The corresponding limiting probability measure is called quasi-limiting distribution.

For our purpose, we define a quasi-limiting distribution as follows:

Definition 1. « is a quasi-limiting distribution for X if, for some initial law p supported on (—1,1)
and for any s > 0,
tli}goP“’S(Xt € '|7'X > t) = qQ,

where the limit refers to the weak convergence of measures.

In [13] it is noted that, in the time-homogeneous setting, quasi-stationary distribution and quasi-
limiting distribution are equivalent notions. In the time-inhomogeneous setting, this equivalence does
not hold anymore. More particularly a time-inhomogeneous Markov process could admit a quasi-
limiting distribution without admitting a quasi-stationary distribution. However, a quasi-stationary
distribution is necessarily a quasi-limiting distribution.

Quasi-limiting distribution is not the only point of interest in the theory of quasi-stationarity.
Another point is the Q-process, which can be considered as the law of the considered Markov process
conditioned “never to be absorbed”. Concerning the process X, we define the @)-process as follows:

Definition 2. We say that there is a Q-process for X if there exists a family (Qu,s)ze(—1,1),s>0 of
probability measures defined by : for any z € (—1,1) and for any s < ¢,

vas(X[sﬂ €-):= lim Pm,s(X[s,t] €T < 7x),
T—o0

where, for any u < v, X, ,) is the trajectory of X between times u and v. Then the ()-process is
defined as the law of X under (Qq,s)ze(—1,1),5>0-

In general, the @)-process is also a Markov process and the theory of quasi-stationarity allows
to get some results of ergodicity for the Q-process. In particular, under some assumptions (see for
example [6, 7, 18]), the Q-process admits a stationary distribution which is absolutely continuous
with respect to the quasi-stationary distribution.

Finally, a third concept to study is the quasi-ergodic distribution, defined as follows:

Definition 3. f is a quasi-ergodic distribution for X if, for some initial law p supported on (—1,1)

and for any s > 0,
t

tlg&% i Pus(Xy € -|7x > t)du = .

In the literature, this notion is also called mean-ratio quasi-stationary distribution. The references
[11, 13] do not deal with quasi-ergodic distributions. See for example [5, 9] which provide general
assumptions implying the existence of quasi-ergodic distributions for time-homogeneous Markov pro-
cesses. In particular, it is shown in [5] that, if the Q-process is Harris recurrent, the quasi-ergodic
distribution is the stationary distribution of the Q-process. Concerning the time-inhomogeneous set-
ting, similar results can be stated (see [16]) when the Q-process converges weakly at infinity. In this
case, the quasi-ergodic distribution coincides with the limiting probability measure.



Some general results on quasi-stationarity for time-inhomogeneous Markov process are estab-
lished, particularly in [10], where it is shown that criteria based on Doeblin-type condition implies
a mixing property (or merging or weak ergodicity) and the existence of the Q-process. However, for
our purpose, these conditions will be difficult to establish. See also [19, 12, 15, 16] for a few results
about quasi-stationarity in the time-inhomogeneous setting, and [1] for ergodic properties for general
non-conservative (time-homogeneous and inhomogeneous) semi-group.

Now let us come back to our process X. As we can expect, the existence of a quasi-limiting,
Q-process and quasi-ergodic distribution will strongly depend on x. More precisely, three regimes
are identified :

® K> %, we will say that X is supercritical

e K we will say that X is critical

=1
=1,
° K< %, we will say that X is subcritical

The aim of this paper is therefore to show the existence of quasi-limiting, ()-process and quasi-ergodic
distribution for each regime. More precisely, it will be shown in Section 2 that, for any probability
measure p on (—1,1) and s > 0,

tli)r&P“’S(Xt < -|TX > t) = o

in the supercritical regime. This regime is of little interest and the existence of a Q-process and a
quasi-ergodic distribution will not be shown.

The Section 3 is devoted to the critical case. This is the only regime for which there is a (unique)
quasi-stationary distribution for X. More precisely, it will be shown in subsection 3.1. that the
conditional probability distribution P, s[X; € -|7x > t] converges polynomially fast in total variation
to the quasi-stationary distribution, where the total variation distance of two probability measures
1 and v is defined as

|l —vlry = sup
[1flloo <1

/(_1’1) f(z)p(dz) _/ F(@)(dz)

(_171)

Moreover, this convergence in total variation holds uniformly in the initial distribution p. This is
due to the fact that, for this regime, the process X is actually obtained from an Ornstein-Uhlenbeck
process by a non-linear time change. As a result, the quasi-stationary distribution for X is the
one for an Ornstein-Uhlenbeck process. In a same way, the existence of a )-process is shown in
subsection 3.2. However, the existence and uniqueness of a quasi-ergodic distribution, which will be
dealt with in subsection 3.3, cannot be deduced from this time change and the proof requires more
technical arguments. Moreover, it is noteworthy that, contrary to what is expected, the quasi-ergodic
distribution does not coincide with the stationary measure of the Q-process.

Finally, the main part of this paper will be devoted to the subcritical regime, in section 4. In
particular, it is shown in subsection 4.3. that, for any initial law p and any s > 0, P, (X; € |7x > ©)
converges weakly, when t goes to infinity, towards the quasi-stationary distribution for a Brownian
motion absorbed at {—1,1}. The key argument is an approximation of the law of (X¢):>s by the one
of a time changed Brownian motion, when s goes to infinity. This approximation is established in
the subsection 4.1, and will be also used to deduce the existence of a quasi-ergodic distribution in
the subsection 4.4. The subsection 4.5 is finally concluded by showing the existence of a ()-process.

Let us now introduce some notation. For any F C R, one denotes by M (F) the set of the
probability measures supported on E and, for any measurable bounded function f on (—1,1) and

uw € Mi((—1,1)), denote by
= dp.
n(f) /(—1,1)f 1
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For a general Markov process (A¢)i>0, denote by (f’?t) s<t the canonical filtration of (A:);>o and

S
(Pgs)zeﬂ&,szo a family of probability measure such that, for any x € R and s > 0, ]P’f’s(XS =z)=1
For any probability measure 4 on R and any s > 0, we define ]P’Z"S = fR Py sp(dx). Then the family

of probability measures (]P’ﬁs) peM, (R),s>0 Satisfies

A
P s(4s €)= p.

A

If the process A is time-homogeneous, we define, for any p € M;(R), IP’Z‘ =Py

any s <t,

o and we have, for

P (A € ) =P (Ajs—g) € )
For A = X, we will keep the notation established at the beginning of the introduction.

2 The supercritical regime : x > %

This section is devoted to the situation x > 1/2. The following theorem states the existence of a
unique quasi-limiting distribution, which is dq:

Theorem 1. For any p € M1((—1,1)) and s > 0,

lim [P)%S(Xt € '|TX > t) = do. (].)

t—o00

Proof. By Markov’s inequality, for any € > 0 and any probability measure p,
Eys(X7|7x > 1)

2
Eys(XP)
2P, o(Tx > 1)
t—s+ (s+1)% f(—l,l) 2du(x)
e2(t + 1)% P, s(Tx > t)

Pus (X > eltx > 1) <

Then the convergence (1) is a consequence of the following lemma.

Lemma 1. For any s > 0 and any probability measure u on (—1,1),

lim P, s(7x >t) =Py s(7x = 00) > 0.

t—o00

O]

Proof of the lemma 1. In this proof, we will denote for any Markov process A = (A;)i>0 and any
positive function f
m=inf{t > 0: |4 = f(1)}.

Without loss of generality, we will show Lemma 1 for s = 0. It is well known that, P, g-almost surely
(for any measure p),

B,
1i _— =1
lﬁsc}ojp Vv2tloglogt
and B
lim inf d

t—oo 4/2tloglogt -

Thus, since k > %, P, 0-almost surely,




In particular, the process (X):>¢ is bounded almost surely. Denote by

M = sup | Xy|.
t>0

Then, for any probability measure p on (—1,1),
Puo(rx =00) =Ppuo(M <1).

Since im0 Poo(M < t) = Ppo(M < +00) = 1 and the function t — Py o(M < t) is non-decreasing,
there exists ¢ty such that
c:=inf Pyo(M < t) > 0.
t>to

Let sp > 0 and p a probability measure on (—1,1). Then,
PH’O(TX = OO) > ]P),u,O(TX = 00,50 < 1o < TX),
where 7y := inf{t > 0: X; = 0}. Then, by the strong Markov property,

PMO(TX = OO) 2 EM:0(150<T0<TXIP)0,T0 (TX = OO))
For any s > s,
Pos(Tx = 00) = P(l)?(TtBH(t—l-s—l—l)" = 00),

However, by the scaling property of Brownian motion, the process B := (v/s + 1By/(s41))t>0 18 a
Brownian motion and

P(‘)B(TtBH(t+S+1)N =00) = P‘B(Tta(wsﬂ)ﬂ = 00)

0
— PB(+B -
0 (TtH(sH)K*%(tH)n o)
= Poo(M < (s+1)"2).
So, choosing sg such that (so + 1)”*% = tp, one has

Pos(tx =00) >¢, Vs> sp.

As a result,
Pu,O(TX = OO) > CP#,O(SO <710 < Tx) > 0.

3 The critical case : Kk =

N[

This section is devoted to the situation k = 1/2.

3.1 Existence and uniqueness of a quasi-stationary distribution

We state a first theorem on the existence of the quasi-limiting distribution (and quasi-stationary
distribution) in the critical regime.

Theorem 2. Let apy be the unique quasi-stationary distribution for the Ornstein- Uhlenbeck process
absorbed by (—1,1)¢ whose generator is

Li(z) = %f”(x) - %:cf’(:z), vz € (—1,1),Vf € D, (2)



where D = {g € C?([-1,1]) : g(=1) = g(1) = 0}. Then aoy is also the unique quasi-stationary
distribution for X and there exist Coy,you > 0 such that, for any probability measure p on (—1,1)
and any 0 < s <'t,

(3)

In particular, for any p € Mi((=1,1)) and s > 0, the sequence Py, (X; € -|Tx > t) converges weakly
towards aoy, when t goes to infinity.

8+1)70U

[|Pns(Xt € -|7x > t) — aovl|lrv < Cou <t+ I

Remark 1. Using the spectral theory for the Ornstein-Uhlenbeck generator, apy can easily be com-
puted and one has

22
aoy(dz) := K x (1 —2%)e” 2 dx,
where K is the renormalization constant. In particular,  — (1 — 22) is the opposite of a Hermite
2

polynomial which is positive on (—1,1) and vanishing at {—1,1}, and 7(dz) := e~ is a reversible
measure for L.

Remark 2. It is well known (see [11, 13]) that there exists Aoy > 0 such that

PZ (17 >t)=e oUWt >0, (4)

axou

where 77 := inf{t > 0: |Z;| = 1}. Moreover, for any f € D,
aou(Lf) = —Aovaou(f),
where L is defined in (2). Using the explicit formula of apy, it is easy to check that
Aov = 1. (5)

Proof of Theorem 2. Let Z be the Ornstein-Uhlenbeck process whose infinitesimal generator is L.
Then, for any probability measure p on (—1,1) and any s > 0,

s+1

Pus((Xt)is € 1) = P/, ((Zlog(t“))tZs € ) : (6)

This can be shown using that there exists a Brownian motion (W3):>o (starting from 0) such that,
for any u > 0,

u
Ty = e 3 <Z0 —i—/ e;dWU> —e 2 (Z() + Weu_l) ,
0
where W is another Brownian motion starting from 0, and setting u = log (t + 1),

7 _ Zo+ W,
log(1+t) = ﬁ

Hence, using (6), one has for any s < t,

axou

Z
]P)OlOU:S(Xt €lrx >t)=P <Zlog($) <

t+1
'TZ>10g m

In other words apy is also the unique quasi-stationary distribution for the time-inhomogeneous
Markov process X. Moreover, since Z satisfies the assumptions (A1) and (A2) of [6] (this is actually

= QQyU-



shown in [8]), then, by Theorem 2.1. in [6], there exist Coy > 0 and yoy > 0 such that, for any
t > 0 and for any probability measure p,

IPZ(Z; € |7z > t) — aoullry < Cope 10V".
Using (6), one deduces that, for any s < ¢ and for any probability measure p on (—1,1),

5+1 YouU
t+1> '

[Py,s (Xt € -|7x > t) — aoullrv < Cou (
This concludes the proof. ]

3.2 Existence of the ()-process
Before tackling the existence of the Q)-process, we need the following proposition:

Proposition 1. There exists a non-negative function noy : [—1,1] — Ry, positive on (—1,1) and
vanishing on {—1,1}, such that, for any x € (—=1,1) and any s > 0,

t+1
1]P’1,75(TX > t),

nOU(x) - tlggo s+

where the convergence holds uniformly on [—1,1] and aov(nou) = 1. Moreover the function nou is
bounded, belongs to the domain of L defined in (2), and

Lnov = —Aounov = —nou,
where Aoy s defined in Remark 2.
Remark 3. More precisely,
nou(z) = K' x (1 - x?), (7)
where K’ is the positive constant such that aoy(nov) = 1.

An interesting consequence of Proposition 1 and (6) is stated as the following corollary:

Corollary 1. Let B a Brownian motion on R, and denote by

Y i=inf{t > 0:|B)| > Vi+1}.

Then, for any x € (—1,1),
5 1— a2
PB(r > t) ~iyoo K T
Proof of Proposition 1 and Corollary 1. Using Proposition 2.3 in [6] applied to the process Z and
(6), one has, for any z € (—=1,1) and s > 0,

t t+1
nov(x) = lim erov e ) p? (TZ > log ( i >>

s+1
t+ 1\
= A <s+1) Pas(7x > 1)

. t+1
= fm e Pes(me > 1)

where we finally used (5). This ends the proof of Proposition 1. Now it is easy to see that, for any
x € (—1,1) and t > 0, ]P’f(rj‘gﬁ >t) =P, o(rx > t). Thus, using Proposition 1 and (7), we conclude
the corollary. O



Remark 4. In [4], Breiman shows a similar result for one-dimensional Brownian motion absorbed
by a one-sided square boundary. More precisely, denoting 7' := inf{t > 0 : By > ¢/t + 1} for any
¢ > 0, he shows that PF (T > t) ~_oo at=® for a > 0 and b such that b(1) = 1. In particular,
for ¢ = 1, P¥(T} > t) and ]P’(Jf(T}! > t) decay as 1/t. The reader can also see [17] for more general
boundaries.

We turn to the existence of the )-process and its ergodicity.

Proposition 2. e There exists a Q-process and the family of probability measures (Qz s)ze(—1,1),s>0
defined in Definition 2 is given by : for any x € (—1,1) and s <,

t+ 1\ nou(Xy)
T,s Xs : :Exs 1 T
Qz,s( X5, € ) » < X(o g €mx>t <5+1> nou (z)

t+1 1 - X?
= sl X By, s (ﬂ-X[Syt]E',Tx>t1x2 .

e The probability measure Boy defined by

Bou(dz) = nou ()ao (dr) = KK'(1 - 2?)%e~F da

is the unique stationary distribution of X under (Qz s)s>0,2e(—1,1)- Moreover, for any 0 < s <t
and any x € (—1,1),

S+1 You
t+1> ’

[|Qqz,s(Xt € ) — Boullrv < Cou (

where Coy and you are the same constant as used in (3).

Proof. Straightforward using (6) and Proposition 3.1 in [6] applied to the Ornstein-Uhlenbeck process
Z. O

3.3 Quasi-ergodic distribution

Now let us provide and show the existence and the uniqueness of the quasi-ergodic distribution:

Theorem 3. For any probability measure pn on (—1,1) and any s > 0, for any measurable set S,

1 t
lim © [ Py (Xu € Sl > t)du = / EZ (1) aou (dz),
s S

t—oo ¢
where we recall that Z is the Ornstein-Uhlenbeck process whose the generator is (2).

Remark 5. As mentioned in the introduction, the quasi-ergodic distribution EZ (77)aory (dz) is differ-
ent from the invariant measure of the Q)-process Soy. According to our knowledge, there does not ex-
ist any explicit formula for the density = — EZ (7). However, noting that Boy (dz) = nov (z)aov (dz)
where nop is defined as

Lnov = —nov,

Bou is surely different from EZ (77)aor (dz) since

LEZ(15) = —1.



Proof. In order to make the proof easier to read, Theorem 3 will be proved for s = 0 in what follows.
The proof for a general s will be very similar to the following one.

First, using the variable change u = ¢t, one has, for any u € M;((—1,1)), ¢ > 0 and f continuous
and bounded measurable,

1

1 t
+ | Bt Xl > Ou = [ B (Xl > ydn

As a result, it is enough to show the weak convergence of (P,0(Xq € -|[7x > t)),-, for any ¢ € (0,1),
then to conclude with the Lebesgue’s dominated convergence theorem.

Let p € Mq((—1,1)), ¢ € (0,1) and f continuous and bounded measurable. By the Markov property
and (6), for any t > 0,

Eu,O(f(th)]lTX>t) = EM,O (f(th)ﬂTx>thth,qt(TX > t))
= Eu,O (ft (th) HTX>qt) ) (8)

where we set for any y € (—1,1),

fe(y) = f(Y)Py g [Tx > 1].

By (6), for any y € (—=1,1) and ¢t > 0,

fi(y) = Fw)P? {TZ > log (;;11)] .

Now define for any y € (—1,1),

fooly) = f()B] [z > —log (q)].

It is easy to see that (f;):>0 converges pointwise towards foo. Moreover, a simple calculus computation

entails that the function ¢t — ;:‘Tll is increasing, which implies that the sequence (f;):>0 is a decreasing

sequence of continuous functions defined on [—1, 1]. Likewise, fo, is continuous on [—1,1]. As a result,
by Dini’s theorem for the decreasing sequences of continuous functions, the pointwise convergence is
equivalent to the uniform convergence on [—1,1]. Thus,

Jim - sup | fi(y) = foo(y)| = 0. (9)
Tye(-1,1)

Now, let us show that
tliflolo(qt + DEyo(foo(Xgt) Lry>qt) = p(nov)eou (foo)- (10)
To show this, let us begin with

(gt + DE o0 (foo(Xgt) Lrx>qt) = (gt + DPLo(Tx > qt) X Epo(foo(Xgr)|Tx > gt).

On the one hand, by Proposition 1,
Jim (gt + 1)Pyo(7x > gt) = p(nov)-
On the other hand, by (3),

tlif& Epo(foo(Xqt)|mx > qt) = aou(feo)-



(10) follows from these two convergences. Now, by (10) and (9),

(qt + 1)Eu,0 (ft (th) I[Tx>qt) = (qt + 1)Eu,0 (foo ( qt) ]17'X>qt)

+ (gt + DEpo ([foo (Xgt) = fi (Xqt)] Lry>qt)

hvd w(nov) o (foo),

because

(gt + DEpo [(foo (Xgt) = fi (X)) Loy s il < (qt+1)Ppo(mx > gt)x sup | fi(y)=foo(y)] — 0.

ye(fl»l)
Hence, using (8),

tliglo(qt + 1)E,u,0(f(th):H-TX>t) = N(nOU)aOU(foo)

— u(nov) /( | J@PEs > los(a)eou(de).

Moreover, taking f = 1, using (4) and (5),
Jim (gt + DPo(rx > €) = (now)PZ,, (2 > ~log(q)

= p(nov)q.
Thus, we deduce that

Jlim Euo(f(Xgt)lrx > t) = q_l/ aov (dz) f(x)Py (17 > —1log(q)).
00 (-1,1)

Then, by Lebesgue’s theorem, for any probability measure p on (—1,1) and any bounded measurable

function f,

1
lim i, Euo(f(Xu)|Tx > t)du = hm/ o (f(Xgt)lTx > t)dgq

t—o00

/ 1/ . IP’Z (7 > —log(q))aou(dx)dq

0

1
- [ aoutnsw) / ¢ "PZ (17 > —log(g))dg
(-L,1)

-

= (&% T ZT - ZT s)as
= [, cout@ni@ [Pz > 0

_ / aou(dz) f(2)EZ (7).
(=1,1)

This concludes the proof.

O

Remark 6. As it is seen in the previous proof, the quasi-ergodic distribution for X is obtained
computing the limit of P, ((Xq € |7x > t), when t goes to infinity and for ¢ € (0,1) fixed. By the

time change t — log(1 + t), this limit is the same as the one of

IP’Z(ZlOg(qt) € |tz >log(t)) = IP’Z(ZlOg( )+log(t) € * |77 > log(t)),

with log(q) < 0. Such a limiting probability measure is called a — log(¢)-Yaglom limit and is different
from the invariant measure of the @Q-process of Z (obtained taking ¢ = +00). This provides a heuristic
reason explaining why the quasi-ergodic distribution for X is different from the one for the Ornstein-

Uhlenbeck process Z.
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4 The subcritical case : kK < %

In this section, we will show that a quasi-limiting distribution, quasi-ergodic distribution and a Q-
process exist when k < % To do this, the strategy will be to compare (in a sense described later)
the process X to the process Y defined by

t

1

Y;:_/ — —_dB., Vt>0.
0 (u—l—l)“

Then the quasi-stationarity for X will be deduced from the one for Y.

4.1 Approximation by Y through asymptotic pseudotrajectories

Denote by 7y := inf{t > 0 : |Y;| = 1}. The aim of this subsection is to show the following proposition:

Proposition 3. There exists a function F': Ry — Ry such that

g, Fle) =0,

and such that, for any 0 < s <t <T, for any probability measure u on (—1,1),

IPys(Xe € |7 > T) =Py (Ve € |1y > T)llrv < F(s). (11)

Remark 7. (11) provides us with a decay towards 0 uniformly in the initial law, ¢ and 7. It can be
seen as an analogue of the asymptotic pseudotrajectories introduced by Benaim and Hirsch in [3].
See also [2] for more details about asymptotic pseudotrajectories in the general case.

Proof of Proposition 3. By Ito’s formula, one has, for any ¢ > 0,
¢
Xe=Xo+ Y — / k(s 4+ 1) 'Byds = Xo + Yi— <Y, M >,
0
where
t t t
M, = / k(u+1)"'X,dB, = / r(u+ 1)1 X, dX, + / (k(u+1)"1X,)%du.
0 0 0
For any s < t, denote by
¢
M,y = M, — M, = / w(u+ 1)1 X ydBy,
S

and
t
<M,M >gp=< M,M >y — < M, M >,= / (k(u+1)"1X,)%du.

Moreover, denote by £(M ), the exponential local martingale defined by

1
E(M)sy :=exp <M57t —5 <M,M >5,t>

11



where . ¢
Ny = 2/ r(u+ 1)1 X, dX, + / (k(u+1)"1X,)%du.
S S

By It&’s formula applied to t — s (t + 1)2~1 X2, for any s < t,
Nop = r(t+1)*"1X2 — k(s +1)* 1 X2

t t t
- / [k(u+ 1)1 X2du — / j_ 1du + / (k(u+ 1)1 X,)%du
S S U S
= k(t+1)271X2 — k(s + 1) 1X2

t 1 t
—/ [k(u+ 1)1 X2du — mlog( 11) +/ (k(u+1)"1X,)%du.

Note that the process (Nsary )s<¢ is almost surely uniformly bounded, thus £(M)s iary is @ martin-
gale. For any t > s > 0 and u € M;((—1,1)), define G, ; the probability measure satisfying

Gus(A) =E,s(E(M)sinryla), VA€o(Xy,s<u<t).

Then, by the Girsanov theorem, the law of (X¢ary )i>s under G, , is the law of (Yiary, )i>s under P, .
In particular, for any S measurable set, probability measure p on (—1,1) and 0 < s <t < T,

Pl (Y, €81y >T)=Gus(X¢ € S,7x >T)
E (5( )s TATx :H-XtGS,TX>T)
=Eus (E(M)srlxes,7x>T)
1
=By (exp <2N8,T> ]]‘XtGSﬂ'X>T>
s+1)\2 1
= <T+ 1> ]Eu,s <exp (2N;T> ]]-XtES,TX>T> 5 (12)
with N{ 7 = Ny 1 + rlog (751'11) Thus,

]Eu,s <exp (%N;T) :H-XzES,Tx>T)
E,.s <exp <%Né,T> ILTX>T>

By this last inequality and by a tringular inequality, one has, for any 0 < s <t < T and for any

Pl (Vi €Sy >T) =

12



measurable set S,
IPus(X: € Slrx > T) =P (Y; € S|ty > T)

]P)u,s(Xt €S, x> T) E,“»s (exp (%N;,T> IlXtGS,TX>T)
- IP)%S(TX > T) ]P),u,s(TX > T)

E, ( (%N; ) ]lXtGS,TX>T> Eus (exp (%N;T> ILXtGS,Tx>T)
P (Tx

+

>T) E,.s (exp (%N;,T> 17x>T)
P s(Xe € S,mx >T) (exp( ) llxtes,rx>T> |
- (TX > T)
=: Cs(u,t,T,5)
. E, s (exp (%NQ,T) ]lTX>T) . P,s(rx > T)
X J—
Pus(tx > T) Eus (exp (%NQT) ]lTX>T>

~~

=:As(p,T)
In order to show (11), we will bound the functions As; and Cs.

Step 1 : Upper bound for C,

For any 0 < s <t < T, probability measure p and S measurable set,

1
Cs(/"taTv S) = ]Eu,s [(exp <2 é,T) - 1) :H-XtGS TX > T:| .

:'f(87t7T7u7S)

On the event {Tx > T}, X2 < 1 for any 0 < u < T. Hence, the function f defined as above is
bounded as follows:

T
exp [—;(3 1)L % / [k(u + 1)2“1]’614 1
S 1 .
< T 8) < oxp | T4 D 45 [ Gutu+ ) <1

In particular, for any 0 < s <t < T, for any probability measure u and S measurable set,

f(s,, T, 1, S)| < [1 _ exp (—;m(s 4 1)2“1>] v [exp (; </<; s _2%) (s + 1)2“1> - 1}
. o(s).

Hence,

Cs(p,t,T,S) < o(s).

Step 2 : Upper bound for A

13



Taking S = (—1,1),

s (eXP (%N;,T) 11Xte(—l,l),Tx>T) —Pus(Xe € (-1,1),7x > T
Pus(tx >T)
Ey,s (GXP (%N;T) I[7'X>T>

= —1].
IP’%S(TX > T)

Cs(#vt7T7 (_13 1)) =

According to the previous bound we have shown, for any for any s < T', for any probability
measure g on (—1,1),

Epus (exp (5N04) Lric>t)

1—o(s) < P, s(Tx > 1)

<1+ 6(s). (13)

We deduce from this last inequality that

4.7 = (1= 1) (g ) =00

We set then, for any s > 0,

F(s) = ¢(s) +1(s)(1 + ¢(s)),
which concludes the proof. O

4.2 Quasi-stationarity for Y

Now, we are interested in the quasi-stationarity for the process Y. Note that, by the Dubins-Schwartz
theorem, there exists a Brownian motion B such that, for any ¢ > 0,

}/;f = B(t+1)172l{71 . (14)

1-2k
Denote 75 := inf{t > 0: |B;| = 1}. Then, by (14), for any initial law x and s > 0,

(t+ 1) — (s +1)1728
1-2k '

Y B (5
]P)/,L,S(Yt S |TY > t) - ]P)# <B(t+l)1_2“—(s+1)1_2“ € - TB >

1-2k

It is well known that a Brownian motion absorbed at (—1,1)¢ admits a unique quasi-stationary

distribution ag,,, whose the explicit formula is
1
apm(dz) = 5 cos <§m> dx,

and that there exists A, > 0 (see [13]) such that
P (ry >t)=eBrt, >0

Remark that Ap,, satisfies also

aBm <;Af) = —Amasm(f), VYfe{geC*[-1,1]) :g(1) =g(-1) =0},

w2

and Apn = 7. The Brownian motion absorbed at (—1,1)¢ satisfies the Champagnat-Villemonais

condition (A1) — (A2) in [6], which implies the existence of Cpy,, YBm > 0 such that, for any proba-
bility measure p and any ¢t > 0,

HPE(Bt S '|TB > t) — aBm||TV < CBme_A/Bmt.

14



Thus, using the Dubins-Schwartz transformation, for any s < ¢t and any probability measure p

(t+ 1)1 — (s 1)t2r
1—2k '

IPY (Y € 1y > 1) — apmllry < Cpm exp (—vBm . (15)

Moreover, let np,, be the function defined by

5 1
NBm(x) ;== lim e’\BmtIP’f(TB > t) = —cos (L:C> .

T e 8 2

This definition makes sense by Proposition 2.3. in [6]. We recall moreover that np,, is positive on
(—1,1), vanishing on {—1,1}, apm(nBm) = 1 and the convergence holds uniformly on [—1,1]. Then,
in the same way as in the critical case, an analogous version of Propositions 1 and 2 can be stated
as follows:

Proposition 4. (i) For any z € (—1,1) and any s > 0,

1-2k 1-2k
. ABm t+1) —(s+1) Y
nBm(x) = Jim ™ -2 P, (v > 1),

where the convergence holds uniformly on [—1,1].

(ii) There exists a Q-process for'Y in the sense of Definition 2 and the family of probability measure
(Qg’s)we(,m)’szo defined by QSY@(Y[S,t] €)= limyr e IF’;/,S(Y[M] € -|T < 1y) satisfies also

)
NBm(T) ’

Y A m
Qx,s(yv[s,t] € ) = Ew,s (ﬂY[s,t]e-,Kry@ B

for any x € (—1,1) and s < t.
(iii) The probability measure Bpy, defined by
Bem(dx) = npm(x)apm (dz) (16)

is the unique stationary distribution of Y under (Qis)me(—l,l),szo and, for any x € (—1,1) and
s >0,

(t + 1)1—2;-; o (8 + 1)1—2n
1—2k ’

|1QY(Y; € ) — Bamllrv < Cpmexp <_’YBm X

where Cpy, and vy, are the same as in (15).

Proof. The proof is essentially the same as for the proof of Proposition 2. O

4.3 Quasi-limiting distribution of X

Now we will use Proposition 3 in order to show the existence of a quasi-limiting distribution for the
process X.

Theorem 4. For any probability measure p on (—1,1) and any 0 < s <*t,

(t+1)1—2f:2(é+1)1—25>’ (17)

t
[Xs € x> 0) = e < F (5) + Camexp (<o
where the function F is defined in Proposition 3. In particular, for any p € Mi((—1,1)) and any
s >0,

tl_igloP“’S(Xt S -‘TX > t) = OBm-
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Proof. Let € Mi((—1,1)). For any s < ¢ define
Ps,p) = Pus(Xe € |Tx > 1),
Then, by the Markov property, for any s <t < u,
t(su) = Pug (X € -[7x > u).
Thus, for any s < t,

| ps,26) — aBmllTv < [l1ags20) — P;}:(s’t),t(yv?t € |ty > 2t)[|rv

+ [Py, (Yor € -1y > 2t) — apullry
= Py t(Xae € -7 > 26) =P (Yor € |7y > 20)||7v
+ [Py (Yor € |1y > 2t) — apml|Tv

/"/(s,t)vt
(2t + 1) 2% — (¢ + 1)1—2”>

< F(t) + CBm exp <_73m X 1 — 9k

where we used the inequalities (11) and (15). This shows the inequality (17).
Now, since lim;_,~ F'(t) = 0 by Proposition 3, and noting that

(Qt + 1)1—2/{ _ (t + 1)1—25) 0

Jlim exp <—73m X T 5.

because £ < %, this shows that, for any p € M;((—1,1)) and s > 0,

,}HEOP“’S(Xt S ‘|7'X > t) = apm-

4.4 Quasi-ergodic distribution

The following theorem states the existence and uniqueness of the quasi-ergodic distribution (in the
sense of Definition 3) for the process X. Moreover, this quasi-ergodic distribution is the probability
measure Sy, defined in (16).

Theorem 5. For any probability measure p on (—1,1) and any s > 0,
1 t

lim — [ P, (Xy € |7x > t)du = Bpm,
0

t—o00

where Bpm is defined in (16) (Proposition 4).

Proof. As for the proof of Theorem 3, the following proof will be only done for s = 0, but the
statement holds for a general starting time s.
Let € M1((—1,1)). We recall the notation

fsp) = Pus(Xe € -l7x > 1), Vs <t

and, to make the reading simpler, denote



For any probability measure u and ¢t > 0,

1
H / P,o(Xy € |rx > 8)dg — Bom
0

TV

1 1
< H/ Poo(Xyp € x> t)dq—/ PY 4 (Y € fry > 1)dg
0 0 2

TV

1
Y
/0 Pu%t,gt(yqt € |ty > t)dq — Bpm

il

TV

1 1
Y
< ’ /0 Pugt%t(th € ‘|ltx > t)dq —/0 Pu%ﬁ%t(y‘lt € |y > t)dg

TV

1
Y
/0 Pu%t,%t(y;]t € |ty > t)dq — Bpm

1 1
S/O F(gt)dq+/0

By Lebesgue’s dominated convergence theorem,

:

TV

dq.

Y
Pu%ﬁ%t(yqt € |17y > t)dq — BBm
TV

Lorq
lim [ F (ft) dg = 0.
s T \2

t—o0

In order to prove the convergence towards the quasi-ergodic distribution, it remains therefore to show

that
1

lim
t—o00 0

dg = 0. (18)
TV
The idea of the following reasoning is the same as in the critical case. Similarly, one has, for any

x € (—=1,1),t>0,q € (0,1) and f bounded measurable,

Y
Py g1(Yar € lrv > t)da = B

(t+1)172’€7(%t+1)172n (qt+1)172'€7(%t+1)172'€

ABm Y _ _ABm Y
e™r 1o EM%t,gt(f(th)Ly») = 12w ]E'U‘%t’%t (9t (Ygt) Lry>qt) 5

with, for any y € (—1,1)

(41! 72F — (geg 1)1 720

gi(y) == o -2k FQPY Iy > 1.

Also define, for any y € (—1,1),
9oo () == f(y)nBm(Y)-
Reminding that
(t+1)172F — (gt + 1)1

]P)Y
1—2k ’

y,qt

(Ty>t):P§ T§>

and using Proposition 2.3. in [6] applied to the process B, (g¢)i>0 converges uniformly on (—1,1)
towards goo, which implies that

Ey, a0 l190(Yar) = 9o (Yollry > qt] — 0.
2

t—-+o0

As a result, if one of the limit in the following equality exists, then the other limit exists also and
one has

(t+1)172ﬁ_(%t+1)172n

. ABm — Y
i o TR (1000
A (qt+1)172ﬁ—(%t+1)172'€ v
— |1 Bm
= tll)Ig)e 1-2k ]El‘%tv%t (goo (th) ]]-Ty>qt) . (19)
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By the definition of conditional expectation, one has
Y Y Y
E#%ﬁ%t (goo (Ygt) Ly sqt) = Eﬂ%t»%t (oo (Yge)|Tv > qt) P“%“%t(Ty > qt).
On the one hand, by (15),

lim EY ¢ (goo (th)|TY > qt) = aBm(goo)- (20)

t—oo Hgv

On the other hand, using again Proposition 2.3. in [6] applied to the process B , we deduce that

(qt+1) =28 (Ge41)1—2%

)\Bm —2K Y -
. = Pu%ﬁ%t(ﬁ/ > qt) = ngi(nm)| > 0,

and, again by (15),

lim Mﬂt(an) = aBm(an) = 1.
t—oo 2
As a result,
(qt+1)! 26— (Fe1)l =20

1 A m 2k Y —
lim 7 2 Pu%t%t(fy >qt) = 1. (21)

t—o00
Hence, we deduce from (19),(20) and (21) that, for any bounded measurable function f,

(t+1)1_2“£7(%t+1)1_2'€

. A Y
lim e"B™ T2k E Y, )1
Jm, ngoogelf Fat)bry>0)
1‘ )\B (qt+1>1—2m7<%t+1>1—2nEY Y Il
= lim e "™ 1-2k
e ngodt (900 (Yqt) Lry >qt)

= OCBm(goo) = / OzBm(dl')f(-f)an(w) = BBm(f)
(-1,1)

Taking f =1,
(t+1)1_2’§7(%t+1)1_2’€

. A
lim e”F™ =2 PY o (
t—o00 .L"%tzg

Ty > t) =1.
Thus, for any bounded measurable function f,

m B, (f(Ya)lry > 1) = Bpm(f)-

tlimo Hge
We conclude to (18) by Lebesgue’s theorem. O
4.5 (-process

4.5.1 Existence of the ()-process

Now, it remains to prove the existence of the ()-process. More precisely, this subsection is devoted
to the proof of the following theorem:

Theorem 6. For any s <t and p € My((—1,1)), the family of probability measure

(P}L,S<X[S,t] € ’T < 7—X))T>t

converges weakly when T goes to infinity towards

ne(Xe)
Qus (X € ) = Eps (HX[s,tle'vTx>t p(ns) ) ’ 22)
where (n:)e>0 is defined in Proposition 5. Moreover, for any s <t and pp € Mq((—1,1)), one has
1Qus(Xe € ) = @ o(Y2 € )llrv < F(s), (23)

where F is the same function as in Proposition 8 and QY is as defined in Proposition 4.
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Before proving this theorem, let us first state the following key proposition.

Proposition 5. There exist a family of positive bounded functions (ns)s>0 satisfying
E;U,S(HTx>tnt(Xt)> - 778([13)7 V.T € (_17 1)7V3 S tv (24)
and H : Mi((—=1,1)) x {s,t e Ry : s <t} — (0,00) such that, for any v € M;i((—1,1)) and s > 0,

lim H(v,s,t) =0,

t—o00

and that, for any s <t and for any p,v € My((—1,1)),

Pys(mx > 1) — p(ns) < H(v,s,t). (25)

Ps(tx >t)  v(ns)

The proof of this proposition is postponed after the proof of Theorem 6.

Proof of Theorem 6. Let u € Mi((—1,1)) and s < t. We define Q, s(X[sy € -) as in the formula
(22). Then, for any T > t,

[IPps(Xps) € -l7x > T) — Qus(Xis € v

— ’ E [ﬂx t (PXtvt(TX >T) _ m(Xt))}
14,8 [s,4] €TX > ]P)M,s(TX > T) /1«(778) TV

:[]-X[S,t]E',TX>t ( PXt,t(TX >T) B nt(Xt) >]

E

9

TV

Hos Py,s(TX > t) P#(s,t),t(TX > T) M(s,t)(”t)

where (24) was used. Hence, by (25) in Proposition 5,

]lX[S!t]€~,Tx>t:|

. — . < _ st AT
HPM,S(X[s,t] € |TX > T) QM,S(X[s,t] € )||TV = H(N(s,t)7taT) ‘ Eu,s [Pu,s(TX N t)

TV
< H(M(s,t)v t T)

Since, for s < t fixed, limp_oo H (u(s,t),t,T) = 0, this implies the weak convergence of the family
(Pps(Xisy € |T < 7x))7>¢ towards Q, s, when T goes to infinity. Now, by (3), for any s <t < T
and p € My (Ey),

Py (X € Jrx > T) = PY (Vi € o7y > Dllzv < F(s).

Therefore, letting 7' — oo, one obtains : Vs < ¢ and p € M;(Ej),

1Qus(Xe € ) = Qs(Y2 € )7 < F(s).

4.5.2 Proof of Proposition 5

The remaining of the paper is dedicated to prove Proposition 5. In the proof, two important lemmata
are used. So we will start by proving these lemmata before tackling the proof of Proposition 5.

Lemma 2. a) For any s > 0 and a € (0,1), there exists Cs 4 > 0 such that

inf P,s(rx >t)>Csq sup Pps(rx >t), Vt>0.
z€[—a,al z€(—1,1)
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b) For any a € (0,1), there exists Cy > 0 such that

inf PY (ry >t)>C, sup PY (ry >t), Vs<t.
z€[-a,a] ze(-1,1)

Proof. a) Let a > 0. To prove this, note that, for any z € (—1,1) and t > s > 0,

Py s(7x >t) = Pgﬂ)nx [Tg+s+1)~ >1— s] ,
where, for any s > 0,
P inf{t > 01 [By| = (t+ s+ 1)7).

So, the Harnack inequality to show becomes: for any ¢ > 0,

. (+s+1)F (+s+1)"~
inf P.(T >t) > Csq sup P.(T > t).
z€[—a(s+1)~,a(s+1)"] s ) z€(—(s+1)",(s+1)") (7 )

Actually, for any ¢ > 0,

i (Hs+1)" (s+1)%
inf Py(r > 1) = Py(sq1ye (T > 1),
z€[—a(s+1)%,a(s+1)"] ( B ) a(s+1) ( B )

and

sup Px(T]gJFSH)K >t) = IP’O(TEJFSH)K > t).
z€(=(s+1)%,(s+1)%)

Then, for any ¢ > 0,

Pa(s—i—l)“ (Tngerl)“ > 1) > Pa(s—i—l)“ (7_% < T§+s+1)ﬁ’ 7_g+s+1)N >t4+ 7.%)

stvt1)s
= Ea(5+1)n (]17_%<Tg+s+1)npo(7'é s+v > t)‘U:T%)

> Pyasrye <Tg < T}g+s+1)m> P, <T](3~+s+1)ﬁ - t) |

where
79 :=inf{t > 0: B; = 0}.
Then, setting Cs o 1= Py(sq1)n (7’% < Tgﬁﬂ)H), one has Cs, > 0 for any s > 0 and

inf Pps(tx >t)>Csq sup Ppo(rx >t), Vt>0.
z€[—a,a] ze(—1,1)

This is straightforward using the Harnack inequality for a Brownian motion and using the change
of time provided by the Dubin-Schwartz transformation (14).
O

Now let us state and prove Lemma 3.

Lemma 3. Let a > 0. Then there exists a function xq : Ry — Ry such that, for any s <t, for any
p € My((=1,1)) and any v € My((—1,1)) such that v([-a,a]) > 3,

Ps(rx >t) P (v >1)

- <
P, o(rx >1) Bl (ry >1)| " Xa(8),

with xq(s) — 0 when s goes to infinity
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Proof. Let s <t. Then, using (12) applied to S = (=1, 1), for any p € M;((—1,1)),

s+1\2 1
P};S(Ty > t) = (t-'-]_) EH75 [exp <2Né,t> H’Tx>t:| , (26)
and by (13), for any u € M1((—1,1)),

E,,s(exp (%Nét) Lry>t)
P#’S(TX > t)

1—g¢(s) <

<1+ ¢(s).

Thus, by (26), for any u € My((—1,1)),

s+1)2 PY (v > t) s+1\2
(F) a-en < g2l < (557) (ot

IN

and, since ¢(s) < 1 for any s > 0, one has also,

t+1\2 1 P.o(rx >t) _[t+1\2 1
(s—i—l) 1+¢(S)SP%S(Ty>t)S<S+1) 1—¢(s) (27)

Thus, for any u,v € My((—1,1)),

1—¢(s) < Puo(rx > t) Y (7y > 1) < 14 ¢(s)
1+ o¢(s) — E’S(TY >HPs(tx >t) — 1—(s)

Thus, it is deduced from (28) that, for any u,v € M;i((—1,1)),

Pus(7x > 1) _ IP)/)w/,s(TY > t)
P, s(tx > t) IP’},/S(TY > t)

_ PY (1v > ) |P,o(mx > t) Py (v > 1) o
- Pz}/f,s(TY > t) ]P)ms(TX > t) PN,S(TY > t)

Pls(ry >1) [(1+¢(s) 1-9(s)
Séﬁw>ﬂ[G—M@ Qv<ll+wﬂﬂ‘

Now, if v is such that v([—a,a]) > %, by Lemma 2, for any s < t,
P};S(Ty >t)< sup PY sy > 1)
ze(-1,1)
1
< — inf PY sty > 1)

= Uy z€]—a,a)

v
Cav([-a,a])

2
C PY (v > 1).

2 [( + ¢(s) _1> y <1_ 1—¢(8)>} '

Ca - ¢(8) 1 + ¢(3)

It remains to set xq(t) = C% (1+¢(S - > \Y (1 Eg) Then, since ¢(s) — 0 when s — 00, X4
goes also to 0 when s goes to infinity. ]

< P) (ry > t)

As a result,

Pu,s(TX > t) _ P (TY > t)
Py,s(TX > t) P (Ty > t)

IN
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Remark 8. The inequalities (27) allows us to get that, for any p € M;((—1,1)) and s > 0,

41 5 DI (sg)1=2%
P >t) = 0 e "Bm I—2s )
u,s(TX ) t—o0 <<S+ 1>

Hence, defining
ST =it {t > 0 B = (£ 4+ 1)"3,
then, for k < %, for any u € M;((—1,1)),

41" Koy, DT
PE(T](BH) > 1) =ts00 O ((t +1)ze M domm ) .
This observation completes the Theorem 5 obtained by Novikov in [14], which states in our case the

following asymptotic order :

1-2k
B (1)~ (t+1) -1
logIP’# (TB > t) ~Ni—s00 —)\Bmﬁ
Now we can prove Proposition 5.
Proof of Proposition 5. Let v € M;((—1,1)) and s > 0. We recall then the notation
Visy) = Pus(Xy €-|Tx > 1), Vst

By Theorem 4, the family (V(s,t)) s<t converges weakly when ¢ goes to infinity towards ap,,. Thus,
by Prokhorov’s theorem, (v(sy))s<: is tight. This implies that there exists as(v) € (0,1) such that,
for any t > s, v ([—as(v), as(v)]) > 1.

Let p € M1((—1,1)), s <t and T > 0. Then, by the Markov property,

P/"S(TX >t+T) PH,S(TX > 1) _ PM,S(TX > t) ]P/'L(s,t):t(TX >t+T) B
Py,s(TX >t—|—T) PV,S(TX > t) Py,s(TX >t) '

— ]P)V(s,t)7t(7_X > t + T)
Using the same argument as in the proof of Lemma 3, by Lemma 2, one has

]P),u,s(TX > t) < 2
P,,,S(TX >t) — C&as(l,).

Thus,

Pus(tx >t+T) Pys(rx > t)‘ L2

Py, ot(tx >t +T) ‘

PV,S(TX >t+1T) ]Py,s(TX > t) C&as(y) PV(S,w,t(TX >t+1T)
Using Lemma 3, one has
Y
‘PM,S(TX >t+T) Puirx > 1) ’ <2 [y o Puot(y >t+T) .
Py,s(TX >t+ T) Py,s(TX > t) - Csyas(y) as(v) ]P’Z(S’t)’t(Ty >t+ T) '

Now,

]P)Z:(s,t)vt(TY >t+T) B 1' _ |Pl¥(s,t)7t(TY >t+T)— ]P)Z(S,t),t(TY >t+T)|

P}j/(s,t)’t(Ty >t+1T) Pz)//(s’t),t(TY >t+1T)

- SUDge(—1,1) I[D};t(Ty >t+4+1T)

H:U“(S,t) — V(spt) ’TV

o IP)}V/;S’w,t(TY > t+T)

4 t (t + 1)1—25 _ (i + 1)1—2n
< Fl= C m - m 2 )
= Cas(y) X < <2> +CB GXP( B 1— 9%
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where we used Lemma 2 and (17).
Pu.s(Tx >t)

We conclude from all these computations that ¢ — 3= x>0

is a Cauchy sequence, hence converges
as t — 0o. Denote by h(s, u,v) the limit and set

2 4 t (t+ 1)1 — (5 + 1)t
H(Va S7t) i Cs,as(y) |:Xas(l/)(t) + Cas(z/) X <F <2> + CBm €xXp <_'73m 1_ 92k >):| .
One has therefore, for any p,v € My((—1,1)),
PH s(TX > t)
=< —h <H t
AT )| < Hs )

and lim;_,o H (v, s,t) = 0.
In order to complete the proof, The final steps of the proof are inspired by the proof of Proposition
3.1 in [10]. We define, for any s > 0,
Ns : & — h(s,0z,00).
Then, by Lebesgue’s dominated convergence theorem,
. P (TX > t)

lim A=~ 2 — .

S 1(ns)
Then, for any u,v € My((—1,1)),

P t P t)/P t
h(s, ) = lim DX >0y Pualrx > 0/Pos(rx > 8) _ p(ns)
tooo Py o(Tx >t)  t=oo Py s(tx >t)/Pos(tx >t)  v(ns)

Moreover, for any s <t < u,

E,, (IL Px, +(7x > u)) _ Py s(tx >u

)
x>t Po+(7x > u) Po+(7x > u)
_ Py s(mx > u)E 1 Px, :(7x > u)
Po.s(Tx > u) O, \ Frx>t Pos(rx >u) )

For any u € M;((—1,1)), integrating both sides of the equation with respect to p, letting u — oo
and using Lebesgue’s theorem, we deduce that, for any s < ¢, there exists a positive constant c; ¢
which does not depend on p such that

_ Eus(ryesime (X))

Cs,t = .
p(ns)

In addition, for any s < ¢ < w and for any pu,v € M;y((—1,1)),

o Eu,s (]]-’TX >tTt (Xt)) Eu,t(]]-TX >ullu (Xu))

Cs,tCtiu =
B 11(1s) v(m)
Choosing v = =P, (X; € -|tx > t) and using the Markov property, we obtain
g H(s.t) s

Eu,5(17x>t7]t(Xt)) « E#(s,t),t(ﬂ‘rx>u7lu(XU))

1(1s) L, (e)
_ Eps(Lrgsime(Xe)) X By s(Ex, t(Lry > (Xu))|7x > 1)
a 1(ns) X Bpus (e (Xe)|mx > 1)
B s (L seme(Xe)) X Eps(Ex, ¢ (Lry sunu(Xu)) Ly >t)
B p(ns) X Eps(me(Xe) Ly >t)
Eps(Lry>unu(Xu))

1(ns)

CstCtu =

= Csu-

Because of the last equality, replacing for all s > 0 the function ns(z) by ns(x)/co s entails (24). O
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