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Abstract

In this work, we consider the bilinear Schrodinger equation (BSE)
10,10 = —At + u(t)B1 in the Hilbert space L?(¥4,C) with 4 a com-
pact graph. The Laplacian —A is equipped with self-adjoint boundary
conditions, B is a bounded symmetric operator and u € L?((0,T),R)
with 7" > 0. We study new hypotheses leading to the global exact
controllability of the (BSE) in D(|A|*/?) with s > 3. Afterwards, we
introduce the “energetic controllability”, a weaker notion of control-
lability useful when the global exact controllability fails. We provide
examples of the main results involving for instance star graphs.

1 Introduction

In this work, we consider 7 := L*(¢,C) with ¢ a compact graph.

Q e
— D = O
Figure 1: A compact graph is an one-dimensional domain composed by finite
vertices (points) connected by edges (segments) of finite lengths.

We study the bilinear Schrédinger equation in the Hilbert space .7

(BSE) {iatw(” = A(t) + u(t) B (1), t € (0,T),

¥(0) = o, T > 0.
The Laplacian A = —A is equipped with self-adjoint boundary conditions,

B is a bounded symmetric operator and u € L2((0,T),R). When the (BSE)
is well-posed, we call '} the unitary propagator generated by A + u(t)B.



A possible use of the (BSE) is to model the dynamics of a particle
constrained in a one-dimensional structure shaped as ¢ and subjected to an
external field represented by wu(t)B. The operator B describes the action of
the field and w its intensity. The term w(t)B plays the role of a control and
it is natural to wonder whether the (BSE) is exactly controllable, i.e. given
any states ¢! and 12, there exists u steering the system from ' to 2.

Even though control problems involving graphs have been very popular
in the last decades, the bilinear Schrédinger equation on compact graphs has
only been studied in [Ducl8a]. In the mentioned work, the well-posedness
and the global exact controllability of the (BSE) are provided under suitable
assumptions in some spaces D(|A|*/?) with s > 3.

In the current manuscript, we develop a new technique leading to the
global exact controllability of the (BSE) in some D(|A[*/?) with s > 3.
In order to study those systems where this outcome is not guaranteed, we
introduce a weaker notion of controllability denoted energetic controllability.

Proving the exact controllability in subspaces of D(A) is classical for this
type of result and it is due to the work [BMS82] on bilinear systems by Ball,
Mardsen and Slemrod. Nevertheless [BMS82] guarantees that the bilinear
Schrodinger equation is well-posed in 47, it also ensure that the (BSFE) is
not exactly controllable in 7 and in D(A) when B : D(A) — D(A) (see
[BMS82, Theorem 3.6]). Because of this negative result, we proceed as in
[Ducl8a] and we address the problem in suitable subspaces of D(A).

This approach has been widely used in order to study the (BSE) on the
bounded interval ¢ = (0, 1) (after being popularized in [BL10]). Let

D(Ap) = H?((0,1),C)N H((0,1),C)),  Aptp:= —Avp, Vi € D(Ap).

In [BL10], Beauchard and Laurent prove the well-posedness and the local
exact controllablity of the bilinear Schrédinger equation in H, := D(ASD/2)

for s = 3, when B is a multiplication operator for suitable u € H?((0,1),R).
In [Mor14], Morancey studies the simultaneous local exact controllability of
two or three (BSE) in H(30) for suitable B = u € H3((0,1),R).

In [MN15], Morancey and Nersesyan extend the previous result. They
achieve the simultaneous global exact controllability of finitely many bilinear
Schrédinger equations in H(40) for suitable B = u € H*((0,1),R).

In [Ducl8c|, the author ensures the simultaneous global exact controllability
in projection of infinite (BSE) in H (30) for suitable bounded symmetric B.
Under similar assumptions, he exhibits the global exact controllability of the
(BSE) between eigenstates via explicit controls and times in [Ducl8b].

1.1 Framework

We adopt the notation introduced in [Ducl8a]. Let ¢ be a compact graph
composed by N € N edges {e;};j<n of lengths {L;};<ny and M € N vertices



{v;j}j<m. We call V, and V; the external and the internal vertices of ¢, i.e.
Ve = {U € {Uj}jSM | dle € {ej}jSN LV E 6}, Vl = {Uj}jSM \ ‘/e-

We study graphs equipped with a metric, which parametrizes each edge
ej with a coordinate going from 0 to its length L;. A graph is compact when
it composed by a finite number of vertices and edges of finite length.

We consider functions f := (f', ..., fN) : 4 — C with domain a compact
metric graph ¢ so that f7 : e; — C with j < N. For s > 0, we denote

H =1*9,C) =[] L*(e;,C),  H*:=H"(¥,C)= [] H(e;,C)

J<N J<N

The Hilbert space 5 is equipped with the norm || - || and the scalar product

W, 0) = (U, 0y e = Y _ (7, ¢ Z (@)dz, Vi, p € H.

J<N J<N
In the (BSE), the operator A is a self-adjoint Laplacian such that the

functions in D(A) satisfy the following boundary conditions. Each v € V; is
equipped with Neumann-Kirchhoff boundary conditions when

Vf e D(A).

f is continuous in v,
]
s () =0,

The derivatives are assumed to be taken in the directions entering to the
vertex (ingoing directions). In addition, the external vertices V, are equipped
with Dirichlet or Neumann type boundary conditions.

The operator A admits purely discrete spectrum (see [Kuc04, Theorem 18]).

We call {\ } ken the non-decreasing sequence of eigenvalues of A and { ¢y, }ren
a Hilbert basis of s composed by corresponding eigenfunctions.

1.2 Novelties of the work

Global exact controllability. In the works [BL10], [Ducl8c|, [Ducl8b]
and [Mor14], local and global exact controllability results for the (BSE) are
proved when ¢ = (0,1) thanks to the hypothesis infgen [Aer1 — Ax| > 0,
which is not guaranteed when ¥ is a generic compact graphs. However,

(1) M eN, y>0 : inf\)\k+M—)\k]>5'M
keN

as showed in [Ducl8a, relation (2)] (when ¢ is not an interval M # 1). In
[Ducl8a], the global exact controllability of the (BSE) is provided when an
additional condition is verified. Indeed, the author assumes the existence of
C > 0 and a suitable d > 0 such that IAetr1 — Ax| > Ck=9 for every k € N.



In the current work, we study an alternative set of assumptions leading
to the global exact controllability. We hypothesize the existence of an entire
function G such that G € L*°(R) and there exist J, I > 0 such that |G(z)| <
Je!l?l for every z € C. We also assume that { M }tken C R are pairwise
distinct numbers, {4/ }ren are simple zeros of G and

d>1,C>0 G/ (/)| > Ck™%,  VkeN.

If these assumptions are verified for suitable d > 0, then the global exact
controllability of the (BSE) can be provided in Hg := D(|A|*/?) with s > 3
depending on the parameter d. We resume the result in Theorem 3.2.

Let ¢ be a star graph composed by N € N edges {e;};<n. Each edge
ej is parametrized with a coordinate going from 0 to the length of the edge
L;. We set the 0 in the external vertex belonging to e;.

0
ey /
=2 €3 I

1

0 > :LZ L} - . 0

Figure 2: Parametrization of a star graph with N = 3 edges.

In Theorem 3.3 and Corollary 3.5, thanks to diophantine techniques, we
ensure the global exact controllability of the (BSE) when ¢ is a suitable
star graph. Despite similar results are stated in [Ducl8a, Theorem 2.4] and
[Ducl8a, Remark 2.5] when N < 4, we prove it for every N € N.

Definition 1.1. For every N € N, we define AL(N) C (RT)V as follows.
For every {L;};j<y € AL(N), the numbers {1,{L;};<n} are linearly inde-
pendent over Q and all the ratios Lj/L; are algebraic irrational numbers.

Example 1.2. Let 4 be a star graph equipped with Dirichlet boundary con-
ditions in V. and Neumann-Kirchhoff boundary conditions in V;. Let

By =@ . ") — ((z — L1)*',0,...,0), Y € .

There exists C C (RT)YN countable such that, for every {L;};j<n € AL(N)\C,
the (BSFE) is globally exactly controllable in HéJre for every e € (0,1/2), i.e.

vl o € Hy™ o [0t =|[v?], 3T >0, we L*((0,T),R) : Tiw' ="
Proof. See Remark 4.2. O

In Example 1.2, we notice that the controllability holds even though the
control field only acts on one edge of ¢ since {L;};<n € AL(N).



Energetic controllability. Let {¢x}ren be an orthonormal system of 77
composed by eigenfunction of A and let {p }ren be the relative eigenvalues.
The bilinear Schrodinger equation is energetically controllable in {uy }ren if,

Vm,neN, 3T >0, ue L*(0,T),R) : TI%p, = vn.

Physically speaking, the result guarantees that the energy of the quan-
tum system i9;¢) = Ay in L?(¥, C) can be controlled in specific energy levels
through the external field u(t)B. We resume the outcome in Theorem 3.7.

Example 1.3. Let ¢ be a star graph equipped with Dirichlet boundary con-
ditions in Ve and Neumann-Kirchhoff boundary conditions in V;. Let & be
composed by N € N edges of equal length L and let By = ((:U—L)le, 0,..., O)

for every i € . The (BSE) is energetically controllable in {%}keN'

Proof. See Section 5. O

The peculiarity of Example 1.3 is that the result is valid even though the
spectrum of A presents multiple eigenvalues and Theorem 3.2 is not satisfied
(also [Ducl8a,Theorem 2.3] is not guaranteed). Moreover, the energetic
controllability is ensured with respect to all the energy levels of the quantum
system i9;1) = At in L?(¥4,C). Indeed, %}%N are the eigenvalues of A
non-repeated with their multiplicity (see the proof of Example 1.3).

The energetic controllability is also useful when ¢ is too difficult to
analyze. By watching the structure of the graph, it is possible to explicit
some eigenvalues {1 }ren and test if the energetic controllability in { g fren
is satisfied. In Section 5, we discuss some examples where the result is
verified, e.g graphs containing self-closing edges.

— =

Figure 8: Example of graph containing more self-closing edges.

1.3 Scheme of the work

In Section 2, we provide some preliminaries on the (BSE) and we introduce
the assumptions adopted in the work. Moreover, Proposition 2.1 presents
the well-posedness of the (BSE) in the spaces Hj, with suitable s > 0.

In Section 3.1, we provide the main outcomes of the manuscript. The global
exact controllability is presented for generic graphs in Theorem 3.2, while
for suitable star graphs in Theorem 3.3 and Corollary 3.5. The abstract
result regarding the energetic controllability is ensured in Theorem 3.7.

In Section 4 and Section 5, we discuss some examples of the main results (as
Example 1.2 and Example 1.3). In particular, the global exact controllability
is treated in Section 4 and the energetic controllability in Section 5.



In Appendix A, we present some spectral results adopted in the work, while
we study the solvability of the so-called moments problems in Appendix B.

2 Preliminaries

In the current work, we denote a graph ¥ as quantum graph when a self-
adjoint Laplacian A is defined on ¢. As in [Ducl8al, we respectively call
(NK), (D) and (N) the Neumann-Kirchhoff, Dirichlet and Neumann bound-
ary conditions characterizing D(A). We say that ¢ is equipped with one of
the previous boundaries in a vertex v, when each f € D(A) satisfies it in v.

By simplifying the notation of [Ducl8a], we say that ¢ is equipped with
(D) (or (N)) when, for every f € D(A), the function f satisfies (D) (or
(N)) in every v € V. and verifies (NK) in every v € V;. In addition, the
graph ¢ is equipped with (D/N') when, for every f € D(A) and v € V,, the
function f satisfies (D) or (N) in v and f verifies (NK) in every v € V;.

Let @ := {¢x }ren be a complete orthonormal system of .7 composed by
eigenfunctions of A and let {\;}ren be the corresponding eigenvalues. Let
[r] be the entire part of » € R. For s > 0, we define the spaces

Hjy = {@ZJ € H* | 02" is continuous in v, ¥n € NU{0}, n < [(s+1)/2];

Y E(v) =0, Vne NU{0}, n < [s/2], Yve V}

eeN(v)
Hy = Hy(@,C) = DAY, |- llg = |- g = (D k000 ) 7
keN
P(C) = {{arhhen < C | S arf <ooh, |-l = (X k)
keN keN

(we refer to [Ducl8a, Proposition 3.2] for details on HZ, with s € RT \ N).

Remark. [Duci8a, Remark 2.3] There exists ¢ € R such that || - |5 =

I[A+¢|2 -||. If 0 & o(A) (the spectrum of A), then we can assume ¢ = 0.
We underline that the only eigenvalue of A that can be 0 is \p.

Let @ := {¢r}tren C {&rtren be an orthonormal system of J# and let
{1k} ken € { Ak }ren be the corresponding eigenvalues. We introduce

2

n>0, a>0, I:={(,keN:j£k}, I :=spanipr | keN} .




Assumptions (I(¢,7)). The bounded symmetric operator B is such that

Ran(B| H2 N 7)€ HZ N and the following conditions are satisfied.

1. There exists C' > 0 such that |(¢x, Be1)| > 162% for every k € N.

2. For every (j,k),(I,m) € I such that (j, k) # (I,m) and p; — pu, =
fit — P, it holds (p;, Bej) — (pk, Bek) — (o1, Bor) + (om, Bom) # 0.

Assumptions (I(n)). The couple (A, B) satisfies Assumptions I(®, ).
Assumptions (II(@,7n,a)). Let one of the following points be satisfied.

1. When ¥ is equipped with (D/N) and a +n € (0,3/2), there exists
d € [max{a+mn,1},3/2) such that Ran(B| 244 7) C H**nHZN2.
2 ,

2. When ¥ is equipped with (N) and a + 7 € (0,7/2), there exist d €
[max{a +7,2},7/2) and dy € (d,7/2) such that Ran(B|2+a. ) C
9

N/ =
2+d 14+d 2 3 d 3
H ﬂHN,CﬂHgﬂ%”and Ran(B]Hj}Kmﬁ)QHA}Kﬂ%”.

3. When ¥ is equipped with (D) and a +n € (0,5/2), there exists

d € [max{a +n,1},5/2) such that Ran(B|2+a., 7) € H*n H}\/Jkd N
— g -

HZ N . If a+n > 2, then there exists di € (d,5/2) such that

Ran(B| 4, 7) € Hh N .

Assumptions (II(n,a)). The couple (A, B) satisfies Assumptions II(®, n, a).
From now on, we omit the terms ¢, 7 and a from the notations of
Assumptions I and Assumptions II when their are not relevant.
Proposition 2.1. [Duci18a, Proposition 3.1] Let 4 be a compact quantum
graph. Let the couple (A, B) satisfy Assumptions II(n, cz) withn > 0 and d >
0. Lety° € Héer with d introduced in Assumptions II and u € L?((0,T),R).

There ezists a unique mild solution of (BSE) in Hé”'d, i.e. a function
¥ € Co([0,T), HZ™) such that for every t € [0,T],

(2) O(t,x) = e AyY0(x) — i / e A=)y (s)Bip(s, x)ds.

0
Moreover, there exists C' = C(T, B,u) > 0 so that

Il cogory,mzrey < Clellgzea, @Il = 1%, vt € [0,T], vo € Hg™.

Remark 2.2. Let ¢ := {¢k}ren C {&r}tren be an orthonormal system of
F made by eigenfunctions of A and H = spgn{cpk | k€ N} v . We notice
that, if (A, B) satisfies Assumptions II(@,n,d) with n > 0 and d > 0, then
the following claim is valid. For every ¢° € H?jd U 2 with d introduced in
Assumptions II and u € L*((0,T),R), there exists a unique mild solution of
(BSE) in Hé+d U . The statement follows equivalently to Proposition 2.1
as T} preserves HZ N A since B : HZN A — HZnN H .

7



3 Main results

3.1 Global exact controllability

Definition 3.1. The (BSE) is said to be globally exactly controllable in the
space HZ, with s > 3 if, for every o', 1? € H such that |[¢!|| = [|¢?||, there
exist a time 7' > 0 and a control u € L?((0,T),R) such that T%yp! = 2.

Theorem 3.2. Let Y be a compact quantum graph and {\;}ren be pairwise
distinct real numbers satisfying (1) with M € N\ {1}. Let G € L*(R) be
an entire function such that there exist J, I > 0 such that |G(z)| < Jell?l for
every z € C. The numbers {3/ A }ren are simple zeros of G and

W>1,C>0 |GV > Ck Y Vk € N.

If the couple (A, B) satisfies Assumptions 1(n) and Assumptions II(n,d — 1)
forn >0, then the (BSE) is globally exactly controllable in Hg, for s = 2+d
and d from Assumptions II.

Proof. The result follows from the proof of [Ducl8a,Theorem 2.3|, which
can be found in [Ducl8a, Section 4]. In fact, it is obtained by gathering
in Hg the local exact controllability and the global approximate controlla-
bility. The only difference is on the proof of the local exact controllability
and in how the solvability of the moments problem [Ducl8a, relation (17)]
is provided, i.e. in how we prove that, for every {zp}tren € {{zr}ren €
h*(C) | izy € R} C h¥, there exists u € L?((0,T),R) with T > 0 such that

T
(3) i/ (6 Bon) = [ u(m)eMrdn, vkeN.
0

As B is symmetric, (¢1,B¢1) € R and iz1/(¢1, Bp1) € R. After, we know
{xk((¢k, B¢1>)*1}keN € hi=n C h4=1 thanks to the point 1. of Assumptions
I. Thus, the solvability of (3) is valid for {2 ((¢x, Bo1)) *ren € {{ck}ren €
h‘i_l((C) | c1 € R} thanks to Proposition B.7 and the local exact controlla-
bility holds in Hj with s = 2 4+ d and d from Assumptions IL.

In conclusion, the (BSE) is globally approximately controllable in Hj

as proved in [Ducl8a, Section 4.2]. The statement is achieved by gatheriﬁg
the two results as for the proof of [Ducl8a, Theorem 2.3]. O

In the following theorem, we ensure the global exact controllability when
¢ is a star graph. The result leads to Example 1.2.

Theorem 3.3. Let 4 be a star graph equipped with (D/N') made by edges
long {Lj}j<n € AL(N). If the couple (A, B) satisfies Assumptions I(n)
and Assumptions II(n,€) for n,e > 0, then the (BSE) is globally exactly
controllable in Hj for s =2+ d and d from Assumptions I1.



Proof. 1) Star graph equipped with (D). The conditions (D) on V,

imply that ¢ = (aisin(v/A2), ..., al sin(v/Agx)) with {al};<y C C and
k € N. The conditions (NK) in the internal vertex vy ensure that there

hold af sin(vAgL1) = ... = af sin(v/ALy) and DN at cos(vArL)) = 0
for every k € N. Then, Zl]\il cot(v/ArL;) = 0 for every k € N. Let

= H sin(z L) Z cot(xL;) H sin(zLy) Z sin fx[/l)

I<N I<N I<N I<N

Now, G(\y) = 0 for every k € N, G € L*(R) and G is an entire function
such that |G(z)| < Nel#l 2 L for every z € C since | cos(zL;)| < elt?l and
|sin(2L;)| < ePl#l for every I < N. For L* := minj<y L; and z € R,

- sin(zL L sin? xLy)
\G(w)| _ Hl§N| ( l)|Zl§N lHk;ﬁl (zLy) > L Zl—l'sm ka

2
[Li<n sin(z L) I<N ksl

After, G'(vVAs) = —G(v/ M) for each k € N since G/ (z) = —G(x) + H(z),

= di H cos(zLy) Z cot(xLy), H(\/ﬁ) =0.

I<N I<KN

We refer to [DZ06, Corollary A.10; (2)], which contains a misprint as it is
valid for every A > Tmax{1/L; : j < N}. For every € > 0, there exists

Cy > 0 such that |G’(:|:\/ k)| > L* El 1 [ [ sin(v/AeLy)| > (W)He for
every k > k with k € N such that Ay > gmax{l/L; : j< N}

Remark 3.4. For every k € N and j < N, we have |¢£(Lj)| # 0, otherwise
the (NK) conditions would ensure the existence of l,m < N so that

oL (L)) = ak sin(Li/ M) = af sin( Ly, /A =0, Lo #0
with al, a # 0, which is absurd as {L;};j<n € AL(N).
Remark 3.4 implies |G/ (£v/Ag)| # 0 for k < k and, from [Ducl8a, RemarkA.4],

Ye>0 3Cy >0 :  |G'(£V/M)| > Cok ¢, VkeN.

Now, the spectrum of A is simple, otherwise it would be possible to construct
eigenfunctions of A violating the statement of Remark 3.4. In conclusion,
the claim is achieved thanks to Theorem 3.2 for d = 1 + e.

2) Generic star graph. Let I; C {1,..., N} be the set of indices of those
edges containing an external vertex equipped with (N) and I := {1,.., N}\
I;. The proof follows from the techniques adopted in 1) by using Proposition
A.2 instead of [DZ06, Corollary A.10; (2)] with

= H sin(xLy) H cos(zLy) ( Z cot(xLy) + Z tan(xLl)). O

lels lely lels lel



Corollary 3.5. Let 9 be a star graph equipped with (D/N). Let & satisfy
the following conditions with N € 2N such that N < N.

o For every j < N/2, the external vertices of ¢ belonging to ea;—1 and
eaj are equipped with the same type of boundary conditions.

e The couples of edges {er_l,egj}j<A~[/2 are long {Lj}j<ﬁ/2, while the
edges {ej}ﬁqu measure {LJ}N<]'§N'

If{Lj}j<& U{LJ}N<]'<N e AC(§ —I—N—ZV), while the couple (A, B) satisfies
<3 =

Assumptions I(n) and Assumptions II(n,€) for n,e > 0, then the (BSE) is
globally exactly controllable in Hj for s = 2+d and d from Assumptions II.

€3 6
€1 €3

esn/P\\\7§‘~\-

Boundaries: 0 Neumann-Kirchhoff @ O B X Dirichlet/Neumann.

Figure 4: Example of 4 described in Corollary 3.5 with N =4 and N = 6.

Proof. Let I; C {1, ,]V/Q} be the set of indices j such that egj_; and ey;
contain two external vertices of ¢ equipped with (NV) and Iy := {1,.., N/2}\
I. Let I3 C {N+1,..., N} be the set of indices of those edges in {ej}ﬁ<j<N

containing an external vertex of ¢4 equipped with (N) and Iy := {N +

. (2k—1)272 k272
1,..., N}\ I3. We notice that {T}j,keNU{TQ}j,keN
J jen 7 el
values of A corresponding to some eigenfunctions {fk.;} jren C {Pk}ren-
jEI UIy
Afterwards, every f € {dr}ren \ {fr;} jren is such that f(v) # 0 with
jenuly
v € V. (similarly to Remark 3.4) and it corresponds to a simple eigenvalue.

The statement is proved as Theorem 3.3 by considering the function

G(z) = H sin(xLy) H cos(zLy) (2 Z cot(xLy) + 2 Z tan(zLy;),

are simple eigen-

leloUly lel Ul lels lel
+ Z cot(xL;) + Z tan(:L‘Ll)). O
lely lels

3.2 Energetic controllability

Let {ok}ren C {¢kren be an orthonormal system of J# made by eigen-
functions of A and let {uy}ren be the corresponding eigenvalues.

Definition 3.6. The (BSE) is energetically controllable in { g }ren if, for
every m,n € N, there exist 7' > 0 and u € L?((0,7),R) so that T%w., = @n.

10



Theorem 3.7. Let 4 be a compact quantum graph and one of the following
set of assumptions be satisfied.

1. There ezists an entire function G such that G € L*°(R) and there exist
J,I >0 so that |G(2)| < Je!*l for every z € C. The numbers {ju }ren
satisfy (1) with M € N\ {1}, {&\/1 }ken are simple zeros of G and
there exist d > 1 and C' > 0 so that |G’ (/)| > % for every k € N.

2. For every € > 0, there exist C > 0 and d > 1 so that |gr1 — ] >
Ck=%1 for each k € N.

If (A, B) satisfies Assumptions I(@,n) and Assumptions II(@,n,d — 1) for
n > 0, then the (BSE) is globally exactly controllable in HZNI for s = 24d
with d from Assumptions I and energetically controllable in { g }ren.

Proof. From Remark 2.2, the (BSE) is well-posed in H, NA with s = 2+d
and d from Assumptions II. The statement of Theorem 3.2 holds in A when
the point 1. is valid, while the validity of [Ducl8a,Theorem 2.3] in J€ is
guaranteed by 2. . The global exact controllability is provided in Hg N A
and the energetic controllability follows as ¢}, € Hg N for every ke N. [

Let ¢4 be a generic compact quantum graph. By watching the structure
of the graph and the boundary conditions of D(A), it is possible to construct
some eigenfuctions { ¢y } ren of A corresponding to some eigenvalues {1 } ken-
For instance, we consider ¢ containing a self-closing edge e; of length 1.

. - — —
— Qel T~ >

Figure 5: Example of graph containing a self-closing edge.

We construct @ := {¢k }ren some eigenfunctions of A such that
o = (V2sin((2k — 1)7z),0, ..., 0),

and corresponding to {ux}ren = {(2k — 1)272}pen C {Mitren. If Assump-
tions I(@, n) and Assumptions II(¢@,n,0) are satisfied for n > 0, then Theo-
rem 3.7 implies to the energetic controllability in {u}ren. The same holds
when ¢ contains more self-closing edges as Figure 3 (i.e. Example 5.3).

Remark. The idea described above can be adopted when ¢ contains suit-
able sub-graphs denoted “uniform chains”. A uniform chain is a sequence
of edges of equal length L connecting M € N wvertices {vj}j<m such that
V9, ..., V-1 € Vi. We also assume that either vi, vy € Ve are equipped with
(D), vi = vy € Vi, or M =3 and vy,v3 € V. are equipped with (N).

11



Boundaries: O Neumann-Kirchhoff @Neumann M Dirichlet.

Figure 6: The figure underlines the uniform chains in a generic graph.

Let 9 contain ]\7~€ N uniform chains ,{f%}jﬁﬁ’ composed b}// edges of lengths
{Lj},cx € ALN). Let Iy € {1,..,N} and Iy € {1,..., N} \ Iy be respec-
tively the sets of indices j such that the external vertices of%; are equipped
with (N') and (D), while I3 := {1,...., N} \ (I; U Is). If {Lj},c5 € AL(N),
then the energetic controllability can be guaranteed in

{ (2k — 1)%72 } U {k27r2} U { (2k — 1)%72 }
4L? k,jEN L? k,jEN L? kjeN

JEI VISED) JjEI3

4 Examples: Global exact controllability

Example 4.1. Let ¢ be a star graph equipped with (N'). For ¢ € A, let
B!, ..., N) = ((52°—242° L1 +452* LT —402° L} +152* LT — L§)y', 0, ..., 0).
There exists C C (RT)N countable so that, for every {L;};<n € AL(N)\C,
the problem (BSE) is globally exactly controllable in H;JFE with € € (0,1/2).
Proof. The conditions (N) in V; imply ¢x = (al, cos(zv/Ax), ..., al cos(zv/Ax))
with {a} };<ny C Rand k € N so that {¢y }xen forms a Hilbert basis of 57 i.e.
L cos(L sin(L

L=3n o' |aj|? cos®(zv/Ax)dz = 2li<a |aj,|? ( “/;\)/g( lr))
For every k € N, the (MK) conditions in V; ensure a}, cos(\/ L) = ... =
alY cos(v/AyLy) and doI<N a sin(v/ArL;) = 0. Thus, we have

(4) Z tan(mLZ) =0, Z |a§€|251n(Ll\/)\>k) cos(Ll\/)\»k) =0.

I<N I<N

Now, 1 = 2 |ak[?L;/2 and the continuity implies a, = a} ZZSS((?E)) for

 #1 and k € N, which ensures |a;|* (L1 + 214:2 ZZSSQ((??))) = 2. Thus,

4 1
5)  lab? =2 [T cos*(v/AeLum (ZL I cos*(vV L) ) . VkeN.

J=1  m#j

From (4) and (5), there holds S sin(v/A,L;) [Tz cos(vAkLm) = 0.
Thanks to [Ducl8a, Remark A.4] and [Ducl8a, Proposition A.5], for every
€ > 0, there exist C1,Cy > 0 such that, for every k € N,

2 Cy
6) a >
( | k’| \/Zl . Ll coS— _9 \/7[/[ Zl . L[C 2)\1-}—6 k1+6
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In addition, (¢, B¢§(:>L2(el,(c) =0 for 2 <[ < N and, for every k € N,

_ 120a3aiL§  120a;aiL§ -5
(1) (¢1,Boy) = et Vo) (W—\/)\T)‘*Jro(\/g ).

As in [Ducl8a, Example 1.2], the couples (A, B) satisfies Assumptions
I(3 + €) with € > 0. Indeed, one can define ag(-) and By(-) with k € N,
analytic functions in R, so that ax(L1) = (a}.)?, v/a1(L1)ag(L1)Bk(L1) =
(¢1, Béy) and each /a1 (-)ak(-)Bg(+) is non-constant and analytic. The set
of positive zeros Vi, C RY of \/a1(-)ax(-)By(") is discrete and V = U,y Vi
is countable. For every {L;};<ny € AL(N) such that L; ¢ V, we have
|{¢p1, Bog)| # 0 for every k € N. From [DZ06, Remark A.4], the point 1. of
Assumptions I(3 + €) follows thanks to (6) and (7), i.e

Ye>0,3C >0 : |(¢1,Bep)|>Cs/k>T¢,  VkeN.

Let (k,j),(m,n) € I, (k,j) # (m,n) for I := {(j,k) € N> : j # k}.
Again as in [Ducl8a, Example 1.2], we compute F(-) with k£ € N, analytic
in R*, such that (¢pr, Bor) = Fi(Ly). Each Fj,k,l,m(') = F]() — Fr(-) —
Fi(+) + F;u(+) is non-constant and analytic in R, the set of its positive zeros
Vijkim is discrete and V' := U(j,k),(l,m)el - Gok)£(Lm) Vjkim is a countable.
For {L;}1<y € AL(N) so that Ly ¢ VUV, Assumptions I(34¢) are verified.

Let P(x) := (52° — 242° Ly +452* L3 — 4023 L3 4+ 1522 L — LY). We prove
the validity of the point 2. of Assumptions I1(3 + €1,€3) with €1,e2 > 0
so that ¢ + e € (0,1/2). For m > 0, we have B : H™ — H™ and
0. P(0) = 0, P(L1) = 0 that imply B : HZ — HZ. In addition, it holds

P(L;) =0, 0?P(L1)=0, 0P(L;)=0 = B:H¥} Ymec(0,9/2).

Given d € [3+4 ¢ + €,7/2) and dy € (d,7/2), we have Ran(B|,2+a) C
£
H* 0 HAE 0 HZ and Ran(B| 4, ) C HX} , which lead to the point 2. of
NK
Assumptions II(3 + €1, €2). Theorem 3.3 guarantees the statement. O

Remark 4.2. Ezample 1.2 is proved as [Duc18a, Example 1.2] that ensures
the same result with N = 4. The only difference is that Example 1.2 follows
from Theorem 3.3 instead of [Duc18a, Theorem 2.4] (valid for N < 4).

5 Examples: Energetic controllability

Proof of Example 1.3. Let us assume N = 3. The (D) conditions lead to

3 (a},a2,a3) €C* : ¢ = (apsin(v/ M), aj sin(/\ex), aj sin(y/ \px)).

By imposing (A'K) in the internal vertex vg, we obtain ;5 al cos(v/AL) =
0 and a}'sin(v/ArL) = ¢ € R for every m < 3. When ¢ # 0, we have

13



2 2
the eigenvalues {%4# } keN corresponding to the eigenfunctions {g }ren

so that gy = (\/ 32L sin ((%QLI) m) \/ 32L sin ((2k211)7rx) \/ 32L sin ((%2;1)”33)).

When ¢ = 0, we obtain the eigenvalues { e of multiplicity two that

Yien
we associate to couples of sequences of eigenfunctions {f }ren and {f? }ren

such that every f,i = (—\/gsm (kL”z) \/gsm (kL’rx) \/gsm (kgr )) and
fr = (0, _\/Esm (), \/Esm (52)). Moreover, {fl}ren U {fZ}ren U

{9k }ren is an Hilbert basis of 7 and the eigenvalues of A (not considering
(2k—1)272

4L2 }keN

We reorder {fl}tren U {gktren in @ = {@r}ren. The point 2. of As-
sumptions I(¢, 1) follows since there exist C3,Cy > 0 such that, for every

k € N, we have By := (¢k, Bor) = C3 + C4k™? € RY and pu, = 2’“2. If

their multiplicity) are {king}keN U {

pj—pk — i+ pm =0 = Bjj— Bir— Bii+ Bum #0.

The point 1. of Assumptions I(@,1) is verified as there exists C7,Cy > 0

such that [(¢1, Bok)| > Ol}\‘ﬁ\‘l)ﬁ > & for every k € N.

2
Now, B stabilizes span{yy : k € N} N Hé and H™ for every m > 0,
ensuring the point 1. of Assumptions II(¢@,1,0). Since inf;zen [pur — 15| =

1 LQ, the point 2. of Theorem 3.7 holds and the result is proved.

When N > 3, the spectrum contains simple eigenvalues relative to some
eigenfunctions {gx }reny and multiple eigenvalues each one corresponding to
N — 1 eigenfunctions { fi;; }i<ny—1 with k € N (see [BK13, p. 15]). For each
k € N, we construct { fi.;}i<ny—1 such that only the functions {fi.;}i<n—2
have null component in e;. We reorder {fip.n_1}ren U {gk}tren in @ =
{¢k }ken and the proof is achieved as done for N = 3. O

Example 5.1. Let 4 be a star graph containing two edges e1 and ey long
1. Let e1 and ey connect the internal vertex of 4, equipped with (N'K), with
two external vertices both equipped with (D).

[ “ ./\;\E 2 i

Boundaries: O Neumann-Kirchhoff M Dirichlet X @ O Dirichlet/Neumann.

Figure 7: Example of star graph described by Example 5.1 with N = 5.

Let By = (xQ(zpl(x) —2(z)), 22 (¢?(x) — ¥(2)),0,..., 0) for every ¢ € .
There exists {¢ktren C {dk}ren such that the (BSE) is globally exactly
controllable in H% N A and energetically controllable in {k*7%}en.

Proof. Let @ = {¢k}ren and p = {ug }ren be such that
= k*n?, o) = —pp = sin(kmz), ob =0, V3<I<N.

14



The point 2. of Theorem 3.7 is valid for d = 0. In addition, (@, Be1) =
4y, xQLp%)Lg(el’C) with k € Nis the integral treated in [Ducl8c, Example 1.1],
where Assumptions I(¢@,1) are ensured. As in Example 1.3, B stabilizes
%”ﬂHé and B : H™ — H™ for every m > 0, which validate the point 1. of
Assumptions II(@, 1,0). The claim follows from Theorem 3.7. O

Example 5.2. Let ¥ be a star graph equipped with (D) and composed by %
couples of edges {ezj—1, €25}, n long {L;}, .~ € AL(F) with N € 2N.
— 2 — 2

€1 €2

Boundaries: © Neumann-Kirchhoff B Dirichlet.

Figure 8: Example of star graph described by Fxample 5.2 with N = 6.

Let B be such that By = ((By)', ..., (BY)N) for every o € A and

(B)% = —(By)@—1 = Jf iijz (¢21< ) _ g2t (%x)), Vj < g

=1 L; J

It exists C C (RT)N countable so that, for every {L;}j<n € AL(N)\C, there
exists {¢rtren C {Prk}ren such that (BSE) is globally exactly controllable
in Hyt N A with € € (0,1/2) and energetically controllable in {”“

}k ,JEN'
JEN/2

Proof. The example follows as Example 5.1. For every couple of edges long
. . 2,2 .
L; with j € N, we have {%}keN C { Ak tren. Let {pg }ren be the reordering

f k2“2 }keN for every 7 < N/2 and {¢y}ren be an orthonormal system of

I made by corresponding eigenfunctions. For k € N, there exist m(k) € N
and [(k) < N/2 so that ¢} =0 for n # 2l(k), 2l(k) — 1 and

_ 20(k)—1 2(k -1
g = m(k)QWQLl(z), cpk( ) (x) = —gpk( )(ac) = Ll(;) sin (v/px).
Let [r] be the entire part of r € RT. For k € N, |(¢1, Bpy)| corresponds to

1
L2x
L T

2 Ly P! Ln 2n Ln
<<Pk ; S (mx)—cpl (L[(H‘l)/g]x))>L2(el,C)

=1 [( +1)/2]
Luey 42 m(l)mv ‘
= i sin >C/xsm sin(m(k)rz)dx
‘/ Ll(k) Ll(k:) ) ( Ly | o) sin(m(k)rz)de|

with C' = 4minj<y L;. The point 1. of Assumptions I(¢, 1) holds as in Ex-
ample 5.1. Instead, the point 2. and the point 1. of Assumptions II(¢, 1, €)
with € € (0, 2) hold thanks to the analyticity argument from FExample
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1.2. Thus, there exists V C (RT)" countable so that, for each {L;};<y €
AL(N)\ V, Assumptions I(¢, 1) and Assumptions II(, 1, €) are satisfied.

As in the proof of [Ducl8a, Lemma A.2], thanks [Ducl8a, Proposition A.1],
for every e > 0, there exist of C' > 0 and d > 0 so that |y — px| > Ck™@
for each k£ € N. Theorem 3.7 leads to the statement. O
Example 5.3. Let 4 be a compact quantum graph. Let {ej}j<ﬁ C G be
self-closing edges of lengths {Lj}j<]\~[ with N < N. For Y= (L, ..pN), let

BU=((B0) s (BON), (B0 = Y (2o L)e (), Wz,

L
J<N

It exists C C (R*)ﬁ countable so that, if {Lj}j<ﬁ € AL(N)\C, then there
exists {ontren C {dr}ren such that (BSE) is globally exactly controllable

in H3™ U S with e € (0,1/2) and energetically controllable in {%}k e

J<N

Proof. Let {¢y}ren be such that, for each k € N, there exist m(k) € N and
I(k) < N such that, for every n # [(k) and n < N,

g = m(k)QWQLl_(i), cpic(k)(x) = \/%sin (VAgx), @op=0.

Now, {pk}ren is an orthonormal system made by eigenfunctions of A and
relative to the eigenvalues {ug}ren. The claim follows as Example 5.2. [

Acknowledgments. The author is grateful to Olivier Glass and to Nabile
Boussaid for having carefully reviewed this work. He also thanks Kais Am-
mari for suggesting him the problem and the colleagues Riccardo Adami,
FEnrico Serra and Paolo Tilli for the fruitful conversations.

A Appendix: Spectral properties

Let us consider the notation introduced in [DZ06, Appendiz A] as ||| - |||,
E(-) and F(-). For z € R, {L;};<n € (RT)Y and i < N, we also denote

w0 = B(e=g). )= Fle=g). )= lle=gll @)= n(Te).

In this appendix, we pursue [Ducl8a, Appendiz A], which is based on the
techniques developed in [DZ06, Appendiz Al.

Lemma A.1. Let {Ly}p<y CR", [; C{1,...N}, I :={1,..., N}\ I and

a() =TT Isin(()La)l Y T leos(()Ly)| + [T Teos(()L)I Y T Isin(C)Ly)L.

i€ly i€l jely i€l i€ly jels
i i
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Let {Ej}jSN C RT be such that Ej = 2L; when j € I and Ej = L; when
j € Iy. There exists C' > 0 such that, for every x € R, there holds

a(e) > Cmin (win [T Il (i) + 1) 7 J||| mmH|||m fm)
T

Proof. From [DZ06, relation (A.3)], for every x € R, there follows
(8) 2d(x) < |cos(mx)| < wd(z).

As 2d((i'(x) + 5)F) < |cos ((i(x) + 1) Fn)| and mi(z) + § = Lo —
T(%m) for x € R and 7,5 < N, we have
sin <7TZ

Now, [sin(z|r(-))| < w || |r(-)[ I < w|r(-)| = 7d(-) < [ cos(n(-))] thanks to
[DZ06, relation (A.3)] and (8). For every x € R, it holds

L. . .
sin (7?] r(&x> D' < 71'&
s Lz

L;
From (9) and (10), there exists C; > 0 such that, for every i,j < N,

1

(9) Qd((mi(x) + 2)?) < |cos(Ljz)| +

L;

r(?x) ‘ 2Lj | cos(L;x)|.

(10)

~ 1 Lj 7TLj +
(11) 2d(<m (x) + 2) Li) <|cos(Ljx)| + 2Li|cos(le)], Vo e R,
N
3 I < . . .
= O | | d((m () + 2) Li) < | | | cos(Ljx)| + | cos(Lix)|
JF JFt

From [DZ06, relation (A.3)], as (9) and (10), there exists Cy > 0 such that

i 1 Lj . 7TLj
¢ P < . .
(12) 2| (@) + 5) P I < [sin(Lya)| + 57 [eos(Lia)l, Vo€ R
= a7 +5)7) H (@) +5) 72
Jjenl
J#i
< [ Isinz;z)] T I cos( ij)| + | cos(Lix)|.

VISP jen

J#i J#i
Now, d(z) = || 32z - 1)|| > 3 H| 20 — 1|| = || 2z || for every z € R and

s L; 2L;

a((i(@) + 3) ) = 3 (' (2) + ) 32 I, which imply

) CQwa(” %) 21 < a0+ |os(LiC )]
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Equivalently, from the proof of [DZ06, Proposition A.1], for every z € R,

. L; wl;
(14) 2[[[m*(z) > Il < [sin(L;z) JISIH(L z)l;
(15) 2d< Y )&> < |cos(L;x) LJ\Sln(L i)l
) = oL
— G ]] : I m( )2 I < a(-) + [sin(Li(:))]
(16) 2115 L "= A
J<N
j#i
The claim follows as [DZ06, Proposition A.1]. Indeed, if {\t}reny C RT is so
that a(A\g) koo, 0, then there exist some ig < N such that | sin(AgL,)| Ll

k—o00

0 or | cos(AxLi,)| — 0. By considering (13) and (16) with ¢ = i, we have
2(M) = min (mmH I (7 ) + ) 21l mmH () 22 |||) o,
As [DZ06, Proposition A.1], the lemma is proved since z(\x) converges to 0

at least as fast as a(\;) thanks to the identities (11), (12), (14) and (15). O

Proposition A.2. Let {L;}j<ny CR, I; C{1,..,N} and I :={1,..., N} \
Ii. If {Lj}j<n € AL(N), then, for every e > 0, there exists Cc > 0 such
that, for every x > max{mw/2L; : j < N}, we have

H|smmL ]ZH]costk H—H\COSJ:L ]ZH|s1n:ch xire.

j€la jeli kel Jjenl j€lz kel

k+#j k#j
Proof. The claim is due to Lemma A.1 and to the Schmidt’s Theorem
[DZ06, Theorem A.8], which implies that, for every ¢ > 0 and ¢ < N, there
exist C' (i), Ca(i), C3(i) > 0 such that, for every x € R, there holds

oy 1\ L; C1(2) Ch (i) Ca(i)
N S > _ > >
jl;lv I <m (x) + 2) 7 2 G + i 2 (ZLig 1) = alte
i

and [T,y |l m’(:v)% | = Cs(i)a=1~¢ for every > F max{1/L; : j < N}.
i ‘
The statement follows with C, := min (miniSN Cs (1), min;<n C’3(i)). O

B Appendix: Moments problems

Let Z* = Z\{0} and A = {\x }rez+ C RT be an ordered sequence of pairwise
distinct numbers such that there exist M € N\ {1} and 6 > 0 such that

i A Akl > OM.
(17) (heze P pry M T M
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From (17), there does not exist M consecutive k, k + 1 € Z* such that
|Ak+1—Ak| < 9. This leads to a partition of Z* in subsets that we call E,, with
m € Z*. This partition also defines an equivalence relation in Z* such that
k ~ n if and only if there exists m € Z* such that k,n € E,,. Now, {Ep, }mez+
are the corresponding equivalence classes and i(m) := |E,,| < M — 1. For
every X := {xy trez+, we define X" := {z;}icp,, for m € Z*.

Let h = {hi}i<iem) € Cim) with m € Z*. For every m € Z*, we denote
Fm(fl) : €M) — €M) the matrix with elements, for every j, k < i(m),

Hl;&](hj - hl)_17 .] S k7
~ 1<k
Fongjr(h) i=q 1, j=k=1,
0, ik

For each k € Z*, there exists m(k) € Z* such that k € E,,). Let F(A) be
the linear operator on £2(Z*,C) such that F(A) : D(F(A)) — ¢?(Z*,C) and

(PAP), = (Fuy(A"@)xm®) - vx = {myhyez- € D(F(A)),

H(A) := D(F(A)) = {x := {&x }rez- € *(Z*,C) : F(A)x € (*(Z*,C)}.
Remark B.1. We call F,,(A™)~! the inverse matriz of Fy,(A™) for m €
Z*. Now, F(A): H(A) — Ran(F(A)) is invertible and F(A)™! is so that
(F(A) %)k = (Epy (A™P) " 1xmk)) Vx € Ran(F(A)), ke Z*.

Let F'(A)* be the infinite matrix so that (F'(A)*x), = (Fm(k)(Am(k))*xm(k))k
for any x = {xg }xez+ and k € Z*, where Fm(k)(Am(k))* is the transposed of
Fm(k)(Am(k)). For T > 0, let the sequences of functions in L?((0,T),C)

NVrez, E = {&() trezr = F(A)e.

Remark B.2. When H(A) is dense in (*(Z*,C), we consider F(A)* as
the unique adjoint operator of F(A) in (*(Z*,C) with domain H(A)* :=
D(F(A)*). As in Remark B.1, we define (F(A)*)~! the inverse operator of
F(A)*: HA)* = Ran(F(A)*) and (F(A)*)™! = (F(A)~1)*.

Theorem B.3 (Theorem 3.29; [DZ06]). Let {\p}rez+ be an ordered se-

quence of pairwise distinct real numbers satisfying (17). If T > 2w/, then
L2

e = {eMl

{& ez~ forms a Riesz Basis in the space X := span{&| k € Z*}

Lemma B.4. Let v := {vg }rez+ be an ordered sequence of pairwise distinct
real numbers satisfying (17). Let G be an entire function such that G €

L>*(R) and there exist J,I > 0 such that |G(2)| < Jef‘z| for every z € C. If
{Vk }kez= are simple zeros of G such that there exist d > 0, C' > 0 such that

(18) G/ ()| > Ck| ™%, Vk €Z*, v, #0,

— 3C0>0 Tr(Fm(Vm)*Fm(Vm)) < Cmin{|l| € En)2,  VmezZ*.

19



Proof. Construction of a biorthogonal sequence to {ei”k(')}kez*. Let
T > max(27/8,21I). For every k € Z*, we define Gi(2) := G(2)(z — vy) L.
Thanks to the Paley-Wiener’s Theorem [DZ06, T'heorem 3.19], for every k €
Z*, there exists wy € L?(R,R) with support in [, I] such that

I T/2 T o
Gr(2) :/ e wy(s)ds :/ e wy(s)ds :/ e 2wy (t — T/2)dt.
-1 —-T/2 0

For j,k € Z* and ¢ := G'(v), we call vi(t) = ei"k%wk(t — T/2) and

(v, e“’j(')>Lz((07T)7C) = 0,jGr(vi) = 0k ;G' (Vi) = Ok jck. The sequence {vy } ez

is biorthogonal to {ei”k(')/ck}kez* and {vy/ck }rez~ is biorthogonal to {ei”k(')}kez*.
Thanks to the Plancherel’s identity, vk z2(0,1),c) = [|GkllL2®,r)- We show

that from the Phragmén-Lindelof Theorem (e.g. [You80, p. 82; Theorem 11)),

(19)  3C1>0 = Noelzzomyc) = 1Gkllzer) < C1,  VEEZ™.

First, G is entire, while there exist I and .J such that |G(z)| < Je!l*! for every
z € C. Second, there exists M > 0 such that |G(z)| < M for every z € R.
From [You80,p. 82; Theorem 11], we have |G(z + iy)| < Me!l¥l for every
z,y € R. For every k € Z*, we consider HGkH%Q(R) = Jp Gr(2)Gr(z)dx =

Jr @G(ﬁ) dx and there exists ¢; > 0 not depending on k such that

(z—vk)
1Gel2am < /| _ CEI0@ e~ v de 4 M
T—Vg Sl
The validity of (19) follows since f\xﬂ/kl <1 @Ii(fg) dr < M?cy with ¢ > 0

not depending on k. Indeed, the Cauchy Integral Theorem implies

/ G(x)G(xz)dm S/ ‘G(W)G(vk—i—ewﬂdé < MZ/ (21 sin(0) g9

|z—vp|<1 (x — ) 0 0

Construction of a Riesz basis. Let v := {v} }ez+ and e := {e“’k(')}kez* -

L?((0,T),C). Thanks to Proposition B.3, & = {& }rezs := {(F(V)*€)r }rezs
2

forms a Riesz basis in X := span{{; : k € Z*}L . We call v := {¥y }rez~
the corresponding biorthogonal sequence which is also a Riesz basis of X.
From Remark B.2, the map F(v) is invertible from H(v)* to Ran(F(v)*)
and (F(v))™! = (F(v)™Y)*. As v/c = {vy/ci}rez+ is biorthogonal to
{e()} ez, we have {vg/cx }rezr = F(v)V. Indeed, for every j, k € N,

Sk = (Ur/cr, (F(A))'E)j) r2(0m).0) = (F(A)T'V/C)k &) r2(0.1).0)

which implies that (F(A)~!'v/c); = U). The uniqueness of the biorthogonal
family to 2 implies the uniqueness of the biorthogonal family to e. From
[BL10, Appendiz B; Proposition 19.(2)], there exist Co, C3 > 0 such that

T
Collx||7 < / lu(s)’ds < Cs|)x||f2,  Vu(t) = Z &k, x € (2(Z7,0).
0 kez*
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Thanks to the biorthogonality, zy = (T, u)r2((0,7),c) = fo Ok (T)u(t)dr for
every k € Z*. For every k € Z*, we call m(k) € Z* the number Such that
k € En k). Thanks to (18) and (19), there exist C4,C5 > 0 such that, for

every k € Z*, we have |(F(v)x)g| < Cymin{|l| € Em(k.)}‘inng since
[(F(v)x)k| = [{((F(){{0,w) 12 0,1),0) Yez)k| = {vk/ ek, w) 20,00

1 .
< lorllz2om).0 lull 2 om0 lcel ™ < CE NG L2@p) 1%l G (vie)| 1 < Cslk| %1%l 2.

In conclusion, there exists Cg > 0 so that |(Fy,.;x(v™))| < Cemineg,, |l|J
for every j,k <i(m), which leads to the statement. O

Proposition B.5. Let {\r}rez+ be an ordered sequence of pairwise distinct
real numbers such that {vy}rez = {Sgn(/\k>‘/’)‘k‘}kez* satisfies (17). Let

(20) 301,02 >0 Cﬂk’ < ’Vk‘ < CQ“{‘, Vk € Z*, Vg 7& 0.

Let G be an entire function so that {vy } ez~ are its simple zeros, G € L>(R)
and there exist J,1 > 0 such that |G(z)| < Jell?! for every z € C. If there

exist d > 1 and C' > 0 such that |G' ()| Z~C’|k:|_d for every k € Z* such
that vy, # 0, then the space H(A) contains h®=1(Z*,C).

Proof. From the hypotheses, we notice that there exist 6 > 0 and M €
N\ {1} so that inf ezt |Vt — V| > dIMmingez.(|vg], 1) and we have
v #0

inf A — Akl = — vl [k aa] + [vgl| > min(|vgl, 1)dM
keZ* keZx
k4 M#£0 k+M7£0 U #0
since {\g }rezr = {sgn Vg, l/k}kGZ* Now, A := { A trezs and v := {vg breze
satisfy (17) with respect to ¢’ := min ez« {|vg|, 1}9 and M. This implies that
VR0

the theory exposed in this appendlx and the definitions of the equivalence
classes E,, in Z* is valid for both the sequences A and v. From Lemma B.4,

Tr(Fm(vm)*Fm(vm)> < Cmin{|l| € En}*,  VmeZ*,

and [N\ — Ag| > min{|v], |vg|}H v — vg| for [,k € Z*. Let m € Z* and I C E,,
so that I # (). Now, |I| < |E,,| < M —1 and

IT e =il = Ilfgl!Vl!m IT e = vl = Crmin [v] IT e =l
J.kel v #0 J.kel v #0 J.kel

for C1 = minyez-(|y|™~2,1). Thus, there exists Cy > 0 so that, for every

v #0

m and j,k € Ep,, we have |Fp,.; x(A™)| < Ca|Fpp i, (¥v™) | min{jy| ™' : [ €
En,, v # 0}. Thanks to (20) and Lemma B.4, there exists C3 > 0 such that

TT(Fm(Am)*Fm(Am)> < C%lmEin‘yl‘_Q TT’(Fm<vm)*Fm(vm)> < C3lmEi.nm2J_2'
[SF %% cE,,

v #0
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Let p(M) be the spectral radius of a matrix M and let || M || = /p(M*M)
be its euclidean norm. As (F,(A™)*F,,(A™)) is positive-definite,

Il P (A™) 112 = p(Fn(A™) Fin(A™)) < Comuin X2, m e 77,

In conclusion, h‘i_l(Z*, C) C H(A) as, for every x = {2 }rez~ € hd_l(Z*, C),

IEAx[IE < D0 I Ea(A™ 12 Y Ja < Cs Y min [1|42 >l

meZ* 1€Em meL* I€Em,
— IF(M)x[I72 < Csllx]l7s., < +oo. O

Remark B.6. If Proposition B.5 is satisfied with A = {\; }rez+ and d>1,
then H(A) 2 hdﬁl(Z*, C), which is dense in (*(Z*,C). Thanks to Re-
mark B.2, we consider F(A)* as the unique adjoint operator of F(A). As
Tr(Ep(A™)* Fp(A™)) = Tr(Fn(A™)Fp (A™)*) for every m € Z*, the tech-
niques developed in the proof of Proposition B.5 lead to H(A)* 2 hgfl(Z*, C).

Proposition B.7. Let {wi}ren € RTU{0} be an ordered sequence of pairwise
distinct numbers so that there exist 6,Cy,Cy >0 and M € N\ {1} such that

]ian|wk+M — wi| > 0M, Cik? < |w| < Cok?, Vk € N\ {1}.
(S

Let G be an entire function so that {£,/wi}ren are its simple zeros, G €
L*®(R) and there exist J,I > 0 such that |G(2)| < Jell?l for every z € C. If

Wd>1,C>0 : |G(£J/wr)|>Ck % VjeN,

then, for T > 2w /§ and for every {xy}ren € hd_l(N, C) with z1 € R,
T .

(21) Ju e L*((0,T),R) : = / u(r)e! @R gy, vk e N.
0

Proof. Let v := {vg }xez~ be such that vy = —\/wy, for k > 0 and v}, = \/w_¢
for k < 0. We call A := {Ap}rez such that \y = —wy for £ > 0 and
A, = w_g, for K < 0. Let © := {ak}kez*\{fl} be such that 0, = —wg + w
for k > 0 and 0 = w_p —w; for k < —1. We consider M’ € N\ {1} and
§’ > 0 so that v and A satisfy (17) with respect to M’ and §’, while

(22) inf Ok srtr — Ok > M.
{kez-\{~1} : k+MeZ"\{-1}

Let {E} }mez+ be the equivalence classes in Z* defined by v and A as in the

proof of Proposition B.5. Let —1 € E_1. Now, {Ep } ez (-1 U{E1\{—1}}
are the equivalence classes in Z*\ {—1} defined by (22). Remark B.6 implies
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H(A)* 2 hd=1(Z*,C). Let F(®) be defined in (2(Z*\{—1},C). For m # —1,
Fn(®@™) = F,,(A™) and F,,,(@™)* = F,,,(A™)*. As in Remark B.6,

H(©) 2 h ™ (Z\{-1},C) =  H(®) 2 h(z"\{-1},C).
For T > 0, we define in L? := L?((0,T),C) the sequences of functions
e:= {0} cpm 1y, E = {&() kez\(-1) = F(O)"e.

When T' > 27/§, Theorem B.3 ensures that {{x}rez-\{—1} is a Riesz Basis

. L2 *
in X = spangez—13{&} > M g € X = {(& 9) 2 bez\(-13 € C(Z*\
{—1},C) is invertible from [BL10, Appendiz B; Proposition 19.(2)] and

(Ers 912 = (F(O©)" (e, 9) 12)k; Vk € Z"\ {-1}.

Let X := M~!o F(@©)*(h1(Z* \ {~1},C)). The map (F(©)*)~o M :
g€ X = {{e,g)r2}kez\(-1y € K HZ*\ {~1},C) is invertible. For every
{Tk}eez\(-1} € h?=1(Z* \ {1}, C), there exists v € L? such that

T .
(23) xR = /0 u(r)e ™7 dr, Vk e Z*\ {-1}.

Given {xp }ren € hd;l(N, C), we introduce { } pez=\{-1} € hdil(Z*\{—l}, C)
such that Zy = zy for k > 0, while & = T_j, for k < —1. Thanks to (23)
and to the definition of ®, there exists u € L? such that

T . T .
/ u(s)e! @RS ds = g = / u(s)e!@hw1s s, ke N\ {1}.
0 0
If z1 € R, then u is real and (21) is solvable with u € L?((0,T),R). O
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