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Abstract

The aim of this work is to study the controllability of the bilinear Schrédinger equation on compact
graphs. In particular, we consider the equation (BSE) 10y = —Av + u(t) Bt in the Hilbert space
L?*(¥,C), with ¢ being a compact graph. The Laplacian —A is equipped with self-adjoint boundary
conditions, B is a bounded symmetric operator and u € L*((0,T),R) with T > 0. We provide a
new technique leading to the global exact controllability of the (BSE) in D(|A|*/?) with s > 3.
Afterwards, we introduce the “energetic controllability”, a weaker notion of controllability useful
when the global exact controllability fails. In conclusion, we develop some applications of the main
results involving for instance star graphs.

1 Introduction

In quantum mechanics, any state of a closed system is mathematically represented by a wave function
in the unit sphere of a Hilbert space .77. We consider the evolution of a particle confined in a network
shaped as compact graph ¢ (see Figure 1) and subjected to a controlling external field.

Figure 1: A compact graph is a one-dimensional domain composed by finite vertices (points) connected
by edges (segments) of finite lengths.

A standard choice for such setting is to represent the action of the field by an operator B and its
intensity by a real function u; we also impose 7 := L?(4,C). The evolution of ¢ is modeled by the
bilinear Schrédinger equation in 57

10 (t) = Ab(L) + u(t) Bu(t), t e (0,7),
¥(0) = v, T > 0.

The Laplacian A = —A is equipped with self-adjoint boundary conditions, B is a bounded symmetric
operator and u € L2((0,7T),R). In this context, the well-posedness of the (BSFE) can be deduced by the
seminal work on bilinear systems [BMS82] by Ball, Mardsen and Slemrod where it is also proved the
existence of the unitary propagator I'}* generated by A + u(t)B.

The aim of this work is to study the controllability of the (BSE) according to the structure of the
graph ¢, the choice of control field B and the boundary conditions defining the domain of A.

The controllability of finite-dimensional quantum systems modeled by the (BSE), when A and B
are N x N Hermitian matrices, is well-known for being linked to the rank of the Lie algebra spanned by
A and B (see [Alt02, Cor07]); nevertheless the Lie algebra rank condition can not be used for infinite-
dimensional quantum systems (see [Cor07]).

(BSE)



The global approxzimate controllability of the (BSE) has been proved with different techniques in
literature. We refer to [Mir09, Ner10] for Lyapunov techniques, while we cite [BCMS12, BGRS15] for
adiabatic arguments and [BdCC13, BCS14] for Lie-Galerking methods.

The exact controllability of infinite-dimensional quantum systems is in general a more delicate mat-
ter. When we consider the linear Schriodinger equation, the controllability and observability prop-
erties are reciprocally dual. Different results were developed by addressing directly or by duality
the control problem with different techniques: multiplier methods [Lio83, Mac94], microlocal analy-
sis [BLR92, Bur91, Leb92] and Carleman estimates [BMO08, LT92, MORO0S8]. In any case, when one
considers graph type domains, a complete theory is far from being formulated. Indeed, the interaction
between the different components of a graph may generate unexpected phenomena (see [DZ06]).

The bilinear Schridinger equation is well-known for not being exactly controllable in the Hilbert
space where it is defined when B is a bounded operator and v € L?((0,T),R) with 7' > 0 (even though
it is well-posed in such space). This result has been proved by Turinici in [Tur00], but it can also be
deduced by the work [BMS82]. As a consequence, the exact controllability of bilinear quantum systems
can not be addressed with the classical techniques valid for the linear Schréodinger equation and weaker
notions of controllability are necessary. The turning point for this kind of studies has been the idea
of controlling the equation in subspaces of D(A) introduced by Beauchard in [Bea05]. Following this
approach, different works were developed for the bilinear Schrodinger equation (BSE) with ¢ = (0,1)
and A = —Ap the Dirichlet Laplacian:

D(_AD) = HQ((Ov 1)’ (C) N H&((07 1)’6))7 —Apy = —A'(/}, Vi) € D(_AD)'

For instance, in [BL10], Beauchard and Laurent proved the well-posedness and the local exact control-
lability of the bilinear Schrodinger equation in Hf, := D(| — Apl|*/?) for s = 3. For the global exact

controllability in H(g’o)7 we refer to [BL17, Ducl9], while we mention [Morl4, MN15] for simultaneous
exact controllability results in H(SO) and HE‘O).

Studying the controllability of the bilinear Schrédinger equation (BSE) on compact graphs presents
an additional problem. In particular, when we consider (A;)ren+, the ordered sequence of eigenvalues of
A, it is possible to show that there exists M € N* such that

(1) JAnf Akt — Akl >0

(as presented in [Ducl8a, relation (2)]). Nevertheless the uniform spectral gap infrens |Ax+1 — Ag| > 0
is only valid when &4 = (0,1). This hypothesis is crucial for the techniques developed in the works
[BL10, Ducl9, Morl4], which can not be directly applied without imposing further assumptions.

As far as we know, the bilinear Schrédinger equation on compact graphs has only been studied in
[Ducl8al. There, the author ensures that, if there exist C' > 0 and suitable d > 0 such that

(2) ka1 — M| > CE™% Wk e N7,

then the well-posedness and the global exact controllability of the bilinear Schrodinger equation (BSE)
can be guaranteed in some subspaces of L?(¢,C).

Novelties of the work: Global exact controllability

The aim of this work is to present a new technique ensuring the global exact controllability of the (BSE)
in different frameworks from the ones considered in [Ducl8a]. Such result is postponed to the next section
in Theorem 2.3 in order to avoid further technicalities at this moment. Here, we focus on discussing two
interesting applications involving star graphs composed by any number of edges.

Let ¢ be a star graph with N € N* edges {e;};<n. We denote by v the internal vertex of ¢ and by
{v;}j<n the set of the external vertices such that v; € e; for every j < N. Each edge e; with j < N is
equipped with a coordinate going from 0 to the length of the edge L;; we set the coordinate 0 in v;.
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Figure 2: Parametrization of a star graph with N = 3 edges.

We consider functions f := (f!,..., fV): ¥ — C so that f7 : (0,L;) — C for every j < N. We denote
L*(9,C) = [T<n L*((0, L;),C) the Hilbert space equipped with the norm | - ||z2. The controllability
result that we present is guaranteed when the lengths {L;},;<n satisfy suitable assumptions introduced
in the following definition.

Definition 1.1. Fixed N € N*, we define AL(N) such as the set of elements {L;};<ny € (RT)Y so
that: the numbers {1, {L;};< N} are linearly independent over Q and all the ratios Ly/L; are algebraic
irrational numbers.

The set AL(N) with N € N* contains the uncountable set of numbers {L;};<n € (RT)V so that
each L; can be written in the form ¢L; where all the ratios L;/Ly are algebraic irrational numbers and
t is a transcendental number. For instance, {mv/2, mv/3} belongs to AL(2).

Definition 1.2. Let T'% be the unitary propagator associated to the (BSE) with u € L*((0,T),R) and
T > 0. The (BSE) is globally exactly controllable in D(|A|2) with s > 3 when, for every ¢!, ¢? €
D(|A|3) such that |91 12 = [|¥?|| L2, there exist T > 0 and u € L?((0,7T),R) such that [t = 2.

We are finally ready to present the applications of the main results of the works presented in the next
section in Theorem 2.3.

Theorem 1.3. Let & be a star graph. Let D(A) be the set of functions f € [[;< H?(e;,C) such that:
e f7(0) =0 for every j < N (Dirichlet boundary conditions in the external vertices {v;};<n);
e [ is continuous in the vertexv and 3,y 0 f1(Lj) = 0 (Neumann-Kirchhoff boundary conditions).
Let the control field B be such that, for every ¢ € €,

Bip(x) = (z — L) (x), x € ey,
By(z) =0, x €Y\ er.

There ezists C C (RT)N countable such that, for every {L;};<n € AL(N)\C, the (BSE) is globally
ezactly controllable in D(\A|%) for every e > 0.

A similar result to Theorem 1.3 is the following where the (BSE) is considered on a generic star graph
equipped with Neumann boundary conditions on the external vertices instead of the Dirichlet ones.

Theorem 1.4. Let ¢4 be a star graph. Let D(A) be the set of functions f € ngN H?(e;,C) such that:
e 0,f7(0) =0 for every j < N (Neumann boundary conditions in the external vertices {v;}j<n);
e [ is continuous in the vertezv and 3,y 0z f7(L;) = 0 (Neumann-Kirchhoff boundary conditions).
Let the control field B be such that, for every ¢ € 7,

Bi(x) = (525 — 242° Ly + 4524 L3 — 4023 L3 + 1522 LT — L§)y(z), x € ey,
By(z) =0, reEG\e.

There exists C C (RT)N countable such that, for every {L;}j<n € AL(N)\C, the (BSE) is globally
ezactly controllable in D(\A|%) for every e > 0.



The main novelty of Theorem 1.3 and Theorem 1.4 is the validity of the controllability results when ¢
is a star graph with any number of edges. In fact, the techniques developed in the existing work [Duc18a]
only allow to consider star graphs with at most 4 edges (see [Ducl8a, Theorem 2.5]). In addition, the
controllability is guaranteed even though the control field B acts only on one edges of the graph, which is
due to the choice of the lengths {L;};<n in AL(N). About this fact, if some ratios Ly /L, are rationals,
then the spectrum of the operator A presents multiple eigenvalues and there exist eigenfunctions of A
vanishing in e; (we refer to Remark 5.3 for further details on this fact). As a consequence, the dynamics
of the bilinear Schrédinger equation (BSE) stabilizes such eigenfunctions since the control operator B
only acts on e;. It is an obvious obstruction to the controllability which underlines the importance of
choosing suitable lengths for the edges of the graph in this kind of problems.

Theorem 1.3 and Theorem 1.4 are proved by concatenating several intermediate outcomes. As it
is common for this type of result, the global exact controllability can be proved by extending a local
exact controllability result that follows from the solvability of a suitable “moment problem” (an example
can be found in (8)). Hence, in the very first moment, we study assumptions on (A\x)gen~ ensuring
the solvability of such moment problem. The main obstacle of this step follows from the nature of the
spectrum (A )ken+, which may be difficult to characterize when ¢ is a general compact graph.

In the second step, we ensure an abstract global exact controllablity result for the (BSE) with respect
to two types of hypotheses. The first conditions are on the spectrum (Ag)gen=, while the second on B.
Afterwards, we prove the validity of the assumptions on (A;)ren+ when ¢ is a star graph with edges of
suitable lengths and external vertices equipped with Dirichlet or Neumann boundary conditions.

Only in the very last moment, we validate the remaining hypotheses on the operator B of the abstract
controllability result when B is defined such as in Theorem 1.3 and Theorem 1.4.

Energetic controllability

When the global exact controllability fails, in the spirit of the results provided in [BC06], we introduce
a weaker notion of controllability: the energetic controllability.

Definition 1.5. Let (pg)gen+ be an orthonormal system of 72 (not necessarily complete) composed by
eigenfunctions of A and (ug)ren+ be the corresponding eigenvalues. Let I be the unitary propagator
associated to the (BSE) with v € L2((0,T),R) and T' > 0. The (BSE) is energetically controllable in
(pr)ken- if, for every m,n € N*| there exist T > 0 and u € L*((0,T),R) so that T%p,, = @,.

The energetic controllability guarantees the controllability of specific energy levels of the quantum
system i0;¢) = A in L?(¥4,C) via the external field u(t)B. An application of the abstract result, which
is stated in Theorem 6.1, is the following theorem.

Theorem 1.6. Let & be a star graph with edges of equal length L. Let D(A) be defined such as in
Theorem 1.3. Let the control field B be such that, for every i) € H,

Bijp(z) = (x — L)*(x), € e,
By(x) =0, x €Y\ e.
The (BSE) is energetically controllable in (%)%N*.
Theorem 1.6 is valid although the spectrum of A presents multiple eigenvalues and then the global
exact controllability from Theorem 2.3 is not satisfied (also [Ducl8a,Theorem 2.3] is not guaranteed).
In addition, the energetic controllability is ensured with respect to all the energy levels of the quantum

system 103 = A1, since the eigenvalues of A are (k2 without considering their multiplicity).

2
ﬁ)keN* (

The energetic controllability is useful when it is not possible to fully characterize the spectrum of A
because of the complexity of the graph ¢. By studying the structure of ¢, it is possible to explicit some
eigenvalues (uy)ren+ and verify if the system is energetically controllable in (py)ken+. In Section 6.1, we
discuss some examples where the result is satisfied, e.g graphs containing loops as in Figure 3 (a loop is

an edge of the graph which is connected from both extremes to the same vertex).

— e

Figure 3: Example of compact graph containing more loops.




Scheme of the work

In Section 2, we present the main assumptions adopted in the work, the well-posedness of the (BSE) in
specific subspaces of L?(¢,C) and the abstract global exact controllability result in Theorem 2.3.

In Section 3, we study the solvability of the “moment problem” under the hypotheses of Theorem 2.3.
In Section 4, we prove Theorem 2.3 by using the results developed in Section 3 and Appendix A.

In Section 5, we study the (BSE) on star graphs and we prove Theorem 1.3 and Theorem 1.4.

In Section 6, we discuss the energetic controllability of the (BSE) and we prove Theorem 1.6.

In Appendix A, we present the global approximate controllability of the bilinear Schrédinger equation.
In Appendix B, we study some spectral results adopted in the work.

2 The bilinear Schrodinger equation on compact graphs

2.1 Preliminaries

Let & be a compact graph composed by N € N* edgeb {e;}j<n of lengths {L;};<n and M € N* vertices

{v;}j<m. For every vertex v, we denote N(v) := {l € {1,..,N} | v € ¢} and n(v) := |N(v)|. We call
V. and V; the external and the internal vertlces of 4, i.e.
(3) Vei={ve{v}jem | e {eljen:vee),  Vie={v}icu \ Ve

We study graphs equipped with a metric, which parametrizes each edge e; with a coordinate going from
0 to its length L;. A graph is compact when it is composed by a finite number of vertices and edges of
finite lengths. We consider functions f := (f!,..., fV) : ¢ — C with domain a compact metric graph ¢
so that f7 :e; — C for every j < N. We denote

A =12%,C) =[] L*(e;,C
j<N
The Hilbert space . is equipped with the norm | - ||z and the scalar product
<'(/17 90>L2 = Z <’(/)ja L2(e ,C) = Z )d.’l?, vwv pe H.
J<N j<N

For s > 0, we define the spaces

H® = H(9,C) = [ H*(e;, ),

1=

j=

pt = {(@jen € C | Y 1"l < oo}

j=1

1
We equip h* with the norm [|(z;);en- () = (Zji1 |jox;|?)? for every (z;)jen+ € h*.

Let f = (f'....; fV) : ¢ — C be smooth and v be a vertex of 4 connected once to an edge e; with
j < N. When the coordinate parametrizing e; in the vertex v is equal to 0 (resp. L;), we denote

9uf’ (v) = 0:f7(0), (resp. 95 f7 (v) = —0uf7(Ly)).
When e; is a loop and it is connected to v in both of its extremes
Opf1(v) = 0, f1(0) — 0y 7 (L;).
When v is an external vertex of ¢ and then e; is the only edge connected with v, we denote
0:f(v) = 8, f7 (v).

In the bilinear Schrodinger equation (BSE), we consider the Laplacian A being self-adjoint and we
denote ¢ as quantum graph. From now on, when we introduce a quantum graph ¢, we implicitly define
on ¢4 a self-adjoint Laplacian A. Formally, D(A) is characterized via the following boundary conditions.



Boundary conditions. Let ¢4 be a quantum compact graph.
(D) A vertex v € V. is equipped with Dirichlet boundary conditions when f(v) = 0 for every f € D(A).
(N) v € V, is equipped with Neumann boundary conditions when 8, f(v) = 0 for every f € D(A).

(NK) v € V; is equipped with Neumann—Kirchhoff boundary conditions when every f € D(A) is contin-
uous in v and 3 n(,) Ou f? (v) = 0.

Notations. Let 4 be a quantum compact graph.

e The graph ¢ is said to be equipped with (D) (resp. (N)) when every v € V, is equipped with (D)
(resp. (N)) and every v € V; with (NK).

e The graph ¥ is said to be equipped with (D/N) when every v € V, is equipped with (D) or (N),
while every v € V; with (NK).

When the introduced boundary conditions are satisfied, the Laplacian A is self-adjoint (see [Kuc04,
Theorem 3] for further details) and admits purely discrete spectrum (see [Kuc04, Theorem 18]). We
define (Ax)ken the ordered sequence of eigenvalues of A and a Hilbert basis of J¢:

(4) P := (dk)ken
composed by corresponding eigenfunctions. From [Ducl8a, RemarkA.4], there exist Cq,Co > 0 so that
(5) C1k? < M\ < Cok?, VE>2.

Let [r] be the entire part of r € R. For s > 0, we denote

N
Hire = {1/1 € HHS(ej,(C) ‘ 92" is continuous in v, Yn € N, n < [(s+1)/2], Yo € Vj;

Jj=1

X apetui) =0, v < [ we v
JEN(v)

Hjy = H(4,C) i= D(A), 1l = - iy = (D2 ¢ ddral?) ™

keN*

We introduce the main assumptions adopted in the manuscript by considering (ug)ren+ C (Ag)ren=
an ordered sequence of some eigenvalues of A and the corresponding eigenfunctions

@ = (¢r)ken+ C (Pk)ren+.

— 2
Let n>0,a>0,1:={(j,k) € (N*)?:j #k} and 5 := span{ey | kEN*}L .

Assumptions I (¢,7). The bounded symmetric operator B satisfies the following conditions.
1. There exists C' > 0 such that |(¢x, Bp1)r2| > 5 for every k € N*.

2. For every (j, k), (I,m) € I such that (j,k) # (I,m) and p; — pi, — gy + o, = 0, it holds
(@j: Boj)rz — (er, Bor)rz — (@1, Boi)rz + (m, Bom) 12 # 0.

Assumptions I (). The couple (A, B) satisfies Assumptions I(®,n) with ® defined in (4).

The first condition of Assumptions I(@,n) (resp. Assumptions I(n)) quantifies how much B mixes the
eigenspaces associated to the eigenfunctions {¢y}ren+ (resp. {¢x}ren+). This assumption is crucial for
the controllability. Indeed, when B stabilizes such spaces, also I'}. does the same and we can not expect
to obtain controllability results. The second hypothesis is used to decouple some eigenvalues resonances
appearing in the proof of the approximate controllability that we will use in order to prove our main
results.



Assumptions II (¢,n,a). Let Ran(B|,. ) € H5 N A and one of the following points be satisfied.
2
1. When ¢ is equipped with (D/N) and a+7 € (0,3/2), there exists d € [max{a+n,1},3/2) so that

Ran(B) 2440, 7) © H**™nHZ N

2. When ¢ is equipped with (M) and a +n € (0,7/2), there exist d € [max{a + 7,2},7/2) and
dy € (d,7/2) such that

Ran(B|ya 7) C HY N2, Ran(B| 2440, ) C H>* N HAANHZ N A

3. When ¥ is equipped with (D) and a +n € (0,5/2), there exists d € [max{a + 71, 1},5/2) such that

Ran(B| 2+, ) CH™ NHFNHE N 2.

If a 4+ 7 > 2, then there exists di € (d,5/2) such that Ran(B|,4, ) € H" N A
Assumptions IT (n,a). The couple (A, B) satisfies Assumptions II(®, 7, a) with ® defined in (4).

We introduce Assumptions II(@,n,a) and Assumptions II(¢,n) since the choice of the boundary
conditions defining D(A) affects the definition of the spaces Hg = D(]A|2) with s > 0. For this reason,
we have to calibrate the regularity of the control potential B according to such choice.

2.2 Well-posedness of the bilinear Schrodinger equation

Now, we cite [Ducl8a, Proposition 3.1] where the well-posedness of the bilinear Schrédinger equation
(BSE) is ensured in Hg, with suitable s > 3.

Proposition 2.1. [Duci8a, Proposition 3.1] Let & be a compact quantum graph and (A, B) satisfy
Assumptions II(n,d) with n > 0 and d > 0. For any T > 0 and u € L*((0,T),R), the flow of the (BSE)
is unitary in S and, for any initial data ¥° € Hé"'d with d from Assumptions II(n, d), there exists a
unique mild solution of (BSE) in HZt?, i.e. a function ¢ € C°([0,T], H3™) such that

(6) U(t,x) = e Ay0(z) — i/o e~ A=)y (5) Bap(s, x)ds, vt € [0,T].

Remark 2.2. Let ¢ := (pp)ren C (qi)k)keN* be an orthonormal system of S made by eigenfunctions

of A and H = span{yy | k € N*} . We notice that the statement of Proposztzon 2.1 can be ensured
in A as the propagator T} preserves the space HZ N A when B : HZ N H —s HZ N A Thus, if
(A, B) satisfies Assumptions H((p,n,d) with n > 0 and d > 0, then, for every ¢¥° € Hé“'d U with d
from Assumptions II(@,n,d) and u € L*((0,T),R), there exists a unique mild solution of the (BSE) in

H2M U2

2.3 Abstract global exact controllability result

In the following theorem, we provide the main abstract result of the work regarding the global exact
controllability of the (BSE) in H, with s > 3.

Theorem 2.3. Let 4 be a compact quantum graph and (A;)ren+ be the ordered sequence of eigenvalues
of A. Let the following hypotheses be satisfied.

e There exists an entire function G € L>°(R,R) such that there exist J, I > 0 such that

G(z)] < JeIFl, vec.



e The eigenvalues (Ak)ken+ are simple, the numbers {+v/ A }ren+ are simple zeros of G and there
exist d > 0 and C > 0 such that

C
El+d’

(7) |G/ (V)| > Vk € N*.

If the couple (A, B) satisfies Assumptions I(n) and Assumptions II(n,d) for n > 0, then the (BSE) is
globally exactly controllable in H for s =2+ d and d from Assumptions II(n,d).

Proof. See Section 4. O

The proof of Theorem 2.3 is obtained by extending a local exact controllability result which follows
from the solvability of a suitable moment problem in a specific subspace of £2(C). Namely, we will ensure
that, for every (xy)ren+ in such subspace, there exists u € L?((0,T),R) with 7' > 0 such that

T
(8) Tp = —i/ U(T)ei()\k_)\l)TdT, Vk € N*.
0

In the next section, we develop a new technique leading to such result when the hypotheses of Theorem
2.3 are satisfied. In particular, the entire function G is used to construct the control u satisfying (8)
thanks to the Paley-Wiener’s Theorem and the lower bound (7) provides the regularity of the subspace
of £2(C) where we can consider (zj)ren+ in the moment problem (8).

In Section 5, we will show how to provide an entire function G satisfying the hypothesis of Theorem 2.3
when ¢ is an appropriate star graph. In such framework, it is possible to see the numbers {£v/Ag }rens
as the zeros of a specific function that we will use to construct G when we chose suitable {L;},<n.

Remark. When ¥ = (0,1), Ingham’s type theorems lead to the solvability of (26) for sequences (xk)ken~ €
02, Such techniques are valid thanks to the spectral gap infren< |Agsr1 — M| > 0 as explained in [BL10,
Appendix B]. When 4 is a compact graph and the weak spectral gap (2) is satisfied with suitable d > 0,

such result can be ensured for (zy)ken+ € hAM=1) with M from (1) (see [Duc18a, Appendiz BJ).

3 Trigonometric moment problems

3.1 On the solvability of the moment problem

The aim of this section is to prove the next proposition which ensures the solvability of the moment
problem (8) when the hypotheses of Theorem 2.3 are valid.

Proposition 3.1. Let (A\g)gen+ C RT be an ordered sequence of pairwise distinct numbers so that there
exist §,C1,Cqy > 0 and M € N* such that

kieng* ‘\/)\k_h/\/( — )\k‘ > oM, Clk‘2 <A < Cgk‘2, Vk € N*.

Let G be an entire function so that {+/Ar}ren- are its simple zeros, G € L>(R,R) and there exist
J, I >0 such that |G(2)| < Jell#| for every z € C. If there exist d > 0 and C > 0 such that

C

|G"(£V Ae)| > T’ Vj € N,

then for T > 2mw/d and for every (x)ken € hd(N*, C) with z1 € R, there exists u € L*((0,T),R) so that
T .
(9) TR = / u(7)et AT g7 Vk € N*.
0

The proof of Proposition 3.1 is provided in Section 3.5 by gathering some technical results developed
below. We suggest to the uninterested reader to skip it and pass to the Section 4.



Remark 3.2. Let the hypotheses of Proposition 3.1 be guaranteed. For T > 2mw/d and for every
(1) ren+ € h4(N*,C) with z; € R, there exists u € L*((0,T),R) such that

T
(10) T =/ u(r)e T AR=AT g7 Vk € N*.
0

The result follows from Proposition 3.1. Indeed for every (xp)ren+ € hJ(N* C) with x1 € R, there
exists u € L*((0,T),R) such that Ty = fo VetMe=A)Tdr for every k € N*. By conjugating the last
expression, the identity (10) is satisfied since u is real.

3.2 Families of functions in a Hilbert space

Let Z* = Z\ {0}. We denote by (-,-)z2(o,1) the scalar product in L*((0,7T),C) with T > 0.

Definition 3.3. Let (fx)rez+ be a family of functions in LQ((O T),R) with T > 0. The family (fx)rez-
is said to be minimal if and only if fi & span{f; :j # k} for every k € Z*.

Definition 3.4. A biorthogonal family to (fx)kez+ C L?((0,7T),R) is a sequence of functions (g )rez-
in L2((0,T),R) such that (fr>95)12(0,1) = Ok,; for every j, k € Z*.

Remark 3.5. When (fi)kez~ is mzmmal there exists an unique biorthogonal family (gx)kez+ to (fx)kez

belonging to X :=span{f; : j € Z*} . Indeed, (gx)kez+ can be constructed by setting

gk:(fk*kak)”fk*kak”ZzQ(OyT)a Vk € Z*

P— 1
where T, 1s the orthogonal projector onto span{f; : j # k} . The unicity of (gr)rez~ follows as, for any
biorthogonal family {g}}rez- in X, we have (g — g,i7fj>Lz(07T) = 0 for every j, k € Z*, which implies
gr, = gi for every k € Z*.
Remark 3.6. If a sequence of functions (fix)rez+ C L?((0,T),C) admits a biorthogonal family (gk)kez*

then it is minimal. Indeed, if we assume that there exists k € Z* such that fi, € span{f; : j # k;} , then
the relations (fx, g;j) 20,1y = 0 for every j € Z* \ {k} would imply {fx, gr) 20,1y =0 whzch is absurd.

Definition 3.7. Let (fx)rez- be a famlly of functions in L2((0,7),R) with "> 0. The family (fi)rez+

is a Riesz basis of span{f; : j € Z*} if and only if it is isomorphic to an orthonormal system.

2
Remark 3.8. Let (fi)kez+ be a Riesz basis of X :=span{f; :j € Z*}L . The sequence (fx)rez~ is also
minimal and the biorthogonal family to (fi)rez+ can be uniquely defined in X thanks to Remark 3.5.
The biorthogonal family to (fx)kez+ forms a Riesz basis of X.

Now, we provide an important property on the Riesz basis proved in [BL10, Appendixz B.1].

Proposition 3.9. [BL10, Appendixz Bj; Proposition 19] Let (fk)keZ* be a family of functions in L?((0,T),R)
with T > 0 and let (fr)kez+ be a Riesz basis of span{fy : k € Z*} . There exist Cy,Cy > 0 such that

(11) Ch lx1% g/ > xkfk‘ ds < CollxlfZ,  Vxi= (@)ren- € £2(Z7,C).
kez*
3.3 Riesz basis made by divided differences of exponentials

Let v = (vg)rez- C RT be an ordered sequence of pairwise distinct numbers such that there exist
M e N* and 6 > 0 such that

inf — V| > oM.
(12) {kez~ :Hllc+/vl;éo} [Viran = v 2 6M



The last relation yields that there does not exist M consecutive k, k + 1 € Z* such that |vgp41 — vi| < 6.
It leads to a partition of Z* in subsets E,, with m € Z* and defines an equivalence relation in Z*:

k ~ n if and only if there exists m € Z* such that k,n € E,,.

Now, {E, }mez+ are the equivalence classes corresponding to such relation and |E,,| < M —1. Let s(m)
be the smallest element of E,,. For every x := (zj)rez+ C C and m € Z*, we define

X" = @ gm0 2 = Ty, VS Bl

In other words, x™ is the vector in C!®=! composed by those elements of x with indices in E,,. For every
m € Z*, we denote Fy,(v™): ClFml — ClEml| the matrix with components

Hl#j(”}'nil/lm)ilv ]Skv
1<k '
Fruga0™) =41 i ik < 1Bl
0, j >k,

For each k € Z*, there exists m(k) € Z* such that k € E,, ), while s(m(k)) represents the smallest
element of E,,(;). Let F'(v) be the infinite matrix acting on x = (z)rez- C C as follows

— m(k)\ym(k) *
(F(V)X)k (Fm(k) (V )X )krfs(m(k))+1’ VkeZ”.

We consider F(v) as the operator on ¢2(Z*,C) defined by the action above and with domain
H(v):= D(F(v)) = {x:= (2)rez- € *(Z*,C) : F(v)x € (*(Z*,C)},
Remark 3.10. Each matriz F,,(v™) with m € Z* is invertible and we call F,,(v™)~! its inverse. Now,

F(v): H(v) — Ran(F(v)) is invertible and F(v)~! : Ran(F(v)) — H (V) is so that, for x € Ran(F(v)),

(F(v)_lx),C = (Fm(k)(vm(k))_lxm(k)>k_s(m(k))ﬂ, Vk e Z".

Let F, ) (v™™)* be the transposed matrix of F, ) (v™™™) for every m € Z* and F(v)* be the
infinite matrix so that, for every x = (xx)gez C C,

* _ m(k)\*m(k) *
(F(V> X)k - (Fm(k) (V ) X )k—s(m(k))-i-l’ Vk e Z*.

Remark 3.11. When H(v) is dense in (*(Z*,C), we can consider F(v)* as the unique adjoint operator
of F(v) in £2(Z*,C) with domain H(v)* := D(F(v)*). As in Remark 3.10, we define (F(v)*)~! the
inverse operator of F(v)* : H(v)* — Ran(F(v)*) and (F(v)*)~! = (F(v)™1)*.

Let e be sequence of functions in L((0,7"),C) with T > 0 so that e := (e?*{));cz-. We denote by E
the so-called divided differences of the family (e?*!);cz- such that

(13) E = ({)rez = F(v)"e.

In the following theorem, we rephrase a result of Avdonin and Moran [AMO01], which is also proved
by Baiocchi, Komornik and Loreti in [BKL02].

Theorem 3.12 (Theorem 3.29; [DZ06]). Let (vi)rez be an ordered sequence of pairwise distinct real
L2

numbers satisfying (12). If T > 270/5, then (§)kez- forms a Riesz Basis in the space span{ : k € Z*}

2

L
Remark 3.13. Let Theorem 3.12 be valid. As E is a Riesz basis, it is minimal in span{y : k € Z*}
and it admits a biorthogonal family u := (uk)kez+ thanks to Remark 3.6. Now, it is possible to see that

(ur, &) 20,1y = (uns (F(v)*€)5) 20,0y = (F(VWk, €™ 201y, Vi, k € Z*,

The last relation ensures that F(v)u is a biorthogonal family to e, which is then minimal.
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3.4 Auxiliary results

In this subsection, we provide few intermediate results required in the proof of Proposition 3.1.

In Lemma 3.14 and Lemma 3.15, we consider a sequence Vv := (vg)rez+. We construct and characterize
a suitable biorthogonal family to {e?*!};cz- by using a function G defined as in Proposition 3.1.

In Lemma 3.16, the preceding results lead to specific estimations on F,(v™) with m € Z*.

In Lemma 3.18 and Lemma 3.19, we consider a sequence © := (0)rez- and another one defined as
(vi)kez = (3975(97“)\/@)1@62*' We use Lemma 3.16 with respect to the sequence (vg)gez+ to provide
estimations on Fy,,(@™) with m € Z* and on the domain of the operator F(©).

In the proof of Proposition 3.1, we respectively denote by ® and v the sequences obtained by reordering
{£Mk teens and {£4/ A }ren+ and we use Lemma 3.19 to ensure the statement.

Lemma 3.14. Let v := (vg)rez~ be an ordered sequence of pairwise distinct real numbers. Let G be
an entire function such that G € L>(R,R) and there exist J,I > 0 such that |G(z)| < Jell?l for every
z € C. Denoted Gi(z2) := G(2)(z — vg) ™ with z € C for every k € Z*, there exists C > 0 such that

GrllL2rr) < C, Yk € 7*.

Proof. We know that there exists M > 0 so that |G(z)| < M for every z € R, which implies that, for
every k € Z*, there exists C7 > 0, not depending on k, so that

— G(z)G(x) _

IGElZ2@®) = / Gr(2)Gr(z)dx = / [Fa— dx < / G(x)G(x)(x — vp) "2 dx + M?C;.
R R k |z—v|<1

Now, from [You80,p. 82; Theorem 11], we have |G(z + iy)| < Me!l¥! for .y € R and the Cauchy

Integral Theorem ensured the existence of Cy > 0, not depending on k, so that

/ G@)Gla),, / |G (i + €9)G vk + )| df < M> / 0 gy < M2Cy. O
|z—vg|<1 (z — vk) 0 0

Lemma 3.15. Let v := (vg)rez+ be an ordered sequence of pairwise distinct real numbers satisfying
(12) with § > 0. Let G be an entire function such that G € L*°(R,R) and there exist J,I > 0 such that
|G(2)| < Jell#l for every z € C. Let (&) ez from (13) defined on L?((0,T),C) with T > max{2r/d,2I}.
If (vi)kez~ are simple zeros of G such that there exist d>0,C >0 such that

(14) G ()] = ——, vk € Z",

. L?
then there exists (wi)gez~ an unique biorthogonal family to (e**') ez~ in span{&y : k € Z*}  satisfying
the following property. There exists C1 > 0 such that ||wg|| 20,1 < C1|k|*+? for every k € Z*.

Proof. For every k € Z*, we define Gj(z) := G(z)(z — vx)~!. Thanks to the Paley-Wiener’s Theorem
[DZ06, Theorem 3.19], for every k € Z*, there exists fr € L?(R,R) with support in [—1, I] such that

I T/2 T .
Gr(z) = /I e fr(s)ds = / € fr(s)ds = / e#te™ 2 fi(t — T/2)dt.

_ —T/2 0
For j, k € Z* and ¢ := G’ (vg), we call vg(t) := ei”k%ﬁ(t —T/2) and
<'Uk7 eil/j(.)>L2(0,T) = Gk(”j) = 6k,jG/(Vk) = (5k)jck.

Thus, the sequence (vg)kez+ is biorthogonal to (cglei”k('))kez*. Thanks to the Plancherel’s identity and
to Lemma 3.14, there exists C; > 0 such that

(15) ||UkHL2(O,T) = ||Gk||L2(]R,R) < Cl, Vk € Z*.

X L? X
The family (e?*())cz- is minimal in X := span{¢y, : k € Z*}  thanks to Remark 3.6 and then (c; 'e?*()); 7.
is also minimal in X. Defined mx the orthogonal projector onto X, we see that, for every j, k € Z*,

(mx vk, €5 1™ ) 2oy = (vk, €5 ™I ) 2oy = Oy
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The last relation and Remark 3 8 imply that (mxvy)kez- is the unique biorthogonal family to (¢, ek ))keZ*
in X. We denote wy, = (¢) mxvy for every k € Z* and (wy)gez- is the unique blorthogonal family to
(e#())pez+ in X. In conclusion, thanks to (14) and (15), there exists Cy > 0 such that

lwillz0,m) < mxvkllzo,m el ™ < NJowllzo,m) |G (ve)| 7! < Colk|'*?,  Vkez*. O

Lemma 3.16. Let v := (v )kez+ be an ordered sequence of pairwise distinct real numbers satisfying (12).
Let G be an entire function such that G € L*(R,R) and there exist J,I > 0 such that |G(z)| < Jell?!
for every z E C. If (vk)kez~ are simple zeros of G such that there exist d > 0, C > 0 such that

|G (vg)] > —2 Ikl”f‘ for every k € Z*, then there exists C > 0 so that

Tr (Fm(vm)*Fm(vm)) < Cmin{|l| € 3204, vmez*

where the matrices Fy, (V™) are defined in Section 3.3.

Proof. Let T > max(27/8,2I) with 6 > 0 from (12). Let e := (¢*());cz. € L2((0,T),C) and v :=
(Vk)kez~ be defined in (13). Thanks to Proposition 3.12, the sequence of functions E = (§;)kez =

(F(v)*e) forms a Riesz basis of X := span{¢; : k€ Z*} . We call u := (ug)kez~ the corresponding
biorthogonal sequence to E in X which is also a Riesz basis of X (see Remark 3.8). From Remark 3.10,
the matrix F(v) is invertible and (F(v)*)™! = (F(v)™1)*. Let w = (wy)rez- be the biorthogonal family
in X to (e™*())ez- defined in Lemma 3.15. For every j,k € Z*,

Ok = (Wi, €7 paor) = (Wi, (F(V)) ') ) p20r) = (FOV) 7' W)k, &) 12 (0,1)

which implies w = F(v)u. Let f(t) = Y, oz &e®r with x := (zx)rez- € (*(Z*,C). The biorthogonality
relation between E and u yields that xp = (ug, f)r2(0,) for every k € Z*. From Proposition 3.9, there
exist C'1, Cy > 0 such that

(16) Cilxlz < Ifllz2o,m) < Callx|Z.

For k € Z*, we call m(k) € Z* the number such that k € E,,(;). Thanks to Lemma 3.15 and (16), there
exist C3,Cy > 0 such that, for every k € Z*, we have

[(F'(v)x)r] = [{((F(v)({wr, £ 20,1 )iez)k] = Kwi, £z, < w2001 fll 2201

17 1 X
a7) < O lunllzzom Il < Colb1 Il < C min 1"+ .
m (k)

For every m € Z*, we denote by s(m) the smallest element of E,, and, for every j < |E,,|, we consider

x € 2(Z*,C) :  Tgmyrj-1 =1, =0, WVIeZ \{s(m)+j—1}.
For every j,n < |E.,|, we use the sequence x in the identity (17) with k£ = s(m) +n — 1 and we obtain
|(Frnn, i (v™))| < Cyminjep,, |I|'T¢ which leads to the statement. O
Remark 3.17. Let © := (0k)rez+ be an ordered sequence of pairwise distinct real numbers and let

the sequence (Vi)kez = (sgn(9k) V |9k|)kez* satisfy the identity (12) with M € N* and 6 > 0. As
Vit m — Vi| = IMmingez. (|vi|, 1), we have
V £0

inf rez-
ket M=£0

Anf |0+ pqe — Ol = inf | Wil = vl || [Prsaal + el | > muin ([, 1)5M.
-+ M0 kb Mo£0 Up#0

Now, both the sequences ©® and v := (Vg)gez+ satisfy (12) with respect to the same 6’ := min ¢, {|vg], 1}
vk #0

and M. This fact ensures that ® and v induce the definition of the same equivalence classes { Ep }mez-

of Z* discussed in Section 3.3. Thus, we can use {Ey,}mez~ in order to define the matrices F,,(©™)

and F,,(v™) for every m € Z* and the operators F(O©) and F(v) on ¢*(Z*,C).
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Lemma 3.18. Let © := (0y)rez~ be an ordered sequence of pairwise distinct real numbers such that
(Vk)kezr = (sgn(&k)\/|9k|)k€Z* satisfies (12). Let exist Cy,Cy > 0 such that

(18) Cilk| < [vk| < Colk], Vk € Z*, v #0.

Let G be an entire function so that (v )rez~ are its simple zeros, G € L= (R,R) and there exist J,1 >0
such that |G(z)| < Jell#! for every z € C. If there exist d > 0 and C > 0 such that |G'(v,)| > \kl% for

every k € Z*, then there exists C' > 0 so that
Tr(Fm(Qm)*Fm(Gm)> < Cmin{|l| € B}, Vmez*

where the matrices F,,,(@™) are defined as in Remark 3.17 from the sequence ©.

Proof. We notice |0; — 0| > min{|v|, |vg| v — vg| for every [,k € Z*. Let m € Z* and I C E,,, so that
I#0. Now, |I| <|E,| <M —1and

[T 16 = 651 > minfor"" TT I — vyl = Crmin ] TT I =)
j.kel v £0 j.kel v £0 j.kel

for C1 = minjez~(|1y|™~2,1). Thus, there exists Cy > 0 so that, for every m and j, k € E,,, we have

v #0

| Frnsj i (@™)] < C’2|Fm;j,;€(vm)\min{|yl|_1 : 1€ Em, v #£0}.

In conclusion, thanks to (19) and Lemma 3.16, there exists C3 > 0 such that

Tr(Fn(©7) Fu(©™)) < CF min 11|72 Tr (Fo (V)" Frn(v™) ) < Cy min 1], O
E];é’gl. e m
Lemma 3.19. Let © := (0;)rez~ be an ordered sequence of pairwise distinct real numbers such that

(V) kezr = (sgn(ﬁk)\/|t9k|)kez,k satisfies (12). Let exist C1,Cy > 0 such that
(19) Chlk| < |vk| < Colk|, VkeZ*, v, #0.

Let G be an entire function so that (vy)rez~ are its simple zeros, G € L= (R,R) and there exist J,1 >0
such that |G(z)| < Jell#! for every z € C. If there exist d > 0 and C > 0 such that |G'(v},)| > =S~ for

\k|1+<i
every k € Z*, then )
H(®) C h(z*,C)

where H(O) is the domain of the operator F(®) defined as in Remark 3.17 from the sequence ©.

Proof. Let p(M) be the spectral radius of a matrix M and let || M || = /p(M*M) be its euclidean
norm. We consider Lemma 3.18 and, thanks to the fact that (F,,(@™)*F,,(©™)) is positive-definite,
there exists C' > 0 such that

| En (@) 1> = p(Fn(©7) Fin(@7) < Tr(E(€7) F(©7)) < Crnin i, m e 27,

In conclusion, we obtain that h‘i(Z*, C) C H(O®) since, for every x = (vx)pez € h‘i(Z*,(C),

IF@xE < 3 IFa@)1* 3l <€ Y minliP? Sl < Clxls < +o0. O

mez* leE, mez* leE,

Remark 3.20. If Proposition 3.18 is satisfied with ® = (0 )xez+ and d > 0, then H(®) D h*(Z*,C)
which is dense in €2(Z*,C). Thanks to Remark 3.11, we consider F(®)* as the unique adjoint operator of
F(©). As Tr(F,(©@™)*F,,(0™)) = Tr(F,(©™)F,,(©™)*) for every m € Z*, the techniques developed
in the proof of Proposition 3.18 lead to H(®)* = D(F(®©)*) D h*(Z*,C).
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3.5 Proof of Proposition 3.1

Let us introduce the following sequences:

O = (i) ke : O = — g, Vk > 0; 0r = Ak, Vk < 0;
v = (Vg)kez : v =—v A,  Vk>0; v =\ Ak, Yk <O;
&= (O‘k)kez*\{—l} : op=—A+ A1, VE>O0 ap =M — A, Vk<-1

We consider M’ € N* and ¢’ > 0 so that ® and v satisfy (12) with respect to M’ and ¢’, while

20 inf , > 5/./\/1/.
0 (kez\ (-1} : RAMEZ\[-1}} [akirr = axl =

Let {E,, bmez~ be the equivalence classes in Z* defined by © and v (as in Remark 3.17). Let us assume
that —1 € E_y. Now, {Ep ez {—13 U{E_1 \ {—1}} are the equivalence classes in Z* \ {—1} defined

by (20) as in Section 3.3. Remark 3.20 implies H(©)* D h¢(Z*,C). We define as in Section 3.3, the
operator F(a) in £2(Z* \ {—1},C) from the sequence o and we notice that, for every m # —1, we have
Fo(a™) = Fp, (@™) and Fp,(a™)* = F,, (©™)*. Thus, as in Lemma 3.19 and Remark 3.20, there holds

H(x) 2 h(z*\ {~1},0), H(x)* 2 %z \ {~1},0).

We define e := (emk('))kez*\{,l} and E := (§)rezo\{-13 = F(x)*e. When T' > 27/§, Theorem 3.12

ensures that (§x)rez+\{-1} is a Riesz Basis of the space X := span{{ : k € Z* \ {—1}}L2. Now, the map
M:ge X — (&, 9)r200m)kez\ (-1} € (2" \ {~1},C)
is invertible thanks to Proposition 3.9. Denoted X := M1 o F(o)* (hE(Z* \ {~1},C)), the map
(F()) ™ o M : g & X — ((e,g)ra0.1)kez-\{-1y € h*(Z"\ {~1},C)

is invertible. Thus, for every (zx)rez-\{-1} € h‘i(Z* \ {—1},C), there exists u € L*((0,T),C) such that
T .
(21) Tp = / u(r)e™ T dr, Vk e Z*\ {-1}.
0

Given (zg)ken € h‘Z(N*,(C), we introduce (Zx)rez=\{-1} € hJ(Z* \ {—1},C) so that & = xy, for k > 0,
while 7, = Z_j for K < —1. From (21) and to the definition of «, there exists u € X C L%((0,T),C) so
that

T T
(22) / u(s)e!Oe =2 gg = g = / T(s)e! s —A)s g ke N\ {1},
0 0

while fOT u(s)ds = 1. The last relations and the fact that z; € R imply that

(23) (Im(u),e"*O) 2.y = 0, Vi e 2\ {-1}.

. . L2
From Remark 3.13, the family {e"***};cz+\ (1} is minimal in X and X = span{e’®+? : k € Z* \ {-1}} .
Now, we recall that —ay, = a_j, for every k € Z* \ {£1} and «; = 0. For every u € X, we have
u—u

a L2
ue Spal’l{e_w""t ke 7* \ {_1}} =X, — Im(u) = 9 e X.

In conclusion, for v € X satisfying (22), the identity (23) and the fact that I'm(u) € X yield that
Im(u) = 0 which implies that w is real.
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4 Proof of Theorem 2.3

4.1 Local exact controllability

Let s = 2+ d and d from Assumptions II(n, d). For ¢,7 > 0, we introduce the following subspace of Hg

Op ={v e Hy| ¢l =1, I = o1(T)ll(s) < €}, $1(T) = e~ Tg,.

We say that the (BSE) is locally exactly controllable in Of ;. when, for every ¢ € OZ 1, there exists
u € L%((0,T),R) such that 1) = I'“¢;. The result corresponds to the surjectivity of the map

T ¢ 2 L2((0,T),R) — O .

Let us define ¢ (T) := e~ *T¢, with k € N*. We decompose Fg;)(j)l = D pen- ¢k(T)<¢k(T),F§;)¢1>Lz
and we consider
a:u€ L((0,T),R) — ((or(T), T501)12) pope-

Now, I'%¢, € HS, for every u € L*((0,T),R) and T > 0 thanks to Proposition 2.1. Thus, « takes value
in Q° := {x:= (vg)ren~ € h*(C) | ||x|lez = 1}. Defined & := (Jx,1)ken+, we notice that

a(0) = ((68(T), T901) 12) e = ((08(T), 61(T))12),yy. = .
The local exact controllability of the (BSE) in OZ 1 is equivalent to the surjectivity of the function
o LQ((O,T),]R) — QI = {x = (Tp)ren- € Q° | ||x = 0||(s) < €}

Let T5Q?° be the tangent space of ¢ in the point a(0) = 8. For every f : [0,1] — Q* such that f(0) =5
and f/(0) = x € h*(C), we have 0 = (0;(f(¢), f(¢)))(t = 0) = 2R((x,d),2), which implies
T5Q° = {x := (z)ken+ € h°(C) | iz € R}.

Let P be the orthogonal projector onto TsQ®. We define Q° := {x := (z3)ren- € h*(C) | ||Ix[lz < 1}
and Q2 := {x:= (zx)ren- € Q° | [|X||(s) < €}. We consider the Fréchet derivative of o in u = 0:

v:v e L*((0,T),R) — (dya(u=0))-v € T5Q°.

If 7 is surjective in T5Q®, then the Generalized Inverse Function Theorem ([Lue69, Theorem 1; p. 240])
guarantees the existence of ¢ > 0 sufficiently small so that Pa is surjective in Q2 N TsQ° (v is also

the Fréchet derivative of Pa). Now, for every x = {zy}ren+ € QF, we have Px € Q¢ and there exists
u € L?((0,T),R) such that Px = Pa(u). Thus,

x = Px+ /1 —||Px[|%5 = Pa(u) + /1 — [|[Pa(u)||26 = a(u).

Fixed T > 0, the last relation and the Generalized Inverse Function Theorem imply that if v is surjective
in T5Q?°, then « is surjective in Q¢ with e > 0 sufficiently small. Thus, we study the function v and,
thanks to the Duhamel’s formula provided in (6), we notice that it is composed by the elements

T T
vi(v) = —i<ei)"€T¢k,/ eiA(TT)v(T)Bei)‘quﬁldT> = —i/ v(T)ei()"W)‘l)TdT@k,ngl)Lz.
0 0

L2

Proving the surjectivity of « corresponds to ensure the solvability of the following moment problem
T
(24) wi (¢, Bow) 2 = —i / u(r)e!PEmAT g Vk € N*
0
for every (zg)ren+ € T5Q°. We notice that (wk<¢k,B¢1>Z§)k€N* € h$72-1 = pd=n C h¢ thanks to the

point 1. of Assumptions I(7n). As B is symmetric, we have (¢, Bd1)r2 € R and ix1<¢1,B¢1>221 € R.
Thanks to [DZ06, relation (6.6)], there exist § > 0 and M € N* such that

Jnf [/ Neea - VAR > M.
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This fact and (5) ensure that Proposition 3.1 is satisfied. The solvability of (26) is guaranteed for
T > 0 large enough as (xk<¢k,B¢1)£21)k€N* € {(zx)ren- € h4(C) | izy € R} leading to the local exact
controllability. Thus, for every ¢ € O 1, there exists u € L*((0,T),R) such that

(25) ¢ =Tr¢1.

Remark 4.1. We consider the unitary propagator f}f generated by the time-dependent Hamiltonian
—A—u(T—t)B withu € L?((0,T),R) with T > 0. As ezplained in [Duc18b, Section 2.3], the propagator
Ty represents the reversed dynamics of the (BSE) with the same u and

(CH)(I4) = (T4)(T4) = L.

The local exact controllability results provided in the previous part of the proof is also valid for the reversed
dynamics. Indeed, the functions (¢r)ken+ are the eigenfunctions of —A corresponding to the eigenvalues
(=Ak)ken+- As above, the local exact controllability of the reversed dynamics in the neighborhood

Oy = { € Hy| [¥llr2 =1, | — e o1l < e},

can be ensured by proving the solvability of a moment problem of the form
T .

(26) 21 (¢, Bor) s = —i/ u(r)e " AR mAIT g vk € N*
0

for every (xg)ken € TsQ®. The result is proved as above thanks to Remark 3.2 and, for every ¢ € 6;71,
there exists u € L*((0,T),R) such that 1 = f%qﬁl. Finally, the last relation yields that

(27) ¢ =T§y,  for a(t) =u(T —1).

4.2 Global exact controllability

Let us consider 1,12 € HS be so that |[¢1]|r2 = [|¢2]L2. We assume that |[¢1]/z2 = ||¥2lr2 = 1,
but the result is equivalently proved in the general case. Let T,e > 0 be so that the local exact
controllability from Section 4.1 is valid. Thanks to Proposition A.2 and Corollary A.3, there exist
Ty, To >0, u; € L?((0,T1),R) and us € L?((0,T3), R) such that

T8y — e Ty <&, Twun—e ™ gl <e, = Ty € O0%p, T4y € O .

From Remark 4.1 (relation (27)), there exists uz € L*((0,T),R) such that T/ T ¢y = 1. From Section
4.1 (relation (25)), there exist uy € L?((0,T),R) such that I'jt¢y = f;;wg and then

F%4P%3Fg§ 1/}1 = f?}iwz = Fgﬁ I‘%“I‘% F?jﬁ 11)1 = 11)2, fOI‘ "LZQ (t) = U2 (T2 — t)

In conclusion, there exists T>0andic L?((0, f), R) such that F%z/)l = ).

5 Global exact controllability of bilinear quantum systems on
star graphs

In the current section, we study the global exact controllability when & is a star graph by applying
Theorem 2.3. The result is obtained by providing a suitable entire function G satisfying the hypotheses
of the theorem. From now on, when we call ¢ star graph, we also consider it as a quantum graph.

Theorem 5.1. Let & be a star graph equipped with (D/N') made by edges long {L;}j<n € AL(N). If
the couple (A, B) satisfies Assumptions I(n) and Assumptions II(n,e) for n,e > 0, then the (BSE) is
globally exactly controllable in Hf for s =2+ d and d from Assumptions II(n,€).
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Proof. 1) Star graph equipped with (D). The boundary conditions (D) on V, imply that ¢ =
(a} sin(v/Agz), ..., al sin(v/Ar)) for each k € N* and suitable {a} };<n C C such that (¢y)ren- is orthor-
mal in JZ. The CODdlthIlb (NK) in the internal vertex v € V; ensure that

al sin 1) =..=alsin N
> {Zklizv(gol;(z/x[/l) :%,S ) - Z1COt(\/)TkLl) -

We use the provided identities in order to construct an entire function satisfying the hypotheses of
Theorem 2.3. To this purpose, we define an entire function G and two maps G and H such that

)= [ sin(xLs) Y cot(xLy) G'(x) = —G(z) + H(z),

I<N I<N
w ~ [IsinGL) Y -t H(@) = (] costeL)) Y cot(aLy)
smxl T) = — cos(xzly cot(xLlp).
I<N I<N sin (xLl) dx I<N I<N

For L* := minj<ny L; and x € R, we have

sin(x L L sin? (zLg)
[lien [sin@Lo)] iy Lt Tip ) > L* Z H|sm (xLy)]

Gz
(30) |G(2)| = HZSNsm (xLy) I<N k£l

We refer to [DZ06, Corollary A.10; (2)], which contains a misprint as it is valid for every A > 7§ max{1/L; :
j < N}. The identities (28) and (29) imply that H(v/Az) = 0 and G’ (vAx) = —G(v/Ax) for every k € N*.
Thanks to (30), [DZ06, Corollary A.10; (2)] ensures that, for every e > 0, there exists C; > 0 such that

Ci
(31) |G/ :t\/ | > L* ZH | Sln \/ L \/77)1"1‘ Vk € N* : )\k > gmax{L;l}jSN
=1 j#l

Remark 5.2. For every k € N* and j < N, we have |¢}(L;)| # 0, otherwise the (NK) conditions
would ensure that ¢\ (L;) = ¢%(Lyy,) = 0 with I,m < N so that ¢}, 7 # 0 and there would be satisfied
al sin(Liv/Ag) = a* sin( Ly, v/ Ax) = 0 with al, af* # 0, which is absurd as {L;};<n € AL(N).

Remark 5.2 implies |G'(£+/A;)| # 0 for k € N*. Thanks to (5) and (31), there exists Cy > 0 so that
|G/ (£ M) = Cok™(F9) vk e N*.

We notice that the spectrum of A is simple. Indeed, if there would exist two orthonormal eigenfuctions
f and g of A corresponding to the same eigenvalue A, then h(z) = f(v)g(z) — g(v) f(z) would be another
eigenfunction of A. Now, h is an eigenfunction and h(v) = 0 that is impossible thanks to Remark 5.2.
As |cos(zL;)| < ell*l and |sin(zL;)| < el#l for every | < N and z € C, we notice that |G(z)| <
Nel#I 21 Lt for every z € C. Now, G(V/ ) = 0 for every k € N* thanks to (28) and G € L= (R, R).

In conclusion, the claim is achieved as Theorem 2.3 is valid with respect to the function G when d=e.
2) Generic star graph. Let I; C {1,..., N} be the set of indices of those edges containing an external
vertex equipped with (A) and I := {1,.., N} \ I;. The proof follows from the techniques adopted in 1)
by considering Proposition B.2 (instead of [DZ06, Corollary A.10; (2)]) and the entire map

= H sin(xL;) H cos(xzLy) ( Z cot(xL;) + Z tan(xLl)). O
lely lely lely lely

Remark 5.3. When & is star graph with equipped with (D) such that Ly/Ly and Ls/Ly are rationals,

3n27n37m2,m3€N* : L2/L1:n2/m2, L3/L1:n3/m3.

The sequence { i tren+ with px = kni?s are eigenvalues of A and they are multiple. Indeed, fixed k € N*,

fr = (sin(ugz), sin(purz), —2sin(ue), 0, ..., 0), gk = (0,sin(ppx), —sin(uz),0, ..., 0)

are eigenfunctions of A reciprocally orthogonal and corresponding to ui. In addition, we notice that the
sequence {gr }ren s composed by eigenfuctions vanishing in the edge ex. The same kind of construction
can be repeated when the star graph 4 is equipped with the general boundary conditions (D/N).

17



Corollary 5.4. Let 4 be a star graph equipped with (D/N'). Let 4 satisfy the following conditions with
N € 2N* such that N < N.

e Forj < J\~7/2, the two external vertices belonging to e2j_1 and es; are equipped with (D) or (N).
e The couples of edges {egj,l,egj}j<ﬁ/2 are long {Lj}j<ﬁ/2, while the edges {e;}5_ ;< measure

{Li} g jen- In addition, {L;}, 5 U{L;}5 oy € AL(S + N = N).

If (A, B) satisfies Assumptions I(n) and Assumptions II(n,€) for n,e > 0, then the (BSE) is globally
ezactly controllable in HE, for s =2+ d and d from Assumptions II(n,€).

ey e

esm

Boundaries: 0 Neumann-Kirchhoff @ O ® X Dirichlet/Neumann.

Figure 4: Example of graph described in Corollary 5.4 with N =4 and N = 6.

Proof. Let I C {1,...,N/2} be the set of j such that ey; ; and ey; contain two external vertices of ¥
equipped with (V) and I := {1,..,N/2} \ I;. Let Is C {N +1,...,N} be the set of j such that e;
contains an external vertex of ¢4 equipped with (N) and Iy ;== {N +1,..., N} \ I5. Let

((Qk - 1)27r2>
4L? jkeN’

jel

k272
( L? )j,keN*'

jeIy

()‘llc)keN* = ()‘i)keN* =

We notice that (A})ken+ U (A\f)ken+ C (Ak)ken+ are the only eigenvalues of A corresponding to eigen-
functions vanishing in the internal vertex v. For every f € (¢)ren+ of A corresponding to an eigenvalue
A € (A\L)ken+, f is uniquely defined (up to multiplication for a € C such that |a| = 1) by the identities

7 (@) = — (@) = \/1; cos(VAa), F'=0, Wie{l,...N}\{2j-12j}.

Equivalently, it is valid with (A?)gen- and then the eigenvalues (Af)gen+ U (A?)gen- are simple. In
conclusion, the discrete spectrum of A is simple since, if there would exist a multiple eigenvalue

A€ (Ae)ren+ \ ((/\Ilc)kEN* U (Ai)keN*)a

then there would exist two orthonormal eigenfuctions f and g corresponding to the same eigenvalue .
Now, h(z) = f(v)g(z) — g(v) f(z) would be another eigenfunction corresponding to A such that h(v) = 0,
which is impossible as it would imply that A € (A})ken+U(A2)ren+. Thus, (Ax)ken- are simple eigenvalues.
The remaining part of proof follows the one of Theorem 5.1 thanks to Proposition B.2 by considering

G(z) = H sin(aL;) H cos(xLy) (2 Z cot(xL;) + 2 Z tan(zL;) + Z cot(xL;) + Z tan(le)).

eI Ul lenUIs lel, lely l€ly l€Ts
0

5.1 Proofs of Theorem 1.3 and of Theorem 1.4

In the following theorem, we apply Theorem 5.1 for a specific problem.

Proof of Theorem 1.4. The conditions (N) in V; imply the existence, for every k € N*, of {al},<y C C
such that ¢ = (a} cos(zv/Ak), ..., aly cos(zy/Ag)). The coefficients {al},<ny C C are so that (¢x)ren-
forms a Hilbert basis of ## and then

L I .
=y {2 cos? (/M) = 3 Jab 2 (2L 4 SCLVA)
(32) 1—l<N/0 |ag,|” cos®(x )\k)dx—l<N|ak| (2 + o )
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For every k € N*, the (NVK) boundary conditions in V; ensure

a) cos(\/ A1) = ... = aby cos(v/  Ln), Z al sin(v/AeLy) =0

I<N

> tan(v/AkLi) =0, > lakPsin(2Liv/Ax) = 0.

I<N I<N

(33)

The last identities and (32) imply 1 = Zl 1 lat]?L;/2. Thanks to (33), we have a}, = aj ZZSS((%E)) for

| #1 and k € N*. Thus, |ai|*(L1 + Zl=2 l%) = 2 for every k € N* and

N N _
(34) bl =2 I COSQ(\/)\kLm)(ZLj 11 cosz(\//\kLm))
m=2 =1 m#j
Validation of Assumptions I(3 + €¢) with ¢ > 0. For every k € N*, thanks to the relation (33)
H cos(v/AxLy) Z tan(n/ A L)) =0, = Zsm VAL H cos(v/ AxLm
I<N I<N ml

Thanks to the relation (5) and Corollary B.3, for every e > 0, there exist Cy,Cy > 0 such that,

Cs
35 a > Vk € N*.
( ) | k| \/Zl ) Ll cos— 9 \/7Ll \/El . LlC 2)\1+€ kl"re
In addition, (¢, B¢L>L2(el,C) =0 for 2 <1 < N and, for every k € N*,
120alal L8 120alal L8 -5
(36) (¢1, Bdr)r2 = (¢1, BOL) 12(e1,0) = — i e (VA )

(VA + VA (VAr = vVAD!

From the relations (35) and (36), thanks to the relation (5), for every € > 0, there exists C3 > 0, such
that for £ € N* sufficiently large,

(37 |(¢1, Bow) 2| > Cyk—(Fe),
Now, it is possible to compute a(-) and By (-) with k € N*, analytic functions in Rt so that

ar(L1)* = (ar)?,  ar(Ly)ar(L1)Br(L1) = {(é1, Bor) 2

and such that each a;(-)ay(-) Bx(:) is non-constant and analytic. Thus, each a;(-)ax(-)Bx(-) has discrete
zeros Vi, C Rt and V = Uken+ Vi is countable. For every {L;};<y € AL(N) so that L; ¢ V, we have
[{¢1, Bér) 2| # 0 for every k € N*. Thus, the point 1. of Assumptions I(3 + €) is ensured thanks to the
relations (37) since, for every e > 0, there exists Cy > 0 such that

[(p1, Br)r2| > Cak~ 9 Wk e N*.

Let (k,j),(m,n) € I, (k,j) # (m,n) for I := {(j,k) € (N*)? : j # k}. We prove the validity of the
point 2. of Assumptions I(3 4 €). As above, we compute Fk( ) Wlth k € N*, analytic in R, such that

(O, Bor)r2 = F(L1). Bach Fj . m(-) == F;(-) — Fi(-) — Fi(-) + F(-) is non-constant and analytic in
R*, the set of its positive zeros Vj j 1.m is discrete Now we mtroduce the countable set:
V= U Vi lm-

(4:k),(Lm)€ET = (4,k)#(1,m)

For {L;}i<n € AL(N) so that L, ¢ VUV, the point 2. of Assumptions I(3 + ¢) with e > 0 is satisfied.
Validation of Assumptions II(3 + €1,¢3) with €1,¢e2 > 0 so that €1 +¢3 € (0, %) Let

P(x) := (52°% — 242° Ly + 452* L} — 402° L} + 152° L] — L9).
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For m > 0, we notice B : H™ — H™ and 0,(Bv)(v) = 0 for every v € V. since 9,P(0) = 0. Now,
05 (BY)(v) = (By)(v) = 0 with v € V; since 9, P(Ly) = P(L1) = 0. Then, B : H, — HZ. Moreover,
92P(Ly) = 93P(Ly) = 0, which imply B : Hj} — H}}y for every m € (0,3). For d € [3+ €1 + €2, %)
and d; € (d, ), there follow

Ran(B|HX[1’C) - HNIC7 Ran(B|Hz+d) - Ran(B|H2+dﬂH1+de2 ) - 2t N H./l\/-";g n Hé

The point 2. of Assumptions I1(3 + €1, €2) with €1,€3 > 0 so that €; + €3 € (O7 %) is valid.

Conclusion. The couple (A, B) satisfies Assumptions I(3 + €) and Assumptions II(3 + €1, e2) with
€1,€2 > 0 so that €] + €5 € (0, %) Theorem 5.1 guarantees the global exact controllability of the (BSE)
in H withs=2+dand d > 3+ € + €. O]

Proof of Theorem 1.3. Theorem 1.3 is proved as [Ducl8a,Theorem 1.2] that is stated for N = 4. The
only difference between the two results is the fact that Theorem 1.3 follows from Theorem 5.1 instead of
[Ducl8a, Theorem 2.4], which is only valid for N < 4. O

6 Energetic controllability

Let us recall the notation (pg)rens C (dk)ken+ indicating an orthonormal system (not necessarily com-
plete) of # made by some eigenfunctions of A. Let

(Hk)keN*

be the ordered sequence of corresponding eigenvalues. We refer to Definition 1.5 for the formal definition
of energetic controllability.

Theorem 6.1. Let ¢4 be a compact quantum graph and one of the following points be verified.

1. There exists an entire function G such that G € L>(R,R) and there exist J,1 > 0 so that |G(2)| <
Jell?l for every z € C. The numbers {£\/1tk ken= are simple zeros of G and there exist d>0 and
C > 0 so that |G'(£/ui)| > for every k € N*.

k1+d
2. There exist C >0 and d > 0 so that |pups1 — pu| > Ok~ for each k € N* with M from (1).

If (A, B) satisfies Assumptions I((p n) and Assumptions II(@,n,d) for n > 0, then the (BSE) is globally

exactly controllable in HZ N A for s = 24 d with d from Assumptions II(¢, n,d) and energetically
controllable in (p)pens -

Proof. From Remark 2.2, the (BSE) is well-posed in Hg N A with s = 2+ d and d from Assumptions
II( e, n,cZ). The statement of Theorem 2.3 holds in .# when the point 1. is valid, while the validity
of [Ducl8a Theorem 2.3] in A is guaranteed by 2. . The global exact controllability is provided in
HZ N A and the energetic controllability follows as ¢ € HZ N A for every k € N*. O

Let ¢ be a compact quantum graph. By watching the structure of the graph and the boundary
conditions of D(A), it is possible to construct some eigenfuctions (¢x)xen+ of A corresponding to some
eigenvalues (ug)ren+. For instance, we consider ¢ containing one loop e; of length 1 connected to the
graph in a vertex v. In such case, we point out that the Neumann-Kirchhoff boundary conditions in v

for a function ¢ € D(A) yield that 3 v, (1 D7 (V) + 001 (0) — Dppt (1) =

'\_ "\_ 1}_/’ — /‘

Figure 5: Example of compact graph containing a loop.

We define ¢ := (¢k)ren+ such that ¢ = (\/isin(riwx),O,...,O) and the corresponding eigenvalues
() kens = (4272 ken C (Ak)ken+, satisfying the gap condition

. . _ 2
kleng* |pg+1 — px| = 1270 > 0.
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If Assumptions I(¢,n) and Assumptions II(¢@,n,0) are satisfied for n > 0, then Theorem 6.1 implies the
energetic controllability in (uy)ren+. As we will show in the proof of Theorem 6.4, this approach is also
valid when ¢ contains more loops (e.g. Figure 3).

Remark. The idea described above can be adopted when & contains suitable sub-graphs denoted “uniform
chains”. A uniform chain is a sequence of edges of equal length L connecting M € N* vertices {v;}i<m
such that v, ...,vp—1 € V; when M > 3. Moreover, one of the following is valid: either vi,vy € V. are
equipped with (D), or vy = vy belong to Vi, or M € {2,3} and vi,vpr € Ve are equipped with (N).

— ., T < o

>

Boundaries: © Neumann-Kirchhoff @Neumann B Dirichlet.

Figure 6: The figure underlines the uniform chains in a compact graph.

Let 9 contain N € N* uniform chains {{%}jﬂv, composed by edges of lengths {Lj}j<ﬁ € AE(K/'), Let
I C{1,.., Kf} and Iy C {1, ..., N}\Il be respectively the sets of indices j such that the external vertices
of 9; are equipped with (N') and (D), while I3 := {1,..,N} \ (I; U Lz). We consider the eigenvalues
(k) ken+ obtained by reordering

((Qk - 1)27r2) 0 (k27r2> g ((2k - 1)27r2)
412 k,jEN* L? /K jen- L? k,jeN*
J jen T e J Jelg
As in the proof of [Ducl8a, Lemvma A.2], the Roth’s Theorem [Ducl8a, Proposition A.1] ensures that, if
{Lj};<x € AL(N), then for every e > 0, there exists C' > 0 so that
|1 — | = Ck™€, Vk € N*.

In conclusion, if (A, B) satisfies Assumptions I(@,n) and Assumptions II(@,n,€) with n > 0, then
Theorem 6.1 implies the energetic controllability in (pg)ken-

6.1 Proof of Theorem 1.6 and some applications of Theorem 6.1

Proof of Theorem 1.6. Let us assume N = 3. The (D) conditions to the external vertices V. imply
dr = (a} sin(\/mrz), a2 sin(\/fixx), as sin(y/arr)) with suitable (ai,a?,a}) € C3. From the (NK) in
v € V;, there follow 3,5 al cos(\/urL) = 0 and af*sin(,/urL) = ¢ € R for every m < 3. When ¢ # 0,

(2;:71)%2)
4L2 kEN*

Ik = (\/zbin (%x) \/37Lbin (Wm), 3% sin (%x)), Vk € N*.

of multiplicity two that we associate to the couple of

we have the eigenvalues ( corresponding to the eigenfunctions (gi)ren+ so that

When ¢ = 0, we obtain the eigenvalues (Lif ) kN~

sequences of eigenfunctions (f})gen+ and (f?)gen+ such that, for every k € N*,
f,i = ( \/?:TLsm(kgx), SII/sm(Tx), isin(k%x)),
f,f = (0, —\/Esin (k%x), \/Tsm ( ))

Moreover, (f{)gen- U (f,?)keN* (gk)ken+ is a Hilbert basis of 5 and ( 75
the eigenvalues of A (not considering their multiplicity).

2.2
)keN* U (%)kew are

Validation of Assumptions I(p,1). We reorder (f})ren+ U (gk)ken+ in @ = (px)ken+. The point
1. of Assumptions I(¢, 1) is verified as there exists C7,Cy > 0 such that

OV G vk € N*.

, B 2| > > ,
|<<»01 @k>L | (;U'k — /141)2 kg
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After, there exist C3,Cy > 0 so that By x := (¢k, Bog)rz = C3+ Cak™2 for every k € N* and py, = %.
Now, if pj — p — fu + fom = %(f —k? — 1?2 +m?) =0, then

Bjj—Bik—Bii+Bum =042k 2-1"24+m?) #£0,

which implies the point 2. of Assumptions I(¢,1).
Validation of Assumptions II((p, 1,0) and conclusion. The operator B stabilizes the spaces H™

with m > 0 and span{yy : k € N*} N HZ, ensuring the point 1. of Assumptions II(¢,1,0). Since

2
f — | =
}cgN* e = 1l = 173

the point 2. of Theorem 6.1 holds and the global exact controllability is proved in H% NA. As Yr €

H3 N A for every k € N* the energetic controllability follows in (%) hEN"*

When N > 3, the spectrum contains simple eigenvalues relative to some eigenfunctions (g )gen+ and
multiple eigenvalues, each one corresponding to N — 1 eigenfunctions { fx.; }i<n—1 with k € N*. For each
k € N*, we construct {fz,;}i<n—1 such that only the functions {fx;;}i<ny—2 vanish in e;. We reorder
(fe:N—1)ken U (gk)ken+ In @ = (@i )ren+ and the proof is achieved as done for N = 3. O

Theorem 6.2. Let & be a star graph equipped with (D/N). Let 4 contain two edges ey and e long 1
connected two external vertices both equipped with (D).

[ i1 ./)\w\E i) I

Boundaries: O Neumann-Kirchhoff M Dirichlet X @ O Dirichlet/Neumann.

Figure 7: Example of star graph described by Theorem 6.2 with N = 5.

Let By = (2?(' (z) — v* (), 2*(¥*(2) — ¢ (2)),0,...,0) for every ¥ € A#’. There exists (¢r)pen C
(k. )ken- such that the (BSE) is globally exactly controllable in H3 N # and energetically controllable
iﬂ/(k2ﬂ2)keN*.

Proof. Let (uk)ken+ and (¢g)ren+ be so that uy = k272, pi = —¢? = sin(krz) and ¢! = 0 with k € N*
and 3 <[ < N. The claim follows from the point 2. of Theorem 6.1 with d = 0 as Theorem 1.6. O]

Theorem 6.3. Let ¥ be a star graph equipped with (D) and composed by 5 couples of edges {ezj1, €5}, <X
long {L;};<n € AL(L) with N € 2N*.

€1 €2

Boundaries: O Neumann-Kirchhoff B Dirichlet.

Figure 8: Example of star graph described by Theorem 6.3 with N = 6.

Let B be such that By = ((B)!, ..., (BY)YN) for every 1 € S and

N/2
. . L L N
2 — _ 2j-1 _ 2l _ 21 B )) . _ AV
(Bo) = ~(Bu ™ =3 ! o (w ( o) = (L)) vis g
There exists C C (RT)N countable so that, for every {L;}j<n € AL(N)\ C, there exists (¢r)ren+ C
(¢r)ken+ such that (BSE) is globally evactly controllable in Hiyt® N A with € > 0 and energetically

- k22
controllable in (T? )k,jeN*'
JEN/2
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Proof. Let (ug)rens C (Ak)rken+ be eigenvalues obtained by reordering ( % ) for every 7 < N/2

keN*
and (@ )ken+ be an orthonormal system of ## made by corresponding elgenfunctlons For k € N*, there
exist m(k) € N* and I(k) < N/2 so that ¢} = 0 for n # 2I(k), 21(k) — 1 and

m(k)?m? 2A(k)—1 2(k 1
Nk:Ta Sak( ) (x):—gok( )( )= 7 sin (/).
(k) I(k)

Let [r] be the entire part of » € RT. For k € N* and C' = 4 min <y L;, we have

N2 oo
Lix n— L, n L,
|(p1, Bor) 2| = Z <80k Z I (F 1(ﬁ$) — ¢ (Lzmm))>
- DL [a+1)/2] @i 2 e
3
Liwy 42212 1
= ‘/ 5 ‘) 1n(m( )7?1:) i ( d ‘>C‘/ x? sin(m(1)7z) sin(m(k:)mc)dm‘.
Liy Lk Lk

Assumptions I(¢@, 1) and Assumptions II(¢, 1, €) with € € (0, ) hold as in the proofs of Theorem 1.4 and
Theorem 1.6. We consider the techniques adopted in the proof of [Ducl8a, Lemma A.2] which are due
to the Roth’s Theorem [Ducl8a, Proposition A.1]. For every € > 0, there exists C' > 0 so that

|1 — p| > Ck™€, VE € N*.
The claim follows since the hypotheses 2. of Theorem 6.1 are verified with d=¢>0. O

Theorem 6.4. Let 9 be a compact quantum graph. Let the first N<N edges {e;}._~ of the graph be
JJj<N
loops of lengths {Lj}j<ﬁ (e.g Figure 3). For v = (', ..N), let B be such that
L2 T L
1 _ J 2 ] J m AT AT
(By)' = E L?/Qz (—Ll —l)wj(—Ll:z:>, (By)™ =0, Vi< N, N<m<N.

J<N

There exists C C (R+) countable so that, if {L;}, 5 € AL(N N)\C, then there ezists (or)pen C (r)ren-

such that (BSE) is globally exactly controllable in H?’Jre U with e > 0 and energetically controllable

n (kL%r )k,jeﬁl*'
J<N

Proof. Let (pr)ken- be such that, for each k € N*, there exist m(k) € N* and I(k) < N such that

2_2
= %7 @ic(k)( )= /Ll(k) sin (y/prz) and ¢} = 0 for every n # (k) and n < N. Now, (¢)ken
is an orthonormal system made by eigenfunctions of A and the claim yields as Theorem 6.3. O

Acknowledgments. The author is grateful to Olivier Glass and Nabile Boussaid for having carefully
reviewed this work. He also thanks Kais Ammari for suggesting him the problem and the colleagues
Andrea Piras, Riccardo Adami, Enrico Serra and Paolo Tilli for the fruitful conversations.

A Appendix: Global approximate controllability
In the current appendix, for the sake of completeness, we propose the global approximate controllability
result provided in [Ducl8a, Section 4.2]. The outcome is adopted in the proof of Theorem 2.3.

Definition A.1. The (BSE) is said to be globally approximately controllable in H with s > 0 when,
for every v € H, I' € U() such that I'y € H and € > 0, there exist 7 > 0 and u € L*((0,T),R)
such that ||Ty — I'% s <e.

Proposition A.2. Let (A, B) satisfy Assumptions I(n) and Assumptions II(n,d) for n > 0 and CA[Z~O.
The (BSE) is globally approximately controllable in H for s = 2+ d with d from Assumptions II(n,d) .

Proof. In the point 1) of the proof, we suppose that (A, B) admits a non-degenerate chain of connect-
edness (see [BACC13, Definition 3]). We treat the general case in the point 2) .
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JE .
1) (a) Preliminaries. Let m, be the orthogonal projector onto .74, := span{¢; : j <m}  with
m € N*. Up to reordering (¢ )ren+, the couples (7, Ay, T B7,y) for m € N* admit non-degenerate
chains of connectedness in 77,. Let || ||pv(r) = || [[Bv(©0,1)®) and || - [[ o = [l - |l L(HS H) for s > 0.

Claim. VI € U(#), Ve >0, 3N; e N*, Ty, € U(H#) : nn, Dy, mn, € SU(H,),

(38) TN, 61 — Dl 2 < e

Let N, € N* and ¢, := ||wN1f¢1||Z2lﬁle¢1 We define (qu)2<j<N1 such that ((Ej)j<N1 is an orthonormal
basis of %Nl and we complete it to ((b]) jen=, an Hilbert basis of 7. The operator r N is the unltary map
such that Ty, 0; = (bj for every j € N*. The provided definition implies imy, 0 | T, ¢1 — F¢1||L2 = 0.
Thus, for every € > 0, there exists N; € N* large enough satisfying the claim.

1) (b) Finite dimensional controllability. Let M, be the set of (j,k) € {1,..., N1} such that
By = {¢;, Bor)r2 # 0 and |A\; —Ag| = | A, — Ni| with m,l € N* implies {j, k} = {m,{} for B,,,; = 0. For
every (j,k) € {1,...,N1}? and 6 € [0,27), we define Eg{,C the N1 x N7 matrix with elements (E?’k)lym =0,
(Ef)k)j,k = e and (Ef,k)k.,j = —e % for (I,m) € {1,..., N1 }>\{(4,k), (k,§)}. Let E,q = {Ef’k 2 (4, k) €
Meaq, 6 €10, 27r)}. Let Ly := E,q. We define by iteration L, := [Euqy, Lim—1] + Lim—1 with m € N*\ {1}
and there exists m € N* such that Lz = L1 as E,d is composed by Ny x Np matrices. We denote
Lie(F.q) = L. Fixed v a piecewise constant control taking value in Eyq and 7 > 0, we introduce the
control system on SU (., )

(39) {i(t) = z(t)v(t), t € (0,7),

z(0) = Idsy (e, )-

Claim. (39) is controllable, i.e. for R € SU(Hk,), there exist p € N*, My, ..., M, € E,q,
ai,...,ap, € RT such that R = e*1Mi o . oMo,

For every (j,k) € {1,..., N1}2, we define the N; x N; matrices R, Cjr and D; as follow. For (I,m) €
{1, ...,N1}2 \ {(]7 k‘), (kJ)}, we have (Rj,k)l,m =0 and (Rj,k)j,k = _(Rj,k)k,j = 1, while (Cj,k)l,m =0
and (Cj)jx = (Cjk)k,; = i. Moreover, for (I,m) € {1,..,N1}*\ {(1,1),(5,5)}, (Dj).m = 0 and
(Dj)11 = —(Dj);,; =i. We consider the basis of su(y,)

{R)k}ire<ny U{Cktjkan, U{D;}j<n,-

Thanks to [Sac00, Theorem 6.1], the controllability of (39) is equivalent to prove that Lie(E.q) 2
su(Fy,) for su(#,) the Lie algebra of SU (4, ). The claim is valid since it is possible to obtain the
matrices R;x, Cj and D; for every j,k < Ny by iterated Lie brackets of elements in Fyq as follows.

e Forevery (j, k) € Myq, we have R, , = E?,k and Cj , = E;éz For every (j, k) & Mg such that there

exists ji < Ni so that (j,j1), (ji, k) € Maq, we have R = [E9, ,EY ] and Cj = B, E}/7].

™
2

o If (1,j) € Mgyq, then 2D; = [E 1J,E ], while if (1,7) € Maq and there exists j; < Nj such that

(1,71), (j1,.4) € Mag, then —2D; = [[th,E; B, BE )

e For every (j,k) & Mg, there exist m < Ny and {j; }i<m such that (4, j1), ..., (Jm, k) € Maq. We call
S ={(,j1),--s (Jm, k) }. By repeating the previous point, we can generate each R; , C;\ and D;
with j, k € {1,..., N1} by iterating Lie brackets of Ef, for (I,m) € S and 6 € [0, 2r).

1) (c) Finite dimensional estimates. Let I' € U(#) and I'y, € U() be defined in 1) (a). Thanks

to the previous claim and to the fact that 7x,I'n, 7, € SU(H, ), there exist p € N*, My, ..., M, € Eqq
and aq, ..., € RT such that

OélMl o Mp

(40) v DN TN, =€ ..oe
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Claim. For every | < p and e®M: from (40), there exist {T! };en+ C RY and {u!, },,en+ such that
ul, € L2((0,T!),R) for every n € N* and

l
(41) lim [T ¢k — e* Mg 22 =0, vk < Ny,
n—oo n
sup HULHBV(T;) < o0, sup ”uiz”Loo((O,T}L),R) < o0,
(42) neN* neN*

sup T} [[ub || o< (0,71 ) 7) < 00
neN*

We consider the results developed in [Chal2, Section 3.1 & Section 3.2] by Chambrion and leading to
[Chal2, Proposition 6] since (A, B) admits a non-degenerate chain of connectedness ([BACC13, Defini-
tion 3]). Each e® ™t is a rotation in a two dimensional space for every [ € {1,...,p} and this work explicits
{T'},en+ C RY and {ul },cn- satisfying (42) such that u!, € L2((0,T!),R) for every n € N* and

l
(43) Jim |7y, D g — e M| 2 =0, Yk < Ny
1 l
Now, limy, 0 |7, Tt dkl| L2 = 1 since e*™ € SU (A, ). Thus, limy, o0 [[(1 — 7x, )T /|2 = 0 and

l 1 1
lim (D n — Mgl g2 < lim (D5 by — e Mgy + (01— 7 )5 b2 ) = .
1) (d) Infinite dimensional estimates.

Claim. Let T € U(A). There exist K, Ko, K3 > 0 such that for every € > 0, there exist T > 0
and u € L*((0,7),R) such that ||[%¢; — I'¢1]/z2 < & and

(44) lullpvr) < K1, [wll Lo (0,7),R) < Ka, T|ull Lo (0,1),r) < K3

Let us assume that 1) (c) be valid with p = 2. Although, the following result is valid for any p € N*.
As emtMi ¢ SU(s#y,), there exists 2 < | < Nj such that e*Mi¢; = ¢;. Thanks to (41), there exists
n € N* large enough such that,

2 1 2 1 2
I gy — @M Migy | 2 < | T [ [T 61 — €M 6l + [Tz — e gy 12 < e

The identity (40) leads to the existence of K7, Ko, K5 > 0 such that for every € > 0, there exist 7' > 0
and u € L*((0,T),R) such that |[T%¢; — [y, é1]|z2 < € and

(45) lullpvry < K1, lullpeo,ryr) < Koy Tllullpee(o,1),r) < Ks.

The relation (38) and the triangular inequality achieve the claim.

1) (e) Approximate controllability with respect to the L?-norm. Let ¢ € 5 and Te U(2).

Claim. There exist K1, K2, K3 > 0 such that for every ¢ > 0, there exist 7' > 0 and u €
L2((0,T),R) such that |[T%e — I'p||z2 < € and

(46) lull vy < Ki, 1wl Los 0,1),R) < Ko, T'||ul| o= ((0,7),R) < K3.

We assume that ||¢||pz = 1 but the same proof is also valid in the general case. We consider the
unitary propagator f? describing the reversed dynamics of the (BSE) introduced in Remark 4.1. Now,
the results from [Chal2], which are adopted in the point 1) (c), are also valid for the reversed dynamics.
Thus, such as in 1) (d), it is also true that, for every Te U(H), there exist Ky, Ky, K3 > 0 such that
for every € > 0, there exist T > 0 and u € L?((0,7),R) such that the relations (46) are satisfied and
[Ty — Té1||12 < e. By keeping in mind that ['% = (T%)~% and ||T%]| =1, we have

61 =T7T¢nllL2 = [T7T7¢1 = Trlallee < IT7 ([ [T7¢1 — TnllLe <e.
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The last relation guarantees that, for every ¢ € . such that |[¢||2 = 1, there exist 77 > 0 and
uy € L?((0,T1),R) such that
T3¢ — d1lL2 <e.

Now, 1) (d) ensures that, for every Te U(s), there exist Ty > 0 and ug € L?((0,T3),R) such that
IT5261 — T2 <.
The chosen controls u; and ug satisfy (46). In conclusion, the claim is proved as
T4 T4 — Tl 2 < [DRTH ¢ — T2l pe + T4 g1 — Tl 2 < 2e.
1) (f) Global approximate controllability in higher regularity norms. Let ¢ € Hg with
s € [s1,51+2) and s € N*. Let I' € U(4€) be such that Ty € H and B : H}} — Hg}
Claim. There exist 7 > 0 and u € L?((0,T),R) such that |[T% — F’L/JH(S < e.

We notice that the operator —i(A+u(t)B —ic) is dissipative in Hg' for ¢ := ||ul| oo (0,7,r) | Bl (51)"

Indeed, for every A > 0 and v € H§3+2, we have
[(A+i(A+u(t)B —ic)Ylls) = [[(A+ c+ i)Yl 1) = lullLooo,myr) 1B () 1] (s1)-

Now, the operator A with domain Hf,1+2 is self-adjoint in the Hilbert space H' and we have the
inequality [|[(A4c+iA)Y|(s,) > ()\—I—c)||w|| (s1)- By recalling that ¢ = [[ul[z=(0,7)») | Bl (5, We obtain

81)’

(47) A = i(=A+u(T = t)B —ic)¢lls)) = A+ IPllsr) = cllPllery = Ml s1)-

Thus, —i(A + u(t)B —ic) is dissipative and the Kato-Rellich’s Theorem yields that it is also maximal
dissipative. We consider the propagation of regularity developed by Kato in the work [Kat53]. Let A > ¢
and ﬁg}lw = D(A7 (ix—A) = H3 2. We know that B : ﬁg}lw C Hy — Hg} and the arguments of
[Duc18b, Remark 2.1] imply that B € L(I/i\';lJ“z, HZ'). For T >0 and v € BV((0,T),R), we have

M = sup ix—A—u(t)B)™? s1 mep+2y < F00.
sl (OB Lszo i+

We know ||k + f()llBv(o,r).r) = IfllBvior).r) for f € BV((0,T),R) and k € R. Equivalently,

= 1A= A= uOB N gy (o i eny) = lmvin B 1 e s < oo
We call Cy := || A(A+u(T)B—i\)~!| (s) < 00 and U;' the propagator generated by A+ uB —ic such

that Uy = e~“'T'¥4p. Thanks to [Kat53, Section 3.10], for every v € HZ T2, it follows
I(A+u(T)B =Nl oy < MMM (A= il o) = [Tl < Co MMV i,

For every T > 0, u € BV((0,T),R) and ¢ € H(;H'z, there exists C = C(K) > 0 depending on
K = (lullsv oy, llull Lo (0.1),2)> Tllull oo ((0,1),)) such that

(48) P79l (s142) < Cllblls142)-

Now, we notice that, for every ¢ € HS, we have ||Av||2, < 9] 12|/ A%¢| 2 from the Cauchy-Schwarz
inequality and there exists Cy > 0 such that [|A%¢]|1, < [|Ay|2.[|A3¢0]12, < Collp| 2| A3¢||3.
following the same idea, for every ¢ € Hg}l“, there exist my, mo € N* and C3,Cy > 0 such that

(49) 1AZ] 73 < Callo] 73

= Il ™™ < Callell 72 1911 o) -

In conclusion, the point 1) (e), the relation (48) and the relation (49) ensure the claim.

1) (g) Conclusion. Let d be defined in Assumptions I1(n, d). If d < 2, then B : H — H2 and the global
approximate controllability is verified in Hg" since d+2 < 4. If d € [2,5/2), then B : H% — H®% with
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di € (d,5/2) from Assumptions II(n,d). Now, HY* = H% N HZ, thanks to [Ducl8a, Proposition 3.2,
and B : H — H2 implies B : HY — H%. The global approximate controllability is verified in Hg"?
since d+2 < dy+2.If d € [5/2,7/2), then B : Hyye — Hi% for di € (d,7/2) and HY = Hi}NH2 from
[Ducl8a, Proposition 3.2]. Now, B : H2 — HZ that implies B : Hi‘;l — Hél. The global approximate
controllability is verified in H;“ since d +2 < dy + 2.

2) Generalization. Let (A, B) do not admit a non-degenerate chain of connectedness. We decompose
A+u()B: (A+UOB)+U1(')B, ug € R, u; € LQ((O,T),R).

We notice that, if (A, B) satisfies Assumptions I(n) and Assumptions II(5,d) for n > 0 and d > 0,
then [Ducl8a, Lemma C.2 & Lemma C.3] are valid. We consider ug belonging to the neighborhoods
provided by [Ducl8a, Lemma C.2 & Lemma C.3] and we denote (¢,°)ren+ a Hilbert basis of . made
by eigenfunctions of A + ugB. The steps of the point 1) can be repeated by considering the sequence
(¢°)ken- instead of (¢ )ken- and the spaces D(|A+ugB|? ) in substitution of HZ} with s; > 0. Thanks
to the mentioned results, the claim is equivalently proved since (A + uogB, B) admits a non-degenerate
chain of connectedness and [[|A + uB| = - HL2 < || - l(sy) With s1 € [s,8+2), s = 2+ d and d from

Assumptions I1(n, d). O

By referring to Remark 4.1, we consider the reversed dynamics of the (BSE) and the unitary propa-
gator I'¥ generated by the time-dependent Hamiltonian —A — u(T — t)B with u € L?((0,7T),R). In the
following corollary, we present the global approximate controllability for the reversed dynamics.

Corollary A.3. Let (A, B) satisfy Assumptions I(n) and Assumptions II(n, ci) forn >0 and d>0. Let
s =2+d be defined by d from Assumptions II(n,d). For every 1 € Hg, I' € U(J) such that T € Hg
and € > 0, there exist T > 0 and u € L*((0,T),R) such that [Ty — T4 (s < e.

Proof. The proof follows from the one of Proposition A.2. First, for every ¢ € 5 and Te U(st), we

call 1; = IAW) and T = (f)71 € U(4). Now, the point 1) (e) of the mentioned proof yields the existence
of K1, Ks, K3 > 0 such that, for every € > 0, there exist T > 0 and u € L%((0,T),R) such that

T = T2 < &
and the identities (46) are verified. Thanks to the relations f% = (%)% and || f% Il =1,
T4 — Tl = IT4¢) — TETFT W 2 < IIT% I 19 = THT9 e = ITd — Do 2 < e

The last relation ensures the global approximate controllability of the reversed dynamics with respect to
the L2—norm. Second, the estimation provided in (47) is also valid for the operator i(A+u(T —t)B +ic)

which is dissipative in Hg' when B : Hj} — Hg' and for ¢ := ||u||ze(0,7)r) | Bl (s1)- The claim is

ensured by repeating for the propagator f% the arguments developed in 1) (f) and in the remaining
part of the proof of Proposition A.2. O

B Appendix: Spectral properties

For 2 € R, we denote E(x) the closest integer number to z, ||z || = min.ez |2 — 2| and F(z) = 2 — E(x).
We notice |F(z)| = || z|| and —3 < F(2) < 3. Let {L;};<n € (RT)Y and i < N, we also define
1 1 1 ; L;
n(x) := E(z - 5), r(z) = F(m - 5), d(z) = ||xz — > I, m'(x):= n(?;z:>

In this appendix, we pursue [Ducl8a, Appendix A], which is based on the techniques from [DZ06, Appendiz A].
Lemma B.1. Let {Ly}r<n C R+, I, C {1,..N}, L :={1,..,N}\ I and

a() = [ Isin(OL)I Y TT Teos((YLpI+ [T Teos(()L)1 Y~ T Isin(()Ly)1-

i€ls icl jel i€l iclz jela
g i
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Let {Zj}jgN C R* be such that Zj = 2L; when j € I, and Zj = L; when j € I. There exists C > 0
such that, for every x € R, there holds

a(e) > Cmin (min TT I (@) + 3) 211, min TT llmi @) 2211,
T g# ! g !

Proof. From [DZ06, relation (A.3)], for every = € R, there follows
(50) 2d(z) < |cos(mz)| < wd(x).

As 2d((ﬁzl(x)+%)%) < |cos((ﬁzi($)+%)%7r)|andﬁz( T)+1= lx r(%x) forz € Rand i,j < N,
NI [ L (L
(51) 2d(<m (x) + i)fj) <|cos(Lj;x)| + [sin (ﬂ'LZ r(ﬂx)‘)‘ .

Now, |sin(x|r(-)])] < @ |[|r()| || < w[r(-)] = 7d(-) < F|cos(n(:))| thanks to [DZ06, relation (A.3)] and

(50). For every x € R, it holds
) L;| rL; L; (Li )‘ L;
-J i < gp=J il
sin (wLi r( 3:) )‘ 7TLZ_ T\ —=x 5L, | cos(L;x)].

From (51) and (52), there exists C; > 0 such that, for every i,j7 < N,

(52)

(53) Zd((ﬁﬁ(ﬂc) + %) i) < |cos(Ljz)| +57 L |cos(L x)|, vz € RT,

— o ] (7 + %)%) < [T I cos(Lsw)| + ] cos(Liw)].
' J€n

JEI1
J#i JFi

From [DZ06, relation (A.3)], as done in (51) and (52), there exists Cy > 0 such that

~ 1 wL;
) 2] (') + ) EL 1| < Jsin(Lyo)| + T2 cos(Lia), Ve € R,
i i i<
= CZHd((m ) )H |H( >L7, Il H|smLx\H|cosLx)|+|cos(Lx)|
j€h j€El> Jjel
i g i
Now, d(z) = ||3(2z — 1)[| > ||| 20 — 1| = 3|[2z]|| for every € R and d((m'(z) + %)%) >

LU (78Ge) + ) 224 )], which innply

55) C TT (0 +5) 221 < al) + ] eos(Z()]
i<N '

Equivalently, from the proof of [DZ06, Proposition A.1], for every x € R,

(56)
) L ) L; L;
2 mi(a) 72 || < lsinLyo)] + 52 |sin(La)l, 2 (mi(0)72) < cos(Lya)| + 52 sin(Lio)],
1. L ,
(57) = GG O < al) +]sin(LO)
J<N
J#i
The claim follows as [DZ06, Proposition A.1]. Indeed, if (Ax)ren~ C R is so that a(Ag) LN 0, then

k—o0 k—o0

there exist some ig < N such that |sin(A;L;,)] ——— 0 or |cos(A\xLi,)] —— 0. By considering (55)
and (57) with ¢ = 4g, we have

o . . ~ 7 ] k‘*)OO
2(w) 1= min (min [T Il (7 (v) + ) I mmH i () |||)
T g#F
The lemma is proved since z();) converges to 0 at least as fast as a(A) thanks (53), (54) and (56). O
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Proposition B.2. Let {L;};<y CR, I C{1,...N} and I :={1,...,N}\ L. If {L;};<n € AL(N),
then, for every e > 0, there exists Cc > 0 such that, for every x > max{m/2L; : j < N}, we have

H |sin(zL;)| Z H |cos(zLy)| + H | cos(zL;)| Z H |sin(zLy)| > x?jf

JjEl2 jel kel JEL jE€Iz kel
k#j k£

Proof. The claim is due to Lemma B.1 and to the Schmidt’s Theorem [DZ06, Theorem A.8], which
implies that, for every € > 0 and ¢ < N, there exist Cy (i), C2(i), C3(7) > 0 such that, for every x € R,

~ 1\ L, C1(i) Cy(4) Cy (i)
m'(x) + = )2 || > == > >
i (7@ +3) E 12 ey + 175 2 (T 4 1y 2 a1
P

(58)

and [[;<n H\ml(x)% | > Cs(i)z=*¢ for every > Zmax{1/L; : j < N}. The statement follows
J#i ‘
with C¢ := min (min;<y C (i), min;<n C5(3)). O

Corollary B.3. Let {Ly}i<n € AL(N) with N € N*. Let {wy}nen+ be the unbounded sequence of
positive solutions of the equation

(59) Z sin(xLy) H cos(zL,,) =0, z eR.

I<N m#l

For every € > 0, there exists C. > 0 so that | cos(wpLi)| > % for every l < N and n € N.

Proof. If there exists {wn, }ren+, subsequence of {wy}nen+, such that |cos(L;wnp, )| E2%, 0 for some
j < N, then there exists ¢ < N such that ¢ # j and | cos(L;wy, )| £, 0 thanks to (59). From (53), we

k—oco

have [T, d((ﬁ%z(wnk) + %) %) —— 0 and, as in the proof of Lemma B.1, there exists C2 > 0 so that

Ol cos(Liwn)| > [T a( (#twn) + ) 72) =TT 5 (i) + 5) 22 = 1)1
j#i ! J#i !

The last identity and the techniques leading to the equation (58) achieve the claim. O
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