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Abstract

We are interested in the quasi-stationarity of the time-inhomogeneous

Markov process
X, = B
(t+ 1)~
where (By)¢>0 is a one-dimensional Brownian motion and x € (0, 00).
We first show that the law of X; conditioned not to go out from (—1, 1)
until the time ¢ converges weakly towards the Dirac measure §; when
K> % as t goes to infinity. Then we show that this conditioned prob-
ability converges weakly towards the quasi-stationary distribution of
an Ornstein-Uhlenbeck process when k = % Finally, when £ < %,
it is shown that the conditioned probability converges towards the
quasi-stationary distribution of a Brownian motion. We also prove the
existence of a Q-process and a quasi-ergodic distribution for k = 1 and
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1 Introduction

1.1 Introduction of the problem and quasi-stationarity

In this paper, we are interested in some notions related to quasi-stationarity
for a one-dimensional Brownian motion (Bi);>o killed when crossing the
moving boundaries ¢t — (—(t + 1)%, (¢t + 1)), with x € (0,00). Quasi-
stationarity with moving boundaries was studied in [13] and [14] for pe-
riodic or converging boundaries, but expanding boundaries were not yet
considered. Actually, instead of considering the process B absorbed at
t— (—(t+ )", (t+1)%), we will study the quasi-stationarity of the process
X = (Xt)t>0 absorbed at (—1,1)¢ and defined by
B
X, = m Vi < Tx

where 7x :=inf{t > 0: | X;| = 1}.

The process X is a time-inhomogeneous Markov process. For any x € R
and s > 0, denote by PP, s the probability measure satisfying P, s(Xs = x) =
1, and denote by E,, ¢ its corresponding expectation. Also, for any measure p,
for any s > 0, one denotes by P, := [ Py sp(dx) and B, s == [ By sp(dz).

A quasi-stationary distribution of X absorbed at (—1,1)¢ is a probability
measure « supported on (—1,1) such that

Pos(Xi € ltx >t) =a, Vs<t

We refer the reader to [10, 12] for more details on the theory. Note however
that these references only deal with the time-homogeneous setting and that
quasi-stationary distributions for time-inhomogeneous Markov processes do
not exist except for particular cases (especially we will see that the existence
of one quasi-stationary distribution holds only for x = %)

Usually, in the literature dealing with quasi-stationarity, mathematicians
are interested in showing the weak convergence of marginal laws of Markov
processes conditioned not to be absorbed by a cemetery set. The correspond-
ing limit is called quasi-limiting distribution. For our purpose, we define a

quasi-limiting distribution as follows

Definition 1. « is a quasi-limiting distribution of X if for some initial law
p supported on (—1,1) and for any s > 0,

}H&Pw(Xt €Elrx >t) =«
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where the limit refers to the weak convergence of measures. In [12]
it is noted that, in the time-homogeneous setting, quasi-stationary distri-
bution and quasi-limit distribution are equivalent notions. In the time-
inhomogeneous setting, this equivalence does not hold anymore. More par-
ticularly a time-inhomogeneous Markov process could admit a quasi-limit
distribution without admitting a quasi-stationary distribution. However a
quasi-stationary distribution is necessarily a quasi-limiting distribution.

Quasi-limiting distribution is not the only point of interest in the the-
ory of quasi-stationarity. Another point is the Q-process, which can be
considered as the law of the considered Markov process conditioned not be
absorbed. Concerning the process X, we define the Q-process as follows

Definition 2. We say that there is a QQ-process for X if there exists a family
(Qz,5)ze(~1,1),s>0 of probability measure defined by : for any z € (—1,1) and
for any s <t

Q%S(X[S,t] €)= Th_IgOPw’S(X[S’ﬂ €T < 7x)

where, for any u < v, X, is the trajectory of X between times u and v.
Then the Q-process is defined as the law of X under (Qus)ze(—1,1),5>0-

In general, the Q-process is also a Markov process and the theory of
quasi-stationarity allows to get some results of ergodicity for the Q-process.

Finally, a third concept to study is the existence of a quasi-ergodic dis-
tribution defined as follows

Definition 3. 3 is a quasi-ergodic distribution of X if for some initial law
p supported on (—1,1) and for any s > 0,

t
tlgloao% i Pus(Xu € -|7x > t)du = 8

In the literature, this notion is also called mean-ratio quasi-stationary
distribution. The references [10, 12] does not deal with quasi-ergodic distri-
bution. See for example [5, 8] which provide general assumptions implying
the existence of quasi-ergodic distribution for time-homogeneous Markov
processes.

Some general results on quasi-stationarity for time-inhomogeneous Markov
process are established, particularly in [9], where it is shown that criteria
based on Doeblin-type condition implies a mixing property (or merging or
weak ergodicity) and the existence of the Q-process. However it will be diffi-
cult to apply these results for our purpose. See also [16, 11, 14, 13] for a few
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results about quasi-stationarity in the time-inhomogeneous setting, and [1]
for ergodic properties for general non-conservative (time-homogeneous and
inhomogeneous) semi-group.

Now let us come back to our process X. As we can expect, the existence
of quasi-limiting, @-process and quasi-ergodic distribution will strongly de-
pend on k. More precisely, three regimes are identified :

® K> %, we will say that X is supercritical

e K= %, we will say that X is critical

° k< %, we will say that X is subcritical

The aim of this paper is therefore to show the existence of quasi-limiting,
Q-process and quasi-ergodic distribution for each regime. More precisely, it
will be shown in a first step that, for any probability measure p on (—1,1)
and s > 0,

tli)rgOIP’“,s(Xt € lrx >t) =10

in the supercritical regime. This regime is of little interest and the existence
of a @-process and a quasi-ergodic distribution will not be shown. In a sec-
ond step, the existence of quasi-limiting, Q-process and quasi-ergodic distri-
bution will be stated in the critical regime and these probability measures
are connected to the quasi-stationarity of an Ornstein-Uhlenbeck process
absorbed at (—1,1)¢. Finally, the existence of these three notions will also
be established in the subcritical regime where the quasi-stationarity of X is
linked with the quasi-stationarity of a Brownian motion on [—1,1].

1.2 A few notation

For any E' C R, one denotes by M;(FE) the set of the probability measures
supported on E and, for any measurable bounded function f on (—1,1) and
p € Mi((—1,1)), denote by

u(f) = /(_171) fdu

For a general Markov process (€2, (F{')i>0, (A¢)i>0, (Pﬁs)xeR,szo)a for any
probability measure g on R and any s > 0, we define IP’;" s = Jp Posp(dz).
Then the family of probability measures (Pis) peM, (R),s>0 Satisfies

IEDﬁ,s(AS € ) = H
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If the process A is time-homogeneous, we define, for any u € M;j(R), IP’/’:‘ =
P;:"O and we have, for any s < t,

P (X5 € ) =P (Xjp1-g € )

For A = X, we will keep the notation established at the beginning of the
introduction.

2 The supercritical regime : x > %

The following theorem states the existence of a unique quasi-limiting distri-
bution, which is dg

Theorem 1. For any p € M;((—1,1)) and s > 0,
tllglop“’s(Xt € |ltx >t)=10do

Proof. By Markov’s inequality, for any ¢ > 0 and any probability measure
Ky
B (X2 I7x > 1)
2
E,.,s(X7)
~ P, (Tx > t)
t—s+(s+1)% f(*Ll) 22du(z)
€2(t +1)%"P, s(Tx > t)

Pps (1 Xt = efrx > 1) <

It is well known that P, s-almost surely,

B,
li _— =1
I?ligp Vv2tloglogt
and B
lim inf ! —

t—oo /2tloglogt -

: 1
Thus, since x > 5, P, s-almost surely,

B
X, = LN
(t—l—l)’f t—o00

As a result, for any s > 0 and any probability measure p on (—1,1),

E&PW(W >t)=P,s(tx =00) >0

5
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Thus, for any € > 0,

PM75(|X75‘ > 6|TX > t)tjoo

In other words, (X¢):>0 converges in conditional probability towards 0. This
conclude the proof. O

B[

3 The critical case : x =

3.1 Existence and uniqueness of a quasi-stationary distribu-
tion

We state a first theorem on the existence of the quasi-limiting distribution
(and quasi-stationary distribution) in the critical regime.

Theorem 2. Let apy be the unique quasi-stationary distribution of the
Ornstein-Uhlenbeck process absorbed by (—1,1)¢ whose the generator is

1 1
L:=-A—-= 1
58— 52V (1)

Then aoy is also the unique quasi-stationary distribution of X and there
exist Cou,vou > 0 such that for any probability measure p on (—1,1) and
any 0 < s <t

(2)

S+1 You
1)

Poa(Xs € -l > 1) — aoullry < Cou <

In particular, for any pp € M1((—=1,1)) and s > 0, t — P, (Xt € -|7x > t)
converges weakly towards oy when t goes to infinity.

Remark 1. Using the spectral theory of the Ornstein-Uhlenbeck generator,
aopy can be computed and

22
aoy(dz) == K x (1 —2%)e” 2 dx

where K is the renormalization constant.

Remark 2. Tt is well-known (see [10, 12]) that there exists Aoy > 0 such
that
PZ (17 >t)=e MUl Vt>0 (3)

aou
where 77 := inf{t > 0:|Z;| = 1}. Moreover, for any f € {g € C?([-1,1]) :
aou(Lf) = —Aovaou(f)
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where L is defined in (1). Using the explicit formula of apy, it is easy to
check that

dou =1 (4)

Proof of Theorem 2. Let Z be the Ornstein-Uhlenbeck process whose in-
finitesimal generator is L. Then, for any probability measure p on (—1,1)
and any s > 0,

Pmd@ﬂﬁzsGJ-—PZ<<Zbﬂ§ﬁ)%ZS€‘> (5)

1
o1 t+1
T og | ——
Z & s+1

In other words apy is also the unique quasi-stationary distribution of the
time-inhomogeneous Markov process X. Moreover, since Z satisfies the
assumptions (A1) and (A2) of [7] (this is actually shown in [6]), then, by
Theorem 2.1. in [7], there exist Coy > 0 and yoy > 0 such that for any
t > 0 and for any probability measure p,

Hence, using (5), one has for any s < ¢,

axou

Paoy.s(Xt € |7x > t) =Py, <Zlog(§ﬁ) <

= &ou

IPZ(Zy € |72 > t) — aoullrv < Cope™0V!

Using (5) one deduce that, for any s < ¢t and for any probability measure p
on (—1,1),

S+1>70U

Is(Xs € i > 1)~ aoullry < Cou (5

This concludes the proof. ]

3.2 Existence of the ()-process

Before tackling the existence of the Q-process, we need the following propo-
sition:

Proposition 1. There exists a non-negative function noy : [—1,1] — R4,
positive on (—1,1) and vanishing on {—1,1} such that for any = € (—1,1)
and any s > 0,

. t+1
nouv(x) = lim

B s 1Pz,s(TX > t)
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where the convergence holds uniformly on [—1,1] and acoy(noy) = 1. More-
over the function noy is bounded, belongs to the domain of L defined in (1)
and

Lnouv = —Aounov = —nou
Remark 3. More precisely,
nov(z) = K' x (1 — %) (6)

where K’ is the positive constant such that aoy(nov) = 1.

An interesting consequence of Proposition 1 can be stated as the follow-
ing corollary

Corollary 1. Let B a Brownian motion on R and denote by

o =inf{t >0 |B| > VE+ 1}

Then for any x € (—1,1),

2

; 1—=x
PB(rY > t) ~pyoo K T

Proof of Proposition 1 and Corollary 1. Using Proposition 2.3 in [7] applied
to the process Z and (5), one has for any z € (—1,1) and s > 0,

. 41 t+1
nou (x) = tlggo eov log(il)Pf (TZ > log <s+1)>

t41 Aou
= lim < + > Pys(Tx > t)

s+1
t+1

= fim T Pes(ix > 1)

where we finally used (4). This ends the proof of Proposition 1. Now it is

easy to see that, for any = € (—1,1) and ¢ > 0, ]P’f(Tg[ > t) =Pyo(rx > 1).
Thus, using Proposition 1 and (6), we conclude the corollary. O

Remark 4. In [4], Breiman shows a similar result for one-dimensional Brow-
nian motion absorbed by a one-sided square boundary. More precisely, de-
noting T} := inf{t > 0 : By > ¢y/t+ 1} for any ¢ > 0, he shows that
PP (T > t) ~to0o at = for a > 0 and b such that b(1) = 1. In particular,
for ¢ = 1, PE(Ty > t) and P(?(Té[ > t) decay as 1/t. The reader can also
see [15] for more general boundaries.
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We turn to the existence of the Q-process and its ergodicity.

Proposition 2. o There exists a QQ-process and the family of probability
measure (Qx,s)me(_1,1)7820 defined in Definition 2 is given by : for any
z € (—1,1) and s <t,

t+ 1\ nop (Xy)
sts )= Ees | Lxg ger s+ 1 nou(z)
Qz,s( X5,y € ) ; ( X[a=tJ€7X>t<s+1> nou (z)

t+1 1— X7
= sl X Ky s (HX[S’t]E'7Tx>t1_xQ>

e The probability measure Boy defined by
12
Bouv (dz) == noy (z)aoy(dz) = KK'(1 — z?)%e™ 2 dx
is the unique stationary distribution of X wunder (Qqs)s>02e(—1,1)-
Moreover, for any 0 < s <t and any x € (—1,1),

8+1 You
1)

[|Qq,s(X: € ) — Boullrv < Cou <

where Coy and you are the same constant as used in (2).

Proof. Straightforward using (5) and Proposition 3.1. in [7] applied to the
Ornstein-Uhlenbeck process Z ]

3.3 Quasi-ergodic distribution

Now let us provide and show the existence and the uniqueness of the quasi-
ergodic distribution

Theorem 3. For any probability measure p on (—1,1) and any s > 0, for
any measurable set S

t
lim & [ Bl (X. € Slry > t)du = / EZ (1) aou(dz)
t—oo ¢ 0 s
Remark 5. In the time-homogeneous setting, it is usually expected that the
quasi-ergodic distribution is the stationary distribution of the Q-process (see
[5, 8]). A similar result could even be expected in the time-inhomogeneous
case when the Q-process converges weakly at the infinity (see [13]). It is
therefore astonishing to see that this is not the case for our process in the
critical regime, even though the @-process admits a stationary measure. In
particular, the quasi-ergodic distribution of X is different from the quasi-
ergodic distribution of the process Z.
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Proof. First, using the variable change u = s + ¢(t — s), one has, for any
pe Mi((—1,1)), s <t and f bounded measurable,

1
t—s

t 1
/W%AﬂxmmawMu=AI%Aﬂxﬁwﬂmmowmq

As aresult it is enough to show the weak convergence of (P, s (Xopq(t—s) € *lTx > t))t>0
for any ¢ € (0,1), then to conclude with the Lebesgue’s dominated conver- -
gence theorem.

Let p € M1((—1,1)), s >0, ¢ € (0,1) and f bounded measurable. Using

Markov property and (5),for any ¢ > s,

Eﬂys(f(XS+q(t—S))]lTX>t) = E#,S (f(Xs-i—q(t—s))]lTX>s+q(t—s)]P)XS+q<t,5),s-‘rlZ(t—s) (TX > t))
(7)
=Eps (ft (Xstqtt—s)) Lrx>statt—s)) (8)
where we set for any y € (—1,1),
fe) = FWPy stqt—s) [Tx > 1]

By (5), for any y € (—1,1) and ¢t > s,

fily) = f(y)By [TZ > log (s + qfttls) + 1”

Now define for any y € (—1,1),

fooly) = F)P] [r7 > —log (q)]

It is easy to see that (fi):>0 converges pointwise towards foo. Moreover, a
simple curve sketching entails that the function ¢ — #—i)ﬂ is increasing,
which implies that the sequence (f¢):>0 is a decreasing sequence of contin-
uous functions defined on [—1,1]. Likewise, fs is continuous on [—1,1].
As a result, by Dini’s theorem for the decreasing sequences of continuous
function, the pointwise convergence is equivalent to uniform convergence on
[—1,1]. Thus,

m sup [fu(y) — frolw) =0 (9)

ye(-1,1)

Now let us show that

. s+qt—s)+1
lim
t—o0 s+1

Eps(foo(Xsiq(t—s))Lrx>stqi—s)) = wnov)aouv(fx)
(10)

10
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To show this, let us begin with
s+q(t—s)+ 1

(foo( s+q(t— s))]lrx>s+q(t—s))

s+1
s+qt—s)+1
= SR Lp, ok > 5 4 alt — 9) X ByolfoeKasgemn)lr > 5+ alt )
On the one hand, by Proposition 1,
. s+q(t—s)+1 _
Ji —— = —Pus(7x > s +q(t = 5)) = u(nov)

On the other hand, by (2),
tliglo Elt,s(foo(Xerq(tfs))’TX > 85+ Q(t - 3)) = aOU(foo)

(10) follows from these two convergences. Now, by (10) and (9),
s+q(t—s)+ 1

s+ 1 s (ft (Xstq(i—s)) Lry>stq(i—s))
=- . qi ;18> - 1 (foo ( s+q(t— s)) ]]‘Tx>s+q(t—s))
= qit;f) B, ([foo (Xstqr—s) = fr (Xorqt—))] Trx>statt—s))
2 #nov)aou (feo)
because
= qit;f) = s ([foo (Xstqi—s)) = fr (Xsrqti—s))] Lrx>statt—s))

s+q(t—s)+1
< o) Ppus(tx > s+q(t—s)) x yesglil) 1:(y) = foo(y)| =2 0

Hence, using (7), (8),

. SsHqt—s)+1
lim
t—o00 s+1

Eu,s(f(Xs+q(t—s))ﬂTx>t) = p(nov)aou(fso)
— u(ov) / (@) (7 > —log(q))aor (dz)
(=1,1)

Moreover, taking f = 1, using (3) and (4),

. s+q(t—s)+1
lim
t—00 s+1

]P)/L,S(TX > t) = :U’(nOU)PaoU (TZ > = IOg(Q))

= u(nouv)q

11
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Thus we deduce that

i By s (f (Xogqir—s)|mx > 1) =¢7" /(_1 ) aou (dx) f(x)Py(17 > —log(q))

t—o00

Then, by Lebesgue’s theorem, for any probability measure p on (—1,1) and
any bounded measurable function f,

t 1
tlir?ot_s/ By (Xl > = Jim [ By (Kergma)inx > 00
/ - / 2)PZ (7 > ~log(g))aou (dx)dq
1,1)
1
= [, ovian)s@ / P (7, > —log(q))dg
1,1) 0
:/ aoy(dx) f(x )/ PZ (17 > s)ds
(=1,1) 0
:/ aOU d:L’ ( )Ef (Tz)
This concludes the proof. O

4 The subcritical case : k < %

In this section, we will show that quasi-limiting distribution, quasi-ergodic
distribution and @-process exist when k < % To do this, the strategy will
be to compare (in a sense described later) the process X to the process Y
defined by

t

1

Yt::/ = dB,, Yt>0
0 (u—l—l)”

Then the quasi-stationarity of X will be deduced from the one of Y.

4.1 Approximation by Y through asymptotic pseudotrajec-
tories

Denote by 7y := inf{t > 0: |Y;| = 1}. The aim of this subsection is to show
the following proposition :

Proposition 3. There exists a function F' : Ry — Ry such that

lim F(s)=0

S5—00

12



W.Ogafrain Quasi-stationarity for renormalized Brownian motion

and such that, for any 0 < s < t < T, for any probability measure u on
(_17 1)7

IPus(Xi € [rx >T) = P) (Vi € |ty > T)|lrv < F(s) (11)

Remark 6. (11) provides us with a decay towards 0 uniformly in the initial
law, t and T'. It can be seen as an analogue of the asymptotic pseudotrajec-
tories introduced by Benaim and Hirsch in [3]. See also [2] for more details
about asymptotic pseudotrajectories in general case.

Proof of Proposition 3. By Ito’s formula, one has for any ¢ > 0,
Xi=Xo+Yi— <Y M >,

where
t t t
M; = / k(u+1)""1X,dB, = / n(u+1)2“—1Xuqu+/ (k(u+1)""1X,)2du
0 0 0
For any s < t, denote by
t
M57t = Mt - Ms = / Ii(’u, + 1)H_1XudBu
S
and
t
<M, M >3 p=< M,M > — < M, M >= / (k(u+1)"1X,)%du
S
and denote by £(M ), the exponential local martingale defined by

1
S(M)&t = exp <Ms,t — 5 < M,M >s,t>

t 1 t
‘= exp (/ w(u+ 11X, dX, + = / (r(u + 1)“Xu)2du>

2
1
= exXp <2Ns,t>

where Ng; := 2]; k(u + 1)1 X,dX, + f;(m(u +1)*1X,)%du. By Itd’s
formula applied to t — k(t + 1)**71 X2, for any s < t,

Nyt =kt + 1) 1X? — k(s 4+ 1)1 X2
t t t
- / [k(u+ 12 X2du — / N du+ / (k(u+1)"1X,)%du
S S u + 1 S
= k(t+1)271X? — k(s + 1)1 X2

! t+1
— / [k(u+1)* "1 X2du — klog ( +

prs 1) +/:(,«U(u+ 11X, )% du

13
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Note that the process (Nsary )s<t is almost surely uniformly bounded, thus
E(M)stnry is a martingale. For any ¢ > s > 0 and p € M;((—1,1)), define
G,,s the probability measure satisfying

Gus(A) =E,(EM)sinryla), VAco(Xy,s<u<t)

Then, by Girsanov’s theorem, the law of (X¢ary )¢>s under G, ; is the law of
(Yiary )t>s under P, ;. In particular, for any S measurable set, probability
measure g on (—1,1) and 0 < s <t < T,

P,s(Yi €S, 7v >T) =G s(X; € S,7x >T)
E,u,s (g(M)S,T/\TX ]lXtES,Tx>T)
(M

E,u,s (6 )s,TﬂXtGS,Tx>T)

1
= ]Eu,s <eXP (2NS,T> ]]-XtES,Tx>T>
11\ 1
T+ 1) B (eXp (2N;’T> HXtes””)

) . Thus,

with N;,’T = Ny1 + Kklog (2111

E,.s (exp (%N;T) ]lXtES,Tx>T>

e (eXP (%NéT) ]lTX>T)

P,.(Y; € S|y > T) =

14
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Thus for any 0 < s < ¢ < T and S measurable set,
IPyus(X¢ € Slrx > T) = P}, (Vi € Slry > T
Eu,s (eXP (%N£’T> ]]-XtES,TX>T>

= |Pus(Xi € Sltx >T) — ;
E,u,,s (eXp (§N;7T) ]lTX>T>

< P“’S(TX >T) EM’S (exp (%N;’T) ]]_XtES’TX>T) Eﬂvs (eXp (%N;,T> :H‘XtGS,TX>T)
< E,. s (exp (%Ng T) ]17'X>T) Pu,s(TX >T) Pu,s(TX >T)

N Eu,s <6XP (%Ns,vT) :H-XtGS,Tx>T) B Pu,s(Xt €9, x> T)

Pus(tx >T) P, s(tx >T)
1
Pps(rx > T) 1 XE%S (eXp <§N;,T) Ilrx>T)
B (exp (3N 1) Toysr) Pus(rx > 1)
::AS(/“LvT)

By (ex0 (3N 1) Lxiesmast) = Pus(Xi € S,7x > 7))
]P)p,,s(TX > T)

::CS(N/vthvS)

_l’_

In order to show (11), we will bound the functions Ag and Cs.

Step 1 : Upper bound for C; .

For any 0 < s <t < T, probability measure p and B measurable set,

1
Cs(u7t7T7 S) = E,u,s I:(exp <2 ;,T> - 1) ]leES

=:f(s,t,T,1,5)

Tx>T:|

On the event {rx > T}, X2 < 1 for any 0 < u < T. Hence the
function f defined as above is bounded as follows

K 17
exp (—2(3 4 1)271 - 2/ [k(u + 1)2“_1]'du) -1
1 2k—1 1 T K—1\2
< f(s,t,T,p,S) < exp iﬁ(T—Fl) +2/ (k(u+ 1) )*du | —1

15
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In particular, for any 0 < s < ¢t < T, for any probability measure pu
and S measurable set,

’f(S,t,T,H,S)‘ § <1 — exXp <_;/§(S + 1)25—1))

v <exp (; </<¢ +1 f22;<;) (s + 1)2"‘1> - 1)

=: ¢(s)

Hence,

Cs(:u’a t, T7 S) < ¢(8)

Step 2 : Upper bound for A, .
Taking S = (—1,1),

|E/L,S (eXp <%N;,T> ]]‘Xte(fl,l),ﬂ'x>T) - ]P),U,,S(Xt € (_17 1)7TX > T)’
Cs(,uv t) T: (_17 1)) =

IP%S(TX > T)

Bys (eXP (%N;T> ]lTX>T)
= -1
Pu,s(TX > T)

According to the previous bound we have shown, for any for any s < T',
for any probability measure p on (—1, 1),

E,.s (exp (%Nét) ]l‘rx>t)
IP)%S(TX > t)

1—¢(s) < <Sl4e(s)  (12)

We deduce from this last inequality that

A, T) < <1 _ 1+1¢(8)> v <1_1¢(S) _ 1> . (s)

We set then, for any s > 0,

F(s) = ¢(s) +¥(s)(1 + ¢(s))

which concludes the proof. ]

16
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4.2 Quasi-stationarity of Y

Now we are interested in the quasi-stationarity of the process Y. Note that,
by Dubin-Schwartz’s theorem, there exists a Brownian motion B such that
for any t > 0 3
Y = B2, (13)
1-2k
Denote 7 := inf{t > 0: |B;| = 1}. Then, by (13), for any initial law x and
s >0,

Tg >

Y B (7
P“’S(Yt € |7—Y > t) — ]P)’u <B(t+1)l—2ﬁ_(s+1)1—2n c -

1-2k

(t+ 1)1 — (s 1)12n
1-2k

It is well known that a Brownian motion absorbed at (—1,1)¢ admits a
unique quasi-stationary distribution ap,, whose explicit form is

1 s
apm(dr) := 5 cos (§x> dx
and that there exists Ag,, > 0 such that
IP’EBm (ry >t)=e Bt V>0

Remark that \pg,, satisfies also
apm (GAF) ==B2Af f € {g € CH(-1,1) s o(1) = g(~1) = 0}

The Brownian motion absorbed at (—1, 1)¢ satisfies the Champagnat-Villemonais
condition (A1) — (A2) in [7], which implies the existence of Cpy,, YBm > 0
such that for any probability measure p and any ¢ > 0,

||PE(B15 (S "Té > t) — aBm||TV < CBme_’YBmt

Thus, using the Dubins-Schwartz transformation, for any s < ¢ and proba-
bility measure p

(t + 1)1—25 _ (S + 1)1—2/@)

IPY (Vi € -|ry > t)—apmll7v < Cpmexp <—’YBm X o

(14)
Moreover, let 1, be the function defined by

= tliglo e/\B’"t]P’f(TB > t)

an<x)

17
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This definition makes sense by Proposition 2.3. in [7]. We recall moreover
that npgy, is positive on (—1,1), vanishing on {—1,1}, apn(npm) = 1 and
the convergence holds uniformly on [—1,1]. Then, in the same way as in the
critical case, an analogous version of Propositions 1 and 2 can be stated as
follows

Proposition 4. (i) For any xz € (—1,1) and any s > 0,

1-2k 1-2k
Ap (DT (s11) v
Bm T—2x Py s(1v > 1)

Nem(x) = lim e
where the convergence holds uniformly on [—1,1].

(i) There exists a Q-process for Y in the sense of Definition 2 and the
family of probability measure (@Xs)me(—l,l),szo defined by ng(Y[&t] €
) = limy 0o P};S(Y[&t] € -|T < 1y) satisfies also

A m<t+1>1‘2“7<s+1)1—2r~ nEm ()
Q;/,S(Y[Sﬂt] €)= E;s <]ly[s7t]€.7t<.,.ye B T—2r m;”LT(x)

for any x € (—1,1) and s <t
(iii) The probability measure Bpy, defined by
BBm(dx) = npm(z)apm(dz) (15)

is the unique stationary distribution of Y under (Qgs)xe(_171)7320 and,
for any x € (—1,1) and s > 0,

(t+1)1—2fe_ (S+1)1—2ra

||Q§5(Yt € ')_/BBmHTV < C(Bm €xp <_’YBm X 1 — 9k

where Cpp, and g, are the same as in (14).

Proof. The proof is essentially the same as for the proof of Proposition 2. [

4.3 Quasi-limiting distribution of X

Now we will use Proposition 3 in order to show the existence of a quasi-
limiting distribution for the process X.

Theorem 4. For any probability measure p on (—1,1) and any 0 < s <*t,

)

. t+1)1726 (L L q)l-2k
|Pus (Xt € -|Tx > t)—apm||ry < F <2>+0Bm exp (_PVBW X ( ) 1— 2(: )
(16)

18
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where the function F' is defined in Proposition 8. In particular, for any
pe Mi((—=1,1)) and any s > 0,

tg%oPM’S(Xt € |ltx >t) =apnm
Proof. Let € My((—1,1)). For any s <t define
H(st) = P, s(X¢ € |Tx > t)
Then, according to Markov property, for any s <t < u,
H(s) = Pugopt(Xu € -J7x > 1)
Thus, for any s < ¢,
s,26) = @BmllTv < |[p(s,20) — PZ(S,t),t(Y% € |ty > 2t)||7v

+ HP;};(S,t),t(Y% € |1y > 2t) — apm||Tv

= ([P (Kot € -|rx > 26) =P, (Yar € |1y > 20)||7v
+ ||Pz<s,t),t(y2t € |ty > 2t) — apml|rv
(Qt + 1)172,‘@ _ (t + 1)12n>

< F(t) + CBm €xXp <_73m X 1— 25

where we used the inequalities (11) and (14). This shows the inequality (16).
Now, since lim;_,o, F'(t) = 0 by Proposition 3 and noting that

204 1)1 — (14 1)1
=0
1— 25 B

lim exp (—’me X
t—00
because k < %, this shows that for any u € Mi((—1,1)) and s > 0,

lim P, s(X; € -|7x > t) = apm

t—o00

4.4 Quasi-ergodic distribution

The following theorem states the existence and uniqueness of the quasi-
ergodic distribution (in the sense of Definition 3) for the process X and
that this quasi-ergodic distribution is the probability measure Sp;, defined
in (15).

19
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Theorem 5. For any probability measure p on (—1,1) and any s > 0,

1 t
lim n ; Pus(Xu € -|7x > t)du = Bpm

t—00

where Bpm is defined in (15) (Proposition 4)

Proof. Let pn € Mi((—1,1)). We recall the notation
Wisg) = Pus(Xt € |ltx > 1), Vs<t

For any probability measure p and s < ¢,

! 1
= H/o FaXsrati—) € NI > 1)da _/0 B (Yerqt—s) € |7y > t)dg

Ps,s+ 4 (t—9)), L (t—s)

1
A IP);L,s(AXvs—',-q(t—s) € "TX > t)dq - BBm

TV

TV

1
/0 Py, (Y-s—i-q(t—s) € "TY > t)dq — BBm

Fs,s+4(t—s)),L(t—s)

l

TV

1 1
Y
= ‘ /0 P“<s,s+%<t—s>>7%<t—s>(Xsﬂ(t_s) € Irx > t)da _/0 P"<s,s+%(t—s>>,%(m>(Y;*q(t_s) € lrv > t)dq

TV

Fs,s+4(t—s)),L(t—s)

< [(F(s+te-9)arr [

By Lebesgue’s theorem,

1
+ ’ /0 P’ (Y-s—i-q(t—s) S "TY > t)dq — BBm

TV
1
Y

Fs,s+4(t—9)), 2 (t—s)

dq
TV

(Y:S—&-q(t—s) € "TY > t)dq — BBm

lim 1F(s+g(t—s))dq:0

t—o00 0

In order to prove the convergence towards the quasi-ergodic distribution, it
remains therefore to show that

1
Y

lim
Ps,s+ 4 (t—9)), L (t—s)

t—o00 0

dqg=20

TV
(17)
The idea of the following reasoning is the same as in the critical case. Simi-
larly one has for any x € (—1,1), s <t, g € (0,1) and f bounded measurable,

(Y9+q(t—s) € "TY > t)dq — BBm

A\ (t+1)1_2'€7(s+%(t75)+1)1_2'{ v
Bm “on
c o H(S,s+%(t—3))’s+%(t7'§) (f(}/;+q(t_s))]lTY>t)

(5+q(t75)+1)1_2)€*(SJﬁg(t*S)‘*’l)l_z“€
_ >\B'm —2K 2 Y
. - B s gyt ) (9t Verat-9) Lry>ota(r-s))
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with for any y € (—1,1)

41 2 (s4q(t—s)+1) 725
ABm 1—2r

gt(y) =c (y)Pg}//:s—‘,-q(t—s)-f—l [TY > t+ 1]

Also define for any y € (—1,1),

9oo(y) := f(W)nBm(Y)

Reminding that

y B (t+1)172 — (s+q(t—s)+1)12
Py sig(t—sy+1 (v >t +1) =P 75 > 1— 2

and using Proposition 2.3. in [7] applied to the process B, (g¢)t>0 converges
uniformly on (—1, 1) towards g, which implies that the following quantity

Y

M(S’H%(tis)),ﬁg(t_s) (|9t(Ys+q(t—s)) - goo(Yerq(t—s))HTY > s+ q(t — 5))

goes to 0 when ¢ goes to infinity. As a result, if one of the limit in the
following equality exists, then the other limit exists also and one has

D)2 (54 L (t—s)+1)1 720

. ABm Y
th—gloe i e Eﬂ(s,er%(tfs))vs‘f‘%(t—S)(f(yg"‘q“_s))]lwx)
(18)

(s+q(t—s)+1)1 727 —(s+ § (t—s)+1)1 727

. A Y
= lim e"B™ T-2x E
t—o0 “(s,s+%(t—s))vs+%(t_5

) (950 (Yorg(i—s)) Lry>sta(t—s))
(19)

By the definition of conditional expectation, one has

Y
Ho ot § (s 5T 5 (E=9) (900 (Ys+q(t—5)) ]lTY>S+‘1(t_8))

=E, (t—s) (goo (lferq(tfs)) ‘TY > s+ q(t— s)) P

I TN T

Y

M(s,s+%(t75)),5+%(t—s) (TY > s+ q(t _ S))

On the one hand, by (14),

m By et (900 Voraa-s) [y > 5+ a(t = 5)) = ann(g)

t—0o0
(20)
On the other hand, using again Proposition 2.3. in [7] applied to the process
B, we deduce that the following quantity

(stq(t—s)+D)1 727 —(s+ § (t—s)+1)1 727
m 1—2k 2 ]P)Y

F(s s+ (t—s))

AB

e s+1(t—s) (ty >s+4q(t—s)) - M(s,er%(tfs))(an)
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goes to 0 when ¢ goes to infinity, and again by (14),

Wm fu(s o4 9(1—s)) (1Bm) = @Bm(1Bm) =1

t—00
As a result,
N (stqt—s)+ D)1 727 (54 (t—s)41)1 72
lime Bm 1—2k S st P _,
e ”(s,~s+%(t—s))75+%(t—8)( Y q( )

(21)
Hence we deduce from (18), (19),(20) and (21) that, for any bounded mea-
surable function f,

D2 (s L (1—s)+1)1 720

1 ABm 1—2k Y
tll>n£olo ¢ EM(S,S‘F%@—S)) ,S-i—%(t—s) (f(Yts—l—q(t—s) ) ]]-TY>t)
(s+q(t—s)+D1 725 (s+ 4 (t—s)+1)1 2%
. A Y
= lim e"B™ -2k E Yoioi—) 1 _

— (9o = / 0 B (d2) F (@)1 (x) = Bom(f)
(-1,1)

Taking f =1,
1 )\B (t+1)1_2’%7(s+%(tfs)+1)1_2'/” 1
im e fm 1-2k Ty > 1) =
{00 “(s,s+%(tfs))vs+%(t*3)( Y )

Thus, for any bounded measurable function f,

(f(Yerqu—s)|7v > t) = Bem(f)

lim EY
t—o0 “(s,s+%(t—s))vs+%(t_s)

We conclude to (17) by Lebesgue’s theorem. O

4.5 (-process
4.5.1 Existence of the ()-process

Now it remains to prove the existence of the ()-process. More precisely, this
subsection is devoted to the proof of the following theorem

Theorem 6. For any s <t and p € My((—1,1)), the family of probabil-
ity measure (P s(Xjsy € |T < 7x))r>t converges weakly when T goes to
nfinity towards

X,
@uvs(X[s,t] € ) = EMS (]IX[s,t]e‘vTX>tTZEnt))> (22)
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where (n)i>0 s defined in Proposition 5. Moreover, for any s < t and
pe Mi((—1,1)), one has

1Qus(Xe € 1) = Qo (Vi € )llrv < F(s) (23)

where F is the same function as in Proposition 8 and QY is as defined in
Proposition 4.

Before proving this theorem, let us first state the following key proposi-
tion.

Proposition 5. There ezist a family of positive bounded functions (ns)s>0
satisfying

Ex,s(]lTx>t77t(Xt)) - ?’]5(1}), Va? S (_17 1)7VS S t (24)

and H : Mi((—1,1)) x {s,t € Ry : s <t} — (0,00) such that, for any
veMi((—1,1)) and s > 0,

lim H(v,s,t) =0

t—o0
and that, for any s <t and for any p,v € My((—1,1)),
Pus(mx > 1) p(ns)

Pos(rx > 1)  v(ns)
The proof of this proposition is postponed after the proof of Theorem 6.

< H(v,s,t) (25)

Proof of Theorem 6. Let i € M;((—1,1)) and s <t. We define Q, s(X[s4 €
-) as the formula (22). Then, for any T' > ¢,

IPps(X[s.) € |7x > T) = Quus(Xpsq € )llzv
_ ’ E [Jlx t (th,t(TX >T) nt(Xt>>]

K, [s,6] €HTX > ]P),u,,s(TX > T) N(ns) -
N, | Moot [ Pxga(tx >T)  m(X)

Ho3 P,u,s(TX > t)

Puot(mx >T)  psp(ne)
where (24) was used. Hence, by (25) in Proposition 5,

TV

B :H-X[S’t]e-ﬂ'x>t
Ho8 Pp,,s(TX > t)

([Pp,s(Xpsg € lx > T) — Qus(X(s,q) € )llrv < H(ps ), t, T) ‘

S H(N(s,t) ) t7 T)

TV

Since, for s < t fixed, limy_, H(p,(&t),t,T) = 0, this implies the weak
convergence of (P s(Xsy € [T < 7x))r>t towards Qs defined in (22).
The inequality (23) is a straightforward consequence of (11) in Proposition
3, letting T' — oo. O
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4.5.2 Proof of Proposition 5

The remaining of the paper is dedicated to prove Proposition 5. In the
proof, two important lemmata are used. So we will start by proving these
lemmata before tackling the proof of Proposition 5.

Lemma 1. e For any s > 0 and a € (0,1), there exists Cs, > 0 such
that

inf Pps(rx >t) >Csq sup Pypo(rx >t), VE>0
z€[—a,a) ze(—1,1)

e For any a € (0,1), there exists Cq > 0 such that

inf PY (ry >t)>C, sup PY (v >t), Vs<t
z€[-a,a] ze(-1,1)

Proof. e Let a > 0. To prove this, note that for any = € (—1,1) and
t>s>0,

Pys(tx >t) = }P’g_ﬂ)ﬁx TngSJrl) >t—s

where, for any s > 0,
ST inf{t > 0: [By| = (t+ s+ 1)7}

So the Harnack inequality to show becomes : for any ¢ > 0,

inf IP’I(TJ%'HH)N >1t)>Csq sup IP’I(TEHJFI)R > t)

z€[—a(s+1)"%,a(s+1)"] z€(—(s+1)%,(s4+1)%)
Actually, for any t > 0,

inf P, T(.+S+1)H >t) =P, er1)s T(.+8+1)H >t
z€[—a(s+1)%,a(s+1)"] ( B ) (s+1) ( B )

and

sup ]P’I(TI(;'JFSHYi >t) = ]PO(T](B;JFSH)R > t)
z€(=(s+1)%,(s+1)")

Then, for any ¢ > 0,

1R s 1) (s+1)R
IP’a(SJrl)K(T]g s+1) >t) > Pa(erl)n (T]_% < Té s+1) ,71(3 s+1) > t+T]%)
+stv+1)"
:EQ(S_H)N (HT%<TE+3+1)NP0(TE s+v+1) > t)|'u:7—g>

> Pa(s—i—l)" (7_% < 7_g-l-s—I—l)f€> P, (Tg-&-s-ﬂ)m - t)
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where
9 =inf{t >0: B; =0}

(s 1)

Then setting Cs o 1= Py(sq1)r <7‘% <Tp ), one has Cys, > 0 for

any s > 0 and

inf Pps(tx >t)>Csq sup Pps(rx >t), Vt>0
z€[—a,a] ze(—1,1)

e This is straightforward using the Harnack inequality for a Brownian
motion and using the change of time provided by the Dubin-Schwartz’s
transformation (13).

O]

Now let us state and prove Lemma 2.

Lemma 2. Let a > 0 . Then there exists a function x, : Ry — Ry such
that, for any s <t, for any p € Mi((—1,1)) and any v € M1((—1,1)) such
that v([—a,a]) > %,

Pu,s (TX > t) P};s(TY > t)

Pu,s(TX > t) ]P)Z,s(TY > t)

< Xa(s)

with Xq(s) — 0 when s goes to infinity

Proof. Let s < t. Remind the equality for any u € M;((—1,1)),

s+1\2 1
]P)M75(TY > t) = (t—'-]_) E,U7S |:eXp <2N.;,t) ]].7—X>t:| (26)

where we recall that Ng,t is defined in the proof of Proposition 3, and by
(12)7 for any (€ Ml((_la 1))a

E,,s(exp (%Nét) lry>t)
IP)%S(TX > t)

1—¢(s) < <1+ ¢(s)

where the function ¢ is also defined in the proof of Proposition 3. Thus, by
(26), for any p € My((—1,1)),

s+1\32 Pus(ry > 1) s+1\2
<t+1> (1_¢(5))S]P)M,S(Tx>t) = (t+1> (1+6(3))
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and, since ¢(s) < 1 for any s > 0, one has also,
(t+1> 1 <PMS(TX>t)<<t—|—l>2 1 (27)
s+1 +¢(s) = Py (v > 1) s+1 1—¢(s)
Thus, for any pu,v € M1((—1,1)),
(

1—¢(s) < Pus(tx >1t) Pys(1y > 1) < 1+ ¢(s)
14+ ¢(s) = Pus(ry > ) Ps(tx >t) = 1 —¢(s)
Thus, it is deduced fro

28) that, for any pu,v € My((—1,1)),

m
Pus(rx >t)  PL(ry >1)
Py,s(TX >t) }V/ (Ty >t)

Ty > 1

M Tx>t)Pyvs(Ty>t)_1
TV > 1 v,s Tx>t)Plu,s(7'y>t)

) |P
) | P
e (5 ) v (1530

Now, if v is such that v([—a,a]) > 3, by Lemma 1, for any s < ¢,

Ps

S

Py
Py s(
s

(

P};S(TY >t) < sup P?;S(Ty > t)
ze(—1,1)

1
< — iInf PV(Ty>t)

= Uy z€[—a,q]

1
< —— _P¥
= Colaay =™
2
C ]P)Y (Ty > t)

As a result,

IED,u,s(TX > t) _ IP),L}L/,S(TY > t)
]P)I/,S(TX > If) ]P)}//,S(Ty > t)

<z (50 ) (550

It remains to set xq(t) := C% ijgg - 1) Y (1 - hig g) Then, since

#(s) — 0 when s — 00, x4 goes also to 0 when s goes to infinity. O

Remark 7. The inequalities (27) allows us to get that, for any u € M;((—1,1))
and s > 0,

41 5 B (t41) 12K (54 1)1 2k
PMS(TX > t) =t—o00 O (( > € ABm 1=2r

s+1

26



W.Ogafrain Quasi-stationarity for renormalized Brownian motion

Hence, defining
5T = inf{t > 0 By = (t+ 1)},

then, for x < 3, for any p € M;((—1,1)),
+1)” £ g, DI
]P)E(Té—"_l) > t) =t—00 O <(t —|— 1)56 )\Bm 1—2r )

However, contrary to the critical regime, it is difficult to provide an asymp-

totical equivalent for ]P’E(Tgﬂ)m > t).

Now we can prove Proposition 5.

Proof of Proposition 5. Let v € M;((—1,1)) and s > 0. We recall then the
notation

Vist) = Pu,s(Xt € '|TX > t), Vs <t

By Theorem 4, the family (v, )s<: converges weakly when ¢ goes to in-
finity towards apm. Thus, by Prokhorov’s theorem, (v(s4))s<t is tight.
This implies that there exists as(v) € (0,1) such that, for any ¢t > s,
Vo ([—as (), as(v)]) > 3.

Let p € M1((—1,1)), s <tand T > 0. Then, using Markov’s property,

Pus(rx >t+T) Puo(rx >t)  Pus(ix >8) (Puenslrx >t+T) .
Pos(tx >t+T) P,s(tx > 1) vs(Tx > t) Py(s,t)vt(TX >t+4+1T)

Using the same argument as in the proof of Lemma 2, by Lemma 1 one has

P%s(TX > t) < 2
PV,S(TX > t) - Cs,as(u)

Thus,

’PM7S(Tx>t+T)_]P)N7S(TX>t)‘< 2
Pos(tx >t+T) Pos(rx >t)| Cs’as(l,)

]Pu(syt),t(TX >t+ T)
PV(S,t)7t(TX >t 4+ T)

Using Lemma 2, one has

Pz(s,t%t(TY > t + T)

Pus(rx >t+T) Pus(rx >1) < 2
Pos(rx >t+T) Pys(rx >t)| ~ C

s,as(v)

(Xas (v) (t) +

P}//(s,t)i(TY >t+ T)
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Now,

P‘}:(S’t),t(TY >t+T) 1‘ _ |IP)Z(S¢)¢(TY >t+T)— ]P)}j/(s’t)’t(’ry >t+T)|

Py, Ty > t+T) Py a(ry > t+T)

SUPze(-1,1) P}gf,t(TY >t+1T)
P},/(S’t%t(Ty >t+T)

) em e

[t(st) — VispyllTv

IN

Cas(w) 2 1—-2k
where we used Lemma 1 and (16).
We conclude from all these computations that ¢t — % is a Cauchy

sequence, hence converges as t — oo. Denote by h(s, i, v) the limit and set

2 4 t E+D -Gy
H{v,s,t) := Co s () [X“S(”)(t) e o <F (2> O exp <—'me 1- 2("3 )ﬂ

One has therefore, for any pu,v € Mi((—1,1)),

< H(v,s,t)

‘Pu,s(TX >t) —h(s " I/)

IP),/,S(TX > t)

and limy_,o H(v,s,t) = 0.
In order to complete the proof, we will inspire by the proof of Proposition
3.1. in [9]. We define for any s > 0

Ns : & — h(s, 0z, 00)
Since, on the one hand,

P, t
lim A2 2~ (rx > %)

=h 0
t—o0 ]P)()’S(TX > t) (S“u7 0)

and, on the other hand, by Lebesgue’s theorem,

lim Pu,s(TX > t)

t—00 P07S<TX > t) - ”(778)’

then, for any u,v € My((—1,1)),

P, t . P t) /Py s t s
h(s,u,v) = lim _Hs 2 7 (rx > 1) = lim -£ (rx > )/Pos(7x > 1) = (ms)
tmoo P, o(Tx >1t)  t—ooo Py g(rx >t)/Pos(tx >1t)  v(ns)
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Moreover, for any s < t < u,

E 1 Px,+(7x > u) _ Py s(mx > u
T,s Tx >t ]P)O,t(TX > u)

E 1 IP)Xt,t<TX > U)
0,s Tx >t PO,t(TX > U)

For any ;1 € M;((—1,1)), integrating both sides of the equation with respect
to u, letting u — oo and using Lebesgue’s theorem, we deduce that, for any
s < t, there exists a positive constant c,; which does not depend on p such

that
Cot = Eu,s(]-TX>t77t(Xt))
> w(ns)

In addition, for any s <t < w and for any v € M;((—1,1)),

E,u,s(]lTX>t77t(Xt)) ]EVJ(ILTX >ullu (Xu))
1(ns) v(n:)

Cs,tCtyu =

Choosing v = ps4) = P, s(Xy € -|7x > t) and using Markov’s property, we
obtain

Eu,s(ﬂTx>tnt<Xt)) y Eu(s,t>¢(1Tx>u77u(Xu))
1(1ns) st ()

_ Eps(Lry>eme(Xe)) X Epy s (Ex, ¢ (Lry>unu(Xu))|7x > 1)
1(ns) X Epus(ne(Xe)|mx > 1)

_ Eu,s(HTX>tnt(Xt)) X Eu,s(EXt,t(]lTx>u77u(Xu))HTX>t)
1) X By (0e(Xe) Ly >¢)

— Eu,s(ﬂTx>unu(Xu))

1(ns)

Cs,tCtuy =

= CS,U

Because of the last equality, replacing for all s > 0 the function n(z) by
ns(x)/co,s entails (24). O
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