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KEY POLYNOMIALS, SEPARATE AND IMMEDIATE VALUATIONS, AND
SIMPLE EXTENSIONS OF VALUED FIELDS.

G. LELOUP

ABSTRACT. In order to study simple extensions of valued fields, notions of key polynomials were de-
veloped. Model theoretical properies of extensions of valued fields were also studied. The properties
of valuations used in model theory shed a new light on key polynomials and they make it possible to
obtain underlying properties of these extensions. Key polynomials are used for defining separate val-
uations which approximate a valuation on an extension K(X). A valuation vy on K(X) is separate if
there is a K-basis By of K[X] such that v, is determined by its restrictions to K and B). For every
valuation v the aim is to find a family of monic polynomials of K[X], which are called key polynomials,
and a family vy of separate valuations such that for every A the elements of By are products of key
polynomials, and, for every f € K[X], v(f) is the maximum of the family (v)(f)). The approach of the
present paper shows the links between some properties of valuations used in model theory and peoperties
of key polynomials. Our definitions rely on euclidean division of polynomials, on bases of vector spaces
and on classical properties of valuations.

! The aim of this work is twofold. On the one hand, it is to show the links between the model the-
oretical study of extensions of valued fields of W. Baur, F. Delon and the author (see [B 81], [B 82],
[D 82], [D 88], [D 91], [L 89], [L 03]) and the study of simple extensions of valued fields of S. Maclane
(IML 36a], [ML 36b]), M. Vaquié ([V 07]), J. Decaup, F. J. Herrera Govantes, W. Mahloud, J. Novakoski,
M. A. Olalla Acosta, M. Spivakovsky ([HOS 07], [HMOS 14], [DMS 18], [NS 18], [N 19]), and others. The
purposes of these last authors are are related to algebraic geometry. On the other hand, it is to give
a different approach to the study of key polynomials. In above papers the families of key polynomials
are constructed by induction on the degrees. Then two cases arise: the set v(X¢ — K4_1[X]) having or
not a greatest element (where K4_1[X] is the K-module of polynomials of degree at most d — 1). We
will show that in the first case we have a separate subextension, and in the last one this subextension
is immediate. Separate and immediate extensions play a central role in the model theoretical study of
extensions of valued fields. So we found interesting to revisit key polynomials in the light of another
background. In particular, we define key polynomials by first order formulas (in the language of valued
rings together with a predicate interpreted by X), and we do not require to define families of key polyno-
mials by induction. The approach of the present paper relies on euclidean division of polynomials, basis
of vector spaces and the notions of separate and immediate extensions used in model theoretical study
of extensions of valuations. In the following, we use the word “module” which is shorter than “vector
space”. We do not require the reader having any previous knowledge of key polynomials. As much as
possible, we try to use only elementary properties of valuations. However, we use the graded algebra
associated to a valuation in two proofs and, in the last section, an approximation theorem of Ribenboim
in one proof, and pseudo-Cauchy sequences in the study of immediate extensions (all the definitions will
be given below). On the one side, graded algebras are a good tool for providing nice proofs of some prop-
erties of separate extensions. On the other side, pseudo-Cauchy sequences play an important role in the
study of immediate extensions. This work is self-contained and when we use results on key polynomials
of preceding papers, we generally give a proof. This work started before the publication of the papers
[DMS 18], [NS 18], [N 19], so the first version (online on September 2018) did not inlcude their results.
In the present version we had to change some definitions and make the links with the results of those
papers. We will show that our definition of key polynomials is equivalent to the definition of these last
papers.

Let (K,v) be a valued field. S. MacLane introduced key polynomials to define families of separate
valuations which approximate an extension of v to the field K (X), where X is algebraic or transcendental
over K. They are also used for defining the different extensions of a fixed valuation to a given simple
algebraic extension of a field. Here we will focus on the first purpose. In the works of S. MacLane and of
M. Vaquié, the key polynomials ® are constructed by induction, starting from the degree 1 key polyno-
mials. In [HOS 07] the authors do not define key polynomials but families of key polynomials, by means
of properties that these families have to satisfy. Then they construct such families by induction, starting
from the degree 1, in a different way from the constructions of S. MacLane and M. Vaquié. A definition
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2 G. LELOUP

of key polynomials appears in [NS 18], [DMS 18] and [N 19] in the case of a transcendental extension (in
[DMS 18] they are called abstract key polynomials). Here, we do not restrict to transcendental extensions
and we give a characterization of key polynomials by means of first order formulas (in the language of
valued fields together with a predicate interpreted by the generator of the simple extension) which are
satisfied by the abstract key polynomials. A slight modification in our definition gives rise to the the
definition of polynomials that we will call weak key polynomials (in short w-key polynomials). The key
polynomials are also w-key polynomials. In Proposition 3.24 we show that ® being a w-key polynomial
for v is equivalent to being a MacLane key polynomial for the generalized Gauss valuation v which we
will define below.

General properties.

A waluation on a field K is a morphism v from the multiplicative group (K*,-) to an abelian linearly
ordered group (vK,+) called the valuation group. We add an element co to vK (0o > vK), we set
v(0) := oo, and we assume that v(x + y) > min(v(z),v(y)), for every z, y in K. It follows that if
v(z) # v(y), then v(z +y) = min(v(x),v(y)). If v(x) = v(y), then v(z + y) can be arbitrarily large. The
set {z € K | v(z) > 0} is a local domain and {z € K | v(z) > 0} is its maximal ideal, they are called re-
spectively the valuation ring and the mazximal ideal of the valued field. The quotient of the valuation ring
by the maximal ideal is a field which is denoted by K, and is called the residue field of the valued field.
The residue characteristic of (K,v) is the characteristic of K,. We have char K, = 0 = char K = 0
and char K > 0 = char K, = char K. For z in the valuation ring of (K,v), its class modulo the
maximal ideal will be denoted by x,. For every subset M of K we denote by v(M), or vM, the set
{v(z) |z € M, z # 0}.

We assume that v is a finite rank valuation (the rank of v is the number of proper convex subgroups of
vK), so that vK has countable cofinality. If the rank is 1, then ¥ K embeds in the ordered group (R, +);
we also say that v is archimedean.

An extension (L|K,v) of valued fields consists in an extension L|K of fields, where L is equipped with
a valuation v. If L|K is a field extension and v is a valuation on K, then there is a least one extension
of v to L.

Assume that M is a K-module (where K is a field). A mapping v from M to a linearly ordered group
together with an element oo will be called a K-module valuation, if for every y1, yo in M and z € K:
viy) =00 < y1 =0, v(y1 +y2) > min(v(y1), v(y2)), v(zyr) = v(z) + v(y1) (see. [FVK]). It follows that
its restriction to K is a valuation of field.

Separate and immediate extensions.

For n € N*, we denote by K, [X] the K-submodule of K[X] of all polynomials of degree at most n,
where X is algebraic or transcendental over K. We let Ko[X] := K and if X is transcendental over K,
then we let Koo [X] := K[X]. In the classification of key polynomials, and in the construction of families
of key polynomials will appear the sets v(X™ — K,,_1[X]). We will show that these sets are related to
characterizations of separate and immediate extensions.

Assume that v is a K-module valuation on M. In general, for every xy,...,z, in K, pairwise distinct
Y1, Yn in M, v(x1y1 + -+ + xpyn) is at least equal to min(v(z1y1),. .., v(nyn)), and it can be arbi-
trarily large. The K-module valuation v is said to be separate if there exists a basis B of M such that for
every i, ..., &, in K, pairwise distinct y1,...,y, in B, v(x1y1+- - -+ 2Zpyn) = min(v(z1y1), . . ., V(Tnyn)).
If this holds, then the basis B is said to be v-separate (in short separate). Note that if B is a basis of
L, then we can define a separate K-module valuation v/ by setting, for every z1,...,z, in K, pairwise
distinct y1,...,y, in B, V(2191 + -+ zpyn) = min(v(z1y1), . . ., V(Tryn)). If v is separate, then one can
compute the valuation of any element of M by means of the restrictions of v to K and B.

We will see in Proposition 2.19 that for d € NU {oo} such that 0 < d < [K[X]: K] — 1, the extension
(Kq4[X]|K,v) is separate if, and only if, for every integer n, 1 <n < d, v(X" = K,_1[X]) = {v(X" —y) |y €
K,—1[X]} has a maximal element. Futhermore, if X is transcendental over K, and v is a field valuation
on K(X), then (K(X)|K,v) is separate if, and only if, for every n € N*, v(X" — K,,_1[X]) has a maximal
element.

Let M C N be K-submodules of L. We say that the K-module N is immediate over M if for every
l €N, theset v(l— M) ={v(l—z)| 2z e M\{l}} is a subset of ¥M and it has no maximal element.
We say that it is dense over M if for every [ € N, the set v(I — M) is equal to vM. One can prove that
saying that the extension of valued field (L| K, v) is immediate is equivalent to saying that vL = vK and
L, = K,,. We will show in Proposition 1.8 that for d, d’ in NU{oco} such that 0 < d < d’ < [K[X]: K] -1,
(that is, if X is algebraic over K, then d’ < [K[X]: K]), the extension (K4 [X]|K4[X],v) is immediate if,
and only if, for every n € {d+1,...,d'}, v(X" — K,_1[X]) has no maximal element. Furthermore, if v
is a field valuation and vK|[X] is a group, then it is dense if, and only if, for every n € {d +1,...,d'},
v(X" — K,,_1[X]) = vK. Propositions 1.8 and 2.19, show that the separate and the immediate cases are
in some sense opposite ones. This difference will also be illustrated by Theorem 2.7, which implies that
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a valued fields extension (L|K,v) is separate if, and only if, for every finitely generated K-submodule
M of L and | € L\M, the set v(I — M) has a maximal element, and the definition of an immediate
extension. Furthermore, Theorem 2.8 implies that if (L|K,v) is a finite algebraic extension of valued
fields, then (L|K,v) is separate if, and only if, [L: K] = [L,: K,](vL:vK), although Remark 1.6, implies
that (L|K,v) is immediate if, and only if, vL = vK and L, = K,,.

Families of key polynomials.

Now, let (K (X)|K,v) be a simple extension of valued fields. If there is no confusion, then for every poly-
nomial f(X) of K[X] we write f instead of f(X). S. MacLane defined families (;) of separate K-module
valuations to approximate v (where ¢ runs over a well-ordered set). Note that if B; is a separate basis for
v;, and the restrictions of v and v; to K and B; are equal, then for every f € K[X] we have v;(f) < v(f)
(in short, v; < v). Assume that X is algebraic (so that K (X) = K[X]), and that there exists f € K[X] such
that v;(f) < v(f). Since v; < v, we have v;(1/f) <wv(1/f). Hence v;(f) < v(f) = —v(1/f) < =i (1/f).
So v (1/f) # —vi(f). Tt follows that v; doesn’t satisty the rule v;(fg) = v;(f) +143(g). Now, we will prove
in Proposition 3.16 that, in some cases, if deg(f) + deg(g) < [K[X]: K], then v;(fg) = vi(f) + v:(g). This
motivates the following definitions.

If for every f, g in K[X] such that deg(f) + deg(g) < [K[X]: K] we have v(fg) = v(f) + v(g), then we
say that v is partially multiplicative, or a p-m valuation. In the case where [K[X]: K] = oo, we assume in
addition that g # 0 implies v(f/g) = v(f) — v(g), that is, v is a field valuation in the usual sense. If v is
a field valuation (in the usual sense), then we will also say that it is multiplicative.

Let ® be a monic polynomial of degree d. We say that ® is a key polynomial if for every f, g in K4_1[X]
with deg(f) + deg(g) < [K[X]: K] we have v(fg) = v(r) < v(¢®), where fg = q® + r is the euclidean
division. A positive integer d is said to be a key degree if there is a key polynomial of degree d. Trivially,
1 is a key degree, and we see that any key polynomial is irreducible. Let dy :=1 < dy < --- < d,, be
the first n key degrees, and d, 41 := [K(X): K]. For i <n, let ®4, be a key polynomial of degree d;. We
let B be the family of the @Zi ~~~<I>§:’, where, for 1 < j < n, e; +eada + -+ + €;d; < djy1. Since the
degree mapping is one-to-one from B onto [0, [K(X): K][, B is indeed a basis of the K-module K[X]. We
..., De the separate K-module valuation defined by this basis. Then, for every f € K[X], all
the ve, . e, (f) are bounded above by v/(f). We prove that there exists a family F of key polynomials
such that, for every f € K[X], by letting d,, be the greatest key degree which is at most equal to deg(f),
there exist ®q,,..., P4, in F such that ve, . e, () =v(f).

The family F is defined in the following way. Let d be a key degree. We say that d is a separate key
degree if the set v(X? — K4_1[X]) has a maximal element. We will show in Proposition 3.27 that every
monic polynomial ®4 of degree d such that v(®;) = maxv(X? — K4_1[X]) is a key polynomial. We say
that d is an immediate key degree if the set (X% — K;_1[X]) has no maximal element. We will show in
Proposition 3.27 that there exists a sequence (®q4,,) of key polynomials of degree d such that the sequence
(v(®4.)) is increasing and cofinal in v(X¢ — K4_1[X]).

Since key polynomials was first constructed by induction on the degree, some authors introduced the
definition of limit key polynomial. In fact, a key polynomial is a limit key polynomial if, and only if, the
preceding key degree is an immediate one. Here we prefer make a distinction between the properties of
the key polynomials and of their degrees, instead of the previous key degree. So we make a distinction
between immediate and separate key degrees, which seems more relevant.

Now, let 1 := d; < dy < --- be the sequence of key degrees. If d; is a separate key degree, then we
let ®4, be a key polynomial such that v(®,4,) = max v (X% — Ky, _1[X]). For notational convenience, for
every non-negative integer n we set @4, ,, := ®4,. If d; is an immediate key degree, then we let (®y, »)
be a sequence of key polynomials of degree d; such that the sequence (v(®y;, ,)) is increasing and cofinal
in v(x% — K4, 1[X]). Then we can let F be the family of the V®y, iy son®ay n,, S» Where k and the n;’s run
over N. In Theorem 3.44 we prove that if the degree of f is less than dj41, then v(f) is the maximum of
the family ve, ., ,..e, ., (f), and infinitely many ve, . ..o, . (f)'s are equal to v(f).

If there is at most one immediate key degree, then we get an algorithm to calculate v(f) for ev-
ery polynomial f. Let dj be the greatest key degree which is a most equal to the degree of f. Then
Voy, mros®ap o () = V() S Vo ta, o (f) = Vo pir,e®ay nya (). Hence we compute ve, .o, . (f),
and we stop when this condition holds.

Now we set a new definition. If we have v(r) < v(¢®) instead of v(r) < v(¢®) in the definition of
key polynomials, then we say that ® is a weak key polynomial (in short a w-key polynomial). The w-key
polynomials can also be characterized in the following way. Let ® be a monic irreducible polynomial
and d be the degree of ®. Assume that d < [K[X]: K]/2. Since the K-modules K4_1[X], K4_1[X]
and K[X]/(®) are isomorphic (where K[X] denotes the ring of formal polynomials), v induces a K-
module valuation 7 on K[X]/(®) by setting, for f(X) € Kq—1[X], 7(f(X) + (®)) = v(f(X)). Note that
p(K[X]/(®)) = v(K4—1[X]). Now, we will prove in Proposition 3.7 that ® is a w-key polynomial if, and
only if, (K[X]/(®),7) is a valued field (i.e. 7 is multiplicative). If ® is a key polynomial, then in addition
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the residue field (K[X]/(®))s is canonically isomorphic to (Kg—1[X]), (so, it embeds in (K[X]),).

Some model theory.

In above study, we see that the simpler case is the separate one. In the model theorical study of
extensions of valued fields, separate extensions also give interesting results. A valued field (K, v) is said
to be algebraically mazimal if no extension of v to an algebraic extension of K is immediate. If the
residue characteristic is 0, then being algebraically maximal is equivalent to being henselian, i.e. v having
a unique extension to any agebraic extension of K. A famous theorem of J. Ax, S. Kochen and Y. Ershov
([AK 65]) says that the elementary theory of a henselian valued field (K,v) of residue characteristic 0
is determined by the elementary theory of its residue field and the elementary theory of its value group.
Next, this result was extended to other families of algebraically maximal valued fields. In the model
theoretical study of extensions of valued fields, we try to get similar results. Now, in [D 91] F. Delon
proved that given a theory Tr of fields of characteristic 0 and a theory Ty of non trivial linearly ordered
abelian groups, the theory of immediate henselian extensions (L| K, v), where K, is a model of Tr and v K
is a model of Ty, is indecidable and admits 2%° completions. The failure comes from the sets v(I — K),
where | € L. Now, if K, L are henselian, charK, = 0, and (L|K,v) is separate, then the first-order
theory of the extension is determined by the theories of the residual extension and of the extension of
valued groups. The same holds if (L|K,v) is an extension of algebraically maximal Kaplansky fields or
of real-closed fields (see [B 81], [B 82], [L 89], [L 03]). Furthermore, we have similar results with dense
extensions, and some extensions can be decomposed into separate and dense subextensions. In the case
where (L|K,v) is an extension of valued fields of residue characteristic 0, there exists a henselian subfield
H, K C H C L, such that (H|K,v) is separate and (L|H,v) is immediate (see [D 88]). This shows that

it can be interesting to focus on separate and immediate extensions.

Summary of the paper.

In Section 1 we generalize the definitions of immediate and dense extensions to extensions of modules,
equipped with K-module valuations. Then we focus on the case of simple extensions. We prove Proposi-
tion 1.8, which characterizes immediate extensions by the condition that the sets v(X"™ — K,,_1[X]) have no
greatest elements. Section 2 is devoted to separate extensions. In the same way as in Section 1, we focus
on the case of simple extensions, and we prove Proposition 2.19, which characterizes separate extensions
by the condition that the sets v(X™ — K,,_1[X]) have greatest elements. Then we recall definitions and
properties of the graded algebras associated to valuations, since they are useful in the study of separate
extensions. Futhermore, we prove that a family is separate if, and only if, its image in the graded algebra
is linearly independent (Fact 2.20). In Section 3, we characterize w-key polynomials, key polynomials
and key degrees. We compare the definition of w-key polynomials with the definition of S. MacLane and
M. Vaquié (Proposition 3.24). We study the K-module valuations defined by w-key polynomials, and
the associated bases generated by these w-key polynomials. Next we set properties of key degrees. We
prove, for example, that if d is an immediate key degree and d’ is the next key degree, then the extension
(Ka@—1[X]|K4-1[X],v) is immediate (Theorem 3.36). We also give characterizations of the successor of a
given key degree (Theorems 3.36 and 3.37). In particular, we look at conditions for being the greatest
key degree. For example, we show that this holds if v(X? — K4_1[X]) = vK4_1[X] = vK(X) (Proposition
3.41). We use w-key polynomials to define the K-module valuations which approximate a given valuation
of K(X)|K. In Subsection 3.7 we show that the key polynomials defined in the transcendental case in
[NS 18], [DMS 18] and [N 19] are the same as the key polynomials defined here (Corollaries 3.50 and
3.52). Next, we look at the links between the separate key polynomials and the graded algebra of a
valuation. Then, in Section 4, we focus on the particular cases of immediate and separate extensions.
For this purpose, we generalize a result of F. Delon which shows that if the residue characteristic is 0 and
v is archimedean, then any simple immediate algebraic extension of valued field is dense (Theorem 4.4).

1. IMMEDIATE EXTENSIONS

In this section, L| K is an extension of fields and v is a K-module valuation on L.

If M is a K-module, then we assume that vM has no greatest element. This holds if v K is not trivial.
Indeed, for every z € K with v(z) > 0 and y € M, we have zy € M and v(zy) = v(z) + v(y) > v(y).

We generalize the definitions of immediate and dense extensions to extensions of K-modules. We list
some basic properties, then we characterize the immediate and dense extensions by means of the sets
v(X" — K, —1[X]) (Proposition 1.8).

Notations 1.1. Let I € L and M be a K-submodule of L. We denote by v(I — M) the subset {v(l —z) |
x € M\{l}} of vM. For any polynomial f, we denote by v(f(M)), or vf(M), the subset {v(f(z)) |z €

M\ {oo}.

Note that v(I — M) NvM is an initial segment of vM.
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Definitions 1.2. Let M C N be K-submodules of L, and [ € L.
We say that [ is pseudo-limit over (M, v) if v(I — M) C vM, and v(l — M) has no maximal element.
We say that [ is limit over (M,v) if v(l — M) = vM.
The extension (N|M,v) is said to be immediate if every element of N is pseudo-limit over (M, v).
The extension (N|M,v) is said to be dense if every element of N is limit over M.

Remark 1.3. It follows that if (N|M,v) is dense, then it is immediate.

Lemma 1.4. Letl € L and M be a K-submodule of L. The element | is pseudo-limit over (M,v) if,
and only if, for every x € M there exists y € M such that v(l —y) > v(l — x).

Proof. If 1 is pseudo-limit, then v(I — M) has no maximal element. Hence, for every x € M there
exists y € M such that v(l —y) > v(l — z). Conversely, if for every x € M there exists y € M such that
v(l—y) > v(l—x), then v(I— M) has no maximal element. Now, let z, y in M such that v(I—y) > v(I—x).
Then, since v(l —z) = v(l—y+y —z) < v(l —y), it follows that v(l —y) = v(y — x) € vM. Hence
v(l— M) C vM. Consequently, ! is pseudo-limit over M. O

Notations 1.5. For v in vL and M a K-submodule of L, let M, , be the K,-module {x € M | v(z) >
v}/{x € M | v(x) > ~v}. In the case where v = 0, we often write M, instead od My ,.

For f € KJl] with v(f) > ~, we denote by f,, the class of f modulo the ideal {g € K[l] | v(g) > v} of
the ring K[I].

Remark 1.6. .
1) (N|M,v) is immediate if, and only if, vN = vM and, for every v € vM, N, , = M, ,.
2) (N|K,v) is immediate if, and only if, vN = vK and N, = K,,.

Proof. .

1) We assume that (N|M,v) is immediate. Let [ € N. Since [ is pseudo-limit over M, there is z € M
such that v(I —0) < v(I — z). Hence v(I) = v(z) € vM. Let v € vM and [ € N such that v(l) = ~.
There exists « € M such that v = v(l —0) < v(l — x). Hence L, , =z, € M, ,.

Assume that vN = vM and, for every v € vM, Ny, = M, ,. Let | € N and x € M. Let y; in M
such that v(y;) = v(l — ) and (yl) () = lu(y.),w- Therefore, v(l —x —y1) > v(y1) = v(l — x). We let
y: =2+ y1. By Lemma 1.4, (N|M, 1/) is immediate.

2) It remains to prove that if YN = vK and N, = K,,, then for every v € vM, N, , = M, ,,. Let vy € vK
and | € N such that v(I) = v. We take 21 € K\{0} such that v(z1) = v(I). Hence v(l/x1) = 0. Since N is
a K-module, [/z1 belongs to N. Now, let 25 € K such that (I/z1), = (z2),. Therefore, v(I/x1 —x2) > 0.
Set x := x1x9. Then, v(l —x) = v(x1(l/z1 — 22)) = v(21) + v(I/21 — 22) > v(21) = V(I). Tt follows that
lyy =2, O

Definitions 1.7. We say that v is partially multiplicative, or a p-m valuation, if for every f, g in K[X]
such that deg(f) + deg(g) < [K[X]: K| we have v(fg) = v(f) + v(g). In the case where [K[X]: K] = oo,
we assume in addition that g # 0 implies v(f/g) = v(f) — v(g), that is, v is a field valuation in the usual
sense. If v is a field valuation (in the usual sense), then we will also say that it is multiplicative.

Proposition 1.8. Let K(X)|K be a simple extension of valued fields, where X is algebraic or transcen-
dental over K, and let d, d' in NU {oo} such that 0 < d < d' < [K[X]: K] —1, (that is, if X is algebraic
over K, then d' < [K[X]:K]). Recall that we defined Ko[X] = K and K [X] = K[X].

a) (Kg[X]|Ka[X],v) is immediate if, and only if, for everymn € {d+1,...,d'}, v(X" — K,,—1[X]) has no
maximal element.

b) Assume that v is a p-m valuation on K (X) and that vK4[X] is a subgroup of vK (X). Then the extension
(Ko [X]|Kq4[X],v) is dense if, and only if, for everyn € {d+1,...,d'}, v(X" — K,,_1[X]) = vKy4[X].

Proof. a) =. Assume that, for some n € {d+1,...,d'}, v(X" — K,_1[X]) has a greatest element v(f). If
v(f) is not in vKy[X], then v Ky [X] # vK4[X], and, by Remark 1.6 1), the extension is not immediate. If
v(f) € vKg4[X], say v(f) =~. For every g € Ky4[X] we have v(f — g) < v(f), hence f,, # gy,. It follows
that (K [X])y. # (Ka[X])y,v, so the extension is not immediate.

<. Assume that (Kgz[X]|Kq[X],v) is not immediate, and let n be the smallest integer such that, for
some polynomial f of degree n, either v(f) ¢ vK4[X] or, for every g € Kq[X], fy, # gy, Where v = v(f).
Note that, by dividing f by an element of K, we can assume that f is a monic polynomial of degree n. First
assume that v(f(X)) ¢ vKg4[X], and let g be a monic polynomial of degree n. Then deg(f —g¢) < n, hence,
by minimality of n, v(f —g) € vK4[X]. Sov(f —g) # v(f). It follows: v(g) = min(v(g— f),v(f)) < v(f),
which proves that v(f) is the greatest element of v(X™ — K,,_1[X]).

Assume that v = v(f) € vKy4[X], and, for every g 6 Kd[ |, fy.v # gv- Let g be a monic polynomial
of degree n. If v(g — f) # =, then v(g) = min(v(g — f),v(f)) < v(f). Now, assume that v(g — f) = 7.
By mamnity of 7o 0 W Fon (o Poo S0 700} s — A ) = mimtole — Do) 2ot
Consequently, v(f) is the greatest element of V(X” K,—1[X]).
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b) If (K4 [X]|Kq[X],v) is dense, then it is immediate. Hence for every n € {d 4+ 1,...,d'} we have:
v(X" — K,—1]X]) € vK4[X]. Furthermore: v(X**1 — K4[X]) = vK4[X]. Now, for every n € {d+2,...,d'}
we have v(X" — K,,_1[X]) D v(X* — X"~V EK X]) = (n — (d 4+ 1))v(X) + v(X¥T! — K4[X]) = vK4[X]
(since vK4[X] is a subgroup). It follows: v(X" — K, _1[X]) = vK4[X].

Conversely, assume that for every n € {d + 1,...,d'} we have v(X" — K,,_1[X]) = vKy[X]. Then
in particular it has no greatest element. So by a) (Kg[X]|K4[X],v) is immediate. Let f € Kg[X],
n be its degree and =z, be the coefficient of X" in f. Without loss of generality we can assume that
ne€{d+1,...,d'}. We show that for every v € Ky[X] there is g € Ky4[X] such that v(f — g) > 7. Since
v(X" — K,_1[X]) = vK4[X] which is a group, there is g,_1 € K,,—1[X] such that v((f/zn) — (gn—1/%n)) >
v — v(zy). Hence v(f — gn—1) > 7. In the same way, for d < j < n — 2 we get g; € K;[X] such that
v(gj+1—9;) > - Therefore v(f—ga) = v(f—gn-1++9gay1—9a) = min(v(f—gn-1), ..., v(ga+1—9a)) >
. So every element of Ky [X] is limit over Ky[X]. This implies that (Kgq [X]|K4[X],v) is dense. O

2. SEPARATE EXTENSIONS

In this section, L|K is an extension of fields and v is a K-module valuation on L.

In subsection 2.1 we list definitions and properties of separate extensions and we prove Theorem 2.7
(which implies that a valued fields extension (L| K, v) is separate if, and only if, for every finitely generated
K-submodule M of L and | € L\ M, the set v(I — M) has a maximal element), and Theorem 2.8 (which
implies that if (L|K,v) is a finite algebraic extension of valued fields, then (L|K,v) is separate if, and
only if, [L: K] = [L,: K,](vL:vK)).

In subsection 2.2 we prove Proposition 2.19, which characterizes separatness by means of the sets
I/(Xn — anl[X]).

Subsection 2.3 is dedicated to the graded algebra associated to a valuation, and to the links with
separate extensions.

2.1. Basic properties.

Definitions 2.1. (Baur, [B 82]) Let M be a K-submodule of L.

1) A sequence (Iy,...,l,) of L is said to be separate over M (or v-separate if necessary) if for every
Z1,...,Ty in M, we have: v(zily + -+ + xpl,) = mini<;<, v(z;l;). If M = K, then we say separate
instead of separate over K.

2) The extension (L|K,v) is said to be separate if every finitely generated K-submodule of L admits
a basis which is separate over K. If this holds, then we say that v is separate (or separate over K).

Definition 2.2. Let M be a finitely generated K-submodule of L. If M admits a basis which is separate
over K, then we say that M is separate.

Remark 2.3. ([B 81]) If the sequence (Ii,...,1,) of L is separate over K, then ly,...,l, are linearly
independent over K.

The following properties provide examples of separate extensions.

Proposition 2.4. ([B 81]) If (K,v) is a mazimal valued field, then every multiplicative extension of
(K,v) is separate.

Theorem 2.5. ([D 88, Corollaire 7]) Assume that v is multiplicative on L and that (K,v) is henselian
of residue characteristic 0. Then any algebraic extension of (K, v) is separate.

The remainder of this subsection is dedicated to properties which make clear the difference between
immediate and separate extensions.

Theorem 2.6. ([D 88, p. 421]) Assume that v is multiplicative on L and that (K,v) is henselian of
residue characteristic 0. Then (L|K,v) is separate if, and only if, L is linearly disjoint over K from
every immediate extension of (K, v).

Theorem 2.7. (Delon) Let N be a K-submodule of L. Then, (N|K,v) is a separate extension if, and
only if, for every finitely generated K-submodule M of N andl € N\M, the set v(l — M) has a mazimal
element.

This theorem has been stated in [D 88, p. 421], assuming that (K, v) is henselian and char(K,) = 0.
So we give the proof for completeness. We will also prove the next theorem.

We know that if L|K is finite and v is multiplicative, then 1 < [L, : K,J(vL : vK) < [L : K].
Furthermore, by Remark 1.6, (L|K,v) is immediate if, and only if, 1 = [L,: K, ](vL:vK). The following
theorem proves that (L|K,v) being separate can be seen as the opposite case.

Theorem 2.8. Assume that L|K is a finite algebraic extension of fields and that v is multiplicative on
L. Then (L|K,v) is separate if, and only if, [L: K| =[L,:K,|(vL:vK).
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Definition 2.9. Let (L|K,v) be a finite extension of valued fields (where v is multiplicative). Then

. . [L:K]
LIK f
(L|K,v) is defectless i T KL oK)

We recall that (K,v) is henselian if v admits a unique extension to every algebraic extension of K.

is equal to the number of extensions of vk to L.

Corollary 2.10. If (K,v) is henselian, then every defectless finite algebraic extension of (K,v) is sepa-
rate.

We start with properties a separate sequences.

Lemma 2.11. ([B 82] p. 676) Let (I1,...,l,) be a separate sequence of elements of L, y in L and
ki,...,ky in K. The following holds.

Every subsequence of (I1,...,l,) is separate.

The sequence (k1ly, ..., knl,) is separate.

If v is multiplicative on L then the sequence (yli,...,yl,) is separate.

Lemma 2.12. ([B 81], [B 82] (54), p. 676) Let (11, ...,1,) be a sequence of elements of L such that: Vi,
1<i<n,v(l;)=0. Then (ly,...,1,) is separate if, and only if, (I1)y, ..., (In), are linearly independent
over K,. This can be generalized in the following way. If v(ly) = --- = v(l,) = g, then (l1,... 1) is
separate if, and only if, for every x1,...,x, in {x € K | v(z) = 0} U{0}, either v(x1ly + -+ xpln) =g
orxy =---=x, =0.

Proposition 2.13. Let l;1,...,lin,, 1 <1 <p, be sequences which satisfy:
Vi, 1 <i<p,Vj,1 <5 <ng,v(ly) =v(lin) <oo

and the v(l;1) are pairwise non-congruent modulo vK. The following assertions are equivalent.

The sequence l11, ... lin, o1, s lany, -+ oy lp1y o lpn, 18 separate.

For every i in {1,...,p}, li1,lia, ..., lin, is separate.

If v is mutiplicative on L then this condition is equivalent to:

for every i in {1,...,p}, 1, (ligl;ll)l,, e (lmil;ll),, are linearly independent over K, .

Proof. Assume that the sequence is separate. Then by Lemma 2.11, for 1 < ¢ < p, the sequence
lila lig, ey llm is separate.

Conversely, let Z11,..., %10, %21, -+, T2nyy - s Tply -+, Tpn,, iDL K. For 1 <4 <p,set y; =zl +- -+
Tin,lin,. Since l;1, ..., iy, is separate, we have: v(y;) = min{v(z;;) + v(l;;) | 1 < j < n;}. Therefore, the
v(y;)’s are pairwise non-congruent modulo »K. In particular, they are pairwise distinct, and v(y; +- -+
yp) = min{v(y;) | 1 <4 < p}. This proves that the sequence l11,...,lin,,l21, s l2ngs - lp1y oy lpn, 18
separate.

If v is multiplicative on L, then

lit, lia,y . .., lin, is separate if, and only if, 1, (ligli_ll), cl (lmili_ll) is separate.
By Lemma 2.12, this in turn is equivalent to 1, (liglﬁl)y, R (lmil;ll),, are linearly independent over
K,. 0

Lemma 2.14. ([D 88] Lemme 5) Let M C N be two K -submodules of L such that M is finitely generated
and N admits a separate basis. Then M admits a separate basis (in other words, it is separate).

The following theorem is an immediate consequence of Lemma 2.14.

Theorem 2.15. Assume that L is a finite algebraic extension of K. Then (L|K,v) is separate if, and
only if, the K-module L admits a separate basis.

Remark. Theorem 2.15 is not true if (L|K) is not a finite algebraic extension, (see [D 88] p. 426).
However, we will see in Proposition 2.17 that it remains true if L is generated by one transcendental
element and v is multiplicative.

Proof of Theorem 2.8. Set r :=[L,:K,] and q := (vL:vK). By properties of valuations, we have that
rq < [L:K].

Assume that [L: K] = rq. Let z1,...,%r, Y1, - ., Yq be elements of L such that v(z1) =--- = v(z,) =0,
(z1)v, - ., (xp), are linearly independent over K, and v(y1), . . ., ¥(y,) are pairwise non-congruent modulo
vK. By Proposition 2.13, the sequence {z;y; | 1 <i <r, 1 <j < g} is separate. It follows that they are
linearly independent over K. Since its cardinal is rq, it is a basis of L over K. Now, by Theorem 2.15,
(L|K,v) is separate.

Assume that (L|K,v) is separate, so L admits a separate basis 5. We define an equivalence relation
over B by setting y1 ~ y2 < v(y1) = v(y2) modulo vK. By Lemma 2.11, we can assume that all the
elements of every class of B modulo ~ have the same valuation. Let C := {l1,...,{,} be a class of B
modulo ~. By Lemma 2.11 1, (I3/l1), ..., (I,/l1) is a separate sequence of elements of L with valuation
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0. We deduce from Lemma 2.12 that p < r. Now, if p < r, then there exists Z;H in L such that
L, (/170 (/1T Y0, (I41)v are linearly independent over K,. Then 1, (L/ITh), - (L/ITY, bt
is a separate sequence, hence so is l1,la, ..., lp, 11, Where I,y = I 111 By Proposition 2.13, BU{l,11}
is a separate sequence, hence B is not a maximal subset of linearly independent elements, so it is not a
basis: a contradiction. It follows that p = r. Now, there are at most (vL:vK) = ¢ classes modulo ~.
Since B is a separate basis, for every [ € L there exists € K and b € B such that v(I) = v(xb). It follows
that there are exactly ¢ classes modulo ~. Hence B is the disjoint union of ¢ classes, each one contains r
elements. It follows: [L: K] = card(B) = rq. O

Lemma 2.16. Assume that (L|K,v) is separate. Let M be a finite K-submodule of L andl € L\M.
Then every separate basis of M extends to a separate basis of the K-submodule generated by M and .

Proof. Consider a separate basis B of M and a separate basis B’ of N := M & K-I. Since v(M) C v(N),
the number of classes of B’ modulo the relation ~ defined in the proof of Theorem 2.8 is greater or equal
to the number of classes of B modulo ~. If it is greater, then we add to B and element of the additional
class, and we get the separate basis of N. Otherwise, one of the classes of B’ has more elements than
the corresponding class of B. Say l7,...,l; ; and [1,...,lx. By Lemma 2.11, we can assume that all the
element of these classes have the same valuation . Assume that there exists a family (z;); -, 41 1<i<k
in {x € K | v(z) = 0} U {0} such that for i € {1,...,k+ 1}: (¥i) v(l, — (xaly + - + zal)) > 7.
We show that we get a contradiction. Without loss of generality we can assume that x1; # 0. Then:
v(ly + 1:12m1_11l2 4+ xlkxl_lllk — xl_lll'l) > ~. For i > 2 we put xl_lll’l — (xlgxl_lllQ + -+ xlkxl_lllk.) in
place of I3. So we get an inequality v(I; + acﬁll’l — (mlgxﬁl + xio)le — - — (:rlkxfll + xip)lg) > . We
can eliminate (z1;27," + x4;)l; if v(21;277" +2i;) > 0, so we can assume that all the coefficients belong to
{z € K | v(z) = 0} U {0}. We proceed in the same way with lo,...,l). Since there are k + 1 inequalities
(i), finally we get some v(y1l} + - +yry1l; ;) > v = minv(y;l;): a contradiction. Hence there is some
I}, say I}, such that for every z; in {x € K | v(z) =0} U{0} (1 <j <k): v(lj +xili+---+klx) = 7.
It follow that the sequence I1,...,l,[; . is separate. By Proposition 2.13, the sequence BU {l;_,} is
separate. O

Proof of Theorem 2.7. Assume that (N|K,v) is separate. Let M be a finitely generated K-submodule
of N, and | € N\M. By Lemma 2.16, there exist a basis l1,...,lp of M & K-l such that I,... lx_1
belong to M. Now, [ can be written as | = 11y + - - - + xgl, with z1,..., 2, in K. Since | ¢ M, we have
x # 0. Hence for every y in M there exist y1,...,yr—1 in K such that | —y = y1l1 + -+ y_1lk—1 + ik,
hence v(l — y) < v(zly). So v(xgly) = maxv(l — M). Conversely, we prove by induction on the
dimension of the submodule M that it contains a separate basis. If dim(M) = 1, then the result
is trivial. Assume that M admits a separate basis ly,...,l; and let [ ¢ M. Let y € M such that
v(l —y) = maxv(l — M), and set lp41 = | —y. We show that the family ly,...,lx, k1 is separate.

Let @1,..., 25, xp+1 in K, with 251 # 0, and v := min(v(x1l1), ..., v(xkly)). If v < v(xgy1lk41), then
v(zily + -+ gl + Treplerr) = v = min(v(z1ly), ..., v(zrle), v(zes1le+1)). I v > v(zgsalesr), then
v(zily + -+ xply + rp1ler1) = v(@gs1lprr) = min(v(zily), ..., v(@ely), v(2k11lk+1)). Assume that

v = v(xgt1lg+1). Since v(lk41) is the maximum of v(I — M), v < v(xily + -+ + zple + Try1lpy1) =
V(xk“)—&—u(xlx,;illl—l—- . -+xkx,;lllk+lk+1) < v(@gs1)+v(lgs1) = 7. So, v(xilh 4+ +apl+Trp1lir1) =
min(v(x1ly), ..., v(@ple), V(Trr1le+1))- O

2.2. Extensions generated by one element. In this subsection, K(X)|K is a simple extension of
fields, where X is algebraic or transcendental over K.

Proposition 2.17. Let d € NU {oo} such that 0 < d < [K[X]: K] — 1. Then (K4[X]|K,v) is separate
if, and only if, the K-module K4[X] admits a separate basis. Furthermore, we can assume that the degree
mapping is one-to-one, and that every polynomial of this basis is monic.

Assume that X is transcendental over K, and that v is multiplicative on K(X). Then (K (X)|K,v) is sepa-
rate if, and only if, the K-module K[X] admits a separate basis. (= holds even if v is not multiplicative).

Proof. Assume that (K4[X]|K,v) is separate. By Lemma 2.16, the separate basis 1 of K can be completed
in a separate basis of the module generated by 1 and X. Necessarily, the second element of this basis
has degree 1. Let n > 1 and assume that the K-module K,[X] of polynomials of degree at most n has a
separate basis of (n + 1) elements of respective degrees 0, 1, ..., n. By Lemma 2.16, this separate basis
can be completed in a separate basis of K, 1[X], and the degree of the new element is n + 1. So we get
the required separate basis by induction. By Lemma 2.11 we can assume that every polynomial of this
basis is monic.

Conversely, assume that Ky[X] contains a separate basis, and let M be a finitely generated K-
submodule. By Lemma 2.14, M has a separate basis.
Assume that X is transcendental over K, and that v is multiplicative on K(X) and let M be a finitely
generated submodule of K (X). Then there is a polynomial f(X) # 0 such that f(X)-M C K[X]. We take



KEY POLYNOMIALS, SEPARATE AND IMMEDIATE VALUATIONS, AND SIMPLE EXTENSIONS OF VALUED FIELDS)

a separate basis of f(X)-M, and we divide all its elements by f(X) so that, since v is multiplicative, by
Lemma 2.11, we get a separate basis of M. ([l

Example 2.18. Let (K, v) be a valued field. Pick some z in K, some v in an extension of v K, and, for
every o, Z1,...,Zn in K, set V' (z,(X—2)"+- - -+x1(X—x)+2x0) := min(v(z,)+nv, ..., v(x1)+7, v(xo)).
Then one can check that ' defines a p-m valuation on the ring K[X]. We say that v/ is a Gauss valuation.
The p-m valuation v/ is separate and 1,(X — z),..., (X — 2)",... is a separate basis of (K[X], 7).

Note that if " is another K-module valuation on K[X] which extends v and such that v(X — z) = 7,
then, for every f in K[X], v'(f) <v"(f).

We state a refinement of Theorem 2.7, which characterizes separate extensions by means of initial
segments. This proposition completes Proposition 1.8.

Proposition 2.19. Let d € NU {oo} such that 0 < d < [K[X]: K] — 1. The extension (K4[X]|K,v) is
separate if, and only if, for every integer n, 1 <n < d, v(X" — K,_1[X]) has a mazimal element.
Assume that X is transcendental over K, and that v is multiplicative on K(X). Then (K(X)|K,v) is
separate if, and only if, for every n € N*, v(X" — K,,_1[X]) has a maximal element.

Proof. In both equivalences, = follows from Theorem 2.7. In order to prove the converse, we construct
by induction a separate basis such that the degree mapping is one-to-one. Then, by Proposition 2.17,
(Kaq[X]|K,v) is separate. The case where X is transcendental also follows from Proposition 2.17. Trivially,
1 is a separate basis of Ky[X] = K. Assume that we have a separate basis (fo,..., fn—1) of K,_1[X].
Let f, be a monic polynomial such that v(f,) = max(v(X™ — K,,_1[X])). Since the degree of f, is n,
(fos-+s fn—1,fn) is a basis of K,[X]. Let f =z, fn + - + 20 in K,[X]. If 2, = 0, then by induction

hypothesis v(f) = OSIZ_I;TILI vz fi) = orgniign v(z;f;). Now we assume: z, # 0. Since v(f,) is maximal, we
have v (x‘i) <v(fn) v (% — fn) < v(fn), then v <x]; — fn> =v (ai) So:
v(f)=v(z,) +v (:vf) =v(z,) +v <xf - fn) =

0<i<n—1 Tn 0<i<n—1 0<i<n

=v(x,)+ min V<x1f1> = min v(x;f;) = min v(x;f;).

If v (f - fn) > v(fn), then O<Igin . v(zifi) > v(xnfn). Furthermore, since v(f,) is maximal we have
X <i<n—

n

f\ . — mi
v (% =v(f). Therefore: v(f) = Orgnilélnu(mzfz). O
2.3. Graded algebra associated to a valuation. In the proofs of Remark 3.35 and Theorem 3.37
we will introduce the graded algebra associated to a valuation. We will also show more properties in
Subsection 3.8 because they are used in the definition of key polynomials by F. J. Herrera Govantes, W.
Mahloud, M. A. Olalla Acosta and M. Spivakovsky. Now, we review some observations.

Let (K,v) be a valued field. Recall that, for every v € vK, K, , denotes the K,-module {z € K |
v(z) > ~}/{z € K | v(z) > ~v}. Now, let G, (K) be the graded algebra G, (K) = @ K, ..

vyevK

In the case where K is the valued field k((T')) of generalized formal power series with coefficients in a

field k£ and exponents in a linearly ordered abelian group I':

E(T)) = {Z 2, X7 | A is a well-ordered subset of I', and Vv € A z, € k},
yeA

then G, (K) is isomorphic to the ring of generalized polynomials k[I'], the subring of all elements of
kE((T)) with finite support. More generally, the K-module G, (K) is isomorphic to the K-module K, [vK]
of polynomials with coefficients in K, and exponents in v K.

If K contains a lifting of ¥K, then we can assume that these graded algebras are isomorphic. In
particular, if vK = 7Z, then they are isomorphic. If (K’ ,2') is an R;-saturated elementary extension of
(K,v), then it contains a lifting of its value group (see [K 75]). Hence G,.(K') is isomorphic to the ring
of polynomials K/, (v'K’). Therefore every graded algebra G, (K) embeds in a ring of polynomials. If
(K, v) contains a lifting K, of its residue field and a lifting I of v K, then it contains the algebra Ky[['],
which is isomorphic to G, (K). Now, if (K, v) is henselian and char(K, ) = 0, then we know that it admits
a lifting of K. It follows that every valued field (K,v) of residue characteristic 0 admits an extension
(K’,v") which contains a subalgebra which is isomorphic to G, (K). Furthermore, (K’,7’) embeds in the
power series field K,((¢/K')) equipped with the canonical valuation.

For every x € K, let in, (x) := 7,(,),, be the image of z in K, ., which is also its image in G,,(K). In
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the case of a subfield of a power series field, we have in, Z 24XV | = 24, X"°, where q is the smallest
YEA
element of the support of the serie (i.e. the well ordered subset A of vK such that z., # 0). In general,
for every z, y in K, we have in,(x)in,(y) = in,(zy). Assume that v(z) = v(y). If in,(z) = —in,(y),
then in, (x + y) = 0. Otherwise, in, (z + y) = in, (x) + in, (y).
An element of G, (K) is called homogeneous if it belongs to U K, ,. In the case of a polynomial
yevK
ring, this is equivalent to being a monomial. One can see that the inversible elements of G, (K) are the
homogeneous ones.
For further purposes, if M is a K-submodule of L, we denote by G, (M) the additive group @ M, ..

yeEVM
By Remark 1.6, an extension of valued fields (L| K, v) is immediate if, and only if, G, (L) = G, (K).
Now we turn to the separate case. Let (L|K,v) be an extension of valued fields, and Iy, ...,[, in L.

Fact 2.20. The family (I1,...,1,) is separate over (K,v) if, and only if, in,(l1),...,in,(l,) are linearly
independent over G, (K).

If (l1, ..., 1) is a mazimal separate family, then (in,(l1),...,in,(l,)) is a basis of G, (L).

The extension (L|K,v) is separate if, and only if, G, (L) is a G, (K)-module of dimension [L:K].

Proof. Recall that the family (I1,...,1,) is a separate over (K, v) if, and only if, for every x1,...,x, in K,

v(zily, ..., xnly) = min(v(z1ly),...,v(znl,)). Now, this equivalent to saying that for every zy,...,x,
in K with v(x1ly) = -+ = v(znl,), we have v(x1ly,. .., z,l,) = v(z1ly). This last equality is equivalent
to iny(x1)ing(lh) + - - - + iny (xy)in, (1) # 0. So, if in,(l1),...,in,(I,) are linearly independent in the
G, (K)-module G, (L), then the family (I1,...,1,) is separate. Now, assume that for every x1,...,z, in
K with v(z1lh) = - -- = v(xnly), we have v(x1ly, ..., xnl,) = v(z1l1). Let y1,...,y, in G, (K). Every y;

can be written as a finite sum of homogeneous elements: y; = in, (1) 4 - - +in, (v;;). It follows that
y1iny (l1) + -+ + ynin, (In) can be written as a sum of in, (z1,, )in, (I1) + - - - + iny (2 k, )in, (1), where
the non-zero in, (x; x,)in, (I;) have the same valuation. Therefore, y1in, (I1)+- - -+ ynin,(l,) # 0. Conse-
quently, the family (Iy,...,1l,) is separate over (K,v) if, and only if, in,(l1),...,in,(I,) are linearly inde-
pendent over G, (K). Furthermore, if (I1,...,l,) is a maximal separate family, then (in, (I1),...,in, (1))
is a basis of G,(L). Now, if [L : K] is finite, then the dimension of the G, (K)-module G, (L) is
[L,: K,]-(vL:vK). Hence, by Theorem 2.8, (L|K,v) is separate if, and only if, G, (L) is a G, (K)-
module of dimension [L: K]. O

The following lemma shows that if, for [ € L, in,(I) satisfies a relation of algebraic dependence over
G, (K), then we can define its irreducible polynomial.

Lemma 2.21. Letl € L. Assume that in, (1) satisfies a relation of algebraic dependence over G, (K),
and let n be the smallest degree such that such a relation exists. Then, in,(l) satisfies a relation of the

Jorm in, ()™ +in, (2n—1)in, ()"t +- - +in,(z0) = 0, where xg, ..., T,_1 belong to K and v(zg) = -+ =
V(zp 1Y) = v(IM).
Proof. See for example [HOS 07]. O

We sometimes call homogeneous a polynomial in, (X)™ + in, (z,—1)in, (X)" = + -+ 4+ in,(x¢), where
Tg,...,Tn_1 belong to K | such that v(xg) = - = v(z,_1 X" 1) = v(X").

3. KEY POLYNOMIALS.

In this section, (K (X)|K,v) is an extension of valued fields, where X is algebraic or transcendental over
K.

In Subsection 3.1 we state the definitions of key polynomials, w-key polynomials and key degrees and
we also state basic facts. In particular we prove Proposition 3.7 (® is a w-key polynomial if, and only if,
(K[X]/(®),7) is a valued field, where 7 is defined by 7(f(X) + ®) = v(f(X))).

In Subsection 3.2 we compare Definition 3.2 and S. MacLane’s definition ([ML 36a] and [ML 36b]).

In Subsection 3.3 we define the valuations vg. We show that it follows from properties of extensions
of valuations that these valuation are not, in general, multiplicative. We also deduce characterizations of
w-key polynomials and of MacLane’s key polynomials (Propositions 3.20 and 3.24).

The bases defined by polynomials are introduced in Subsection 3.4.

In Subsection 3.5 we focus on properties of key degrees. Given a key polynomial, Proposition 3.27
allows to construct other key polynomials of the same degree. Proposition 3.34 gives a sufficient condition
for v being equal to vg for some w-key polynomial ®. This holds in particular if X is transcendental
and Abhyankar inequality is an equality. In Theorems 3.36 and 3.37 we characterize the successor of a
given key degree, in the immediate case and in the separate case. Proposition 3.39 states a necessary and
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sufficient condition for an integer being a valuational key degree. Next we show that if d is a key degree
such that X< is limit over Ky_1[X], then d is the greatest key degree (Proposition 3.41).

In Subsection 3.6, we define families of key polynomials and associated separate valuations (in the
same way as S. MacLane and M. Vaquié). In Theorem 3.44 we show that the valuation of any polynomial
is equal to its valuation with respect to some separate valuations so constructed.

Subsection 3.7 is dedicated to proving that the definitions of key polynomials and of abstract key
polynomials are equivalent.

In [HOS 07] and [HMOS 14], families of key polynomials are constructed by lifting some polynomials
of the graded algebra of the valuation. So, in Subsection 3.8 we see links between key polynomials and
their images in the graded algebra associated to the valuation.

3.1. Definitions.

Notation 3.1. Let ® be a monic polynomial of degree d > 1. For f, g in Ky4_1[X], we will denote
by qo(f,g) and re(f,g) respectively (in short ¢(f,g) and r(f,g)) the quotient and the remainder of
the euclidean division of fg by ®. In other words, ¢(f,g) and r(f,g) belong to K4_1[X] and fg =

Definitions 3.2. Let v be a K-module valuation on K (X) and ® be a monic polynomial of degree d > 1.
We say that @ is a weak key polynomial for v (or a w-key polynomial for v) if, for every f, g in K4_1[X]
with deg(f) + deg(g) < [K[X]: K], we have v(fg) = v(r(f, 9)).

We say that @ is a key polynomial for v if, for every f, g in Ky_1[X] with deg(f) + deg(g) < [K[X]: K],
we have v(fg) = v(r(f,9)) <v(q(f,9)-®).

Let d be a positive integer.

We say that d is a key degree of (K (X)|K,v) if there exists a key polynomial of degree d.

Assume that d is a key degree. If v(X¢ — K4 1[X]) has no maximal element, then we say that d is an
immediate key degree. Otherwise, we say that d is a separate key degree. If this maximum does not belong
to vK4_1[X], then we say that d is a valuational key degree. If this maximum belongs to vK4_1[X], then
we say that d is a residual key degree.

Remarks 3.3. 1) The integer 1 is a key degree. Furthermore, every monic polynomial of degree 1 is a
key polynomial.

2) Every w-key polynomial is irreducible.

3) If v is partially multiplicative and ® is a w-key polynomial (resp. a key polynomial) for v of degree d,
then, for every p-m valuation v’ such that the restriction of v/ to Ky_1[X] is equal to the restriction of v
and /(@) > v(®), ¢ is a w-key polynomial (resp. a key polynomial) for v/.

4) Assume that v is partially multiplicative. If ® is a w-key polynomial, then v(®) > {v(r(f,g)) —
v(g(f,9) | f € Ka—1[X], g € Kq-1[X], deg(f)+deg(g) < [K[X]:K]}. If ® is a monic polynomial, then ®
is a key polynomial if, and only if, v(®) > {v(r(f,9)) — v(¢(f,9)) | f € Ka-1[X], g € Kq_1[X], deg(f) +
deg(g) < [K[X]:K]}.

Proof. 1) and 3) are trivial.

2) Assume that there exist two polynomials f, g in K4_1[X] such that fg = ®, then r(f,g) = 0, and
v(r(f,g)) = oo > v(fg). Hence ® is not a w-key polynomial for v.

4) Clearly, if ® is a w-key polynomial (resp. a key polynomial), then v(®) > {v(r(f,9)) — v(q¢(f,9)) |
[ € Kqa[X], g € Kq1[X], deg(f) + deg(g) < [K[X]: K]} (resp. v(®) > {v(r(f,9)) —v(a(f.9)) | [ €
Kqa1[X], g € Kq-1[X], deg(f) + deg(g) < [K[X]: K]}). Now, if v(®) > v(r(f,g9)) — v(q(f,9)), then
v(g(f.9)®) > v(r(f,9)) = v(Fg — al,9)®). Hence v(r(},g)) — (J9). .

Remark 3.4. Let d be a key degree. Then, by Proposition 1.8, d is an immediate key degree if, and
only if, the extension (K4[X]|K4—1[X],v) is immediate.

The following lemma explains the distinction that we make between the valuational and the residual
key degrees.

Lemma 3.5. Let d be a positive integer. Assume that v(X? — K4 1[X]) has a mazimum v(®). Then
either v(®) ¢ VK4 1[X], or @), & (Ka—1[X])u(@),0-

Proof. Assume that v(®) € vK,_1[X]. Since v(®) is maximal in v(X? — K4_1[X]), for every f € K4 1[X]
such that v(f) = v(®) we have v(® — f) = v(®) = v(f). Hence (®), (@), # [o(@),,- It follows that
Py (@), ¢ (Ka-1[X])v(@),0- O

Let ® be a monic irreducible polynomial of K[X] of degree d > 1 (K[X], the ring of formal polynomials
with coefficients in K). Then K[X]/(®) is a field, such that the canonical epimorphism p : K[X]| —
K[X]/(®) is an isomorphism from the K-module Ky 1[X] onto the K-module K[X]/(®). Now, for f, ¢
in Kg_1[X], we set f*g:=7(f,g). Then p(f *g) = p(r(f,g9)) = p(fg). Hence (K4—1[X],+,*) is a field
which is isomorphic to K[X]/(®). The same operation can be defined in K[X] whenever d < [K(X): K]/2.



12 G. LELOUP

Notation 3.6. Let ® be a monic irreducible polynomial of K[X] of degree d, 1 < d < [K(X):K]/2. The
field (K4-1[X], +, *) defined above will be denoted by Kg.

Note that if v is a p-m valuation on the field K (X), then its restriction to K4—1[X] induces a valuation
of the K-modules K¢ and K[X]/(®). If Y is a root of ®(X) in some algebraic extension, then the fields
K¢ and K[Y)] are isomorphic.

Proposition 3.7. Let ® be an irreducible monic polynomial of degree d, 1 < d < [K(X): K]|/2, and v
be a p-m valuation on K(X). Then ® is a w-key polynomial for v if, and only if, the valued K-module
(Ko,v) is a valued field.

Proof. Let f, gin K4—1[X]. Then v(fxg) = v(r(f,g)) and v(fg) = v(f)+v(g). Hence (Kg,v) is a valued
field if, and only if, for every f, g in K4_1[X] we have: v(r(f,g)) = v(fg). This in turn is equivalent to
saying that ® is a w-key polynomial. O

Corollary 3.8. Let ® be a w-key polynomial of degree d, 1 < d < [K(X):K]/2, and v be a p-m valuation
on K(X). Then vK4_1[X] is a subgroup of vK(X).

Proof. Indeed, if ® is a w-key polynomial, then for every f, g in Ky_1[X] we have v(fxg) = v(ra(f,9)) =
v(fg) =v(f) +v(g). Hence vKge = vKy_1[X]. O

Remark 3.9. Let ® be a monic polynomial of degree d, 1 < d < [K(X):K]/2, and v be a p-m valuation
on K(X).

(1) The polynomial ® is a key polynomial if, and only if, for every f, g in K4_1[X], v(fg) = v(ra(f,g))
and (f9)u(rg),v = (ra(f,9))v(fg),v- Indeed, if v(fg) = v(rs(f,g)), then v(fg—rs(f,g)) > 0 is equivalent
to (fg)u(fg),u = (T<I>(f7 g))y(fg),l/~

(2) If @ is a key polynomial, then the group G, (K4_1[X]) is a subalgebra of G, (K(X)). Indeed, since
(fDuirg)w = foif)w9u(g)ws ® is akey polynomial if, and only if, for every f, g in Kq_1[X], (f*9)u(sg),v =
Jo(f)w9v(g),v- Therefore, the group G, (K4-1[X]) is a subalgebra of G, (K (X)), and it is isomorphic to
G,(Ks). Hence G,(K) embeds in G, (Kg) and G, (Ks) embeds in G, (K (X)).

(3) It follows from Proposition 3.7 that if ® is a key polynomial, then K4_1[X], is a subfield of K(X),.

3.2. MacLane’s key polynomials. In [ML 36a] and [ML 36b] S. MacLane defined key polynomials in
the case of discrete valuations. M. Vaquié ([V 07]) generalized this definition to arbitrary valuations.
In [V 07] the key polynomials are defined on the ring of formal polynomials. The case of algebraic
extensions is obtained by means of a pseudo-valuation, by quotienting K[X] by the socle of v. A pseudo-
valuation v of K is a mapping from K onto a linearly ordered group vK together with an element oo
which shares the properties of multiplicative valuations except v(x) = co = x = 0. In this case the
set I := {z € K | v(z) = oo} is a prime ideal which is called the socle of v. Then v induces a p-m
valuation on the integral domain K/I. So, in [V 07] X is transcendental over K and v is a valuation or
a pseudo-valuation. Now, in Definition 3.2, we can assume that v is a pseudo-valuation and that X is
transcendental. Here we extend the definition of [V 07] to the case of an algebraic extension, and we do
not require X being transcendental.
In this subsection, v is a K-module valuation on K (X) or a pseudo-valuation.

Definition 3.10. Let ® be a monic polynomial of degree d and d' := [K[X]: K] — d. We say that
® is v-minimal if for every f € Ky 1[X] and every h € Ky_1[X], v(f — h®) = min(v(f),v(h®)).
We say that ® v-irreducible if for every f, g in K[X] with deg(f) + deg(g) < [K[X] : K] such that,
for every h € Kg_1[X], v(f — h®) = min(v(f),v(h®)) and v(g — h®) = min(r(g),v(h®)), we have:
Vh e Kg—1[X] v(fg — h®) = min(v(fg), v(h®)).

Remark 3.11. By setting h := 1 in above definition, we see that every monic polynomial, which is
v-minimal and v-irreducible, is irreducible.

Proposition 3.12. Assume that v is a p-m valuation or a pseudo-valuation. Let d < [K[X]: K] in N*,
d :=[K[X]: K] —d, ® be a non constant monic polynomial in K[X] of degree d. The following assertions
are equivalent.

1) @ is v-minimal and v-irreducible.

2) For every f, g in Kq—1[X] with deg(f) + deg(g) < [K[X]: K| and every h in Kg_1[X], we have
v(fg + hd) = min(u(fg), v(h)).

3) ® is a w-key polynomial such that the sequence (™) (md < [K(X):K]) is separate over Kq_1[X].

Before proving Proposition 3.12 we state a lemma.

Lemma 3.13. ([ML 36a] Lemma 4.3) Assume that v is a p-m valuation or a pseudo-valuation. Let
d < [K[X]:K] in N*, d' := [K[X]: K] —d, ® be a v-minimal non constant monic polynomial in K[X] of
degree d. Let f € K[X] and f = q® + r be the euclidean division of f by ®. The following assertions are
equivalent.
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a) v(r) > v(f)
b) v(r) > min(v(f), v(¢P))
¢)3h € Ky_1[X] v(f — h®) > min(v(f), v(hD)).

Proof. Trivially we have: a) = b) and b) = ¢). We prove ¢) = a). Let h € Kg_1[X]. By hypothesis,
deg(r) < d and deg(q) < d'. Hence v(f—h®) = v((¢g—h)®+r) = min(v((g—h)®),v(r)) < v(r). Therefore
v(f—h®) > min(v(f),v(h®)) = v(r) > min(v(f), v(h®)). Now, v(f—h®) > min(v(f), v(h®)) = v(f) =
v(h®), hence v(r) > v(f). O

Proof of Proposition 3.12.

2) = 1). Assume that ® satisfies the hypothesis of 2). By setting g = 1 if follows that ® is a
non constant monic polynomial in K[X] of degree d such that for every f in K,y 1[X] and every h in
Ky _1[X] we have v(f + h®) = min(v(f),v(h®)). Hence ® is v-minimal. In order to prove that ® is
v irreducible, let f and g in K[X] such that deg(f) + deg(g) < [K[X]: K] and for every h € Ky _1[X],
v(f — h®) = min(v(f),v(h®)) and v(g — h®) = min(v(g), v(h®)). By euclidean division, f et g can be
written as f = ¢® +r and g = ¢'® + 7’. By Lemma 3.13, we have v(f) = v(r) and v(g) = v(r’). Let
h e Ky_1[X]. Then v(fg—h®) = v((gd'®+qr'+¢'r—h)®+rr’") = min(v((¢¢'®+qr'+¢'r—h)®), v(rr')),
because both of r and ' belong to K4_1[X]. Hence v(fg — h®) < v(rr’') = v(fg). Now, we have
min(v(fg),v(h®)) < v(fg—h®) <v(fg). So, v(fg—h®) = min(v(fg),v(h®)). Hence ® is v-irreducible.

1) = 2). We assume that ® be a monic, v-minimal and v-irreducible polynomial. Let f, g in K4_1[X]
with deg(f) + deg(g) < [K[X]: K]. Since ® is v-minimal, for every h in K[X] we have v(f + h®) =
min(v(f),v(h®)) and v(g + h®) = min(v(g),v(h®)). Now, ® is v-irreducible, hence v(fg + h®) =
win(v(fg), v(h)).

2) = 3). Assume that ® satisfies the hypothesis of 1) and 2). Let f, g in Ky4_1[X] with deg(f)+deg(g) <
[K[X]: K]. By letting h := —qa(f,g), 2) implies v(rs(f,g)) = min(v(fg),v(¢s(f, g)®P)). Since P is v-
minimal, by Lemma 3.13 we have v(re(f,g)) = v(fg). Hence ® is a w-key polynomial. Now, let m € N*
with dm < [K[X]: K], fo,.-., fm in Kq_1[X]. We have: v(f,®™ + -+ + fo) = min(v((frn®" 1t + -+ +
f1)®),v(£0), v(fm® L+ + f1) = min(v((fn®" "2 + -+ + f2)®),v(f1)), and so on. So by induction
we have v(f,®™ + -+ + fo) = min(v(f,®"1),...,v(fo)). Hence the family (®™),,cy is separate over
Kga_1[X].

3) = 2). We take f, gin Kq_1[X] and h in K4 _1[X] with deg(f)+deg(g) < [K[X]: K]. The polynomial
h can be written as h = h,, @™+ - -+he+ho, where hy,, ..., h1, hg belong to Ky_1[X]. Let ¢ := ¢(f, g) and
r:=r(f,g); since f and g belong to K4_1[X], we have deg(q) < d, i.e. ¢ € K4_1[X]. We have: v(fg+h®) =
V(R @™ 4o+ by @2+ (g + ho)® + 1) = min(v(h, @), . v(h1®2), v((q + ho)®), v(r)). Since ® is
a w-key polynomial, we have v(fg) = v(r) < v(q®). If v(ho®) > v(r), then v((q + ho)®P) > v(r). Hence
min(v((qg 4+ ho)®),v(r)) = v(r) = min(v(ho®),v(r)). If v(ho®) < v(r), then min(v((q + ho)®),v(r)) =
v(ho®) = min(v(ho®),v(r)). Therefore: v(fg+ h®) = min(v(h,®™ 1), ..., v(h1®?),v(he®)v(fg)) =
min(v(h®),v(fg)). O

Remark 3.14. We use the hypothesis “v is a p-m valuation” for proving 2) = 1). For proving 2) = 3)
the condition “for every f € Kg_1[X], v(®f) = v(®) + v(f)” is sufficient. The remainder of the proof
remains true with a K-module valuation.

In MacLane’s definition, the key polynomials are the v-minimal and v-irreducible polynomials. Propo-
sition 3.12 shows that this definition is stronger than Definition 3.2. The difference will appear more
clearly in Subsection 3.3 (for example Remark 3.19). Now, we extend the definition of S. MacLane to
K-module valuations.

Definition 3.15. Let ® be a polynomial of degree d. We say that ® is a ML key polynomial for v if ®
is a w-key polynomial such that the sequence (&™) (md < [K(X):K]) is separate over Kq_1[X].

3.3. Separate valuations defined by key polynomials. Assume that ® is a monic irreducible poly-
nomial of degree d, and let v be an element of an extension of vK (X).

For every f:= fo+ 1P+ -+ fn®™ in K[X] (with fo, f1, ..., fm in Kq_1[X] and deg(fmn) +dm <
[K[X): K)), set #/(f) = min w(fi) +iv.

Assume that v is a p-m valuation on K (X) and that ® is a w-key polynomial for v of degree d. We saw
in Remarks 3.3 4) that the set {v(r(f,g)) —v(q(f,9)) | f € Ka—1[X], g € Kq—1[X], deg(f) + deg(g) <
[K[X] : K]} is bounded above by v(®). We extend the addition of elements of ¥K to the addition of
Dedekind cuts in the usual way. We also define an element —oco < vK(X), and we let § + oo = oo,
d — 0o = —o0, for every § in the Dedekind completion of vK (X).

Proposition 3.16. Let ® be a monic irreducible polynomial of degree d, v be an element of an extension
of vK(X), v be a K-module valuation defined on K4—1[X], and v’ be defined as above.

1) The application v' is a K-module valuation and the family (™) (dm < [K[X]:K]) is separate over
Ky 1[X].
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2) Assume that v is a p-m valuation and that ® is a w-key polynomial for v. Denote by B the upper-bound
of the set {v(r(f,9)) —v(q(f,9)) | f € Ka—1[X], g € Kaq—1[X], deg(f) +deg(g) < [K[X]: K]}, and assume
that v > 5.

G’) For every f = fmq)m +o+ fl(b + fO: g = g"Lq)'m, + - —|—g1(I) =+ 9o, with f07~-~7fm7907~-~;g7n mn
Kg_1[X] such that deg(f) + deg(g) < [K[X]: K] we have:

V(fg) =" Z(erugj z><bj <V ng(Zﬂfugj—i))‘I’j — =8

i=0 =0 \i=0

(Here if i > m, then we let f; = g; = 0.) In particular, V' is a p-m valuation.
b) The polynomial ® is a ML key polynomial for v'. Furthermore it is a key polynomial if, and only if,
v > B or [ is not a mazximum.

Proof. 1) Clearly, if v/ is a K-module valuation, then the family (®™) is separate over K4_1[X]. Let
an"'vfmag()a"'vgm in del[x] and let f = fmq)m + - +f1(I)+f07 g = gmq)m + - +91(I)+90 We
have trivially

V(f+9) = min (v(f;+9;)+7) = Ogignm(min(l/(fj) + 57, v(95)) + 37)

0<j<
> min(v'(f), v (9))-
We have that v/(f) = co & f = 0. Now, for ¢ € K, V'(zf) = v/'(z) + V'(f), since v is a K-module
valuation.
2) a) Since deg(f) + deg(g) < [K[X]: K], for every i, j we have deg(f;) + deg(g;) < [K(X):K]. Hence
v(fig;) = v(fi) +v(g;). Denote by ig (resp. jo) the smallest index such that v'(f) = v(f;, + i07y) (resp.
V'(g) = v(gj, + joy)), and for i > m set f; = g; = 0. We have

2m
V(fg) =1 Z (Z figi- Z) ¥ = 0<iI£]iI<12m (W (figj=) +37)
Jj=0 T

> moin (@(fi) +iy+vlgi-i) + (= 97) 2 V() + v (9)-

For every i, j, let ¢; ;i = q(fi,gj—) and i j_; = r(fi, gj—i)-

2m 7
f9= Z (Z 4ij—i® + Ti,ji) P =

7=0 \2=0
2m—+1 -
Z <ZQz,] i— 1) (D]_FZ(Zrl] 1) (I)j
j=1 =0

Since max(deg(fi),deg(g;—i)) < d, v is a p-m valuation and ® is a w-key polynomial, we have:
V(fi) + l/l(gjfi) =v(fi) tv(gj—i) = v(rij—) = V/(Ti,j—i) = V/(figj—i)a and
v(rij—i) S v(qij—i) + B <v'(gij—i) + .
Furthermore, v'(f) + v'(g) = v(fi,) + i07 + v(95,) + Jov <

<v(fi) +iv+v(gij-i—1) + (G —i— Dy =v(figij—i-1) + G — 1)y =

=v(rij—i-1) + (G — Vv <v(@ij—i-—1) + B+ (G — D)y =v(gij-i-1) + 37— (v = B).

2m 7
Consequently: v/ | fg — Z (Z T(finj—i)) >V(f)+v(9) + (v = B).

§=0 \i=0
Now, let hjy+;, be the coefficient of ®*J° in the decomposition of fg by ®. We have
Pigtjo = T0i0+do T Tyiotjo—1 + -+ Tigjo + ** + Tig1jo,0 T Q0,io+jo—1 T+ + Gigtjo—1,0-

By hypotheses, for 0 < i < iy + jo — 1 we have:
U iio+jo—1-i) + (io + Jo)v 2 V(Giig+jo—1—i) + B+ (io + Jo — 1)y 2 v(fiio+jo—1-i) + (io +jo — 1)y =
= v(fi) + v + v(Gig+jo—1-i) + (G0 + jo — 1 — )7
If 4 S io—l, then l/(fz)—F’L’)/ > l//(f). Otherwise, ’L0+]0—1—Z S jo—l, and V(gi0+j0—1—i)+(i0+j0_1_7;) >
V'(g). In any case, v(q; io+jo—1—i) + (G0 + jo)y > V'(f) + V'(g). In the same way, for 0 <14 < iy + jo:
V(Tisigtjo—i) + (io + Jo)y = v(fi) + 7 + v(ig+jo—i) + (G0 + Jo — i)y = V'(f) +V'(9),
and equality holds if, and only if, ¢ = iy and j = jo. Hence the minimum is carried by a unique term, so
I/(hioJrjo) = V(fiogjo) = V(fio) + V(gjo)' Consequently: Vl(fg) = VI(f) + V/(g)'

Assume that X is transcendental over K. For all nonzero f, g in K[X], set v/(f/g) = V'(f) — V'(g).
Then, for every f, f’, g, ¢’ in K[X], with g # 0 # ¢’, we have:

(52) () urr-s = () ().
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TN (99N i #0) — () — i
V(g+g,) (gg,) (fg'+fg)—vig) —v(g') =

> win(v(79)('9)) = vig) ~ vlg) =min (v (1) 0 (L),

Hence ¢/ is a multiplicative valuation.

2) b) If £, g belong to Kq_1[X], then f = fo, g = go and v/ (fg) = v/ (r(f, 9)) < v'(fg—r(f.9))—(y—5) =
V' (q(f,g9)) — (v — B). Hence ® is a w-key polynomial for /. If v > 8 or 8 is not a maximum, then
the inequality is strict. If £ is a maximum, say S = v(re(f,9)) — v(qa(f,9)), then v(ga(f,g)P) =
v(gs(f,9))+ B =v(re(f,g)). Hence @ is not a key polynomial. Since the family (&™) (dm < [K[X]: K])
is separate over K4_1[X], by 3) of Proposition 3.12, ® is a ML key polynomial for v’ O

Notations 3.17. The K-module valuation v’ defined in Proposition 3.16 will be denoted by v . We
set vy = Vo (). If @1 and Py are irreducible polynomials such that deg(®;) < deg(®2), we denote
by vs,.s, the K-module valuation (u¢11y(¢1))¢2yy(%). By induction, for every irreducible polynomials
®Dq,...,D,, with deg(P1) < --- < deg(®,,), we define the K-module valuation v, . o, .

These valuations vg generalize the augmented valuations of S. MacLane ([ML 36a] and [ML 36b)).

Remark 3.18. If the degree of ® is 1, then for every f, g in K4_1[X] = K, we have ¢(f,g) = 0. Hence
the set {v(r(f,q9)) —v(q(f,9)) | f € Kaq-1[X], g € Kq_1[X], deg(f) + deg(g) < [K[X]: K]} is equal to
{—o0} and is bounded above by any element. Hence Proposition 3.16 shows that the Gauss valuations
defined in Example 2.18 are p-m valuations. So, for every monic ® € K[X], the p-m valuation vg can be
called a generalized Gauss valuation.

Remark 3.19. If v is a p-m valuation, then it follows from Proposition 3.16 that ® is a ML key
polynomial for v if, and only if, ® is a w-key polynomial for v and v = vg.

Proposition 3.20. Let ® be a monic polynomial of degree d and v be a p-m valuation on K[X]. Then ®
is a w-key polynomial for v if, and only if, there exists a p-m valuation v’ of K[X], such that its restriction
to Kq_1[X] is equal to the restriction of v, and v'(®) > v(P).

If this holds, then for every v > v(®) in an extension of VK[X], ve . is a p-m valuation of K[X] such
that its restriction to Kq_1[X] is equal to the restriction of v, ve ~(®) = v and ® is a ML key polynomial
for ve .

Proof. Assume that v/ is a p-m valuation of K[X] such that its restriction to K4—1[X] is equal to the
restriction of v, and v/(®) > v(®). Let f, g in Kyq_1[X] such that deg(f)+deg(g) < [K[X]: K], g = q(f,9)
and 7 = r(f,g). Without loss of generality we can assume that ¢ # 0. We have v(fg) = v(f) + v(g) =
VI(f)+v'(g9) =V (fg). Therefore, v(q® +r) = v/'(¢® + r) is greater or equal to both of min(v(¢®), v(r))
and min(v'(¢®),v(r)), where v(¢®) < v/'(¢®). It follows that v(q®) # v(r) or v'(¢P) # v(r), hence
v(qg®+r) = min(v(g®),v(r)) or ' (¢®+r) = min(v'(¢P), v(r)). In any case, since v(¢®P) = v(q) +v(P) <
V' (q) +v'(®) = ' (qP) we see that this minimum is v(r) and that v(r) < v(¢®) — (v'(®) — v(P)). Now, if
® is a w-key polynomial for v, then the hypotheses of Proposition 3.16 2) are satisfied. Hence, the proof
of the converse follows the proof of Proposition 3.16.

The remainder also follows from Proposition 3.16. O

Notation 3.21. If v and v/ are K-module valuations on K (X), then we set v < v/ if for every f € K[X]
we have v(f) <v/(f).

Remark 3.22. 1) By the definition of vg, for every K-module valuation v’ such that the restrictions of
v and vg to K4—1[X] are equal and v/ (®) = vy(P), we have vp <1/,

2) Assume that X is algebraic over K, that v is multiplicative, and v/(f) < v(f). If v/ < v, then
V() <v(/f) = —v(f) < =V'(f). Hence V' (1/f) # —v'(f). It follows that v/ is not multiplicative.
Hence we cannot improve the conclusion that v/ is partially multiplicative in Proposition 3.16.

Remark 3.23. In valuation theory, we say that v/ is finer than v if Va v/(z) > 0 = v(z) > 0 (see [R 68,
p. 54]). Assume that X is algebraic over K. Then K (X) = K[X], so, if v’ < v, then v/ is finer than v. Now,
any two distinct extensions of a valuation to an algebraic extension are incomparable (see Corollaire 5,
p. 158 in [R 68]). Therefore, this also proves that if v’ # v, then v or v/ is not multiplicative. In the case
where X is transcendental over K and v, v/ are valuations such that v’ < v, then we cannot deduce that
v and v/ are comparable in the sense of Ribenboim. Indeed, assume that v(f) = v/(f) = v/(g) < v(g).

Then, v/(f/g) =0 > v(f/g). Assume that v'(f) < v(f) = v(g9) = v(g). Then v'(f/g) <0 =wv(f/g).

Proposition 3.24. Let v be a p-m valuation on K[X], and ® be a non constant monic polynomial in K[X]
of degree d. Then ® is a w-key polynomial for v if, and only if, there exists a p-m valuation v’ < v such
that the restrictions of v and v’ to Kq—1[X] are equal, and ® is a ML key polynomial for v'. Furthermore,
we can take V' = vg.
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Proof. <. If ® is a ML key polynomial for v/, then it is a w-key polynomial for v/. Now, by 3) of Remark
3.3, it is a w-key polynomial for v.

=-. By Proposition 3.20, vy is a p-m valuation such that ® is a ML key polynomial for vg. By
construction, the restrictions of v and ve to Ky4_1[X] are equal. By Remark 3.22 1) we have v <v. O

3.4. Bases generated by polynomials. Let ®;, ..., ®,, ... be monic irreducible polynomials of
K[X] of degrees d1 = 1, ds, ..., d,, respectively, where d,_; divides d,, (if the family has a maximal
element d,,, we set d+1 = [K(X):K]). We let B be the family of the ®* - -- ®¢», where for 0 <i<n-—1

dit1

we have: 0 <e; < . Since the degree mapping is one-to-one from B onto [0, [K(X): K][, B is a basis

i
of the K-module K[X]. Furthermore, for every m in N, BN K,,[X] is a basis of the K-module K,,[X].
Now, we can define a basis even if some degree does not divide the following one. Indeed, in the case
where we have only dy =1 < dy < --- < d, < ---, we require: for every n, e; +eada+---+endp < dpy1.

Definition 3.25. Let B be a K-basis of K[X]. We say that B is generated by polynomials if it is

constructed in the above way. If so, then &1, @5, ..., ®,, ..., are called the generating polynomials for
B.
Remark 3.26. Let v be a K-module valuation on K(X), ®1,..., ®g,... be generating polynomials

for a basis B. For k > 1, fix v/(®y). For every eq,...,ex with e; + eads + -+ + exdi < dp41, let

V(D D) = et (Py) + eat/(P2) + - - + e/ (Py) and for every pairwise distinct y1,...,yx in B,

T, a in K set U (ziyr 4 -+ 2pyn) = 1r<n_i£1}C v(z;)v'(y;). Then v/ is a separate K-module valuation.
1

If for every k > 1 we have v/(®;,) = v(®},), then the K-module valuation v/ defined above is the K-module
valuation Vday,os®a, defined in Notations 3.17.

3.5. Properties of key degrees.

Proposition 3.27. Let d be an integer and v be a p-m valuation on K[X].

1) Let ® be a w-key polynomial of degree d. Then every monic polynomial ® of degree d, such that
v(®') > v(P), is a key polynomia. In particular d is a key degree.

2) Assume that d is a separate key degree and let @ be a key polynomial of degree d. Then every monic
polynomial ®' of degree d, such that v(®') > v(®), is a key polynomial. In particular, any monic
polynomial ®' of degree d, such that v(®') is mazimal in v(X¢ — K4 1[X]), is a key polynomial.

3) Assume that ® is a w-key polynomial of degree d and that the set v(X¢—K4_1[X]) has a greatest element.
Then every w-key polynomial of degree d has valuation v(®), and v(®) is mazimal in v(X? — Kq_1[X]).

This proposition is a consequence of the following lemma.

Lemma 3.28. Let d be a positive integer, v be a p-m valuation on K[X], ® and ' be monic polynomials
of degree d such that ® is a w-key polynomial for v.

1) If v(®') > v(P), then @' is a w-key polynomial for ve, a key polynomial for v, and ve < ver.

2) If v(®') = v(®) and D is a key polynomial for v, then ® is a key polynomial for both of v and ve.
Furthermore, vy = vy .

3) If v(®') = v(®) and @, ¥’ are w-key polynomials for v, then ve = ver.

Proof. Set h = @ — ®. Assume that v(®’') > v(®). Then we have v(h) > v(®). Furthermore, ®
and @ are monic polynomials, so the degree of h is lower than d. Now, ® = ® + h, hence ve(P’') =
min(v(®),v(h)) = v(®). Let f, g in K4_1[X] with deg(f) + deg(g) < [K[X]: K]. We have: vs(fg) =
va(f) + va(g) = v(f) + v(g) = v(fg). Let ' = ras(f,q), ¢ = qar(f, ).

1) We assume that v(®") > v(®). Hence v(f) = v(®). If va(¢'®") < v (r') (= v(1")), then ve(fg) =
ve(¢'® 4+ 1) = ve(¢'P) = v(¢'P) = vo(¢'P). Now, v(¢'®") > v(¢'®) = v(fg) and v(r') > ve(¢'P’) =
ve(fg) = v(fg). Hence v(fg) > min(v(¢'®"),v(r")) > v(fg): a contradiction. Therefore, ve(q'®’) >
ve(r'). Now, v(r') = ve(r’) and ve(¢'®") = v(¢'®) < V/(¢'®’). Hence ¥’ is a key polynomial for v. Since
ve(fg) =v(fg) =v(r') =vs(r’), ® is a w-key polynomial for ve. Furthermore, vy and vy are equal on
Kq-1[X], and v/ (®) = ve (@' — h) = min(ve (D), ves (h)) = min(v(®'),v(h)) = v(h) = v(P) = ve (D).
By Remark 3.22, we have vg < vgr.

2) We assume that v(®') = v(®) and  is a key polynomial for v. Let ¢1 = qo(¢’, h) and r1 = ro(q¢’, h).
Since ® is a key polynomial for v, we have v(¢:1®) > v(r1) = v(¢’h) > v(¢’®). Hence v(¢') < v(q1)
and v(¢' + q1) = v(¢’). We have: fg = ¢® +71 = ¢®+qdh+71r = (¢ +¢@)® + 1 + r1, hence
¢ +aq=qo(f.9), " +r =re(f,g) and v(fg) =v(r' +r1) <v((¢' +q)®) = v(¢'®) < v(r1). It follows:
v(r' +r1) = v(r'), so v(fg) = v(r') < v(¢'®) = v(¢’®’). This proves that ® is a key polynomial for
v. Now, ve(fg) = v(fg) = v(r') = va(r') and ve(¢'®’) = ve(¢'®) = v(¢'®) > v(r’). Hence @’ is a key
polynomial for vg. In the same way as in 1), we have: v < vg. Now, since @’ is a key polynomial, we
have in a symmetric way: ve < vg.

3) We assume that v(®") = v(®) and &, ¢’ are w-key polynomials for v. We have: &' = & + h, with
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v(h) > v(®) and deg(h) < d. Hence vy (®') = min(v(®),v(h)) = v(®) = v(P') = ve (®'). So by Remark
3.22 we have: vg: < vg. In the same way, vy < vg/, hence vy = vg. O

Lemma 3.29. Let v be a p-m valuation on K[X] and ® be a monic polynomial of degree d. Then, v = vg
on Kg[X] if, and only if, v(®) = maxv(X? — Kq_1[X]).

Proof. By the definition of vg, v and vg are equal on Ky_1[X]. Hence, we can consider polynomials of
degree d. So, we let f be a polynomial of degree d. Without loss of generality we can assume that f
is a monic polynomial. Hence f — ® has degree less than ®. Assume that v(f) = ve(f). Then v(f) =
ve(® + f — ®) = min(v(®), v(f — ®) < v(®). This proves that v(®) is the maximum of v(X? — K4_1[X]).
Conversely, assume that v(®) = maxv(X? — K4_1[X]). We have v(f — ®) > min(v(f),v(®)) = v(f).
Therefore, v(f) > ve(f) = ve(® + f — @) = min(v(®),v(f — ®)) > v(f). Hence ve(f) = v(f). O

Remark 3.30. The valuation of a key polynomial is not necessarily maximal. Indeed, we saw in Remark
3.3 1) that every monic polynomial of degree 1 is a key polynomial. This holds whether 1 is a separate
key degree or not.

The following two lemmas give useful criteria for being a w-key polynomial or a key polynomial.

Lemma 3.31. Let v, v/ be p-m valuations on K(X), and ® be a monic polynomial of degree d > 1.
Assume that their restrictions to Kq_1[X] are equal, that v' < v and v'(®) < v(P).

1) Let f € K[X] and f = q® + r be the euclidean division of f by ®. Then v'(f) < vV'(r) & V' (f) <v(f)
and V'(f) =v'(r) < V' (f) = v(f).

2) @ is a w-key polynomial for v' and a key polynomial for v.

3) Vv = I/&) = V‘I‘W'(‘I’)‘

Proof. 1) We have v/(r) = v(r) and v/(¢®) < v(¢®). Assume that v/(r) < /(¢®). Then v(f) =
min(v(q®),v(r)) = v(r). Furthermore, v(f) > v/(f) > min(v'(¢®),v(r)) > v r) = v(f). Hence V'(f) =
v(f) = v(r). Assume that v'(¢®) < v(r) < v(q®). Hence v'(f) = min(v/'(¢®), v (r)) = v'(¢®) < V'(r) =
min(v(q®),v(r)) = v(f). Assume that v(¢®) < v(r). Then v'(f) = min(v'(¢®),v'(r)) = V' (¢®) <
v(g®) = min(w(g®), v(r)) < v(f), and ¥'(f) < V'(r).

2) Let f, g in K4—1[X] with deg(f)+deg(g) < [K[X]: K]. Since deg(f) < deg(®) and deg(g) < deg(P),
we have: v/(f) = (f) and v/(g) = v(g), therefore: v/(fg) = v/(f) + /() = () + v(g) = v(fg). By 1)
this implies v'(fg) = v'(r(f,g)) and ® is a w-key polynomial for /. Since the restrictions of v and v’ to
K4-1[X] are equal, it follows that ® is also a w-key polynomial for v. Now, for f, g in Ky_1[X] we have
v(r(f,9) =v(r(f,9) <V (q(f,g)-®) <viqg(f,g)-®). Hence ® is a key polynomial for v.

3) First we prove that for every f, ¢ in Ky_1[X] with deg(f) + deg(g) < [K[X]: K] and h € K[X]
such that deg(h) < [K[X]: K] — d we have: V/(fg+ h®) = min(v'(fg), v (h®)). If v/(fg) # v'(h®), then
the result is trivial. Assume that v/(fg) = v/(h®), and let ¢ = q(f,g), r = r(f,g). Since ® is a w-key
polynomial for v/, we have v'(fg) = v/(r). Hence v/(fg+ h®) > v/(r). Note that fg+h® = (¢+h)P+r,
hence by 1) it follows: v/'(fg + h®) = v(fg + h®). Now, v(fg) = V' (fg) = V' (h®) < v(h®), hence
v(fg+ h®) =v(fg) =V (fg) = min(v'(fg), v (h®)). By 2) = 3) of Proposition 3.12 and Remark 3.19,
we have v/ = vg. Now, since v/ and v coincide on Kg[X] we have vg = vg /(@) O

Remark 3.32. It follows from Lemma 3.31 that if v is a valuation on K(X), then every p-m valuation
v' < v, v # v, which coincide on K with v, can be written as v’ = vg,,/(¢) where ® is a monic polynomial
of minimal degree such that v/(®) < v(®P).

Lemma 3.33. Let v be a p-m valuation on K(X), ® be a w-key polynomial for v and ®' be a monic
polynomial such that d = deg(®) < deg(®’) =d'.

1) If v(¥') = ve(D'), then ¥’ is not a key polynomial for v.

2) Assume that ve = v on Ky _1[X]. Then, ® is a key polynomial for v if, and only if, v(®') > ve(P').

Proof. 1) Write ® as & = f,,®™ + --- 4+ f1® + fy, with fo,..., fm in K4_1[X]. By the definition of
vg, we have v(®') = vg(®') = min(fo, 1D, ..., fm®™). Let f = frn®™ 1+ ...+ f; and g = ®. Then
go'(f:9) = 1, e (f,9) = —fo, and v(qe (f,9)®") = v(®) = min(v(re(f,9)),v(fg)) < v(fg). This
proves that @' is not a key polynomial.

2) < follows from Lemma 3.31, = follows from 1). O

Proposition 3.34. Let d be a positive integer, v be a p-m valuation on K[X].

1) If v = vg for some monic polynomial @, then there is no key degree greater than d.

2) If d is a separate key degree such that there is no key degree greater than d, and ® is a w-key polynomial
of degree d, with v(®) = max(v(X? — K4_1[X])), then v = vg.

Proof. 1) Follows from Lemma 3.33.
2) By Lemma 3.29, v and vg coincide on K4[X]. Now, by Lemma 3.33, v = vg on K[X]. O



18 G. LELOUP

Remark 3.35. Let v be a multiplicative valuation on K (X). If the irrational rank of v K (X) over vK
is 1, or the transcendence degree of K(X), over K, is 1 (in other words, if X is transcendental and
Abhyankar’s inequality is an equality), then there is a finite number of key degrees, and v = vg for some
w-key polynomial ®.

Proof. Note that in this case X is transcendental. Abhyankar’s inequality states that the transcendence
degree of K(X)|K is at least equal to the product of the transcendence degree of (K (X)),|K, by the
irrational rank of v(K[X])|vK. Assume that the irrational rank of ¥K(X) over vK is 1. Let d be the
smallest integer such that there exists a monic polynomial ® of degree d such that v(®) is not rational
over vK. If d = 1, then we know that ® is a key polynomial. Otherwise, clearly, v(®) # v(X%) = dv(X). If
v(®) < v(Xx%), then v(X? — ®) = v(®), with deg(X? — ®) < d: a contradiction (since d is minimal). Hence
v(®) > v(x4). Then v(®) = maxv(X? — Kq_1[X]). Let f, g in Kq_1[X] with deg(f) +deg(g) < [K[X]: K]
and ¢ = q(f, g), r =r(f,g). Since d is minimal, we have: v(r) # v(¢®) and v(q®) # v(f)+v(g) = v(fg).
It follows that v(fg) = v(r) < v(¢q®) (the other cases lead to a contradiction). So ® is a key polynomial
for v. Now, the elements v(®*) = kv(®) are pairwise non-congruent modulo vKy_1[X]. In the same way
as in Proposition 2.13, this implies that the family (®*) is separate over K4_;[X]. Therefore, v = vg.
Now, by 1) of Proposition 3.34, if d’ > d, then d is not a key degree.

Now, assume that the transcendence degree of K(X), over K, is 1. Let ® be a polynomial such that
v(®) = 0. If in,(P) is algebraic over G, (K), then by Lemma 2.21 in,(®) is algebraic over K, (the
converse is trivial). Consequently, in, (®) is transcendental over K, if, and only if, it transcendental
over G,(K). In particular, if the transcendence degree of K(X) over K is 1, then there is ® in K[X]
such that in, (®) is transcendental over G, (K). Let d be the smallest integer such that there exists a
polynomial ® of degree d such that in, (®) is transcendental over G, (K). Without loss of generality
we can assume that ® is a monic polynomial. Let f, g in Kq_1[X], ¢ = ¢a(f,9), r = ro(f,g9). We
have: in,(fg) = in,(¢®P) & 0 = in,(fg) — in,(¢P) & v(fg — ¢P) > min(v(fg),v(¢P)) & v(r) >
min(v(fg),v(q®)). Now, in,(fg) = in,(f)in.(g) is algebraic over G, (K). Hence in,(fg) # in,(qP),
which is transcendental over G, (K). It follows that v(r) < min(v(fg),v(¢q®)). This proves that ® is a w-
key polynomial. Let fo,..., fn in K4—1[X]. By hypothesis, in, (fo),...,in,(f,) are algebraic over G, (K).
Hence in, (fn)in, (®)" 4 - - - +in,(fo) # 0. It follows that v(fo +-- -+ fr.®") = min(v(fo), -+, v(fn®™)).
This proves that the sequence (®") is separate over Ky_1[X]. Therefore, v = vg. By 1) of Proposition
3.34, if d’ > d, then d is not a key degree. O

The following two theorems characterize the successor of a key degree. They will be useful for proving
the equivalence of the definitions of key polynomials and abstract key polynomials.

Theorem 3.36. Let v be a p-m wvaluation on K(X), d be an immediate key degree, and let (®;) be
a sequence of key polynomials of degree d such that the sequence (v(®;)) is increasing and cofinal in
v(X4 — Kq_1[X]). Then.

1) The sequence (ve,) converges to v on Kq[X| in the sense that for every f € Ky4[X] the sequence (ve,(f))
is eventually equal to v(f).

2) Let d’ be the smallest degree (if any) such that there exists a monic polynomial ®' of degree d’ satisfying
ve, (D) < v(P®') for every i. Then, @' is a key polynomial and d’ is the next key degree.

3) The extension (Kq —1[X]|Kq4-1[X],v) is immediate.

Proof. 1) The family (vs,) is increasing, and for every f € K[X] we have vg,(f) < v(f). Assume that f
is a polynomial of degree d. Without loss of generality we can assume that f is monic. Since the sequence
(v(®;)) is cofinal in v(X? — K4_1[X]), there is an i such that v(®;) > V(f) Now, for every 4 such that

v(®:) > v(f) we have v(f — ®;) = v(f), and ve, (f) = min(v (D), v(f — @) = v(f).
2) Let f, g in Kg1[X] with deg(f) + deg(g) < [K[X]: K] and ¢ = qa(f,9), 7 = ra:(f,9). By
hypothesis there exists ¢ such that ve,(f) = v(f), ve,(9) = v(9), ve,(q¢) = v(q) and vg,(r) = v(r). Then

V(@ + 1) = v(fg) = () + 1(g) = 1,(1) + v (0) = v, (F9) = v, (4 + 1), with ¥(q') > v (q)
Assume that v(¢®’') < v(r). Hence vg,(q®') < v(r) = ve,(r), and v(fg) = ve,(f9) = ve,(q?’) <
v(q®") = min(v(¢®’),v(r)) < v(fg): a contradiction. Hence v(¢®’) > v(r), which proves that ® is a
key polynomial for v. Let f be a monic polynomial of degree d”’ < d’. Then, there exists 7 such that
v(f) =ve,(f). By Lemma 3.33 1), f is not a key polynomial.

3) Let f be a monic polynomial of degree n, d < n < d’'—1. We show that v(f) is not the maximum of
v(X" — K,,_1[X]). It will follow by Proposition 1.8 that the extension (Kg _1[X]|K4—1[X],v) is immediate.
Let ®; be a w-key polynomial of degree d such that v(f) = ve,(f), and let f be written as f = f,®F +

-+ f1P; + fo, where fo, f1,..., fr belong to Kq_1[X], fx is monic, and deg(fx) + kd =n. Then v(f) =

min(v(fr®F), ..., v(f19;),v(fo)). Assume that v(fy) > v(f). Then v(f) = min(v (fk(I)k) ,(f195)).
Let ®; be a w-key polynomial of degree d such that v(®;) > v(®;), and set g = fk<I> + -+ 195
Then g is a monic polynomial of degree n, and v(g) > ve,(g) = min(v (f;c@?) W (f19, )) (f) Now,

assume that v(fo) = v(f). Then v(f — fo) > v(fo). It v(f — fo) > v(fo), then we can let g = f — fo. If
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v(f—fo) = v(fo) = v(f), then we let ®; be a w-key polynomial of degree d such that v(®;) > v(®;), and
g= fk<I>§C +--+ f1®;. Then v(g) > vs,(g) = min(l/(fk@?), conuv(f1®5) > min(v(f®F), ..., v(f19:)) =
v(f). 0

Theorem 3.37. Let v be a p-m valuation on K(X), d be a separate key degree, ® be a monic polynomial
of degree d such that v(®) is the mazimum of v(X? — K4_1[X]). Let d’' be the next key degree if it exists
or d' = [K[X]: K] otherwise.

1) ® is a key polynomial, and if d' < [K[X]: K], then d’ is the smallest degree such that there exists a
monic polynomial ®' of degree d' with ve(P') < v(P’).

2) The restrictions of v and ve to Ky _1[X] are equal.

3) The fraction d'/d is equal to [(Kq—1[X])y : (Ka—1[X])u] - (W(Kg—1[X]) : v(Ka-1[X])) (in particular d <
[K[X]:K]/2).

4) If (Kg—1[X]|K,v) is separate, then (Kqg_1[X]|K,v) is separate.

Proof. 1) Since v(®) is the maximum of v(X?—K4_1[X]), by (2) of Proposition 3.27, ® is a key polynomial.
By Lemma 3.33, if d’ < [K[X]: K], then d’ is the smallest degree such that there exists a monic polynomial
@’ of degree d’ with v (P') < v(D').

2) Since v < v, by 1) the restrictions of v and vg to Kz —1[X] are equal.

3) By Lemma 3.5 in, (®) ¢ G, (K(X)). If in,(P) is transcendental over the graded algebra generated
by G, (K4-1[X]), then X is transcendental over K. It follows that [K(X): K] is infinite, and in the same
way as in the proof of Remark 3.35 the family (®™) is separate over Ky_1[X] and v = vg. So, d’ = oc.
The dimension of the G, (K)-module G, (K (X)) is also infinite, so [(Kz—1[X])y : (Kq—1[X]),]-(v(Kg-1[X]):
v(K4—1[X])) is infinite. Assume that in, (®) is algebraic over G, (K —1[X]), and that G,(Ky4_1[X]) is a
graded algebra (by Remark 3.9 this holds if d < [K[X]: K]/2). Let X™ + in,(fo_1) X"t + -+ +in,(fo)
be its irreducible polynomial, whith fo, ..., fn_1 in Kq_1[X] and v(fy) = -+ = v(fr_1®" 1) = v(®"), as
in Lemma 2.21. Note that dn < [K[X]: K], since, in K[X], ®" is a polynomial of degree less than [K[X]:
K]. By minimality of n, this implies that in, (1),in,(®),...,in,(®"!) are linearely independent over
Gy (K4-1]X]). We saw in Subsection 2.3 that this is equivalent to saying that the sequence 1,®, ..., "1
is separate over K,_1[X]. Since vg(®" + fr_1®" 1+ + fo) = min(v(®"), v(fr1®" L), v(fo)) <
v(®" + fr1®" 1 4+ .-+ + fo), we have d’ = dn. This also shows that the group G, (K4 _1[X]) is equal
to Gu(K4—1[X])(in,(®)), so it is a subalgebra of G, (K (X)). In particular, (K4—1[X]), is a subfield of
(K[X]), and vK4_1[X] is a subgroup of v(X). Now, this also proves that (in,(1),in,(®),...,in,(®)""1)
is a basis of the G, (K4—1[X])-module G, (K4 _1[X]). Hence its dimension is n. Since this dimension is
also equal to [(Kag—1[X])y: (Kq—1[X])u]  (W(Ka—1[X]) :v(K4-1[X])), the result follows.

If [K[X]: K] is infinite, then by Remark 3.9 for, every key degree d, G, (K4-1[X]) is a graded algebra.
We assume that [K[X]: K] is finite and we show by induction that, for every key degree d, G, (K4—1[X]) is
a graded algebra. If d = 1, then G, (K4-1[X]) = G, (K) and the result is trivial. Now, assume that d > 1,
that G, (K4-1[X]) is a graded algebra and that d is not the greatest key degree. Let d’ be the next key
degree. If d is immediate, then, by Theorem 3.36 3), The extension (Kg —_1[X]|K4—1[X], V) is immediate.
Hence G, (Kg-1[X]) = G, (K4-1[X]) is an algebra. We assume that d is a separate key degree, and we
let ® be a monic polynomial of degree d such that v(®) is the maximum of v(X? — K4_1[X]). We already
proved above that G, (Kg—1[X]) = G, (K4-1[X])(in,(P)) is a subalgebra of G, (K (X)).

4) By Proposition 2.19, it is sufficient to show that for every integer n < d’' — 1, v(X" — K,,_1[X]) has a
maximum. Let f = f®" + .-+ f1® + fo € X® — K,,_1[X], where fo, f1,..., fx belong to K4_1[X], fx is
monic, and deg(fi) + kd = n. Then v(f) = min(v(f®),...,v(f1®),v(fo)) < v(fr®F). Let j =n — dk
be the degree of fi, and g € XY — K;_1[X] be such that v(g) is the maximum of v(X? — K;_1[X]). Then
v(f) < v(g®*), which proves that v(g®*) is the maximum of v(X" — K, _1[X]). O

Remark 3.38. In the proof of 3) of Theorem 3.37 we showed that, for every key degree d, G, (K4—1[X]) is
a graded algebra. So, Remark 3.9 2) remains true without the restriction d < [K[X]: K]/2. Furthermore,
if d is a separate key degree, then d < [K[X]: K|/2. It follows that the field K¢ of Notation 3.6 is defined
(where ® is a monic polynomial of degree d such that v(®) is the maximum of v(X¢ — K4_1[X])). Note
that the graded algebra G, (Kg —1[X]) is greater than G, (K4—1[X]) if, and only if, d is a separate key
degree.

We deduce a characterization of valuational key degrees by means of vK4_1[X].

Proposition 3.39. Let v be a p-m valuation on K[X] and d be a positive integer such that 1 < d < [K(X):
K]/2. Then, d is a valuational key degree if, and only if, vK4_1[X] is a group and vK4[X] # vK4_1[X]. If
this holds, then every monic polynomial ® of degree d such that v(®) is the mazimum of v(X? — Kq_1[X])
(which is equivalent to saying that v(®) ¢ vKy_1[X]) is a key polynomial.

Proof. = follows from the definition and Corollary 3.8. Assume that vKy_1[X] is a group and vK [X] #
vK,_1[X]. By hypothesis, there is a polynomial ® of degree d such that v(®) ¢ vK; 1[X]. Since
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vKg_1[X] is a group, by dividing ® by an element of K we can assume that ® is a monic polynomial.
Let f € K4_1[X]. Then v(f) # v(®). Hence v(® — f) = min(v(®), v(f)) < v(®). Consequently, v(P) is
the maximum of v(X?¢ — K4_1[X]).

Let f, gin Kq—1[X], ¢ = qo(f,g9) and r = ro(f, g). Since v(q®) ¢ vK4_1[X], we have that v(q®) # v(r).
Hence v(fg) = min(v(¢®),v(r)). Now, since vKy_1[X] is a group, v(fg) = v(f)+v(g) € vK4_1[X]. Hence
v(fg) # v(q®). So, v(q®) > v(r). This proves that ® is a key polynomial. Since v(¢) is the maximum
of v(X? — K4_1[X]), d is a separate key degree. O

Corollary 3.40. Let v be a p-m valuation on K[X] and d be a positive integer. Assume that vEKg_1[X] is
a group and let d’ be the smallest integer such that vK g [X] # vEKg_1[X] (if any). Then d' is a valuational
key degree. In particular, the smallest degree d such that vKg[X] # vK (if any) is a valuational key
degree.

Now we turn to a particular case of immediate key degrees that we can call dense key degrees. It
follows that if a key degree is dense, then it is the greatest key degree.

Proposition 3.41. Let d > 2, v/ < v be p-m valuations on K[X]. Assume that X% is limit over
(Kq—1[X],v), that the restrictions of v and v' to Kg4_1[X] are equal, and that there exists a monic poly-
nomial ® of degree d such that V'(®) < v(®). Let (P;) be a sequence of monic polynomials of degree d
such that the sequence (v(®;)) is increasing and cofinal in vK[X], and v(®) < v(®;). Then.

1) d is an immediate key degree for v, ® is a w-key polynomial for v and V', and v/ = vj.

2) The ®;’s are key polynomials for v, and for every f € K[X] the sequence (vg,(f)) is eventually equal
to v(f).

3) The extension (K[X]|K4—1[X],v) is dense.

4) There is no key degree greater than d.

Proof. 1) By Lemma 3.31, ® is a w-key polynomial for v/, v/ = v}, and ® is a key polynomial for v.
Hence d is a key degree for v. Since v(X? — K4_1[X]) = vK[X], d is an immediate key degree.

2) Since deg(®; — ®) < d, we have v(®; — ®) = /(®; — D), and V' (P;) = vj(P;) = vp(P+ @, — @) =
min(v'(®), v (®; — ®)) = min(v'(®), v(®; — @)) = min(v'(®), v(P)) = /(P) < v(P) < v(P;). By Lemma
3.31, ®; is a key polynomial for v. We have also: v/ = vg . Let f € K[X], k be the quotient of the
euclidean division of deg(f) by d, A = V/(f) — kv/(®), and i be such that v(®;) > max(v(f) — A\, v(f)).
Decompose f as f = f; x®F+- -+ fi1®;+ fi.0, where the f; ;’s belong to K4—1[X]. Then v/(f) = vy, (f) =
min(v/(f; ;87)). Therefore, for every j we have: v(fi ;) = v/ (fij) > V' (f) — v/ (@) > V' (f) — kv/'(®;) =
V' (f) — kv/(®) = \. Then for every j we have v(f; ;®7) = v(fi;) + jv(®;) > A+ jmax(v(f) — \, v(f)).
If j > 1, then v(f;;®7) > v(f). It follows that v(f) = v(fio) = ve,(f). Since the sequence (vg,) is
increasing, this proves that the sequence (vg,(f)) is eventually equal to v(f).

3) If v(®;) > max(v(f) — A, v(f)), then

k
v(f — fio) =v ; fis®l | 2 min, (v(fig) +ju(®:) = A+ v(®)

is cofinal in v K[X], since the sequence (v(®;)) is. It follows that (K[X]|K4—1[X],v) is dense.

4) Let f be a monic polynomial of degree d’ > d. Then, there exists i such that v(f) = vs,(f). By
Lemma 3.33 1), f is not a key polynomial for v. Hence d’ is not a key degree. O

3.6. Approximations of valuations of K (X)|K.

Definition 3.42. Let v be a p-m valuation on K(X), 1 =dj < ds < --- < dj < --- be the sequence of
key degrees of v. Let F be a family of key polynomials which satisfies the following properties for every
k>1.

If dy, is a separate key degree, then F contains exactly one key polynomial ®4, of degree dj, and v(®4,) =
max(v(X% — K4, _1[X])). For notational convenience, for every integer m we set ®4, m = ®g, -

If dj, is an immediate key degree, then the key polynomials of degree dj of F form a sequence (P, m)
such that the sequence (v/(®g4, ,)) is increasing, cofinal in v(X% — Ky, _1[X]).

Then we say that F is a complete family of key polynomials for v.

Remark 3.43. For every p-m valuation on K[X] there exists a complete family of key polynomials.
Note that in the case of transcendental extension, this has been asserted in [NS 18, Theorem 1.1].

Theorem 3.44. Let v be a p-m valuation on K(X), 1 =d; < dy < --- <dj < --- be the sequence of key
degres of v and F be a complete family of key polynomials for v. If dy is a separate key degree, then we
let ®4, be the unique key polynomial of degree dy in F, and for every integer m we set ®g, m = Pg, . If
di is an immediate key degree, then we let (Py, ) be the sequence of key polynomials of degree dy, in F
such that the sequence (v(®g, 1)) is increasing and cofinal in V(X% — Kg, _1[X]).
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For every k, my,...,mg, we let Vim, . my) = Vo, P (see Notations 3.17 and Remark 3.26).
[ ,my 7 M
Then v is the supremum of the family (V(m, ,...m,)) of separate K-module valuations. For every f, v(f)

is the maximum of the family (Vim,.....m,)(f)), and there are infinitely many (my,...,my)’s such that
Vima,...oma) (f)) = v ().

Proof. Note that, for every k, mi,...,my, we have vy, ) < v. Let f € KI[X] and d be the
greatest key degree such that the degree of f is at least equal to di. By Theorems 3.37 and 3.36,
there exists my, such that v(f) = ve, .. (f). Furthermore, since the family (ve, .. ) is increasing, we

have mj > my = ve, . (f) = v(f). Let f = qu’?ék,mk + -+ fiPay,m, + fo, where fo, fi,..., f;
belong to Kg,—1[X]. We know that there is some my_1 such that v(fo) = ve, ... _ (fo),..., v(f;) =
Vo, ., (f5)- Then, v(f) =ve, . . o, . (f) Sobyinduction we get a k-uple (mi,...,my) such

that V(f) = V(ma,..., mk)(f)
Now, we can do the same construction with any mj, > my, which proves that there are infinitely many

such k-uples. O
Remark 3.45. Let d be the degree of f and dy < --- < dj, be the sequence of key degrees which are at
most equal to d. If dy,...,d are separate key degrees, then vy, . m,) = V(m,,....,m},) for every k-uples
(m1,...,my) and (m},...,m)). Hence, in fact all the K-module valuations v(,,, . m,) are equal. Note

that the restrictions of v and v, . m,) to K4[X] are equal. Now, if at least one of di,...,d) is an
immediate key degree, then there are indeed infinitely many distinct K-module valuations vy, .. m,)

such that v, .., mk)<f) =v(f).

In order to get an algorithm for calculating v(f), for any f € KJ[X], by means of the valuations
V(mi,....my)> We need a criterion to know whether some v, . m,)(f) is the maximum of the family
(V(ma,...omp)(f)). If the extension is separate, or dense, we saw in Subsection 4.1 and 4.2 that this
criterion exists. Now, the dense case can be generalized, as shows the following proposition.

Proposition 3.46. With the same hypothesis as in Theorem 3.44, assume that there is one immediate
key degree dy,. Then, there is an algorithm for calculating v(f), for any f € KI[X].

Proof. By Theorem 4.1 the restrictions of v and ve, . e,  to Kg, —1]X] are equal. By 2) of Theorem
3.36, for every f € Kg, . ,—1[X] there is an integer m such that v(f) = Voy, (f). Now, since the sequence
(Va,, ,,) is increasing, the family (ve, ,.(f)) is eventually equal to v(f). Hence ve, .. (f) = v(f) if,
and only if, ve, .. (f) = ve, ,...(f). Now, since the restrictions of v and ve, . . .,  to Kaq—1[X]
are equal, Vo, .. = Vo, . 04 @4 .- FOr j >k, there is only one key polynomial ®q; of degree d;
in the family, and for every f of degree in {d;,...,d;11 — 1} we have Vo, (f) = v(f). Hence we can
follow in the same way as in the proof of Theorem 3.44. The algorithm is the following: we let d,, be
the greatest key degree which is at most equal to the degree of f. We compute vs, .. . &, . (f) until

Ij(l)dl,m"“aédn,m,(f) = Vq)dl,m—l:qu)dn,m—l(f) holds. U

Now, in general, a priori mj > my,...,mj > mg and Viy,, ... m,)(f) = v(f) does not imply y(m/l’m,m;c)(f)
= v(f). So we cannot get a similar criterion.

In the case of a discrete archimedean valuation (in other words, vK ~ Z), every increasing sequence
of VK is cofinal. Hence, if v(X¢ — K4_1[X]) has no maximal element, then it is cofinal. Therefore, X% is
limit over K4_1[X] and by Proposition 3.41 (K [X]|K4—1[X],v) is dense and d is the greatest key degree.
Consequently, the first key degrees are separate and there is at most one immediate key degree. So, as we
noted above, there exists an algorithm for calculating v(f), for every f € K[X]. This is the case studied
by S. MacLane ([ML 36a] and [ML 36b]).

Now, Theorems 3.36 and 3.37 show that, given the key polynomials associated to a key degree, we can
define the next key degree. So, we can construct key polynomials by induction on the degrees. We get
a construction similar to the construction of M. Vaquié in [V 07]. Now, in Theorem 3.44 the definition
of the key polynomials of a given key degree is independent from the key polynomials of preceding key
degrees. We will not go into the details of the constructions of families of key polynomials of [HOS 07]
and [V 07], because it is not the purpose of this paper and it would take up too much space.

In the case of a separate key degree d, M. Vaquié takes a monic polynomial ® such that v(®) is max-
imal in v(X¢ — K4_1[X]). In the immediate case, he takes a sequence of monic polynomials such that the
sequence of their valuations is cofinal in v(X¢ — K4_1[X]). So, our construction of the key polynomials is
the same as the construction of M. Vaquié.

3.7. Abstract key polynomials. In this subsection X is assumed to be transcendental over K.

We start with some notations.

Let f be a polynomial degree of n. For 1 <i < n, set f;) = (1/i!) @ where f@ is the i-th formal
derivative of f. If the characteristic of K is p > 0, then we do not replace px by 0; the simplification holds,
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if necessary, after the division by i!. For example, if f(X) = XP, then we have f1)(X) = pXP~l =0,
and f,)(X) = (1/p!)-p! = 1.
Definition 3.47. ([DMS 18]) For any polynomial f, let ,(f) be the mazimum of the set

We say that ® is an abstract key polynomial (or a key polynomial) for v if it is monic and for every

f € K[X] such that €,(f) > ,(®) we have deg(f) > deg(®).

Remark 3.48. ([NS 18, Remark 2.1]) The monic polynomias of degree 1 are abstract key polynomials.
Proposition 3.49. ([NS 18, Lemma 2.3 (iii)]) Let ® be an abstract key polynomial for v, hy,..., hs be

polynmials with degrees less than deg(®) and g be the quotient of the euclidean division of th by ®.

i=1
Then v (H h; — q<I>> =v (H hz> <v(q®).
i=1 i=1

Corollary 3.50. The abstract key polynomials are key polynomials as defined in Definition 3.2.

The converse is a consequence of the following theorem. In this theorem for a key polynomial ® we
let O(®) := {f € K[X] | f is monic ,vs(f) < v(f)}, and B(®) be the subset of elements of O(P) with
minimum degree.

Theorem 3.51. ([NS 18, Theorem 2.12]) Let ® be a monic polynomial. Then ® is an abstract key
polynomial if, and only if, there exists an abstract key polynomial ®_ such that:

a) either ® belongs to B(D_),

b) or

1) the elements in B(®_) have the same degree as O_,

ii) the set of valuations of all elements in B(®_) has no mazimum element,

iii) for every ® in B(P_), ve (P) < v(P),

w) the degree of ® is minimum among the degrees of polynomials satisfying iii).

Corollary 3.52. The key polynomials as defined in Definition 3.2 are abstract key polynomials.

Proof. We prove this by induction on the degrees. By Remarks 3.3 1) and 3.48 this is true for polynomials
of degree 1. Let ® be a key polynomial of degree d > 1, and assume that every key polynomial of degree
less that d is an abstract key polynomial. We denote by d’ te preceeding key degree. If d’ is a separate
key degree, then by a) of Theorem 3.51 and Theorem 3.37, ® is an abstract key polynomial. If d’ is an
immediate key degree, then by b) of Theorem 3.51 and Theorem 3.36, ® is an abstract key polynomial. [

3.8. Key polynomials and graded algebras of valuations. Here we make some remarks about the
construction of families of key polynomials by lifting polynomials of the graded algebra. Let ® be a key
polynomial, and d be its degree. We saw in Remark 3.9 (2) that G, ((K4 — 1)[X]) is a subalgebra of
G, (K[X]).

For f = f,®" + fr 1®" 1+ + f1® + fo, where fo,..., fn_1 belong to Kq_1[X], set
So(f):={i€{0,....,n} [v(fi) +iv(P) =ve(f) = min(v(fn) + nv(®), -, v(f1) + v(®),v(fo))}

and in, o(f)(X) = Z in, (fi)X'. Then, va(f) < v(f) & in,a(f)(in,(®)) = 0. This in turn is

i€Ss (f)
equivalent to saying that the irreducible polynomial of in, (®) over G, (Kg—1[X]) divides in, o (f)(X).

With above notations, let g = Z f:®". Then, vg(g) < v(g), and we can say that g is homogeneous
1€Sa(f)
with respect to ®. We have in, ¢(g)(X) = in,.o(f)(X).

Assume that v(®) is the maximum of v(X¢ — K4_1[X]) (so d is a separate key degree). By Theorem
3.37, d divides the next key degree d’, and in the proof of this theorem we saw that %/ is the degree of
the irreducible polynomial of in, (®) over G, (K4—1[X]).

If we let @ be a lifting of the irreducible polynomial of in,(®) over G, (K4-1[X]), then ® is a key
polynomial of degree d'.

Fact 3.53. A priori we can’t assume that v(®') is mazimal, as required in Theorem 3.37.

Proof. Assume that |ve, (g),v(g)[ is nonempty and let v €lvs, (9),v(9)], hi®); be a monomial of
valuation v, and h := g + h;®*. Then, in, o (h)(in, (®)) = iny.o(f)(in,(P)), ve(h) = v(f), and v(h) =
5. 0
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Trivially, »(®) is not the maximum of v(X¢ — K4_1[X]) if, and only if, there is f € K4 1[X] such
that v(® — f) > v(®). Now, v(® — f) > v(P) is equivalent to v(P) = v(f) = ve(® — f) < V(D — f).
Therefore, the irreducible polynomial of in, (®) over G, (K4—1[X]) has degree 1 if, and only if, v(®) is not
the maximum of v(X?¢ — K4_1[X]).

Assume that v(®) < maxv(X? — Ky _1[X]), and let X —in, (f) be its irreducible polynomial of in, (®)
over G, (Kq4-1[X]), with f € K4_1[X]. So, v(®) < v(® — f). We let 3 = & — f. If d is an immediate
key degree, then in this way we can construct a sequence (®;) of key polynomials such that the sequence
(v(®;)) is increasing,.

Remark 3.54. If (K(X)|K,v) is an immediate extension, then G, (K (X)) = G,(K). So we see that if d
is an immediate key degree and ® is a key polynomial of degree d, then its image in,(®) in G, (K (X))

is already in G, (K). More generally, if ® is a key polynomial of degree d where d is an immediate key
degree, then in, (®) belongs to G, (Kq4-1[X]).

Fact 3.55. Let di, < --- < di, < --- be the separate key degrees, and for every k; let g, be a key
polynomial of degree dy, such that v(®q, ) is the mazimum of v(xdri — defl[XD‘ Then, the family of
all iny(q)gil < @Y )’s is a basis of the G, (K )-module G, (K(X)).

dy,
Proof. We saw in the proof of Proposition 3.37 3) that the family (in,(®q, )*), where 0 <e; < %,

i

is a basis of the Gy (Kq,,—1[X])-module G, (Kq, ,, -1[X]). Now, if dy is an immediate key degree, we
also noticed in the proof of Proposition 3.37 3) that G, (Kq,-1[X]) = Gu(Kq,,,,~1[X]). Assume that
ki +1# k(it1), i.e. k; + 1 is an immediate key degree. Then, we get by induction: G, (Kq, ,-1[X]) =

Gu(Kay,  o-1[X]) == GV(de(vH),l[X]). Hence the family (in, (®q4, )¢), where 0 < e; <
k2 K2 7 kl
basis of the G (Kq,, —1[X])-module GV(Kde)*l[X])' Therefore, the family (inu(@flzl @;;7))7 where

A1 .
iﬂsa

d dp.
SM,---,OS(%Sﬁ,
dr, dr,

i

is a basis of the G, (K)-module G, (K, —1(X)). It follows that the family of all inl,(égil G Vsisa
basis of the G, (K)-module G, (K (X)). O

0§€1

4. APPROXIMATIONS OF VALUATIONS IN THE CASE OF SEPARATE OR IMMEDIATE EXTENSIONS.
4.1. Separate extensions.

Theorem 4.1. Let v be a multiplicative valuation on K(X), d > 1 such that d < [K[X] : K], and
dy < --- < dy be the sequence of key degrees which are at most equal to d. Then (K4[X]|K,v) is separate
over K if, and only if, di, ..., dy are separate key degrees. Assume that this holds, and let ®q4,, ..., P4, be
key polynomials associated to the key degrees dy, . .., dy,, with v(®;) = max(v(X% — K4, _1]X])) (1 <i < k).

Then the restrictions of v and Vg, .. q, L0 K4[X] are equal.

Proof. By Proposition 2.19, if (Ky[X], K,v) is separate, then dy,...,dy are separate key degrees. Now,
assume that dy, ..., dy are separate key degrees. By Theorem 3.37 2), the restrictions of v and vg, to
Kg,_1[X] are equal. This is equivalent to saying that (1,®,...,®%71) is a separate K-basis of K4, 1[X].
It follows by induction and by Theorem 3.37 4) that (Ky[X]|K,v) is separate. By Theorem 3.37 2),
for every j, 1 < j < k, the restrictions of v and v, to Ky, +1_1[)(} are equal. Hence by induction
V=Vp,, &, O

Remark 4.2. Let (K(X)|K,v) be a separate algebraic extension of valued fields. Then the valuation v
is determined by its restriction to K and by the couples (®1,v(®1)),. .., (Pg, v(Pk),. .. ).

Theorem 4.1 holds for example if (K, v) is maximal (see Proposition 2.4). It also holds if X is algebraic
over K and (K, v) is henselian with residue characteristic 0 (see Theorem 2.5).

4.2. Immediate and dense extensions. By definition, if (K(X)|K,v) is immediate, then X is pseudo-
limit over K. In Paragraph 4.2.1 we show that, with some additional conditions, a limit element can
generate a dense extension. Then we prove that any simple algebraic extension of a valued field is dense
(Theorem 4.4). In Paragraph 4.2.2 we recall some properties of pseudo-Cauchy sequences, that we will
also need in Paragraph 4.2.3. If X is pseudo-limit over (K, v), then defining a pseudo-Cauchy sequence
(z;) with pseudo-limit X is equivalent to defining a sequence of key polynomials ®; = X — x; such that
the sequence (v(®;)) is increasing and cofinal in v(X — K[X]). So, the key polynomials can be seen
as generalizations of the pseudo-Cauchy sequences, as noted M. Vaquié in [V 07]. In Paragraph 4.2.3
we deepen the links between these two notions. In particular, we show that if (K(X)|K,v) is a dense
extension of valued fields, then 1 is the unique key degree (Theorem 4.26).
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4.2.1. Complements to section 1.

Proposition 4.3. Assume that v is a p-m valuation on K(X). Let A be the valuation ring of (K,v) and
n>2n<[KX):K|. Ifv(X" = (Kp-1[X] N A[X])) = v(K,—1[X] N A[X]) and vK[X] = vK,,_1[X], then
(K[X]|Kpn-1[X],v) is dense. In particular, if v(X — A) = v(A) and vK[X] = vK, then (K[X]: K,v) is
dense.

Proof. Let (f;) be a sequence of polynomials of K,,_1[X]N A[X] such that the sequence (v(X™ — f;(X))) is
increasing and cofinal in vK,,_1[X]. Let f € K[X]. By multiplying all the coefficients of f by an eclement
of K, we can assume that f € A[X]. If f € K,,_1[X], then f(X) it is limit over K, _1[X]. Assume that
deg(f) > n, and for every i let f(X) = g;(X)-(X"™ — fi(X))+hi(X) be the euclidean division. Since X" — f;(X)
is a monic polynomial, when we do the euclidean division we see that the valuations of all the coefficients
of g; and of h; belong to A. In particular, v(g;(X)) > min(nv(X),0) and v(h;(X)) > min(nv(X),0).
Now, for i large enought we have v(X™ — f;(X)) > — min(nv(X),0) +v(f(X)), hence v(f(X)) = v(h;(X)) <
v(gi(X)(X" = £i(X))). It follows that v(f(X) —hi(X)) = v(g:(X) (X" = fi(X))) = v(X" — fi(X))+min(n(X), 0)
is cofinal in vK,,_1[X], and that v(f(X) — K,—1[X]) = vK[X]. So f(X) is limit over (K, v). Consequently,
(K[X]|Kpn-1[X],v) is dense. O

We defined defectless extensions in Definition 2.9. It follows that a finite immediate extension (L|K, v)
of valued fields is defectless if the restriction of v to K admits [L: K] distinct extensions to L

Theorem 4.4. Assume that v is multiplicative on L and that (L|K,v) is a finite algebraic immediate
defectless and Galois extension of valued fields, such that v is an archimedean valuation (i.e. vL embeds
inR). Then (L|K,v) is dense.

To prove this theorem, we need to sate more properties. Recall that if f be a polynomial degree of n,
then for 1 <i <mn, f;) = (1/i!) f, where f¥) is the i-th formal derivative of f, see Definition 3.47.

Proposition 4.5. Assume that X is limit over (K,v), and that v is a p-m valuation on K(X). Then
(K(X)|K,v) is dense.

Proof. Let f € K[X]. If f(X) € K, then it is limit over (K, v). Otherwise, for every x € K, f(X) # f(x).

Let n be the degree of f. For z € K, we let f(z) := (z — X)" f(n)(X) 4+ --- + (z — X) f1)(X) + f(X) be

the Taylor expansion of f(z). Since f(X) # f(x), one of the f(;y, 1 < j < n, is different from 0. Then

v(f(z) — f(X)) > min v((z—X)’f;(X)) = min jv(z —X)+ v(f;(X)). Since the set of v(z — X)’s is
1<j<n 1<j<n

cofinal in vK and f1)(X),..., f(n)(X) are fixed elements, this proves that the set of v(f(z) — f(X))’s is
cofinal in ¥K. Hence f(X) is limit over (K,v). Consequently (K[X]|K,v) is dense. Now, assume that X
is transcendental over K. Let f, g in K[X] and z, y in K such that v(f(X) — f(z)) > v(f(X)) = v(f(x))
and v(g(X) = g(y)) > v(9(X)) = v(g(y)). Then

(L st

00 g(y)) =v(f(N)g(y) — g(X) f(z) —v(g(X)) —v(g(y)) =

= v(f(X)(9(y) = 9(X)) + 9(X)(f(X) = f(2))) = 2v(g9(X))-
Now, the sets of v(g(y) — g(X))’s and v(f(X) — f(z))’s are cofinal in ¥K. Hence the set of v <f(X> s is

9(x)
cofinal in vK. Tt follows that (K (X)|K,v) is dense. O

~—

The following proposition generalizes a result of [D 82] (p. 103) to the case when the residue field need
not have characteristic 0. The proof is based on the same idea. We give it for completeness. We get a
sufficient condition for being dense, by proving that some initial segment is closed under addition.

Proposition 4.6. (Delon) Let A be the valuation ring of K. Assume that X is separable algebraic and
pseudo-limit over K, and let f be the irreducible polynomial of X over K. Assume in addition that v is
a p-m valuation on K(X), that f(X) € A[X] and v(f'(X)) = 0. We have the following.

1) The initial segment of v generated by v f(K) is closed under addition.

2) If (K, v) is archimedean, then (K(X)|K,v) is dense.

Proof. We keep the notations of the proof of Proposition 4.5.

1) Since f(X) is a monic polynomial of A[X], by properties of extensions of valued fields we have
v(x) > 0. We show that for every z € K, such that v(xz — X) > 0, we have v(f'(z)) = 0 (note that
"= fa)). Since f(X) € A[X], for every i > 0 we have f;)(X) € A[X]. Hence v(f;(X)) > 0. Set
h(X) := f'(X), and let h(z) — h(X) := (x — X\)ha)(X) + -+ + (@ — X)?h(q)(X) be the Taylor expansion.
Then

V(f (@)~ F00) 2 min (iv(z —X) + v(hy (X)) > v(z —X) >0

Hence v(h(z)) = v(h(X)) = 0. Now, let ¢y € A, such that v(X — () > 0. First we show that v(f(zg)) =
v(X—x0). Indeed, we can write f(zo) as f(20) = (x0—X) f(1)(x0)+(x0—X)*g(x0, X), where the coefficients
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of g belong to A (since the coefficients of f belong to A). Now, v(X) > 0 and v(X — zg) > 0. Hence
v(xzo) > 0. Therefore, v(g(zo,X)) > 0. Consequently, v((zo — X) f1)(20)) = v(zo — X) < 2v(zo — X) <
v((wo — X)?g(w0,X)). So v(f(w0)) = v (w0 = X).

Let 1 € K be such that

f (o) f(xo)
fa (o) fay (o)
this implies that v(xz; —x¢) = v(zo—X). Using Taylor expansion, f(z1) can be written as f(z1) := f(zo)+
(z1—20)f(1)(wo) + (x1 —x0)?A, with v(X) > 0. Hence v(f (1)) > min(v(f(zo)+ (x1 —z0) f1)(20)), v((z1 —
20)?N)) > 2v(zo — ). Since the set v(f(K)) is an initial segment of v K, it follows that v(f(K)) is closed
under addition.

2) Let x1 be as in 1). Since v(z; — zg) = v(xg — X), we have v(xz; — X) > v(zo — X). Hence
v(zy —X) = v(f(x1). It follows that v(X — K) contains a nontrivial initial segment which is closed under
addition. Assume that vK is archimedean. Then v(X — K) = vK, hence X is limit over K. Now, it
follows from Proposition 4.5 that (K (X)|K,v) is dense. O

” <:c1 — w0+ ) > 2u(z9 — X). Since v < ) = v(f(z0)) = v(zo — X),

Now, we give sufficient conditions for hypothesis of Proposition 4.6 being satisfied.

Proposition 4.7. Assume that v is multiplicative on L and that (L|K,v) is a finite immediate defectless
Galois extension of valued fields. Then, there is X € L with irreducible polynomial f in A[X] such that
v(f'(X)) =0 and L = K[X] (where A is the valuation ring of (K,v)).

Before proving this proposition, we recall some definitions of [R 68] and [E 72]. Let L be a field
together with valuations vy,...,v,, and for ¢ € {1,...,n} let A; be the valuation rings of (L,v;) and
U; := l/i_l({O}) be the group of units of A;. For ¢ # j in {1,...,n}, the valuations v; and v; are said
to be incomparable if nor A; C A; nor A; C A;. They are independent if A;-A; = L. Note that if
these valuations are archimedean, then they are independent if, and if, they are incomparable, which
in turn is equivalent to: v; # v; (see [E 72, p. 82]). Now, we assume that vq,...,1, are pairwise
incomparable. Then one can prove that, for ¢ # j in {1,...,n}, v;(U;) is a nontrivial convex subgroup
of v;L. A n-tuple (m1,...,vn) € 1L X --- X v, L is compatible if there exists [ € L such that 14 (I) =
Viyoeos un(l) = 7, (Théoréme 1 p. 135 in [R 68]). Omne can prove that if, for every i € {1,...,n},
Vi € ﬂ v;(Uj;), then (vy1,...,7,) is compatible. Since ﬂ v;(Uj) is an intersection of finitely many non

3 1
trivi:il#convex subgroups, it is non trivial. Now, if thé;éz/iL are embedded in the same ordered group,
then there exists a compatible n-tuple (71,...,7,) such that 0 < 3 < -+ < v,. By the approximation

Theorem (Théoréme 3, p. 136, in [R 68]), if (v1,72, ...,Yn) is compatible and Iy, I3, ..., l,, are elements
of L, such that Vi, 1 <i < n, v;(;) <v =v—vi(li) € ﬂ v;(Uj), then there exists { € L such that
J#i

Proof of Proposition 4.7. Let v1 := v,...,v, be the extensions to L of the restriction of v to K, and
(V1,--+y7) € L X -+ X v, L be a compatible n-tuple such that 0 < v < -+ < 7,. Let z1,..., 2,
in K such that z; # 0 = v(z;) = 0, (z;), # (x1), (for i > 1). If K, is infinite, then we can assume
that the (z;),’s are pairwise distinct. Otherwise, if (z;), = (z;),, then we assume z; = z;. By the

approximation Theorem, there exists [ € L such that, for every i € {1,...,n}, v;(I — x;) = ;. Denote
by f its irreducible polynomial over K. Let o1,...,0, be the elements of the Galois group of L|K,
and I; = 0;(I). We know that we can assume that for ¢ € {1,...,n} we have: v; = 11 og; ([R 68, p.

166]). By hypothesis, v1(I — z1) > 0 and, for i € {2,...,n}, vi(l; = 1) = vi(li — x; + =; — ). Since
ly, = (1), # (®i)y,, it follows: v4(x; — 1) = 0. Now, v1(l; — x;) = v1(0i(l) — 0i(x;)) (because z; € K,
hence z; = 0;(x;)) and vy (I; — ;) = v;(I — x;) > 0. Therefore v4(l; — 1) = 0 and (1;),, # l,,.

Since the roots of f belong to the set {l1,...,l,} € Ay (indeed, v1(l; — z;) = 0 and v1(z;) > 0 =
v1(l;) > 0), it follows that f € A[X]. Consequently, f € A[X] (because f € K[ ).

Let f(X) = Xn”"an—anil‘i" : ‘+alX+a0 and fu(X) = Xn+(an—l) X"~ 1+ '+(al)uX+(a0)v~
The element I,,, is aroot of f, and f, = (f,)". Now, f(X) = [[[=,(X—1;) hence f'(X) = 370 ) [T, (X~

L).
) = (X =) (X —13) -+ (X =) + 200 5 [issy (X = 1),

We have f/(X
(f)(X) = (X = (l2)u)(X = (I5)y) -~ (X (l )+ =2 iy (X = (li)0)
= (n)y) +0.

n)v
(£)(()w) = (()y = (L)) (()y = (3)w) - - (1)
1) 2<i<n, (), # (l1)v. So, (1), is a simple root of f, and

Hence (f})((11),) # 0 because we proved: Vi,
v(f'(l)) =0.
We show that vy, s, ..., 1, are pairwise distinct on K(I). Let 1 <4 < j < n.

If 2; # x;, then by hypothesis (z;), # (z;)., and l,, = (2;), # (x;), = [,,,;. Consequently v; # v; on
K().
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If 2 = o, vi(l — a;) =7 # v = v;({ — ;). Therefore v; # v; on K(1).
This proves that v admits n distinct extensions to K (1), hence [K () : K] > n. Since K(I) C L, it
follows that [K(1): K] = n = [L|K]. Therefore: K(I) = L. We let X = 1. O

Proof of Theorem 4.4. Follows from Propositions 4.6 and 4.7. d

Remark 4.8. If L|K is not algebraic, then the extension (L|K,r) need not be dense, even if it is
archimedean and separable. For example, let & be the field Q or F), with p prime. Let K be the field of
generalized polynomials k(Q) := {f =Y./, x; X" | n € N*, z1,...,2, in k, v,...,7 in Q}, and for
f € K let v(f) be the minimum of the set of ;’s such that x; # 0. Denote by

E(Q)) = {Z x4 X7 | A is a well-ordered subset of Q, and Vy € A z, € k}
yEA

the field of generalized formal power series with coefficients in k and exponents in Q. If v ¢ A, then we
set z; := 0. Recall that for f € k((Q)), the set {y € I' | &, # 0} is called the support of f. It follows that
the support of f is well-ordered. We let v(f) be the minimum of the support of f if f # 0, and v(0) := oco.
By properties of valued fields, k((Q)) is a valued field such that the extension (k((Q))|K, v) is immediate.
Now, let [ := 3°° X'=% € k((Q)). Then for every positive integer n, v(I — S 1 | X'77) =1 5, and
this sequence is cofinal in v(I — K), but not in Q. Therefore, v(I — K) = {y € Q| v < 1} is bounded. So
(K(1)|K,v) is not dense.

We saw in Proposition 4.5 that if X is limit over (K,v) and v is a p-m valuation on K(X), then the
extension (K (X)|K,v) is dense. We will show in the following subsection that if X is pseudo-limit on
(K, v), then the extension (K (X)|K,v) is not necessarily immediate. Now, with additional conditions, if
[ is pseudo-limit over (K, v), then the extension (K (I)|K,v) is immediate.

4.2.2. Pseudo-Cauchy sequences. We assume that X is pseudo-limit over (K,v), and we let (z;) be a
sequence of elements of K such that the sequence (v(X — x;)) is increasing and cofinal in v(X — K). We
say that (z;) is a pseudo-Cauchy sequence which pseudo-converges to X, and that X is a pseudo-limit of
(z;). Pseudo-Cauchy sequences were introduced by Kaplansky in [K 42]. The reader can find definitions
and properties online in the Book of F-V Kuhlmann [FVK].

Definitions 4.9. A pseudo-Cauchy sequence of the valued field (K, v) is a sequence (x;) of elements of
K (where ¢ runs over a well-ordered set) such that for every i < j < k, v(x; — z;) < v(z; — x).
An element z of K is a pseudo-limit of (z;) if for every i we have: v(z — x;) = v(x;41 — ;).

Remark 4.10. Let = be a pseudo-limit of a pseudo-Cauchy sequence (z;), and 2’ be another element.
Then 2’ is a pseudo-limit of (x;) if, and only if, for every i, v(z — z’) > v(x — x;). Now, if the sequence
(v(z — =;)) is cofinal in ¥ K, then there is no other pseudo-limit. So, we can say that x is the limit of the
pseudo-Cauchy sequence (z;).

Proposition 4.11. Let (L|K,v) be an extension of valued fields.

1) The extension (L|K,v) is immediate if, and only if, every element of L is pseudo-limit of a pseudo-
Cauchy sequence of K which has no pseudo-limit in K.

2) The extension (L|K,v) is dense if, and only if, it is immediate and every element of L\K 1is limit of
a pseudo-Cauchy sequence of K without pseudo-limit in K.

Proposition 4.12. Let (x;) be a pseudo-Cauchy sequence of a valued field (K,v). For every polynomial
f(X) € K[X] (the ring of formal polynomials), the sequence (v(f(x;))) is either increasing or increasing
then constant. In this last case, if x is a pseudo-limit of (x;), then (v(f(x;))) is eventually equal to
v(f(x)). Furthermore, there is a unique monic polynomial f of minimal degree such that the sequence
(v(f(x;))) is not eventually constant, and f is irreducible.

Definitions 4.13. Let (x;) be a pseudo-Cauchy sequence of the valued field (K, v).

1) If for every f € K[X] the sequence (v(f(x;))) is eventually constant, then (x;) is said to be of
transcendental type.

2) Otherwise, (z;) is said to be of algebraic type. The monic polynomial f of degree minimal such that
the sequence (v(f(x;))) is not eventually constant is called the irreducible polynomial of the sequence (z;)
over (K,v).

Remark 4.14. Assume that X is algebraic over K and is pseudo-limit of a pseudo-Cauchy sequence
of (K,v) without pseudo-limit in K. Then (z;) is of algebraic type, and its irreducible polynomial has
degree at most equal to the degree of the irreducible polynomial of X.

One can define the extension of a valuation, to an immediate extension, by means of pseudo-Cauchy
sequences.
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Proposition 4.15. Let (z;) be a pseudo-Cauchy sequence of a valued field (K,v), without pseudo-limit
mn K.

1) Assume that (x;) is of transcendental type and that X is transcendental over K. There is a unique
extension of v to K(X) such that (K(X)|K,v) is immediate and X is a pseudo-limit of (x;). We know
that for every f(X) € K[X], the sequence (v(f(x;))) is eventually equal to some . We set v(f(X)) := .
2) Assume that (x;) is of algebraic type and that X is a root of the irreducible polynomial of (x;). Let d
be the degree of this irreducible polynomial. Then K(X) = K4—1[X] and we can define v(f(X)), for every
f(X) € Kg—1[X], in the same way as in 1).

Lemma 4.16. Let v be a p-m valuation of K(X)|K. Assume that X is pseudo-limit of a pseudo-Cauchy
sequence (x;) of K (without pseudo-limit in K). Let f(X) € K[X]|, and assume that the sequence
(v(f(x:))) is eventually equal to some y. Then v =v(f(X)), and f(X),., € K, ..

Proof. Let f(X) — f(X) = (X =X)" fn)(X) 4 - - + (X = X) f(1)(X) be the Taylor expansion of f(X), as
in Proposition 4.5. For every x; we have v(f(x;) — f(X)) = v((zi = X)" f) (X) + - + (@ — X) f1y (X)) >
ming <<, v((@; — X)7 f(;)(X)) = mini<j<, (jr(z; — X) + v(f(;)(X)). Now, since the sequence (v(z; — X))
is increasing, the jv(z; — X) 4+ v(f(;)(X)’s are eventually pairwise distinct. Hence the minimum is carried
by only one index, say jo. Consequently, v(f(x;) — f(X)) = v((xi —X)" fr)(X) + - - + (2 — X) f(1y(X)) =
Jov(zi — X) + v(f(,) (X)) is increasing. Since v(f(z;)) = v and v(f(X)) are constant, it follows that
v(f(X)) =v(f(z:)) <v(f(X) — f(z:)). Therefore, f(X),(r0)w = F(@i)viro0)w € Ku(r)w- O

Definitions 4.17. A valued field (K, v) is said to be mazimal if (K,v) admits no immediate extension.
It is said to be algebraically mazimal if (K, v) admits no immediate algebraic extension.

Proposition 4.18. Let (K,v) be a valued field.

The field (K,v) is mazimal if, and only if, every pseudo-Cauchy sequence of (K,v) has a pseudo-limit in
(K,v).

The field (K,v) is algebraically mazimal if, and only if, every pseudo-Cauchy sequence of (K,v) of
algebraic type has a pseudo-limit in (K,v).

Proposition 4.19. Let v be a p-m valuation of valued field on K(X). Assume that X is pseudo-limit of
a pseudo-Cauchy sequence (x;) of K (without pseudo-limit in K ) and that (x;) is of transcendental type
over (K,v). Then the extension (K(X)|K,v) is immediate.

Proof. By Lemma 4.16, for every f(X) € K[X] we have f(X) € vK and f(X),(r0))v € Ku(r(x)),v- By
Remark 1.6, the extension (K (X)|K,v) is immediate. O

Corollary 4.20. Let v be p-m valuation of valued fields on K(X). Assume that (K,v) is algebraically
mazimal and that X is pseudo-limit over (K,v). Then (K[X]|K,v) is immediate.

The following example shows that in Proposition 4.19 we cannot delete the condition (x;) being of
transcendental type.

Example 4.21. Assume hat (L|K,v) is an extension of valued fields such that ¥L > vK, and that L
contains an element !’ which is pseudo-limit and algebraic over (K,v). We let f(X) be its irreducible
polynomial, d be the degree of f(X), (z;) be a pseudo-Cauchy sequence of (K, ) without pseudo-limit in
K and which pseudo-converges to I’. We assume that f is also the irreducible polynomial of the sequence
(x;). For every monic polynomial g(X) of degree n < d, we know that the sequence (v(g(z;))) is eventually
constant. Now, let g(x;) —g(I") = (@; —1")" " tgy(I') 4+ - -+ (xi — 1)g(n) (') be its Taylor expansion. Since
I is pseudo-limit, the set of v(x; —I’)’s is infinite. Hence for v(x; — [) large enought, the minimum of
the v((z; — ') g(j(I') = jv(z; —1') + v(g¢;) (1)) is carried by only one j, and this index is fixed, say jo.
Then, v(g(x;) — g(I')) = jov(z; — 1) +v(gj)(I')) is increasing. By hypothesis, the sequence (v(g(z;)))
is eventually constant. Hence (v(g(z;))) is eventually equal to v(g(I')), and v(g(I")) < v(g(l') — g(x;)),
with g(z;) € K. Hence g(I') is not the maximum of v((I')” — K,_1[l']). By Proposition 1.8 the extension
(K4-1[l']|K,v) is immediate. Now, let {” in L such that v(I”) > vK, and [ := I’ +1”. Let g be a
monic polynomial of degree n < d, and g(I) — g(I') = (I = V)" tguy(l') + -+ + (I = U")g(m) (') be its
Taylor expansion. Then, g(I) — g(I") = (I")" " ga)(I') + - - - + (I")g(n)(I') has valuation greater than vK.
Consequently, v(g(l)) = v(g(l’)). This proves that the extension (K;_1[l]|K,v) is immediate. Now,
f) = f) = f) = W)y @) + -+ (") fay(') is greater than vK. It follows that f(l) is the
maximum of v(I% — K4_1[l]), and that the extension (Kg4[l]|K4_1[l],v) is not immediate.

Remark 4.22. Example 4.21 shows that in Proposition 3.41 we cannot take X?¢ pseudo-limit over
(Kq-1]X],v) instead of X¢ limit over (K4_1[X],v). Furthermore, in Example 4.21, 1 is an immediate
key degree, and the following key degree is d, which is a separate key degree. So, the immediate key
degrees are not necessarily greater than the separate ones.
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4.2.3. Approzimation of valuations.

Theorem 4.23. Let (K(X)|K,v) be an extension of valued fields and (x;) be a pseudo-Cauchy sequence
without pseudo-limit in K and which pseudo-converges to X. For every i we set ®; = X — x;.

1) If (x;) is of transcendental type, then (K (X)|K,v) is immediate, X is transcendental over K and 1 is
the unique key degree. For every i and f € K[X], we have: v(f) = ve,(f) © vo,(f) = Vo, (f).

2) Assume that (K(X)|K,v) is immediate, that (x;) is of algebraic type, and let d be the degree of its
irreducible polynomial.

a) If d = [K[X]: K], then 1 is the unique key degree.

b) Otherwise, d is the second key degree.

¢) In any case, for every i > 1 and f € Kq_1[X], we have: v(f) = ve,(f) © vo,(f) = vo,., (f).

Proof. If (x;) is of transcendental type, then, by Remark 4.14, X is transcendental, and we deduce
from Lemma 4.16 that (K(X)|K,v) is immediate. We now assume that the extension (K (X)|K,v) is
immediate. Let f(X) € K[X] (the ring of formal polynomials). In the same way as in Proposition 4.6,
we let f(X) = (X —2)" fin) (i) + - + (X — ) f1)(25) + f(2:) be the Taylor expansion of f(X). Then
FOO = (= 20)" fiuy (@) -+ + (X = ) fy () + f(a2). Hemce vy, (£(X)) = min((n — Du(X — 1) +
V(fin—1)(®i))s o, v(X = 23) + v(fy (i), v(f(24))). Since the sequences (v(f(;)(z;))) are increasing or
eventually constant, the sequences (v((X — ;)" fny(2:))), . .., (W((X = 23) f(1)(2:))) are increasing. Hence,
if (v(f(x;)) is eventually equal to v(f(X)), then vg,(f(X)) is eventually equal to v(f(z;)) = v(f(X)).
Furthermore, if the minimum of (n — 1)v(X — 2;) + v(fn—1)(2i)), ..., v(X — 23) + v(f) (7)), v(f(2:))
is not v(f(x;)), then ve,,  (f) > ve,(f). If the minimum is v(f(x;)), then at the next step it will be
v(f(xigr1)). It follows: ve,(f) = v(f) < ve,(f) = ve,,,(f). This proves 1), 2) a) and 2) c).

2) b) In the same way as above, if n < d, then vg, (f(X)) is eventually equal to v(f(X)). So, the second
key degree is at least equal to d. Now, let g(X) be the irreducible polynomial of the sequence (z;). Since
the sequence (v(g(x;))) is increasing, the sequence (vg,(g(X))) is increasing. It follows that, for every i,
ve,(g(X)) < v(g(X)). By Theorem 3.36 2), d is the second key degree. O

Corollary 4.24. Assume that (K,v) is algebraically mazimal and that X is pseudo-limit over (K,v).
Then 1 is the unique key degree.

Proof. Let (z;) be a pseudo-Cauchy sequence without pseudo-limit in K and which pseudo-converges to
X. By Proposition 4.18 (x;) is of transcendental type. We conclude by Theorem 4.23 1). O

A similar result has been obtained in [NS 18, Theorem 1.2].

Now, we turn to dense extensions. Recall that by Proposition 4.5 saying that (K(X)|K,v) is a dense
extension is equivalent to saying that X is limit over (K, v).

Lemma 4.25. Let (K (X)|K,v) be a dense extension of valued fields and (x;) be a pseudo-Cauchy sequence
without pseudo-limit in K and which pseudo-converges to X. Then (z;) is of algebraic type over (K, v)
if, and only if, X is algebraic over K. If this holds, then the irreducible polynomial of the sequence (x;)
over (K,v) is equal to the irreducible polynomial of X over K.

Proof. Assume that X is algebraic over K and let f be its irreducible polynomial. We let f(z) =
(w5 = X)™ fi)(X) +- - - + (2 — X) f(1)(X) be the Taylor expansion of f(z;). Since f(X) is not constant, one
of the f(;y(X), 1 < j <n, is different from 0. Then

v(f(@i) = min w((zi = X)" fi;) (X)) = min ju(@; = X) +v(f;(X)
which is cofinal in vK. Hence (z;) is of algebraic type over (K, v).

Assume that (x;) is of algebraic type over (K,v), let g be the irreducible polynomial of the sequence
(zi) over (K,v) and g(X) = (X — x;)%g(a)(x:) + -+ - + (X — 23)g()(x:) + g(z;) be the Taylor expansion of
g(X). By hypothesis, the sequences (g(a)(z:)),- -, (g1)(w:)) are eventually constant and (v(X — z;)) is
cofinal in vK. Hence (v(g(X) — g(x;))) is cofinal in vK. Since (v(g(x;))) is increasing, it follows that
g(X) = 0. Indeed, otherwise (v(g(X) —g(z;))) is eventually equal to v(g(X)): a contradiction. Hence, X is
algebraic over K, and its irreducible polynomial divides g. Now, g is irreducible, hence g is the irreducible
polynomial of X. g

Theorem 4.26. Let (K(X)|K,v) be a dense extension of valued fields. Then 1 is the unique key degree.

Proof. Let (z;) be a pseudo-Cauchy sequence without pseudo-limit in K and which pseudo-converges to
X. If X is transcendental over K, then by Lemma 4.25 (x;) is of transcendental type. Now, by Theorem
4.23 1), 1 is the unique key degree. Assume that X is algebraic over K. By Lemma 4.25, (x;) is of
algebraic type and the degree of the irreducible polynomial of the sequence (x;) is [K(X): K]. Hence by
Theorem 4.23 2) a), 1 is the unique key degree. O
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Proposition 4.27. Assume that X is separable algebraic over K and let v be an archimedean valuation
on the Galois extension L generated by K(X) such that (L|K,v) is immediate and defectless. We let
(x;) be a pseudo-Cauchy sequence of K, without a pseudo-limit in (K,v) and with pseudo-limit X. For
every i we set ®; := X — x;. Then v is the limit of the sequence of separate p-m valuations ve,. For
f € KI[X], the sequence vg,(f) is eventually equal to v(f). Furthermore, ve,(f) = v(f) if, and only if,

V<1>z‘(f) = V':I)i+1(f)'

Proof. Since (K (X)|K,v) is archimedean, immediate and defectless, it is dense (see Theorem 4.4). Now
the result follows from Theorems 4.26 and 4.23. O

Theorem 4.28. Assume that v is an archimedean valuation on K(X) and that every algebraic extension
of (K,v) is Galois and defectless. We assume that X is pseudo-limit over (K,v) and we let (x;) be a
pseudo-Cauchy sequence of (K,v) without limit in (K,v) and which pseudo-converges to X. For every i
we set ©; := X —x;. Let f € K[X]. Then the sequence (v(f(x;))) is eventually equal to v(f(X)), and for
every i we have: l/(f) = Vo, (f) < Vo, (f) =Vo;, (f)

Proof. If (x;) is of transcendental type, then this follows from Theorem 4.23 1). Assume that (z;) is of
algebraic type and let g(X) be its irreducible polynomial over (K, v). Let y be a root of ¢ in any algebraic
extension of K. By Proposition 4.15, v extends to K(y) in such a way that (K (y)|K,v) is immediate.
By hypothesis, (K(y)|K,v) is Galois and defectless. Hence by Theorem 4.4 (K (y)|K,v) is dense, so the
sequence (v(y — x;)) is cofinal in vK. Now, for every i we have v(y — ;) = v(z;41 — x;) = v(X — ;).
It follows that X is limit over (K,v). Now, by Proposition 4.5, the extension (K (X)|K,v) is dense. So,
the result follows from Proposition 4.27. Note that by Lemma 4.25, X is algebraic over K, and g, is its
irreducible polynomial. 0

The condition that every algebraic extension of (K,v) is Galois and defectless holds if the residue
characteristic is 0. Now, it can hold for other fields, for example the fields which are called tame. For
more details see the online book [FVK].
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