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Points of infinite multiplicity of planar Brownian motion:

measures and local times

by
Elie Aidékon, Yueyun Hu, and Zhan Shi

Summary. It is well-known (see Dvoretzky, Erdés and Kakutani [7]
and Le Gall [13]) that a planar Brownian motion (B;):>o has points
of infinite multiplicity, and these points form a dense set on the range.
Our main result is the construction of a family of random measures,
denoted by {MZ }o<a<2, that are supported by the set of the points of
infinite multiplicity. We prove that for any « € (0,2), almost surely the
Hausdorff dimension of M$ equals 2 — a, and MY, is supported by the
set of thick points defined in Bass, Burdzy and Khoshnevisan [1] as well
as by that defined in Dembo, Peres, Rosen and Zeitouni [5].
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1 Introduction

1.1 Problem and results

It is well-known that a planar Brownian motion has points of infinite multiplicity, and
these points form a dense set on the range (Dvoretzky, Erdés and Kakutani [7] and Le
Gall [13]); see Le Gall ([14], p. 204) for comments on the proof.

In this paper, we restrict our attention to the thick points which constitute a dense
subset of points of infinite multiplicity. In the literature, there are two important ways
to define thick points, one by Bass, Burdzy and Khoshnevisan [1] through the number of
crossings and another one by Dembo, Peres, Rosen and Zeitouni [5] through the occupa-

tion times.
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Let (Bt)t>0 be the standard planar Brownian motion started at 0 defined on a complete
probability space (2, . Z, (:%)i>0, P), where %, := o{Bs,s € [0, t|}, t > 0, is the natural
filtration of B. For any z € R? and r > 0, denote by C(z,r) (resp: B(x,r)) the circle
(resp: open disc) centered at x and with radius r. Let N,(r) be the number of crossings
from x to C(x,r) by (By) till Te,1), where Te(o 1y = inf{t > 0: B, € C(0,1)} is the first
hitting time of the unit circle C(0, 1). Fix a € (0,2). Bass, Burdzy and Khoshnevisan [1]
studied the following set:

(1.1) A, = {x € B(0,1) : Tligi li)\gg;)r = a}.

For any Borel measure 8 on R?, let Dim(/3) be the Hausdorff dimension of 3:
Dim(8) := inf {r : 3 Borel set A such that S(A°) = 0 and dimy(A) =7},

where dimy(A) denotes the Hausdorff dimension of the set A. The main result in [1] can

be stated as follows:

Theorem A (Bass, Burdzy and Khoshnevisan [1]). Let a € (0,3). Almost surely

there exists a measure B, carried by A,. Moreover,
Dim(f,) = 2 — a, a.s.

The random measure (3, in Theorem A gives important information on the set of points
to which planar Brownian motion makes “many visits”. For example, it plays a crucial
role in Cammarota and Mérters [4] who gave a characterization of the gauge functions for
the level sets of planar Brownian motion, confirming a conjecture of Taylor [21].

Another definition of thick points was given by Dembo, Peres, Rosen and Zeitouni [5]:

A point z € R? is called an a-thick point (called perfectly thick point in [5]) if

1

Te(0,1)
1.2 lim ———— Lip cpamds = .
(12) ro r2(logr)? /0 (BeeBan)@s = &

where, as pointed out in [5], T¢(0,1) can be replaced by any positive and finite (.%;)-stopping

time.

The fractal measure of the a-thick points was studied in depth in [5]; in particular the

following result holds:

Theorem B (Dembo, Peres, Rosen and Zeitouni [5]) For 0 < a <2,
dimy {a-thick points} = 2 — «, a.s.
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To the best of our best knowledge, it is still an open question whether the two ways
of defining thick points are equivalent or not. For instance, we have not been able to
determine the Hausdorfl dimension of A,.

The starting point of our study is to generalize Theorem A to all parameters o € (0, 2).
Our construction of random measures, different from that in [1] where the authors utilized
the local times on circles, relies on a change of measures involving the excursions around
points with infinite multiplicity. This change of measures is given by [1], Theorem 5.2,
where it plays a crucial role.

We consider Brownian motion inside a domain. By a domain in R? we mean an open,
connected and bounded subset of R?. Given a domain D, a boundary point z € 9D is
said to be nice if there exists a one-to-one analytic function f from the unit disc such
that f(0) = z and the image of the set of points of the unit disc with positive imaginary
part is the intersection of D with the image of the unit disc by f . A domain D is nice
if every boundary point, except perhaps a finite number of them, is nice (in Lawler [10],
p.48, OD is said to be piecewise analytic). Let D := DU dD. We say that a point z € D
is nice if either z € D or z is a nice boundary point.

Denote by IP’%Z, the probability law of a Brownian excursion inside D from z to 2/,
whose definition is given in Section 2.1.

The main result of this paper reads as follows:

Theorem 1.1 Let D be a simply connected nice domain. Let z and z' be distinct nice
points of D. Fiz a € (0,2). With P’le-pmbability one, there exists a random finite

measure MS carried by A, as well as by the set of a-thick points; moreover,
(1.3) Dim(M%) =2 —a, szl-a.s.

We mention that M2 is uniquely determined by the forthcoming formula (5.1), the
latter being analogous to [1], Theorem 5.2. Since M2 is supported by the set of a-thick
points, (1.3) yields that almost surely, dimy {a-thick points} > 2 — «, giving a new proof
of the lower bound in Theorem B.

We will see that equation (5.1) also yields the existence,* for M (dx)-almost every z,
of a continuous and non-decreasing additive functional (£7):>0, called local times at the
point z. Define

T, :=inf{t >0 : B, =z}, reR?.

4This was a private question by Chris Burdzy.




Theorem 1.2 Let D be a simply connected nice domain. Let z and z' be distinct nice
points of D. Fiz o € (0, 2). With IP’;;ZI -probability one, M (dx)-almost everywhere, there

exists a continuous Brownian additive functional (£7);>0 such that

T : 1 !
(14) ’St = Tli)% W A 1{\Bs—x|<r}d$> Vit Z O7

moreover the support of A&7 is identified as the level set {t > 0: B, = x}.

In Theorem 1.2, under IP);Z/, the process is killed upon first hitting 2/, i.e., at time
T, :=inf{t >0 : B, = 2'}. So the local time £} is defined for ¢ € [0, T./]. We are going
to see that £F = a (with P37 -probability one, M2 (dz)-almost everywhere).

1.2 A brief description of the construction of M¢

Let D be a nice domain, and let € D and z, 2’ distinct nice points of D, different from
x. Let as before T, := inf{t > 0 : B, = x}. We consider a probability measure @i’j:;’a
similar to the measure Q¥ introduced in Bass, Burdzy and Khoshnevisan ([1], p. 606):

Under Q;’g’a, (B4)i>0 is split into three parts:

1. Until time T, B is a Brownian motion starting from z and conditioned at hitting

x before 0D, whose law P7" is defined in Notation 2.1.

2. After T,, the trajectory is a concatenation of Brownian loops generated by a Poisson
point process (¢5)s>o With intensity 1jgqdt in time and vp(z,z) in space, where

vp(z, z) denotes the law of Brownian loops in D at x (see (2.12) for the definition).®

3. The last part of the trajectory is a standard Brownian motion in D, started from x
and conditioned to hit 2’ if 2 € D or to exit D at 2’ if 2/ € dD. The law IP’“BZ, of
this process is defined in (2.7).

Consider D; C D a nice domain containing x. The baseline in our construction of

MOC

[oop)

’
727

stated as Corollary 3.6, is the absolute continuity of Q25" with respect to P’le
considered at ?5’1, where ?5’1 denotes the sigma-algebra generated by the excursions

outside D; together with the order of their appearances (see Notation 3.4). Denote

When «a = 0, the second part is reduced to the single point {x}.

Let us say a few words on the concatenation of the loops (¢s). Denote by ((e) the lifetime of a loop e.
Remark that )~ __ ((es) < 00, a.s., see (6.2) for the law of (. For T, <t < T, +> .. ((es), let s € (0,
be such that t — T} € [, o, C(ew), Yo pes C(ew)). We define By = e (t — Tp — >, C(en)).



by Mp, (x,«) the Radon-Nikodym derivative (up to a renormalization factor Mp(z, @)).
Then Mp, (z, o) satisfies a certain restriction property (see Corollary 3.7).

Now we construct M< as follows: Let D be a simply connected nice domain and let &,
be the connected components of D minus a grid of mesh size 27". By using Corollary 3.7,
we may construct a sequence of random measures M¢, (defined in (4.1)). The measure
M, is nothing but the (nonnegative martingale) limit of M¢, asn — oo, and the limit is
not trivial and defines a (finite) measure thanks to the uniform integrability of (M, ),>1

(see Theorem 4.1). This gives the construction of M2, .

1.3 Comparison with previous works

In Dembo, Peres, Rosen and Zeitouni [5], the main interest was focused on the size of the
set of the thick points; as a tool, the authors constructed a measure on the thick points
as a limit along subsequences of a tight family of measures, for all a € (0, 2). In Bass,
Burdzy and Khoshnevisan [1], a measure (in fact, the measure j, recalled in Theorem A)
on the thick points was constructed by means of an L2-limit, for all a € (0, %)7 a formula
characterizing the measure [, will be recalled in our paper (see Proposition 5.1).

Our work makes a link between [1] and [5]. Inspired by the conceptual approach
of Lyons [15] and Lyons, Pemantle and Peres [16] for branching processes, we extend
the measure f, in [1] to all a € (0, 2), relying on the martingale structure instead of
computations of moments. It is to the measure [, in a similar spirit as Lyons [15] to
the Biggins martingale convergence theorem for spatial branching processes originally
established by Biggins [2].

After this work was completed, a paper of Jego [8] managed to construct the measure [3,
for all a € (0,2) by approzimating it via the thick points, as in [1], relying on a truncated

second moment method.

We close this introduction by describing the organization of this paper:

!
e Section 2: We collect some results on the Brownian measure P%° on the paths inside
a nice domain D from z to z’ and on the o-finite measure vp(z, z) on the Brownian

loops at x.

e Section 3: We characterize the law of the macroscopic excursions at x under Q7 ,
(Proposition 3.2) and get Corollary 3.6. We also establish Proposition 3.9 which
plays a key role in the proof of Theorem 4.1.



e Section 4: A standard argument says that the proof of Theorem 4.1 boils down to
the study of Mg, under Q7 , (Proposition 4.2). The proof of Proposition 4.2 is
based on a truncation argument in the computation of moments under Q; 5, which

also provides the needed capacity estimates (see (4.18)) in the proof of (1.3).

e Section 5: The measure M$ satisfies a certain conformal invariance, up to a mul-

tiplicative factor, which implies its almost sure positivity.

e Section 6: We prove that M, is supported by A, as well as by the set of a-thick
points (Corollary 6.1 and Theorem 6.2) and complete the proof of Theorem 1.1.

The proof of Theorem 1.2 is also given in Section 6.

e Section 7: We identify the measure M¢ in the case o = 0 and discuss its relationship

with the intersection local times of independent Brownian motions.

For notational convenience, we write E[X, A] := E[X14] when X is a random variable
and A is an event (and we write E[X, Ay, Ay for E[X, A] if A = A; N Ay). When v is

a positive measure, we write v(X) := [ Xdv and use the similar notation v(X, A) for
fA Xdv. Finally, by f(x) ~ g(z) as * — xp we mean that lim,_,,, % =1.

2 Preliminaries on Brownian excursions

At first we recall some facts, taken from Lawler ([10], Chapter 2), on the Green function
and the Poisson kernel. Let D be a nice domain and consider « € D. The harmonic mea-
sure P*(Br,,, € o) is absolutely continuous with respect to the one-dimensional Lebesgue
measure, whose density is called the Poisson kernel and is denoted by Hp(z,y), y € D.
For any nice point y € 9D, Hp(e,y) is harmonic in D.

Let pp(t,z,y), z € D, y € D be the density (in y) of the transition probabilities of
Binr,. under P*. We define the Green function Gp by

Gole,y) = / poltzy)dt,  ay € D.
0
Then

1
(2.1) Gp(z,y) zlogm—i-()(l), Yy — T
For any nice point y € 0D, denote by n,, the inward normal at y. We have (see Lawler
[10], p. 55) that
1
(2.2) lim - Gp(z,y+eny) = 2rHp(x,y).

e—0t &



Following Lawler and Werner [11] and Lawler [10], Section 5.2, we introduce the bound-
ary Poisson kernel: for ' # y distinct nice points of 0D, define

1
(23) HD(y>y/) = lim _HD(y+€nyay,)>

e—0t €
For sake of concision, we will use the following notation: if z, 2’ are distinct points of D,
we define

(2.4) Hp(z,7') = %Gp(z, 2.

Finally, we define Hp(z,2') := Hp(2',z) when z € 0D and 2’ € D. The function Hp is
symmetric and has the following property (see Lawler [10], Section 5.2): if D, D’ are two
nice domains, z, 2’ nice points of D (recall that by y nice point of D, we mean y € D or
y nice point of dD), ¥ : D — D" a conformal transformation such that ¥(z) and ¥(z')

are nice points of D', then
o if 2, 2/ € D, Hp/(V(2),¥(2)) = Hp(z,7),
e if € Dand 2 €0D, Hp/(V(2),¥(2)) = |V'(2)|"* Hp(z, 2),
o if 2,2/ € 0D, Hp/(V(2),¥(2")) = |¥(2)|7L |W/'(2)|! Hp(z,7).

Beware that with this definition, Hp is not continuous at the boundary of D. Indeed,
from (2.2), we see that for z € D and 2’ nice point of 9D,
(2.5) lim 2 Hp(z, 2+ en.) = Hp(z, 2).
e=0t €

With this notation, we may give a unified presentation on the forthcoming h-transform
(2.7).

As in Lawler ([10], Chapter 5), we consider K the set of all parametrized continuous
planar curves 7 defined on a finite time-interval [0,¢,] with ¢, € (0,00). For any closed

subset A C R?, we call v an excursion away from A if
(2.6) 7(0) € A, () €A y(s) € A Vs e (0, L)

More generally, for any 0 < s < ¢t < oo, we call (y(u), u € [s, t]) an excursion away from
Aifu— y(u+s), u € [0, t— s, is an excursion away from A.
The space K is endowed with the natural filtration of the canonical coordinate process
(e)i>0. We denote by
Ty:=inf{t >0:¢ € A},

7



the first hitting time of a set A by (e¢;). We will write (B;) in place of (¢;) when the
underlying measure is a probability measure (such as P% and IP’;;ZI).
For any 0 < s <t < oo, we denote by B, the trajectory u € [0, — 5] — B4, an

element in K. We define e[, in the same way.

2.1 Excursion measures inside D

Recall that for any Borel set A C R2,
Ty:=inf{t >0 : B, € A}.

Let D be a nice domain. For x € D, denote by P, the probability measure under which
(By, t > 0) is a Brownian motion starting from « and killed at time Typ. We introduce the
probability measure IP)E’ZI (which is the normalized excursion measure denoted by ¥ (z, 2)
in Lawler [10], Section 5.2) as follows; the measure is supported by trajectories from z to

2 in D.

Notation 2.1 Let D be a nice domain. Let z and 2’ be distinct nice points of D. We
define the probability measure IP’%Z/ as follows.

(i) Ifz€ D and 2’ € D, we let IP’;;Z/ be the law of the Brownian motion starting at z,
conditioned to hit 2’ before OD if 2/ € D, and conditioned to exit D at 2’ if 2/ € OD. It is

given by the h-transform of the Brownian motion: for any 0 <r < |z — 2/|,

APz _ Hp(Br,, %)

2.7 = 1 .
( ) d[[DZD yTC(z’,’r) HD(Z, Z’) {Te(r y<Top}

(ii) If z, 2’ € OD, we define IP)E’ZI as the limit ofIP’%Z, asy — z and y € D in the sense
of (2.8) below. It is the excursion measure at z conditioned to exit D at 2.

(ii) If z € OD and 2’ € D, we define IP’%Z, as the limit ofIP’%’Z/ asy — z andy € D in
the sense of (2.8). It is the excursion measure at z conditioned to hit the interior point
2 eD.

For any z € 0D nice point, the limit of IP’%’Z/ when y — z is understood in the following

sense: for any 0 <r <[z — 2|, any A € o{Br, (..., t = 0},

(2.8) P57 (A) = lim P5 (A).

e—0t

See Appendix A.1 for a justification of (2.8).



There is a time-reversal relationship between P%° and P%7 (see Lawler [10], Section
5.2) which can also be checked by applying the general theory on the time-reversal of
Markov processes at cooptional times (see Revuz and Yor [20], Theorem VIIL.4.5): for any

2,2 distinct nice points of D,
(29) ((BTZ/—tu O S t S Tzl) under ]P)gz’) (la:w) ((Bt7 0 S ¢ S Tz) under Pg,z).

If D,D' are two nice domains, z, 2 nice points of D, ¥ : D — D’ a conformal
transformation such that W(z) and ¥(z') are nice points of D’, then the image measure
of P57 by W is PR,

We introduce the following notation: for D; C D two nice domains, define
J(D,D,) := {z € 0D : nice point such that z € 9D,

(2.10) and 3r > 0 such that D N B(z,r) = Dy N B(z,r)}.

Lemma 2.2 Let D; C D be two nice domains.
(i) For 2' mice point of D and z € Dy with z # ', for any nice point y € dD1\0D,

o HD(y> Z/)

Pi)’z (Tzl > T8D17 BTaDl € dy) N HD(Z Z,)

Hp, (z,y)dy.

(ii) For z,z' distinct points of D1 U J (D, D1), we have

Hp,(z,2)

P (T < Top,) = Hy(z )

Proof. (i) For any nonnegative measurable function ' on K, we deduce from the monotone

convergence theorem that
Egz (F(B[O,TBD1]>7 Tz’ > T8D1) = Tl_i)I(I)1+ Egz (F(B[O,Tapl])a TC(Z’,T) > T8D1>‘
Applying the change of measures in (2.7) to T¢(./») A Top, in place of T¢ (. ), we have

E5" (F(Biomop,)) Ter ) > Top,)
1

= oy [HoBrin, ) F (B, ), Too A Tegen > To, |

Hence, taking the limit » — 0T,

(2.11) E5" (F(Bomyp,): To > Top, )

1

— m% [HD(BTaplaz’)F(B[O,TaDl]),TaD > TaDl} ,

9



which readily gives (i).
(ii) First we suppose that z and 2’ are distinct points of D;. By (2.11),

B}, [Hp(Bryp, %), Top > Top,|
Hp(z,2")
E* |Gp(Bryy,. 2]
Gp(z,7)

P57 (T > Typ,) =

Note that the function g defined by ¢(y) := Gp(y,2') — Gp,(y,2), y € D1\{z'},
is harmonic and bounded. Then g can be continuously extended to {2’} so that g is
harmonic on D;.% By the optional stopping theorem for the bounded martingale g(B;),
we get that

E? [GD(BTC,,D1 2| =Gp(z,2) — Gp,(z,7),

proving (ii) in this case. Making z go to 9D N 0D;, using (2.2) and (2.8) yields the
equality for 2/ € Dy and z € J(D, D). Using the time-reversal (2.9) yields the equality
for z € Dy and 2 € J(D, D;). Making z go to 0D N 9D, and using (2.3) and (2.8) gives
the equality for z, 2" € J(D, Dy). O

2.2 Brownian loops

Let x € D. We consider an infinite measure vp(z,x) on the set of Brownian loops in
D that start and end at x. Let us briefly recall the definition in Lawler ([10], Chapter
5). For each t > 0, the measure up(z,x;t) of loops in D of length ¢ is such that for any

bounded measurable function ® on K:

R G
pp(z,z;t) [@(e)] = lim —E* [®(Bjoy),t < Top,|B: — x| < ¢].

0+ e

We define the o-finite measure vp(x,x) by

(2.12) vp(z,x) = W/OOO wp(x, x;t)dt.

With the notation pp(x,z) of the loop measure in Lawler ([10], Chapter 5), we have

vp(z,x) = Tup(z, x).

GWe give here a probabilistic argument on this known continuous extension. Let z € D;\{z'} and let
€ > 0 be small such that B(z,e) C D;. By the optional stopping theorem for the bounded martingale
9(Binte.,.,) at Top, and by letting € — 07, we get that g(z) = E*(9(Br,p,)) = [5p, Hp: (2:9)9(y)dy
which can be continuously extended to z’ and the extension is harmonic on D;.

10



Furthermore, vp(z,x) can also be viewed as the excursion measure at = of the Brow-

nian motion conditioned to hit x before hitting 0D. We claim that

1
(2.13) vp(x,z) = lim log (m> P,

zZ—T

in the sense that for any » > 0 such that B(x,r) C D, for any A € o{ec(zr)+¢,t > 0},
1
(2.14)  vp(z,z) (AN{Te@wr < Tp}) = lim log <ﬁ> P3" (A N {Te@r < T2}) -
Z2—x Z—x

See Appendix A.2 for a justification of (2.14). Equation (2.13) implies that the measure
v is conformally invariant: if D and D’ are two nice domains, ¥ : D — D’ a conformal

transformation and = € D, the image by ¥ of a loop under vp(z,x) is “distributed” as

vp (¥(z), ¥(z)).
We summarize some quantitative results on vp(z,z) in the following Lemma:

Lemma 2.3 Let Dy C D be two nice domains and © € Dy.
(i) For any nice point y € 0D,
vp(x,x)(Top, < Ti,er,, € dy)= Gp(z,y)Hp,(r,y)dy.
Moreover for any nonnegative measurable function F on IC,

vp(@,2)(F(ejo1yp,1), Top, < Tp) = E* [GD(% Br,,, ) F(Bomyp,)| -

(i1) We have

CD7D1(£L’) = I/D(ZL',ZL’)(Tg)Dl < Tx)
= / GD(x>y)HD1(x>y)dy
oDy
(2.15) = Cp,(z) — Cp(x),
where Cg(x) == — [,slog(|z — y|)Hs(x,y)dy for any nice domain S. Moreover,

Cp.p,(z) = log(Rs;p) — log(R,.p,) in the case that Dy, D are simply connected,

where R, p (resp. Ry p,) is the conformal radius of D (resp. D;) seen from x.
(i1i) For any nonnegative measurable function F on I,
vp(z,2)(F(erryp, 1.1)s Top, < 1)
_ /a | ERF(Bo)Go(x.y) o, (2.)dy.
1

Consequently,

Top, < Ty, er,,, = y) =E%" [F(Bjor,)] -

VD('Ia ZE') (F(Q[TaDl 7Tw])

11



Proof. (i) By (2.14) and (2.11), for any r > 0 such that B(z,r) C Dy,
l/D([L’, x)(F(e[TC(x,r')vTaDl})’ ZZ})D1 < Tx)

. log(1/]z —x|) .
= llj}rﬂlﬁmﬂz [GD(%BTapl)F(B[TC(QC,T-),TBDJ)

= E° GD(xv BTapl)F(B[TC(I,T),TaDJ)}’

by (2.1). Under P*, Br,,, is distributed as Hp, (z,y)dy, which implies the first equality
in (i) by taking F(Br,, ., T,p,)) & function of Br,, . By considering F' a continuous and
bounded function on K, and then letting r» — 07, we get the second equality in (i).

(ii) The first equality in (2.15) readily follows from (i). Let ¢(y) := Gp(z,y)—Gp,(x,y)
fory € Di\{z} [x € D, being fixed]. We have already observed that g can be continuously
extended to . Then ¢ is harmonic and bounded on Dy, and by the mean property,
(2.16) o@) = [ gty = [ Gole.)Hp,(a)dy,

OD1 0Dy

The same argument shows that, for S = D or S = Dy,

/as log(|z — y|)Hs(x,y)dy = zl/l—r>Ialc <log(\a: —y)+ Gs(g;’y))’

which implies that Cp p, () = Cp, () — Cp(x), as stated in (2.15).
Now we suppose that D is simply connected. It suffices to check that

Cp(x) = —log(Ryp)-

Let ®p be a conformal map from D (resp. D;) to B(0,1) which sends = to 0 and
satisfies that ®,(x) > 0. By the conformal invariance, Gp(z,y) = log It follows

that

1
1®p(y)l”

1
lim (log(lz — y|) + G —log ——— = log Ry p.

by definition of the conformal radius.

(iii) It comes from a straightforward application of the strong Markov property to-
gether with the first equality in (i). O

3 A change of measures

Let « > 0 be fixed. Let D be a nice domain. We consider D; C D a nice domain
containing z. We define for any distinct nice points y, z € Dy, different from z,
2rHp,(z,y)Hp, (x, 2)

HDI (y> Z)

(31) §D1(zayaz) =
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[Taking Dy = D, we get the definition of {p(z, y, 2) for any x € D and distinct nice points
y,z € D, different from z].

Fix two nice points z # 2’ of D. Let x € D distinct of z and 2’. Let us take a close
look at the probability measure Q; defined in the Introduction. Under Q;ZDQ, the
Brownian motion B starts from z and is conditioned to hit x. After T}, the trajectory
is a concatenation of Brownian loops generated by a Poisson point process (e;)s>o with
intensity 1pqdt X vp(z,x). The last part of trajectory is a Brownian motion in D starting
from x and conditioned to hit z’.

The purpose of this section is to study the absolute continuity of Q7 ZDa with respect to
IP’;Z , both restricted to the sigma-algebra generated by the excursions outside a domain
D, containing x.

As a first step, we look at events of crossings. We introduce some notation. Let K
denote as before the set of all parametrized continuous planar curves v defined on a finite

time-interval [0, ¢,] with ¢, € (0, co).

Notation 3.1 Let Dy C Dy C D be nice domains with d(Ds,0D1) > 0. Let v € K.
(i) Define so := 0 and for all i > 0 (with inf @ := 00,

ti—i—l = mf{t >8; ’}/(t) S ODQ},
Siv1 = inf{t > t; 11 : y(t) € D1 U {~(t,)}}.

(ii) Let x € Dy. For any integer £ > 1, denote, if it exists, by i, the {-th smallest index
i > 1 such that y hits x during the time interval [t;,s;] and set Uy :=t;,, V,:=s;,.

Let Dy C Dy C D be nice domains with d(Dy,0D;1) > 0. Let € Dy and z # 2’ be
nice points of D different from x, neither in 9D\ J (D, D;) nor in Dy’".
Let
L := 1+ #{loops from x which hit 9D, }.

By Lemma 2.3,

L-1
2201 _ 1\ _ —aCp.p,(x) (aCp,p,(z))
Gept (=0 = T

Notice that iy is well-defined for any 1 < ¢ < L. The next proposition gives the law of the

points (Buy,, Bv,)e<1 under QZ % Notice that we may have By, = 2’ in the case where
2/ € Dy and the excursion from x to 2’ does not hit dD; (except, of course, possibly at

the ending point).

"In other words, 2,2’ € J(D, D) U (D\({z} U 8D, U Ds)). Note that z ¢ 9D;\J (D, D1) means that
z does not belong to 8D1 unless z € J(D, Dy).

13



L =3,

=200 = 3,0y = 4,
t; = 00 =s;5.
Co = Bjot,),
C1 = Bis, t4)»
Cy = Big; ta)»
C3 = Bis, 1.

Proposition 3.2 Let Dy C Dy C D nice domains with d(Dy,0D1) > 0. Let x € Ds.
Let z # 2 be nice points of D different from x, neither in D;\J (D, D1) nor in Dy.®
Let L > 1 be an integer. Let yi,...,yr be nice points of 0Ds. Let yi,...,y; be nice
points of 0D1\OD. We can take as well y; = 2" in the case 2’ € Dy U J(D,Dy). Let
1 <14 < ... <1y beintegers. Then

Q5" (ij =ij, Bu, € dy;, By, €dy}, 1< j < L|L=1L)

Cp,p, (z)~

gD(xa Z, Z/)

X

L
HSDl(x7yj7y_;) IP)%Z (Btij S dyja Bsij S dy;a 1 S] S L> tiL < Tz’) .
j=1

In this equation, we mean, in the case y; = z', By, = 2’ and Bs, = 2’ when writing
By, € dy, and B, € dyj.

Taking L = 1 and integrating over y; and y; yields the following equation which will
be used in (3.12):

(3.2) §D(SL’, 2, Z/) = Egz’ [Zng (x’ Bti, BSi>1{ti<Tz’} .
i>1

Proof of Proposition 3.2. To deal with the case z € 9D, we extend the h-transform
representation (2.7) to z € dD. To this end, we abusively write, when z € 9D, P% for

8The assumption z, 2’ ¢ 9D1\J(D, D1), which may look somehow uncomfortable, will be auto-
matically satisfied in the applications in the forthcoming sections. The same remark applies to other
propositions and corollaries in this section.
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vp(z) defined in (A.2) (which is not a finite measure). With this notation, (2.7) still holds
for nice point z of dD: this comes from (2.8), (2.7) (replacing z there by z + en,), and
(A.2).

Denote by () the probability expression Q;’j;’a(. ..) in the proposition. For simplicity,
we suppose first that y; # 2z’. We notice that for each 1 < ¢ < L — 1, the trajectory
between V, and the next hitting time of x is, conditionally on By, = v/, distributed as
PY*. Moreover, conditionally on L = L, By, is distributed as e7,p, under vp(z,z)(- |
Tsp, < T,) when ¢ < L, and as BTaDlu{z’} under IP’%’Z/ when ¢ = L. Using the strong
Markov property at the hitting times of x and stopping times V1, ..., V_1, the probability
expression @) is

L1

[IP5 " (i =i; —ij—1, By, € dy;) vp(z,2)(er,,, € Y} | Br,, < Tu)
j=1

X PyDL*Dx(il = 7;L — ’iL_l, BU1 € dyL) sz’(BTaDlu{Z/} c dy/L)

where we set y;, = z and iy = 0. We can write it as

(3.3) @ =IL1IL
where
L /
II; = ]‘_[]P)Zgi17 (il = ij - ij—la BU1 € dyj)’
j=1
L—1
I, = H VD(xvx)(eTaDl = dy;» | Top, < Tw) sz (BT8D1U{ZI} € dy/L)'
j=1

By the strong Markov property at the stopping time t;, we have for any vy’ € 9Dy U {z},
y € ODy, PY(iy = i, By, € dy) = PY(By, € dy,t; < T,)P4*(T, < Typ,) and by

Lemma 2.2 (i) (with z =y, 2/ = x there), P3(T, < Typ,) = 1221((;;3). We get that

/ , H
Py* (i1 = i, By, € dy) = P (By, € dy, t; < T%) Hp, (y,7)

HD(yax)
which is, using the h-transform (2.7),
) Hp, (y,z)
PY(By, € dy,t; < Typ) ———=.
D( t,L E y7 BD) HD(y,’:L')
Hence,
T Hp, (y;, )
3.4 =PSB, .  €dy;, ti i, < Typ)—ntir=l
o ¥ R ey

15



On the other hand, the law of er,, under vp(z,z)(- | Top, < T) has, by Lemma 2.3,
density on 0D,

1

—G "H dy'

CD,DI(Z') D(xay) Dl(zay) Yy,
whereas, by Lemma 2.2 (i) (with z = x, 2/ = 2/ there),

Hp,(z,y)Hp(y', 7')
3.5 PL* (B dy', T, T, ! dy'.
( ) ( Top, €ay, lop, < ) HD(ZL',Z) Yy
Recalling y; # 2/, we obtain that
—(L-1) HDl(xaylL)HD(y}nZ/) ! e / ! !
(36) H2 = C’D,D1 (.CL’) HD(LU Z/) dyL H GD(xu yj)HDl (SL’, yj>dyj
) j=1

Recall that Gp(y,vy') = 2nHp(y,y') when y,y’ € D. By (3.3), (3.4) and (3.6), we get that

_ (- Hp(yr, 2')
_ L-1 (L—-1) D\YL»
Q=m) O @) e (. 2)

L
11 Ho. (. v) Hp, (=) dy; [ [ PS5 (Be., ., , €dy;, ti,—i, , < Top).

Jj=1 J=1

In view of the definition of {p, in (3.1), we have

o HHm 2,5) Hp, (2,4

Hp(yp. 2
= HD( ( L ) H§D1 flf yj??/j HHD1 y]?y])

N)ep(z,2,7) 11

Comparing with the statement of the Proposition, we see that it remains to prove that

(3.7) p(Yp, 2 HP% H(Be,, ., , €dyj, ti,—i,-, < Top) Hp, (y;,y;) dy;
— Hp(z, 7 )IP’[; (Btij €dy;, B, €dy}, 1<j< L t;, < TZ/) .

Consider the right-hand side. By the h-transform (2.7) (we recall that y; # 2’ hence
si;, <T.), it is equal to

Py (Bu, € dy;, Bs, € dy), 1< j < L,sy, < Top) Hp(yy, 2.
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Recall that Hp,(y,y') for y € Dy and 3y’ € 0D, is the density at y' of the harmonic
measure of the Brownian motion starting at y. It follows that, using the strong Markov

property at the hitting times s;;_,, j > 2, and t;;, j > 1,

Py (Bu, € dy;, By, €dy), 1<) < Lsi, < Top)
L /
Yi_
= [IP5 " (Be,-, , € dys tis—i < Ton) Hp, (y5,4}) 4y
j=1

which completes the proof in the case y; # 2z’. In the remaining case y; = z’; the same

proof applies by replacing (3.5) by

z,2’ HD (l’,Z’)
P5" (T < Top,) = ma

which holds by Lemma 2.2 (ii) (with z = x and 2’ = 2’ there), then replacing (3.7) by

L L-1

[P35 (Be, ., €dyj, by, < Top) Hp,(y;,9)) [] 4y

j=1 Jj=1
(3.8) = Hp(z, )Py (Btij €dy;, By, €dy} 1<j <Lty < Tz,>

where we write Bs, € dyj, for By, = 2.

As in the case y; # 2/, it remains to check (3.8). By the strong Markov property at
time t;, and Lemma 2.2 (ii) (with z =y, and 2’ = 2’ there), the right-hand side in (3.8)
is

Hp(z,2") x
Py (Be,, € dy;, Bs, €y}, 1 <j< L1, By, €dyp, ti, < To) x
Hp, (yr, %)
Hp(yr, 2)

which, in view of the h-transform (2.7), is

]P)ZD (Btij € dyj> Bsij € dy;> 1 S] < L — ]-7 BtiL € dyIn tiL < T@D) X
HD1(yL>Z,)'

We use, as before, the strong Markov property at times s;,_,, 7 > 2 and t;;, j > 1 to get
(3.8). This completes the proof of Proposition 3.2. O

Our next aim is to compute the Radon—Nikodym derivative of @i’j:;’a with respect to

P%* when both measures are restricted to an appropriate sigma-algebra denoted by %/
D Dy
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2,2«

(defined in Notation 3.4 below). We start by computing the conditional law of Q7
given L.

Take the notation of Proposition 3.2. Fix an arbitrary L > 1 as well as arbitrary
integers 1 < 43 < i3 < --- < ig. On the event {t;, < T/}, let C; be the trajectory
for 1 < j < L —1, Cy the trajectory from (time) 0 to t;, and Cp the

trajectory from s;, to T,.. [In case t;, > T,,, C, will play no role, and can be defined as

from s;; to t;,,
any trajectories.|

Observe that, under Q;’g’a, conditionally on L = L and on i; = i;, By, € dy;,
By, € dy;, 1 < j < L (in particular, t;; < T.), the trajectories (C;, 0 < j < L) are

independent; for 0 < 5 < L — 1, C; is distributed as a Brownian excursion in D from
=T,

Y5 to y;i1 conditioned on t Vit

i1 (with ip := 0 and y} := z); Cp, is a Brownian
excursion in D from y; to z/. [Beware of the degenerate situation that C;, = {2z} if
y;, = Z'.] In other words, (C;, 0 < j < L) has the same distribution under ch:z[;’a(- |
L = L,i; = i;, By, € dy;, By, € dyj, 1 < j < L) and under P3" (- | B, € dy;, Bs, €

dy;, 1 <j < L, t;, <T.). It implies that for any measurable set A € o(C;, 0 < j < L),

(3.9) Q%A |L = L,i;=1;, By, € dy;, By, € dy}, 1 < j < L)
= P37(A| By, €dy;, B, €dy}, 1< <L, t;, <To).

We introduce the following notation. Let I denote as before the set of all parametrized

continuous planar curves v defined on a finite time-interval [0,¢,] with ¢, € (0, co).

Notation 3.3 Let Dy C D be nice domains. Let v € K.

(1) Let Ep, be the set of excursions away from DS U {v(0)} U {v(t,)} in the sense of
(2.6); an element of Ep, is called an excursion inside D;.

(i) Fore € Ep,, call ¢y and ¢4 its starting and ending points.

(

iii) An excursion away from Dy U{v(0)} U{v(t,)} is called an excursion outside D;.

Notation 3.4 Let Dy C D be nice domains. Let ?5’1 be the sigma-algebra generated by

the excursions of Brownian motion outside Dy together with the order of their appear-

ances.”

9For any v € K, we can associate a function ¢(v) = ((eg,¢q)p,, R) where (e4,¢q)p, are starting and
ending points of excursions in D; of v and R is the order relation defined as R(eg, e'g) = 0 if ¢, is visited
before ¢, and 1 otherwise, for any ¢4, ¢ starting points of excursions in £p,. Then the sigma-algebra
generated by (eg,¢q) for e € Ep, with the order of their appearances, is the sigma-algebra generated by

o.
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Observe that for any A € Z7 , An{t;, < T.} € 0(C;,0 < j < L). Hence, by

Proposition 3.2, we have for any A € .Z} |

QZZQ(A 1J—ZJ,BU €dy;, By, €dy;, 1<j<L|L= L)

Cp,p, (z)~*
§D(1:C 2,2') Hng T Y5 Yy) X
(3.10) Py (A, B, €dy;, By, €dy}, 1<j <L t;, < TZ/> ,

which gives that

(3.11) Q*3(A|L=1L)

CDD x—(L—l) L L
, 1( ) Eé |:1A Z HfDl([L’, Btij’BSij)l{tiL<Tzl}:|'

/
Ep(, 2, 2') 1<ii<..<ip, j=1

Contrarily to the left-hand side in (3.11), the right-hand side depends on Dy via the

stopping times. To get rid of the dependence on D,, we want to compute

L
E%Z [ Z Hng(xyBtiijsij)]-{tiL<Tz,} | y;1:| .

1< <..<ip, g=1
Observe that any (ey, ¢4) for ¢ € £p, is measurable with respect to %/ . Conditionally on
F 51, the excursions between ¢, and ¢, for ¢ € £p, are independent Brownian excursions
inside D; with law ngd. Notice that each excursion inside D; can be associated to at
most one t;: for any excursion ¢ € p,, write (if it exists) t(e) for the time t; associated,

which is the hitting time of 9D by the excursion. Set t(¢) = co otherwise. Similarly, we

write
s(e) :==inf{t > t(e): ¢, € 0D, U{Z'}}.
Consequently,
L
Z Hé-Dl(x7 Btij7BSij>1{tz‘L<Tzl}
1<i1 <...<ip j=1
Z H€D1 x, By(esy (ej))]-{t(ej)<oo}a
eDl
where we write ) L asa short way for sum over ordered (distinct) excursions (¢!, ..., e%) €

(Ep,)E10 Apply (3 2) to Dy = D, z =¢,, and 2’ = ¢4. Notice that in this case, the sum

10The excursions e', ..., ¢ are naturally ordered in terms of their appearances, in particular any set

of L distinct excursions appears only once in the sum.
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> i1+ in (3.2) has at most one term. This yields that for any ¢ € Ep,,

z,z’

€0, (%, Be(eys Bs(e) Lit(e)<o0y | F 1]
R [Zng (z, B, Bs;) Liti<1. )

i>1

= £D1 (SL’, g, ed)'

Hence,

L
(312) EgZ/[ Z H£D1 (SL’, Btij7BSij>1{tiL<Tz’} ‘ ygl]

1<ir<...<ip, j=1
§ | | §D1 x, ga
D

For future use, we observe that the same argument also gives (noting that s;, < T
ensures t;, < 7./)

L
(3'13) E%Z [ Z H§D1 (x7Btij7Bsij)1{T6D1<ti1}1{SiL<Tzl} | ﬁgl]

1<ii<...<ip j=1

ZH£D1 Z, g’ed 1{el7éz ekstar}e

e%]l

Going back to (3.11), the following proposition is already proved:

Proposition 3.5 Let Dy C D be nice domains. Let x € Dy. Suppose that z and z' are
distinct nice points of D, different from x, and not in 0D,\J (D, D). For any A € }751,

2,2 CDDl() B 2,2 j
QL AL =) = = "k i ;Jﬂlgm ‘e,

where as before, Y, r - means that the sum runs over all ordered (distinct) excursions

(el ... el) € (Epy)E. In particular, we have
(3.14) Egz'[ZH&)l v, ¢ ¢5)| =Ep(x,2,2) Cppy ()7
D

Recall that Cp p,(z) = Cp,(x) — Cp(x) by (2.15). Since L — 1 is by construction a
Poisson random variable with parameter avvp(z, z)(Top, < 1) = a Cp p,(z), we get the

following corollary.
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Corollary 3.6 With the notation and assumptions of Proposition 3.5,

szz o - Mp, (z, )
d]P)i)z gzgl e—oCp(z fD(ZL' Z, Z)
where
. —aCp, (z)
(3.15) Mp, (z,a) == e~Cn1 Z - ,XL:]Hl&)l e
= QD

By definition, Mp(z, a) = e *Co@¢p(x, 2, 2') under P37

Corollary 3.7 With the same notation and assumptions of Proposition 3.5. Let Dy C Dy
be another nice domain such that © € Dy and that z, 2’ do not lie in 9D\ J (D, Dq).!*
Then

B [Mp,(z, )| F5,] = Mp, (z, ).

Proof of Corollary 3.7. Let C € ﬁz)’l. Then C € 952, hence in view of Corollary 3.6, we

have Mo, ) Mo ( )
Ez,z’ 1 Do\ T, & _ 2,2 ) — Ez,z’ 1 D\ T, &
D [ “Mp(z, ) } LoTO) =Ep 1o Mp(z,a)

which implies Corollary 3.7. U

The rest of this section is devoted to Proposition 3.9, which controls the condi-
tional expectation of Mp,(-,«) under Q;’g’a, and is also the main technical tool in
the proof of the forthcoming Proposition 4.2. At first we compute the expectation of

ZELDl Hle Ep, (2, e, ed)l{el;ﬁz «t2.ry under different measures:

Lemma 3.8 Let © € D;y. Suppose that z, 2 are distinct nice points of D, different from
x, and do not belong to OD\J (D, Dy). We take the convention that Hp,(x,y) = 0 if

HTt is elementary to check that if z ¢ 9D1\J(D, D1), then saying z ¢ 9D2\J (D, Ds) and saying
z & 0D\ J (D1, D2) are equivalent.
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y & Di. We have the following equalities: For all L > 1,

Cp,p, () [Z Hfbl T,e).e 1{817&2? #Z’}}

(3.16) éo(w,2,7) o L
HD1(I’ Z) HD1( )
(1_ HD(I’,Z)><1 HD(I,Z/))’
(3.17) E“’[ZH&)I (5163 D etrt] = (1= G ) O ),
(318> [ZH£D1 Z, g’ed 1{217$m eL;éac}} = CD,Dl(x)L-H’

L j=1
L5

where as before, Y, L means that the sum runs over all ordered (distinct) excursions
(el ... el) e (Ep)E; szurthermore z € D, then

CD,Dl(x)_ VD <y & [ZH£D1 z, ga 1{e17$z eL;éz}]

eDl

(3.19) — (2m)?(Hp(z,2) — Hp,(z,2))’.
Proof of Lemma 3.8. Let A be the event that, under @i’j;’a, the first part of the trajectory
from z to x hits 9D, and so does the last part from x to z’.

We have by Lemma 2.2 (ii),

@ZZ a(A | L= L) = ]ng(TaDl < Tw) ]Png(TaDl < TZ’)

o - (-BE 0w

Let D, be a nice domain such that z € Dy, Dy C D, and that z, 2/ ¢ Dy. Observe
that for all 1 <1 < ... <Z.L> Aﬂ{L:L, il =11, iL :ZL} :A(zl,zL)ﬂ{L:L, il =
'él, iL = ’éL}, with A('él,'éL) = {TaDl < ti1> BSiL 7& Z/} € ﬁgl Then

@zz a(A ‘ L L)
= Z Qm:D’a( (ir,i),1; =1;,1<j<L|L=1L)

1<i1<...<if,

C1D,D (I)_(L_l) z,2' =
= ! ; Ej ( Z 1{T3D1<ti1,BsiL7éz’}Hng(xuyjay;‘)>v

{p(w, 2, 2) 1<i1<...<i L, =1
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the last identity being a consequence of (3.10). Applying (3.13) gives

sza(A|L L)

CD,D (SL’)_(L
; [ZH£D1 Z, g7ed 1{e1;£z eﬁ;ﬁz’}]

¢p(x, 2, 2)

eDl

which is the same expression as on the left-hand side of (3.16). Together with (3.20), this
yields (3.17).

Recall the definition of Cp p,(z) in (2.15) and that lim,,,, (Gp(z, 2') — Gp,(z, 7)) =
Cp.p, () as proved in (2.16). It follows that

HD1 (SL’, Z,)

) — Cp.p, (), as 2/ — x.
Then making 2’ — z in (3.16) implies (3.17).

Notice that as z — x, 1 — Ig;l(f;)) = GD(mg)D_(ff)l (%) 1<?gD1/D\3}( 2| by (2.1). Using (2.13),
making z — z in (3.17) gives (3.18).

Recall that Hp(y,y') = Gp(y,y’) /27 when y, 3/ are in D. When z € D\JD;, making

2/ — z # x in (3.16), and using (2.1) and (2.13) give (3.19). O

Let us go back to the probability Q7 9 for 2 # 2 which are different from z. For any
nice domains S C D; C D, such that x € S, we introduce &, p, g, the set of excursions
away from DU {z} U {2’} U{z} (in the sense of (2.6)) but excluding all loops at x that
lie in S.12

For any nice domain set S C D; which contains x, any nice domain Dy C D, and
any u € Do\{x}, let

00 a '
(321) Mm D175D2(u Oé ach Z Z Hgm D1,S8,Do u, gved>

L:1 —zD SJ 1

where the sum ) .. runs over all ordered (distinct) excursions (e', ..., e") in (&, p, s)"
~x,D1,S ) )

12In words, &, p,.s stands for the set of excursions in £p, that do not hit z, to which we also add: (a)
the excursions from 9D to z (if they exist); (b) the excursions from z to 9Dy (if they exist); (¢) loops
at x which lie in D; and hit 85; (d) if z € Dy, the path from z to z if it does not hit dDy; (e) if 2’ € D,
the path from x to 2’ if it does not hit 9D;.
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and

gx,Dl,S,Dz (u>ega ed) =

Ep, (u, ¢4, e4), if ey, ¢q € 0Dy,
(2m)2(Hp, (u,x)—Hp.,, (u,x))? .
(3.22) ~op s : if e, = ¢q = 2,
27T(HD1 (U‘ eg) HDQSDQQ()R)Q(ZD)l (u ed) HD2 (uved)) , OtherWlse
1 K

Considering (3.21), and the inequality Zpo G < eV for any A > 0, we have the

following bound:

(323) Mx,Dl,S,Dz (u, Oé) < Tw,Dl,S7D2 (u) e—ach (u) 62‘ /0Yz,Dy,5,Dy (1)
where
(324) T:c ,D1,S, D2 . Z 55{: ,D1,8,D2 (u eg’ ed)

eegcv ,D1,8

Proposition 3.9 Let S C Dy C D be nice domains such that x € S. Let Dy C Dy be
a nice domain satisfying 0Dy C S¢. Suppose that z and Z' are distinct nice points of
D, different from x, which belong neither to OD\J (D, D;) nor to 0D;\J (D1, Ds). Let
u € Dy\{zx}. Define

T — u - a
MxDQ(u a Cpy (u) Z _1 IZH&)Q U, g,ed 1{m¢eg}
L:1 eD2

We have, with the notation of (3.21) and (3.24),

EQ;,ZD/,C& I:MZB,DQ (u7 a) | (eg7 ed)eegx’Dl’S:I
(325) - Mm,D1,S,D2 (uu Oé)
(3.26) < Yopys.py () e P10 o2V T Dy 50, (W),

Proof. Any element of £p, that does not hit z, necessarily hits 0Ds, and lies (except,
possibly, for the starting or the ending point) in Di\{z, z, 2'}, and is thus contained in
an excursion, say e, away from D{U{z, z, z’'}; ¢ cannot be a loop at x lying in S because
0Dy C 5¢. In other words, ¢ € &, p, s. It follows that

J:Dz(u>a)
o) Oé _ K
= Yy 7 .Z > ) | RACHE
L:l K=1gK ol =L ;21 V<K j=1
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where as before, the sum Zgng,S runs over ordered (distinct) all excursions (e', ..., ef) €
(E.py.5)%, and T(¢7, ¢;) is the sum, over all £; distinct excursions ¢?!, ... ¢/% in Ep, which
do not hit z and which is contained in the excursion ¢/, of the products [, £p, (4, el i),
€ (C*)%=r1s | the family (1°(e7,¢;))
for distinct ¢!, ..., e® € &, p, s, is independent. We claim that

Notice that condltlonally on (g, ed)ect, p, s 1<j<K

(3.27) Egeso [T(ej,ej) | (eg,ed)eegwlﬂ] = Cpypa (W)™ €0 py s 0y (1, ¢, ).

Indeed by definition of &, p, g, the excursion ¢/ can be an excursion from 0D, to 0D,
which does not hit z, or from dD; to x or from x to D1, or a loop at x in D; conditioned
to hit 05. Let us check (3.27) for each of these four cases. Write Q(3.27) for the conditional
expectation term on the left-hand side of (3.27).

If ¢/ is an excursion from 0D, to OD; which does not hit z, then eg € 0Dy, efl € 0D,
and none of ¢/, ..., ¢/% hits . By the Markov property,

Q(3.27) = eg7ed[ZH€D2 u, ga ‘ ] = CD1,D2(U) I 1§D1(u eg’ed)

£
*D2

by using (3.14) for the second equality. This implies (3.27) as &, p,.s.p,(u, eg’eé) —
Epy(u, el e ¢/) in this case.

If ¢/ is an excursion from 0D, to x, then eg € 0D and eﬁl = z. By the Markov property
and (3.16),

. ljD (u,ej) HD (u ej)
C 1 2 ZJ ! 1 7 ? ]‘ - g ]' : : d )
Q(3.27) 1,0, (W) &, (us €] )( Hp. (u, ef,))< Hp, (u, efi))

which yields (3.27) by the definition of §, p, s p,(u, ¢, ¢)) (recalling that ¢J # x and ) =1
in this case). The case when ¢’ is an excursion from x to dD; follows from the same way.

Finally for the case when ¢/ is a loop at z in D; conditioned to hit 0S, ¢/ = ¢/ = 1, 50

Q@ary = vp (7,2 [ZH§D2 u, ey, e 1¢xedﬂ¢}}T35<T]
e[g‘Q

VDl(x 37)[2 H] 1£D2( u, g7 )1{%7&90,2?75:0}]
I/D1 (LL’,SL’)(T@S < Tx) .

Recall from (2.15) that vp, (z,2)(Ths < T;) = Cp, s(x). Using (3.19) completes the proof
of (3.27).
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By (3.27), EQz,z,,a (Mo, (u, @) | (eg, ea)ece, , ] is given by

z,D

—a U Oé -
e CD2( ) — 1 ZCDLD2

{ Z Z ﬁ &a.01,5,05 (U, €, eé)}.

Eff,Dl,s b+ +Hlg=L, {;21,Vj<K j=1

The sum > 7, ... is also

o0 L—

e _
(L _—1>!KZ_10D1,D2(U)L_K Z ( 1)H£mD1,SD2 u, g,e)

L=1 (% ,D1,8

L-1

Z Z H€ID17SD2 u, g>ed)z;{(K_S!(L_K)!CDLDz(u)L_K‘

K=1¢K ), o =1

Since
- at! L-K ot aCp, D, (u)
= — 1,22
L;{ T R (K -1 ’
and Cp, p,(u) = Cp,(u) —Cp,(u), we get (3.25), which, in turn (in view of (3.23)), yields
(3.26). O

4 Construction of the measure M2,

Let D be a simply connected nice domain. Let z and 2’ be distinct nice points of D. For
n > 0, we let Z,, be the set of the connected components of D minus the grid of mesh
size 27". We choose (Z,,, n > 0) such that z and 2’ never lie in any of the grid. We will
abusively call an element of 7, a square (it is not necessarily a square near the boundary
of D). We say that x is suitable if x is in some square D,, € %, at any level n, and is
different from z and 2’. The set of suitable points has full Lebesgue measure.

For any suitable x, we let Dﬁf) be the square in &, that contains z. We let .#_ be the
sigma-algebra generated by the starting and return points of all excursions inside some
square D,, together with the order of their appearances. Then (%, ),>o is a filtration,
and o (U2 . F4,) coincides with o(By, t € [0, T./]).'* We define for any Borel set A,

(4.1) / (z) dux,

13To identify the two sigma-algebras, note that by continuity, it suffices to show that for any disc
B(xz, r) C D (where r > 0 is rational, and z is with rational coordinates), the duration and the exiting
position of Brownian motion starting at any y € B(z, r) and killed upon exiting from B(z, r) are mea-
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where M) (7, ) is defined in (3.15) and M @) (2, ) := 0 if 2 is not suitable.

Note that M¢, (A) is Fy,-adapted. For any suitable z, %5, C # (x) (defined in
Notation 3.4 for the latter), so we can use Corollary 3.7 and integrate over A to yield
that (M%, (A))n>o is an (Fg, )-martingale under P%* . Consequently, the following limit
exists:

i

(4.2) M (A) = lim Mg (A) € [0, c0), P57 -a.s.

n——+00

Theorem 4.1 Let D be a simply connected nice domain, and z and z' be distinct nice
points of D. Fiz 0 < a < 2 and a Borel set A of D. Under IP"BZ/, the martingale
(M, (A))n>0 converges in L' to M2 (A).

In order to prove Theorem 4.1, we first remark that by Corollary 3.6, the (finite)
measure [, Q7 z 20" (8) Mp(z, o) dz has Radon-Nikodym derivative M¢, (A) with respect
to IP’DZ on J_@n. We assume without loss of generality that A has a positive Lebesgue

measure. Let

(4.3) Qi’zl’a(o) = /@” (o) Mp(x,a)dx

fMDxadx

be the normalized probability measure defined on o (U2 (%4, ).
By an elementary fact (see Durrett [6], Theorem 5.3.3), Mg, (A) converges in Ll(IP’gZ,)
if and only if M2 (A) < o0, QF a5, where M2 (A) is the Q% 0 g s, limit of M¢, (A),

which exists since 1/M$, (A) is a nonnegative supermartingale under Q7

Then Theorem 4.1 follows from the next proposition.

Proposition 4.2 Let D be a simply connected nice domain, and z and 2’ be distinct nice
points of D. Fiz 0 < o < 2. Then

(4.4) Q“ (M (R?) < o0) =1, Lebesgue-a.e. x € D.

As a consequence of Theorem 4.1, we have

Corollary 4.3 Under the assumption of Proposition 4.2, we may define a random finite
measure m on the Borel sets such that szl—a.s., m is the weak limit of Mg, . Moreover,

for any rectangle A, m(A) = lim,,_,o,o M9, (A), P57 -as.

surable with respect to o(U2 ;.%g, ). This, however, is quite straightforward because by continuity, the
number of crossings and their positions between two concentric circles (hence the local time on any circle,
hence the duration by integration over local time) are measurable with respect to o(US2 q.Z 4, ).
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Proof of Corollary 4.3. The argument is routine; we give the details for the sake of
completeness.

First, note that the sequence (M$, ),>¢ is tight, all the measures being supported in
the compact set D; so we can extract a (random) subsequence, say (n(k), k > 1), along
which M”‘%(k) converges weakly to some finite random measure m.

We may define M$ (A) such that Pijzl—a.s., (4.2) simultaneously holds for all rectangles
A with rational coordinates. For any ¢ > 0 and rectangle A, let A, . be an open rectangle
and A_ . be a closed rectangle both with rational coordinates such that A_ . C AcAc
Ay . and fA+,5\A7,5 Mp(z, a)dx < e. By the L'-convergence in Theorem 4.1, for any
e >0, EEZI(MC‘;’“O(AJDE) — M3 (A_,)) = fA+,5\A7,5 Mp(z,a)dz < e. It implies that for any

rectangle A,
(4.5) inf (Mg, (Ay.c) = M3,(A-)) =0 P37 -as.

Consider the event &/ on which (4.2) and (4.5) hold for all rectangles A with rational

coordinates. By the Portmanteau theorem, for any ¢ > 0, we necessarily have m(A) <

o

m(A; ) <liminfg MG, (At o) = M2 (Ay o), and similarly, m(A) > M2 (A_ ). Con-
sequently,
m(9A) < nf(M2(A) ~ ME(A_ ) =0

for any rectangle A with rational coordinates on the event .<7. The Portmanteau theorem
implies that m(A) = limy_, MG (A) = M2 (A) for any such A, which by the monotone
class theorem yields the uniqueness of the limit measure m on &7 and proves the szl—a.s.
weak convergence of the sequence (M, ),>o to m. Finally, for any rectangle A (regardless
of the rationality of the coordinates of A), equation (4.5) holds P’le-a.s., hence the same
reasoning shows that m(A) = lim,, ., M% (A), P37 -as. O

Definition 4.4 (Definition of M%) In the sequel, by a slight abuse of notation, we still

denote by MS the finite random measure m in Corollary 4.5.

Theorem 4.1 implies in particular that E%* (M2 (D)) > 0. Furthermore, P%*-a.s.,
M, is not trivial, see Proposition 5.3.

The rest of this section is devoted to the proof of Proposition 4.2. Firstly we present
in Section 4.1 some preliminary estimates under Q;’j;’a by means of elementary properties

of &£p; then we give the proof in Section 4.2.
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4.1 Preliminary estimates

Let z € D. Let y, 2 € D be distinct nice points, different from x. Recall from (3.1)

that {p(z,y,2) = 2”HDI%%;€§’ @2) By properties of harmonic functions under conformal
transformations, we see that &p is invariant under conformal transformations: if D and
D' are two nice domains, z # 2’ nice points of D, ¥ : D — D’ a conformal transformation

such that ¥(z) and ¥(z') are nice points of D’, then
Ep(U(x), U(2),¥ () = Ep(a, 2, 2").

Lemma 4.5 Let D be a simply connected nice domain and z' € 0D be a nice point.

(i) For any x € D, and any nice point z € 0D different from 2', we have
(4.6) Ep(x,2,2") < 2.

(i) For any 6 € (0,1), there exists some positive constant ¢y = c4(6, D) such that for

any x,z € D with |x — z| > §, we have
(4.7) Ep(x,2,2") < ey

Proof of Lemma 4.5. Observe that {p(z, 2, 2") = &0,1)(0, ¥(2), ¥(2')) for ¥ a conformal
map from D to B(0,1) which maps = to 0. It is well-known (see Lawler [10], Chapter 2,
formula (2.6)) that for any |a| < 1 and |b| = 1,

(4 8) H ( b) = 71 ‘ |2
. a .

It follows that for |b'| = [b] = 1, Hgo1)(V',b) = m (see Lawler [10], Chapter 5,
Example 5.6).

If z € OD, then |¥(2)| =1 and £g01)(0, ¥ (2), ¥(2')) = 1[¥(z) — ¥(2)]* < 2 yielding
(4.6).

It remains to treat the case z € D with |z — x| > 0. Write a := ¥(z) for notational

brevity. Using the elementary fact that for any |a| < 1, Hg1)(0,a) = % log ‘71”, we have

1

(4.9) E80,1)(0,W(2), ¥ () = (log —)

1
ja— B _ Aoy
a]

L—la* = 1—lal’

where we used |a — ¥(2')| < 2 by the triangular inequality and 1 — |a]?> > 1 — |a].

Now we estimate |a| from below. Observe that |z — z| = [~ (a) — T71(0)] <
|a| supg<;<i [(¥71) (at)|. Applying Corollary 3.19 (Lawler [10], Chapter 3) to the con-
formal transformation ¥~! which maps B(0,1) to D, we get that for any 0 < ¢t < 1,
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|(T~1Y (at)| < A4 a)OD) g diam(D) " yohore diam(D) denotes the diameter of D. Then

1—|at| 1—|a|
|z — x| < 4diam(D)1‘_L‘L|. Since |z — x| > § by assumption, we deduce that |a| > n, with
n = m. Going back to (4.9), we get that {p(x,2,2") = &g(0,1)(0, ¥(2), ¥(2')) <
1
SUD, <y <1 % =: ¢4, proving (4.7). O

From (4.8), we have the following lemma.

Lemma 4.6 For each € > 0, there exists n > 0 such that |% — 1] < € for any

bl =1 and |a| < n.

2,2«

In view of the proof of Proposition 4.2, we now study loops from z to z under Q"

For any r > 0, we denote by

(4.10) N(z,r) := #{loops from z to  which hit C(z,r)},
(4.11) Y(x,r) = > &pn(@ e eq) Lagy,
2663(1,7‘)

where Eg(, ry is the set of excursions inside B(z, r) as defined in Notation 3.3, and ¢ is
defined in (3.1).

Let z # 2’ be distinct nice points of D, different from z. Let 79 € (0, 1) be such that
B(z, r0) C D and z, 2’ ¢ B(z, ro). Let 1y, := 5 for k > 0.

Lemma 4.7 Let a > 0. As k — o0,
(i) N(x,r) ~ alog %, Q;:Z[;’a—a.s.;

(i) V(z,7%) ~ a(log -)?, ch:z[;’a—a.s.

Proof of Lemma 4.7. (1) We start by mentioning a simple fact on the concentration of a
Poisson variable: Let N, be a Poisson random variable with parameter A > 0. By the
standard large deviation principle, for any € > 0, there exist some § > 0 and A\g > 0 such
that for all A > ),

(4.12) IP><|NA A > 5>\> < o0

Under Q;:g’a, the number of loops from x to x that hit C(x, ) is a Poisson variable of
parameter a vp(z, x)(Te(,rn) < Ty) (see Section 1.2). By Lemma 2.3 (ii), vp(x, 2)(Te (@) <
T,) = fc(x ) Gp(2,y)Hpwr) (2, y)dy ~ log(1/ry) as k — oo. By (4.12) and the Borel-

2,2«

Cantelli lemma, N (z,71) ~ alog(1/rx) as k — oo, Q;"-a.s. This proves (i).
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(ii) For each r > 0, the contribution to the right-hand side of (4.11) comes from the
paths of the excursion from z to z, of the N(z,r) loops which hit C(z,r), and of the

excursion from x to z’. Consequently for any k > 1,

N(z,rg)
T(ZL’, Tk) = Tbegin + Z Y} + Tenda
j=1
where under Q;’j;’a, Yvegins Yena, 11,75, ..., are mutually independent (and independent

of N(z,ry)) such that Ve and Yi,q are distributed as Y'(z,7;) under P3" and IP)QBZ/
respectively, and for any j > 1, 75 has the same distribution as that of 7"(z, ;) under
vp(z, :):)( o [ Tem) < Tx). [For the sake of presentation, we have introduced 7; for all
J > 1; we have also omitted the dependence on k in the notation Ypegin, Xend and 173,
j>1]

We claim that

(4.13) @azc’,z[;a(y‘beyin) = Q:Zc:z[;a(y‘end) = QZ 5 Q(Tl) CDvB(x,T’k)(z)-

In fact, notice that HB(x r)(T,2) = 0 as well as Hp( (2, 2') = 0. Applying (3.17)
to L = 1 gives that Q“ *(Yoegin) = Cp Bz, (). In the definition of 7'(x, ) in (4.11),
EB(ar) (T, €9, €4) = EB(ar) (2, €4, €4), 5O by the time-reversal property (2.9) for the path from
x to 2/ and another application of (3.17) to L = 1, we get @ZZ *(Yend) = Cp,Blary) ().
Finally, recall that vp(z,2)(Te@r) < Ts ) Cp Bz, () by definition (see Lemma 2.3).
Applying (3.18) to L = 1 gives that Q}’ 2T = Cpg (@) (2) and completes the justifi-
cation of (4.13).

By Lemma 2.3 (i), Cpsw,m)(t) = fom Go(@ ) Hpwm (T, y)dy ~ log(1/ry) as
k — co. [A fact already used in the proof of (i )]

From (i), the statement (ii) immediately follows once we have shown that for any

deterministic sequence ny such that liminf,_,o 2= > 0,

(4.14) [Tbegzn +Yona + Z T nk + 2) CD7B(I,T,,€)($)] — 0, Q;:ZDI70!_&.S.

7=1

To get (4.14), we shall use the following inequality (see Petrov [17], Theorem 2.10):
There exists some constant ¢; > 0 such that for any sequence of independent real-valued

integrable random variables (7;);>1,
(4.15) E) Z s ‘ <en? Y B[], ¥n> 1.
i=1
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Using the fact that g (2, ¢4, ¢q) is bounded by 2 (see (4.6)), we deduce from the

definition of 7°(z, ) in (4.11) that for some numerical constant ¢, [we may take ¢y = 24|,

LL’ Tk S Z Z Hglgmm x, g,ed)1{2175m257éx},

L=1 L =
B T

where as in the previous section, ZQL( : is a short way to denote sum over all ordered
=Bz,

(distinct) excursions (e',...,¢") € (Erm))™

From the equations (3.17) and (3.18) with L € {1,2,3}, Dy = B(x,ry) there, we see
that there exists some positive constant c; = c3(z) such that the third moments of 13 gin,
of T,na and of 77 are less than cs (log(1/ry))3.

Recalling (4.13). It follows from (4.15) that

2,2« 3
@x’,D [ (Tbegzn + Tend + Z T nk + 2) C'D B(z,ry ( )) ‘ :|
j=1
2)3/2 1
< acs (r +6 ) (log —)?,
k Tk

which is summable in £ thanks to the assumption on ny: liminf,_, . "—kk > (0. The Borel-

Cantelli lemma yields (4.14) and completes the proof of (ii). O

4.2 Proof of Proposition 4.2

We fix D, z # 2’ nice points of D. Let 0 < a <2 and 0 < p < 2 — a. Take v = v(p) and
e = ¢(p) such that v > «, ¢ > 0 and

(4.16) 21 +e)y/ya—a+o<2.

Let n € (0,1) be the constant in Lemma 4.6 associated with our choice of €. Let K > 5
be such that 275 < 7&. Constants cs, ¢, ... in the proof can depend on D, z, 2/, a, 0, v,
e, K even if not specified.

Let z € D be a suitable point, meaning, as before, that x is in some square D,, € %,

at any level n, and is different from z and 2’ (recall that the set of suitable points has full

Lebesgue measure). Let ry € (0, 1) and 1, = 27, let
E(m)(ro,y) = {d(a:,@D U{z2}) > 7’0} N
1 1
(4.17) Niso{ N(z,7%) < ylog = Tarme) < y(log 5)2}-
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We assume, for the moment, that for all suitable x € D,

] M (du) N
(4.18) lim sup 1{d(x’8D£Lx))22%n}EQ;,%,a [/D jni, B )(7“0,7) < ¢e5(ro),

n—-+o00 |u - x|g
where c¢5(r9) is some positive constant depending on 9. We claim that Proposition 4.2
will follow from Lemma 4.7 and (the case p = 0 of) (4.18). In fact, for any ¢ > 0, we
deduce from (4.18) (with o = 0) that
iminfE .. . [min (¢, M% (D)), E®(r,7)]

n——+o0o Q:v D
< ¢5(ro) +chm1nf1{d( D)<y

= CS(TO)a
for Lebesgue-a.e. x € D. By Fatou’s lemma, it gives that for any ¢ > 0,
EQZvZI;vQ [I'Illl'l (Cv Mgo(D» ) E(m) (T07 7)] S 05(T0)7

then, by monotone convergence,

(4.19) [ME(D), E@ (ro,7)] < e5(r0).

Bazge
We deduce that for Lebesgue-a.e. z € D, @iZDO‘ a.s., M2 (D) < oo on the event E® (rg, 7).
By Lemma 4.7, we have for any = € D\{z, 2'},

(4.20) O‘(D )—1

Hence we get (4.4). [The case 0 < p < 2 — « in (4.18) will be used in Section 6.]

It remains to prove (4.18). We fix 7y > 0 and suitable x € D such that d(z,0D U
{z,2'}) > ro. We write By := D and By := B(«, rk) for any k > 1. We distinguish three
possible situations (i) |u—z| > rg with u ¢ Dn , (ii) Ju — 2| < rg with u ¢ DY and
(ili) u € D). We suppose that d(z, oD ) =—, which means that x is not too close to
the boundary of DY,

First case: |u — x| > rx with u ¢ D Since we are going to integrate over u with
respect to the Lebesgue measure, we suppose, without loss of generality, that u is a suitable

point. With the notation of Proposition 3.9, observe that M D(u)( a) = Myw(u, )
)

since the excursions inside DY cannot hit z. Recall the definition of 7} D180, (1) in

(3.24). We are going to take D; = D, S = By and Dy = D). Then Y w08y ot (W) 18
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(possibly) contributed by excursions from z to z, from x to 2’ and by the loops at x in D
which hit C(z,rx). By definition,

Y, b5y (1)

_ %(HDW, 2) = H o (u, 2)) (Hp (u, ) — H o (u, 7))
+%(Hp(u, #) = Hypo (u, #))(Hp(u, 2) = Hyygo (u, )
+%(Hp(u, 1) — Hpyo (u,2))? Nz, rc).

by recalling that N(z,rg) denotes the number of loops at z which hit C(x,rx). This
implies that
Gp(u,x)?

(421) 7 w(u) < €p(u,z,2) +Ep(u, 2, 2') + oo ()

z,D,Bg,D N(37>7’K) =:C@.21)

recalling that Gp(u,x) = 2rHp(u, ).
By applying Proposition 3.9 to D1 = D, S = Bx and D, = Dﬁlu), we get that

EgeraMpe(u, @) [N(z,1x)] = EgeoralM, poo(u, @) [ N(z,7x)]
(422) S 0(4-21) e_acD(u) e2\/m.

Let us control the three terms in c(21). For the last term in c(421), we remark that
since |u — x| > rx, we have, by Lawler [10] Proposition 2.36, Gp(u,x) < log diam(D) +
log% (where diam(D) denotes, as before, the diameter of D). For any |y — x| = r,
Gp(z,y) > logd(x,0D) + log i (again by Lawler [10] Proposition 2.36). It follows that
Cppy(x) = fc(m}{) Gp(,y)Hpwri)(®,y)dy > log(ro/ri). On the event E®(rg,v), we
have N(z,rx) < y(logrk)?, hence for some constant cg = cg(ro, K, D, ),

Gp(u,x)?
Cp sy ()

To control &p(u,x,2) + &p(u,x,2") in cuory, we discuss separately two cases: If
z € 0D, then we apply (4.7) to see that {p(u,x,2) < ¢. If z € D, Hp(u, x) is
bounded as seen in the previous paragraph (recalling that |u — z| > rg), Hp(x, z) >
infy. ay.opugzy)>r0 Hp(y, 2) =t ¢7(ro, 2, D) > 0, hence {p(u,x, z) = 27TZZEZ:Z;HD(U,Z) <
2mc; Hp(u, z). We get that for 2 € D, {p(u,x,2) < calqzcapy + 2merHp(u, 2)1zepy =:

N(z,rk) < cg.

f-(u). A similar bound holds for {p(u, , 2’). Therefore we have shown that on the event
E(x) (To, 7)7
caan) < co+ fo(u) + fo(u) = fo(u).
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Going back to (4.22), we see that
Egere | Mppo (u, @), B9 (ro,7)]
EQZ%,@ [MD%U) (u,a), N(z,rg) < ~y(log TK)2]

foor(u) e @@ o2Vl W)

IN

IN

Y

which implies that

M2 (d
EQz,z’,a {/ M E(x)(ro,v)}
x,D
’ |lu—z|>rx

ju—xle

d
lu—z|>rK -

IA

(4.23) < e,

with ¢ := rg? [ fo(w) e~ Cp(u) g2V ale (W) gy <« o0,

Second case: 1 i1 < |u— x| < 1k for some k > 0, with u ¢ DY We still have

M Dgu)(u, a) =M

@ oo (u, ). We claim

(4.24) DY c By, 9D C By

To see why D" C B, holds: It suffices to check lu — x| + /2 x 27" < 7}, which is
casy. Indeed, |u — x| < rpyx < $73 (since K > 1), and since d(z, 8D,({E)) > 127" we also
have v/2 x 27" < /2 x 4d(x, 8D,({E)) < V2 x 4u — x| < V/2 x 47}, i which is smaller than
17y (since K > 4).

We now prove the second inclusion in (4.24) by discussing on two possible situations.
If rpyk1 > 5r, then trivially |u — @] > rppxi1 > Tepkes + V2 x 27", which yields
oD Bi. k.5 1If, on the other hand, rpixi1 < 5,
yields By x5 C (ODS)e (because d(z, DY) > 127™), which, in turn, implies oD ¢
Bi, .5 As such, (4.24) is proved.

Recall the definition of Y, p, s.p,(u) in (3.24); we take Dy = By, S = Byix5 and
Dy =Dy, Then T

x78k78k+K+57D’ELU)
to z, from = to C(x, ), by the loops in By which hit C(x,ry.k45), and by excursions

then ry .5 < iQ‘", which

(u) is (possibly) contributed by excursions from C(x, ry)

from C(x,7y) to itself without hitting x. [The latter excursions make the most significant

contribution to 7° We claim that for some positive constant ¢y only

@By, Byt 45, D% (u)]
depending on K and all ¢ € &,

By, By 1 k159

(425) U, egq, ed) < cqp-

€x78k78k+K+57D£Lu) (
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To prove (4.25), we start by noting that H . (u,z) = 0 (because = ¢ D%u)) and

H e (u,y) =0 for any y € 9B = C(x,7x). Hence by (3.22),

£m78k78k+K+5,D51u) (U’ ega ed) -

2 :
(27T)2 (HBk (u>I)) /CBkyBk+K+5(x)7 if €g = ¢€q = T,
€, (u, ¢4, ¢q), otherwise.
If eg,eq € C(x, 1), we use (4.7) to see that gm,Bk,Bk+K+5,D5ﬁ)(u’ eg,¢q) < 2; otherwise,
we use the following explicit computations: Hpg, (u,z) = 5-log i OBuBiyres(¥) =
7‘2.— U—ZEQ
logm:—;+5 = (K +5)log2, Hp, (u,y) = 27r17"k k‘U‘—y|2‘ and Hp, (z,y) = 27rlrk for any y €

C(z,7g). Since rprr+1 < |u — x| < rpik, we easily get (4.25).

For ¢ inside C(z, ) which does not hit z, we have by our choice of K and Lemma 4.6,
gBk(u’ g ed) < (1 + 5)2§Bk ({K, ¢g) ed)'

With the notation of (4.10), the number of excursions from C(z,7y) to z, from z to
C(z,7t), and the loops in By, which hit C(z, rp+x15), is less than 2N (x, x4 k45) + 2. [The
presence of +2 is due to the path from z to z, and to the path from z to z’.] In the

notation of (4.11), we have
(4.26) Tz,D,B(w,r),Dﬁf‘) (u) < (14+e)*Y(z,re) + 2c10 (N(z, pss5) + 1) =: C(4.26) -

In view of (4.24), we are entitled to apply Proposition 3.9 to Dy = By, S = Brixs and
Dy = D to see that,
EQz,z’»a [MD<u> (u, @) | N(z,1h1115), T2, 71)]
x,D n

= EgrolM, o (u0) | N(@, rpscss), V()]
< cuags e Oy (1) o2/@C(126)

Recall the definition of Cs(u) in Lemma 2.3. We see that Cp, (u) > log(1/(2ry)). By the
choice of the event E®(ry,v), we deduce the existence of a constant ¢;; depending on

(K, e, a, ) such that uniformly in u satisfying |u — z| < rx and u ¢ D,

, (@) ‘11 ( 1 )2
(427) EQ;:ZD’Q |:MD7(L“) (U, O{), E (TO, 7)] S |u _ x|2(1+5)\/@_a log ‘U; o LU‘ .

Third (and last) case: u € DY) Here we assume that n is large enough so that
DY) ¢ B(x,ry). Recall that d(z,@Dﬁlx)) > 22 Let a, be the smallest integer j > K

such that r; < %. In particular, B,, C D,({E), so the number of excursions in &,
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which hit z is smaller than N := N(z,7r,,) + 1. For all 0 < m < L, and for all ¢!, ..., ¢"
distinct and ordered excursions in & D) which do not hit z, consider the set of ¢!, ..., e
distinct and ordered excursions in &, such that {e*,....e™} C {e', ..., el} and any ¢ €
{er, .. ePP\{¢",...,e™} hits z. We remark that the cardinality of this set is less than
(5)-

Recall from (4.6) that & @ (u,y,y') < 2 for any y,y' € oD . Tt follows that

LZ: Hgl)(z) u, g’ed ZQL_m <L Nm) Ggm)(u)u

SO

where O (u) := 1 and for any m > 11

- Z H £D£{T) (u7 eg7 eil>1{:c¢e]}

@ 7
We get that for any u € D )
MD£§”)(U «)
o (W) 00 L
< e o < Oy (u)
L= m=0

—aC (x) (u > L—m O[L_l N
< —_— .
(4.28) < Z@ (1) Z( )2 T (L_m)

To estimate the sum Zzozmax(ml)(- -+) in (4.28), we shall use the following elementary

inequalities: for any b and j two integers and for all s > 0,

(4.29) i(bf (j) bli <)

(=0 /=0

o

®‘|}_L

=0

When m =0, the sum 277 o 4y(--+) in (4.28) is equal to

> (Lai)! (JZ) 3 (22)6 (@JL)

L=1

VAN
[\
=
[Me
Ve
=
S
—_
N——

UON Y =0if N <L—m.
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by using (4.29) for the last inequality. When m > 1, the sum 77 () in (4.28)

is equal to, after a change of variables L = m + ¢,

> N am !
m 1 < 2V 2aN
Z —1+£ (6)—(m—1)!e ’

=0

by using again (4.29) for the last inequality. It follows from (4.28) that

—aC () (1) - A" 2N
Mpe (u,a) < e Pu [2N+Z m@g )(u)] e

(4.30) = [2Ne_a o a1 D(z)(u,oz)} e?V2e N,

with the notation of Proposition 3.9. We want to use Proposition 3.9 with Dy = B,, _k,

Dy =D and § = B,, (Note that DY ¢ B, ik as K > 4). Remark that uniformly in
(z)

u € Dy,

(4.31) 0 < Hp,, o (u,2) = Hpe (u,2) < cz(K).

In fact, if |u—a:| > 22 then Hp, . (u,z) = 5-log T"Z” = < 1982(K +1), by using the fact
that r,, < Z- Now if |u — 2| < 2", then d(u aD) > £ (vecall that d(z,dDS”) >
2. By Lawler [10], Proposition 2. 36 Hp,, «(u,2) = Hpyo (u, ) = =E” log |BTBBGWK
u| — =E° log|BT ) —u| < 5-log 2oy K § 82 (K +2) =: ¢13(K). This proves (4.31).
Usmg (4.31), the similar computatlons leading to (4.25) show that there is some pos-

2 7L/8)
itive constant c;3 only depending on K such that for all u € D for all e € & Bay ¢ Bay

S by o D (1 €92 €) < 13

Recall the definition of 15 p, s.p,(u) in (3.24); we take Dy = By, _k, Dy = DY) and
S = B,,. Remark that for all u € D, lu— x| < V227" < V271, _1 <nre,_x by the
choice of K. By Lemma 4.6, for all y € C(x,7q,-x), Hp,, _,(v,y) < (1+¢e)Hp, . (2,y).
Then similarly to (4.26), we have that

(4.32) r (:c)( ) (1 + 8)2T(l’, Tan—K) + 2cq3 (N(l’, ’l“an) + 1) = C(4.32)-

z Ban K >Ban D
Applying Proposition 3.9 to Dy = B, g, Dy = DY) and S = B, gives that

E ... [M w (u, ) } N(z,rq,), (1 +e)*Y(z, run_K)]

Qx’,D Dn
< cusyne OBy, —1c (W) 2052
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On the event E@(rq,v), N(x,7,,) < 7 log % and 1'(z,7,,_x) < 7 (log ——)?, hence

Tap—K

1
)+ 213 (7 log — + 1) < (1+¢)%y (log )2,

an—K an Ta,

C.32) < (1+ 5)27 (log
where c¢14 = c14(K, v, 79) > 0 denotes some constant in the last inequality. Therefore

E M 7(Iu) (U,Oé), E(m) (71077)]

z,2
Qm,D |: D

< (14 2)%y (log 1427 Comy ) (S14) 2050V
an a

n

and in the

By definition, Cg,, (1) = fo(,,. 108 iy He,, i« (u,y)dy > log

27‘(1,” -K

same way, ') (u) > log ﬁ Using (4.30) yields that uniformly in u € D,

(4.33) E gt [MD;@ (u, @), @ (rq, v)]

1 /2o Tog L 1 \2(1+e)/ay—a
< o5 (IOg_)%z I8 (_> '

an TCln

Recall that 7, < 127" < rq,_1. We deduce from (4.33) that

2 (du
(4.34) E ..« M, E@(rq,7)| — 0, n — 0o.
Qx’D uED,(f) |u - l»|9

Then equation (4.18) comes from (4.16), (4.23), (4.27) and (4.34). This completes the
proof of Proposition 4.2. O

5 Image of of MZ under a conformal mapping

The following result is analogous to [1], Theorem 5.2, with the extensions to all « € (0, 2).

Recall that Cp(z) = — [, log(|z —y|) Hp(z,y)dy and {p(z, 2, 2') = 2”HD1§IQZZ(1Z53)(:C’Z/).

Proposition 5.1 Let 0 < a < 2. Recall that D s a simply connected nice domain and

2,2 mice points of D. For any nonnegative measurable function f, we have
(5.1) E% / flz, BYM, (dz) = / Eges' o ( f(x,B)) e P ¢z, 2, 2')da.
D D =D
Consequently, if for a family of events (Ey)zep, Q;%Q(Em) =1 for Lebesque-a.e. x € D,

then with probability one, the event E, holds for M, -almost all x.
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Proof of Proposition 5.1. By the standard monotone class argument, it is enough to prove
the equality (5.1) for f(x, B) = 1a(x) 1p, where A C D a Borel set and F' € %, for an
arbitrary n > 1. Then the left-hand-side of (5.1) is equal to

5 (M2(A)L,) = / By (Mo (2, 0) 1) da
A
= [ @ e oo,z
A
where the first equality follows from Theorem 4.1 and the second from Corollary 3.6. [

As pointed out in [1], equation (5.1) characterizes the measure M%. To be more
precise, under the assumptions of Proposition 5.1, suppose that there is a random finite
measure m on the Borel sets of R%, measurable with respect to the Brownian B :=
(Bt)o<t<r,,, and which also verifies equation (5.1), replacing M$, by m there. Then
m = M2 P%%-as. To sce it, define m’ := m — M2 . Equation (5.1) applied for m and
M yields that, for any bounded measurable function f,

Eif /D F(z, B)w'(dz) = 0.

Let A a Borel set of R%. For ¢ > 0, taking f(z, B) := m'(A)lycaljm(a)<c, We get that
B3 [ (A)21 v () <c] = 0, hence by monotone convergence, B3 [m'(A)?] = 0. We deduce

the claim.

Let D, D' be simply connected nice domains, and ¥ : D — D’ a conformal transfor-
mation. Let z, 2’ be distinct nice points of D such that W(z) and ¥(z') are nice points of
D’ (U can be extended to a conformal transformation of D U B(z,¢) U B(#/,¢) for some
e > 0, see Lawler [10], p. 48).

Proposition 5.2 The image measure of M2 by ¥ under szl has the same law as the
measure W' (U1 (x))|727* M (dx) under IP’\I’(Z vEn,

Proof of Proposition 5.2. It suffices to show that for any nonnegative measurable function

/.
oyt / F0(x), W(B) MO (dz)

(5.2) = Ep?Y [ f(a, B (W (@) 2 OME (da).

D/
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From Proposition 5.1, the left-hand side is

(5.3) /D Egeore (f(9(2), W(B))) e 2 gp(a, 2, 2)da.

z,D

The conformal invariance of Q;:ZDI’O‘ (which results from the conformal invariance of the
Brownian measures P7", IP’QBZ/ and vp(x,x)) implies that
Egeso (/@) W(B))) = Eguiscna(F(¥(), B)).
z,D W(z),D’
Moreover, £p(, 2, 2') = £/ (¥ (), W(2), (")) and Cp(x) = Cp(¥(x)) + log [¥'(z). By
the change of variables y = W(x), equation (5.3) becomes

[ Bguigona (£ B)) €200 €03, W(), WD (I )0y

y,D’

which proves (5.2) by another use of Proposition 5.1. [J
Proposition 5.3 Let z, 2’ be distinct nice points of D. We have szl(Mgo(D) >0) =1.

Proof of Proposition 5.3. To stress the dependence of D in Mg, we write M3, 5 in

oo
e

this proof. We want to prove that IP’;;Z/( %.p = 0) = 0. By Proposition 5.2, ¢ :=
IP’EZI(MSQD — 0) is independent of z, 2’ and D. Consider D = (0,1)2, and D € %, a

square of mesh ;. The event {M% ,, = 0} implies that {M2 (D) = 0}. Conditionally

on & g and on y, v’ the starting and ending points of an excursion inside D (if it exists),

PgZ’( o (D) =0| 95) <PU (M5 =0)=c

Let 4 := #{D € P, : there is an excursion inside D}. It follows that
c= IP;;Z’( o (D) = o) <E¥ <c/)

Note that ¢ < 1, # € {1,2,3,4}, szl—a.s. and J# > 2 holds with positive probability.
Then the only possibility is that ¢ = 0. U

6 Thick points

Recalling D a simply connected nice domain and z # 2’ nice points of D. By using
Proposition 5.1, we immediately deduce from Lemma 4.7 (i) the following result. Let
N(z,r) be as in (4.10) the number of loops from x that hit C(z, ).
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Corollary 6.1 Let 0 < a < 2. With szl—pmbability one, the measure M is supported

on the set of points x such that

N(z,r)
im =
r—0+ log 1/r

Corollary 6.1 is an extension of [1], Corollary 5.1, to all « € (0, 2).
In the sequel, we establish the relationship between M% and the thick points defined
n (1.2).

Theorem 6.2 Let o € (0,2). With szl-pmbability one, the measure M2, is supported
by the set of a-thick points.

By assuming Theorem 6.2, we are able to complete the proof of Theorem 1.1:
Proof of Theorem 1.1. By Corollary 6.1 and Theorem 6.2, it remains to check (1.3).

The upper bound of (1.3) follows from that of Theorem B. In fact, for any sufficiently
small 7 > 0, the law of (Br,, ., p+t,0 <t < Ter ynp — Tezrynp) under szl is absolutely
continuous with respect to that of a planar Brownian motion. Then we deduce from
Theorem B that

dimp {a-thick points} = 2 — «, P37 -as.,

which in view of Theorem 6.2 yields the upper bound in (1.3).

For the lower bound in (1.3), let £ (rq, ) be the event defined in (4.17). Corollary
4.3 says that P%Z,—a.s., Mg, converges weakly to MS . By Theorem 4.1, the probability
ngl’a defined in (4.3) with A = D there, is absolutely continuous with respect to szl.
Hence M¢, converges weakly to M, gzl’o‘—a.s. In other words, for Lebesgue-a.e. x € D,
@;ZDQ a.s., Mg converges weakly to M.

Let 0 < 9 < 2 — a. Using the same arguments leading to (4.19) and by replacing

M¢, (D) by [, %, we deduce from (4.18) that
M (du .
EQZ’ZI’Q |i #’ E( )(T077) S C5(T0)a
=o' [Jp |u—al

for Lebesgue-a.e. © € D.
Let D) be the set of points # € D such that d(z,0D) > ry. It follows from (5.1)

42



that for any o > 0,

2,2’ Mgo(du)Mgo(dx>
Ep L@ o)
DxD

u— [

MG (du)

u—xle’

= dx e_acD (x) gD (I, Z, Z/)E 2,2 E(-'E) (T07 ’7)
D Qz,D D

< c5(r0)/ dxe_o‘CD(x)gp(x,z,z')
D

< 00.

Hence szl-almost surely, for all o > 0,

ME (du)ME (dx
/ Le@(r0.m) M) < oo
DxD

u— [

By (4.20) and Proposition 5.1, szl—almost surely, M2 -almost all z, U2, E@(27¢ ~)
holds. Then by Proposition 5.3, for some £ > 1, the measure m;(dr) := 1p@) @ ,) M5 (dz)
is not trivial and [, % < 0.

For any Borel set A such that MZ (A°) = 0, we have my(A°) = 0and [, , % =
Jown % < o0. It follows from Frostman’s lemma that dimg(A) > o. This yields
that a.s., Dim(M2) > 0. As p can be as close as possible to 2 — a;, we get the lower

bound in (1.3). This completes the proof of Theorem 1.1. O

Denote by ((e) the lifetime of a loop ¢ and let

(6.1) A=) Cle), 0<s<a.

v<s

Note that A is a subordinator on [0, a] whose sample paths are strictly increasing. The

law of ( under vp(z, x) can easily be computed: it follows from (2.12) that

vp(z,z)(( €dt) = mup(z,z;t)(¢ € dt)
N

(6.2) = wpp(t,z,x)dt.

Let us define (¢7):>o by the inverse of A:

0, ift<T,,
(6.3) =< inf{s>0: A, >t—T,}, if T, <t<T,+ A,
Q, ife>T,+A,.
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By construction, Q;Ea almost surely, ¢ — ¢ is continuous. Moreover, by imitating the

proof in the one-dimensional Brownian motion case (for instance the proof of Proposition
VI1.2.5, [20]), we get that Q;ZDQ almost surely, the support of d¢¥ is exactly equal to the
level set {7, <t <T,+Ag: By =x}. We call (¢7);>0 the family of local times of B at .
We mention that after T, + Ag, B is a Brownian motion started at x and conditioned to

hit z’. Theorems 6.2 and 1.2 will be a consequence of the following result:

Proposition 6.3 For any x € D, @” “oa.s. for all0 <t <T.,

1

t
6.4 1 YR 1 z,r d :Exa
(64) r:%+rz<1ogr>2/0 (et =

where (7, defined in (6.3), denotes the local time at x up to time t (under Q)% o)

By assuming Proposition 6.3 for the moment, we give the proofs of Theorems 6.2 and
1.2

Proof of Theorem 6.2. By definition, ¢4, = a. It follows from (6.4) that sz “a.s.,
lim, o+ = logr fo 1{B,eB(x,r1ds = «, which in view of Proposition 5.1 yields Theorem
6.2. ]

Proof of Theorem 1.2. For any x € D, we define

1 tAT

gf Tli)%L W /0 ].{Bselg(mﬂa)}ds, if the limit exists for all ¢ Z 0,
and £F := 0, V¢ > 0, otherwise. By Proposition 6.3, for any = € D, Q;ZDQ a.s., & =0,
for all £ > 0. Then Q}7, 0 as., t — £F is a continuous additive functional and such that
t — d£¥ is supported by {t € [0,7./] : By = x}. By Proposition 5.1, we get Theorem 1.2.

O

The rest of this section is devoted to the proof of Proposition 6.3. Recall A defined in
(6.1). Let for any » > 0 and 0 < 8 < «,

Tu+Ag T,
[5(’/“) ::/ 1{3363(9677,)}(318 and [a(T’) ::/ 1{BSEB(x,r)}dS'
0 0

Notice that Iy(r fo Lip,esamds and Io(r) — In_(r) = f;ﬂma L¢B,eB(zmyds cor-
respond to the tlmes spent in B(x,r) by a conditioned Brownian motion under P7" and
under IP’QBZ/ respectively. In the literature, there is a law of the iterated logarithm for their

asymptotics as 7 — 0T, see Ray [19] and Le Gall [12].
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2,2«

Proof of Proposition 6.3. Proposition 6.3 will follow from the following statement: Q,7,"-a.s.,
for all 5 € [0, ],

) Is(r

(6.5) Tll)r(r)1+ #(g)r)? =

In fact, take § = 0 in (6.5) implies (6.4) for all ¢t € [0,7,]. For t € [Ay + T3, T.],
we remark that I, (r) < fot LiB,eB@rds < Io(r), then by (6.5) we see that (6.4) holds
for these t. Now consider T, < t < T, + Ay, 8 = {f € (0,«). We have Ag_ + T, <
t <Ag+T,. Then Iz_(r) < f(f 1iB,eB@,rds < Ig(r). Applying (6.5) gives (6.4) for any
T, <t<Ag+T,.

In order to prove (6.5), by the monotonicity, we only need to show that for any fixed
B e (0.a], Qip as.,

L 1s(r)
. lim ————
(6.6) e r2(logr)?

= 3.

To this end, let 79 > 0 such that B(x,rg) C D\{z,7'}. For any 0 < r < r¢, denote
by L(r) the local time at C(x,7) of (B;)i>0 (as the occupation time density at r of the
process (|By — x|)i>0) till T, + Ag if < o and till T/ if 8 = a. Then

Iy(r) = /0 " L(u)du.

We will prove that QZ:ZDI’O‘—a.S.,

T

lim L(r)

r—0+ r(logr)?

:2/67

which gives (6.6) by integrating L(-).

Without loss of generality, we suppose that x = 0. We can decompose the trajectories
in B(0,79) as

e Brownian excursions from C(0,7y) to C(0,7¢) which do not hit 0,

e Brownian excursions from C(0,7¢) to 0 or from 0 to C(0,r),

e and Brownian loops at 0 in B(0, ro).

The Brownian excursions which do not hit 0 can be ignored to understand the asymp-
totics of the local time around 0 since none will hit C(0,r) for r small enough.

Let us consider the Brownian excursions from 0 to C(0,7). These excursions are
of finite number almost surely. The norm of an excursion is a two-dimensional Bessel

process stopped at the first hitting time of ro. Its local time process at r € (0,rg) is
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equal in law to the process (rUlog(T0 /r))re(O,ro) where U. is the square of Bessel processes
of dimension 2 starting from 0 (see Exercise 2.6, Chapter XI in Revuz and Yor [20]). By
the classical law of the iterated logarithm for the process U, almost surely as r — 07,
Usog(1/ry = O(log(1/r)(logloglog 1/7)). Hence the contribution to L(r) by the excursions
from 0 to C(0,79) are o(r(logr)?). The same is true, by time-reversal, of excursions from
C(0,79) to 0.

If we denote by Li.)(r) the local time at C(0,r) of Brownian loops (¢s)s<a in B(0,79),

then we have shown that almost surely, L(r) — L )(r) = o(r(logr)?) as r — 0%. It

Ly (r)
r(logr)?2

remains to prove that almost surely, lim,_, o+ = 203, or equivalently

tLe —t
© (.;(e )=2ﬁ-

lim
t—00
By scaling, we may take rp = 1. For a loop e, denote by h(e) := max,>q |e(u)| its

maximum norm (recalling that x = 0). By Lemma 2.3 (ii), we get that

V(0.1 (0,0) (h(e) > 7’) —log(1/r), O0<r<1,

which implies that the point process P(3) := Essﬁ:eseB(o,l) Oflog(1/h(cs))} 15 @ Poisson point
process on (0, 00) with intensity Sdt. Write 0 < u3 < uy < ... < ug < ... for the points of
P(B) and let Ny :=> 77, Liu,<iy,t > 0. Then (Ny);>0 is a Poisson process with parameter
5.

Conditionally on {h(¢) = r}, the norm of a Brownian loop |e(-)| can be decomposed
as a two-dimensional Bessel process from 0 to its first hitting time of r, followed by an
independent copy of the same process going backwards in time, see Pitman and Yor [18].
Therefore, conditionally on {h(e) = e *}, the process of local times at e™* of |e(-)], for
t > s, has the law of the sum of two independent copies of (e *U;_g);>s which by the
additivity of the square of Bessel processes, is equal in law to the process (e_tUt(f)s)tzs,
where U® denotes the square of Bessel processes of dimension 4, starting from 0.

Let U,£4), k> 1, be an i.i.d. copies of U™, independent of {u;}z>1. Then the process

(e Liey(e7)) o, is equal in law to the process (X;);>o where

Xp =Y LUt  t>0
k=1

It is enough to show that almost surely,



To this end, write
Xy =4 (t—up) Lz + X = 4/ (t — s)dN, + X,,
k=1 (G

where X, 1= Y req Liue<sy (Ut(lflk —4(t —uy)). Notice that f(o,t}(t —s)dN, = f(O,t] N¢ds. By
the law of large numbers lim,_,, N? = 3, which yieldsAthat t% f(o,t} (t — s)dNs — 20 a.s.

To complete the proof, we only need to check that X; = o(t?) a.s. It is well-known that
U, — 4s is a martingale and Var(U,) = 8s® (see Chapter XI in Revuz-Yor [20]). Condi-
tionally on {ug}r>1, X is a (finite) sum of independent martingale hence is a martingale.
By Doob’s L2-inequality, we get that for any ¢ > 0,

= %t?’.

E(sup X?) <4E(X?) =32E 1<y (t — ) .

0<s<t 1
Using the Borel-Cantelli lemma gives that almost surely, supg<,<, 1X,| = O(t3/21°()) as

t — 0o. Hence X, = o(t?) a.s., which completes the proof of Proposition 6.3. O

7 Further discussions

7.1 The case o =10

2,2«

In the case o = 0, Q" is the law of a Brownian excursion from z to  in D, followed
by an independent Brownian excursion from x to 2z’ in D. We claim that for any z, 2’ two

distinct nice points of D,
(7.1) M2 (o) =mpu(enD), P5-as.,

where p denotes the occupation measure of the Brownian motion (under IP’%Z,) defined by
w(A) = fOTZ' LB,eaydt for any Borel set A. To identify the two measures, we only need
to show that
(7.2) WIEEZ// f(z, B)u(dr) = / Egze0 (f(:z, B)) ¢p(w, 2, 2 )dx,

D D

z,D

for f(x, B) = h(x)e™Jo MBI with nonnegative Borel functions A and h.
It is enough to prove (7.2) for z € D; the case when z € 9D follows by considering
2y = 2+ e,n, with ¢, — 0% as n — oco.

Consider the right-hand side of (7.2). By the strong Markov property at time 7,

- . , T,
EQ;:ZDI’O (f(l’, B)) — h(:l:’) Egl‘ |:e— OT h(t,Bt)dti| ESBZ [e— f() h(t,Bt)dt] )
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The law P37 is the normalized excursion measure denoted by u7(z,z) in Lawler ([10],
Chapter 5.2). It is up(z,x) divided by the mass 2Hp(z, x), and

po(ea) i= [ pp(e.ais)ds.
0

where up(z,x; s) denotes the measure on the Brownian paths in D of length s, from z to
x (the factor 2 comes from the renormalization of Hp in (2.4)). We refer to Lawler ([10],
Chapter 5.2) for the precise definition of up(z,z;s) and the following equality: For any

nonnegative Borel function F' and for any s > 0,
/ pp(z,x; 8)(F(B,)e Jo MEPI) dg = B [F(Bs> e I B g o TaD]-
D

It follows that
JROL 3 G P
D

_ F(x) — [T n(t,By)dt
| Sy ) e g

Top F(B ) .
— [*? |:/ s e~ Jo h(t,Bt)dt dSi| ’
PlJ)y  2Hp(z B,)

’ T,
which implies that, with g(z) := E}* [e_ Jo h(tht)dt}’

/ EQz,ZI,o (f(:c, B)) ¢p(z, 2,2 )dx
D

x,

z Top — [ HD(BS7Z/>
= 7'(']ED|:/(; h(Bs)g(Bs)e f() h(t7Bt)dthS:| )

It is, by the h-transform (2.7),
T Tz’ - .
WE;}Z / h(Bs)g(Bs)e_ fo h(t,Bt)dtdS]
-Jo

T T, _ T,
B
-J0

o T
= 7B [ f(B., B)as|,
-J0

where the first equality follows from the Markov property at time s. This proves (7.2). O
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7.2 The intersection local times

Fix p > 2 an integer. We take aq,s,...,, > 0 such that > 7  «; < 2 and p pairs
of distinct points (z1,2]),...,(2p,2,) in D. The law of P independent excursions B®,
1<i< p, inside D, from z; to z/ is denoted by ®_ IP’ % For any x € D, we consider
®F_ 1@ZZ’Z *“ the product measure.

Recall the notation M D) (:E ;) in Section 4. For any Borel set A, the Radon—Nykodim
derivative of [, ®7_ 1QZ“Z o MY (x, a;)dz with respect to ®@7_ IP’Z“Z on the o-field

Fg, is given by
Ay
M_@l / HM ) (z, o)

where M) e (z, oy) is associated to the trajectory B®). It is a nonnegative martingale
(in n, adapted to the filtration (Fg,)n>0) hence has an almost sure limit Mc"7*?. We
want to show the uniform integrability of this martingale. We need to follow the proof of
Proposition 4.2 in Section 4.2.

Welet 0 < p<2->" ;. Takey; = vi(0),i =1...pand € = ¢(p) such that v, > «;,
e >0 and )

0+ 21 +e)yFia —a; < 2.
i=1

We keep the notation 7, K, ry € (0,1) and r, = 2. We define E®(ry,v,) as
in equation (4.17), associated to the trajectory B®¥ and the parameters o, ;. We let
E@ (ro,7) :== t_, E@*(ro,7:). We will prove the analog of equation (4.18):

Mal’ "7 (du) .
(d(wop)> 2 E {/D B )(Toﬁ)} < c5(ro).

limsup 1 2
P 5 e Qe lu— |2

n——+0o
The case p = 0 implies uniform integrability. We have
MG (du
i U Mg, (du) E(w)(rw)]
PLQ p  |u—=x|°

/HE Ry Wa B (ro, i) | du.

We now use for each trajectory B®:

e if ju — x| > rg, the equation before equation (4.23):

EQZZ i M(Z) (U, OKZ')? E(m)’ai (T07 f}/l)] S fzi,zlf (U) e Cp (u) 62 \ aifzi'zg )

p{

Y
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o if rp gy <|u— x| <rppg for some k > 0, with u ¢ D equation (4.27):

, (i) N E@ (. C11 ( 1 )2

o if u € DI, equation (4.33), (where a,, is the smallest integer j > K such that

’f’j < %)

Einyzg,ai |:Ml(;2“) (u> Oé,'), E(m) (T0> 72)i|
x,D n

1 i log 1 7 1\ 2(14e)y/aivi—a;
< 5 (log —)2e2\/ 2y log - <_> )
r

an Tan

We can then conclude by integrating over w.

By construction, the measure Mgl " satisfies that for any nonnegative measurable
functions f;, 1 < i < p,
i p .
(7.3) QP B / I1 :(x, B Mz (d)
Dy

x,D

p p
= /E@p in,z;,ai< fi(z, Bm)) e Cr(@ Xy e Hfg(x,zi,zg)dx.
D i=1 i=1 i=1

We refer to Le Gall ([14], Chapter 9, Theorem 1) for a similar decomposition involving

the self-intersection local times. The measure Moy "*? was constructed by other means
by Jego [9], see Proposition 1.2 there.
When a; = ... = o, = 0, 7 ?M%? is nothing else than the image of the p-th

intersection local times measure. In fact, let y(ds;...ds,) be the intersection local times

of p independent excursions BM, ..., B®) which means that 7 is a measure supported by
{(s1y.0ey8,) € RE BY = .. = Bg)} and formally defined by

Y(dsy...ds,) = 6poy(B{Y — BR)) - 60y(BED — B®))dsy - - - ds,.

Then we may check as in the previous subsection that ®‘;’-’:1Pg’zi-a.s., 7P M%Y s exactly

the image of v by the application (s, ...., s,) — Bg). The details are omitted.
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A Appendix

A.1 Justification of (2.8)

The existence of the limiting probability measure szl follows from the Kolmogorov ex-
tension theorem once we have proven that
(A1) lim B (F(Bry o, t20))  exists,

e—=0t ’

for any 0 < r < |z — 2| and for any bounded measurable function F' on K.

Let vp(z) be the excursion measure in D at z defined by

1
(A.2) vp(2) = lim ~P5"

e—0t €

in the sense that for any r > 0 such that DN C(z,7) # 0, any A € o{Br, .., +t:t > 0},

: 1 2+en
(A?)) I/D(Z) (A N {TDOC(Z,T) < T@D}) = lim _]P)D+ * (A N {TDﬂC(z,r) < T@D}) .

e—0t €

We refer to Burdzy ([3], Theorem 4.1 and p. 34-35) for a justification of (A.3) and the
fact that vp(2)(Tprcezry < Thp) < 00. By linearity, (A.3) is true when replacing 15 by
simple functions, then by any bounded measurable function (any measurable bounded
function being limit of simple functions for the uniform norm).

Now let 0 < r < |z — 2|. Using the strong Markov property at time Tprc(., it is
enough to show (A.1) for f(Br,..,,) instead of F(Br, ., ..t > 0), where f denotes
some bounded Borel function.

To this end, we have by the definition of IP)%’Z/ in (2.7) that for any 0 < r' < |z —2/| —r,

lim Egi_enz’Z, <f(BTDﬁC(z,T)))

e—0t
HD(BTDmC(Z/VT/)v Z’)
Hp(z+en,, )

= lim EZD+€HZ |: f(BTDmc(Z,T.))a TC(z’,T’) < T@D]

: 1 z+en
= lim 7ED+ ? [HD(BTDQC(ZQT/V Z/)f(BTDmc(z,r)%TC(Z'J") < TaD:|

by (A.2). This completes the proof of (A.1) and justifies the definition of P%” in (2.8).
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A.2 Justification of (2.14)

Let 7 > 0 be small such that B(z,7) C D and let ® be a bounded measurable function
on K. By the strong Markov property at T¢(,,,

E%° [q)(BTC(x,T')+8’ 82 O)’TC(W‘) < Tx} =E3" [f(BTc(x,r))’TC(w,T) <T:|,

with f(b) := E. ;, [®(Bs, s > 0)]. By the h-transform,

ng [f(BTC(:L‘,'r))7 TC(m,q«) < Tx]

e L
GD (z’ BTC(ac,r') )
GD (SL’, Z)

~ GD(I’,BTC(Q“.))
Sl e ol

= lim E* [

e—0t

f(Breg)s Te(ary < TC(x,a):|

It follows that

. ]‘ Z,T
lim (log 7) By’ |[0(Br,,, ) Teqn < T2

= [E* [GD(I, BTC(x,T'))f(BTC(rﬂ“))] ’

Therefore the proof of (2.14) reduces to show that

(A4) vl ) [@(er.,.,, ) Town < To| =B [Gp(@, Bre.,) ) f(Braq.,,)]

where as before f(b) := E. ;, [®(B)] for any b € C(x,r). By the monotone class theorem,
it is enough to consider ®(er,, ,+.) of form @, 5(¢) = P(er,, 458 < Te(ws) © 1,
where 0 < 0 < r is arbitrary and 6 denotes the usual shift operator. Then

f(b) = B [®(Bas < Tewe))]

_ R GD(xv BTC(z,&))
B GD(x>b)

Q(Bs, 5 < Tews))s Teo@s) < TE)D] ,

where the second equality is due to the h-transform. By the definition of pp(z,z;t) and
the strong Markov property at Te(. ) © 1, )
,UD(ZL', X, t) [(I)r,é(e)> TC(w,r) < Tx]

1, .
= lim —E [(I)M(B), Totws) © O, <t ATop, P*(|By— 2| < 5 < Tap)]

=E” |:(I)T’,6(B) pD(S, x, CI,), TC(w,5) o QTC(%T.) <tA T@D] )
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where s :=t — T¢(z.4) © HTC(“), a = BTC(% 50Te(s and the last equality follows from the

definition of the transition probabilities pp. Taking the integral over t gives that

I/D(.f(f,l') [(br,é(e)v TC(x,T’) < Tm}
= B |,5(B) Gp(@, Bry,onn,,. ) T © Oy < Ton|

By the strong Markov property at T¢(, ) and the h-transform, the above expectation

term E”[---] is equal to

E* [Go (2, Bro, ) (Broi.,,)s Teer) < Ton| -
yielding (A.4) because T¢(, ) < Thp holds with probability one. O
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