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I. RIEMANNIAN OPTIMIZATION FRAMEWORK: PROOFS

In this appendix, we provide the proofs of the statements of
section II of the paper. The constraints defining SP,, and OP,,
only involves the SPD component of the couple (S,U). It is
enough to study MS = {S € S+ : det(S) = 1} and MY =
{S € S+ : ddiag(S?) = I,,} since the rest of the proofs
follows from the properties of product of manifolds [1]. In
the following, diag(-) denotes the vector of diagonal elements
of its argument.

Proof of proposition 1: We have

D f(B)[g] = tr((&sU + S&v)” gradgy f(m(B))).

The result for the gradient is then obtained by basic manipu-
lations of the trace and identification. Concerning the Hessian,
recalling that Hessg f(B)[¢] = Degradg f(B)[¢] and basic
calculations gives the result.

Proof of proposition 2: To show that MS, M® and P,
are submanifolds, consider functions Fs : SfT — Rf
such that Fs(S) = det(S), Fo : ST — (Rf)™ such
that Fs(S) = diag(S?) and Fr : P, — (R})™ such that
Fr(B) = fdiag(BCkBT)z. Clearly M5 = F5'({1}),
MS = F;'({1,}) and ZP, = F;'({1,}) where 1,
is the vector of ones. Let Ss € MS$, So € MY and
B € IP,,, the directional derivatives of Fs, F» and F7 are
D Fs(Ss)[Z] = tr(S5'Z), DFo(S0)[Z] = 2diag(S02)
and D Fz(B)[Z] = 2diag((ZsU + ZyS)Q). Let z € R,
then Zs = 2S5 € S, and DFs(Ss)[Zs] = 2. Let z €
RP?, the diagonal matrix Zo such that for all 4, (Zp); =
Zi[2(So)i 18 in S, and D Fp(So)[Zo] = z. Finally, let
Z = (SPs(UQA)S, Py(SAQT)) whith A diagonal matrix
solution to (20) where the right side is replaced by z. We leave
the proof of existence of such A to the proof of lemma 1. Z is
in TP, and D Fz(B)[Z] = z. This shows that Fs, F» and
F7 are submersions and proposition 3.3.3 in [1] completes the
proof.

Next, we show that Mf, ./\/l,? and ZP,, are connected.
First consider the geodesic v of S defined for S1, Ss in
St and t = [0,1] as y(t) = S/2(S; /28,8, 7*)ts,? [21.
If S; and S, are in M, then for all ¢, y(t) is also in M3,
This is a consequence of det(MN) = det(M)det(N) and
det(M?) = det(M)! for M and N in S;}*. Thus, MS is

connected. Concerning M, let y(t) = (tS?+(1—t)S53)"/* for
Sy and Sy in M9, For all , y(t) remains in M?, completing
the proof. Finally, consider P(t) = tn(By) + (1 —t)w(Bs) for
By, By in ZP,,. Then, y(t) = 7~ (Yn(P(t))), where T is
defined in proposition 4 with Rp(€) replaced by P(t), is a
smooth path in ZP,,. This is enough to conclude.

Finally, we find the tangent spaces of M3, M© and ZP,,.
Let Fs(S) = det(S), Fo(S) = ddiag(S?) and Fz(B) =
>, ddiag(BCy,BT)2. The kernels of D Fs(S), D Fo(S) and
D Fz(B) are the sets {{s € S, @ tr(S7'¢s) = 0}, {&s €
S, : ddiag(Sés) = 0} and {¢ € TP, : ddiag(BQ) =
0}. Equation (3.19) in [1] allows to conclude that these are
TsMS, TsM® and TEIP,,.

Proof of lemma 1: Given Z = (Zg,Zy) in TgP,, ba-
sic calculations yield Pg(Zs) is in TsMS, PS(Zs) and
PL(Z) are in TsMS and TP, only if Ap and Az
are solution to (19) and (20) respectively. Let us suppose
that Ap and Az exist and are unique. One can check that
P§?2 = P§, P€? = P§ and Pf? = PZ showing that
these are projections. Finally, they are the orthogonal ones
according to metric (11) since tr(S~1P§(Zs)S™IAS) = 0
for any scalar \, tr(S™1PS(Zs)S 1 Ps(S2ApS)) = 0 and
(P5(2),Z — P5(Z))s = 0. It remains to show that equa-
tions (19) and (20) always admit a unique solution. After some
manipulations, these equations can be vectorized as

(S3® S+ 8% ® 5% diag(Ap) = 2diag(Zs9),
(SO 81+ 520 8,) diag(Az) = 2diag((ZsU + SZu)Q),

where ® is the Hadamard product, S; = QTUTSUQ and
Sy = QTQ are SPD matrices. The Schur product theorem
shows that (S2® S+ 5%2® S?) and (S® S; + S? ® Ss) are
SPD and can be inverted. This completes the proof.

Proof of lemmas 2, 3: To show that Ap and A7 are solution
to these equations, it suffices to derive (19) and (20). The
proofs of existence and uniqueness are identical to the ones
of (19) and (20) since only the right side is modified.

Proof of proposition 3: By definition, Hessaq f(B)[¢] =
Ve grad f(B), where V is the Levi Civita connection on
M [1]. The Levi Civita connection V at B in P,, is defined
for the vector field n = (ng,nu) and £ = (£s,&v) in TP,



as [1], [3]
Vyé = Ps (D&sln) — €S s, Déuln]) -

The Levi Civita connections at B in SP,,, OP,, and ZP,, are
SP, oP, P,
P§(Va€) | PE(Vy8) | PE(VaE)

For Hesssp f(.9)[¢], basic calculations yield
Hesssp f(S)[¢] = Pg(HessP f(S)E)
1
+ P§ (D P§ [¢](gradp f(S)) + » tr(S~" gradp f(S)¢s)

1-.1)

and P§(D P§[€](Zs) = —P§ (5 tr(S™'Zs)Es). The result
follows. Concerning Hessop f(S)[], calculations yield

Hessop f(5)[¢] = PS (Hessp £(9)[€])
+ P$ (D PS[¢](gradp £(S)) + Ps((S*Ao + SA0S)Es))

and D PQ[¢](Zs) = —Ps(SMoS + (SA0S + S2Ap)Es).
The result follows. Finally, for Hesszp f(B)[¢], its first com-
ponent Hesszp f(S5)[¢] is

Hesszp f(S)[¢] = P& (Hessp f(S)[¢])
+ P3(D P&[¢](gradp f(S)) + Ps(£sPs(Mz)S))

with D PZ[¢](Zs) = —2Ps(£sPs(Mz)S) — SPs(Mz)S. For
its second component Hesszp f(U)[¢], calculations yield

Hesszp f(U)[€] = Pj (Hessp f(U)[€])
— P (Py(D Pj[€](gradp f(U))))

and PU(D Pg[g](ZU)) = PU(NI — gU sym(UTNI)) This is
enough to conclude.

Proof of proposition 4: Given S in M$ and &g in
TsMS, one can show det(Rs(£s)) = 1. This arises from
det(exp(M)) = exp(tr(M)). This is enough to conclude that
Ry defines a retraction on M. Let F be the function defined
in proposition 4. Since Rg(0) = S and F(S) = S for S in
MO, F(Rs(0)) = S. We further have Rg(¢5) = S + &g +
0(€s). One can show that ddiag((S + &5)?) = I, + o(&s)
using ddiag(S¢s) = 0 and ddiag(S?) = I,,. This leads to
F(S+¢&s)=5S+¢&s+o0(&s). Hence, D F(Rs(0))[¢s] = &s.
This shows that RS is a retraction on M. Finally, since
Ri(0) = B, the corresponding Y defined in proposition 4 is
equal to I,, for B in ZP,,. Thus, we have RE(0) = B since
7 is bijective. Furthermore, Rg(§) = B + £ + o(£). One can
show that T = I,, + o(&). It follows that D R%(0))[¢] = &.
This completes the proof.

II. APPROXIMATE JOINT DIAGONALIZATION
A. Gradients and Hessians

This appendix contains the Euclidean gradients and Hes-
sians of the AJD cost functions of section III-B of the
article. All gradients and Hessians are the weighted sum of
the formulas given here in table (gradients on the left-hand
side and Hessians on the right-hand side). We use notations:
My, = BCyBT, M;, = 0BT + BCy(T, Nj, = AAL AT and
N = EARAT + ANLET.

1) Frobenius distance: The Euclidean gradient and Hessian
of fr are classical results (see [4] for example), thus we skip
them here.

gradg, ‘ HessgL
fr
ANy — M) AN | 4(NGA + (N — M)Ay
Jr
A(My — Ay)BCr | 4(MiB + (M — Ax)€)Ch

2) Kullback-Leibler divergence:
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3) Log-det a-divergence:
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4) Riemannian distance:

Fr

—4log(M, "Np)A~TeT AT

4log(M; ' N) AT
og(M, " N) +4D log(M7'Ny)[A™T

Fr
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5) Log-Euclidean distance:

fiE

4D D log(My)[Ok][€] BCk
449 log(M)[O]ECk
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D log(My)[Oy] is the derivative of the logarithm at M, in the
direction Oy,. We have D log(My)[¢] = Dlog(Mk)[Mk] and
D D log(My)[Ok][€] = D@ log(M})[Ok][My], where D)
denotes the second derivative.

For the Riemannian and log-Euclidean distances, the first
and second derivatives of the logarithm are computed as per [5]
and [6], respectively.

6) Wasserstein distance:

v
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B. Closest diagonal matrix

The closest diagonal matrix A to a SPD matrix M according
to the distance or divergence d(-,-) is defined as

argmin d(M, A), (II-B.1)

AeDfT

where DT denotes the set of diagonal matrices with strictly
positive elements. For some divergences, (II-B.1) does not
admit a closed form solution and we approximate it again
using Riemannian optimization.

Recall that D}t is a closed Riemannian submanifold of
S;*. From the Riemannian gradient and Hessian of A —
d(M,A), one can obtain a descent direction £ in D,, (set of
diagonal matrices) from a generic Riemannian algorithm. The
next iterate is then defined through the canonical retraction
(exponential map) of £ at A in D, T, which is given by

expy (€) = Aexp(ATLE). (II-B.2)

1) Log-det «-divergence: The Riemannian gradient and
Hessian of gaip : A — darp(M, A) are

ZA(ZA - 1,)
T2ADE + 2 AA,

gradp++ garn(A) =

Hessp++ garn(A)[€] =

where we have ¥ = ddiag ((152M + 142A)~1) and ¥ =
— 5% ddiag (((2M + 52 A)TIE(FEM + H2A) 7).

2) Riemannian distance: The Riemannian gradient and
Hessian of gr : A — 02(M, A) are

(II-B.3)

2A ddiag(log(M
2A ddiag(D log(M

~1A)
“TA)[ED).
(II-B.4)

3) Wasserstein distance: The Riemannian gradient and
Hessian of gw : A — 0%, (M, A) are

gradp+ gr(A) =
Hessp++ gr(A)[E] =

d A= LAA-dd
gradp -+ gw(A) ?A( lag(Q)) (ILB.5)
2

Hessp gw(A)[¢] =

where Q = (A/2MA'?)"/> and @ solution to the Sylvester

equation
QQ +QQ = sym(€A" MA).

Finally, the closest diagonal matrix to M according to the
Wasserstein distance is A defined such that the gradient of gw
is canceled. Thus, it is the solution to (36).

(II-B.6)

REFERENCES

[1] P-A. Absil, R. Mahony, and R. Sepulchre. Optimization Algorithms on
Matrix Manifolds. Princeton University Press, Princeton, NJ, USA, 2008.

[2] R. Bhatia. Positive definite matrices. Princeton University Press, 2009.

[3] G. Meyer. Geometric optimization algorithms for linear regression on
fixed-rank matrices. PhD thesis, University of Liege, 2011.

[4] P-A. Absil and K. A. Gallivan. Joint diagonalization on the oblique
manifold for independent component analysis. In Acoustics, Speech
and Signal Processing, 2006. ICASSP 2006 Proceedings. 2006 IEEE
International Conference on, volume 5, pages 945-948, May 2006.

[5] A. H. Al-Mohy, N. J. Higham, and S. D. Relton. Computing the Fréchet
derivative of the matrix logarithm and estimating the condition number.
SIAM Journal on Scientific Computing, 35(4):C394-C410, 2013.

[6] N. J. Higham and S. D. Relton. Higher order Fréchet derivatives of
matrix functions and the level-2 condition number. SIAM Journal on
Matrix Analysis and Applications, 35(3):1019-1037, 2014.



