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KEY POLYNOMIALS, SEPARATE AND IMMEDIATE VALUATIONS, AND
SIMPLE EXTENSIONS OF VALUED FIELDS

GERARD LELOUP

ABSTRACT. We give a first-order definition of key polynomials, we show the links with previous
definitions, that it is relevant to study key degrees, and to use a kind of valuations that we call
partially multiplicative. We also prove or reprove several properties.

We have changed definitions from the first version of this paper, in order to make them consis-
tent with those of other papers. Some computational and tedious proofs have been omitted in this
new version. The reader can find them in versions 1 and 2 of this paper.

Valuations occur in different areas of mathematics, for example in algebraic geometry. In par-
ticular, some authors studied the extension of a valuation v, defined on a field K, to K[X]. For
this purpose, they construct K-module valuations which converges to v. These K-module valu-
ations are defined using polynomials which are called key polynomials. For his part, the author
of the present article has studied the first order properties of extensions of valued fields. In this
context, vs defecless extensions, immediate extensions and the initial segments v(l — K) (I ¢ K)
play an important role. Now, there are similarities between these two types of studies. We found
interesting to revisit the key polynomials and the associated valuations in the light of another
background. The approach of the present paper relies on euclidean division of polynomials, bases
of vector spaces or modules, and the notions of vs defectless and immediate extensions (Definitions
1.1 and 1.4). Indeed, vs defectless (or separate) and immediate extensions play a crucial role in
the study of the first-order theory of extensions of valued fields ([2], [3], [6], [7], [11], [12]).

Let (K,v) be a valued field and X be algebraic or transcendental over K. Key polynomials
were introduced to approximate an extension of v to the field K (X) by K-module valuations. In
particular, this study uses K-module valuations such that there exists a monic polynomial ¢ of
degree d such that the family (&™) (n > 0) is separated over the K-module K4_1[X] of polynomials
of degree at most d — 1 (they are also called augmented valuations or truncated mappings). Here
we denote them by v. In the case where X is algebraic over K, these K-module valuations cannot
be valuations of fields since they do not satisfy the rule v(fg) = v(f) + v(g). However, they can
satisfy this rule if deg(f) + deg(g) < [K(X): K]. If this holds, then we call them pm valuations.
In fact, ve is a pm valuation if ® is what we call here a weak key polynomial (in short w key
polynomial). These w key polynomials are related to the key polynomials defined by MacLane (we
show that ® being a w key polynomial for v is equivalent to being a MacLane key polynomial for
V), but we do not require to define families of w key polynomials by induction.

In order to construct families of pm valuations which approximate v on K (X), we can restrict to
a subfamily of w key polynomials whose definition differs slightly. We call them key polynomials,
because we prove that these polynomials are the key polynomials defined in [17], [5] and [16] (in
[5] they are called abstract key polynomials). Here, we do not restrict to transcendental extensions
and we give a characterization of key polynomials by means of first order formulas (in the language
of valued fields together with a predicate interpreted by the generator of the simple extension).

We classify the key polynomials according to their degrees, that we call key degrees. On the one
hand, key degrees d such that the set v(X? — K4_1[X]) has a greatest element, on the other hand
key degrees d such that the set v(X? — K4_1[X]) has a no greatest element. This already appeared
in the works of S. MacLane and of M. Vaquié. They construct the key polynomials by induction,
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2 GERARD LELOUP

starting from the degree 1 key polynomials, and two cases arise: the set v(X?¢ — K4_1[X]) having
or not a greatest element. We will show that in the first case we have a vs defectless subextension,
which is generated by a valuation independent element, and in the last one this subextension is
immediate. So in the first case we say that d is an independent key degree, and in the latter case
we say that it is an immediate key degree. In the construction of key polynomials by induction
on the degree, some authors introduced the definition of limit key polynomials. In fact, a key
polynomial is a limit key polynomial if, and only if, the preceding key degree is an immediate one.

In the present paper we do not require the reader having any previous knowledge of key polyno-
mials. As much as possible, we try to use only elementary properties of valuations. However, we
use the graded algebra associated to a valuation in two proofs. Indeed, these graded algebras are a
good tool for providing nice proofs of some properties of vs defectless extensions. With exception
of Section 5, this paper is self-contained.

General properties.

A waluation on a field K is a morphism v from the multiplicative group (K*,-) to an abelian
linearly ordered group (vK,+) called the wvaluation group, which enjoys an additional property.
We add an element oo to vK (0o > vK), we set v(0) := oo, and we assume that v(z + y) >
min(v(x),v(y)), for every z, y in K. It follows that if v(x) # v(y), then v(z+y) = min(v(x), v(y)).
If v(x) = v(y), then v(z +y) can be arbitrarily large. The set {x € K | v(x) > 0} is a local domain
and {z € K | v(z) > 0} is its maximal ideal, they are called respectively the valuation ring and
the mazimal ideal of the valued field. The quotient of the valuation ring by the maximal ideal
is a field which is denoted by K, and is called the residue field of the valued field. The residue
characteristic of (K, v) is the characteristic of K,. We have char K, = 0 = char K = 0. For z in
the valuation ring of (K, v), its class modulo the maximal ideal will be denoted by x,. For every
subset M of K we denote by v(M), or vM, the set {v(x) | x € M}\{oo}.

We assume that v is a finite rank valuation (the rank of v is the number of proper convex
subgroups of vK), so that vK has countable cofinality. If the rank is 1, then vK embeds in the
ordered group (R, +); we also say that v is archimedean.

An extension (L| K, v) of valued fields consists in an extension L|K of fields, where L is equipped
with a valuation v. If L|K is a field extension and v is a valuation on K, then there is a least one
extension of v to L.

Assume that M is a K-module (where K is a field). A mapping v from M to a linearly ordered
group together with an element oo will be called a K-module valuation, if for every y;, yo in M
andz € K: v(y1) =00 < y1 =0, v(yr +y2) > min(v(y1), v(y2)), v(zyr) = v(z) +v(y1) (see. [10]).
It follows that its restriction to K is a valuation of field.

Now, let (K (X)|K,v) be a simple extension of valued fields. If there is no confusion, then for
every polynomial f(X) of K[X] we write f instead of f(X). Let v; be a K-module valuation on
K[X] such that Vf € K[X] v;(f) < v(f). Assume that X is algebraic (so that K(X) = KI[X]), and
that there exists f € K[X] such that v;(f) < v(f). By hypothesis, we have v;(1/f) < v(1/f).
Hence v;(f) < v(f) = —v(1/f) < —v;(1/f). So v;(1/f) # —vi(f). It follows that v; doesn’t
satisfy the rule v;(fg) = vi(f) +v:i(g). Now, we will prove in Proposition 2.8 that, in some cases, if
deg(f) +deg(g) < [K[X]: K], then v;(fg) = vi(f) + v:(g). This motivates the following definitions.

Let v be a K-module valuation. We say that v is partially multiplicative, or a pm valuation, if
for every f, g in K[X] such that deg(f) + deg(g) < [K[X]: K] we have v(fg) = v(f) + v(g). In
the case where [K[X]: K] = oo (i.e. X is transcendental), we assume in addition that g # 0 implies
v(f/g) =v(f) —v(g), that is, v is a field valuation in the usual sense. If v is a field valuation (in
the usual sense), then we will also say that it is multiplicative.

Summary of the paper.

In Section 1 we generalize the definitions of immediate and dense extensions to extensions of
modules, equipped with K-module valuations. We also review definitions and properties of se-
parated sequences and vs defectless extensions. Then we focus on the case of simple extensions.
We characterize immediate simple extensions by the condition that the sets v(X™ — K,,_1[X]) have
no greatest elements (Proposition 1.9), and we characterize vs defectless simple extensions by the
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condition that the sets v(X"™ — K,,_1[X]) haves greatest element (Proposition 1.15). Then we re-
call definitions and properties of the graded algebras associated to valuations. In particular, we
note that in the case of a generalized power series field, this graded algebra is isomorphic to the
ring of generalized polynomials. Furthermore, we prove that a family is separated if, and only
if, its image in the graded algebra is linearly independent (Proposition 1.16). In Section 2 we
characterize w key polynomials, key polynomials and key degrees. In particular, we note that if
® is an irreducible polynomial, then it is a w key polynomial if, and only if, the quotient field
KI[X]/(®) is a valued field. We define the vs defectless K-module valuations v,. We deduce other
characterizations of w key polynomials. These characterizations will be used in latter sections. In
Section 3 we compare the definition of w key polynomials with the definition of S. MacLane and M.
Vaquié (Proposition 2.12). We set properties of key degrees in Section 4. We show that in the case
where v(X% — K4_1[X]) has a maximum, we only need to look at monic polynomials with maximal
valuations. We characterize key degrees, that we call valuational, by means of the value group
(Proposition 4.3). We also focus on conditions for existing only a finite number of key degrees,
since this makes simpler the constructions of families of pm valuations which approximate v. We
look at the case of a dense key degree, that is immediate key degrees d such that v(X¢ — K4 1[X])
is equal to v(K[X])\{oo} (Proposition 4.8). We also give characterizations of the successor of a
given key degree (Theorems 4.9 and 4.10). These characterizations will be useful for proving the
equivalence of our definition and the definition of abstract key polynomials. In Subsection 4.4 we
give a construction of a family of pm valuations which approximate v (defined by a family of key
polynomials), without proceeding by induction on the degree (Theorem 4.12). In Section 5 we
show that the key polynomials defined in [17], [5] and [16] are the same as the key polynomials
defined here (Corollaries 5.3 and 5.5).

Before starting, let us set some notations. Let [ € L and M be a K-submodule of L. We denote
by v(l — M) the subset {v(l — z) | © € M}\{oo} of vL. For any polynomial f, we denote by
v(f(M)), or vf(M), the subset {v(f(x)) | z € M}\{co}.

Note that v(I — M) NvM is an initial segment of vM.

1. IMMEDIATE AND VS DEFECTLESS EXTENSIONS

In order to show the importance of vs defectless and immediate extensions of valued fields as
well of the initial segments v(I — K'), we start by stating some results of model theory of extensions
of valued fields. A valued field (K, v) is said to be algebraically mazimal if no extension of v to an
algebraic extension of K is immediate. If the residue characteristic is 0, then being algebraically
maximal is equivalent to being henselian, i.e. v having a unique extension to any agebraic extension
of K. A famous theorem of J. Ax, S. Kochen and Y. Ershov ([1]) says that the elementary theory
of a henselian valued field (K, v) of residue characteristic 0 is determined by the elementary theory
of its residue field and the elementary theory of its value group. Next, this result was extended
to other families of algebraically maximal valued fields. The aim is to get similar results in the
case of extensions of valued fields. Now, in [7] F. Delon proved that given a theory Tp of fields
of characteristic 0 and a theory Ty of non trivial linearly ordered abelian groups, the theory of
immediate henselian extensions (L|K,v), where K, is a model of Tr and vK is a model of Ty,
is indecidable and admits 2% completions. This theory also depends at least on the family of all
initial segments v(I— K), with | € L\K. Now, if K, L are henselian, charK,, = 0, and (L|K, v) is vs
defectless, then the first-order theory of the extension is determined by the theories of the residual
extension and of the extension of valued groups. The same holds if (L|K,v) is an extension of
algebraically maximal Kaplansky fields or of real-closed fields (see [2], [3], [11], [12]). Furthermore,
we have similar results with dense extensions. In the case where (L|K,v) is an extension of valued
fields of residue characteristic 0, there exists a henselian subfield H, K C H C L, such that
(H|K,v) is vs defectless and (L|H,v) is immediate (see [6]). This shows that it can be interesting
to focus on vs defectless and immediate extensions.

In this section, L|K is an extension of fields and v is a K-module valuation on L.
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1.1. Immediate extensions. If M is a K-module, then we assume that vM has no greatest
element. This holds if K is not trivial. Indeed, for every z € K with v(z) > 0 and y € M, we
have zy € M and v(zy) = v(z) +v(y) > v(y).

Definitions 1.1. Let M C N be K-submodules of L, and [ € L.
We say that [ is pseudo-limit over (M,v) if v(l — M) C vM, and v(l — M) has no maximal
element.
We say that [ is limit over (M,v) if v(l — M) =vM.
The extension (N|M, v) is said to be immediate if every element of N is pseudo-limit over (M, v).
The extension (N|M,v) is said to be dense if every element of N is limit over M.

It follows that if (N|M,v) is dense, then it is immediate.

The proof of the following is left to the reader (see for example [13]).

Let [ € L and M be a K-submodule of L. The element [ is pseudo-limit over (M, v) if, and only
if, for every x € M there exists y € M such that v(l —y) > v(l — ).

Notations 1.2. For v in vL and M a K-submodule of L, let M, , be the K,-module {x € M |
v(z) >~}/{zx € M | v(xz) > ~v}. In the case where v = 0, we often write M, instead od My .
For f € M with v(f) > ~, we denote by f,,, the class of f modulo {g € M | v(g) > ~}.

Remark 1.3. .
1) (N|M,v) is immediate if, and only if, YN = vM and, for every v € vM, N, , = M, .
2) (N|K,v) is immediate if, and only if, vN = vK and N, = K.

Proof. Left to the reader (see for example [13]). O
1.2. Vs defectless extensions.

Definitions 1.4. ([2], [3], [4]). Let M be a K-submodule of L.

1) A sequence (ly,...,l,) of L is said to be separated over M (or v-separated if necessary) if
for every x1,...,x, in M, we have: v(z1ly + -+ + xply) = ming<;<, v(23l;). If M = K, then we
say separated instead of separated over K. An infinite sequence is called separated if every finite
subsequence is separated.

2) The extension (L|K,v) is said to be vs defectless if every finitely generated K-submodule of
L admits a basis which is separated over K. If this holds, then we say that v is vs defectless (or vs
defectless over K).

Note that if (I1,...,1,) is separated, then l,...,[, are linearely independent over K.

In [2] and [3] Baur introduces the terms separated families and separated extensions. The
authors of [4] noted that the word separated can bring confusion in algebraic geometry (for example
with separable extension). So they prefer use the terms valuation independent sets and vs defectless
extensions. Following these authors we use the term vs defectless extension instead of separated
extension. Concerning Baur’s separated families, there is a slight difference with the definition of
valuation independent families. A valuation independent set is separated, but if B is valuation
independent, then B U {1} remains separated.

Example 1.5. Let (K, v) be a valued field. Pick some x in K, some ~ in an extension of v K, and,
for every xg, 1, ..., 2, in K, set v/ (x,(X—2)"+- - -+21(X—2)+x0) := min(v(z,)+ny, ..., v(x1)+
v,v(xp)). Then one can check that v’ defines a pm valuation on the ring K[X]. The pm valuation
V' is vs defectless and 1, (X — z),..., (X —x)",... is a separated basis of (K[X],v').

Note that if #”" is another K-module valuation on K [X] which extends v and such that v(X—z) =
7, then, for every f in K[X], v/ (f) < v'(f).

The following properties provide other examples of vs defectless extensions.
o If (K,v) is a maximal valued field, then every multiplicative extension of (K,v) is vs defectless
([2, Lemma 3]).
e Assume that v is multiplicative on L, that the residue characteristic of (K,v) is 0 and that
(K,v) is henselian that is, v admits a unique extension to every algebraic extension of K. Then
any algebraic extension of (K,v) is vs defectless ([6, Corollaire 7]).
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e Assume that L is a finite algebraic extension of K. Then (L|K,v) is vs defectless if, and only
if, the K-module L admits a separated basis. This is an immediate consequence of the following
lemma.

Lemma 1.6. ([6, Lemma 5]). Let M C N be two K-submodules of L such that M is finitely
generated and N admits a separated basis. Then M admits a separated basis.

The remainder of this subsection is dedicated to properties which make clear the difference
between immediate and vs defectless extensions.

Assume that v is multiplicative on L and that (K, v) is henselian of residue characteristic 0.
Then (L|K,v) is vs defectless if, and only if, L is linearly disjoint over K from every immediate
extension of (K,v) ([6, p. 421]).

Theorem 1.7. ([6, p. 421], [4]) Let N be a K-submodule of L. Then, (N|K,v) is a vs defectless
extension if, and only if, for every finitely generated K -submodule M of N andl € N\M, the set
v(l — M) has a mazimal element.

This theorem has been stated in [6, p. 421], assuming that (K, v) is henselian and char(K,) = 0.
A general proof has been given independently in [4] and [13].

We know that if L|K is finite and v is multiplicative, then 1 < [L, : K,|(vL:vK) < [L: K].
Furthermore, by Remark 1.3, (L|K,v) is immediate if, and only if, 1 = [L, : K,](vL:vK). The
following theorem shows that (L|K,v) being vs defectless can be seen as the opposite case. It has
been proved independently in [4] and [13].

Theorem 1.8. Assume that L|K is a finite algebraic extension of fields and that v is multiplicative
on L. Then (L|K,v) is vs defectless if, and only if, [L: K] = [L,: K,J(vL:vK).

Let (L|K,v) be a finite extension of valued fields (where v is multiplicative). We say that

LK
(L|K,v) is defectless if i 2[£V](Z/L]IVK)
As a corollary of Theorem 1.8 we get that if (K, v) is henselian, then every defectless finite

algebraic extension of (K,v) is vs defectless.

is equal to the number of extensions of v|x to L.

1.3. Extensions generated by one element. In this subsection X is algebraic or transcendental
over K. Recall that if d is a non-negative integer, then K4[X] denotes the K-module of polynomials
of degree at most d. Note that Ky[X] = K and in the transcendental case we let K [X] = K[X].

Proposition 1.9. Let d < d' in NU {oo} such that if X is algebraic over K, then d' < [K[X]:K].
1) (Ko [X]|KalX],v) is immediate if, and only if, for every integer n € {d + 1,...,d'}, v(X" —
K,,—1[X]) has no mazimal element.

2) Assume that v is a pm valuation and that vK4[X] is a subgroup of v(K[X]). Then the extension
(Ko [X]|Kq4[X],v) is dense if, and only if, for every integer n € {d+1,...,d'}, v(X" — K,_1[X]) =
Z/Kd[X].

Proof. 1) =. Assume that, for some integer n € {d+1,...,d'}, v(X" — K,,_1[X]) has a greatest
element v(f). If v(f) is not in vKy[X], then vKy[X] # vKy[X], and, by Remark 1.3 1), the
extension is not immediate. Suppose that v(f) € vK4[X], say v(f) = ~. For every g € Ky[X] we
have v(f —g) < v(f), hence f, ., # g-.,. It follows that (Ku[X])~,, # (Ka[X])y,, so the extension
is not immediate.

<. Assume that (Kg [X]|K4[X],v) is not immediate, and let n be the smallest integer such that,
for some polynomial f of degree n, either v(f) ¢ vK4[X] or, for every g € Kq[X], fy. # Gyus
where v = v(f). Note that, by dividing f by an element of K, we can assume that f is a monic
polynomial of degree n.

First assume that v ¢ vK4[X], and let g be a monic polynomial of degree n. Then deg(f—g) < n,
hence, by minimality of n, v(f — g) € vK4[X]. So v(f — g) # v(f). It follows: v(g) = min(v(g —
£),v(f)) <wv(f), which proves that v(f) is the greatest element of v(X” — K,,_1[X]).

Assume that v = v(f) € vKy[X], and, for every g € Ky4[X], fy,. # ¢y,. Let g be a monic
polynomial of degree n. If v(g — f) # ~, then v(g) = min(v(g — f),v(f)) < v(f). Now, assume
that v(g — f) = v. We have deg(f — g) < n, hence, by minimality of n, (¢ — f),,, = h,, for some
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h € K4[X]. Therefore we have £y, £ (g )y S0 v(g) = v{g—f+F) = min(w(g—F), v(f)) < v(f).
Consequently, v(f) is the greatest element of v(X" — K,,_1[X]).

2) If (K¢ [X]|Kq[X],v) is dense, then it is immediate. Hence for every integer n € {d+1,...,d'}
we have: v(X" — K, _1[X]) C vK4[X]. Furthermore: v(X?*! — K [X]) = vK4[X]. Now, for every
integer n € {d+2,...,d'} we have v(X" — K, _1[X]) D v(X* = X"~ (DK X]) = (n— (d+1))v(X)+
v(XT — Ky[X]) = vK4[X] (since vK4[X] is a subgroup). It follows: v(X" — K,,_1[X]) = vK[X].

Conversely, assume that for every integer n € {d+1,...,d'} we have v(X" — K,,_1[X]) = vKg[X].
Then in particular it has no greatest element. So by a) (Ku[X]|Kq[X],v) is immediate. Let
f € Kg[X], n be its degree and x,, be the coefficient of X" in f. Without loss of generality we can
assume that the integer n belongs to {d + 1,...,d'}. We show that for every v € v K [X] there is
g € K4[X] such that v(f —g) > . For every g,—1 € K,,—1[X] we have f/x, —g/x, € X" — K,_1[X].
Hence since v(X™ — K,,_1[X]) = vK4[X] which is a subgroup, we can choose g,_1 € K,_1[X] such
that v((f/xn) —(gn-1/Tn)) > v—v(xy). Hence v(f —gn—1) > 7. In the same way, ford < j <n—2
we get g; € K;[X] such that v(g;11—g;) > 7. Therefore v(f —gq) = v(f —gn-1+- - +9ga+1—9a) >
min(v(f—gn-1), .-, ¥(ga+1—9a)) > 7. So every element of K4 [X] is limit over K4[X]. This implies
that (K4 [X]|K4[X],v) is dense. O

We turn to vs defectless extensions, and we start with properties of separated sequences.

Lemma 1.10. ([3, p. 676]) Let (I1,...,l,) be a separated sequence of elements of L, y in L\{0}
and ki, ..., ky in K\{0}. The following holds.

Every subsequence of (l1,...,l,) is separated.

The sequence (k1ly, ..., knl,) is separated.

If v is multiplicative on L, then the sequence (yli,...,yly,) is separated.

Lemma 1.11. ([2], [3, (S4), p. 676]) Let (I1,...,ln) be a sequence of elements of L such that:
Vi, 1 <i<n,v(l;) =0. Then (Iy,...,l,) is separated if, and only if, (I1)y, ..., (ln), are linearly
independent over K,. This can be generalized in the following way. If v(ly) = --- = v(l,) = g,
then (l1,...,1,) is separated if, and only if, for every x1,...,x, in {x € K | v(z) = 0}U{0}, either
vzl + - Faply) =g orzy ==z, =0.

Proposition 1.12. Let l;1,...,lin,, 1 < i <p, be sequences which satisfy:
Vlal S { S p7v]71 SJ S nwl/(l’bj) = V(lil) < o0

and the v(l;1) are pairwise non-congruent modulo vK. The following assertions are equivalent.

The sequence l1, ... lin,, 21, s lany, -y lp1s oo lpn, 1S separated.

For every i in {1,...,p}, lir,lia, ..., lin, is separated.

If v is multiplicative on L then this condition is equivalent to:

for every i in {1,....p}, 1, (lial;;)us - - o, (lin,1:7Y), are linearly independent over K, .

Proof. Assume that the sequence is separated. Then by Lemma 1.10, for 1 < ¢ < p, the sequence
li1, li2, . . ., lin, is separated.

Conversely, let 11,..., %10, %215+, T2n0, -+ Tply -+, Tpn, 0 K. For 1 < ¢ < p, set y; =
Tinlin + - + Zin,lin,. Since U1, ..., iy, is separated, we have: v(y;) = min{r(z;;) +v(l;) | 1 <
j < m;}. Therefore, the v(y;)’s are pairwise non-congruent modulo vK. In particular, they are
pairwise distinct, and v(y; + -+ y,) = min{v(y;) | 1 < i < p}. This proves that the sequence
111, ceey l1n171217 ceey l2n27 . 7lp1, ey lpnp is Separated.

If v is multiplicative on L, then

lit, iy« .., lin, is separated if, and only if, 1, (lizl;ll)7 e (Zmilal) is separated.

By Lemma 1.11, this in turn is equivalent to 1, (ligli_ll)u, ce (lmili_ll),, are linearly independent
over K, . O

Lemma 1.13. Assume that (L|K,v) is vs defectless. Let M be a finite K-submodule of L and
Il € L\M. Then every separated basis of M extends to a separated basis of the K-submodule
generated by M and [.

Proof. The proof is left to the reader (see for example [13]). O
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Proposition 1.14. Let d € NU{oo} such that 0 < d and if X is algebraic over K, then d < [K[X]:
K. Then (K4[X]|K,v) is vs defectless if, and only if, the K-module K4[X] admits a separated basis.
Furthermore, we can assume that every polynomial of this basis is monic and that the mapping
f = deg(f), from this basis onto N, is one-to-one.

Assume that X is transcendental over K, and that v is multiplicative on K(X). Then (K(X)|K,v)
is vs defectless if, and only if, the K-module K[X] admits a separated basis. (= holds even if v is
not multiplicative).

Proof. Assume that (Ky[X]|K,v) is vs defectless. By Lemma 1.13, the separated basis 1 of K
extends to a separated basis of the module generated by 1 and X. Necessarily, the second element
of this basis has degree 1. Let n > 1 and assume that the K-module K,,[X] of polynomials of
degree at most n has a separated basis of (n + 1) elements of respective degrees 0, 1, ..., n. By
Lemma 1.13, this separated basis can be completed in a separated basis of K,,41[X], and the degree
of the new element is n + 1. So we get the required separated basis by induction. By Lemma 1.10
we can assume that every polynomial of this basis is monic.

Conversely, assume that K4[X] contains a separated basis, and let M be a finitely generated
K-submodule. By Lemma 1.6, M has a separated basis. Hence (K (X)|K,v) is vs defectless.

We turn to the case where X is transcendental over K. It follows from the definition (Definition
1.4 2)) that if (K(X)|K,v) is vs defectless, then so is (K [X]|K,v). Now we assume that (K[X]|K,v)
is vs defectless and that v is multiplicative on K (X). Let M be a finitely generated submodule of
K(X). Then there is a polynomial f # 0 such that f-M C K[X]. We take a separated basis of
f-M, and we divide all its elements by f so that, since v is multiplicative, by Lemma 1.10, we get
a separated basis of M. O

We state a refinement of Theorem 1.7, which characterizes vs defectless extensions by means of
initial segments. This proposition completes Proposition 1.9.

Proposition 1.15. Let d € NU{oo} such that 0 < d and if X is algebraic over K, then d < [K[X]:
K]. The extension (Kg[X]|K,v) is vs defectless if, and only if, for every integer n, 1 < n < d,
v(X" — K,,—1[X]) has a mazimal element.

Assume that X is transcendental over K, and that v is multiplicative on K(X). Then (K(X)|K,v)
is vs defectless if, and only if, for every n € N\{0}, v(X™ — K,,_1[X]) has a mazimal element.

Proof. In both equivalences, = follows from Theorem 1.7. In order to prove the converse, we
construct by induction a separated basis such that the mapping f — deg(f) is one-to-one. Then, by
Proposition 1.14, (K4[X]|K,v) is vs defectless. The case where X is transcendental also follows from
Proposition 1.14. Trivially, 1 is a separated basis of Kp[X] = K. Assume that we have a separated
basis (fo,..., fn—1) of K,—1[X]. Let f, be a monic polynomial such that v(f,) = max(v(X" —
K,_1[X])). Since the degree of f,, is n, (fo,..., fn—1, fn) is a basis of K,[X]. Let f := 2, fn+---+
xofo in K,[X]. If 2, = 0, then by induction hypothesis v(f) = 0<rirg7111 . v(zifi) = Or<nl_i<nn v(zifs).

Now we assume: x, # 0. Since v(f,) is maximal, we have v <f> <v(fn). v (% - fn) <

it (L2 5) 2o (L), 5o '

Ln T

V(f)—V(:vn)Jrz/(f) —V(mn)+1/(f n) —y(an,,(WJr...ﬁOfO) _

Tn Ln

=v(z,) + o min v (M) = min v(zf;) = Ominn v(zifi).

<i<n—1

If v ( f fn> > v(fn), then Ogrz%irlzl— v(zifi) > v(anfn) = v(f) > min v(z;f;).

T 1 0<i<n

Therefore: v(f) = OIgniléan(Iifi) =
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1.4. Graded algebra associated to a valuation. In the proofs of Proposition 4.7 and Theo-
rem 4.10 we will introduce the graded algebra associated to a valuation. Now, we review some
observations.

Let (K, v) be a valued field. Recall that, for every v € vK, K, , denotes the K,-module {z €
K |v(z)>~}/{x € K |v(z) > v} Now, let G, (K) be the graded algebra G, (K) = @ K, ..

~yevK

In the case where K is the valued field k((T")) of generalized formal power series with coefficients

in a field k£ and exponents in a linearly ordered abelian group I':

k() = Z x4 X7 | A is a well-ordered subset of I', and Vy € Az, €k 5,
YEA

then G, (K) is isomorphic to the ring of generalized polynomials k[I'], the subring of all elements
of k((T")) with finite support. Note that if ki |kq is an extension of fields and T';|Ty is an extension
of groups, then k1[I'1] is a ko[[p]-module. Its dimension is finite if, and only if, both of [k1 : ko] and
(T'y : Tp) are finite. If this holds, then this dimension is [k1: ko](T'1 : Tg).

More generally, let v € vK and pick an element xq of valuation v. Then the mapping x, (),
(zzy'), induces a K,-module isomorphism between {z € K | v(z) > v}/{z € K | v(z) > 7}
and K,. Hence, the K,-module G, (K) is isomorphic to the K,-module K,[vK] of polynomials
with coefficients in K, and exponents in vK. If K contains a lifting of v K, then we can assume
that these graded algebras are isomorphic. In particular, if vK = Z, then they are isomorphic.
If (K',v') is an Ny-saturated elementary extension of (K, v), then it contains a lifting of its value
group (see [9]). Hence G,+(K’) is isomorphic to the ring of polynomials K7, [’ K']. Therefore every
graded algebra G, (K) embeds in a ring of polynomials. If (K, v) contains a lifting K of its residue
field and a lifting T’ of v K, then it contains the algebra Ky|[I'], which is isomorphic to G, (K). Now,
if (K, v) is henselian and char(K, ) = 0, then we know that it admits a lifting of K. It follows that
every valued field (K, v) of residue characteristic 0 admits an extension (K', ') which contains a
subalgebra which is isomorphic to G, (K). Furthermore, (K’,1') embeds in the power series field
K{((v'K')) equipped with the canonical valuation.

For every x € K, let in,(z) := ¥,(), be the image of x in K, ,, which is also its image

in G, (K). In the case of a subfield of a power series field, we have in, Z 2, X7 | =2, X7,
YEA
where 7 is the smallest element of the support of the series (i.e. the well ordered subset A of VK
such that x., # 0). In general, for every z, y in K, we have in, (x)in, (y) = in,(xy). Assume that
v(z) = v(y). If in,(z) = —in,(y), then v(z + y) > v(z) and v(z + y) can be arbitrarily large, so
we have in, (x + y) = 0. Otherwise, in,(x + y) = in, (x) + in,(y).
An element of G, (K) is called homogeneous if it belongs to U K, .. In the case of a poly-

yeEvK
nomial ring, this is equivalent to being a monomial. One can see that the invertible elements of

G, (K) are the homogeneous ones.
For further purposes, if M is a K-submodule of L, we denote by G, (M) the additive group

D M.

yevM

By Remark 1.3, an extension of valued fields (L|K,v) is immediate if, and only if, G, (L) =
G,(K).

Now we turn to the vs defectless case.

Proposition 1.16. Let (L|K,v) be an extension of valued fields, and l1,...,l, in L. The family
(I1,...,1y) is separated over (K,v) if, and only if, in,(l1),...,in,(l,) are linearly independent over
G, (K).

If (l1, ..., 1) is a mazimal separated family, then (in,(l1),...,in,(l,)) is a basis of G, (L).
Assume that L|K is finite. Then (L|K,v) is vs defectless if, and only if, G, (L) is a G, (K)-module
of dimension [L:K].
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Proof. Recall that the family (I, ...,[,) is separated over (K,v) if, and only if, for every z1,..., 2,
in K, v(xili+- - -+anly) = min(v(z1ly),. .., v(z,l,)). Now, this equivalent to saying that for every
X1y..., Ty in K with v(z1ly) = -+ = v(zpl,), we have v(z1ly + -+ + 2,l,) = v(z1ly). This last
equality is equivalent to in,(x1)in, (1) + -+ +iny (@, )in, (1) # 0. So, if in,(l1),...,in,(l,) are
linearly independent in the G, (K)-module G, (L), then the family (I1,...,1,) is separated. Now,
assume that for every 1, ..., z, in K with v(z1l1) = -+ = v(z,l,), we have v(z1li +- -+ x,l,) =
v(zily). Let y1,...,yn in Gy (K). Every y; can be written as a finite sum of homogeneous elements:
yj = iy (x51) + -+ +iny(z5,;). It follows that yyin,(I1) + - - - + ynin,(l,) can be written as a
sum of in, (z1,%, )in, (I1) + - - - 4+ i1y (T k,, )iy (In)’s, where the non-zero in,, (z;x, )in, (I;) have the
same valuation. Therefore, yiin, (1) + - -+ + ynin,(l,) # 0. Consequently, the family (I1,...,1,)
is separated over (K, v) if, and only if, in,(l1),...,in,(l,) are linearly independent over G, (K).
Furthermore, if (I1,...,l,) is a maximal separated family, then (in,(l1),...,in,(l,)) is a basis of
G, (L). Now, if [L: K] is finite, then the dimension of the G, (K )-module G, (L) is [L, : K, (v L :vK).
Hence, by Theorem 1.8, (L|K,v) is vs defectless if, and only if, G, (L) is a G, (K)-module of
dimension [L: K]. O

The following lemma shows that if, for [ € L, in, () satisfies a relation of algebraic dependence
over G, (K), then we can define its irreducible polynomial.

Lemma 1.17. Let (L|K,v) be an extension of valued fields, and 1 € L. Assume that in,(l)
satisfies a relation of algebraic dependence over G, (K), and let n be the smallest degree such that
iny, (1) satisfies a relation of algebraic dependence of degree n. Then, in,(l) satisfies a relation of

the form in, (1)™ + iny, (xp—1)in, ()" + -+ +in,(x9) = 0, where xg,...,T,_1 belong to K and
v(zg) = = v(zy_1I"Y) = ().
Proof. See for example [8]. O

2. KEY POLYNOMIALS

In this section, X is algebraic or transcendental over the field K and v is a K-module valuation
on K(X).

2.1. Definitions.

Notation 2.1. Let ® be a monic polynomial of degree d > 1. For f, g in K4_1[X], we will denote
by ¢a(f,9) and r4(f, g) respectively (in short ¢(f,g) and r(f, g)) the quotient and the remainder
of the euclidean division of fg by ®. In other words, ¢(f,g) and r(f,g) belong to K4_1[X] and

fg=2-q(f,9) +7(f 9)

Definitions 2.2. Let ® be a monic polynomial of degree d > 1.

We say that ® is a weak key polynomial for v (or a w key polynomial for v) if, for every f, g in
K4-1[X] with deg(f) + deg(g) < [K[X]: K], we have v(fg) = v(r(f,g)).

We say that @ is a key polynomial for v if, for every f, g in K4_1[X] with deg(f)+deg(g) < [K[X]:
K], we have v(fg) =v(r(f,9)) <v(q(f,g)-®).

Let d be a positive integer.

We say that d is a key degree of (K (X)|K,v) if there exists a key polynomial of degree d.

Assume that d is a key degree. If v(X¢ — K4_1[X]) has no maximal element, then we say that d is
an immediate key degree. Otherwise, we say that d is an independent key degree. If this maximum
does not belong to ¥K4_1[X], then we say that d is a wvaluational key degree. If this maximum
belongs to vK_1[X], then we say that d is a residual key degree.

Let d be a key degree. Then, by Proposition 1.9, d is an immediate key degree if, and only
if, the extension (Ky[X]|K4—1[X],v) is immediate and by Proposition 1.15, d is a vs defectless key
degree if, and only if, the extension (K4[X]|Kq4—1[X],v) is vs defectless. However, we prefer to say
that these degrees are independent because this word is easier to pronounce than vs defectless. We
will see after Lemma 2.4 that this makes sense.

Proposition 2.3. 1) The integer 1 is a key degree. Furthermore, every monic polynomial of degree
1 is a key polynomial.
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2) Every w key polynomial is irreducible.

3) If v is partially multiplicative and ® is a w key polynomial (resp. a key polynomial) for v of
degree d, then, for every pm valuation v’ such that the restriction of V' to Kq—1[X] is equal to the
restriction of v and V' (®) > v(®), ® is a w key polynomial (resp. a key polynomial) for v/'.

4) Assume that v is partially multiplicative. If ® is a w key polynomial, then v(®) > {v(r(f,g)) —
v(a(f,9) | ] € Kaa[X], g € Ka 1[X], des(f) + des(g) < [K[X]:K]}. I/ ® is a monic polynomial,
then ® is a key polynomial if, and only if, v(®) > {v(r(f,g9)) —v(e(f.9)) | f € Ka-1[X], g €
Ky-1[X], deg(f) +deg(g) < [K[X]: K]}.

Proof. 1) and 3) are trivial.

2) Assume that there exist two polynomials f, g in K4_1[X] such that fg = ®, then r(f,g) =0,
and v(r(f,g)) = co > v(fg). Hence ® is not a w key polynomial for v.

4) Clearly, if ® is a w key polynomial (resp. a key polynomial), then v(®) > {v(r(f,g)) —
v(q(f,9)) | f € Kaa[X], g € Ka-a[X], deg(f) + deg(g) < [K[X]: K]} (resp. v(®) > {v(r(f,9)) —
v(q(f,9)) | f € Kaaa[X], g € Kq—1[X], deg(f) +deg(g) < [K[X]: K]}). Now, if v(®) > v(r(f,g)) —
v(q(f,9)), then v(q(f, 9)®) > v(r(f,9)) = v(fg — a(f,9)®). Hence v(r(f,9)) = v(f9). O

The following lemma explains the distinction that we make between the valuational and the
residual key degrees.

Lemma 2.4. Let d be a positive integer and ® be a monic polynomial of degree d. Then v(®) is the
mazimum of v(X* — K4_1[X]) if, and only if, either v(®) & vKq_1[X], or ®,(@),, & (Ka—1[X])v(@),.-

Proof. Assume that v(®) is the maximum of v(X¢ — K4_1[X]) and v(®) € vK,_1[X]. Then, for
every f € Kq_1[X] such that v(f) = v(®) we have v(® — f) = v(®) = v(f). Hence (®),(¢), #
Jo(@),v- It follows that @, (4, ¢ (Ka—1[X])y(®),,- Conversely, assume that v(®) ¢ vKy 1[X], or
Q)0 ¢ (Ka—1[X])v(®),,- Then for every g € Kq_1[X] we have v(® —g) = min(v(®),v(g)) < v(P).
Hence v(®) is the maximum of v(X? — K4 1[X]). O

It follows that if (K4[X]|Kq—_1[X],v) is vs defectless, then any monic polynomial ®, such that
v(®) is the maximum of v(X¢ — K4 1[X]), is valuation independent over Ky 1[X] (i.e. for every
g € Kq_1[X] we have v(® + ¢g) = min(v(®),v(g)). So the word independent key degree makes
sense.

Let ® be a monic irreducible polynomial of K[X] of degree d > 1 (K[X], the ring of formal
polynomials with coefficients in K). Then K[X]/(®) is a field, such that the canonical epimorphism
p: K[X] —» K[X]/(®) is an isomorphism from the K-module K, 1[X] onto the K-module
K[X]/(®). Now, for f, g in K4 1[X], we set f g = r(f,g). Then p(f +g) = p(r(f,9)) = p(f9).
Hence (K4-1[X],+,*) is a field which is isomorphic to K[X]/(®). The same operation can be
defined in K[X] whenever d < [K(X):K]/2. The field (K4_1[X],+,*) will be denoted by K¢. Note
that if v is a pm valuation on the field K(X), then its restriction to Ky_1[X] induces a valuation
of the K-modules K¢ and K[X]/(®). If Y is a root of ®(X) in some algebraic extension, then the
fields K¢ and K[))] are isomorphic.

Proposition 2.5. Let ® be an irreducible monic polynomial of degree d, 1 < d < [K(X): K]/2,
and assume that v is a pm valuation on K(X). Then ® is a w key polynomial for v if, and only if,
the valued K-module (Kg,v) is a valued field.

Proof. Let f, g in Kg_1[X]. Then v(f*g) =v(r(f,g)) and v(fg) = v(f) + v(g). Hence (Ko,v) is
a valued field if, and only if, for every f, g in K4_1[X] we have: v(r(f,g)) = v(fg). This in turn
is equivalent to saying that ® is a w key polynomial. O

Corollary 2.6. Assume that v is a pm valuation on K(X) and let ® be a w key polynomial of
degree d, 1 < d < [K(X):K]/2. Then vK4_1[X] is a subgroup of vK(X).

Proof. Indeed, if ® is a w key polynomial, then by Proposition 2.5 vKy_1[X] = vKs is a subgroup
of vK(X). O

Remark 2.7. Let ® be a monic polynomial of degree d, 1 < d < [K(X):K]/2, and assume that v
is a pm valuation on K (X).
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1) The polynomial ® is a key polynomial if, and only if, for every f, g in K4_1[X], v(fg) =
V(T<I>(f7g)) and (fg)u(fg),u = (ré(fag))l/(fg),u' Indeed, if V(fg) = V(T<I>(f7g))7 then V(fg -
T@(fvg)) > V(fg) is equivalent to (fg)u(fg),u = (Té(fvg))l/(fg),y-

2) If @ is a key polynomial, then the group G, (K4_1[X]) is a subalgebra of G, (K (X)). In-
deed, if ® is irreducible, then the group G, (K4-1[X]) is isomorphic to the group G, (Ks). Since
FDvisg)w = Jo(hH)wIvig) v, ® is a key polynomial if, and only if, for every f, g in Kq_1[X],
(f * Dvirg)w = Ju(f)wv(g),n- Therefore, the group G, (Ksg) is a subalgebra of G, (K (X)).

3) It follows from 1) and Proposition 2.5 that if ® is a key polynomial, then Ky 1[X], is a
subfield of K (X),.

2.2. Pseudo-valuations. In [19], X is transcendental over K and v is a valuation or a pseudo-
valuation. A pseudo-valuation v of K[X] is a mapping from K[X] onto a linearly ordered group
v(K[X]) together with an element co which shares the properties of multiplicative valuations except
v(f) = co = f = 0. In this case the set I := {f € K[X] | v(f) = oo} is a prime ideal of K[X].
Then v induces a pm valuation on the integral domain K[X]/I. So, the case of algebraic extensions
is obtained by means of a pseudo-valuation, by considering the quotient of K[X] by the ideal
I={feK[X] : v(f) =00}

Let II be the monic polynomial which generates I. Since I is prime, II is irreducible. If ® is
another irreducible polynomial, then ® and II are coprime. Hence there exist polynomials a and b
in K[X] such that deg(a) < deg(®), deg(b) < deg(II) and all — b® = 1. Then all = bP + 1, with
v(all) = oo, hence v(b®) = (1) = 0 < v(all). It follows that if deg(Il) < deg(®), then ® is not a
w key polynomial. Now, II satisfies the properties of Definitions 2.2, but since the aim is to study
the quotient K[X]/I, we can restrict to polynomial of degrees less that deg(II).

We generalize Definitions 2.2 to the case where v is a pseudo-valuation by adding the hypothesis
that d = deg(Il) < deg(®). In the case where v is a pseudo-valuation, we also assume that X is
transcendental. The restriction of v to K4_1[X] is a valuation, hence Proposition 2.3 remains true.
In Lemma 2.4 we can also assume that v is a pseudo-valuation by adding the condition v(®) < oco.
The same holds for the other properties of Subsection 2.1, we only require that d < deg(II).

More generally, all properties of Section 2 remain true with pseudo-valuations. Then we assume
that the degrees are bounded by deg(IT) — 1. In general, we replace d < [K[X]: K] by d < deg(II).

2.3. Vs defectless valuations defined by key polynomials. Assume that ® is a monic irre-
ducible polynomial of degree d, and let v be an element of an extension of v K (X).

For every f := fo + fi® + -+ + frn®™ in K[X] (with fo, fi, ..., fm in Kz_1[X] and
deg(fm) +dm < [K[X]: K]), set V' (f) = Og;iglmu(fi) + .

Assume that v is a pm valuation on K(X) and that ® is a w key polynomial for v of de-
gree d. We saw in Proposition 2.3 4) that the set {v(r(f,9)) — v(q(f,9)) | f € Ka-1[X], g €
Kq_1[X], deg(f) + deg(g) < [K[X]: K]} is bounded above by v(®). We extend the addition of
elements of vK to the addition of Dedekind cuts in the usual way.

Proposition 2.8. Let ® be a monic irreducible polynomial of degree d, ~v be an element of an
extension of vK(X), and V' be defined as above.

1) The application V' is a K-module valuation and the family (2™) (dm < [K[X]:K]) is separated
over Kq_1[X].

2) Assume that v is a pm valuation and that ® is a w key polynomial for v. Denote by B the upper-
bound of the set {v(r(f,9)) —v(a(f,9)) | f € Ka1[X], g € Ka_1[X], deg(f) + deg(g) < [K[X]: K]}
in a Dedekind completion of vK, and assume that v > (.

CL) For 6’[)67”yf: fm(I)m++f1(I)+f0; g:gmq)m"_"’_glq)"'_go; with fO»"'afm,gO»"'agm
in Kq_1[X] such that deg(f) + deg(g) < [K[X]: K] we have:

2m J 2m J
Vifg)=v | Y (Zr(fi,gj») o< fg-Y (Zr(fi,gm) | —(v—B).
=0 \i=0 j=0 \i=0

(Here if i > m, then we let f; = g; = 0.) In particular, V' is a pm valuation.
b) The polynomial ® is a w key polynomial such that the sequence (P™) (md < [K(X): K]) is
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V' -separated over Kq_1[X]|. Furthermore it is a key polynomial if, and only if, v > 3 or B is not a
MaTImum.

Proof. The proof is left to the reader (see for example [13]). O

Notations 2.9. The K-module valuation v defined in Proposition 2.8 will be denoted by vg .
We set vy = Vg (3). If @1 and P, are irreducible polynomials such that deg(®;) < deg(®s),
then we denote by vg, ¢, the K-module valuation (v, ,(#,))®,,v(@,)- By induction, for every irre-
ducible polynomials ®1, ..., D, with deg(®1) < --- < deg(®,,), we define the K-module valuation
Vdpy,..., @, -

These valuations vg generalize the augmented valuations of S. MacLane ([14] and [15]).

If the degree of ® is 1, then for every f, g in K4_1[X] = K, we have ¢(f,g) = 0. Hence the
set {v(r(£,9)) — v(a(f,9)) | f € Ka-a[X], g € Ka-1[X], deg(f) + deg(g) < [K[X]: K]} is equal
to {—oo} and is bounded above by any element. Hence Proposition 2.8 proves the fact that the
valuations defined in Example 1.5 are pm valuations.

Proposition 2.10. Let ® be a monic polynomial of degree d < [K(X): K] and assume that v
is a pm valuation on K[X]. Then ® is a w key polynomial for v if, and only if, there exists a
pm valuation V' of K[X], such that its restriction to K4_1[X] is equal to the restriction of v, and
V(D) > v(P).

If this holds, then for every v > v(®) in an extension of VK[X], v is a pm valuation of K[X]
such that its restriction to Kq_1[X] is equal to the restriction of v, ve (®) = and @ is a w key
polynomial for ve ., such that the sequence (®™) (md < [K(X):K]) is separated over Kq_1[X].

Proof. Assume that v/ is a pm valuation of K[X] such that its restriction to K4_1[X] is equal to
the restriction of v, and v/(®) > v(®). Let f, g in K4_1[X] such that deg(f) +deg(g) < [K[X]: K],
qg=q(f,g9) and r = r(f,g). Without loss of generality we can assume that ¢ # 0. We have v(fg) =
v(f)+v(g) =V (f)+v'(g9) =v'(fg). Therefore, v(q® +r) = v/(¢P +r) is greater or equal to both
of min(v(¢®),v(r)) and min(v'(¢®),v(r)), where v(¢®) = v(q) + v(P) < V/(q) + V' (P) = v'(¢P).
It follows that v(fg) = v(r) = v(q®) < V' (¢®P). Now, if ® is a w key polynomial for v, then we
can take v/ as in Proposition 2.8 2).

The last assertion also follows from Proposition 2.8. g

If v and ' are K-module valuations on K (X), then we set v < v/ if for every f € K[X] we have
v(f) <vV'(f)-

Remark 2.11. 1) By the definition of vg, for every K-module valuation v’ such that the restric-
tions of v/ and vg to Ky_1[X] are equal and v/(®) = v4(®), we have vg < V.

2) Assume that X is algebraic over K, that v is multiplicative, and v'(f) < v(f). If v/ < v, then
V() <v(l/f) = —v(f) < =V'(f). Hence V'(1/f) # —v/(f). It follows that v/ is not multi-
plicative. Hence we cannot improve the conclusion that v/ is partially multiplicative in Proposition
2.8.

In valuation theory, we say that v’ is finer than v if Vo v/(x) > 0 = v(x) > 0 (see [18, p. 54]).
Assume that X is algebraic over K. Then K(X) = K[X], so, if v/ < v, then v/ is finer than v. Now,
any two distinct extensions of a valuation to an algebraic extension are incomparable (see [18,
Corollaire 5, p. 158 ]). Therefore, this also proves that if v’ # v, then v or v/ is not multiplicative.
In the case where X is transcendental over K and v, v/ are valuations such that v’ < v, then
we cannot deduce that v and v/ are comparable in the sense of Ribenboim. Indeed, assume that
v(f) = V'(f) = ¥'(g) < v{g). Then, v'(f/g) = 0 > v(f/g). Assume that v'(f) < v(f) = v(g) =
V'(g). Then v'(f/g) <0=v(f/g).

Proposition 2.12. Assume that v is a pm valuation on K[X], and let ® be a non constant monic
polynomial in K[X] of degree d < [K(X):K]. Then ® is a w key polynomial for v if, and only if,
there exists a pm valuation v' < v such that the restrictions of v and v' to Kq_1[X] are equal, and
D is a w key polynomial for v' such that the sequence (®™) (md < [K(X):K]) is separated over
K4_1[X]. Furthermore, we can take v' = vg.
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Proof. <. If @ is a w key polynomial for v/, then, by 3) of Proposition 2.3, it is a w key polynomial
for v.

=-. By Proposition 2.10, v4 is a pm valuation such that ® is a w key polynomial for v¢ such that
the sequence (™) (md < [K(X): K]) is separated over K4_1[X]. By construction, the restrictions
of v and v to K4—1[X] are equal. By Remark 2.11 1) we have ve < v. O

Thanks to the mappings v we get useful criteria for being a w key polynomial or a key poly-
nomial, as show the following propositions. We start with a lemma.

Lemma 2.13. Assume that v is a pm valuation. Let d < [K[X]: K] in N\{0}, d’' := [K[X]: K] —d,
® be a non constant monic polynomial in K[X] of degree d. We also assume that for every f, g
in Kq—1[X] with deg(f) + deg(g) < [K[X]: K] and every h in Kg_1[X], we have v(fg + h®) =
min(v(fg),v(h®)). Then ® is a w key polynomial such that the sequence (®™) (md < [K(X):K])
is separated over Kq_1[X]. In particular, v = veg.

Proof. By sctting h = —ga, we have v(ra) = v(fg — 2®) = min(v(fg), v(4a®)) < v(fg). By
setting f' =rg, ¢’ =1 and b/ = ¢g, we get v(fg) = v(re + qo®) = min(v(re), v(qa®)) < v(re).
Thefore v(fg) = v(rg). Hence ® is a w key polynomial. Now, let m € N\{0} with dm < [K[X]: K],
foroooy fm in Kqq[X]. We have: v(fm®™ +--- + fo) = min(v((fm®™ ' + - + f1)®),v(f0)),
V(fm®™ 4t f1) = min(v((frn®™ 2+ -+ f2)®),v(f1)), and so on. So by induction we have
V(fm®™ + -+ fo) = min(v(frn @), ..., v(fo)). Hence the family (&™) (md < [K(X): K)) is
separated over Kg_1[X]. O

Proposition 2.14. Let v, v’ be pm valuations on K(X), and ® be a monic polynomial of degree

d, 1 <d < [K(X):K]. Assume that their restrictions to Kq_1[X] are equal, that v/ < v and

V(@) < v(D).

1) Let f € K[X] and f = q® +r be the euclidean division of f by ®. Then v'(f) <v'(r) & V'(f) <

v(f) and V'(f) =v'(r) & v'(f) = v(f).

2) ® is a w key polynomial for v' and a key polynomial for v.

3) l// = l/&:, = Vq>7l,/(q)).

Proof. 1) We have v'(r
T

) = v(r) and V' (¢®) < v(¢®P). Assume that v/(r) < /(¢®). Then
v(f) = min(v(q®),v(r)) = v(

r). Furthermore, v(f) > v/'(f) > min(v'(¢®),v(r)) > v(r) =

v(f). Hence V'(f) = v(f) = v(r). Assume that v/ (¢®) < v(r) < v(¢g®). Hence V'(f) =
min(v'(¢®), v/ (r)) = v (¢®) < vV/(r) = min(v(¢®),v(r)) = v(f). Assume that v(¢P) < v(r).
Then v/(f) = min(v'(¢®), 7'( r)) =V (qP) < v(¢P) = min(v(¢®),v(r)) < v(f), and V' (f) < V/(r).

2) Let f, g in Ky4_1[X] with deg(f) + deg(g) < [K[X] : K]. Since deg(f) < deg(®) and
deg(g) < deg(®), we have: V'(f) = v(f) and v'(g) = v(g), therefore: v'(fg) = V'(f) +V'(g) =
v(f)+v(g) =v(fg). By 1) this implies /(fg) = v/ (r(f,g)) and ® is a w key polynomial for v/
Since the restrictions of v and v/ to K4_1[X] are equal, it follovvs that ® is also a w key polynomial
for v. Now, for fa g in del[x] we have V(T(fv g)) = I/(T(fa g)) < V/(q(.ﬂ g)(I)) < V(Q(fa g)(I))
Hence @ is a key polynomial for v.

3) First we prove that for every f, g in K4_1[X] with deg(f) +deg(g) < [K[X]: K] and h € K[X]
such that deg(h) < [K[X]: K] —d we have: V'(fg+ h®) = min(v'(fg),v'(h®)). If v'(fg) 7£ V' (h®),
then the result is trivial. Assume that v/(fg) = v/(h®), and let ¢ = ¢(f,g9), r = r(f,9)-
Since ® is a w key polynomial for v/, we have v/(fg) = v/(r). Hence v'(fg + h®) > v'(r).
Since v/ < v, we have V' (fg + h®) < v(fg + h®). Note that fg + h® = (¢ + h)® + 7.
So by 1), V((g+ WP +71) < v(lg+h)®+7r) < V((g+h)®+r) < V() a contradiction.
Hence v'(fg + h®) = v(fg + h®). We have also v(fg) = v'(fg) = v'(h®) < v(h®), hence
v(fg+h®) =v(fg) =v'(fg) = min(v'(fg),v'(h®)). By Lemma 2.13 we have v/ = vj. Now, since
v" and v coincide on K4_1[X] we have vy = Vg /(@) O

Remark 2.15. We deduce from Proposition 2.14 that if v is a valuation on K(X), then every pm
valuation v’ < v, v # v, which coincide on K with v, can be written as v/ = vg () where ® is a
monic polynomial of minimal degree such that v/(®) < v(®). This completes Proposition 2.10.

Proposition 2.16. Let v be a pm valuation on K(X), ® be a w key polynomial for v and @' be a
monic polynomial such that d = deg(®) < deg(®’) =d' < [K(X): K].
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1) If v(®') = ve(D'), then @' is not a key polynomial for v.

2) Assume that vg = v on Kg_1[X]. Then, ®' is a key polynomial for v if, and only if, v(®') >
l/q)(q)/).

Proof. 1) Write ®" as ® = f,, ™ + --- + f1® + fo, with fo,..., frn in Kg_1[X]. By the defi-
nition of ve, we have v(®') = vg(®') = min(fo, /1D,..., fm®™). Let f = fr®™ L+ + f

and g = ®. Then qo(f,9) = 1, ra(f,9) = —fo, and v(qa (f,9)®) = v(®) = ve(P) <
min(v(f1®),...,v(fn®")) <v(fg). This proves that ®' is not a key polynomial.
2) < follows from Proposition 2.14, = follows from 1). O

3. MACLANE’S KEY POLYNOMIALS

In [14] and [15] S. MacLane defined key polynomials in the case of discrete valuations. In
these papers, the key polynomials are the v-minimal and v-irreducible polynomials (see definitions
below). M. Vaquié ([19]) generalized this definition to arbitrary valuations. In [19] the key poly-
nomials are defined on the ring of formal polynomials. Here we extend the definition of [19] to the
case of an algebraic extension, and we do not require X being transcendental.

In this section, v is a K-module valuation on K(X) or a pseudo-valuation. Recall that in the
case where v is a pseudo-valuation, we also assume that X is transcendental

If v is a pseudo-valuation, then the results below remain true, by assuming that d is lower than
the degree of a generator of the ideal {f € K[X] : v(f) = oo}.

Let ® be a monic polynomial of degree d and d’ := [K[X]: K| —d (if [K(X): K] = oo, then
d =d —1=00). We say that ® is v-minimal if for every f € K;_1[X] and every h € Ky _1[X],
v(f — h®) = min(v(f),v(h®)). We say that ® v-irreducible if for every f, g in K[X] with
deg(f) + deg(g) < [K[X]: K] such that, for every h € Ky _1[X], v(f — h®) = min(v(f),v(h®)) and
v(g — h®) = min(v(g), v(h®)), we have: Yh € Kg_1[X] v(fg — h®) = min(v(fg), v(h®)).

By setting h := 1 in above definition, we see that every monic polynomial, which is v-minimal
and v-irreducible, is irreducible.

Proposition 3.1. Assume that v is a pm valuation or a pseudo-valuation. Let d < [K[X]: K]
in N\{0}, d’ := [K[X]: K] —d, ® be a non constant monic polynomial in K[X] of degree d. The
following assertions are equivalent.

1) @ is v-minimal and v-irreducible.

2) For every f, g in Kq—1[X] with deg(f) + deg(g) < [K[X]: K] and every h in Kqy_1[X], we have
(*): (fg + h®) = min(u(fg), v(h)).

3) ® is a w key polynomial such that the sequence (™) (md < [K(X): K]) is separated over
Ky 1[X].

Proof. 2) = 1). Assume that ® satisfies the hypothesis of 2). By setting g = 1 in (*) if follows
that ® is a non constant monic polynomial in K[X] of degree d such that for every f in Ky 1[X]
and every h in Kz _1[X] we have v(f + h®) = min(v(f),v(h®)). Hence ® is v-minimal. In order
to prove that ® is v irreducible, let f and g in K[X] such that deg(f) + deg(g) < [K[X]: K] and
for every h € Kg—1[X]: (**) v(f — h®) = min(v(f), v(h®)) and v(g — h®) = min(v(g), v(h®P)). By
euclidean division, f and g can be written as f = q® +r and g = ¢® + r'. By setting h = ¢ in
(**), we have v(r) = v(f — ¢®) = min(v(f),v(¢®)) < v(f). By (*) we have v(f) = v(r-1+¢®) =
min(v(r1,v(q®)) < v(r). Therefore v(f) = v(r). In the same way, v(g) = v(r'). Let h € Kz _1[X].
Then v(fg — h®) = v((¢¢'® + ¢’ + ¢'r — h)® + ') = min(v((q¢'® + gr’ + ¢'r — h)®),v(rr')),
by (*). Hence v(fg — h®) < v(rr') = v(fg) and min(v(fg),v(h®)) < v(fg — h®) < v(fg). So,
v(fg—h®) =min(v(fg),v(h®)). Hence ® is v-irreducible.

1) = 2). We assume that ® is monic, v-minimal and v-irreducible. Let f, g in K4_1[X] with
deg(f) + deg(g) < [K[X]: K]. Since ® is v-minimal, for every h in Kg_1[X] we have v(f + h®) =
min(v(f),v(h®)) and v(g+ h®) = min(v(g), v(h®)). Now, ® is v-irreducible, hence v(fg+ h®) =
min(v(fg), v(h®)).

2) = 3) has been proved in Lemma 2.13.
3) = 2). We take f, g in Kq_1[X] and h in Kg_1[X] with deg(f) + deg(g) < [K[X]: K].
The polynomial h can be written as h = h,,, ®™ + - - - + hg + hg, where h,,,...,h1, hg belong to
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Kq-1[X]. Let q := q(f,9) and r := r(f,g); since f and g belong to K4_1[X], we have deg(q) <
d, ie. ¢ € Kg_1[X]. We have: v(fg+ h®) = v(hpn®™™ + - + h1®2 + (¢ + ho)® + 1) =
min(v(h, ®™ 1), ... v(h1®?),v((g+ ho)®),v(r)). Since @ is a w key polynomial, we have v(fg) =
v(r) <v(q®). If v(ho®) > v(r), then v((g+ho)®) > v(r). Hence min(v((q+ho)®),v(r)) = v(r) =
min(v(ho®),v(r)). If v(ho®) < v(r), then min(v((g + ho)®),v(r)) = v(ho®) = min(v(ho®), v(r)).
Therefore: v(fg + h®) = min(v(h, "), ..., v(h1®2),v(ho®),v(fg)) = min(v(h®),v(fg)). O

We use the hypothesis “v is a pm valuation” for proving 2) = 1). For proving 2) = 3) the
condition “for every f € Kg_1[X], v(®f) = v(®) + v(f)” is sufficient. The remainder of the proof
remains true with a K-module valuation.

Proposition 3.1 shows that the definition of MacLane is stronger than the definition of w key
polynomials. Now, we extend the definition of S. MacLane to K-module valuations.

Definition 3.2. Let ® be a polynomial of degree d. We say that ® is a ML key polynomial for
v if ® is a w key polynomial such that the sequence (™) (md < [K(X): K]) is separated over
Kq-1[X].

If v is a pm valuation, then it follows from Proposition 2.8 that ® is a ML key polynomial for
v if, and only if, ® is a w key polynomial for v and v = vg. This shows the difference between w
key polynomials and MacLane key polynomials.

4. PROPERTIES OF KEY DEGREES

In this section, we list some properties of key degrees. In particular, we give sufficient conditions
for existing a finite number of key degrees and a characterization of the successor of a key degree.
This characterization takes place in the construction of complete families of key polynomials. In
this construction, in the case of an independent key degree, we will choose monic polynomials
with maximal valuation. However, the fact that the degree d of a key polynomial is independent
does not imply that its valuation is maximal in (X% — K4_1[X]). Indeed, we saw in Proposition
2.3 1) that every monic polynomial of degree 1 is a key polynomial. This holds whether 1 is an
independent key degree or not.

Except for Proposition4.7, all properties of this section remain true if v is a pseudo-valuation
(and X is transcendental). In this case we assume that the degrees are lower than the degree of a
generator of the ideal {f € K[X] : v(f) = oo} (in the settings, we can take d < [K[X]: K] in place
of d < deg(Il)).

4.1. Independent key degrees. We start this subsection with some observations about monic
polynomials with maximal valuations.

Proposition 4.1. Let d be an integer and v be a pm valuation on K[X].

1) Let ® be a w key polynomial of degree d. Then every monic polynomial ®' of degree d, such
that v(®') > v(®), is a key polynomial. Therefore, if d is not a key degree, then v(®) is maximal
in v(X¢ — Kq_1[X]).

2) Assume that d is an independent key degree and let ® be a key polynomial of degree d. Then
every monic polynomial ®' of degree d, such that v(®') > v(®), is a key polynomial. In particular,
any monic polynomial ® of degree d, such that v(®') is mazimal in v(X? — K4 1[X]), is a key
polynomial.

This proposition is a consequence of the following lemma.

Lemma 4.2. Let d be a positive integer, v be a pm valuation on K[X], ® and ®' be monic
polynomials of degree d such that ® is a w key polynomial for v.

1) If v(®') > v(®), then ¥’ is a w key polynomial for ve, a key polynomial for v, and ve < ve:.
2) If v(®') = v(®) and D is a key polynomial for v, then ® is a key polynomial for both of v and
ve. Furthermore, vy = vgr.

3) If v(®') = v(®) and ®, Y’ are w key polynomials for v, then vp = ver.
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Proof. Set h = ® — ®. Assume that v(®') > v(®). Then we have v(h) > v(®). Furthermore,
® and @’ are monic polynomials, so the degree of h is lower than d. Now, ® = ® + h, hence
ve(®') = min(v(®),v(h)) = v(®). Let f, g in K4_1[X] with deg(f) + deg(g) < [K[X]: K]. We
have: va(fg) = va(f) + valg) = v(f) + v(g) = v(f9). Let ' = rar(f, ), @ = qa(},g).

1) Since v(®') > v(®), we have v(h) = v(®) (= ve(P’)). In order to get a contradiction,
assume that ve(¢'®") < ve(r') (= v(r’)). Then ve(fg) = vo(¢'P + ') = ve(¢'P) = v(d'P) =
v (q'®). Now, v(¢'®) > v(q'®) = v(fg) and v(r") > va(d'D') = va(fg) = v(fg). Hence v(fg) >
min(v(¢'®"), v(r")) > v(fg): a contradiction. Therefore, ve(¢'®’") > ve(r’'). Now, v(r') = ve (1)
and vg(¢'®") = v(¢'®) < v(¢'®’). Hence @’ is a key polynomial for v (so v(fg) = v(r')). Since
ve(fg) = v(fg) = v(r') = ve(r’), ® is a w key polynomial for vg. Furthermore, v and ve: are
equal on Ky_1[X], and vg: (P) = ve (®' — h) = min(ve ('), ver (h)) = min(v(P'),v(h)) = v(h) =
v(®) = vg(P). By Remark 2.11, we have vg < vg.

2) We assume that v(®') = v(®) and ® is a key polynomial for v. Let ¢ = ¢o(¢’,h) and
r1 = re(q’, h). Since @ is a key polynomial for v, we have v(q;®) > v(r1) = v(¢'h) > v(¢’®). Hence
v(¢) <v(gr) and v(¢'+q1) = v(¢'). We have: fg=¢ P +r' =¢P+¢h+r" =(¢+q)P+71"+7r1,
hence ¢’ +41 = ga(f,9), 7'+ 1 = ra(f, g) and w(fg) = v(r' +11) < (¢ +01)®) = ¥(P) < v(r1)
It follows: v(r' +r1) = v(r'), so v(fg) = v(r') < v(¢'®) = v(¢'®’). This proves that ¢’ is a key
polynomial for v. Now, ve(fg) = v(fg) = v(r') = ve(r') and ve (¢'®’) = ve (¢'®) = v(¢'P) > v(1).
Hence @' is a key polynomial for vg. In the same way as in 1), we have: v < vgr. Now, since ¥’
is a key polynomial, we have in a symmetric way: vg < vg.

3) We assume that v(®’) = v(®) and @, ' are w key polynomials for v. We have: &' = & + h,
with v(h) > v(®) and deg(h) < d. Hence vg(®’') = min(v(®),v(h)) = v(P) = v(P') = ve (P'). So
by Remark 2.11 we have: vy < vg. In the same way, v < vg/, hence vg = vg. O

The following proposition gives a characterization of valuational key degrees by means of
I/Kd_l[X].

Proposition 4.3. Let v be a pm valuation on K[X] and d be a positive integer such that 1 <
d < [K(X):K]/2. Then, d is a valuational key degree if, and only if, vK4—1[X] is a group and
vEKg[X] # vKq-_1[X]. If this holds, then every monic polynomial ® of degree d such that v(®) is
the mazimum of v(X? — K4_1[X]) (which is equivalent to saying that v(®) ¢ vKy 1[X]) is a key
polynomial.

Proof. = follows from the definition and Corollary 2.6. Assume that vK4_1[X] is a group and
vKg[X] # vK4-1[X]. By hypothesis, there is a polynomial ® of degree d such that v(®) ¢ vK4_1[X].
Since vK4—1[X] is a group, by dividing ® by an element of K we can assume that ® is a monic
polynomial. Let f € Ky 1[X]. Then v(f) # v(®). Hence v(® — f) = min(v(®),v(f)) < v(P).
Consequently, v(®) is the maximum of v(X¢ — K4_1[X]).

Let f, g in Kq—1[X], ¢ = qa(f,g) and r = r¢(f,g). Since v(q®P) ¢ vK4_1[X], we have that
v(q®) # v(r). Hence v(fg) = min(v(q®),v(r)). Now, since vKy_1[X] is a group, v(fg) = v(f) +
v(g) € vK4-1[X]. Hence v(fg) # v(q®). So, v(q®) > v(r). This proves that ® is a key polynomial.
Since v(¢) is the maximum of v(X¢ — K;_1[X]), d is an independent key degree. Therefore it is a
valuational key degree. O

Corollary 4.4. Let v be a pm valuation on K[X] and d be a positive integer. Assume that vK4_1[X]
is a group and let d’ be the smallest integer such that vKy[X] # vKa—1[X] (if any). Then d' is a
valuational key degree. In particular, the smallest degree d such that vKy[X] # vK (if any) is a
valuational key degree.

4.2. Maximal key degrees. If X is algebraic over K, then there is a finite number of key degrees.
We saw that if v is a pseudo-valuation, then the degrees of the key polynomials are bounded by the
degree of a generator of the ideal of elements with infinite valuation. We give sufficient conditions
for a key degree being the maximal one. We start with a lemma.

Lemma 4.5. Let v be a pm valuation on K[X] and ® be a monic polynomial of degree d. Then,
v =vg on Kq[X] if, and only if, v(®) = maxv(X¢ — Kq_1[X]).
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Proof. By the definition of v¢, v and vg are equal on K4_1[X]. Hence, we can consider polynomials
of degree d. So, we let f be a polynomial of degree d. Without loss of generality we can assume
that f is a monic polynomial. Hence f — ® has degree less than ®. Assume that v(f) = va(f).
Then v(f) = ve(P+ f — @) = min(v(P), v(f —P)) < v(P). This proves that v(P) is the maximum
of v(X? — K4_1[X]). Conversely, assume that v(®) = maxv(X? — K4_1[X]). We have v(f — ®) >
min(v(f),v(®)) = v(f). Therefore, v(f) > vo(f) = ve(P + f — @) = min(v(P®), v(f — D)) > v(f).
Hence vg(f) = v(f). O

Remark 4.6. Let d be a positive integer, v be a pm valuation on K[X].

1) It follows from Proposition 2.16 that if v = v for some w key polynomial ®, then there is no
key degree greater than d.

2) Assume that d is an independent key degree such that there is no key degree greater than d,
and @ is a key polynomial of degree d, with v/(®) = max(v(X? — K4_1[X])). By Lemma 4.5, v and
vg coincide on Kg[X]. Now, by Proposition 2.16, v = v on K[X].

Proposition 4.7. Let v be a multiplicative valuation on K(X). If the rational rank of vK(X) over
vK is 1, or the transcendence degree of K(X), over K, is 1 (in other words, if X is transcendental
and Abhyankar’s inequality is an equality), then there is a finite number of key degrees, and v = vg
for some w key polynomial ®.

Proof. Abhyankar’s inequality states that the transcendence degree of K (X)|K is at least equal to
the sum of the transcendence degree of (K (X)), |K, and the rational rank of v(K[X])|vK. Assume
that the rational rank of vK(X) over vK is 1. Let d be the smallest integer such that there exists
a monic polynomial ® of degree d such that v(®) is not rational over vK. If d = 1, then we
know that @ is a key polynomial. Otherwise, clearly, v(®) # v(X?) = dv(X). If v(®) < v(x?),
then v(X? — ®) = v(®), with deg(X? — ®) < d: a contradiction (since d is minimal). Hence
v(®) > v(X%). Then v(®) = maxv(X? — K4 1[X]). Let f, gin Kq_1[X] and ¢ = q(f,g), r = 7(f, 9).
Since d is minimal, we have: v(r) # v(q®) and v(q®) # v(f) + v(g) = v(fg). It follows that
v(fg) = v(r) < v(q®) (the other cases lead to a contradiction). So @ is a key polynomial for v.
Now, the elements v(®*) = kv(®) are pairwise non-congruent modulo vK4_1[X]. In the same way
as in Proposition 1.12, this implies that the family (®*) is separated over K, _;[X]. Therefore,
v =vg. Now, by 1) of Remark 4.6, if d’ > d, then d is not a key degree.

Now, assume that the transcendence degree of K(X), over K, is 1. Let ® be a polynomial
such that v(®) = 0. If in, (®) is algebraic over G, (K), then by Lemma 1.17 in, (®) is algebraic
over K, (the converse is trivial). Consequently, in, (®) is transcendental over K, if, and only if, it
transcendental over G, (K). In particular, there is ® in K[X] such that in, (®) is transcendental over
G,(K). Let d be the smallest integer such that there exists a polynomial ® of degree d such that
in, (®) is transcendental over G, (K). Without loss of generality we can assume that ® is a monic
p01yn0mial' Let f7 g in Kd—l[XL q = qﬂb(f7g)a r= r@(fa g) We have: Z/(T') > V(fg) - V(qq)) A
v(fg—q®) > v(fg) = v(g®) & 0 =in,(fg) — in,(¢P) & in,(fg) = in,(¢P). Now, in,(fg) =
in,(f)in,(g) is algebraic over G, (K). Hence in,(fg) # in,(¢P), which is transcendental over
G, (K). It follows that v(r) < min(v(fg),v(¢®)) < v(fg). Now, in,(r) # in,(¢qP), hence in the
same way we get v(fg) < min(v(¢®),v(r)) < v(r). Consequently, v(fg) = v(r). This proves that
® is a w key polynomial. Let fo,..., f, in K4—1[X]\{0}. By hypothesis, in,(fo),...,in,(f,) are
algebraic over G, (K). Hence in, (f,)in,(®)"+---+in,(fo) # 0. Without loss of generality we can

assume that in, (fo) = -+ = in,(fn). It follows that v(fo+- - -+ [n®") = min(v(fo), -, v(fn®™)).
This proves that the sequence (®™) is separated over Ky_1[X]. Therefore, v = vg. By 1) of Remark
4.6, if d’ > d, then d’ is not a key degree. O

Now we turn to a particular case of immediate key degrees that we can call dense key degrees.
It follows that if a key degree is dense, then it is the greatest key degree.

Proposition 4.8. Let d > 2, v/ < v be pm valuations on K|[X]. Assume that X2 is limit over
(Kq-1[X],v), that the restrictions of v and V' to Kq—1[X] are equal, and that there exists a monic
polynomial ® of degree d such that V' (®) < v(®). Let (P;) be a sequence of monic polynomials
of degree d such that the sequence (v(®;)) is increasing and cofinal in vK[X], and v(®) < v(®;).
Then.
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1) d is an immediate key degree for v, ® is a w key polynomial for v and V', and v' = vj.

2) The ®;’s are key polynomials for v, and for every f € K[X] the sequence (ve,(f)) is eventually
equal to v(f).

3) The extension (K[X]|Kq4-1[X],v) is dense.

4) There is no key degree greater than d.

Proof. 1) By Proposition 2.14, ® is a w key polynomial for v/, v/ = v}, and @ is a key polynomial
for v. Hence d is a key degree for v. Since v(X¢ — K4_1[X]) = vK[X], d is an immediate key degree.

2) Since deg(®;—P) < d, we have v(®;—®) = v/(P;—P), and v'(®;) = v (P;) = v (D+D,—P) =
min(v'(®), ' (®; — ®)) = min(v'(®), v(®; — ®)) = min(v'(P),v(P)) = v'(P) < v(P) < v(P;). By
Proposition 2.14, ®; is a key polynomial for v. We have also: v/ = vy . Let f € KI[X], k be
the quotient of the euclidean division of deg(f) by d, A = v/(f) — kv/(®), and i be such that
v(®;) > max(v(f) — A\, v(f)). Decompose f as f = f; x®F + -+ + fi1®; + fio, where the fi ;s
belong to Kgq1[X]. Then v'(f) = vg,(f) = min(y’(fiﬁjq)g)). Therefore, for every j we have:
v(fi;) =V (fi;) >V (f) — V(@) >V (f) — kv/(®;) =V (f) — kv/(®) = A. Then for every j we
have v(f; ;®7) = v(fi;) + jv(®:) > A+ jmax(v(f) — N\, v(f)). If j > 1, then v(f; ;D7) > v(f). Tt
follows that v(f) = v(fi,0) = ve,(f). This proves that the sequence (vo,(f)) is eventually equal to
v(f)-

3) If v(®;) > max(v(f) — A, v(f)), then

NG

k
) — ) > : . ; ) > )
v(f = fio) =v Zl fis®1 | = min ((fi) + ju(®0)) = A+ v(®:)
j=
is cofinal in v K[X], since the sequence (v(®;)) is. It follows that (K[X]|K4—1[X],v) is dense.
4) Let f be a monic polynomial of degree d’ > d. Then, there exists ¢ such that v(f) = vg,(f).
By Proposition 2.16 1), f is not a key polynomial for v. Hence d’ is not a key degree. O

4.3. Successors of key degrees. The following two theorems characterize the successor of a key
degree. They will be useful for proving the equivalence of the definitions of key polynomials and
abstract key polynomials. They are also involved in the construction of complete families of key
polynomials.

Theorem 4.9. Let v be a pm valuation on K(X), d be an immediate key degree, and let (®;) be
a sequence of key polynomials of degree d such that the sequence (v(®;)) is increasing and cofinal
in v(X¢ — Kq_1[X]). Then.

1) The sequence (vp,) converges to v on Kg[X] in the sense that for every f € Ky[X] the sequence
(vo,(f)) is eventually equal to v(f).

2) Let d' be the smallest degree (if any) such that there exists a monic polynomial ®' of degree d’
satisfying ve, (®") < v(®') for every i. Then, ® is a key polynomial and d' is the next key degree.
3) The extension (Kqg_1[X]|Kq-1[X],v) is immediate.

Proof. 1) The family (v,) is increasing, and for every f € K[X] we have vg,(f) < v(f). Assume
that f is a polynomial of degree d. Without loss of generality we can assume that f is monic. Since
the sequence (v(®;)) is cofinal in v(X?—K4_1[X]), there is an i such that v(®;) > v(f). Now, for eve-
ry ¢ such that v(®;) > v(f) we have v(f — ®;) = v(f), and vs, (f) = min(v(P;), v(f — ®;)) = v(f).
2) Let f, g in Kq—1[X] with deg(f) + deg(g) < [K[X]: K] and q = qo:(f. ). = ra:(f.). By
hypothesis there exists 7 such that ve, (f) = v(f), ve,(9) = v(9), ve,(q) = v(¢) and ve,(r) = v(r).
Then v(g® + 1) = v(fg) = () + 1(9) = vau(f) + v, (9) = v (fg) = va,(a®' + 1), with
v(q®") > ve,(qP’). Assume that v(¢®’) < v(r). Hence vg,(q®’') < v(r) = ve,(r), and v(fg) =
vy, (fg) = ve,(q®) < v(¢P’) = min(v(¢®’),v(r)) < v(fg): a contradiction. Hence v(q®’) > v(r),
which proves that @’ is a key polynomial for v. Let f be a monic polynomial of degree d” < d'.
Then, there exists ¢ such that v(f) = ve,(f). By Proposition 2.16 1), f is not a key polynomial.
3) Let f be a monic polynomial of degree n, d < n < d’ —1. We show that v(f) is not the maxi-
mum of v(X"—K,,_1[X]). It will follow by Proposition 1.9 1) that the extension (K4 _1 [X]|Kq—1[X],v)
is immediate. Let ®; be a w key polynomial of degree d such that v(f) = ve,(f), and let f be
written as f = fr®F + .- + f1®; + fo, where fo, f1,..., fx belong to K4_1[X], fi is monic, and
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deg(fx) + kd = n. Then v(f) = min(v(f®F),...,v(f1®:),v(fo)). Assume that v(fo) > v(f).
Then v(f) = min(v(fx®F),...,v(f1®:)). Let ®; be a w key polynomial of degree d such that
v(®;) > v(®;), and set g = f;&b? + -+ + fi®;. Then g is a monic polynomial of degree n,
and v(g) > ve,(9) = min(y(fkfb?), o v(f1®5)) > v(f). Now, assume that v(fy) = v(f). Then
v(f—fo) = v(fo). Lv(f—fo) >v(fo), then we canlet g = f— fo. v (f—fo) = v(fo) = v(f), then
we let ®; be a w key polynomial of degree d such that v(®;) > v(®;), and g = fktbg? +- 4 f19y.

Then v(g) > va,(9) = min(u(fk@é?), oo v(f195)) > min(v(fr®Y), .. v(f19:)) > v(f). O

Recall that if M is a K-submodule of K(X), then we denote by G, (M) the additive group

@ M.

yevM

Theorem 4.10. Let v be a pm valuation on K(X), d be an independent key degree, ® be a monic
polynomial of degree d such that v(®) is the mazimum of v(X¢ — Kq_1[X]). Let d' be the next key
degree if it exists or d' = [K[X]: K] otherwise.

1) @ is a key polynomial, and d' is the smallest degree such that there exists a monic polynomial
@' of degree d' with ve(®') < v(P').

2) The restrictions of v and ve to Kg_1[X] are equal.

3) If d < [K[X]: K]/2, then G,(Kg—_1[X]) is a graded algebra and the fraction d'/d is equal to the
dimension of the G, (Kq—1[X])-module G, (Kq —1[X]).

4) If (Kg—1[X]|K,v) is vs defectless, then (Kg_1[X]|K,v) is vs defectless.

Proof. 1) Since v(®) is the maximum of v(X¢ — K4_1[X]), by 2) of Proposition 4.1, ® is a key
polynomial. By Proposition 2.16, if d’ < [K[X]: K], then d’ is the smallest degree such that there
exists a monic polynomial @’ of degree d’ with ve(®') < v(®'). If d' = [K[X]: K], then v = vg,
and by letting @’ be the minimal polynomial of X over K, we have v(®') = +00 > vg(®’). Hence
the assertion remains true. It also remains true in the case where d’ = +oc0.

2) Since vg < v, by 1) the restrictions of v and vg to Kg—1[X] are equal.

3) By Lemma 2.4 in, (®) ¢ G,(K(X)). Since d < [K[X]: K]/2, by Remark 2.7 G, (K4-1[X]) is a
graded algebra. Assume that in, (®) is transcendental over G, (K4—_1[X]). Then X is transcendental
over K, so [K(X) : K] is infinite. In the same way as in the proof of Propositions 1.12 and
4.7 the family (®™) is separated over Ky 1[X] and v = vg. Furthermore, the dimension of the
G, (K4-1(X))-module G, (K (X)) is also infinite. Assume that d’ = +oco. Then by 1) v = vg, the
family (®") is separated over Ky 1[X] and v = vg. So the dimension of the G, (K4—1(X))-module
G, (K (X)) is also infinite. Now we assume that d’ < +o00. By 1) v = vg on K4 _1[X] and there exists
a monic polynomial ® of degree d’ such that vg(®') < v(®). Set &' = f,,®" + fr,_1®" L+ + fo,
with f,..., fo in Kq_1[X] (and f, # 0). We prove that f, = 1. Since ® is irreducible, there
exists g € K4-1[X] such that gf, is congruent to 1 modulo ®, i.e. r¢(gfn) = 1. For 0 < k < n set
e =7a(gfk) (rn =1), @ = qo(gfx) and " = &" + 7, &L + ... +ry. We have

G(fa®" + fra® T+ f0) = @ g 1 @+ 0@+ Py 1 @ g,
Since @ is a key polynomial, for every k we have v(r,®*) = v(gf,®*) < v(qx®**1). Hence
V(@n®" ™+ g 1@ 4 4 qo®) > min(v(g, "), v(gn_1®"), ..., v(q®)) >
min(v(®"), v(ra—12" "), ..., v(ro)) = v(g)+min(v(f,8"), v(fu_1®" ), ..., v(fo)) = v(g)+va(P).

Therefore
V(@™ + 1y 1@ ) =

V(G(fa®" + fr1® N+t fo) = @@+ g1 @ 4 o) >
min(v(g(fa®" + fam1®@" 7 4+ fo)), (n @™ 4 g1 @7 4 -+ qo®)) >
v(g) + min(v(f "), v(fo1®" 1), ... v(fo)) =
min(v(gfn®"), v(gfn1®" ), ..., v(gfo)) =
min(v(P"), V(rn,ﬁI)"*l), ooy v(rg)) = ve(P" + a1 @ 4+ 70)-
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So, v(®") > ve(P"), where deg(®”) = d’ — deg(g). Since d’ is minimal, we have g =1, fi, =1 and
d' = nd.
We turn to G, (Kg—1[X]). Let k1 < --- < k; be the integers such that

v(fr, @) = min(u(fp "), v(fu1®" 1), (o)), for i € {1, j}.
By properties of valuations we have
V(fr, @ 4 fr, @59) > min(v(fr, @), v(fi, @),

In the same way as above, we can replace fx; by 1 in such an equality, and since d’ is minimal
we have n = k;. Therefore, we can assume that for k& € {0,...,n} we have either v(f®*) =
ve(®') or fr = 0. Consequently in, (®)™ + in, (fn_1)in, ()"t + -+ +in,(fo) = 0. Now, for
every gn_1,...,90 in K4 1[X] we have v(g,_1®" 1 + -+ + go) = min(v(g,_ 19" 1), ,v(g0))-
Hence in, (gn_1)in, (®)"~! + .-+ +in,(go) # 0. It follows that X" + in,(fr_1) X" 1+ -+ +
in,(fo) is the minimal polynomial of in, (®) over G, (K4—1[X]). This also shows that the group
G, (Kg-1]X]) is equal to G, (K4—1[X])(in,(®)), so it is a subalgebra of G, (K (X)). Since for every
In—15---,90 in del[x]a Z‘nu(gnfl)inu(q))nil +- '+inu(90) # Oa inu(l)a inu(cb)a s ainu(q)nil) are
linearly independent over Gy, (K4—1[X]). Therefore (in,(1),in,(®),...,in,(®)""!) is a basis of the
G, (Kg4-1[X])-module G, (K4 _1[X]). Hence its dimension is n.

4) By Proposition 1.15, it is sufficient to show that for every integer n < d'— 1, v(X" — K,,_1[X])
has a maximum. Since (Ky—1[X]|K,v) is vs defectless, we can assume that n > d (Proposition
1.15). Let f = fz®" + -+ f1® + fo € X" — K,,_1[X], where fo, f1,..., fx belong to K4_1[X], fx
is monic, and deg(fx) + kd = n. Then v(f) = min(v(fr®%),...,v(f1®),v(fo)) < v(fL®*). Let
j = n—dk be the degree of fj. Since j < d— 1, there exists g € X/ — K;_1[X] such that v(g) is the
maximum of v(X? — K;_1[X]). Then v(f) < v(g®*), which proves that v(g®*) is the maximum of
v(X" — K,—1[X]). O

4.4. Complete families of key polynomials. Let ®;, ..., ®,, ... be monic irreducible polyno-
mials of K[X] of degrees dy =1, da, ..., d,, respectively, where d,_; divides d,, (if the family has
a maximal element d,,, then we set d, 11 = [K(X):K]). We let B be the family of the ®7* - - &n,
where for 0 <¢ <n—1we have: 0 <e; < il
from B onto [0, [K(X): K][, B is a basis of the K-module K[X]. Furthermore, for every m in N,
BN K,,[X] is a basis of the K-module K,,,[X]. Now, we can define a basis even if some degree does
not divide the following one. Indeed, in the case where we haveonly d; =1 <do < --- < d,, < -+,
we require: for every n, ey + eads + - -+ + e, d,, < dpy1. We say that B is generated by polynomials
if it is constructed in the above way. If so, then &, ®5, ..., ®,, ..., are called the generating
polynomials for B.

. Since the mapping ®;* — deg (®;*) is one-to-one

Remark 4.11. Let v be a K-module valuation on K (X), ®1,..., @, ... be generating polynomials
for a basis B. For k > 1, fix v/(®y). For every ey,...,er with e; + eads + - -+ + epdy < di41, let
V(P D) = et (1) et (Pa) +- - -+t (D) and for every pairwise distinct y1, ...,y in B,
T1,.. ., in K set vV (zyyy + - + Tpyp) = 1r<nii£1k v(x;)V (y;). Then v/ is a vs defectless K-module

valuation. If for every k > 1 we have v/(®y) = v(®Py), then the K-module valuation v’ defined
above is the K-module valuation VB, @, defined in Notations 2.9.

Let v be a pm valuation on K(X), 1 =d; < dy < --- <di < --- be the sequence of key degrees
of v. Let F be a family of key polynomials. We say that F is a complete family of key polynomials
for v if v is the supremum of the family of the pm valuations ve, . e, , where k € N\{0}, for
1<i<k®y €F, deg(Py,) = d;. This means that if f is a polynomial of degree d, then v(f)
is equal to the maximum of the family ve, .. o i (f), where dj, is the greatest key degree at most
equal to d.

For every pm valuation on K[X] there exists a complete family of key polynomials (see for
example [17], [5]). We complete this subsection by the construction of a complete family of key
polynomials which does not require to be constructed by induction on the degree.
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Theorem 4.12. Let v be a pm valuation on K(X), 1 =d; < dy < --- <di < --- be the sequence of
key degrees of v and F be a family of key polynomials for v which satisfies the following properties
for every k > 1.

If di, is an independent key degree, then F contains exactly one key polynomial @4, of degree dy,
and v(®4,) = max(v(X% — Kgq,_1[X])). For notational convenience, for every integer m we set
Py m = P, -

If dy, is an immediate key degree, then the key polynomials of degree dy, of F form a sequence
(®ay, m) such that the sequence (v(®a, m)) is increasing, cofinal in v(X% — Ky, _1[X]).

For every k, mq,...,my, we let Vi, . m,) = Vb, 0 oeeay (see Notations 2.9 and Remark
4.11). Then F is a complete family of key polynomials. Furthermore, for every f, there are
infinitely many (mq, ..., my)’s such that (Vim, ... .m.(f)) = v(f).

Proof. Note that, for every k, mi,...,mg, we have vy, . m,) < v. Let f € K[X] and di be
the greatest key degree such that the degree of f is at least equal to di. By Theorems 4.10 and
4.9, there exists my, such that v(f) = ve, ., (f). Furthermore, since the family (ve,, ., ) is
increasing, we have mj, > my, = - (f) = v(f). Let f = f;®) . + -+ [iPam, + fo,
where fo, fi,..., f; belong to Kg4,_1[X]. We know that there is some my_q such that v(fy) =
Voa, \mp_ s (f0)s---y v(f5) = Vo, my_s (fj)- Then, v(f) = 2 S (f). So by induc-
tion we get a k-uple (mq, ..., mg) such that v(f) = Vim, ... .m0 (f)-

Now, we can do the same construction with any mj}, > my, which proves that there are infinitely
many such k-uples. 0

5. ABSTRACT KEY POLYNOMIALS

In this section X is assumed to be transcendental over K. The mapping v is a valuation or a
pseudo-valuation. If v is a pseudo-valuation, then we assume that the degrees of ® and @’ are
lower than the degree of a generator of the ideal {f € K[X] : v(f) = oo}. Our goal is to prove
that our definition of key polynomials is equivalent to the definition of abstract key polynomials.

We start with some notations.

Let f be a polynomial degree of n. For 1 < i < n, set fi;) = (1/4!) @ where f* is the i-th
formal derivative of f. If the characteristic of K is p > 0, then we do not replace p-x by 0; the
simplification holds, if necessary, after the division by i!. For example, if f(X) = XP, then we have
f)(X) = pXP~1 = 0, and f,) (X) = (1/pl)-p! = 1.

For any polynomial f, let €,(f) be the maximum of the set

v — VG .
{ (f) Z_ (f&) i e N\{O}}.
We say that ® is an abstract key polynomial (or a key polynomial) for v if it is monic and for every
f € K[X] such that €,(f) > &,(®) we have deg(f) > deg(®) ([5]).
Remark 5.1. ([17, Remark 2.1]) The monic polynomials of degree 1 are abstract key polynomials.
Proposition 5.2. ([17, Lemma 2.3 (iii)]) Let ® be an abstract key polynomial for v, hy, ..., hs be

polynomials with degrees less than deg(®) and q be the quotient of the euclidean division of H h;

i=1
by ®. Then v (H h; — q<I>> =v (H hi> < v(g®).
1 i=1

Corollary 5.3. The abstract key polynomials are key polynomials as defined in Definitions 2.2.

The converse is a consequence of the following theorem. In this theorem for a key polynomial
® we let O(®) := {f € K[X] | f is monic ,ve(f) < v(f)}, and B(®) be the subset of elements of
O(®) with minimum degree.

Theorem 5.4. ([17, Theorem 2.12]) Let ® be a monic polynomial. Then ® is an abstract key
polynomial if, and only if, there exists an abstract key polynomial ®_ such that:

either a) ® belongs to B(P_),



22 GERARD LELOUP

orb)

i) the elements in B(®_) have the same degree as ®_,

ii) the set of valuations of all elements in B(P_) has no mazimum element,

iii) for every ® in B(P_), ve (D) < v(P),

) the degree of ® is minimum among the degrees of polynomials satisfying iii).

Corollary 5.5. The key polynomials as defined in Definitions 2.2 are abstract key polynomials.

Proof. We prove this by induction on the degrees. By Proposition 2.3 1) and Remark 5.1 this is
true for polynomials of degree 1. Let ® be a key polynomial of degree d > 1, and assume that every
key polynomial of degree less that d is an abstract key polynomial. We denote by d’ te preceding
key degree. If d’ is an independent key degree, then by a) of Theorem 5.4 and Theorem 4.10, ®
is an abstract key polynomial. If d’ is an immediate key degree, then by b) of Theorem 5.4 and
Theorem 4.9, ® is an abstract key polynomial. O
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