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ROBUSTNESS OF THE PATHWISE STRUCTURE OF FLUCTUATIONS
IN STOCHASTIC HOMOGENIZATION

MITIA DUERINCKX, ANTOINE GLORIA, AND FELIX OTTO

ABsTRACT. We consider a linear elliptic system in divergence form with random coeffi-
cients and study the random fluctuations of large-scale averages of the field and the flux of
the solution. In a previous contribution, for discrete elliptic equations with independent
and identically distributed conductances, we developed a theory of fluctuations based on
the notion of homogenization commutator, defined as the flux minus the homogenized
coefficients times the field of the solution: we proved that the two-scale expansion of this
special quantity is accurate at leading order when averaged on large scales (as opposed
to the two-scale expansion of the field and flux taken separately) and that the large-scale
fluctuations of both the field and the flux can be recovered from those of the commutator.
This implies that the large-scale fluctuations of the commutator of the corrector drive all
other large-scale fluctuations to leading order, which we refer to as the pathwise structure
of fluctuations in stochastic homogenization. In the present contribution we extend this
result in two directions: we treat continuum elliptic (possibly non-symmetric) systems
and with strongly correlated coefficient fields (Gaussian-like with a covariance function
that displays an arbitrarily slow algebraic decay at infinity). Our main result shows that
the two-scale expansion of the homogenization commutator is still accurate to leading
order when averaged on large scales, which illustrates the robustness of the pathwise
structure of fluctuations.
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1. INTRODUCTION

This article constitutes the second part of a series that develops a theory of fluctuations
in stochastic homogenization of linear elliptic (non-necessarily symmetric) systems in di-
vergence form. In the first part [5], we provided a complete picture of our theory (with
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optimal error estimates and convergence rates) in the simplified framework of discrete
elliptic equations with independent and identically distributed (iid) conductances. We
proved three main results: the pathwise structure of fluctuations, the Gaussian character
of fluctuations, and the identification of the limiting covariance structure. In the present
contribution, we focus on the fundamental pathwise aspect of the theory, based on the
accuracy of the two-scale expansion for fluctuations of the homogenization commutator of
the solution operator. The aim is to extend the validity of this pathwise structure of fluc-
tuations to continuum (non-symmetric) systems with strongly correlated coefficient fields.
We take this as a sign of the robustness of the pathwise structure. We mainly consider
the class of Gaussian coefficient fields (with covariance function the decay of which can
be arbitrarily slow at infinity). Questions regarding the convergence in law of the rescaled
standard homogenization commutator are addressed in the forthcoming contribution [2] in
the case of correlated Gaussian fields. In [6], we further explain how this whole pathwise
theory of fluctuations naturally extends to higher orders. For a thorough discussion of the
literature, we refer the reader to the introduction of the companion article [5].

Let a be a stationary and ergodic random coeflicient field that is bounded,
la(z)€| < |¢], for all ¢ € RY and z € RY, (1.1)
and satisfies the ellipticity property

/Vu -aVu > )\/ |Vu|?,  for all smooth and compactly supported u, (1.2)

for some A > 0 (this notion of functional coercivity is weaker than pointwise ellipticity for
systems). Throughout the article we use scalar notation, but no iota in the proofs would
change for systems under assumptions (1.1) and (1.2). For all ¢ > 0 we set a. := a(3),
and for all deterministic vector fields f € C2°(R%)? we consider the random family (u:):>0
of unique Lax-Milgram solutions in R? (which henceforth means the unique weak solutions

in H'(R%)) of the rescaled problems
-V-a.Vu. = V- f. (1.3)

(The choice of considering an equation on the whole space rather than on a bounded set
allows us to focus on fluctuations in the bulk, and avoid effects of boundary layers. The
choice of taking a right-hand side (RHS) in divergence form allows us to treat all dimensions
at once.) It is known since the pioneering work of Papanicolaou and Varadhan [14] and
Kozlov [12] that, almost surely, u. converges weakly (in H'(R%)) as e | 0 to the unique
Lax-Milgram solution % in R? of

~V.aVi = V- f, (1.4)

where a is a deterministic and constant matrix that only depends on the law of a. More
precisely, for any direction e € R%, the projection a@e is the expectation of the flux of the
corrector in the direction e,

ae = E[a(Ve + ¢)], (1.5)

where the corrector ¢, is the unique (up to a random additive constant) almost-sure solu-
tion of the corrector equation in RY,

-V -a(Vee+e€) =0,
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in the class of functions the gradient of which is stationary, has finite second moment, and
has zero expectation. We denote by ¢ = (gbi)f:l the vector field the entries of which are
the correctors ¢; in the canonical directions e; of RY.

In [5], we developed a complete theory of fluctuations in stochastic homogenization of
discrete elliptic equations with iid conductances (see also [11] for heuristic arguments). The
key in our theory consists in focusing on the homogenization commutator of the solution
a-Vu. —aVu. and in studying its relation to the (standard) homogenization commutator

—_

== (Ei)?zl, where the harmonic coordinates x — z; + ¢;(z) play the role of u.,
Zi = a(Vo; +e) —a(Veoi + ¢), Zij = (Ei);. (1.6)

In the framework of [5], we showed that this stationary random (non-symmetric) 2-tensor
field =, which by (1.5) has vanishing expectation, enjoys the following three crucial prop-
erties (which we reformulate below in the nonsymmetric continuum setting of the present
contribution):

(I) First and most importantly, the two-scale expansion of the homogenization commu-
tator of the solution

a:-Vu. — aVu. — E[a.Vu. — aVu.] ~ Z;(;)V;u (1.7)
is accurate in the fluctuation scaling in the sense that for all ¢ € C°(R%)? and

q < 00,

E U / g- (CLEVU6 —aVu. — Ela-Vu, — &Vue]) — / g-Zi(2)Viu
Rd Rd

Stoa €E “/ 9-Zi(3)Viu
Rd

up to a |loge| factor in the critical dimension d = 2.

(IT) Second, both the fluctuations of the field Vu. and of the flux a.Vu. can be re-
covered through deterministic projections from those of the homogenization com-
mutator a.Vu. — aVu,, which shows that no information is lost by passing to the
homogenization commutator. More precisely,

/ g-V(ue —Elu]) = —/ (P19) - (a:Vue: — aVue — Ela-Vu. — aVu.]), (1.9)

R4 R4

/ g (a:Vu. — Ela.Vu.]) = / (Pig) - (a€Vu5 —aVu, — E[a€Vu6 — ELVug]),
R4 R4

in terms of the Helmholtz and Leray projections in L?(R%)?,

Py :=V(V-aV)'Vv.,,  Pp:=Id-Pya,

Py =V(V-a'V) 'V,  P;:=I1d-Pya*, (1.10)
where a* denotes the transpose of a. In addition, the fluctuations of the field
V¢(2) and of the flux a.V¢(2) of the corrector are also determined by those of the

standard commutator Z(2): the definition of = leads to —V - aV¢; = V - Z; and
a(Vpi+e;)—ae; = Z;+aVe;, to the effect of Vo, = —PyZ; and a(Ve;+e;) —ae; =
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(Id —aPy)Z; in the stationary sense, and hence, formally,

[ Feve) = - [ Par i),

R4

/ F:(a:(Vo(z)+1d) —a) = PiF:2(2), (1.11)
R4 Rd

where Pj; and P} act on the second index of the tensor field F' € C°(R%)4xd. A
suitable sense to these identities is given in Corollary 1.

(ITT) Third, the standard homogenization commutator = is an approximately local func-
tion of the coefficients a, which allows to infer the large-scale behavior of = from the
large-scale behavior of a itself. This locality is best seen when formally computing
partial derivatives of = with respect to a, cf. [5, equation (1.10)].

Let us comment on the pathwise structure of fluctuations revealed in (I)—(II). Com-
bined with (1.8), identities (1.9) and (1.11) imply that the fluctuations of Vu., a-Vu,,
V¢(2), and a-Vé(2) are determined to leading order by those of Z(2) in a strong norm in
probability. This almost sure (“pathwise” in the language of SPDE) relation thus reduces
the leading-order fluctuations of all quantities of interest to those of the sole homogeniza-
tion commutator Z in a pathwise sense. As we emphasized in [5], besides its theoretical
importance, this pathwise structure is bound to affect multi-scale computing and uncer-
tainty quantification in an essential way. For weakly correlated coefficient field a we expect
from property (III) that Z(2) displays the CLT scaling and that the rescaling 6_d/25(§)
converges in law to a Gaussian white noise, so that the pathwise structure (I)—(II) then
leads to the known scaling limit results for the different quantities of interest in stochastic
homogenization (which we indeed proved in the setting of [5]).

In the present contribution, we focus on the pathwise structure (I)—(II). More precisely,
we consider the class of Gaussian coefficient fields, the covariance function of which decays
at infinity at some fixed (yet arbitrary) algebraic rate (1+|z|)~? parametrized by 8 > 0, and
we show that properties (I)—(II) still hold for this whole Gaussian class, which illustrates the
surprising robustness of the pathwise structure with respect to the large-scale behavior of
the homogenization commutator. Indeed, in dimension d = 1 (in which case the quantities
under investigation are simpler and explicit), two typical behaviors have been identified in
terms of the scaling limit of the homogenization commutator, depending on the parameter 3

(cf. [1]),

e For 8 > d = 1: The commutator = displays the CLT scaling and e_gE(é) converges
to a white noise (Gaussian fluctuations, local limiting covariance structure).

. . _B,.
e For 0 < 8 < d = 1: The suitable rescaling e~ 2Z(;) converges up to a subsequence to
a fractional Gaussian field (Gaussian fluctuations, nonlocal limiting covariance struc-

ture, potentially no uniqueness of the limit).

(Note that a different, non-Gaussian behavior may also occur in degenerate cases, cf. [10,
13]; see also the second item in Remark 2.1.) In particular, the pathwise result holds in
these two examples whereas the rescaled homogenization commutator = does not neces-
sarily converge to white noise or may even not converge at all. The identification of the
scaling limit of the homogenization commutator in higher dimensions is a separate ques-
tion and is addressed in [2] for the whole range of values of 5 > 0, where we investigate
the consequences of the locality of Z with respect to the coefficient field (cf. (III) above),
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combining techniques developed in [8] with Malliavin calculus. This work will in particular
extend [1]| to dimensions d > 1.

Although we focus on the model case of Gaussian coefficient fields, the arguments that
we give in this contribution are robust enough to cover the general setting of weighted
functional inequalities introduced and studied in |3, 4], and therefore to treat all the models
of coefficient fields considered in [16], a reference textbook on heterogenous materials. This
makes the results of this contribution not only of theoretical but also of practical interest.

2. MAIN RESULTS AND STRUCTURE OF THE PROOF

2.1. Notation and statement of the main results. For some k¥ > 1 let a be an
R*-valued Gaussian random field, constructed on some probability space (Q,P) (with ex-
pectation E), which is stationary and centered, and thus characterized by its covariance
function

c(x) :=Ela(z) ® a(0)], c:RY - RF¥E,
We assume that the covariance function decays algebraically at infinity in the sense that
there exist 3, Cy > 0 such that for all z € R?

o (L+la) ™ < fefe)] < Co(1+ fal) (2.1)
Given a map h € CL(RF)¥4 we define a : RY — R¥? by a(x) = h(a(z)), and assume
that it satisfies the conditions (1.1) and (1.2) almost surely. We then (abusively) call the
coefficient field a Gaussian with parameter 5 > 0. From a technical point of view, we shall
rely on (and frequently refer to) results and methods developed in [3, 8, 7]. If a is Gaussian
with parameter 3, then a is ergodic, and we have existence and uniqueness of correctors
¢ and of the homogenized coefficients a (cf. Lemma 2.2 below).

Throughout the article, we use the notation () (resp. Z(.)) for < Ux (resp. >
C'x), where the multiplicative constant C' depends on d, A, 3, || Vh||1, on the constant Cp
in (2.1), and on the additional parameters “(...)” if any. We write >~y when both < )

and 2y hold. In an assumption, we use the notation <) for < %X for some (large
enough) constant C' =~ 1.

In this setting, we consider the fluctuations of the field Vu,. and of the flux a.Vu. of
the solution of (1.3), as encoded by the random bilinear functionals I5 : (f,g) — I5(f,9)
and I5 : (f,g9) — I5(f, g) defined for all f,g € C°(R%)4 by

() = [ 9 VB,

I5(f,9) = /Rdg- (a:Vu. — E[a:-Vu.]).

We further encode the fluctuations of the corrector field V¢ and flux a(V¢ + Id) by the
(centered) random linear functionals J§ : F' +— Ji(F') and J5 : F' +— J5(F') defined for all
F € O®(RY)¥xd by

P = [ @) Ve

J5(F) = y F(z): (a:(z)(Vo(%) +1d) — a) dx.
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As explained above, a crucial role is played by the (standard) homogenization commuta-
tor = defined in (1.6), and by the error in the two-scale expansion of the homogenization
commutator of the solution. These quantities are encoded by the random linear function-
als J§ : F v J§(F) and E° : (f,g) — E°(f,g) defined for all F € C°(R%)%*? and all
fr9 € CZ(RY? by

JG(F) = /RdF(x):E(“z)dx,

E°(f,g) = /Rd g (a:Vu: —aVu. — E[a:Vu. —aVu.]) — /Rd g-Zi(3)Vit.
Since the case d = 1 is much simpler and well-understood [9], we only focus in the sequel
on dimensions d > 1.

We first establish the following boundedness result for Jj, establishing the suitable 3-
dependent scaling for the fluctuations of the homogenization commutator (see also [7,
Theorem 1]).

Proposition 1 (Fluctuation scaling). Let d > 2, assume that the coefficient field a is
Gaussian with parameter 3 > 0, define my : Rt — RT by

(1+1)P . p<d,
m(t) == { (1+t)%og (2+1t) : B=d, (2.2)
(141)¢ : B>d,

and define the rescaled functional

1

I = m(1)2J5.

Forall0 <e <1, F € CXR)™ 0<p—1<1, and o > G 4 a2t we have

[J5(F)| < Cap (1w Fllgzs + La<all[Fl2lle), (2.3)
where wi(z) == 1+ |z, [Fla(z) := (fB(:E) |F|2)%, and where C’g’g is a random variable with
stretched exponential moments: there exists yv1 ~ 1 such that

1
sup E |ex (— cer 71)] <2
0<€I<)l |: P Ca,p( a,p)

for some (deterministic) constant Cqp ~ap 1. O

Our next main result establishes the smallness of the error £¢ in the two-scale expansion
of the homogenization commutator in the fluctuation scaling, which is the key to the
pathwise theory of fluctuations.

Theorem 1 (Pathwise structure of fluctuations). Let d > 2, assume that the coefficient
field a is Gaussian with parameter > 0, let 7, be defined in (2.2), define p, : Ry — Ry

by

1 s B>2,d>2,
1
) log(24+7)2 : B>2,d=2,
pa(r) = log(24+r) : 8=2,d>2, (2.4)

1+r)i-2 : B<2,d>2
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set i (2) := px(|2]), recall wy(z) :== 1+ |z|, and consider the rescaled functionals

Ero=m(hpEe,  Jo=m(b)i I =m(A)iL

£

Forall0<e<1, f,gec CFRH, 0<p-1«1, anda>w+d%, we have

[E5(f,9)] < Eu*(%)C;i’f;’g(I!M*VfHL4|!w?9HL4P + 1V gllpallwi g

+ 1g<a (Y fll2llgllie e + HF‘*VQHLQHfHLQmLQp))a (2.5)

where Cé’f;’g s a random variable with stretched exponential moments: there exists yo ~ 1
such that
1
sup E [exp( (Cé’{)’g)w)] <2
0<e<1 Ca,p ’
for some (deterministic) constant Cqpp ~qp 1. O
Remark 2.1.
e The exponents 1 and o in the above results are made explicit in the proofs: we
obtain
2(BNd) d 2(BNd)
= —-———— an = —-—-———----— N
N=ndvrd " 2T 9B Ad) +3d

where n > 0 can be chosen arbitrarily; these values are not expected to be optimal.

e The e-scaling in the above results is believed to be optimal. The rescaling in the
definition of jg and fla is natural since it precisely leads to a variance of order 1 for
averages of the coefficient field a itself. For some non-generic examples, (2.3) may
however overestimate the variance. In dimension d = 1, one may indeed construct
explicit Gaussian coefficient fields a such that fluctuations of the homogenization
commutator J§ are of smaller order than what (2.3) predicts [15, 10, 13|, in which
case the suitable rescaling of J; has a non-Gaussian limit. In such situations, the
pathwise property (2.5) implies that the variance of I is overestimated as well, and
the validity of a higher-order pathwise relation is an open question. General necessary
and sufficient conditions for the sharpness of (2.3) are studied in [2].

e The proofs of the above results are robust enough to cover the general setting of
weighted functional inequalities introduced and studied in [3, 4]. In the case of func-
tional inequalities with oscillation, we may indeed use Cauchy-Schwarz’ inequality and
an energy estimate to replace the perturbed functions qg and Vu appearing in the rep-
resentation formula (3.3) below by their unperturbed versions ¢ and Vu. This allows
to conclude whenever the weight has a superalgebraic decay (see indeed |7, proof of
Theorem 4]). If one is only interested in Gaussian coefficient fields, one may replace
the use of functional inequalities by a direct use of the Brascamp-Lieb inequality,
which would allow to slightly shorten some of the proofs (and potentially improve the
norms of the test functions F, f, g). %

In view of the identities (1.9) and (1.11), the above results imply that the large-scale
fluctuations of If, I5, Ji, and J5 are driven by those of J§ in a pathwise sense (see [5,
Corollary 2.4] for details).
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Corollary 1 ([5]). Letd > 2, assume that the coefficient field a is Gaussian with parameter
B >0, let m, and p, be defined by (2.2) and (2.4), let Py, Py, and P; be as in (1.10),
and recall the rescaled functionals

Boi=m(bpg,  Fe=mb)ir,  J=m(b)2gs, i=12

For alle >0 and f,g € C(R), we have for all0 <p—1< 1 and o > w dp4p1,

5 (f,9) — T5(Puf @ Pig)| + 115(f,9) + J§(Puf © Pig)|
< eu*@)ca;f;g(||u*Vf||L4||w‘ngL4p + 1|1V gl w0 £l v

+ Loca(laV Fliallglenize + Na-Vllizll fllzae) )

where Cg’f;’g is a random variable with stretched exponential moments independent of € as

in the statement of Theorem 1. In addition, for all e > 0 and F € C2 (R4 we have
almost surely

Ji(F) = =J5(PyF),  J5(F) = J5(PLF),

where in particular we may give an almost sure meaning to J§(PyF) and J§(P;F) for all
F € C*(RYHY4 | even when P F and P;F do not have integrable decay. O

2.2. Structure of the proof. We describe the string of arguments that leads to Propo-
sition 1 and Theorem 1. Next to the corrector ¢, we first need to recall the notion of
flux corrector o, which was recently introduced in the stochastic setting in [8, Lemma 1|
and allows to put the equation for the two-scale homogenization error in divergence form
(cf. (3.26) below). The extended corrector (¢, o) is only defined up to an additive constant,
and we henceforth choose the anchoring f5(¢,0) = 0 on the centered unit ball B.

Lemma 2.2 ([8]). Let the coefficient field a be stationary and ergodic. Then there exist
two random tensor fields (¢;)i1<i<a and (0ijk)1<ijk<d with the following properties: The
gradient fields V¢; and Vo, are stationary' and have finite second moments and vanishing
expectations:

d

; [IVoisnl?] <4d()\ +1) E[Vé;] =E[Voyi] =0. (2.6)

1
E Vo] < 5
Moreover, for all i, the field o; == (0ijk)1<jk<d 15 skew-symmetric, that is,

Uijk = *O-ilcj- (27)

Finally, the following equations are satisfied a.s. in the distributional sense on RY,

a(Vqﬁz + ei) = 0, (2.8)
V.o; = ¢ —Elg], (2.9)
—Aoijr = 00k — Ordiy)

IThat is, Vgi(a; -+ 2) = Véi(a(-+ 2);-) and Voik(a; -+ 2) = Voyr(a(- +2);-) a.e. in R?, for all shift
vectors z € R%.
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where ¢; =: (gij)1<j<d s given by q¢; = a(Vo; + €;), and where the (distributional) diver-
gence of a tensor field is defined as
d

(V'O’i)j = kaaijk~ Q

k=1

The proofs of Proposition 1 and Theorem 1 are based on the combination of two main
ingredients. The first ingredient is a sensitivity calculus combined with functional inequal-
ities for Gaussian ensembles [3, 4]. The second ingredient is a duality argument combined
with the large-scale (weighted) Calderén-Zygmund estimates of [8].

The sensitivity calculus measures the influence of changes of the coefficient field a on
random variables X = X (a) via the functional (or Malliavin-type) derivative 9**X (z) =
%—ﬁ(a, x), that is, the L2(R?)%*?_gradient of X wrt a. We recall that this functional deriva-
tive is characterized as follows, for any compactly supported perturbation b € L>°(R%)4*d

1

O X (a,z) : b(z)dz = lim - (X (a + tb) — X(a)). (2.10)
R4 tlo t
In fact, rather than in this derivative itself, we are interested in the local L'-norms of 9t F’
on measurable sets D C RY, which in view of (2.10) can be characterized by duality as
follows,

1
/ |9t X | = sup { lim sup ;(X(a +tb) — X(a)) : sup[b| < 1, blga\p = 0}' (2.11)
D t40

This quantity measures the sensitivity of the random variable X = X(a) wrt changes in
the coefficient field localized in D. This sensitivity calculus is a building block to control
the variance and the entropy of X via functional inequalities in the probability space [3].
To this aim, we define a weighted norm | - H]% on random fields G depending on 3 > 0:

o0 2
IG5 = / / (/ |G\) dz (0 +1)~451qp. (2.12)
0 Rd Bg+1(2)

As shown in [3, Proposition 2.4|, in the integrable case § > d, we can drop the integral

over £, in which case
2
G2~G2::/ / G|) d=. 2.13
615 = 6l = [ (], 16) (2.13)

In these terms, we may formulate the following weighted logarithmic Sobolev inequality
(WLSI) for the Gaussian coefficient field a. In view of (2.13), for 8 > d, this reduces to
the standard (unweighted) logarithmic Sobolev inequality (LSI). The proof is based on a
corresponding Brascamp-Lieb inequality (cf. [4, Theorem 3.1]).

Lemma 2.3 (|4]). Assume that the coefficient field a is Gaussian with parameter 3 > 0.
Then for all random variables X = X (a),

Ent[X?] = E[X2log X*] — E[X?] E [log X?] $ E[Jo"X]3]. 0
Our general strategy for the proof of Proposition 1 and Theorem 1 consists in estimating

the weighted norm of the functional derivatives of J§(F') and of E°(f,g). The following
lemma provides a useful representation formula for these functional derivatives. This is a
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continuum version of [5, Lemma 3.2|. By scaling, it is enough to consider ¢ = 1, and we
write for simplicity Jp := J& and E := E'.

Lemma 2.4 (Representation formulas). For all f € C(RY)?, let u := uy denote the
solution of (1.3) (with € = 1), let u denote the solution of (1.4), and define the two-scale
expansion error wy :=u — (1 + ¢;V;)a. Then, for all F € C°(R%)4x4,

I Ty (F) = (Fije; +VS) @ (Vi +ei), (2.14)
and for all g € CX (R4,
IE(f,9) = 9; (V6] + ¢)) @ (Vwy + i VVill) + (6] Vg; + Vr) @ Vu
— ((jﬁj V(g;Viu) + VRZ') ® (Vi +ei), (2.15)

where the auriliary fields S = (S;)L,, r, and R = (R;), are the Laz-Milgram solutions
in RY of

-V -a'Vs; = V- (Fj(a*—a")e;), (2.16)
-V.-a'Vr = V-((¢ja* —0})Vy), (2.17)
-V -a'VR; = V- ((¢ja* —0})V(g;Viu)), (2.18)

and a* denotes the pointwise transpose coefficient field of a, and (¢*,0*) denotes the cor-
responding extended corrector (recall that a* = a*). O

It remains to estimate ||0t.Jo(F)| s and ||0** E(f, 9)|| 5, which is achieved in the following
two (technical) propositions.

Proposition 2.5 (Main estimates). Let the coefficient field a be Gaussian with parameter
B> 0. Let . and p, be defined by (2.2) and (2.4), respectively, and let . be the minimal
radius (a random field) of Lemma 2.7 below. For F € C°(RY) we denote by [Fa : RY — R,
the moving local quadratic average of F' on unit balls, that is,

[Fl2(x) = <]€3(;¢) ‘FP);,

and for all R > 1 we set wg(x) := %‘ + 1. Then the following hold:
(i) If B > d, we have for al R>1,0<a—d <1, and 0 <p—1<, 1,

p—1

C ab=t d-2s —a\ P a(p—1 7
[0° T (E)P oy @ ([ ) ([ e )

(it) If B < d, we have for all R>1,0<y< f,0<a—-d<1, and0<p—1<y41,

0 TP Sap B'm(B) 7 RES(210)) + B 05 ([ 09 )”
Rd
_ _p_ p—1 1
e O R O A e AL KA CE
R4 R4

where we use the short-hand notation [RHS(2.19)] for the RHS of (2.19). O



ROBUSTNESS OF THE PATHWISE STRUCTURE OF FLUCTUATIONS 11

Proposition 2.6 (Main estimates — cont’d). Let the coefficient field a be Gaussian with
parameter B > 0. Let w, and p. be defined by (2.2) and (2.4), respectively, and let r. and
C be the random fields defined in Lemmas 2.7 and 2.8 below. For F € C°(RY)? we denote
by [Floo : RY — Ry the moving local supremum of F on unit balls, that is,

[Floo() := sup |F,
B(z)

and recall wr(z) = % + 1. Then the following hold:
(i) If B > d, we have for all R>1,0<a—d <1, and 0 <p—1<, 1,

-1
p—1 2d-2P_ B

10" BU DI Sap r0°5 ([ 27 wge) ™
(L ewiman) (o)
H([entvan) ([ us+ i) ). @

(i) If B < d, we have for all R>1,0<~y<f,0<a—-d< 1, and 0 <p—1<, 1,
10" E(f, )3 Sep Rdﬂ*(R)fl[RHS(Q'Ql)]

e i )
+r( Rdc2u3[v2u]§o)<(/wrf[g]go) +<RT*(O))dT</Rd[9]£>;>

d—p d—v+all 5 o\
+RPr,(0) 2p (/Rdr* wg )
1 1
4,4 42 2p(d—v)+a(p-1) —1 N\4p\ 2P
([ etutwa)” ([ i (11 + Vo))
3 2p(d—)+a(p—1) %
4 dro214 opd, 2p(d—7)+a(p—1) 14p) 2p
([ erterat) ([ vt G2)* ). e

where we use the short-hand notation [RHS(2.21)] for the RHS of (2.21). O

The proofs of Propositions 2.5 and 2.6 rely on two further ingredients: large-scale
weighted Calderon-Zygmund estimates, and moment bounds on the extended corrector
(¢,0) (which are at the origin of the scaling u, in the estimates). We start by recalling
the former, which follows from [8, Theorem 1, Corollary 4, and Corollary 5.

Lemma 2.7 (|8]). Assume that the coefficient field a is Gaussian with parameter 8 > 0,
and let m, be as in (2.2). There exists a stationary, 1-Lipschitz continuous random field
r« > 1 (the minimal radius), satisfying for some (deterministic) constant C ~ 1,

1
E [exp (CW*(r*))] <2, (2.23)
and there exists a random partition P C {2%(z + [-3,3)%) : z € Z¢, k € N} of R? into

dyadic cubes, satisfying a.s. for some (deterministic) constant C ~ 1,

1
—suprs, < diam@Q < Cinfry, forall Q € P, (2.24)
C Q Q
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such that the following properties hold a.s.,

(a) Mean-value property: For any a-harmonic function u in Bg (that is, =V - aVu = 0
in Br), we have for all radii r.(0) <r < R,

][ |Vu)? g][ |Vul?. (2.25)
B, Br

(b) Large-scale Calderon-Zygmund estimates: For 1 < p < oo, for any (sufficiently fast)
decaying scalar field v and vector field g related in R by

—V-.-aVu=V.g,

o fv) 5 > o £ (2.26)

(¢) Large-scale weighted Calderon-Zygmund estimates: For2 <p < oo, 0 <~y <d(p—1),
and for any non-decreasing radial weight w > 1 satisfying

we have

w(r) <w(r') < (jﬂl)vw(r), for all 0 <r <7/,

we have for u and g as in (b) above,
(2.27)

X @l(swe)(f,1748)" 500 X 0l(swp) (£, o) :

Whereas the minimal radius r, quantifies the sublinearity of the extended corrector at
infinity [8], the precise growth of the latter is estimated as follows (cf. [7, Theorem 2]).

y
2

Lemma 2.8 ([8, 7]). Assume that the coefficient field a is Gaussian with parameter > 0,
let py be as in (2.4), and let r, be as in Lemma 2.7. Then the extended corrector (¢, o)
defined in Lemma 2.2 satisfies for all x € R?,

d
2

(£, [Fe.70R) 5 o,
and
(£, 10o)" < e (2.28)

where C > 1 is a 1-Lipschitz continuous random field with the following stretched expo-
nential moments: for all m > 0, there exists a (deterministic) constant C, ~, 1 such
that

E [exp (éc%fﬁid"ﬂ < 2. (2.29)
" O

3. PROOFS

3.1. Proof of Lemma 2.4: Representation formulas. We first introduce some nota-
tion. Let a and a be two admissible coefficient fields, and set da := a — a. For all random
variables (or fields) F' = F(a), we set F := F(a) and 6F := F — F. We then denote by
(p,0), (¢*,0%), (¢,6), and (¢*,5*) the extended correctors associated with a, a*, @, and
a*, respectively.
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Step 1. Proof of identity (2.14).
The definition (1.6) of =;; yields

5J0(F) = / Fij(SEij = / Fij € - (a — C_L)V(Sqél +/ Fij €; - 5(1(V(;~51 + ei).
Rd Rd Rd
Using the definition (2.16) of the auxiliary field S as well as the corrector equation (2.8)
for ¢; and ¢; in the form
V-aVig; = -V -6a(V; +e;), (3.1)

the first RHS term above can be rewritten as
/ Fijej-(a—a)Vig; = —/ VS;-aVig; = / VS, - da(Vi +e),
R4 Rd Rd

and the conclusion (2.14) follows from the definition (2.10) of the functional derivative.

Step 2. Proof of identity (2.15).

We start by giving a suitable representation formula for the functional derivative of the
homogenization commutator of the solution (@ — a)Vu. By the property (2.9) of the flux
corrector o7 in the form (@ —a*)e; = —a*V¢i + Vo7, and by its skew-symmetry (2.7)
in the form (V- 07) - Vou = =V - (07 Véu), we find

é(ej-(@a—a)Vu) = e;j-6aVi+ej-(a—a)Véu
= ¢;-6aVu—V - (0;Viu) — Ve; -aViu.
Equation (1.3) for v and 4 in the form
-V -aVéu=V-éaVu (3.2)
allows us to rewrite the last RHS term as

—V¢;-aVou = —V-(¢;aViu)+ ¢;V -aViu
~V - (¢aVéu) — $7V - 5aVi
— V.- (¢}aVéu) — V- (¢}0aVi) + V¢! - 5aVi.

Hence, we conclude
§(ej - (@—a)Vu) = (V} +¢;) - 6aVi — V- (¢ja + 0})Vou) — V - (¢16aVi),
and similarly, replacing = — u(x) by = — ¢;(z) + x;,
0% = (Voi +¢;) - 6a(Vi + &) = V - ((¢fa + })Vigi) — V - (476a(V; +€;)).

Considering (5(ej (a— EL)VU) — V,u6=;; and multiplying by g;, we are led to
SE(f.9) = [ (V6}+ ;) -0a(Va - (Vi + e)Via)
+ /d qung -0aViu — /d gij(g]VZﬂ) . 5a(V¢~SZ + 61')
R R

+ /Rd Vg (¢ja+07)Vu— /Rd V(g;jViu) - (¢ja + 0;)Vig;.
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For the first RHS term we use the definition of wy in form of Vu — (V¢; + €;)Viu =
Vwy+¢;VV;u, whereas for the last two RHS terms we use the definitions (2.17) and (2.18)
of the auxiliary fields r and R, combined with equations (3.1) and (3.2), so that

SE(f,q) = /Rd 0;(V&' + ¢;) - ba(Vidy + Vi)
+ /Rd ¢§ng -0aViu — /]Rd gb}‘V(g]Vzﬂ) . 5a(V§Z~5z + ei)

+ [ Vr-daVi— | VR; 0a(Vp;+e;), (3.3)
R4 Rd

and the conclusion (2.15) follows from the definition (2.10) of the functional derivative.

3.2. Dyadic partitions and reformulation of weighted norms. Following |7, proof
of Proposition 1], it is convenient to rewrite the weighted norm (2.12) as a sum over
coarsened dyadic partitions. We start with the partition P of R? into dyadic cubes given
by Lemma 2.7. For all dyadic £ + 1 (that is, £ = 2¥ — 1, k € N), we then denote by
Pe C {2(z+[-3,5)%) : 2 € Z%, j € N} the finest dyadic partition of R? that is coarser

than both P and {(£+1)(z+[—3, 3)9) : z € Z?}. By definition, Py = P. Occasionally, we

will have to single out the cube @Y € P, that contains the origin, and we set P; := P,\{Q}.
We recall the following elementary properties of these partitions :

e For any @y € Py, we have for all x € Qy,
diam Qy ~ ¢+ r.(x), (3.4)

so that in particular

Q| ~ <€+ié1£fr*)d < (€+1)d(infr*>d. (3.5)

Qe

Indeed, given x € @, € Py, the definition of P, implies diam @, > £ + 1, as well as
the existence of some @’ € P such that z € Q' C Q. The latter property together
with (2.24) yields diam Q, 2 r.(z), so that we may conclude diam Q; = ¢+ r.(z). For
the converse inequality, we distinguish between two cases:

(i) If Q¢ € P, then (2.24) yields diam Qy < ri(x) < £+ 7y(z).

(il) If Q¢ & P, then by definition diam Qy, = £+ 1 < £ + r.(x).

e For any @ € P, we have
sup |z| < inf |z| 4 r.(0). (3.6)
r€Q TEQ

Indeed, for all z,y € @, by definition of the partition P, we have |z| < |y| + diam Q <
ly| + 74(y), and the conclusion follows from the Lipschitz continuity of ..

e The mean-value property (2.25) applied to the corrector ¢, together with the bound (2.6),
yields

/Q Vo +1d > < [Qul- (3.7)
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e Since by definition P is coarser than the partition of R? into cubes of sidelength ¢+ 1,
we find for all fields G,

e [ (e s Py Lie) = el 69

We now turn to the reformulation of the weighted norm | - || in terms of this family of
coarsened partitions (Py)g:

e For > d, combining (2.13) and (3.8) for £ = 0 yields
2
161 ~ 161° s 3 ([ 161)" = I6IE. (3.9)
Qep 7@
e For § < d, using (3.8) to reformulate the definition (2.12),

= 2
61 < Yo [ ([ ja) @yt
k=0 JR? MJBy(2)

Szt S ([ 16l) = S cl. (310)

k=0 QEPy_, k=0

A

3.3. Proof of Proposition 2.5: Main estimates. We split the proof into two main
steps, first addressing the case of the standard LSI (5 > d), and then turning to the
general weighted case (5 < d). Let R > 1 be arbitrary.

Step 1. Proof of (2.19) for standard LSI (8 > d).

Since for standard LSI (8 > d) we have [|0%*Jo(F)|ls < |0%U o (F)|l1 (cf. (3.9)), it suffices
to prove the following estimate: for all dyadic £ 4+ 1, for all « > d and p > 1 with
alp—1) <d(2p-1),

p=1 d-2- e _ v
”8fCtJ0(F)||§+1 §a,p (erl)dT*(O)app (/Rd Py p—1 w];a) P </Rd w;‘é(p 1)|F|2P> P ‘ (311)
We split the proof into two further substeps.

Substep 1.1. Preliminary: If v is the Lax-Milgram solution of —V - aVv = V - h with
h € C*(R%), then for all s >0, ¢ > 1, a > d, and p > 1 with a(p — 1) < d(2pq — 1), we
claim

1+s 2\
ol (f, @ni+19e0?)

-1 ds—P_ £ _ 1
Sa,p,q,s (ﬁ + l)dsr*(o)a”p(/ T*Spflw;za) ) (/ w%(? 1)[h]§pQ> p, (3.12)
R R?
where for s = 0 we may even choose p = 1, in which case (3.12) is replaced by
E 2
S (el 190)?) 50 [ (313)
QeEPy Qe R

which we state and prove for future reference only.
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By property (3.5) of @y and Jensen’s inequality (which we may use since Py is coarser than
P), we have

> 1™ (f, i+ 19ep?)’

Qe€Py
ds in Tds o))?2 a
et 3 @il (i) (f, Qa1 +1900?)
< <£+1)d5£\@|(igfrfs)(]é<\h|+\w>2)q. (3.14)

For all @ > d and p > 1, we smuggle in the weight @) — supy wg to the power app%l, and

use Holder’s inequality with exponents ( Lo, p), so that

p—1

Q;%IQ |1+5(][ (1 + 1Vel)?)” 5. €+ 1 (ge;wmfr* ) () )
% (Z !Q\(Sgpwzz)a(p_l)<]€2(!h\ + yvvy)Q)pq>p,

QeP

ds—2—
where the first RHS sum is bounded by [gq r*sp_lwga. Provided a(p — 1) < d(2pq — 1),
we may apply the large-scale weighted Calderén-Zygmund estimate (2.27) to the equation
for v, to the effect of

p p—1

510U (o, (14 19007)" S (€205 [ o7 )

d
QeEP R

x (%Dmsgpw)““’”( f W)pq);.

Using (3.6) in the form supgwr S 74(0) + infgwr < 7.(0)infg wg, Jensen’s inequality,
and the fact that P is coarser than the partition of R? into unit cubes (to take local aver-
ages), the conclusion (3.12) follows. For s = 0, we appeal to the large-scale (unweighted)
Calderon-Zygmund estimate (2.26), which amounts to choosing p = 1 in the above.

Substep 1.2. Proof of (3.11).
Starting point is formula (2.14), which, by definition (3.8) of || - ||¢+1, Cauchy-Schwarz’
inequality, and the mean-value property (3.7), implies

o a Ol < Y ([ aswsp?)( [ veriar)

QEPe
S 3 I (f, 0FI+19S)?),
QP

Applying (3.12) with s = ¢ = 1 to v replaced by the solution S of (2.16), the conclu-
sion (3.11) follows.
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Step 2. Proof of (2.20) in the general weighted case (5 < d).
The combination of (3.10) with (3.11) is not enough to prove (2.20), and we have to
refine (3.11) in the regime ¢ > R. We split this step into three substeps.

Substep 2.1. Preliminary: If v is the Lax-Milgram solution of —V - aVv = V - h with
h € C*(RY), then for all s >0, ¢ > 1,0 <~ <ds, a > d, and p > 1 with (ds — v)p +
a(p—1) < d(2pg — 1), we claim

1+s 2\4
P (f, b1+ 19017

< ~ pds—v ds—y+al=1 7% —a\ P
Svapas (C+1)R r+(0) ' Rd T Wg

v (/ wgs—’Y)P-*-a(P—l)[h]gpr);‘ (3.15)
Rd

Note that the sum on the left-hand side (LHS) of (3.15) runs over @, € P; (which does
not contain the cube centered at the origin). The same argument as for (3.14) yields

> |@z|1+s(fz<rh+rw|>2)q DS |Qe|(€+igfr*)ds(]éz(!h+!Vv|)2)q

QueP; Q QueP;

S % w@l(eritn) " (f onwo2)”

QeP
QnNQY=2

For 0 <+ <ds, a > d, and p > 1, we smuggle in the weight Q — supgy wg to the power
ozpp%l and the weight ) — supg w; to the power ds — v, and use Hélder’s inequality with
exponents (%,p), and obtain

1+s 2\
Q;)Z el <]€22(]h\ +1vo)?)

§s< Z ‘Q’(Sgpr>_a<Sgpw1)_(dS_7)lﬁl<€+igfr*>dsp—1>p

QeP
QNQY=2

: <QZE;> |Q|(Sgpw3>a(p1)(Sgpw1)(dsy)p<]é(!hl + !vUI)Q)pqy

In the first RHS factor, for @ € P with QﬁQ? = &, we use the bound supg wy 2 (+infg s,
while in the second RHS factor we use wy < Rwpg. The above then leads to

>l (f

QuePy @

q 5 -« . 7255 pp%l
Z(]h\HVvDQ) S B 7(@26;@1(%1)@) (¢+infr.) )

< (3161 (spun) AL vol?)”)’

QeP
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Provided (ds—~)p+a(p—1) < d(2pg—1), we may apply the large-scale weighted Calderén-
Zygmund estimate (2.27) to equation (2.16) for S. Further using the estimate (3.6) in the
form supg wr < 74(0) infg wg and using Jensen’s inequality, the conclusion (3.15) follows.

Substep 2.2. Improvement of (3.11) in the range ¢ > R: for all dyadic £+ 1, all 0 <y < d,
a>d,and p > 1 with (d—v)p+a(p—1) <d(2p—1) and p < 2,

c p=1 p=1 d1-2) ) 7
R A R XU ( It

p—1

_ P p—1 1
RO T ([ ) ([ e e @)
R4

R4

By formula (2.14) and the definition (3.8) of ||-||¢41, after singling out the cube QY centered
at the origin, and using Cauchy-Schwarz’ inequality on the other cubes, we obtain

Ot Jo(F) |12, < F|+ VS|V +1d ?
| o(F)l741 < QO(\ |+ VS|V +1d |
Y4

= ([ arewsi)( [ 19e+1aR). @

QeEP)

We start by treating the first RHS term. For p > 1, we decompose the cube Qg according
to the partition P, use Cauchy-Schwarz’ inequality, the mean-value property (3.7), and
Holder’s inequality with exponents ( Lo, p), so that

/Qg(!FHIVSI)quHdr < ¥ /IF\HVS\ /\V¢+Id’)2

QeP
Qcq)

S i 01+ 1vs)?)°

QeP
Qcq)

N

S 1@I( f e+ 1v5)2)° ) (3.18)

QeP

p—1
< |@2|p<

By (3.5) in the form |QY] < (¢ + 1)%r.(0)¢ and the large-scale Calderén-Zygmund esti-

mate (2.26) with exponent 1 < p < 2 applied to the solution S of (2.16), this turns into

/Q<1F\+\vsw>rV¢+1d|Np S U O] AL )  (319)

QeP

and hence, by the discrete /7 — ¢? estimate (with P being coarser than the partition of R?
into unit cubes) and by the property (2.24) of P,

/Qg(IFH\VSDIVWrIdI <+ )T 0 <Z|Q!1 /!FI §>

QeP
1

S )" ([ AT )
Ra
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We turn to the second RHS term in (3.17). The mean-value property (3.7) yields

S ([ arreres) ([ 1veriar) s Y e(f

(I1F] +[VS))?).
QeE'P; ¢ QZEPZ( Qo

Applying (3.15) with s = ¢ = 1 and with v replaced by the solution S of (2.16), and then
combining with (3.17) and (3.20), the conclusion (3.16) follows.

Substep 2.3. Conclusion.
We appeal to (3.10), which we combine to (3.11) for £ = 2¥ —1 < R and to (3.16) for
¢ =2 —1 > R. Denote by K the smallest integer k such that 2¥ > R. Provided that
0 <~ < B, we then have

K
(d-B)K . d

Z —Bkodk < 2 D B< - pd -1

Hz s {log@K) . p=a = EmET

RSt

k=K

o0
R Z 9=Bkovk < RA=79—(B-NK ~ Rdfﬁj
k=K

27 PK ~ R7P,

A

and the conclusion (2.20) follows.

3.4. Proof of Proposition 2.6: Main estimates (cont’d). By (2.15) in Lemma 2.4,
we have "' E(f, g) = G1 + G2 + G3 with

G1 = gj (Voj +¢j) @ (Vwy + ¢;VV,), G = (¢; Vgj + Vr) @ Vu,
G3 = —((;5; V(gjviﬂ) + VRZ) &® (qul + 61'),
so that it suffices to estimate the norms of each of the G;’s separately. We split the proof

into two main steps, first address the case of the standard LSI (8 > d), and then turn to
the general weighted case (8 < d). Let R > 1 be arbitrary.

Step 1. Proof of (2.21) for standard LSI (8 > d).

Since for standard LSI (8 > d) property (3.9) yields |0 Jo(F)|lz < 10 Jo(F)]|1, it
suffices to establish the following estimates: for all dyadic £+ 1, for all 0 < o« —d < 1, and
0<p—1<k,1,

1 1
Giler Saw €+ [ rtigl) ([ ctudivak)” (3.21)
Rd R4
2p p—1

Pt 22 o
[Gallter Saw (64 1r @) ([ 7)™

<( [ etva ) ([ ) ™, e

p=t A2 NG
[Gallter Sap (6 105 ([ 7w 7

1

<( [ wirvemegv)” (323
]Rd
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Indeed, replacing p by }%, estimating [V (gV1)]oo < [Vgloo[ V] oo + (9]0 [ V2] 00, and using
Holder’s inequality, the estimate (3.23) easily leads to

d 2p p—1

—1
Gsl221 Sap (€4 1) (05 ( / P )
Rd

L 1

4 41o2-14 \2 alp—1); 14p) 25
1 1
4 4 4 2 Oé(p—l) *4}7 3p

+ (/Rdc ﬂ*[Vg]oo) </RdwR [VU]OO> >

so that (2.21) follows in combination with (3.21) and (3.22). We address the estimates (3.21)—
(3.23) separately, and split the proof into three substeps.

Substep 1.1. Proof of (3.21).
The definition (3.8) of ||||¢+1, followed by Cauchy-Schwarz’ inequality, yields

>l f 91 |V¢+Id|)>l

QeePy
(X @ f avu o)) @2

Qe€Py

1Gale < (

We start by treating the first RHS factor. Using (3.5), taking the local supremum of g,
applying Lemma 2.8, and using Jensen’s inequality, we find

S @ (f 1PvotaR)’ 5 e S jed (intrtt)(f o)’

QeePy Qe€Py £
S L (3.25)
Rd

We turn to the second RHS factor of (3.24). Note that the two-scale expansion error wy
satisfies the following equation (cf. |7, proof of Theorem 3|)

~V-aVwy =V - ((ag; + 0;)VV;u). (3.26)

By (3.13) with ¢ = 2 applied to wy, we obtain after taking local suprema of V24, and
controlling correctors by Lemma 2.8,

S 1@d(f, (T +16liva?) 5 [ 1001+ lo)THalE S [ etiiviu 32m
QuEPy
Combined with (3.24) and (3.25), it yields the conclusion (3.21).

Substep 1.2. Proof of (3.22).
The definition (3.8) of ||-||¢+1, followed by Cauchy-Schwarz’ inequality, yields

> 1@( £, Gelivsl+19r) )) (> wer(f |w2)2)%. (3.28)

1GallZ,y < (
QeePe QeEP;
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We start with the first RHS factor. By (3.13) with ¢ = 2 applied to the solution 7 of (2.17),
we obtain after taking local suprema of Vg and controlling correctors by Lemma 2.8,

> 1@d(f, (919sl +19707)" 5 [ (06l +lohVelt < [ clliTall (329)

QeEPy

We turn to the second RHS factor of (3.28). By (3.12) with s = ¢ = 2 applied to the
solution u of (1.3), we obtain for all &« > d and p > 1 with a(p — 1) < d(4p — 1),

> 1d(f, 1vue)’

QeEPy
— d-2r_ p=1 _ 1
S U ISt I O AR L VO K CE
R4 Rd
Combined with (3.28) and (3.29), it yields (3.22).

Substep 1.3. Proof of (3.23).
The definition (3.8) of || - ||¢+1, followed by Cauchy-Schwarz’ inequality and the mean-value
property (3.7), yields

Gl < Y ([ (0 I9teva) +19R)*) ([ (90+1aP)

Quep, 7O
S X I (f, (#196T0l+IvR)?)
QuEP;

By (3.12) with s = ¢ = 1 applied to the solution R of (2.18), we obtain for all @ > d and
p>1witha(p—1) <d(2p—-1),
1

ak=L di —a B a(p—1 * _ P
IGaltir € €+ 1@ ([ 7 Tug) 7 ([ uir Ve weva)
Rd Rd
Taking local suprema of V(¢gVu) and using Lemma 2.8 to control correctors, (3.23) follows.

Step 2. Proof of (2.22) in the general weighted case (8 < d).

As in Step 2 of the proof of Proposition 2.5, we need to refine (3.21)—(3.23) in the range
¢ > R. More precisely, we shall establish that for all dyadic ¢ 4+ 1, for all 0 < v < d,
0<a—-d<l,and 0<p—1<,1,

Gilites o ([ Cutv%al) ([ rdlol)

_ 2p p—1
+(£ + 1)7Rd—yr*(0)d—7+ap?pl (/Rd T,Zp—lw;%a) 2p

1 1
2pd,, 2p(d—)+a(p—1) 14p\ 2» 4 4ro2.14 )2
([t 012) " ([ et @)
2 < 2 20,12 2
(Gallter o ([ Cuvali) ([ 1)

v pd—y d—y+aBt VpZTpl —a\ 2
+(+1)"R*7r,(0) 2 ( T wg )
R4

1 1
4 4 4\2 2p(d—7y)+a(p—1)| £ 14p 2p
<( [ etz ([ i ) (33)
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p-1 p=1 - 2
(Galltis o (£ D702 ([ mvavaL)’

p—1

e p
+(0+ 1)7Rd*77"*(0)d77+a71 (/ rzp_lw}_{a) Y

1
<[ e enawgvaz)’. @)
Rd

Replacing p by ]%, estimating [V(gV)]oo < [VGloo[Villoo + [9)oo[V2]so, and using

Holder’s inequality, the estimate (3.33) easily leads to

p—1 p—1 %
1GsIE1 S (€4 D" 1 (0)"5 (( [ cvai)( [ [vaz)
R4 R4

w([ewwa)( [ )"

2p p—1

+(+ 1) R (0) T (/ ) 7

1 1
([ ctuttwa)* ([ wier o wa)
1 1
4 Are2-14 )2 2p(d—v)+a(p—1)1 14p) 2

By (3.10), |||8fCtE(F)|||% S > 2_5k|]8fCtE(F)H§k. We then apply (3.21)—(3.23) for £ =
2k — 1 < R and (3.31)-(3.33) for £ = 2¥ — 1 > R, which yields the desired estimate (2.22)
after arguing as in Substep 2.3 of the proof of Proposition 2.5. The rest of this step, which
we split into three parts, is dedicated to the proof of (3.31)—(3.33).

Substep 2.1. Proof of (3.31).
By the definition (3.8) of ||-[|¢41, we obtain after singling out the cube QY centered at the
origin, and using Cauchy-Schwarz’ inequality,

(Gl < (16196 +142) ([ (9l +1ol19%0))

—i—( Z |Qe|3(]éé ’9’2|V¢+Id\2)2);<Q§Z|Q£|(]él(|vwf’+|¢Hv2u’)2>2>é.

QueP;

We first take local suprema of g and apply Lemma 2.8 to control correctors, so that

/ 1912V +1d |2 5/ rdlg]%.
Q) Rd

Second, the energy estimate associated with equation (3.26) for wy yields after taking local
suprema of V2@, and using Lemma 2.8,

L vur+6liv%an? s [ o+ o2k 5 [ chdvias.

Q7

Third, by (3.15) with s = 2, ¢ = 2 applied to |h| = |g||V¢ + 1d| (and v = 0) and by
Lemma 2.8, we obtain for all 0 <2y <2d, a > d, and p > 1 with 2p(d —v) +a(p—1) <
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d(4p — 1),

S0 1@ (f, 192196 +14)" oy (04 1) R 0
QeEPy
p—1

255 —a\ P 2p(d—y)+a(p—1) 1\ o
(L) (i (Vo 11l )

Srilgld
The conclusion (3.31) then follows from the combination of the above estimates with (3.27).
Substep 2.2. Proof of (3.32).

We start from the definition (3.8) of ||||¢+1, single out the cube QY, and use Cauchy-
Schwarz’ inequality on the other cubes, obtaining

(6ol < ([ Q0¥+ 19r)%) ([, 194)
< > |Qf|<][ (18l1Vgl +[Vr|) ) ) < 3 |Q€|3<]é£ |Vu|2>2>é

QeEPy QuEP;

We first use an energy estimate for equations (2.17) and (1.3) for r and u, and obtain after
taking local suprema of g and applying Lemma 2.8,

([, orwal + ) ([ vu) 5 ([ 0o+ 1o019aP) ([, 1)
([ croa) ([ 157).

Second, we apply (3.13) with ¢ = 2 to the solution r of (2.17), and obtain after taking
local suprema of g and applying Lemma 2.8,

S 1@d(f, Golival +1970%)" 5 [ [0l +lohvalt < | cutivalt

QeEPy

N

Finally, we apply (3.15) with s = ¢ = 2 to the solution u of (1.3), and obtain for all
0<2y<2d, a>d,and p > 1 with 2p(d —v) + a(p—1) < d(4p — 1),

2 — <P P—==
> |Qf|3< ][ IW\Z) S (€+1)271%2“*7)7«*(O)Q(dﬂ”a’%( / sz—lw}_za) ;
R4

QeePy

2p(d—v)+a(p—1)| r14p
< ([ 7). (33)

The combination of these last four estimates yields (3.32).
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Substep 2.3. Proof of (3.33).
We start from the definition (3.8) of || - [|¢41, single out the cube QY, and use Cauchy-
Schwarz’ inequality on the other cubes and the mean-value property (3.7). This yields

2
(63l 5 ( [, 1IN GV + VR Vo + 1))

30 1@(f, (9 I9tva) +9RI)). (335

QuEP;

We first treat the first RHS term. For p > 1, we argue as in (3.18), and obtain

L, (619 vl + (VA ¥o+ 14

i (S al(f ( r¢*|rv<gw>|+|vm)2)g)’l’
QeP

Using (3.5) in the form |Q)| < (£ + 1)%r.(0)%, the large-scale Caderén-Zygmund esti-
mate (2.26) with exponent 1 < p < 2 applied to the solution R of (2.18) yields after taking
local suprema of V(gVu) and using Lemma 2.8,

L, (9719l + IVR)IVe + 1

4

< "0 ([ 06+ v evnl)’

p—1

< @+ )" (0 )dp;l</wcpu€[V(gVu)]§O)’l’.

We then turn to the second RHS term in (3.35), apply (3.15) with s = ¢ = 1 to the solution
R of (2.18), and take local suprema of V(¢gVa) and use Lemma 2.8 to control correctors.
The conclusion (3.33) follows.

3.5. Proof of the main results. We mainly focus on the proof of the statements for
the standard LSI (58 > d), and quickly argue how to adapt the argument to general WLSI
(B < d) in the last step.

Step 1. Proof of Proposition 1 for standard LSI (8 > d).

Let F € C®(R%)%*4, Starting point is (2.19) in Proposition 2.5. By Hélder’s inequality,
the triangle inequality in probability, and the stationarity of r., we obtain for all R > 1,
O<a—d<1,0<p—1<k,1, andq>>p I

E [ Jo(F)]I*| " Sup E [(T‘f+a>q] s ( /Rd w0 ) 7

Replacing F' by e5F (e-) and choosing R = %, this yields

1

(10 San &[T )] " ([ urEm) . a0
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We now recall the following implication (which follows from WLSI in form of the moment
bounds in [3, Proposition 3.1(i)]; see also |7, Step 1 of the proof of Theorem 1]): for all
random variables Y7, Ys, given o > 1 and x > 0,

1

3 1
E U”afCtYI méq] " <E[Y)]e forall ¢>gqp, and Eexp(Yy)] <2
1 2-8
— 3C=~yel:E {exp (51/1 +>] <2. (3.37)
Using this property and the moment bound of Lemma 2.7 for r,, the estimate (3.36) leads
to the conclusion (2.3).

Step 2. Proof of Theorem 1 for standard LSI (8 > d).
Let f,g € C°(R?). We split the proof into two substeps, first improving (2.21) to avoid
local suprema in the estimate, and then turning to (2.5) itself.

Substep 2.1. Improvement of (2.21): foral R>1,0<a—-d< 1l,and 0 <p—1<, 1,
2p p=1

-1 2d 2P
0% E(f9)IF Sap 70 ([ 7 ug) ™

R4

(/64 !Vf|+v2u|))5(4dw§(p1’!9!4’”)21’3
w( [ enwaval) ([ dw%(p_”(f\HWI)A"’);”)- (339

We ﬁrst apply (2.21) to the averaged functions f; and ¢; defined by fi(x fB f and
g1(z fB(x g. Noting that [f1]oo < fBQ ) f and that the solution @ of the homogemzed

equatlon (1.4) with averaged RHS f; is given by u;(x fB u, and using the Lipschitz
continuity of C, we obtain for all 0 < @ — d < 1 and 0 <p-— 1 < 1,

10 E(f, 9)II* Sap 10 E(fr - f, 91)|||2 + |0 E(f,91 — 9)II”
1

ab=1 2d-22. _a TN _ >
+7,.(0)" 2p (/Rd rs 7 < / Clu |V2u\4> (/R pr b ] \4p>
(L enwtvatt) ([ ur s+ wap) ). @

It remains to estimate the first two RHS terms of (3.39), which we will prove to be small
not because the two-scale expansion is accurate, but because f; — f and g1 — g are small
themselves. Arguing as in the proof of (2.15), we have the alternative formula

IE(f,9) =g@Vu—g@Vi—gViu® (Vi +e;) + Vt @ Vu — VT; ® (Vo + €;),
where the auxiliary fields ¢ and T are the Lax-Milgram solutions in R¢ of

—V-a*'Vt = V- ((a"—-a")g),
—-V-a'VT;, = V-((a*—a")gV,u).
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Using this decomposition and arguing as in the proof of Proposition 2.5, we obtain for all
R>1,0<a—d<l,and 0 <p—1<k,41,

—1
10° B9 S 05 ([ AT uge)
) ~ * * R

R4

X min {(/Rd(m + ’vﬂ‘)4>5(/Rd w%(p—l)‘g‘4p)21p :
(/Rd ’94)5</Rd w;(pfl)(m n |va|)4p)21p}'

Using in addition that |f — f1] < fol fi5 IV f(- +y)|dydt, this turns into

10 E(fi = £, g0l + 10 E(f. g1 — 9)I
abzl 2y e 214\ 2 alp-1)| 4p\ %
$r@ 5 ([ )™ ([ avsevzat) ([ )
Rd Rd Rd
1 1
(L wal) (L wse=an+ waye)™).
Rd Rd

Combining this with (3.39) leads to the conclusion (3.38).
Substep 2.2. Conclusion.
By Holder’s inequality, the triangle inequality in probability, and the stationarity of r,,

the estimate (3.38) leads to the following: foral R> 1,0 <a—-d<1,0<p—1<, 1,

and ¢ > p%l,

1
L 2d+aPt q

E (1B San B| (27 )

d 1 1 _ 1

X 32(1”)<(/ uﬁ(\Vf!HV?u\)‘*)"’(/ w® 1)\g|4p> 2

R4 R4
1 1
+ (/ pilvglt)® (/ wiP V(1] + [va)®) )
R4 Rd
We then apply the standard weighted Calderén-Zygmund theory to the constant-coefficient

equation (1.4) for @, and replace f and g by s%f(s-) and e%g(e-). For the choice R = %,
and by the bound /1. (2) < f1«(1)p(+), this implies

e 2 2d+a L q %
B 107 B (o))" Sap B [ (277 )]
1 1
X 52#*(i)2<(/w piv ) (/Rd wi® Vg )
1 1
4 4)2 alp—1)| pap\ 2p
+(/Rdu*|Vg!) </Rd“’1 1) ) (3.40)
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We now recall the following version of Hoélder’s inequality: for all random variables Y7, Ys,
given ki, ke > 0,
E[exp (Y{")] <2 and E [exp (Y5?)] <2

K1KQ

1
= dC > 1: E [exp <C(Y1}/2)n1+ﬁ2):| < oo0. (3.41)

Using this property, the moment bounds of Lemmas 2.7 and 2.8 for r, and C yield, for
all n > 0, E[exp(c%l(rdeQ)i_")] < 2 for some C, =, 1. Combining this with (3.40),
property (3.37) yields the conclusion (2.5).

Step 3. General weighted LSI (8 < d).

We start with Proposition 1. By Holder’s inequality, the triangle inequality in probability,
and the stationarity of 7., the estimate (2.20) in Proposition 2.5 leads to the following: for

Al R>1,0<7<p,0<a-d<1,0<p—1<,01,and ¢>> A,

c % d+al=1\ ¢ % .
B (105 0(FNF]" g B | (27T )| RO )

x (R—Z (/Rd wgg‘”““(p‘”\ﬂ?ﬁ); +RS (/Rd [F15)

Replacing F' by €dﬂ*(%)%F (e-) and choosing R = %, this yields

Q=

ot T 1 d+ap—71 q
E 10" Srew B (177

([ wiere g ([ )7,

The combination of this estimate with property (3.37) and with the moment bound of
Lemma 2.7 for r, implies the desired estimate (2.3).

We finally turn to Theorem 1. Arguing as in Substep 2.1 above, we may get rid of local
suprema in the estimate (2.22) in Proposition 2.6. Using then Holder’s inequality, the
triangle inequality in probability, and the stationarity of r., we obtain the following: for
Al R>1,0<y<B,0<a—-d<1,0<p-1<, 1, and ¢ > 1,

‘ 2dtod \ala
B (1050 S0 B| (27 )
1 1
x (R“?“i)m(ml (L, mavsiewzapt) ([ upreseoigpm)s
R4 Rd

w( [ ut1al®)* ([ w0 g+ gy ) )
e ([ et wa?) ([ o)« 275 )
wrt ([ ea?) ([ wap)+ms ([ ans rw|>2p)‘1’)>.
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Since in dimension d > 2 the weights p2 and u? always belong to the Muckenhoupt classes
Ag and Ay, respectively, we may apply the standard weighted Calderén-Zygmund theory to

the constant-coefficient equation (1.4) for @ in order to simplify the above RHS. Replacing
then f and g by W*(%)i&‘%f(&") and W*(%)i&‘%g(é"), choosing R = %, and using the bound

f15(2) < (L) (), the conclusion (2.5) follows as in Substep 2.2.
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