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ZHANG Chao
LIMOS et LPC, Université Clermont Auvergne
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ABSTRACT

We study the problems of decomposition and sharing for user-
defined aggregate functions in distributed and parallel computing.
Aggregation usually needs to satisfy the distributive property to
compute in parallel, and to leverage optimization in multidimen-
sional data analysis and conjunctive query with aggregation. How-
ever, this property is too restricted to allow more aggregation to
benefit from these advantages. We propose for user-defined aggre-
gation functions a formal framework to relax the previous condition,
and we map this framework to the MRC, an efficient computation
model in MapReduce, to automatically generate efficient partial
aggregation functions. Moreover, we identify the sound conditions
for sharing the result of practical user-defined aggregation without
scanning base data, and propose a hybrid solution, the symbolic
index, pull-up rules, to optimize the sharing process.

KEYWORDS

MapReduce, large-scale, user-defined aggregation, decomposition
of aggregation, sharing computation.

1 INTRODUCTION

The ability to summarize information, the intrinsic feature of ag-
gregation, is drawing increasing attention for information analy-
sis [10, 20]. Simultaneously under the progress of data explosive
growth, processing aggregate function has to experience a transi-
tion to massively distributed and parallel framework, e.g. MapRe-
duce, Spark, Flink etc. The inherent property of aggregation, taking
several values as input and generating a single value based on
certain criteria, requires a decomposed approach in order to be exe-
cuted in a distributed architecture. Decomposition for aggregation
functions enables to compute partial aggregation which can then
be merged together to obtain the final result. These partial aggre-
gation results also require an efficient method manage due to the
fact that data scanning is usually costly in distributed and parallel
computing. How to efficiently decompose user-defined aggregation
functions and reuse their partial computation results is a hard nut to
crack.

Decomposition of aggregation functions is a long-standing re-
search problem that has been addressed in various fields. In a dis-
tributed computing framework like MapReduce, decomposability
of aggregate function can push aggregation before the shuffle phase
[6, 28]. This is usually called initial reduce, with which the size of
data transmission on a network can be substantially reduced. For
wireless sensor network, the need to reduce data transmission is
more necessary because of the limitation of power supply [25]. In
online analytical processing (OLAP), decomposability of aggregate
function enables aggregation across multi-dimensions, such that
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aggregation queries can be executed on pre-computation results
instead of base data to accelerate query answering [26]. An impor-
tant point of query optimization in relational databases is to reduce
input table size of join [17], and decomposable aggregation brings
interests [7].

Previous works identify interesting properties for aggregation
decomposition. A very relevant classification of aggregation func-
tions, introduced in [20], is based on the size of sub-aggregation
(i.e., partial aggregation). This classification distinguishes between
distributive and algebraic aggregation, having sub-aggregate with
fixed sizes, and holistic functions, where there is no constant bound
on the storage size needed to describe a subaggregation. Some al-
gebraic properties, such as associativity and commutativity, are
identified as sufficient conditions for aggregation decomposition
[6, 28]. Compared to these works, our work provides a generic
framework to identify the decomposability of any symmetric ag-
gregation and generate generic algorithms to process it in parallel.

On the other side of sharing aggregation computation, [9, 11, 16,
29] focus on aggregate functions with varying selection predicates
and group-by attributes. In dynamic data processing, [15, 19, 22]
concentrate on windowed aggregate queries with different ranges
and slides. [27] proposes a framework to manage the partial aggrega-
tion results, and it has shown performance improvement compared
to modern data analysis library e.g. Numpy. Previous works focus
on optimizing queries with aggregation functions having differ-
ent group attributes, predicates, and windows (range and slide),
while we concentrate on sharing computation results for completely
different aggregation functions without these constraints (aggre-
gation simply runs on input dataset). And our solutions can be
trivially extended to relational queries with aggregation functions
by exploiting the contribution of previous works.

We focus on designing a generic framework that enables to
efficiently process user-defined aggregation functions and exhaus-
tively reuse their computation results. To achieve this goal, we
firstly identify a computation model and an associated cost model
for parallel algorithms. We consider in our work the MapReduce
(MR) framework and we use the MRC [21] cost model to define
‘efficient” MR algorithms. Then we rest on the well-formed aggre-
gation [7] as a generic framework for aggregation functions. This
formal framework is mapped into the MRC model to generate a
generic efficient MR algorithm for aggregation in section 4, noted
by MR(a). Moreover, in section 5, we identify the widely used @
functions in practice in the formal framework and analyze their ef-
fects on the efficiency of MR(c). On the side of sharing aggregation
computation, at first, in section 6 we introduce the sharing strategy
based on the formal framework. Then in section 7, we identify the
sharing conditions for practical user-defined aggregation. In order
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Figure 1: Outline of processing user-defined aggregation.

to improve the sharing process, the symbolic index and pull-up
rules are proposed to optimize the execution plan of aggregation.

We aim at providing a systematic approach for processing user-
defined aggregation to fit the increasing application of aggregation
functions in different fields of data analysis. The general outline can
be concluded in figure 1. In this paper, we concentrate on the formal
framework of user-defined aggregation and the theoretical aspects
of the optimizing phase. All corresponding proofs and algorithms
are supplemented in the technical report [2].

2 MRC ALGORITHM

Several research works concentrate on the complexity of paral-
lel algorithms. MUD [12] algorithm was proposed to transform
a symmetric streaming algorithm to a parallel algorithm with de-
cent bounds in terms of communication and space complexity,
but without any bound on the time complexity. This disqualifies
MUD as a possible candidate in our context. The trade-off between
round numbers and reducer space has been analyzed in [13], and
reducer memory is relaxed to an arbitrary number to solve complex
problems e.g. prefix sums and multi-searching. In [5], the mas-
sively parallel communication model was proposed to analyze the
trade-off between communication load and computation rounds for
relational queries. MRC [21] is another popular framework that has
been used to evaluate whether a MapeReduce algorithm is efficient.
The constraints enforced by MRC w.r.t. to the total bits of input n
can be summarized in the follows:

o machine space: O(n'~¢), € > 0;

e local computation time: O(n*), for some constant k;
e machine numbers: O(n'~€), € > 0;

e computation round: R = O(log’ (n)).

The MRC model considers necessary parameters for parallel com-
puting, communication time, computation space and computing
time, and makes more realistic assumptions. Hence, a MapReduce
algorithm satisfying these constraints is considered as an efficient
parallel algorithm and will be called hereafter an MRC algorithm.

3 FORMAL FRAMEWORK

In this section, first of all, we formally define aggregation function.
Then the symmetric (commutative) aggregation functions are in-
troduced. Finally, we provide the formal framework for symmetric
aggregation which is going to be used throughout this paper.
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Definition 3.1. (Aggregation function) Let I be a domain (i.e.,
a set of infinite number of values). An aggregation function « over
I'is a function: Ujen_, ' >

According to this definition, corresponding to the notion of
extended aggregation function in [14], an aggregation operates on
a list of values to compute a single value as a result.

Definition 3.2. (Symmetric aggregation function) Let I be a
domain. An aggregation function « is symmetric iff a(X) = a(o(X))
for any X € I'] € Noj and any permutation o, where o(X) =
(X5 (1) -+ X (1))-

Symmetric aggregation does not depend on the order of input
data, therefore we consider the input of a symmetric aggregation
is a multiset instead of an ordered list. For a given domain I, by
noting {{I}} as the set of all nonempty finite multisets of elements
of I, a symmetric aggregation function is a function: {{I}} — L.

To define the generic aggregation framework, we use the notion
of well-formed aggregation [7] as a canonical form.

Definition 3.3. (Canonical form of symmetric aggregation
function) Let a be a symmetric aggregation function defined over
a domain I and let D; be a domain, called an intermediate domain.
A canonical form of « using an intermediate domain D; is a triple
(F,®,T), where:

e F: ] — D; is a translating function;
e @ is a commutative and associative binary operation over
Dj;
e T:D; — I is a terminating function;
such that for all {ds, ...,d;} € {1}, a({d1,....d;}) =T(F(d1)®...®
F(dp)).

F is a tuple at a time function operating on single values of I.
The binary operation @ accumulates results of F and hence plays
the role of an accumulator, and T operates on the accumulated
results of & to finalize the computation of «. For instance, the
aggregation average(X) with X € {{I}} can be expressed in the
following canonical form, called hereafter canaverage form:

e F(d)=(d,1),Vd € X;
o (dk)y®d k')=(d~+d k+k’);

d
. T(@.D)= 7.

More examples are illustratd in table 6 with main SQL built-in ag-
gregation functions available on some commercial and open-source
DBMSs (Microsoft SQL Server [3],IBM DB2 [1] and PostgreSQL
(4]

We make the following two observations [7]: (i) a canonical form
of an aggregation function is not unique, i.e., for the same function «,
several canonical forms may exist, and (ii) an aggregation function
a can always be expressed in a canonical form: taking F as the
identity function, @ as the multiset union and T as « itself. This
latter form is called hereafter the naive canonical form of a.

4 EFFICIENT DECOMPOSITION OF
AGGREGATION
In this section, we firstly decompose aggregation functions using

the formal framework, then we illustrate the deficiency of the for-
mal framework, lacking the consideration of computing efficiency.
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Therefore, we map the formal framework into the MRC algorithm
to generate the efficient decomposition framework. After this, we
show how the formal framework deals with several algebraic prop-
erties of aggregation functions which are commonly used in the
decomposition literature, from this we can see that the formal
framework is more generic than the previous algebraic properties.

4.1 Mapping symmetric aggregation into MRC
algorithm

Let (F, ®, T) be a canonical form of an aggregation function a. The
associative and commutative property of @ can be exploited to
derive a MapReduce implementation of a: processing F and & at
mapper, ® at combiner, and ® and T at reducer. Table 1 depicts the
corresponding generic MapReduce algorithm, MR(«), to compute
a(X) with X € {{I}}, where mapper input is a multiset X; C X, the
output of the mapper i is denoted by O;, and the symbol %a: denotes

the summation using &.

Hence, every symmetric aggregation function « given in a canon-
ical form (F, @, T) can be turned into a MapReduce algorithm MR(a).
However, the generated MR(x) algorithm is not necessarily an
efficient algorithm (i.e., a MRC algorithm). For example, the al-
gorithm MR(canaverage), derived from the canaverage form of
the average function is a MRC algorithm while the algorithm
MR(naiveaverage), derived from the naive canonical form of average,
is not a MRC algorithm. Indeed, in the naive canonical form of
average, F is the identity function and @ is the multiset union.
Hence, the total size of output of mappers is equal to n (the length
of the input), and if, in the worst case, all the mapper outputs are
sent to only one reducer it will need a space equal to n. However,
MRC model requires that a reducer uses a sublinear space in n.

Therefore, we address in the sequel the following question: given
an aggregation function a expressed in a canonical form, when
the generated MR(c) algorithm is efficient? In other words, we are
interested in characterizing under which conditions one can ensure
that MR(«) is a MRC algorithm.

In order to have conditions to make MR(a) be a MRC algo-
rithm, it is necessary to reason about partial aggregation output
length which is related to the bounded space of reducer in MRC.
Moreover, the extremely worst (EW) case in MapReduce is that
all mapper outputs are sent to one reducer, and if the condition of
partial aggregation result length can be satisfied in EW case, then
the case of a general number of reducers can also be ensured. Note
that, in (EW) cases, the communication cost is the space of one
machine, O(n1=€2). Our analysis is built on the EW case.

In MRC model, machine number P and machine space M are
both restricted to O(n'~¢). However, this may bring a restricted
condition that the bound of P and M must be same or same order of
magnitude, which limits the feasibility under EW case of computing
even trivial aggregation e.g. count(), because under EW case P-|O;|=
M where |O;| is the length of a mapper output O; in bits, if P
and M are same or same order of magnitude, |O;| can only be
O(1). Therefore, we assume machine number: P = O(n!~€),e; >
0 and machine space: M = O(n!~€),e; > 0, and both of them
are still under the MRC sublinear requirement. In the following,
we call MRC environment E = (X, €1, €2) for an input X = {<
kj;vj >, forj € [1,1]} of n = Z]l.zl(|kj|+|vj|) bits, and a cluster

BDA, 2018, Bucarest

Table 1: MR(«): a generic MR algorithm for symmetric aggre-
gation.

MapReduce phase | operation
mapper > F(d))
®,d;eX;
combiner @
reducer T(X Oj)
®,i

of P = O(n'=€1),e; > 0 machines, and each of them having M =
O(n'=€), e, > 0 space.

PROPOSITION 4.1. Given a MapReduce program A with the MRC
computing environment, then under the EW case, A can be computed
in the MRC environment E = (X, €1, €2) iff for each mapper output
0i. 10i|= O(n'¢),{ > max(ez, 1 - €1 + €2).

Based on proposition 4.1, we propose the following reducible
property to categorize when a symmetric aggregation has a MRC
algorithm.

Definition 4.2. (Reducible symmetric aggregation functions)
Let a be a symmetric aggregation given in a canonical form (F, ®, T)
with the MRC environment E = (X, €1, €3), « is reducible if it sat-
isfies the following two conditions:

e F,® and T operate in time polynomial in n;

o| X F(djl= O(nl_g),g > max(ez, 1— €1 +€2), where X;
®,djeX;
is a subset of X with the size of O(n!~€2) in bits.

The second condition requires that the output length of partial
aggregation is bounded by a precisely sublinear space in n. This
ensures that the length of partial aggregation is smaller enough
to make the underlying computation efficient. It is noteworthy
that this constraint is more general than the MRC parallelizable
property in [21].

It is trivial to see that the formal framework is a one-round MR
algorithm, then with reducible property we can conclude in the
follows the MR(x) for a reducible « is a MRC algorithm, which
means MR(x) can be efficiently computed in MR paradigm.

MR(a), a is reducible & MRC algorithm. (1)

4.2 Deriving MRC algorithm from algebraic
properties
In this subsection, we investigate different algebraic properties of
aggregation functions leading to a non-naive canonical form. If
an aggregation « is in one of the following classes and « is also
reducible, then the corresponding MR(«) is a MRC algorithm.
Associative aggregation. An aggregate function « is associa-
tive [14] if for any multiset X = X7 U X5, a(X) = a (a(X1), a(X2)) .
Associative and symmetric aggregation function can be transformed
in a canonical form (F, @, T) defined as follows:

F=a,®=a, T=id. (2)

where id denotes the identity function. If @ is reducible, then MR(a)
is a MRC algorithm.

Distributive aggregation. An aggregation « is distributive [20]
if there exists a combining function C such that a(X) = C(a(X1), a(X2)).
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Distributive and symmetric aggregation can be rewritten in the
canonical symmetric aggregation framework (F, ®, T):

F=a, ®=C, T=id. 3)

Similarly, if & is reducible then the corresponding MR() is a MRC
algorithm.

Commutative semigroup aggregation. Another kind of ag-
gregate function having the same behavior as symmetric and dis-
tributive aggregation is the commutative semigroup aggregate func-
tion [8]. An aggregation « is in this class if there exists a commu-
tative semigroup (H, ®), such that a(X) = ®y,ex a(x;). The corre-
sponding canonical aggregation (F, ®, T) is illustrated as following:

F=a, ®=0,T=id (4)

If « is reducible then MR(«) is a MRC algorithm.

Preassociative and symmetric aggregation. A more general
property than commutative semi-group aggregation is symmetric
and preassociative aggregate function. An aggregation « is preas-
sociative [23] if it satisfies a(Y) = a(Y') = a(XYZ) = a(XY'Z).
According to [23], some symmetric and preassociative aggregation
functions (unarily quasi-range-idempotent and continuous) can be

constructed as a(X) = ¢ (Z;’zl (p(xi)) ,n > 1, where  and ¢ are
continuous and strictly monotonic unary function. A canonical
form (F, ®, T) for this kind of preassociative aggregation can be

defined as following:
F=¢p,@=+T=y. ®)

The corresponding MR(«) is also a MRC algorithm, if @ is reducible.
For instance, a(X) = X7 | 2x;, where ¢ = id and ¢(x;) = 2x;.
Quasi-arithmetic mean. An aggregate function « is barycentri-
cally associative [24] if it satisfies a(XYZ) = a(Xa(Y)'YlZ), where
|Y| denotes the number of elements contained in multiset Y and
0{(Y)|Y| denotes |Y| occurrences of a(Y). A well-known class of
symmetric and barycentrically associative aggregation is quasi-

(1
arithmetic mean: a(X) = f~944st (7 ZLI f(x,)) ,1 > 1, where f

is an unary function and f~9%%S! is a quasi-inverse of f. With
different choices of f, « can correspond to different kinds of mean
functions, e.g. arithmetic mean, quadratic mean, harmonic mean etc.
An immediate canonical form (F, &, T) of such functions is given
by:
1 .
F=(f1). ®=(++). T= f—1<zi%f(x’)>. ®)

The corresponding MR(«) is a MRC algorithm, if « is reducible.

5 PRACTICAL DECOMPOSITION

In this section, we firstly identify two widely used & functions,
which are adequately generic to construct user-defined aggregation
based on the analysis of table 6 (see at the last page). Then we
analyze the relationship between these two @ functions and the
reducible property.

5.1 Efficient & function

According to the canonical forms of most common used aggregation
(see table 6), the @ function in the formal framework can be set
union, addition, and multiplication, or a tuple of the combination of
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them. It is trivial to see that set union is not an efficient @ function,
because of materializing all data from slave nodes to master nodes.
In practice, for aggregation functions which can only have set union
as the @ function, e.g. median, approximated algorithms are usually
used to compute them, which is out the scope of this paper.

The reducible property gives the necessary and sufficient con-
dition to identify when an arbitrary aggregation in the canonical
form is a MRC algorithm. From definition 4.2, we observe that
partial aggregation output length is bounded, which depends on
input value length |v| in bits and the increasing bits by using & to
accumulate values.

When it comes to practical computing, there is always a trade-off
between the length of the result and the computation precision
(unbounded-length result). For instance, in Java, the primitive data
type double has a fixed length of 64-bit, but the precision of compu-
tation result using double is out of control. While, the BigDecimal
provides arbitrary precision arithmetic, but the result has an un-
bounded length depending on precision. For the bounded-length
data type, the MR(a) with @ = + or ® = X is always a MRC al-
gorithm, because there is no increase on the size of accumulating
values, in other words, the size of the mapper output is always the
bounded number of bits, which could be O(1). We analyze MR(x)
with the unbounded-length data type in the follows, which is for
the cases of arbitrary precision computing and exact computing
with unlimited precision.

5.1.1 @ =+. We show in the following theorem, under the case
of unbounded data type, when a MR(a) with & = + in the MRC
environment is a MRC algorithm.

THEOREM 5.1. Let a be a symmetric aggregation in a canoni-
cal form with @ = + and F,T operating in time polynomial in
the length of input, and MR(«) be the corresponding generic algo-
rithm with the MRC environment E = (X, €1, €2), when |F(v;) +
F(vj)|,Yvi,v; € X is unbounded, MR(a) is a MRC algorithm iff
|avg(F(v;))|= O(n*=%),¢ > max(ez, 1— €1 +€3), where avg(F(vy)) is
the average value of Uy, e x F(v;).

Proor. When |F(v;) + F(vj)|, Yvi, vj € X is unbounded, then the
intermediate size of accumulating values is increasing. Let every v
in X initially occupy a fixed length denoted as |vnax| bits. Assum-
ing mapper i receives [; values, and the worst case of accumulating
values with + is that every v has the maximum value of vy, 4| bits,
then I; X |F(Umax)|= M (M is the machine space in the MRC envi-
ronment). The encoded value of |F(vqx)| bits is 2lF(@max)l _ 1 (for
easier discussion assuming it as 2|F(@max)ly such that the result of
summing /; values is 2/F(@max)| x [; Finally, the maximum mapper
output length is |0;|= log(2|F(”"m:'f)| % 1) = |F(Vmax)|+log(l;).

According to proposition 4.1, |F(vmax)|+log(l;) is required to
be O(n'~?%), { > max(ez, 1 — €1 + €). In fact, we have log(l;) =

log( ) < log(M) = log(O(n'=€)), and log(O(n'~€)) is

|F(vmax)|

much smaller than O(n!~%) because it is a lower infinity of o(n'~9%),

log(O(n'~%))

im ————=
n—+co O(nl—g)

MRC algorithm iff |F(vmax)|= O(nl’g),g > max(ez, 1 — € +

€2). o

= 0. Therefore, we can conclude MR(«) is a



Decomposition and Sharing for User-defined Aggregation:
from Theory to Practice

Table 2: Computation time and total partial result size for
> x and [ x with unlimited precision.

> x I1x
Time (s) 12 1560
Size (KB) | 6.8097¢ +4 | 3.6793029%¢ + 7

In fact, the bound of |avg(F(v;))| is quite generic in practice.
With respect to the MRC environment, the bound O(n'~¢) equals

M
to —, which is the machine space in bits divided by the machine

number. And this can be quite large in a practical environment.
Therefore, under most reasonable cases, MR(«) with & = + is a
MRC algorithm.

5.1.2 @ = x. Generally, in the setting of processing aggregation
in distributed systems, if an aggregation function is associative and
commutative then the corresponding partial aggregation can be
efficiently processed. We show the following counterexample of
® = X, that this widespread practice is in fact not correct with
consideration of MRC cost model in the case of the unbounded-
length data type.

Given the computation of the product aggregation a(X) = 1 vj,
v;€X

let X = {v;,Vj € [1,1]} where v; is a binary string. W.o.l.o.g., con-
sider vj > 0. The total length of the input for a is 2, exlvjl=
Zovjex log(vj) bits. a is indeed commutative and associative. Hence
the partial aggregation a(X;), where X; € X containing [; val-
ues, can be computed at the Accumulator. W.o.l.o.g., we ignore
the Combiner phase since it does not impact our reasoning. The
computation results of a partial aggregation a(X;) is [To;ex; vjs
of which encoding requires log(l_[vj ex; Vj) = Soex; log(vj) bits.
In the worst case of MapReduce computing, all the results of the
mappers (the case of one mapper at each machine) are sent to
a unique reducer. Hence the reducer will need a space equal to
2x; eX(Zvj ex; log(vj)) bits, which is indeed Yvjex log(vj). In an-
other sense, the computation of product contains shuffling all input
data on all mappers to one reducer.

5.1.3  Experiments. Based on the above analysis, we make a sim-
ple experiment of computing Y x and [T x using arbitrary precision.
The dataset we use is the store_sales table from TPC-DS generated
by scale 10, and the size of the table is 3.72GB. We program the
following two queries in the way of Spark RDD with different pre-
defined precision and unlimited precision and run them on a spark
cluster containing one master node and six slave nodes. The ex-
periment results for the predefined precision case is illustrated in
figure 2, and table 2 shows the computation time and total partial
result size in the case of unlimited precision (exact computing).
SELECT Sum(ss_sales_price) FROM store_sales WHERE ss_sales_price != 0;
SELECT Prod(ss_sales_price) FROM store_sales WHERE ss_sales_price != 0;

We can see both X x and [T x can be efficiently processed with
less digits in precision (smaller length of results). When using more
digits and even unlimited digits, 3 x stays on the same performance,
while [T x will dramatically increase in terms of computation time
and result size.
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Figure 2: Computation time and total partial result size for
>, x and [] x with different significant digits.

5.1.4 The scope of ®. The & function can be a binary function
or a tuple of binary function (for the case of not only one partial
aggregation). Then, the scope of the ® functionis @ = U ®;, ®; €
(+,X%), i € (1,...,n),n € N5g.

6 SHARING AGGREGATION

In this section, we target the problem of how to reuse aggrega-
tion results to avoid data access. Let « and  be two aggregation
functions and X be an input set, and we try to cache the compu-
tation results of «(X) and reuse them to compute S(X). We build
aggregation pipelines based on the formal framework for « and
in figure 3, which are compared in the follows based on the size of
data scanning and the scope of reusing.

The first one is caching the results of translating function. How-
ever, this is not interesting because the size of its output equals to
the one of the original dataset such that it still needs a same-scale
data scanning.

The second one is caching the results of ® function. Let PA, be
the total results of @ function in @, which can be one or a tuple
of values, and T, be the terminating function of «, then a(X) =
Tq oPA,. Let Rbe one or a tuple of unary functions, then if possible
B can be computed as f(X) = Tg o R o PAg. R contains only unary
functions, then the results of R only depend on the input PA,
instead of X. In fact, PA, is a tuple containing aggregation results,
and the size of PA, is much smaller then the size of X.

The third one is caching the results of a(X), which is a single
value because « is an aggregation. Let T’ be a unary function, then
if possible  can be computed as (X) = T” o a(X). The difference
between the second and third caching choice is a(X) can always be
inferred from PA,, but if we have a(X) we cannot always recover
PA, from it, because it requires the inverse function of T, exists
or Ty is a uni-variate injection. This is a quite restricted condition
because the terminating function is usually not a univariate func-
tion, e.g. the one of average, or an injection, e.g. the one of (3 x)?.
This difference determines the reusing scopes of them. If @(X) can
be reused then PA, must also be possible, but in the opposite way,
it may not be possible. Such that, the reusing scope of the second
caching choice always contain the scope of the third one.

Therefore, we choose the second caching and reusing choice. It
is noteworthy that the unary functions in R may not be the identity
function, such that @ and § are not necessarily identical.
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Figure 3: Sharing aggregation pipeline.

6.1 Partial aggregation state

First of all, we illustrate the notion of partial aggregation based on
the formal framework. Given an aggregation function a : Ujen, [ !
— [ with the formal framework (F, &, T), then for any input X C I
the partial aggregation is

SR = D) filxg) e

®,x;€X @1, x;€X

2 fmlx).me N,

@m,XjEX

where fi.(x), k € (1, ..., m) is a unary function!. Partial aggregation
can be trivially computed by processing it individually on all subsets
of X and then combining these sub-results by @. In this setting, the
total result is cached and reused instead of sub-results in order to
avoid data transferring over networks. As we can see, partial aggre-
gation is a sequence containing aggregate functions. For instance,
the partial aggregation of average is (ij eX Xj, LixjeX 1).

Moreover, we define a notion having a smaller granularity than
partial aggregation, which is named hereafter partial aggregation
state. A partial aggregation state is just an element in partial aggre-
gation. In the above example, the partial aggregation of & contains
m partial aggregation states

> filx). ke, ....m).
D, xj€X

Partial aggregation states can provide a more generic reusing
method. We illustrate this benefit by using the previous sharing
example between a and . Assuming that y is also an aggregation
function, if Yo, Fy € (X e, Fa» X, Fa), then the partial aggrega-
tion states of @ and f can be reused for y. Therefore, we formally
define the sharing computation on aggregation state in the follows.

Definition 6.1. (Sharing partial aggregation states) Let s =
Ye f(x)ands” = X g f'(x) be two partial aggregation states, then
s’ shares the result of s iff there exists a unary function r such that

s'=ros.

Note that r is a unary function, which means it only depends
on s instead of base data. Moreover, in the above sharing equation,
if s = s/, then r is the identity function. If s # s/, by finding r, the
results of s can also be reused for s”.

6.2 Non-trivial property: derivable set

Following the sharing definition 6.1, we consider the following
decision problem, given two aggregation states s and s’, and an
arbitrary input set, whether there exists a unary function r, such

!In this paper, the term unary function is used to denote a function taking only one
argument as input, e.g. an element in an input set.
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that the computation results of s can be reused fors’, i.e.s’ =ros.
In order to answer this decision problem, we firstly propose an
abstract structure on partial aggregation states named derivable set.
Then, we have that for an aggregation state s, the derivable set of
s is a non-trivial and semantic property. Finally, we conclude this
decision problem is undecidable, according to the Rice’s theorem
[18].

Definition 6.2. (Derivable set) Let s and s’ be two partial ag-
gregation states with an arbitrary input set, then s’ belongs to the
derivable set D(s), iff there exists a unary function r fors’ =r o,

D(s) = {s’|3r(x), s’ = ros}.

Every derivable set contains at least one element, which is the
case r can only be the identity function. Also, it is trivial to see the
problem of deciding whether s’ can share s is identical to decide
whether s’ € D(s).

THEOREM 6.3. Given any two partial aggregation states s and s’,
whether s’ € D(s) is undecidable.

Proor. We show the property of derivable set is non-trivial and
semantic. Then according to the Rice’s theorem, it is undecidable.

Let AGG be the set of all partial aggregation states. It is note-
worthy that there are infinitive elements in AGG because of in-
finitive unary functions for partial aggregation states. For an ag-
gregation state s € AGG, D(s) # 0 because D(s) contains at least
one element s. Moreover, we can also have D(s) # AGG. In fact,
deciding whether s’ belongs to D(s) requires a specific condition
that may not be satisfied by arbitrary aggregation states. We ex-
plain this in details. Let s = g f(x) and s’ = Yg f'(x). As-
suming s’ € D(s), then Zg f'(x) = r o X f(x). Without loss
of generality, let X7 be an input set, and X g xex, f(x) = a and
Yar,xex; f'(x) = b, then r(a) = b. However, because Y g f(x) is
an aggregation, then it is trivial to have another different input set
X, such that g yex, f(x) = a. In this case, Yy xex, f’(x) must
equal to b otherwise r is not a function. Therefore, the specific
property for s’ is given any two input sets X; and Xy, if s satisfies
s(X1) = s(X3), then s’ must follow s”(X7) = s"(X3).

For instance, we want to identify the derivable set of X x2, that
D(Z x%). First of all, D(3 x?) contains ¥, x%. Moreover, D(3 x?)
also contains aggregation states 3} ax?, Ya € Ryo. Furthermore, we
show that D(3 x%) does not contain 3 x, that there does not exists
aunary function r for X x = ro 3} x%. Without loss of generality, let
(2,3,4) and (2, 5) be two simple inputs, we separately have r(29) = 9
and r(29) = 7. Then r does not exist because of having different
outputs for the same input. Therefore, we have D(3 x%) # 0 and
D(Z x?) # AGG.

Such that, Vs € AGG, D(s) # AGG and D(s) # 0, then derivable
set is a non-trivial property on the total set AGG. Furthermore, it
is trivial to see that if s” = s”/ and s’ € D(s), then s”” also belongs
to D(s). Then according to the Rice’s theorem, whether s’ € D(s) is
undecidable. O

7 PRACTICAL SHARING

In this section, we firstly present the practical scope of aggregation
states. After this, a naive algorithm is proposed to share aggregation
state computation. Finally, in order to reduce time complexity, we
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Table 3: Primitive types of unary functions.

Formula

Constant function f(x)=a,xeR,aeR.

Identity function fx)=x,x €eR.

Linear function fx)=ax,xeR,ae Ry-
Logarithm f(x) = logax,x € Rsg,a € Rso,41-

Function name

Xu, X € R>0,a € R%O-

Power function flx) =
x% x€eRco,a€Zy.

Exponential function | f(x) = a*,x € R,a € R5¢.

propose a hybrid method containing a symbolic index and several
pull-up rules to better share aggregation states.

7.1 Practical framework

Lets = X g f(x) be a partial aggregation state. We already illustrate
the practical scope of the @ function in aggregation states, that
® € (+, X). We introduce the scope of the unary function f by the
following observation.

Observation We firstly observe that combining two unary func-
tions by a functional composition or a bianry function is also a unary
function. For instance, given fi(x) = xb ,b#0and fo(x) = ax,a # 0,
both fy0 fi(x) = ax? and fa(x)+ fi(x) = xb +ax are unary functions.
Moreover, we also observe from table 6 (see in the appendix) that
there are several primitive types of unary functions used in practice,
e.g linear functions and power functions, and the other ones are
built on top of these primitive functions.

Based on this observation, we identify several primitive types of
unary and binary functions, which we summarize as the primitive
unary function set (PU) and the primitive binary function set (PB).

e PU :let p be a unary function, then p € PU if p is one of con-
stant functions, the identity function, linear functions, power
functions, logarithmic functions, and exponential functions
(see table 3 for the primitive functions).

e PB:let © be a binary function, then © € PB if © is one of
arithmetic addition, subtraction, multiplication and division.

According to our observation, two types of unary functions can
be built on top of PU using the functional composition o and the
binary functions in PB, which we summarize as the composing
unary function set PU° and the concatenating unary function set
PU®.

e PU°: let g be a unary function, then g € PU° if g = p; o
..op1, pj € PU, j€(1,...,1), | € Nso, where py is the first
primitive function of g, and py is the last one, and the length
of g is I, denoted as |g|=I.

e PU®: let r be a unary function, then r € PU® if r = g ©p_;
...01491, gj € PU°, jE€ (1,...,k),®z € PB,z € (l,...,k -
1), k € N5q.

We illustrated some properties for the elements in PU° and PU®,
which will be used later to identify sharing conditions. For f € PU°
and f is not a constant function, we can have either f is an injection
or f satisfying f(x) = f(—x), because all primitive functions p
besides constant functions are either injection or p(x) = p(—x).
Moreover, most unary functions in PU® are not injections because
of the binary functions ©. However, some specific elements in PU®
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can be transformed to PU° and become injections, e.g. ayx? +azx? =

(a1 + az)xb =(a; +az)xo x?. These transformations require very
specific conditions and can be trivially recognized by exhaustive
analysis, such that we implement them but do not cover the details
in the following part where we consider they have already been
transformed.

With the scope of @ and f, we present the following scope of
user-defined aggregation functions covered by our decomposition
and sharing framework.

Definition 7.1. Let a be an aggregation function with the formal
framework (F¥, &%, T%) and X be the input of «, then « is in the
universe U if

e X CRLIeN,;
e F* = (fi,...fm), f €PUPUPU®, i€ (1,...,m),m € Nxg;
o &% = (®1,...,®m), ®; € (+,X), i € (1,...,m),m € Nxg.

T is released to be any function, because T is the one computed
at master node locally, such that no matter in decomposition phase
or in sharing phase, T does not need special consideration.

7.2 Sharing practical aggregation states

In this subsection, we mainly propose sound conditions for shar-
ing aggregation states having unary functions in PU°, and two
transforming rules for those having ones in PU®. Before analyzing
unary functions in PU° or PU®, we show in the following theorem
that the sharing possibility is related to whether unary functions
are injections, which will be used to analysis PU° and PU®.

THEOREM 7.2. Lets; = Yo, fi(x) and sy = X, f2(x) be two par-
tial aggregation states, then there exists non-identity unary function
riz forsi = riz o sy only under the following two situations,

1. f> is an injection;
2. neither fi nor fa is an injection.

PROOF. ri2 is a unary function taking results of s as input and
giving the results of s, such that for any two input sets X; and
X7, if we have s2(X1) = s2(X7), then we must have s1(X1) = s1(X]),
otherwise ri will not be a function.

Without loss of generality, let X1 = (x1,...,xp),n € N5 be an
input for s; and sy. Because @ is a commutative and associative
binary function, then let X] = (xj,x;) be another input where

x| = fzfqua“(fg(xl) @2 ... ®2 falxn-1)), x5 = xp, and f;quasz isa
quasi-inverse function 2of f2. Then for sz, we indeed have s5(X1) =
s2(X]). For s1, we have s1(X1) = fi(x1) ®1 ... ®1 f1(xn), and s1(X]) =
fi(x]) ®1 fi(xn). f2 can have only one quasi-inverse function (the
inverse function of f;) in the case that f; is an injection, otherwise
f2 can have multiple quasi-inverse functions. For the latter case,
the value x7 is not fixed (there exists more than one x; for s»(X1) =
s2(X l, ), and s1(X l/ ) can equal to several values. Therefore, in order to
make s1(X7) = sl(Xl’), /1 must not be an injection either, otherwise
ri2 does not exist. Finally, can ry3 exist under two situations: (1) f2
is an injection; (2) neither f> nor fi is an injection. O

2Every function has a quasi-inverse function by the Axiom of Choice. If g is a quasi-
inverse of f, then f o g o f = f or f o g = the identity function
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7.2.1 f € PU°. If f € PU°, we can have either f; is an injec-
tion or f3 satisfying fa(x) = fa(—x). We firstly illustrate complete
conditions for the former case, and then transforming the latter case
into the former cases by proposing the sign(x) function. Note that,
if fi is a constant function, it is trivial to compute it by using the
aggregation results of count. Such that, we let fj be a non-constant
function.

Case 1: f3, f2 € PU° is an injection. We analyze the sharing
conditions between s; and s in an exhaustive way with respect to
the practical scope of @ function. Based on the two possible choices
of ® functions in aggregation states, there exists four different
combinations for @1 and @, in s; and sp, that (1) &1 = +,®2 = +, (2)
®1 =+,®2 =X,(3) D1 = X, = +, (4) &1 = X, By = X. We present
the sharing conditions for these four cases in the following four
theorems.

THEOREM 7.3. Let s1 = X fi(x) and sy = X, fa(x) be two partial
aggregation states having inputs of a set of real numbers, where fi(x)
is a continuous non-constant unary function and fa(x) is a continuous
injection, then there exists a non-identity unary function riz fors; =
riz o sz, if and only if fi o fz_l(x) =ri2(x) = ax,x € R,a € Ry.

Proor. (Sufficiency) From fi o fz’l(x) = riz(x) = ax, we have
rizosy =axo X fo(x) = Laxo fo(x) = X fio f; o falx) = s1.

(Necessity) Let fz’1 be the inverse function of f3 and g(x) =
fio fz’l(x), such that 3 g(x) = ri2 0 X x.

Let (x1,...,xn),xi € R,i € (1,...,n),n € N5 be an input set of
the above equation. Then, ri2(x1 + ... + xp) = g(x1) + ... + g(xn).
Moreover, let (y1,y2) be another input set of the above equation
where y; = x1 + ... + x,—1 and y2 = xp,. Then, ria(y; + y2) =
9(y1) + g(y2). Furthermore, because of x1 + ... + x, = y1 + y2, then
ri2(x1 +...+xp) = r12(y1 +y2). Therefore, from these three equations
we have g(x1) + ... + g(xn) = g(y1) + 9(y2), also x1 + ... + Xp—1 = Y1,
such that

g(x1) + ... + gloxn—1) = glx1 + ... + Xp—1). (a)

The following part is benefited from the proof of Cauchy’s func-
tional equation. For equation (a), let x; = 0,i € (1, ...,n — 1) we can
have g(0) = 0. When x > 0, let x; = x,i € (1,...,n — 1), we have
n = 3,2g(x) = g(2x), such that Vc € N5, cg(x) = g(cx). Let x = 4

c
and u > 0, then we have cg(g) = g(u). Such that Vd € N, dg(z) =
c c

gg(u), then g(%lu) = %lg(u). Finally, let g = %l and u = 1, then
9(q) = q9(1),q € Q>9. When g € Q<o, we have g(—q) = —g(1)g.
According to the equation (a), let n = 3,x1 = x,x2 = —x, then
—g(x) = g(—x). Such that g(x) = g(1)x,Vx € Q<«p. In fact, g(1) can
be any real number besides 0, otherwise g(x) will be a constant
function which contradicts to the condition of non-constant f; and
f2. Moreover, g is continuous, by the fact of Q is dense on R, then

g(x) = ax,x € R,a € Ry.
Therefore, from 3, g(x) = ri2 o X x, we have go X, x = rjg 0 X x.
Such that fj o fz_l(x) =ri2(x) = ax,x € R,a € Ry. O

THEOREM 7.4. Let sy = X fi(x) and sz = [T fa(x) be two partial
aggregation states having inputs of a set of real numbers, where fi(x)
is a continuous non-constant unary function and f, is a continuous
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injection, then there exists a non-identity unary function riz(x) for
s1 = ri2 o sg, if and only if

a(logpx), x €R>0,b €R5g 41,0 € Ry

-1
frofy () = riz(x) {a(logb(—x)), x € Reg.b € Rog 1.0 € Ry,

Proor. (Sufficiency) From fi o fz_l(x) = riz2(x) = a(logp|x|),
we have riz o s3 = a(logy |x]) o T1 fa(x) = X a(logpx]) o fa(x) =
S fio fyto falx) = s1.

(Necessity) Similarly, let fz_l be the inverse function of f> and
gx)=fio fz_l(x), then X g(x) = ri2 o [1x.

Let (x1,....,xn),x; € R,i € (1,...,n),n € N1 be an input set
of the above equation. Then, r(x; X ... X xp) = g(x1) + ... + g(xpn).
Moreover, let (y1, y2) be an another input set of the above equation
where x1X...Xxp—1 = y1 and x,, = yo2. Then, r(y1Xy2) = g(y1)+9(y2)-
Furthermore, because of y1 X y2 = x1 X ... X xp, then r(x; X ... X
Xn) = r(y1 X y2). Therefore, from these three equations, we have
g(x1) + ... + g(oxn) = g(y1) + g(y2), also x1 X ... X xp—1 = y1, such that

g(x1 X ... X Xp—1) = g(x1) + ... + g(Xp—-1). (b)

From equation (b), we can have g(x) does not define on 0, oth-
erwise g(x) = 0, which is a contradiction to the condition of non-
constant fi and f;. Such that g(x) can be defined on either R or
R<p.

For x > 0, let x = b* and h(x) = g(b%),u € R,b € R, 4, then
we have h(x1 +... +xp—1) = g(b"1*---*¥n-1) = g(b*"1) + ... + g(b¥n-1) =
h(x1) + ... + h(xp—1). Then, according to the proof of theorem 7.3,
we have h(x) = h(1)x, x € Rx0, (1) € Ry. Then g(b¥) = h(1)u and
u = logpx, such that

g(x) = a(logbx),x € R>(), be R>0’#1, ae R#O-

From equation (b), we can have g(1) = 0, then g(—1) = 0 either,
such that g(x) = g(—x). Then for x < 0, we have

9x) = a(logy(~x)).x € R, b € R 1.0 € R,

Therefore, from 3 a(logp|x|) = rizo 1 x, we have a(logp|x|)o[1x =
ri2 o [T x. Such that fj o fz_l(x) = r2(x) = a(logp |x|), x € Ry, b €
Rso,41,a € Ry. m]

THEOREM 7.5. Let s1 = [] fi(x) and sy = 3 fa(x) be two partial
aggregation states having inputs of a set of real numbers, where fi
is a continuous non-constant unary function and f; is a continuous
injection, then there exists a non-identity unary function riz fors; =
riz o s, if and only if fi o fz_l(x) = rppkx) = b**,x € Rjb €
R>0’741, ac R#O

Proor. (Sufficiency) From fj o fz_l(x) = ri2 = b**, we have
rizgosy =b%* o3 fa(x) = T10% o fo(x) =TI f1 OfZ_Isz(x)=sl.

(Necessity) Similarly, let fz_l be the inverse function of f; and
gx)=fio fz_l(x), such that [T g(x) = riz 0 X x.

Let (x1,...,xn), xi € R,g(x,) # 0,i € (1,...,n),n € N51 be an
input set of the above equation. Then, r(xj + ... + x5) = g(x1) X
... X g(xn). Moreover, let (y1,y2) be an another input set of the
above equation where x1 + ... + x,—1 = y1 and x, = y2. Then,
r(y1+y2) = g(y1)%g(y2). Furthermore, because of y1+y2 = x1+...+xp,
then r(x1+...+x,) = r(y1+y2). Therefore, from these three equations,



Decomposition and Sharing for User-defined Aggregation:
from Theory to Practice

we have g(x1) X ... X g(xn) = g(y1) X g(y2), also x1 + ... + xp—1 = Y1,
such that

glx1 + ... + xp—1) = g(x1) X ... X g(xp—1)- (c)

From equation (c), we can prove that Vx € R, g(x) > 0. Without
loss of generality, let n = 3,x1 = 0,x2 = x, then g(x) = g(0) X g(x),
which infers g(0) # 0, otherwise g(x) = 0 and g(x) is a constant
function contradicting to the non-constant f; and f2. Such that,
we have ¢g(0) = 1. Moreover, g(x) X g(—x) = g(x — x) = g(0) = 1,
from this we have Vx € R, g(x) # 0. Furthermore, we have g(x) =
g(g + %C) = g(g)z. Therefore, we have Vx € R, g(x) > 0.

Let h(x) = logpg(x),x € R,b € R5 ¢ 4, then we have h(x; + ... +
xn-1) = logp(g(x1 + ... + xn-1)) = logp(g(x1)) + ... + logp(g(xn-1)) =
h(x1)+ ...+ h(xp—1). Then, according to the proof of theorem 7.3, we
have h(x) = h(1)x,x € R, h(1) € Ry, then logpg(x) = h(1)x. Such
that

g(x) = b, x € R,b € Ry, 4,4 € Ryp.

Therefore, from [T b%* = ry3 0 3 x, we have b%* o 3 x = rjp 0 3 x.
Such that fj o fz_l(x) =rp=b%* xeRDbeER g H,a€ERy. O

THEOREM 7.6. Let s1 = [] fi(x) and sy = [1 fa(x) be two partial
aggregation states having inputs of a set of real numbers, where fi
is a continuous non-constant unary function and f is a continuous
injection, then there exists a non-identity unary function riz for s =
ri2 o sy, if and only if

0, x =0

4, €Rsg,a€R;
Aol @=rx=1" rE 0
xa, X ER<0,(1€Z#0;

(-x)*, x €Rcp,ac{2k+1:keZ}.

Proor. (Sufficiency) From f o fz_l(x) = r(x) = x%, we have
rizosz =x% o[l fo(x) = [Tx% 0 fo(x) = [T fi o fy ' 0 folx) = s1.

(Necessity) Similarly, let fz_l be the inverse function of f» and
g(x)=fio fz_l(x), such that [T g(x) = ri2 o [1x.

Let (x1,...,xn),x; € R,g(xp) # 0,i € (1,...,n),n € N5 be an
input set of the above equation. Then, r(x; X ... X xp) = g(x1) X ... X
g(xn). Moreover, let (y1,y2) be an another input set of the above
equation where x1 X ... X Xp—1 = y1 and xp, = y2. Then, r(y; X y2) =
g(y1) X g(y2). Furthermore, because of x1 X ... X X, = y1 X yp, then
r(x1 X ... X xp) = r(y1 X y2). Therefore, from these three equations,
we have g(x1) X ... X g(xn) = g(y1) X g(y2), also x1 X ... X xp—1 = Y1,
such that

g(x1 X ... X xp—1) = g(x1) X ... X g(xXp—1)- (d)

From equation (c), we can prove that Vx € R, g(x) > 0. With-
out loss of generality, let n = 3, x1 = 1, x2 = x, then g(x) = g(1)xg(x),
which infers g(1) # 0, otherwise g(x) = 0 and g is a constant func-
tion contradicting to the non-constant f; and f,. Such that we have

g(1) = 1. Moreover, Vx # 0, we haveg(x)xg(i) = g(xx)lc) =g(1) =1,
such that g(x) # 0. Furthermore, we have g(x?) = g?(x). Therefore,
Vx € Rsq,g(x) > 0.

Let h(u) = In(g(e*)),u € R, then we have h(u; + ... + up—1) =
In(g(e“1*---"n-1)) = In(g(e™)) + ... + In(g(e¥n1)) = h(uy) + ... +
h(upn—1). Then, according to the proof of theorem 7.3, we have
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h(u) = h(1)u,u € R, h(1) € Ry, then In(g(e*)) = h(1)u. Such that,

let x = e%,u = In(x), we have
g(x) = x%,x € R>o,a = h(1) € Ry.

For Vx € Ry, we have g(x) = g(-1)g(-x) = g(-1)(-x)¢ =
g(=1)(=1)%x?. First of all, we have a € Zy), otherwise g(x) may
equal to a complex number. Moreover, we can prove that g(—1)(—1)¢ =
1. From g(x) = g(-1)(-1)?x%, we have g(-1)(-1)%g(x) = x? be-
cause g(-1)g(=1) = g(1) = 1 and (-1)** = 1,a € Z. Therefore,
g(x)(1 = g(=1)(=1)%) = x%(g(-1)(=1)* — 1), then (g(x) + x*)(1 -
g(-1)=1D = 0.

Then, we can have g(x) = —x?, or g(—1)(—1)¢ = 1. For the former
case, we have g(—1)(—1)¢ = 1, such that

g(x) = x%,x € Rcp, a € Zy.

For the latter case, according to equation (b), a can only be an odd
number, such that

g(x) = (—x)*,x € Reg,a € {2k + 1 : k € Zyp}.

O

Case 2: f, fo € PU° satisfies fo(x) = fo(—x). In this case, f3 is
not an injection, such that the above theorems can not be directly
applied. However, f, satisfies the property fa(x) = fa(—x), which
can be used to transform f3 to be an injection. In order to accomplish
this, we propose a function called sign(x) defined in the following.
Then we let u = sign(x) X x. Then, it is trivial to see that u > 0.
Without loss of generality, we take u > 0 because some functions
are not defined on 0.

1,x > 0;
sign(x) = 10,x = 0;
-1,x <0.

With the sign(x) function and the variable u, in order to check
the sharing possibility of 51 = X, fi(x) and s; = X g, f2(x), the
following two ones are verified s| = Yo, fi(u) and s} = X g, fo(u).
In this case, we indeed have f(u) is an injection, such that the
above four theorems can be directly applied.

After transforming the variable from x to u, we identify the
relation between aggregation states on x and aggregation states on
u. Itis trivial to see that s = s} because of fo(x) = fa(u), u = sign(x).
Then, for the cases fi also satisfying fi(x) = fi(—x), we also have
s1 = 57, such that the sharing problem of s] and s} is equivalent to
the one of s; and s.

Finally the only left case is fi(x) is an injection, and f>(x) satisfies
fa(x) = fa(—x). According to theorem 7.2, there does not exist a
unary function ryz for s; = ri2 0 s3. However, a precomputation can
be proceeded to make riz to be an "unary’ function. Similarly, we
mainly analyze the relation between s; and s because we already
have s, = s;. We firstly separate the input data sets into positive
and negative parts, then we compensate 3 g, fi(—x~) where x™ is
Vx < 0. Then we have

S1 =S; @1 C,

where C = (Zg, fi(x7) SBl’l Y, fi(=x7)), and 691’1 is the inverse
function @1, e.g. — is the inverse function for +, or / is the one for

and X. Such that, s{ =5 691_1 C. Therefore, if there exists rl’2 for
s; =11, ©s;, then we can have s; = (r], o s2) @1 C. It is noteworthy
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that, C is also an aggregation function which only takes the negative
part of a input set, and in order to share computation in this case C
requires to be precomputed.

7.2.2 f € PU®. In this case, generally, f is not an injection
because of the binary function ©. We propose the splitting trans-
formations for some cases, with which the previous solution can
also be used.

First of all, the binary operators in PB are classified into two
families, the addition family ADD = {+, —} and the multiplication
family MUL = {X, /}. Without loss of generality, let f = g1(x) ©
92(x), g1, 92 € PU°, then we can have following two splitting rules,

>791(x) © g2(x) = D g1(x) © D g2(x),® € ADD,  (split1)

[0 0g:0x) = [ [a1(x) © > ga(x).0 € MUL.  (split2)
With these two rules, the original aggregation state Y g g1(x) ©
g2(x) is split into two aggregation states X g g1(x) and X g g2(x), for
which the previous solution is still feasible. In another sense, the ©
operator is pushed to the terminating function. For the left cases
that are not covered by split rules, the current sharing condition is
whether they have the identical expressions.

7.3 Equivalent expressions

Let f(x) = fi sz_l(x), and f =pjo...op1,p;i € PU,i € (1,...,]),l €
N> ,. Note that every p; is not the identity function and constant
functions, otherwise it can be trivially removed, or f becomes
a constant function. Such that, p; can be one of the four differ-
ent types of primitive functions, (ax, loggx, a¥,x%). The type of
the expression f is verified to check whether sharing is possi-
ble between s; and sy. According to theorem 7.3, 7.4, 7.5, and 7.6,
the expression f needs to be one of the following target types
(x, ax, a(logp |x]), b%*,x%), a € Ry, b € Ry 1, which is determined
by @1 and @, in s1 and sp. We propose a recursive method to answer
this problem for the practical framework in this subsection.

In order to answer the question, all equivalent expressions of f
need to be identified. However, generating all arbitrary equivalent
expressions for a unary function may not be possible, and not all
of them are useful for our question. From all the target types we
can have that any of them is either a primitive unary function or a
composition of two primitive unary functions, such that a target
type has two properties: (1) it is an element in PU°; (2) its length is
1 or 2. Therefore, we concentrate on the equivalent expressions of
f, which are also in PU° and have a length of 1 or 2. We formally
define the equivalent expressions in the follows.

Definition 7.7. (Equivalent expression) Let f be a unary func-
tion in PU°, then the equivalent expression of f, EE(f), is a set
containing all unary functions f’ which are also in PU°, satisfy

f’(x) = f(x), and have a length < 2,
EE(f) = {f'IVx, f(x) = f'(x). f* € PU°, 1 < |fI< 2}

We firstly illustrate the algorithm G_EE»() for generating EE(f),
|f]= 2, by using the mathematical transformation of f, then we
propose the recursive algorithm G_EE() for generating EE(f), | f|€
Nso.

Case 1: G_EE2(f), | f|= 2. Based on the target types, we exhaus-
tively illustrate the mathematical transformations for the compo-
sition of a pair of the four types of primitive functions in table 4.
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Then, there only exist three different situations for the mathemati-
cal transformations: (1) merging transformations; (2) type changing;
(3) no transforming. With this table, we define the function Trans()
generating the other equivalent expression for f = py o p1, and
the function T_Trans() returning the type of the transformation.
Trans(py o p1) takes the type of py and p1, finds the corresponding
one in table 4, and returns the other equivalent expression, while
T_Trans(ps o p1) returns the corresponding type of transformation.
We take the first column of table 4 as an example for Trans() and
T_Trans() to illustrate the three different transforming situations,

e type merging: Trans(ax o bx) = abx and T_Trans(ax o bx) =

TM;

e type changing: Trans(axox?) = x?0a'/Px and T_Trans(axo
xb) =TGC;

e no transforming: Trans(ax o b*) = null and T_Trans(ax o
b*) = NT.

With Trans(), we can have G_EE(f) = {f, Trans(f)}, |f|= 2.

Case 2: G_EE(f),|f|e Nsj. Let | f|= I, we firstly propose the
following recursive equation based on the associative property of
functional composition to reduce this problem.

EE(pjo...op1) = EE(fl/—>2 Opl),fll_)z € EE(pjo...op2). (7)
By recursively applying equation 7, the problem of generating EE(f)
in the general situation can be reduced to the case of generating
EE(p; © p;—1), which can be generated by G_EEx(p; o p;_1).

Secondly, we propose the following lemma for the backward
phase of the recursive algorithm.

LEMMA 7.8. Let f(x) = pjo...opi(x),] € N5y, ifA g(x), gopi(x) €
EE(f), then EE(g) = EE(pj © ... 0 p2).

Proor. Let f’(x) € EE(f), then f’(x) = p; o ... o p1(x). From
g o p1(x) € EE(f), we have g o p1(x) = f’(x). Such that g o p1(x) =
pio...opi(x). O

Then we present the general reducing steps of G_EE() in the
follows.

Firstly, for a unary function in PU°, we define two functions
getLast() getting the last primitive function and rmLast() removing
the last primitive function. For instance, if f is the input, then
getLast(f) = p; and after rmLast(f), f = pj_1©...op1.

After having EE(p; © pj1), every element f/ ,  in EE(p; o
pi-1) is composed with p;_, to generate EE(f/_)l_1 o pr_y), and
all of the composition are merged together to have EE(p; o p;_1 ©
pi—2). Through repeating this procedure, EE(f) will be eventually
generated.

A key step in the backward phase of G_EE() is how to generate
EE(fl/—>l—1 o pi_y) with fl/—>l—1 and p;_,. We solve this problem
by exhaustively analyzing the situations. It is trivial to see that if
|fll—>l—1 |= 1, then we can use G_EEZ(fl,_>1_1 o p;_y). For the other
case|f/,, [=21letf/ , ~=pjop] . Thenafirst transformation
is called, that Trans(p;_ | © Pi-2)- As illustrated previously, there
only exist three different types of transformations. For the case of
type merging, Trans@;, Trans(p;_1 o pj_»)) can be directly called.
For the case of no transforming, we can have p; o p;_l o pj_s is the
only transformation of pj o p]_, o p_5, and the length is bigger
than 2, such that this candidate is deprecated. For the case of type
changing, we continue the second transformation, that Trans(p; o
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Table 4: Mathematical transformations of p o p’(x), p(x), p’(x) € PUsidentiry,constant-

o) p(x) ax,a # 1,0 x%a#0 logax,a > 0,a # 1 a,a>0,a#1

bx,b#1,0 ax o bx = abx,orx,ab=1 | x* obx = b*x 0 x* logax o bx = loggx o bx a* o bx = (aP)*

xb,b#O axox? =xPoal/Px a>0 | xoxP =x® orx,ab=1 10gaxoxb:bxologax a*oxV =a*ox?b

logpx,b > 0,# 1 | ax o logyx = logpx o x* x% o logp, = x% o logpx logax o logpx = loggx o logyx a* o logyx = al®9% orx,a = b
b*,b>0,#1 ax o b* = ax o b¥ X2 0 bX = (b?)X logax o b* = (logab)x, or x,logab = 1 | a* o b = a* o b*

getLast(Trans(p;_, o pj—3)), of which based on the different cases
of the outputs the above procedure can be repeated. Assuming that
both the first and second transformation are type changing and
we have an output p;” o p;” o p/ ,, then another transformation
is called Trans(p;” o p;_,). If this transformation is not the type
merging case, then the length can not be reduced to 2. Such that,
the candidate pj op; | o pj_ is also deprecated. Finally, if for every
Jl1 € EE(pr o pr-1), EE(f],,_, © pi2) is still empty, we have
EE(pjo...op1) is empty. Otherwise, the following primitive function
p1—3 will be taken.

Theorem 7.3,7.4,7.5,7.6 completely identify the sharing condition.
In order to keep the completeness of the sharing solution, we illus-
trate in the following theorem that G_EE(f) completely generates

EE(f).

THEOREM 7.9. The set of equivalent expressions of a unary function
f,f € PU°,|f|> 2, generated by G_EE(f) is complete.

Proor. We proof this theorem by using the mathematical induc-
tion.

For the initial case, that | f|= 2, we can have EE(f) = {f, Trans(f)}.

Based on the exhaustive transformations of primitive functions in
table 4, EE(f) is complete.

For a general case, we assume that G_EE() can completely gen-
erate the equivalent expression set for an input with a length
I, € Nsj,. Than we proof EE(f o pg),po € PU, generated by
G_EE(f o po) is also complete. Without loss of generalities, let
f’ € EE(f), f’ = pj or f" = p} o p]. We exhaustively analyze the
following two cases.

If f” = p1, then p] o py is still a feasible input for G_EE();

If f* = p; op1, according to equation 7, we have EE(p; op; opo) =
EE(p5o f{ o) f1.o € EE(p{opo), and EE(p{ opo) = {p] opo, Trans(p] o
p0)}. We can have three exhaustive cases for the results of Trans(p] o
po). I T_Trans(p; opo) is type merging, then pj o Trans(p; opo) is also
a feasible input for G_EE(). If T_Trans(p; o po) is no transforming,
then we have the length p; o p o po can not be decreased to 2, such
that it dose not satisfy the equivalent expression condition, then it
is deprecated. The last case is type changing. Let Trans(p] o po) =
py’ © py- Then, we have EE(p; o p{’ o pg) = EE(f,, o p). fy, €
EE{pé op{’}, and EE{pé op{’} = {pé opi', Trans(pé op{’)}. Based
on the results of Trans(p; o p;’), we can do another exhaustive
analysis. If a merging transformation or no transforming is met,
this procedure will be directly stopped. Otherwise, an additional
transformation is necessary for the case of two continuous type
changing. We explain the reason in the follows.

Firstly, according to table 4, the transformation of type changing
is only feasible among three types of primitive functions, linear

functions, logarithmic functions and power functions, and the re-
sults of type changing is also inside the three types. Moreover, not
any combination of two of the three types have type changing
transformation. For instance, two linear functions or two power
functions have type merging transformation, and two logarithmic
functions do not have transformation. Therefore, we simulate the
exhaustive cases for two continuous type changing, then all the
exhaustive cases can be classified into two cases, the outputs have
type merging transformation, or no transformation. Therefore, an-
other Trans() on the first two primitive functions in the outputs is
proceeded to select the feasible candidate.

Finally, the above procedure is repeated on every f’ € EE(f) to
ensure the completeness. O

7.4 Complexity of sharing

In order to verify the sharing possibilities between a given aggre-
gation state s; and a cached aggregation state sy, both of them
will be given as the input for G_EE(). If there are more than one
aggregation state cached in memory, they will be verified in turn
until one is satisfied. Therefore the sharing complexity is related to
two factors: (1) the complexity of G_EE(), (2) the number of cached
aggregation states,

We firstly analyze the time complexity of G_EE(). For f = p; o
.... 0 p1, in worst cases, the recursive algorithm G_EE(f) proceed
one time of Trans() for one continuous pair of primitive function,
which can be I — 1 in total. Such that the complexity of G_EE(f)
is O(l). Secondly, it is trivial to see that if m aggregation states are
cached in memory, then the complexity for the second step is O(m).
Therefore, in the case that the length of the unary function fi in
s1 is I1, and m different aggregation states sy cached in memory,
where every one of them contains a unary function with the length
lé, i € (1,...,m), then the total shgring complexity can be Q(l; + lzi)
in best cases and O(mly + X7, I7) in worst cases.

7.5 Symbolic index

In this subsection, we propose the symbolic index to organize the
cached aggregation states, such that the total sharing complexity
can be decreased to Q(1) in best cases and O(l; + logly + m) in worst
cases, where Iy is the maximum length of aggregation state cached
in memory.

Observation According to theorem 7.3,7.4,7.5 and 7.6, we mainly
need to check whether fj o fz_l(x) or fio fz_l(u),u = sign(x), is a
specific type of unary functions, and algorithm 2 only needs the
class of primitive functions in fi o fz_l(x) or fio fz_l(u) as input.
Therefore, if the type data of unary functions is stored, this type-
checking phase can be preprocessed. Moreover, the computation
results of aggregation state sy can only be reused for the elements in
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its derivable set D(s2), and derivable sets can be equivalent because
the reusing functions r12 can injections. Therefore, the searching
space m can be decreased by organizing the cached aggregation
states using derivable set and equivalent derivable sets.

We firstly propose the notion of symbolic primitive functions
to store the type data of primitive functions. Computing every
primitive function requires inputs of a variable x and a parameter
a. x is given at the time of scanning base data, while a is received
at the time of declaring functions. For instance, linear functions
have the shape of ax, which takes x and a and proceeds a simple
multiplication on them. We define symbolic primitive function in
the follows.

Definition 7.10. (Symbolic primitive function) A symbolic
primitive function is a function p(“)(x) taking a parameter a and a
variable x as the input and return an output, and for a constant q,
p(“)(x) € PU.

Then the symbolic aggregation state is formally defined in the
follows.

Definition 7.11. (Symbolic aggregation state) A symbolic ag-
gregation state sy_s(X, @) is an aggregation function taking two
inputs, a set of variables X and a sequence of parameters a =

(@11 1), sY_5(X. @) = So,xex o\ 0.0 pl (@), @ € (+,%).1 €

(a;)

N. 1, where P; (x),i € (1,...,1) is a symbolic primitive function.

A symbolic aggregation state sy_s can be generated from a con-
crete one s. A concrete aggregation state can be also obtained from
a symbolic aggregation sate and a sequence a = (ay, ..., a1). Such
that, based on the definition of concrete derivable set, we can have
the symbolic derivable set in the follows,

D(sy_s) = {sy_s’|3a’,a,¥X, sy_s'(X,a’) = r o sy_s(X, a)}.

For a fixed length Iy, the following symbolic derivable set of a

symbolic aggregation state sy_s, [sy_s|< lp, can be built,

Dy,(sy_s) = {sy_slsy_s" € D(sy_s), [sy_s'|< lo}.
We explain the reason in the follows. Although there exists in-
finitive concrete aggregation states s, |s|< Iy, the symbolic ones
sy_s, |sy_s|< Iy is countable, of which the total number in the prac-
tical sharing framework is 2 X (4% + ...+ 41) + 2, because two types
of & functions, four types of primitive functions, and two addi-
tional ones, 3 x and [T x. Moreover, symbolic aggregation states
indeed contain the type information of @ and unary functions.
Such that, the sharing possibility of sy_s and sy_s’ can be veri-
fied by G_EE(). Therefore, for a given sy_s, [sy_s|< [y, we take
any sy_s’, |sy_s’|< lp, and sy_s as the input of G_EE() to generate
Dy, (sy_s). With this intuition, we propose the following symbolic
index.

Index structure. A symbolic index is a set of tables {T1, ..., Ty, }.
Every T;,i € (1, ..., lp), has five columns (ID, Symbolic Aggregation
State, Symbolic Derivable Set, Sharing Candidate, Concrete Ag-
gregation State). T; only stores symbolic aggregation states with
the length i. In the column symbolic aggregation state, every row
of T; stores the information of one symbolic aggregation state
sy_s, |sy_s|= i. The column ID stores the encoded number of sy_s.
The column symbolic derivable set stores the Dy, (sy_s) of sy_s. The
column sharing candidate simply store all sharing candidates for
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Table 5: T; in the symbolic index.

ID | sy_s Dy, (sy_s) SC(sy_s) s

2| Xx {Ex,Taix,[1af,...} {Zx} {R}

-1 | [1x {ITx, [Tx*, X loga,x,...} | {I1x} {R}

0 | Zax {Zaix,Xx,1laf,...} {Zx} null

1 | Xlogagx | {Xloggx, ...} {I1x,...} null

2 | Xaf {Xaf,..} {Xaf} {(@R),...}
3 | Xx® {Zx, ..} {Z x4} {@R),..}
4 [Taix {ITaix,...} {1 a1x} {@,R),..}
5 | [1loga,x | {1logax, -} {[11oga,x} | {@R). .}
6 | Tlaf {[Taf,Xx, X arx, ...} {Zx} null

7 | [Tx% {ITx%,...} {ITx} null

sy_s, which is a set SC(sy_s) = {sy_s’|sy_s € Dj (sy_s")}. The last
column is a set of pairs {(a, R), ...} for concrete aggregation states,
where R is a computation result of a concrete aggregation state,
and 4 is the a parameter sequence. An example Tj is illustrated in
table 5.

Index building. Building a symbolic index contains for ev-
ery row in every table T;,i € (1,...,]y), generating the four at-
tributes, symbolic aggregation states, ID, symbolic derivable sets
and sharing candidates, and sorting rows according to ID in T;.

Let sy_s(X,d) = S, xex p " 0 ... 0 pl®(x),i € (1,..., o). Firstly,

symbolic aggregation states are obtained by selecting one type of &

from (+, X) and one type ofp;aj),j € (1, ...,i) from linear, logarithm,

exponential, power, which will produce 2 X 4% rows in T;. And
in the case of i = 1, two addition ones are added, X} x and [] x.
Moreover, all the rows in T; are classified into two parts with & = +
and ® = x, and we define offset(+) = 0 and offset(x) = 4¢. Then,
for every type of linear, logarithm, exponential, power, a encoded
integer is assigned, that en(linear) = 0, ... and en(power) = 3. Then
the encoded function EN() is defined to generate the ID,

EN(sy_s) = en(p*) x 4771+ ..+ en(p!®)) x 4° + of fset(®). (8)

For the special two cases >, x and [ x, we assign their ID as —2 and
—1. Thirdly, sy_s is added in Dy (sy_s), and the function G_EE() is
ran with the input of any combination of sy_s and another symbolic
aggregation state from (T, ..., Tj,) to generate Dy (sy_s). At fourth,
we iterate on the column of symbolic derivable set to find identi-
cal ones, where only the symbolic state with the shortest length
will be put in the sharing candidate column. Otherwise, symbolic
aggregation state sy_s will be registered in the sharing candidate
column of every element in Dj, (sy_s). Finally, for every table Tj, all
the rows are sorted based on the ID column.

It is noteworthy that, the sharing candidates column may store
one or several symbolic aggregation states. In the latter case, all the
sharing candidates are sorted based on two criteria: (1) whether a
sharing candidate contains a concrete computation; (2) the length
of the sharing candidates. And the first criteria always has the
higher priority than the second one. This machinery can help find
a sharing candidate that can be feasible to reuse in O(1) time.

Index searching. Given an aggregation state s, firstly the fol-
lowing three types of data are retrieved from s, the length of [s],
symbolic aggregation state sy_s, and the sequence a. Then accord-
ing to |s|, the corresponding table T;,i = |s| is located by a first
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binary search. Furthermore, based on the encoded formula (equa-
tion 8), the ID of sy_s is computed. Following this, a second binary
search is proceeded to find sy_s in T;. Afterward, if the first shar-
ing candidate has a concrete computing result, it will be retrieved
for computing s, otherwise, the real computation will be launched.
Which concrete computation is launched will depend on the num-
ber of sharing candidates for sy_s. If sy_s contains only one sharing
candidate, then the only sharing candidate will be launched to com-
pute, e.g. the row with ID=0 and ID=6 in table 5. Otherwise, the
current sy_s with the received a will be computed. Finally, the result
of s is returned.

Index updating. If a real computation of a concrete aggregation
state s is launched, an index update is proceeded because of the
sorting machinery in the sharing candidate column. Updating a
symbolic index is simply telling every element in Dy (sy_s) that
sy_s has a concrete computation, such that sy_s will be ranked
nearer to the front in the set of sharing candidates of every element
in Dy, (sy_s).

Search complexity. For an aggregation state s, |s|= i,i < lo,
the searching time complexity of sy_s in the symbolic index can
be Q(1) in best cases and O(i + logly + m) in worst cases (m con-
crete aggregation stated results cached in memory). We explain
the analysis in the follows. The first search is locating the table Tj,
which can take Q(1) in best cases and O(loglp) in the worst cases.
The second search is finding sy_s in T;, which can take Q(1) in best
cases and O(log|T;|) in worst cases, where |T;| is the total number
of rows in T}, |Tj|= 2 x 4%, then O(log|T;|) = O(i). If a sharing can-
didate contains only one concrete computation result, it can be
directly retrieved. While, if all the m concrete results are cached in
the sharing candidate, it will take O(m) to locate the required one.
Therefore, the best cases can take Q(1), while the worst cases can
take O(i + logly + m).

Building and space complexity. The building time complex-

ity of the symbolic index is O(43!). The total number of rows in
Ip+1
4 0 —

all tables T;,i € (lp, ..., 1), are ————. Note that, if the practical

framework is not extended, the symbolic index will remain un-
changed, then it is only necessary to build it one time. Such that,
once the symbolic index is built, it can be serialized to disk and be
deserialized to memory at the running time.

7.6 Pull-up rules

Choosing a bigger length Iy of the symbolic index may still consume
some memory, and the tables with bigger lengths may not be often
used based on the composition of realistic functions. Therefore,
we propose a hybrid solution, that we fix a reasonable length [y
for generating the symbolic index, and for aggregation states with
length I < Iy, the symbolic index is used to share computation. For
the left cases [ > Iy, instead of directly verifying sharing condition
with cached elements, we propose pull-up rules to reduce the length
I'tol’, thenif I” < Iy, aggregation states will be passed to symbolic
index, otherwise the sharing conditions are verified. The purpose
of this method can be summarized that reducing aggregation state
length and using the symbolic index in an exhaustive way.

The intuition of reducing the length of aggregation states is
pushing some unary functions to terminating function in the formal
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framework. Specifically, for an aggregation state s = Y g pj o ... 0
p1.pi € PU,i € (1,...,1),if s can be transformed to p; o X gy p;_1 ©
.. 0 p1, then p; can be pulled up to terminating functions and the
length of s is reduced to [ — 1. This process can be repeated for p;_;
and the follows if possible, until a minimum length is obtained.

We propose the complete pull-up conditions. From the exhaus-
tive combination of @ and @’ in the practical scope, that (2, X),
(2, T, (TT, TT), and (T, X), we propose the following four pull-up
rules for each of them to pull one primitive function up.

Zax — aXOZx, a € Ryp. (R2)
Z logax — log,x o r[x, a€Ryq 4. (R3)
nx“ — x“Ol_[x,aeR#o. (R4)
[[a* — a* o> x.aeRy;. (R5)

From theorem 7.3,7.4,7.6 and 7.5, we can have that these four rules
are the complete conditions for pulling one primitive function up.
For instance, R2 describe the transformation }; ax = axo > x, which
can also be considered as the case of sharing computation between
> ax and X x, and from theorem 7.3 we know only ax is possible.

Counting for free If the computation of the aggregation func-
tion count is admitted for free, we can have an additional transfor-
mation, [Tax = [Ta X [Tx = a®“™ x o [T x. Generally, a®®“"! x is
a bivariate function instead of a unary one (this is the reason why
it is not identified in theorem 7.6). However, with the stored count
value, the function a®®“™! can be computed and a®®“"? x is changed
to a linear function because a®°“™ is a constant at this moment.
Moreover, due to the fact count is necessary for frequently used
aggregate functions e.g average, and priori data statistics for query
optimization, the aggregation count is computed for free. Then, we
propose the following transformation rule R6, which is also a kind
of pull-up rules due to its feature of pulling a ’linear function’ up.

l—[ ax = (acountx) o l—[ x,a € R#I,O' (R6)

Supplementary pull-up rules. We propose supplementary pull-up
rules to transform a non-feasible pull-up candidate to a feasible
one. In fact, in the cases that s contains several primitive functions
and the last primitive function p; is not a feasible pull-up candidate,
the length of s may be still possible decreased because of the type
changing transformation of primitive functions. We exhaustively
analyze these supplementary pull-up rules in the following five
exhaustive cases.

Case 1: ® = +, and exploring supplementary transforming candi-
dates for R2. When @ = +, then if p; is linear or logarithm, then R2
and R3 can be applied. Therefore, the non-feasible cases are power
and exponential. And we are searching candidates for R2, then the
target type is linear.

When p; is a power function, we firstly identify that power
function and linear function has the reordering feature (see in table
4), that x? o bx = b%*x o x?. Therefore, we propose the transforming
rule R6, which we call the linear-up rule due to its linear-type
reordering feature,

power o linear < linear o power. (R7)
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By applying R7, a linear function can still be pulled up by R2.
Moreover, power functions can absorb power functions, that x¢ o
xb = x%_ Then several continuous power functions and a linear
function is also feasible for R7. According to the second column in
table 4, R7 is the only type changing when p; is a power function.
Therefore, no matter how to transform the following functions,
if there does not exist linear functions behind power functions,
then the transformations are still not interesting for R2. We also
found two cases that can produce linear functions in table 4, which
can be the supplementary rules for R7. Transforming rules R8 and
R9 are proposed to cover these two sub-situations, which we call
the linear-birth rules due to its feature of two non-linear functions
producing a linear function.

logarithm o exponential — linear, (R8)

logarithm o power — linear o logarithm. (R9)

Such that, sequential applying R8, R7, R2 or R9, R7, R2, can still pull
up some functions. And R7, R8, R9 are the complete supplementary
rules for R2.

When p; is an exponential function, according to the fourth
column in table 4, no matter how to transform primitive functions,
the type of the first function cannot be changed. Therefore, none
functions can be pulled up.

Case 2: @ = +, and exploring supplementary transforming candi-
dates for R3. Similarly, we are searching candidates for R3, then
p; can be a power or exponential function and the target type is
logarithm. However, according to the second and fourth column
in table 4, no matter p; is an exponential or power function, none
transformations can change the type of p; to be logarithm. There-
fore, in this case, it is impossible to have transforming candidates
for R3.

Similarly, in the case 3: ® = X, exploring supplementary rules
for R4, and the case 4: ® = X, exploring supplementary rules for R5,
there does not exist supplementary transforming candidates.

Case 5: ® = X, and exploring supplementary transforming candi-
dates for R6. In this case, we are searching candidates for R6, and p;
is a logarithmic function and the target type is linear. Two complete
cases can be identified based on linear-birth rules R8 and R9 (see the
third column of table 4). Moreover, because power functions can
absorb power functions and can be reordered with linear functions,
therefore these two patterns can be also supplementary transfor-

mations of R9 in this case, loggx © xb1 o xb2 bibz _

by

= loggx o x

bibax o loggx, and loggax o bix o x”2 = loggx o xP2 o b}/hzx =

bax ologgx o b;/bzx, b1 > 0. Therefore, in this case, by sequential
applying R8, R6, or R9, R6, or R7, R8, R6, the length of aggregation
state can still be decreased.

The application of pull-up rules has linear time complexity O(l),
because it visits each primitive function one time at most.

8 CONCLUSION AND ONGOING WORK

We analyze how to efficiently decompose user-defined aggregation
functions and reuse their computation results. A generic framework
for aggregation functions is firstly identified, which is mapped to
the MRC model to generate the efficient and generic algorithm
MR(ar). Then, we analyze the effects of two widely used @ functions
in practice on MR(«), + and X.

C. Zhang et F. Toumani

On the side of sharing aggregation computation, we concentrate
on reusing partial aggregation results, which is more generic than
total aggregation result. Then we illustrate the sharing problem is
undecidable for arbitrary partial aggregation. Hereafter, we identify
several primitive classes of unary and binary functions that are
widely used in practical aggregation functions. Then, for this practi-
cal framework, sharing conditions are proposed. Consequently, we
propose the symbolic index and pull-up rules to reduce the sharing
complexity.

Based on the practical framework of UDA and corresponding
theoretical propositions, we are implementing the library DS4Alpha
aiming at providing a systematic approach to process user-defined
aggregation in distributed computing.

REFERENCES

[1] [n.d.]. DB2 built-in functions. https://www.ibm.com/support/knowledgecenter/
en/SSEPEK_11.0.0/sqlref/src/tpe/db2z_sqlfunctionsintro.html. ([n. d.]).

[2] [n.d.]. Decomposition and Sharing of User-defined Aggregation: from Theory
to Practice, a technical report. https://hal.archives-ouvertes.fr/hal-01877088. ([n.
d.]).

[3] [n. d.]. Miscrosoft SQL functions. https://docs.microsoft.com/en-us/sql/t-sql/
functions/functions. ([n. d.]).

[4] [n. d.]. PostgreSQL. https://www.postgresql.org/docs/current/static/
functions-aggregate.html. ([n. d.]).

[5] Paul Beame, Paraschos Koutris, and Dan Suciu. 2013. Communication steps for
parallel query processing. In Pod. ’13, Vol. 64. 273.

[6] C.Liu,J.Zhang, H.Zhou, S.McDirmid, Z.Guo, and T.Moscibroda. 2014. Automating
distributed partial aggregation. In SOCC’14. 1-12.

[7] Sara Cohen. 2006. User-defined aggregate functions: bridging theory and practice.
In SIGMOD’06. 49-60.

[8] SARA COHEN, W.NUTT, and Y.SAGIV. 2006. Rewriting queries with arbitrary
aggregation functions using views. ACM TODS 31, 2 (June 2006), 672-715.

[9] Chuck Cranor, Theodore Johnson, Oliver Spataschek, and Vladislav Shkapenyuk.

2003. Gigascope: A stream database for network applications. In Proc. 2003 ACM

SIGMOD Int. Conf. Manag. data - SIGMOD ’03. ACM Press, New York, New York,

USA, 647. https://doi.org/10.1145/872757.872838

Algredo Cuzzocrea. 2015. Aggregation and multidimensional analysis of big data

for large-scale scientific applications: models, issues, analytics, and beyond. In

SSDBM’15.

Prasad M. Deshpande, Karthikeyan Ramasamy, Amit Shukla, Jeffrey F. Naughton,

Prasad M. Deshpande, Karthikeyan Ramasamy, Amit Shukla, and Jeffrey F.

Naughton. 1998. Caching multidimensional queries using chunks. In Proc. 1998

ACM SIGMOD Int. Conf. Manag. data - SIGMOD 98, Vol. 27. ACM Press, New

York, New York, USA, 259-270. https://doi.org/10.1145/276304.276328

Jon Feldman, S.muthukrishnan, Anastasios Sidiropoulos, Cliff Stein, and Zoya

Svitkina. 2010. On Distributing Symmetric Streaming Computations. ACM TALG

6, 4 (August 2010).

[13] M.T. Goodrich, N. Sitchinava, and Q. Zhang. 2011. Sorting, Searching, and

Simulation in the MapReduce Framework. In ISAAC’11 Proceedings of the 22nd

international conference on Algorithms and Computation. 374-383.

Michel Grabisch, Jean-Luc Marichal, Radko Mesiar, and Endre Pap. 2011. Aggre-

gation function: Means. Information Sciences 181, 1 (January 2011), 1-22.

Shenoda Guirguis, Mohamed A. Sharaf, Panos K. Chrysanthis, and Alexandros

Labrinidis. 2011. Optimized processing of multiple aggregate continuous queries.

In Proc. 20th ACM Int. Conf. Inf. Knowl. Manag. - CIKM ’11. ACM Press, New York,

New York, USA, 1515. https://doi.org/10.1145/2063576.2063793

[16] Venky Harinarayan, Anand Rajaraman, Jeffrey D. Ullman, Venky Harinarayan,

Anand Rajaraman, and Jeffrey D. Ullman. 1996. Implementing data cubes effi-

ciently. In Proc. 1996 ACM SIGMOD Int. Conf. Manag. data - SIGMOD ’96, Vol. 25.

ACM Press, New York, New York, USA, 205-216. https://doi.org/10.1145/233269.

233333

H.Garcia-Molina, J.D.Ullman, and JWidom. 2000. Database System Implementa-

tion. Prentice-Hall, New Jersey.

[18] John E. Hopcroft and Jeff D. Ullman. 1979. Introduction to Automata Theory,
Languages, and Computation. Addison-Wesley Publishing Company.

[19] Ryan Huebsch, Minos Garofalakis, Joseph M Hellerstein, and Ion Stoica. 2007.
Sharing Aggregate Computation for Distributed Queries. In Proc. 2007 ACM
SIGMOD Int. Conf. Manag. Data (SIGMOD °07). ACM, New York, NY, USA, 485-
496. https://doi.org/10.1145/1247480.1247535

[20] J.Gray, A.Bosworth, A.Layman, and H.Pirahesh. 1997. Data Cube: A relational
aggregation operator generalizing group-by, cross-tab, and sub-totals. Data
Mining and Knowledge Discovery 1, 1 (January 1997), 29-53.

[10

[11

[12

[14

[15

[17



Decomposition and Sharing for User-defined Aggregation:
from Theory to Practice

[21

[22

[23
[24
[25
[26

[27

[28

[29

]

]
]

]
]

]

Howard Karloff, Siddharth Suri, and Sergei Vassilvitskii. 2010. A Model of Com-
putation for MapReduce. In SODA’10. 938-948.

Sailesh Krishnamurthy, Chung Wu, and Michael Franklin. 2006. On-the-fly
sharing for streamed aggregation. Proc. 2006 ACM SIGMOD Int. Conf. Manag.
data (2006), 623-634. https://doi.org/10.1145/1142473.1142543

M Jean-Luc and T.Bruno. 2015. Preassociative Aggregation Functions. Fuzzy Sets
and Systems 268 (June 2015), 15-26.

M Jean-Luc and T.Bruno. 2016. Strongly Barycentrically Associative and Preas-
sociative Functions. Fuzzy Sets and Systems 437, 1 (May 2016), 181-193.
S.Madden, M.J.Franklin, J.M.Hellerstein, and W.Hong. 2002. TAG: a Tiny AGgre-
gation Service for Ad-Hoc Sensor Networks. In OSDI’02. 131-146.

Surajit Chaudhuri and Umeshwar Dayal. 1997. An overview of data warehousing
and OLAP technology. ACM SIGMOD Record 26, 1 (March 1997), 65-74.

Abdul Wasay, Xinding Wei, Niv Dayan, and Stratos Idreos. 2017. Data Canopy:
Accelerating Exploratory Statistical Analysis. In ACM SIGMOD International
Conference on Management of Data.

Y.Yu, MIsard, and P.Kumar Gunda. 2009. Distributed Aggregation For Data-
Parallel Computing: Interfaces and Implementations. In SOSP’09. 247-260.

Rui Zhang, Nick Koudas, Beng Chin Ooi, and Divesh Srivastava. 2005. Multiple
aggregations over data streams. In Proc. 2005 ACM SIGMOD Int. Conf. Manag.
data - SIGMOD ’05. ACM Press, New York, New York, USA, 299. https://doi.org/
10.1145/1066157.1066192

BDA, 2018, Bucarest



BDA, 2018, Bucarest

Table 6: Symmetric aggregation functions in canonical forms.

C. Zhang et F. Toumani

Aggregation Formula F(x;) F(x;) ® F(x;) T(S)
Max - id max id
Min - id min id
Sum > xi id + id
Count >1 id + id
Avg % (id, 1) (++) 2_1
2
-~ u(X))?
Variance o2 M ((xi — p(X))%, 1) (+,+) z—l
2
- — u(X))?
Std_variance o \/ M ((ei = p(X))%, 1) (+,+) z—l
2
= uCO)yi — (Y
Covariance cov(X,Y) Zlxi = r)l)(yl ) (i = pQCONyi —p(Y)), 1) (+,+) z—l
2
. cov(X,Y) $3/54
Correlation corr(X,Y —_— xXj — X)), (yi — +, o+, + _
) s T I e
(i = pXO)yi — p(Y)), 1)
X,Y) $3/84
corr(X,Y)? —COU( xi — pX))% (yi - +,+, — )
. 7) Erom T I T
(i = pQONyi — p(Y)), 1)
> x2 - > X 2 —
Sum of squares % (xl?, id, 1) (+,+,+) 313_32
3
Sum of squares(X, Y) L xi Xyi = (nz *i) X (X yi) (xi X yi,xi,Yi, 1) (+,+,+) Sl_zﬂ
4
ty.
Cumulative distance(r) O xisr (xi <r?1:0,1) (+,+) i
count $2
First_value - id First_value() id
Last_value - id Last_value() id
Median - id U median
Percentile - id U percentile
Rank - id U rank
Product I xi id X id
Geometric_mean (T x:)/ " (id, 1) (x,+) (s1)1/52
P
Power_mean (@)’J (xf, 1) (+,+) (i—l)p
2
_ )3
Skewness (E(X—’;))/Z,Z (i = pOPi = (h4) ks
(Zx = p2)/n) ,u(X))Z, 1) (s2/s3)
_ 4
Kurtosis ((ZZ(x—IJ)z)//nZ ((xi - IJ(X))4, (xi - (+7 +, +) Sl//53 2
(Z(x = p)*)/n) ”(X))27 1) (s2/s3)
LogSumExp In(X exp(x;)) exp(x;) + In
TF(term:t,doc:d) county (t?1:0,1) (+,+) s
count s2
IDF(term:t,corpus:D) Log( count ) (1,t€d;?1:0) (+,+) Log(s—l)
countzd )
TF-IDF(t,d,D) TF x IDF (d:(?1:0,1), (+, +,+,+) R Log(s—3)
$2 Sq

D:(1,t €d;?1:0,1))




