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Global exact controllability of bilinear quantum systems on
compact graphs and energetic controllability

Alessandro Duca*

Abstract

The aim of this work is to study the controllability of the bilinear Schrédinger equation on compact
graphs. In particular, we consider the equation (BSE) i0:¢) = —At + u(¢)Bv in the Hilbert space
L*(¢4,C), with & being a compact graph. The Laplacian —A is equipped with self-adjoint boundary
conditions, B is a bounded symmetric operator and u € L*((0,T),R) with T > 0. We provide a new
technique leading to the global exact controllability of the (BSE) in D(|A|*/?) with s > 3. Afterwards,
we introduce the “energetic controllability”, a weaker notion of controllability useful when the global
exact controllability fails. In conclusion, we develop some applications of the main results involving
for instance star graphs.

1 Introduction

In quantum mechanics, any state of a closed system is mathematically represented by a wave function v in
the unit sphere of a Hilbert space 7. We consider the evolution of a particle confined in a network shaped
as compact graph ¢ (see Figure 1) and subjected to an external field which plays the role of control.

'4 @ \ \ b
Figure 1: A compact graph is a one-dimensional domain composed by finite vertices (points) connected by
edges (segments) of finite lengths.

A standard choice for such setting is to represent the action of the field by an operator B and its
intensity by a real function u. We also impose that % is L?(¢,C). The evolution of ¢ is modeled by the
bilinear Schrodinger equation in L?(¢,C)

) t) = Ay(t t)By(t t T
s, i0,0(1) = Ab(1) + u(t) Bu(o), € (0.7),
¥(0) = o, T > 0.

The Laplacian A = —A is equipped with self-adjoint boundary conditions, B is a bounded symmetric
operator and u € L?((0,T),R). In this context, the well-posedness of the (BSE) can be deduced by the
seminal work on bilinear systems [BMS82] by Ball, Mardsen and Slemrod where they show the existence
of the unitary propagator I'y generated by A + u(t)B.

The aim of this work is to study the controllability of the (BSE) according to the structure of the
graph ¢, the choice of control field B and the boundary conditions defining the domain of A.

The controllability of finite-dimensional quantum systems modeled by the (BSE), when A and B are
N x N Hermitian matrices, is well-known for being linked to the rank of the Lie algebra spanned by A and B
(see [Alt02, Cor07]). Nevertheless the Lie algebra rank condition can not be used for infinite-dimensional
quantum systems (see [Cor07]).

The global approximate controllability of the (BSFE) was proved with different techniques in literature.
We refer to [Mir09, Nerl0] for Lyapunov techniques, while we cite [BCMS12, BGRS15] for adiabatic
arguments and [BdCC13, BCS14] for Lie-Galerking methods.
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The exact controllability of infinite-dimensional quantum systems is in general a more delicate matter.
When we consider the linear Schrodinger equation, the controllability and observability properties are
reciprocally dual. Different results were developed by addressing directly or by duality the control problem
with different techniques: multiplier methods [Lio83, Mac94], microlocal analysis [BLR92, Bur91, Leb92]
and Carleman estimates [BM08, LT92, MORO0S]. In any case, when one considers graphs type domains,
a complete theory is far from being formulated. Indeed, the interaction between the different components
of a graph may generate unexpected phenomena (see [DZ06]).

The bilinear Schrédinger equation is well-known for not being exactly controllable in the Hilbert space
where it is defined when B is a bounded operator and u € L?((0,T),R) with 7" > 0 (even though it is
well-posed in such space). This result was proved by Turinici in [Tur00] by exploiting the techniques from
the work [BMS82]. As a consequence, the exact controllability of bilinear quantum systems can not be
addressed with the classical techniques valid for the linear Schrédinger equation and weaker notions of
controllability are necessary. The turning point for this kind of studies has been the idea of controlling
the equation in subspaces of D(A) introduced by Beauchard in [Bea05]. Following this approach, different
works were developed for the bilinear Schrodinger equation (BSE) with ¢ = (0,1) and A = —Ap the
Dirichlet Laplacian:

D(=Ap) = H*((0,1),C) N Hy((0,1),C)),  —Apy:=—Ay, Wy e D(-Ap).
For instance, in [BL10], Beauchard and Laurent proved the well-posedness and the local exact control-
lability of the bilinear Schrédinger equation in Hp, = D(| — A p|*/?) for s = 3. For the global exact
controllability in H(30)’ we refer to [BL17, Ducl9], while we mention [Morl4, MN15] for simultaneous
exact controllability results in H (30) and H ?0)‘

Studying the controllability of the bilinear Schrédinger equation (BSE) on compact graphs presents an
additional problem. In particular, when we consider (Ax)gen+, the ordered sequence of eigenvalues of A,
it is possible to show that there exists M € N* such that

" .
(1) Anf [ Aeeat = Ael >0

(as ensured in [Ducl8, Lemma 2.4]). Nevertheless, the uniform spectral gap infiens |Ax41 — Ak| > 0
is only valid when ¢4 = (0,1). This hypothesis is crucial for the techniques developed in the works
[BL10, Ducl9, Morl4], which can not be directly applied without imposing further assumptions.

As far as we know, the bilinear Schrodinger equation on compact graphs has only been studied in
[Ducl8]. There, the author ensures that, if there exist C' > 0 and suitable d > 0 such that

(2) Mks1 — M| > CE™% Wk e N7,
then the global exact controllability of the (BSE) can be guaranteed in some subspaces of L?(¢,C).

Novelties of the work: Global exact controllability

The aim of this work is to present a new technique ensuring the global exact controllability of the (BSFE)
in different frameworks from the ones considered in [Ducl8]. Here, we focus on discussing few interesting
applications of our result involving star graphs composed by any number of edges. The general outcome
is postponed to the next section (Theorem 2.3) in order to avoid further technicalities at this moment.
Let ¢ be a star graph with N € N* edges {e;}j<n. We denote by v the internal vertex of ¢ and by
{v;}j<n the set of the external vertices such that v; € e; for every j < N. Each edge e; with j < N is
equipped with a coordinate going from 0 to the length of the edge L;. We set the coordinate 0 in v;.

’_/—& / "
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Figure 2: Parametrization of a star graph with N = 3 edges.

We consider functions f := (f1,...,f¥) : 4 — C so that f7 : (0,L;) — C for every j < N. We denote
L*(¥4,C) = [Ti<n L*((0,L;),C) the Hilbert space equipped with the norm || - ||z2. The controllability
result that we present is guaranteed when the lengths {L;},<x satisfy suitable assumptions introduced in
the following definition.



Definition 1.1. Fixed N € N*, we define AL(N) such as the set of {L;};<n € (RT)" so that the numbers
{1, L4,...,Ln} are linearly independent over Q and all the ratios Ly /L; are algebraic irrational numbers.

The set AL(N) with N € N* contains the uncountable set of {L;};<nx € (RT)Y such that each L;
can be written in the form ¢L; where all the ratios L;/Lj are algebraic irrational numbers and ¢ is a
transcendental number. For instance, {mv/2, mv/3} belongs to AL(2).

Definition 1.2. Let I'% be the unitary propagator associated to the (BSE) with u € L?*((0,7),R) and
T > 0. The (BSE) is globally exactly controllable in D(]A|?) with s > 3 when, for every o', 9% € D(|A|?)
such that [|1!]|z2 = ||1)?| 12, there exist T > 0 and u € L*((0,T),R) such that T%y! = 92

We are finally ready to present two interesting results obtained from the techniques of this work.
Theorem 1.3. Let & be a star graph. Let D(A) be the set of functions f € [[;«x H?(e;,C) such that:
e f7(0) =0 for every j < N (Dirichlet boundary conditions in the external vertices {v;}j<n);
e fI(L;) = f¥(Lg) for every j,k < N and D <N 0. f1(Lj) = 0 (Neumann-Kirchhoff conditions in v).
Let the operator B be such that:
B:yp =" ....v") e L*(¥,C) — ((x — L1)*'(2),0, ...,0).

There exists C C (RT)N countable such that, for every {L;};<n € AL(N)\C, the (BSE) is globally exactly
. 44e
controllable in D(]A|™2") for every e > 0.

A similar result to Theorem 1.3 is the following. Here, the (BSE) is considered on a generic star graph
equipped with Neumann boundary conditions on the external vertices instead of the Dirichlet ones.

Theorem 1.4. Let & be a star graph. Let D(A) be the set of functions f € [[,<y H?(e;,C) such that:
e 0,17(0) =0 for every j < N (Neumann boundary conditions in the external vertices {v;};<n);
e fI(L;) = f*(Lg) for every j,k < N and doi<N 0, f1(Lj) = 0 (Neumann-Kirchhoff conditions in v).
Let the operator B be such that:

By =@, ..,oN) € LX¥,C) — ((5336 — 2425 Ly + 452 L2 — 4025 L3 + 1522 L% — L)' (2),0, ..., 0).

There exists C C (R*)N countable such that, for every {L;};<n € AL(N)\C, the (BSE) is globally exactly
controllable in D(|A\5%) for every € > 0.

Theorem 1.3 and Theorem 1.4 are deduced from an abstract global exact controllability result stated
in the next section in Theorem 2.3. Such theorem presents hypotheses on (Ag)gen+ and on the operator
B so that the controllability of the bilinear Schrédinger equation (BSE) is guaranteed for a general ¢.

As it is common for this type of outcomes, the global exact controllability of the (BSE) can be ensured
by extending a local result following from the solvability of a suitable “moment problem” (an example can
be found in (8)). In order to prove Theorem 1.3 and Theorem 1.4, we start by studying assumptions on
(Ak)ken+ and on the operator B leading to the solvability of such moment problem. In a second moment,
we prove the abstract global exact controllability result of Theorem 2.3. Afterwards, we ensure the validity
of the spectral assumptions considered in Theorem 2.3 for suitable star graphs. In conclusion, we validate
the remaining hypotheses when the operator B is defined as in Theorem 1.3 or Theorem 1.4.

The main novelty of Theorem 1.3 and Theorem 1.4 is the validity of the controllability results when ¢
is a star graph with any number of edges. In fact, the techniques developed in the existing work [Duc18§]
only allow to consider star graphs with at most 4 edges (see [Ducl8, Proposition 3.3]). In addition, the
controllability is guaranteed even though the control field B only acts on one edges of the graph, which is
due to the choice of the lengths {L;};<n in AL(N). About this fact, if some ratios Ly/L, are rationals,
then the spectrum of the operator A presents multiple eigenvalues and there exist eigenfunctions of A
vanishing in e; (we refer to Remark 5.3 for further details on this fact). As a consequence, the dynamics
of the bilinear Schrédinger equation (BSE) stabilizes such eigenfunctions since the control operator B
only acts on e;. This is an obvious obstruction to the controllability which underlines the importance of
choosing suitable lengths for the edges of the graph in this kind of problems.

Novelties of the work: Energetic controllability

In the spirit of the results provided in [BC06], we introduce a weaker notion of controllability: the energetic
controllability.



Definition 1.5. Let (¢x)ken+ be an orthonormal system of L?(%¢,C) (not necessarily complete) composed
by eigenfunctions of A and (ug)ken+ be the corresponding eigenvalues. Let I'y. be the unitary propagator
associated to the (BSE) with w € L?((0,T),R) and T > 0. The (BSE) is energetically controllable in
(k) ke if, for every m,n € N*, there exist T > 0 and u € L?((0,T),R) so that T%p,, = .

The energetic controllability guarantees the controllability of specific energy levels of the quantum
system i0;p = Ay in L?*(¥,C) via the external field u(t)B. An application of the abstract energetic
controllability result, which is presented in Section 6 (in Theorem 6.1), is the following theorem.

Theorem 1.6. Let ¥ be a star graph with edges of equal length L. Let D(A) be defined such as in Theorem
1.3. Let the operator B be such that:

By =" ...,.vN) € L*(¥,C) — ((z — L)*¥'(2),0,...,0).

The (BSE) is energetically controllable in (%)%N*.

Theorem 1.6 is valid although the spectrum of A presents multiple eigenvalues and then the global
exact controllability from Theorem 2.3 is not satisfied (also [Ducl8, Theorem 3.2] is not guaranteed). In
addition, the energetic controllability is ensured with respect to all the energy levels of the quantum system

10pp = Arp, since the eigenvalues of A are (% without considering their multiplicity).

77 ) pen (

The energetic controllability is useful when it 6is not possible to fully characterize the spectrum of A
because of the complexity of the graph ¢. By studying the structure of ¢, it is possible to explicit some
eigenvalues (py)ren= and verify if the system is energetically controllable in (ug)gen+. In Section 6.1, we
discuss some examples where the result is satisfied, e.g graphs containing loops as in Figure 3 (a loop is

an edge of the graph which is connected from both extremes to the same vertex).

— e

Figure 3: Example of compact graph containing more loops.

Scheme of the work

In Section 2, we present the main assumptions adopted in the work, the well-posedness of the (BSE) in
specific subspaces of L?(¢,C) and the abstract global exact controllability result in Theorem 2.3.

In Section 3, we study the solvability of the “moment problem” under the hypotheses of Theorem 2.3.

In Section 4, we prove Theorem 2.3 by extending a local exact controllability result provided in Proposition
4.2. To the purpose, we use the outcomes developed in Section 3 and Appendix A.

In Section 5, we study the (BSE) on star graphs and we prove Theorem 1.3 and Theorem 1.4.

In Section 6, we discuss the energetic controllability of the (BSE) and we prove Theorem 1.6.

In Appendix A, we present the global approximate controllability of the bilinear Schrédinger equation.
In Appendix B, we study some spectral results adopted in the work.

2 The bilinear Schrodinger equation on compact graphs

2.1 Preliminaries

Let ¢ be a compact graph composed by N € N* edges {e;};j<n of lengths {L;};<n and M € N* vertices
{v;}j<m. For every vertex v, we denote N(v) := {l € {1,...,N} | v € ¢} and n(v) := [N (v)|. We call V
and V; the external and the internal vertices of ¥, i.e.

Ve:={ve{v}j<u | ee{ej}jcn:vee}, V= {v}li<m \Ve.

We study graphs equipped with a metric, which parametrizes each edge e; with a coordinate going from
0 to its length L;. A graph is compact when it is composed by a finite number of vertices and edges of
finite lengths. We consider functions f := (f!,..., fV) : ¢ — C with domain a compact metric graph ¢ so
that f7 : e; — C for every j < N. We denote

H =I129,C) = [] L(e;, C).

J<N



The Hilbert space S is equipped with the norm || - |2 induced by the scalar product
W» 30>L2 = Z <¢J7 Q)Oj>L2(ej,(C) = Z @(m)gpj(x)dx, vwv pe H.
J<N J<N e

For s > 0, we define the spaces

H® = H*(¥,C) HHS (e;,C

h* = {(mj)jeN* cC| Z 7ol < OO}-
j=1
i
o) = (Z;’;l j5x;])? for every (z;)jen+ € h°.
Let f = (f%....,fY) : 9 — C be smooth and v be a vertex of ¢ connected once to an edge e; with
j < N. When the coordinate parametrizing e; in the vertex v is equal to 0 (resp. L;), we denote

We equip h® with the norm H(l"j)jeN*

(3) 6xf](v) = awfj(o)v (resp. aa:fj(v) = _axfj(Lj))'
When e; is a loop and it is connected to v in both of its extremes, we use the notation
(4) axfj(v) :awfj(o) _awfj(Lj)'

When v is an external vertex and then e; is the only edge connected to v, we call 9, f(v) = 0, f7 (v).

In the bilinear Schrédinger equation (BSE), we consider the Laplacian A being self-adjoint and we
denote ¢4 as quantum graph. From now on, when we introduce a quantum graph ¢, we implicitly define
on ¢ a self-adjoint Laplacian A. Formally, D(A) is characterized by the following boundary conditions.

Boundary conditions. Let ¢4 be a compact quantum graph.

(D) A vertex v € V, is equipped with Dirichlet boundary conditions when f(v) = 0 for every f € D(A).
(N) A vertex v € V, is equipped with Neumann boundary conditions when 8, f (v) = 0 for every f € D(A).

(NK) A vertex v € V; is equipped with Neumann-Kirchhoff boundary conditions when every f € D(A) is
continuous in v and 3¢ v, 0,7 (v) = 0 (we refer to (3) and (4) for further details on the notation).

Notations. Let 4 be a compact quantum graph.

e The graph ¢ is said to be equipped with (D) (resp. (N)) when every v € V, is equipped with (D)
(resp. (N)) and every v € V; with (NK).

e The graph ¢ is said to be equipped with (D/N) when every v € V, is equipped with (D) or (N),
while every v € V; with (NK).

When the boundary conditions described above are satisfied, the Laplacian A is self-adjoint (see [Kuc04,

Theorem 3] for further details) and admits purely discrete spectrum (see [Kuc04, Theorem 18]). We denote
by (Ar)ken+ the ordered sequence of eigenvalues of A and we define a Hilbert basis of 5#:

P = (Pk)ken-
composed by corresponding eigenfunctions. From [Ducl8, Lemma 2.3], there exist C7,Cy > 0 so that
(5) C1k? < M\ < Cok?, VE>2.

Let [r] be the entire part of a number r € R. For s > 0, we denote
Hir = {z/; € H*(9,C) ’ 92" is continuous in v, Vn € N, n < [(s+1)/2], Yo € Vj;

S a2 i(w) =0, VneN, n < [s/2], Yo e v}
JEN(v)
1
S S 2
1 = (A7), Il =11l = (3 Ikt owel)
keN*
We introduce the main assumptions adopted in the manuscript by considering (p)ren C (Ag)ren+ an

ordered sequence of some eigenvalues of A and the corresponding eigenfunctions

@ = (¢r)ren+ € (dr)ken=-

2

Let n>0,a>0,I:={(j,k) € (N)2:j <k} and S = span{gy, | k € N*} g



Assumptions I (@,7). The bounded symmetric operator B satisfies the following conditions.

1. There exists C' > 0 such that |<<pk, Bg01>Lz| > % for every k € N*.

2. For every (j,k), (I,m) € I such that (j, k) # (I, m) and p; — pr — i + pm = 0, it holds
(05 Bej)rz = (r, Ber) ez = (@1, Ber) 1z + (m, Bom) 12 # 0.

Assumptions I (n). The couple (A, B) satisfies Assumptions I(®,n) with ® a Hilbert basis of .2 made
by eigenfunctions of A.

The first condition of Assumptions I(¢,n) (resp. Assumptions I(n)) quantifies how much B mixes the
eigenspaces associated to the eigenfunctions (@g)ren+ (resp. (dr)ren+). This assumption is crucial for
the controllability. Indeed, when B stabilizes such spaces, also I'%. does the same and we can not expect
to obtain controllability results. The second hypothesis is used to decouple some eigenvalues resonances
appearing in the proof of the approximate controllability that we use in order to prove our main results.

Assumptions II (¢,7,a). Let Ran(B|,. ) € HZN A and one of the following points be satisfied.
2.
1. When ¢ is equipped with (D/N) and a + 71 € (0,3/2), there exists d € [max{a + 7, 1},3/2) so that

2+4d 2 v
RGTL(B|H;+40(}?’) QH + ﬂHgﬂjf

2. When ¥ is equipped with (M) and a +n € (0,7/2), there exist d € [max{a + 1,2},7/2) and
dy € (d,7/2) such that

Ran(Blya, 7)) CHiye N A, Ran(Blyzi,z) © H Y 0 HE 0 Hy 0.

3. When ¥ is equipped with (D) and a + 1 € (0,5/2), there exists d € [max{a +n,1},5/2) such that
Ran(B|H;+d )CH2+dOH1 ﬂngL%”

If d > 2, then there exists d; € (d,5/2) such that Ran( C Huns2.

B'Hdm%)

Assumptions IT (7,a). The couple (A, B) satisfies Assumptions II(®, 7, a) with ® a Hilbert basis of J#
made by eigenfunctions of A.

We introduce Assumptions II(¢@,n,a) and Assumptions II(¢,7) since the choice of the boundary con-
ditions defining D(A) affects the definition of the spaces Hg = D(]A|2) with s > 0. For this reason, we
have to calibrate the regularity of the control potential B according to such choice.

2.2 Well-posedness

Now, we cite [Ducl8, Theorem 4.1] where the well-posedness of the bilinear Schrédinger equation (BSE)
is ensured in Hj with suitable s > 3.

Proposition 2.1. [Ducl8,Theorem 4.1] Let 4 be a compact quantum graph and (A, B) satisfy Assump-
tions II(n,d) withn >0 and d > 0. For any T > 0 and u € L*((0,T),R), the flow of the (BSE) is unitary
in A and, for any initial data y° € H?;d with d from Assumptions II(n,d), there exists a unique mild
solution of (BSE) in HZ, i.e. a function 1 € C°([0,T], H5'?) such that

(6) Y(t,x) = e Ay0(x) — i/o et A=)y (s)Bip(s, z)ds, vt € [0,T.

Remark 2.2. Let ¢ := (@k)keN* (k) ken= be an orthonormal system of H made by eigenfunctions of

A and A = span{yy | k € N*} . We notice that the statement of Proposition 2.1 can be ensured in H
as the propagator I'}' preserves the space Hg N when B : Hgﬂ% — Hgﬂ%ﬂ Thus, if (A, B) satisfies
Assumptions (@, n, d) with n > 0 and d >0, then, for every ° € Hé"’d U S with d from Assumptzons
(@, n,d) and u € L*((0,T),R), there exists a unique mild solution of the (BSE) in HZM U H .




2.3 Abstract global exact controllability result

In the following theorem, we provide the main abstract result of the work regarding the global exact
controllability of the (BSE).

Theorem 2.3. Let 4 be a compact quantum graph and (Ag)gen+ be the ordered sequence of eigenvalues
of A. Let the following hypotheses be satisfied.

o The eigenvalues (A;)ren+ are simple. There exists an entire function G € L= (R, R) such that there
exist J,I > 0 such that |G(z)| < Jef'zl for every z € C and the numbers {£v/ A }ren+ are simple
zeros of G. In addition, there exist d > 0 and C > 0 such that

(7) )G’(i\/ﬁ)’z kid, Vk € N*.

e The couple (A, B) satisfy Assumptions I(n) and Assumptions II(n,d) for n > 0.
Then, the (BSE) is globally exactly controllable in H;er with d from Assumptions II(n,d).
Proof. See Section 4. O

The proof of Theorem 2.3 is obtained by extending a local exact controllability result which follows
from the solvability of a suitable moment problem in a specific subspace of £2(C). In other words, we
ensure that, for every (a1 )gen+ in such subspace, there exists u € L?((0,7),R) with 7' > 0 such that

T
(8) Ty = —i / u(r)e! M= AT Vk € N*.
0

In the next section, we develop a new technique leading to such result when the hypotheses of Theorem 2.3
are satisfied. In particular, the entire function G is used to construct the control u satisfying (8) thanks to
the Paley-Wiener’s Theorem. The lower bound (7) provides the regularity of the subspace of £2(C) where
we can consider (zy)ren+ in the moment problem (8).

In Section 5, we show how to construct an entire function G satisfying the hypothesis of Theorem 2.3
when & is an appropriate star graph. In such framework, it is possible to see the numbers {4v/Aj }xen-
as the zeros of a specific function that we use to define G.

Remark. When ¢ = (0,1), Ingham’s type theorems lead to the solvability of (8) for sequences (xy)ren €
0*(C). Such techniques are valid thanks to the spectral gap infrens |App1 — M| > 0 as explained in [BLI10,
Appendix B]. When ¢ is a compact graph and the weak spectral gap (2) is satisfied with suitable d > 0,

such result can be ensured for (zi)ken~ € RAM=D) with M from (1) (see [Ducl8, Appendiz B]).

3 Trigonometric moment problems

3.1 On the solvability of the moment problem

The aim of this section is to prove the next proposition which ensures the solvability of the moment
problem (8) when the hypotheses of Theorem 2.3 are valid.

Proposition 3.1. Let (Ay)ren+ C RT be an ordered sequence of pairwise distinct numbers so that there
exist 0,C1,Cy > 0 and M € N* such that infrens |v/ Ak — \/)\k’ > 0M and

(9) C1k?* < N\, < C9k?, Vk > 2.

Let G be an entire function so that {£v/ A }ren+ are its simple zeros, G € L (R,R) and there exist J,1 > 0
such that |G(z)| < Jel#| for every z € C. If there exist d > 0 and C > 0 such that |G (v Xe)| > kl—cld

for every k € N*, then for T > 2w /6 and for every (xp)ren- € h‘i(N*,(C) with x1 € R, there exists
u € L*((0,T),R) so that

T .
(10) T = / u(7)e! AT g7 Vk € N*.

0

The proof of Proposition 3.1 is provided in Section 3.5 by gathering some technical results developed
below. We suggest to the uninterested reader to skip it and pass to the Section 4.



Remark 3.2. Let the hypotheses of Proposition 3.1 be guaranteed. From Proposition 3.1, for T > 27/
and for every (zx)ren+ € h*(N*,C) with x1 € R, there exists u € L*((0,T),R) such that

T
xR = / u(r)e M AIT 7 Vk e N*.
0

Indeed, for every (xp)pen € hCZ(N*,(C) with x1 € R, there exists u € L*((0,T),R) such that T =
IOT u(T)eio‘k*Al)TdT for every k € N*. The claim is proved by conjugating the last expression.

3.2 Families of functions in a Hilbert space

Let Z* = Z\ {0}. We denote by (-, ) 20,7 the scalar product in L*((0,7),C) with 7" > 0.

Definition 3.3. Let (f%)rcz+ be a family of functions in L2((O T),C) with T' > 0. The family (fx)rez-
is said to be minimal if and only if fj & span{f; : j # k} for every k € Z*.

Definition 3.4. A biorthogonal family to (f)rez+ C L%((0,T),C) is a sequence of functions (g)rez- in
L%((0,T),C) such that (fx,9;)r2(0,m) = Ok,; for every k,j € Z*.

Remark 3.5. When (fx)rez~ is mzmmal there exists an unique biorthogonal family (gx)kez+ to (fi)rez~

belonging to X :=span{f; : j € Z*} . Indeed, (gi)rez~ can be constructed by setting

gk:(fk*kak)”fk*kak”ZzQ(oyT); VkeZ

2

where my, is the orthogonal projector onto span{f; : j # k}L . The unicity of (gx)kez+ follows as, for any
biorthogonal family (gi)kez- in X, we have (gi — gi, fi)r2(0,r) = O for every j,k € Z*, which implies
g, = g} for every k € Z*.

Remark 3.6. If a sequence of functions (fix)rez- C L*((0,T),C) admits a biorthogonal family (gk)kez*

then it is minimal. Indeed, if we assume that there exists k € Z* such that fi, € span{f; :j # k;} , then
the relations (fy, gj) 20,1y = 0 for every j € Z* \ {k} would imply {fx, gr)r2(0,r) = 0 which is absurd.

Definition 3.7. Let (fi)rez be a fannly of functions in L?((0,7),C) with T > 0. The family (fx)rez-

is a Riesz basis of span{f; : j € Z*} if and only if it is isomorphic to an orthonormal system.

2
Remark 3.8. Let (fx)rez- be a Riesz basis of X :=span{f; :j € Z*} . The sequence (fi)rez~ s also
minimal and the biorthogonal family to (fx)kez can be umquely defined in X thanks to Remark 3.5. The
biorthogonal family to (fi)kez+ forms a Riesz basis of X.

Now, we provide an important property on the Riesz basis proved in [BL10, Appendiz B.1].

Proposition 3.9. [BL10, Appendixz Bj; Proposition 19] Let (fk)keZ* be a family of functions in L*((0,T),C)
with T > 0 and let (fx)rez+ be a Riesz basis of span{fy : k € Z*} . There exist Cy,Cy > 0 such that

Cr x|z s/ \Zxkfk\ ds < Collx[[fz,  ¥x = (mk)ken- € £4(Z7,C).
keZ*
3.3 Riesz basis made by divided differences of exponentials

Let v = (vk)kez- C R be an ordered sequence of pairwise distinct numbers such that there exist M € N*
and § > 0 such that

. Cesu
(11) (ke }r/lﬁf-.i-/\/l;éo} Vit — V| > OM



The last relation yields that it does not exist M consecutive k, k + 1 € Z* such that |vg1; — vg| < 6 and
then, there exist some j € Z* \ {—1} such that |v;41 — vj| > ¢. This fact leads to a partition of Z* in
subsets { Ep, }mez+ that we construct as follows. We denote by (L )mez+ C Z*\{—1} the ordered sequence
of all the numbers such that

V1,11 =, | > 6.

We also add the value —1 to such sequence when |y — v_1| > §. We denote by {Ep, }mez- the sets:

E_lz{k;eZ* :l_1+1§/€§l1},
(12)
En={keZ" : ly+1<k<lnn}, V¥mez \{-1}

The partition of Z* in subsets {E,, }mez+ also defines an equivalence relation in Z*:

k ~ n if and only if there exists m € Z* such that k,n € E,,.

Now, {E,, }mez+ are the equivalence classes corresponding to such relation and |E,,| < M — 1 thanks to
(11). Let s(m) be the smallest element of E,,. For every x := (2)rez+ C C and m € Z*, we define

X" = (2" iiBn, f 2= Temy+—1)s V< Bl

In other words, x™ is the vector in C/®m! composed by those elements of x with indices in E,,. For every
m € Z*, we denote F,,(v™) : C!Fnl - CIPm| the matrix with components

[T — vl J<k,
1<k .
Fonij (V") i= {1, j=k=1, Vi, k < |Eml
0, ji>k,

For each k € Z*, there exists m(k) € Z* such that k € E,,), while s(m(k)) represents the smallest
element of E,, ;). Let F(v) be the infinite matrix acting on x = (23 )rez- C C as follows

— m(k)\m(k) *
(F(V)X)k (Fm(k) (V )X )kfs(m(k))+1, VkeZ.

We consider F(v) as the operator on ¢?(Z*,C) defined by the action above and with domain
H(v) := D(F(v)) = {x = (z)kez- € *(Z*,C) : F(v)x € (*(Z*,C)}.

Remark 3.10. Each matriz F,,(¥v™) with m € Z* is invertible and we call F,,(v™)~! its inverse. Now,
F(v): H(v) = Ran(F(v)) is invertible and F(v)~! : Ran(F(v)) — H(V) is so that, for x € Ran(F(v)),

F(v) %), = (Fm (k) ’1xm(’“)) , Vk e Z*.
( ( ) )k (k)( ) k—s(m(k))+1

Let F,x)(v™*))* be the transposed matrix of F,)(v™*®)) for every m € Z*. Let F(v)* be the
infinite matrix so that, for every x = (2 )gez+ C C,

(F(V)*X)k = (Fm(k) (Vm(k))*xm(k) Vk e Z*.

)k—s(m(k))+1’
Remark 3.11. When H(v) is dense in (?(Z*,C), we can consider F(v)* as the unique adjoint operator of

F(v) in (2(Z*,C) with domain H(v)* := D(F(v)*). As in Remark 3.10, we define (F(v)*)~! the inverse
operator of F(v)* : H(v)* — Ran(F(v)*) and (F(v)*)™! = (F(v)~H)*.

Let e be the sequence of functions in L?((0,T),C) with T > 0 so that e := (¢?*())cz-. We denote by
= the so-called divided differences of the family (e?/**)gez+ such that

(13) E = (&k)rezs = F(v)"e.

In the following theorem, we rephrase a result of Avdonin and Moran [AMO01], which is also proved by
Baiocchi, Komornik and Loreti in [BKLO02].



Theorem 3.12 (Theorem 3.29; [DZ06)). Let (vi)kez+ be an ordered sequence of pairwise distinct real
L2

numbers satisfying (11). If T > 271/§, then (§k)kez~ forms a Riesz Basis in the space span{y : k € Z*}

L2

Remark 3.13. Let Theorem 8.12 be valid. As B is a Riesz basis, it is minimal in span{& : k € Z*}
and it admits a biorthogonal family u := (ug)kez+ thanks to Remark 3.6. Now, it is possible to see that

<uka§j>L2(0,T) = <Uka (F(V)*e)j>L2(O,T) = <(F(V)u)kaewjt>L2(0)T)7 Vj,k €L

The last relation ensures that F(v)u is a biorthogonal family to e, which is then minimal.

3.4 Auxiliary results

In this subsection, we provide few intermediate results required in the proof of Proposition 3.1.

In Lemma 3.14 and Lemma 3.15, we consider a suitable sequence of numbers v := (vy)rez+. We construct
and characterize a biorthogonal family to {e®*!},cz+ by using a function G defined as in Proposition 3.1.
In Lemma 3.16, the previous results lead to specific estimations on Fy, (v™) with m € Z*.

In Lemma 3.18 and Lemma 3.19, we consider a sequence ® := (0j)rez+ and another one defined as
v = (Vk)kezs = (sgn(@k)\/W)kGZ*. We use the estimations on F,,(v™) with m € Z* provided by
Lemma 3.16 in order to study F,,(®™) with m € Z* and on the domain of the operator F(®).

In the proof of Proposition 3.1, we respectively denote by ® and v the sequences obtained by reordering
{+ X bren+ and {£v/Af }ren+ and we use Lemma 3.19 to ensure the statement.

Lemma 3.14. Let v := (v )kez+ be an ordered sequence of pairwise distinct real numbers. Let G be an
entire function such that G € L®(R,R). Let exist J, I > 0 such that |G(z2)| < Je!*l for every z € C.
Denoted G(z) = G(2)(z — v) "' with z € C for every k € Z*, there exists C > 0 such that

Gellezrpry <C,  VkeZ

Proof. We know that there exists M > 0 so that |G(x)| < M for every x € R. It implies that, for every
k € Z*, there exists C; > 0 (not depending on k) so that

HGkH%z(R) Z/H{Gk(x)Gk(m)dasz/RG(:E)G(x)dxg/_ - G(2)G(x)(x — vp,) 2 dx + M?C}.

(x — )2

Now, from [You80, p. 82; Theorem 11], we have |G(z + iy)| < Me!lYl for z,y € R. The Cauchy Integral
Theorem ensures the existence of Co > 0 (not depending on k) so that

/ G@)Gla) ;o / |G (i + )G vk + )| df < M> / 1m0 gy < M2Cy. O
|z—vi|<1 (33 - Vk) 0 0

Lemma 3.15. Let v := (v)kez- be an ordered sequence of pairwise distinct real numbers satisfying (11)
with § > 0. Let G be an entire function such that G € L= (R,R). Let exist J, I > 0 such that |G(z)| < Je!ll
for every z € C. Let (&)rez C L2((0,T),C) be defined in (13) for T > max{2m/8,21}. If (vi)kez are
simple zeros of G such that there exist d >0, C' > 0 such that

(14) |G (vi)| > =, Vk € Z*,

. L?
then there exists (wi)rez+ an unique biorthogonal family to (e?*%)rez in span{y : k € Z*}  satisfying

the following property. There exists C1 > 0 such that ||wk| z20,1) < C1|k|** for every k € Z*.

Proof. For every k € Z*, we define Gi(z) := G(2)(z — 1)~ . Thanks to the Paley-Wiener’s Theorem
[DZ06, Theorem 3.19], for every k € Z*, there exists f € L?(R,R) with support in [—I, I] such that

I T/2 T .
Gk(z):/ e”sfk(s)d,s:/ e”‘qfk.(s)dSZ/o e#te™ 2 fi(t — T/2)dt.

-1 —T/2
For j, k € Z* and ¢y, := G'(1), we name vy, (t) := ¢+ 7 fi(t — T/2). Since Gr(vj) = 0k ;G (vi),

(Wi, €N 120y = Gr(v;) = 0k, G' (Vi) = Oy k-
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Thus, the sequence (vy)xez+ is biorthogonal to (cglei”k('))kez*. Thanks to the Plancherel’s identity and
to Lemma 3.14, there exists C; > 0 such that

(15) ||UkHL2(O,T) = ||Gk||L2(R,]R) < Cl, Vk € Z*.

. L?

The family (e**()) 3z~ is minimal in X := span{¢;, : k € Z*}  thanks to Remark 3.13 and then, (c; 'e™*());cz-

is minimal in X. Defined wx the orthogonal projector onto X, we see that, for every j, k € Z*,
(mxvg, ¢ e O) 2oy = (v, ¢ €™ ) 20,1y = O

The last relation and Remark 3.5 imply that (7x vk )rez- is the unique biorthogonal family to (c;, —Leivk(: ))kez*
in X. We denote wy = (¢) 'mxvy for every k € Z* and (wg)rez- is the unique blorthogonal family to
(e?*())pez~ in X. In conclusion, thanks to (14) and (15), there exists Cy > 0 such that

lwill 20,7y < Imxvrll 20,1y leel ™ < okl 20, |G (ve)|7H < Calk|*, Vkez*. O

Lemma 3.16. Let v := (v )kez+ be an ordered sequence of pairwise distinct real numbers satisfying (11).
Let G be an entire function such that G € L (R,R). Let exist J,I > 0 such that |G(z)| < Je!l?l for every
z € C. If (vp)rez- are simple zeros of G such that there exist d >0, C' > 0 such that |G’ (vy,)| > \k\ud for

every k € Z*, then there exists C > 0 so that
Tr (Fm(vm)*Fm(vm)) < Cmin{|l| € B, 1204, ymez*

where the matrices F,,(v™) are defined in Section 3.3.
Proof. Let T > max(27/d,2I) with § > 0 from (11). Thanks to Theorem 3. 12 the sequence of functions

E = (&)kezr = (F(v)*e) forms a Riesz basis of X := span{{; : k€ Z*} . We call u := (ug)kez~
the corresponding biorthogonal sequence to E in X, which is also a Riesz ba51s of X (see Remark 3.8).
From Remark 3.10, the matrix F(v) is invertible and (F(v)*)~! = (F(v)~!)* thanks to Remark 3.11. Let
w = (wg)rez- be the biorthogonal family in X to (e”#())cz+ defined in Lemma 3.15. For every j, k € Z*,

Ok,j = <wka€iyj(')>L2(0,T) = <wkv ((F(V)*)ila)j>L2(0,T) - <(F(V)71W)k’£j>L2(0,T)’

implying w = F(v)u. Let f(t) = >, cp- Eotr With X := (24) ez € 2(Z*,C). As E and u are reciprocally
biorthogonal, there holds x3, = (ug, f)r2(0,1) for every k € Z*. From Proposition 3.9, there exist C1,Cy > 0
such that

(16) CilxlZz < 1flZ20,7) < CalixlZe

For k € Z*, we call m(k) € Z* the number such that k € E,, ). Thanks to Lemma 3.15 and (16), there
exist C3, Cy > 0 such that, for every k € Z*, we have

‘ ‘ = ’ ((ur, f LQ(O,T))lez*)k‘ = [wr, fr20,m)| < lwellz2 0,01 f Il 220,1)

(17) 3 . ~
< 022||wk||L2(0,T)||X||€2 < Cylk"* x|l < Ca Join [dimadEN2
m (k)

For every m € Z*, we denote by s(m) the smallest element of E,, and, for every j < |E,,|, we consider

x € 2(Z*,C) :  Tymyrj-1 =1, x =0, VIe€Z*\{s(m)+j—1}.
For every j,n < |Ey,|, we use the sequence x in the identity (17) with k = s(m) +n — 1 and we obtain
|(Fnin,j (V™)) < Cymingep,, |I|*F%, which leads to the statement. O
Remark 3.17. Let © := (0;)rez- be an ordered sequence of pairwise distinct real numbers and let the

sequence vV = (Vg )gez~ = (sgn(&k)\/\9k|)k62* satisfy the identity (11) with M € N* and § > 0. As

inf pez [Vkem — Vk| = IMmingez- (|vil, 1), we have
k+M#£0 v #£0
. el - . .
Jnf [0k m — Okl = inf Well[ [V aal + vel] = min (ve], 1)oM
k4 M50 k4 M50 v #0

Now, both the sequences ® and v satisfy (11) with respect to the same ¢’ := min ez« {|vg|, 1} and M.
Vi 0

This fact ensures that ©® and v induce the definition of the same equivalence classes {Em}tmez of Z*
introduced in the relations (12). Thus, we can use {Ey, }mez~ in order to define the matrices F,,(©™) and
F,,(¥™) for every m € Z* and the operators F(©) and F(v) on (2(Z*,C).
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Lemma 3.18. Let © := (0y)rez~ be an ordered sequence of pairwise distinct real numbers such that
(Vi) keze = (sgn(0) |0k|)keZ* satisfies (11). Let exist C1,Co > 0 such that

(18) Cilk| < |vk| < Colk], Vk € Z*, v #0.

Let G be an entire function so that (vk)rez- are its simple zeros, G € L>(R,R) and there exist J,1 > 0
such that |G(z)| < Jell?l for every z € C. If there exist d > 0 and C > 0 such that |G'(vy,)| > —%= for

||+
every k € 7*, then there exists C > 0 so that
Tr(Fm(G)m)*Fm(@m)) < Cmin{|l| € )2, Vmez*

where the matrices F,,,(©™) are defined as in Remark 3.17 from the sequence ©.

Proof. We notice |0; — 0| > min{|v|, |vk|}|vi — vi| for every I,k € Z*. Let m € Z* and I C E,, so that
I #0(. Now, |I| < |En,| <M —1 and

1T 165 — 6l Zrlnei}l|vl|m IT vk =il > Cimin i IT vk — vl

jkel V120 G kel 1 £0 jkel

for C; = minlez*(\ul|M_2, 1). Thus, there exists Cy > 0 so that, for every m and j, k € E,,, we have
v #0

‘Fm;j)k<®m)| S CQ|Fm;j’k(‘Vm)| min{|yl|_1 e Em, 14 75 0}

In conclusion, thanks to (18) and Lemma 3.16, there exists C's > 0 such that

Tr (Fm(@m)*Fm(am)) < C’%lmén |2 Tr(Fm(vm)*Fm(vm)) < C3 min 1127 O
€bm clim,
v #0

Lemma 3.19. Let the hypotheses of Lemma 3.18 be verified. Then, there holds H(®) C hJ(Z*,(C) where
H(®) is the domain of the operator F(®) defined as in Remark 3.17 from the sequence ©.

Proof. Let p(M) be the spectral radius of a matrix M and let || M || = v/p(M*M) be its euclidean norm.
We consider Lemma 3.18 and, since (F,,(©™)*F,,(©™)) is positive-definite, there exists C' > 0 such that

| En (€)1 = p(Fn(©7) Fin(©) < Tr(Fn(€7) F(©7)) < Crnin I, m € 27,

In conclusion, we obtain hJ(Z*,(C) C H(O) since, for every x = (z)rez € hJ(Z*,(C),

IE@)x[ < > I1Fa(®@™)1* Y JmfP<C Y lg%{ln\llzd Y lml <COlxllf; < +oo. O

mez* leEE, mezL* l€EEm

Remark 3.20. When Lemma 3.19 is satisfied with respect to the sequence ® = (0y)kez» with d>0, we
have H(®) 2 hJ(Z*,C) that is dense in (*(Z*,C). Thanks to Remark 3.11, we consider F(®)* as the
unique adjoint operator of F(©). As Tr(F,(©™)*F,,(@™)) = Tr(F,,(©@™)F,,(©™)*) for every m € Z*,
the techniques from the proof of Lemma 3.18 lead to H(®)* = D(F(©)*) D hJ(Z*, C).

3.5 Proof of Proposition 3.1

Proof of Proposition 8.1. Let us introduce the following sequences:

0 .= (ak)keZ* : Ok = — Ak, vk > 0; O = Ak, VE < 0;
V= (Vk)kez : Vi = —\/ Ak, vk > 0; Vk =\ Ak Vk < 0;
X = (ak)kEZ*\{—l} : ap — _)\k + >\13 Vk > Oa ap = A*k - )\17 vk < -1

We consider M’ € N* and ¢’ > 0 so that ® and v satisfy (11) with respect to M’ and §’ (as in Remark
3.17), while

19 inf , — > (5/./\/1/.
( ) {kezZ*\{-1} :II?-Q—M’EZ*\{—l}} |0¢k+/\/t ak| -
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Let {Em bmez+ be the equivalence classes in Z* defined by ©® and v. Let us assume that —1 € E_;. Now,
{Em}tmez-\{-13y U{E_1\ {—1}} are the equivalence classes in Z* \ {—1} defined by (19). Thanks to (9),
the sequence v satisfies (18) and Remark 3.20 is valid with respect to the sequences ® and v. Thus,
H(©)* D hi(Z*,C). We define as in Section 3.3, the operator F(«) in £2(Z* \ {—1},C) from the sequence
o and we notice that, for every m # —1, we have Fy,,(a™) = F,,(®™) and F,,,(«™)* = F,,(©®™)*. Thus,
as in Lemma 3.19 and Remark 3.20, there hold

H(x) 2 h%(2*\ {~1},C), H(o)* 2 hé(z*\ {~1},C).

We define e := (e} ez (_1y and B := (&)pez-\{—1} = F(x)*e. When T > 27/6’, Theorem 3.12

ensures that ({x)rez\{—1} is a Riesz Basis of the space X := span{&, : k € Z* \ {—1}}L2. Now, the map
M:geX+— (<fk,9>L2(0,T))k€Z*\{,1} € éQ(Z* \ {—1},@)
is invertible thanks to Proposition 3.9. Denoted X := M~! o F(x)* (hg(Z* \ {~1},C)), the map
(F(0)) "o M g€ X — ((e,0)r20m) peger 1y € W2\ {~1},0)

is invertible. Thus, for every (zx)pez+\{-1} € hJ(Z* \ {1}, C), there exists u € X C L?((0,T),C) such
that

(20) - :/0 w(Fe e, ke z\ {=1}.

The last relation can be used to ensure the solvability of the moment problem (10) for u € L*((0,T),C).
So, we need to proceed as follows in order to ensure the result for a function u € L?((0,T), R).

Given x = (x)ren- € h4(N*,C) so that z; € R, we introduce (Z)rez\ (-1} € h4Z* \ {~1},C) so
that & = xy, for k > 0, while & =Z_j, for k < —1. Thanks to (20) and to the definition of «, there exists
u€ X C L?((0,T),C) so that

T T
/ u(s)ei(Ak*)\l)SdS P — / ﬂ(s)ei(/\kf)\l)sds, ke N* \{1}7
(21) e o
/ ﬂ(s)e_i()‘k_)\l)sds — T = / u(s)e—i(kk—Al)st, ke N* \ {1}’
0 0

while fOT u(s)ds = z1. The relations (21) and the fact that z; € R imply (Im(u), e’ )2y 7y = 0 for
every k € Z* \ {—1} and then

(22)  (Im(u),€ereom = (F@) (I, ¢ O) o) ey ), =0 VEEZ\{-1},

. . L2
From Remark 3.13, the family {e****};cz\ (1} is minimal in X and X = span{e’®? : k € Z* \ {-1}} .
Now, we recall that —ay, = a_j, for every k € Z* \ {1} and «; = 0. For every u € X, we have

2 2
T € spanfe—ort k€ Z\ [—1}} = span{eiart i ke Z\ 1]} =X,

which implies that Im(u) = “-% € X. We call v := (v)rez-\ (-1} the biorthogonal sequence to & in X
which is also a Riesz basis of X (see Remark 3.8). Now, for every u € X, we have Im(u) € X and
(23) Im(u) = Z vgeg,  for ey = (Im(u), &) 20y,  Vk € Z"\ {-1}.

keZ\{-1}

In conclusion, when u satisfies (21), the identities (22) and (23) yield that Im(u) = 0 and then w isreal. O

Remark 3.21. The hypotheses on the function G in Proposition 3.1 can be rewritten in terms of the
sequence {E\i }ren+ rather than {£v/Ag trens. In this case, one can ensure the solvability of the moment
problem (10) for sequences in h'T¢(N*,C) for every T > 0. Indeed, if Lemma 3.16 is valid for v =
{+£\ hvens, then H(v)* D h*T4(N* C) as for Lemma 3.19 and the solvability of (10) in h'+4(N* C) is
guaranteed by the techniques adopted in the proof of Proposition 3.1. Nevertheless, such result presents
some disadvantages which make it unsuitable for our purposes as we explain in Remark 4.4.
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4 Proof of Theorem 2.3

4.1 Local exact controllability

For ¢, T > 0, we introduce the following subspaces of Hj with s > 0:

OZp={v e Hy| ¥l =1, [ = 61(D)(s) <e}, $1(T) = e Ty
Definition 4.1. The (BSE) is said to be locally exactly controllable in O: r for e, T, s > 0 when, for every
Y € OF 1, there exists u € L?((0,T),R) such that 1 = I'“¢;.
Proposition 4.2. Let the hypotheses of Theorem 2.3 be satisfied. The (BSE) is locally exactly controllable

in O p for e > 0 sufficiently small, T > 0 sufficiently large and s = 2+d with d from Assumptions II(n,d).

Proof. The result corresponds to the surjectivity of the map Fg)qbl 2 L2((0,7),R) — O: 7. Let us define
o1(T) := e~ T ¢, with k € N*. We decompose Fg)gbl =D wen- Pu(T)(or(T), I‘g;)gbl)p and we consider

a:u € L*((0,T),R) — (<¢k(T)7F%¢1>L2)k€N*'

Now, I'¢1 € HE for every u € L?((0,T),R) and 7' > 0 thanks to Proposition 2.1. Thus, « takes value in
Q° = {x = (xk)ken+ € h*(C) | ||x]|;2 = 1}. Defined & := (04 1)ken-, We notice that

a(0) = (<¢k(T)aF%¢1>L2)keN* = (<¢k(T)»¢1(T>>L2)keN* = 0.
The local exact controllability of the (BSE) in O; r is equivalent to the surjectivity of the function

a: L*((0,T),R) — Q2 := {x:= (zx)ren- € Q° | x — 8|5y < e}
Let T5Q® be the tangent space of Q® in the point a(0) = 8. For every f : [0,1] — Q® such that f(0) =&
and f'(0) =x € h*(C), we have 0 = (9:(f(¢), f()))(t = 0) = 2R((x, 8)¢2), which implies
Tng = {X = (xk)keN* S hs((C) | 1T € R}.
Let P be the orthogonal projector onto TsQ*. We define Q° := {x := (z))ren- € h*(C) | ||x[|;z < 1} and
Q2 = {x = (zr)ren- € Q° | |IX[|(s) < €}. We consider the Fréchet derivative of o in u = 0:
y:v € L*(0,T),R) — (dya(u=0))- v € TsQ°.

We notice that Pa : L?((0,T),R) — CNQS N TsQ° and its Fréchet derivative in w = 0 is «. If  is surjective

in T5Q*°, then the Generalized Inverse Function Theorem ([Lue69, Theorem 1; p. 240]) guarantees the

existence of € > 0 sufficiently small so that P« is surjective in @g NT5Q°. Now, for every x = {a }ren- €
s we have Px € QF and if there exists u € L2((0,T),R) such that Px = Pa(u), then

x = Px+ /1 — || Px[|%0 = Pa(u) + /1 — [[Pa(u) |26 = a(u).

The last relation and the Generalized Inverse Function Theorem imply that if v is surjective in T5Q°,
then « is surjective in @7 with € > 0 sufficiently small. Thus, we study the function v and, thanks to the
Duhamel’s formula provided in (6), we notice that it is composed by the elements

T T
Yi(v) = i<ei)"“T¢k,/ eiA(TT)U(T)BeiAlT¢1dT> = fi/ v(T)ei()"r)‘l)TdT@k,B¢1>L2.
0 0

L2

Proving the surjectivity of v corresponds to ensure the solvability of the following moment problem
T
(24) Ik<¢jaB¢k>zzl = —Z/ U(T)ei()\k*)\l)TdT’ Vk c N*
0

for every (zp)ren € TsQ°. We notice that (xk<¢k,B¢1>Zzl)keN* € h5™271 = pd-n C he thanks to the

point 1. of Assumptions I(n). As B is symmetric, we have (¢1,B¢1)r2 € R and ix1<¢1,B¢1>221 e R.
Thanks to [DZ06, Proposition 6.2], there exist § > 0 and M € N* such that

R VAVSVE VAN s

The last relation and the identity (5) ensure that Proposition 3.1 is satisfied and the solvability of (24) is
guaranteed in {(cy)ren+ € h4(C) | icy € R} for T > 0 large enough. As (w4 (¢k, Bo1)12), . belongs to
such space for every (zx)ken+ € Ts@°, the claim is proved. O
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Remark 4.3. We consider the unitary propagator f}‘ generated by the time-dependent Hamiltonian —A —
uw(T — t)B with u € L*((0,T),R) with T > 0. As explained in [Duc20, Section 2.3], the propagator T'}
represents the reversed dynamics of the (BSE) with the same u and

(25) (T (TY) = (T4)(T) = 1.

When the hypotheses of Theorem 2.3 are satisfied, the local exact controllability results of Proposition
4.2 is also walid for the reversed dynamics. Indeed, the functions (ér)ren+ are eigenfunctions of —A

corresponding to the eigenvalues (—Ag)gen+. Let s = 24+ d and d from Assumptions II(n,d). As in the
proof of Proposition 4.2, the local exact controllability of the reversed dynamics in the neighborhood of HZ, :

6S,T = {v e Hy

[l =1, [l — e Tl < e},

with €, T > 0 can be ensured by proving the solvability of a moment problem of the form
T .
2 (¢, Bor) s = —i/ u(r)e " A=A g Vk € N*
0

for every (zi)ken+ € TsQ°. The result is proved as Proposition 4.2 thanks to Remark 3.2. Hence, for
e > 0 sufficiently small and T > 0 sufficiently large, we have that for every ¢ € OF p, there exists
u € L2((0,T),R) such that 1) = f%gbl. Finally, the last relation yields that

(26) ¢ =Thy  for u(t) =uw(T —t).

4.2 Global exact controllability

Proof of Theorem 2.3. Let us consider v1,12 € H be so that |[¢1]z2 = [[¢2]/z2. We assume that
l1llrz = 2]l = 1, but the result is equivalently proved in the general case. Let T,e > 0 be so
that Proposition 4.2 and Remark 4.3 are valid. Thanks to Proposition 4.2 and Corollary A.3, there exist
Ty, Ty > 0, u; € L2((0,T1),R) and uy € L?((0,T3),R) such that

T4y — e T <&, T9ee—e ™ ol <e, = Ty € O%q, D24y € O

From Remark 4.3 (relation (26)), there exists us € L*((0,T)),R) such that I'#*I'f! ¢y = ¢1. From Proposi-
tion 4.2, there exist uy € L((0,T),R) such that Il ¢; = f%f/}g and then

DR DT ) = Di2eb — DRI =g, for  Up(t) = up(Tp — ).

In conclusion, Theorem 2.3 is proved since there exists 7 > 0 and @ € L2((07T),R) such that I‘fTiwl
Ya.

Remark 4.4. As discussed in Remark 3.21, one can ensure the solvability of (24) for sequences in
h1+4(N* C) for every T > 0 by changing the hypotheses on the function G. This outcome leads to the
local exact controllability of Proposition 4.2 for any T' > 0. Nevertheless, the new conditions on G and
the solvability of the moment problem in h'T?(N* C), rather than h*(N*,C), compel to impose stronger
hypotheses on the problem. QOur choice allows us to treat a wide range of problems as Theorem 1.8 and
Theorem 1.4 which would be otherwise out of reach. We also point out that, when we extend the local exact
controllability in order to prove Theorem 2.3, the property of being controllable in any positive time is lost.

oo

5 Bilinear quantum systems on star graphs

In the current section, we study the global exact controllability when ¥ is a star graph by applying
Theorem 2.3. The result is obtained by providing a suitable entire function G satisfying the hypotheses of
the theorem. From now on, when we call ¢4 a star graph, we also consider it as a quantum graph.

Theorem 5.1. Let ¢ be a star graph equipped with (D/N') made by edges of lengths {L;}j<n € AL(N).
If the couple (A, B) satisfies Assumptions I(n) and Assumptions II(n,€) for n,e > 0, then the (BSE) is
globally exactly controllable in HS, for s =2+ d and d from Assumptions II(n,€).
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Proof. 1) Star graph equipped with (D). The boundary conditions (D) on V. imply that ¢ =
(a} sin(v/Agx), ..., al sin(v/Arx)) for each k € N* and suitable {al };<nx C C such that (¢ )gen~ is orthormal
in 7. The conditions (MK) in the internal vertex v € V; ensure that, for every k € N*,

a}sin(vAgL1) = ... = al¥ sin(v/ArLn), N . )
(27) {EKN al, cos(vAp L) = 0, = ; t(v/AeLi) =0

We use the provided identities in order to construct an entire function satisfying the hypotheses of Theorem
2.3. To this purpose, we define an entire function G and two maps G and H such that

= [[ sin(=Ly) > cot(xLy) G'(x) = —G(z) + H(z),

I<N I<N
*  [IsinGL) Y -2 H(@) = (] costeL) 3 cot(aLa)
Sll’lI‘l x) = — cos(xzly cot(xL;).

I<N I<N sin® (L)’ dx I<N I<N

The identities (27) and (28) imply that H(v/Ax) = 0 and G'(v/Ar) = —G(v/Ag) for every k € N*. Now,

N sin(z L L sin? (xLg)
G(x)] = Hl<N| ( l)|Zl<N lHk;él k) >L*ZH|SID wLy)]

29)
( Hng sin®(zLy) I<N k£l

with L* := min;<y L;. Thanks to (29), we refer to [DZ06, Corollary A.10; (2)] (which contains a misprint
as it is valid for A > %max{l/Lj : 7 < N}) and for every e > 0, there exists C; > 0 such that

/ / * / C * . m —1

Remark 5.2. For every k € N* and j < N, we have |¢}(L;)| # 0, otherwise the (N'K) conditions
would ensure that ¢\ (L;) = ¢ (Ly,) = 0 with l,m < N so that ¢',¢7 # 0 and there would be satisfied
al sin(Liv/Ag) = a* sin(Ly/Ar) = 0 with ak, af* # 0, which is absurd as {L;};<n € AL(N).

Remark 5.2 implies |G’(+£+/Ag)| # 0 for k € N*. Thanks to (5) and (30), there exists Cy > 0 so that
|G/ (/M) > Cok™ (49 Wk e N*,

We notice that the spectrum of A is simple. Indeed, if there would exist two orthonormal eigenfuctions
f and g of A corresponding to the same eigenvalue A, then h(xz) = f(v)g(x) — g(v) f(x) would be another
eigenfunction of A. Now, h is an eigenfunction and h(v) = 0, which is impossible thanks to Remark 5.2.
As |cos(zL;)| < eXl#l and |sin(zL;)| < eXl?l for every | < N and z € C, we notice that |G(z)| <
NelZl i L for every z € C. Now, G(v/Ax) = 0 for every k € N* thanks to (27) and G € L®(R,R).
In conclusion, the claim is achieved as Theorem 2.3 is valid with respect to the function G when d=e.
2) Generic star graph. Let I; C {1,..., N} be the set of indices of those edges containing an external
vertex equipped with (M) and Iy := {1,.., N} \ I;. The proof follows from the techniques adopted in 1)
by considering Proposition B.2 (rather than [DZ06, Corollary A.10; (2)]) and the entire map

= H sin(xL;) H cos(zLy) ( Z cot(xL;) + Z tan(xLl)>. O

lely lel lels lel;
Remark 5.3. When 4 is a star graph equipped with (D) such that La/Ly and L3/Ly are rationals,

*
3n27n37m2,m3€N : L2/L1:n2/m2, L3/L1=n3/m3.
k2m§m§ﬂ'2
L3

fe = ( — 2sin(y/i,x), sin(y/p,,x), sin(y/p, ), 0, ...,O), gL = (O,Sin(\/ﬁkx), —sin(y/p,x), 0, ...,O)

are reciprocally orthogonal eigenfunctions of A corresponding to py. In addition, we notice that the sequence
{9k }ren~ is composed by eigenfuctions vanishing in the edge ey. The same kind of construction can be
repeated when the star graph & is equipped with the general boundary conditions (D/N ).

The numbers { i }ren with ug = are eigenvalues of A and they are multiple. Fized k € N*,
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Corollary 5.4. Let 4 be a star graph equipped with (D/N). Let 4 satisfy the following conditions with
N € 2N* such that N < N.

e Forj < K/'/Q, the two external vertices belonging to eaj_1 and es; are equipped with (D) or (N).
e The couples of edges {€2j,1,€2j}j<1’\7/2 are long {Lj}j<]\7/2, while the edges {e;}5_;<n measure
{Li}5<jen- In addition, {L;}, 5 U{Lj}g_ <y € AL(F + N = N).

If (A, B) satisfies Assumptions I(n) and Assumptions II(n,€) for n,e > 0, then the (BSE) is globally
exactly controllable in HZ for s =2+ d and d from Assumptions II(n,€).

€3 €6
€1 €2

esm

Boundaries: 0 Neumann-Kirchhoff @ O B X Dirichlet/Neumann.

Figure J: Example of graph described in Corollary 5.4 with N =4 and N = 6.

Proof. Let I; C {1, ,]V/Z} be the set of j such that eg;_1 and ey; contain two external vertices of ¢
equipped with (M) and I := {1,..,N/2}\ I . Let Is C {N +1,..., N} be the set of j such that e; contains
an external vertex of ¢ equipped with (N) and Iy := {N +1,..., N} \ I5. Let

(2k — 1)27r2> (2) . (k2ﬂ'2)
4L? j,kEN*, k/JkeN* -— 7[/? j,keN*.

JjeI] FISED)

(e 1= (

We notice that (A})renU(A2)ken+ C (Ag)ren- are the only eigenvalues of A corresponding to eigenfunctions
vanishing in the internal vertex v. For every f € (¢i)ren+ of A corresponding to an eigenvalue A € ()\,1€) keN*,
f is uniquely defined (up to multiplication for @ € C such that |a| = 1) by the identities

A7) = =¥ (x) = \/L; " cos(VAz), fl=o, Vie{l,...,N}\ {27 —1,25}.

The same property is valid for (A\f)gen+ and then, the eigenvalues (A})ken+ U (AZ)ken- are simple. In
conclusion, the discrete spectrum of A is simple since, if there would exist a multiple eigenvalue

A€ (Ae)ren+ \ (()‘Ilc>k€N* U O‘i)keN*)a

then there would exist two orthonormal eigenfuctions f and g corresponding to the same eigenvalue .
Now, h(x) = f(v)g(x) — g(v) f(z) would be another eigenfunction corresponding to A such that h(v) = 0,
which is impossible as it would imply that A € (AL)ken U(A7)gens. Thus, (Ag)ken+ are simple eigenvalues.
The remaining part of proof follows the one of Theorem 5.1 thanks to Proposition B.2 by considering

G(z) = H sin(xL;) H cos(xLy) (2 Z cot(xL;) +2 Z tan(zL;) + Z cot(zL;) + Z tan(xLl)).

lelUly lelUI3 lels lel lely lels
O

5.1 Proofs of Theorem 1.3 and of Theorem 1.4

Proof of Theorem 1.3. Theorem 1.3 is proved such as [Ducl8, Theorem 1.2] that is stated for N = 4. The
only difference between the two results is the fact that Theorem 1.3 follows from Theorem 5.1 instead of
[Ducl8, Proposition 3.3], which is only valid for N < 4. O

Proof of Theorem 1.4. The conditions (A) in V; imply the existence, for every k € N*, of {a}};<y C C
such that ¢y, = (at cos(zv/A), ..., a cos(x/Ax)). The coefficients {al };<nx C C are so that (¢r)gen+ forms
a Hilbert basis of 7# and then

L; L .
=3 [ b eostan/ Ao = 3 fab 2 (2 4 SRELVAY
(31) 11<N/0 |ak|? cos?(z )\k)dxfl<N|ak| (2 e )
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For every k € N*, the (MK) boundary conditions in V; ensure

a). cos(\/ML1) = ... = apy cos(v/  \Ln), Z al sin(v/ M\ Ly) =

I<N

> " tan(v/AeLi) =0, > lakPsin(2L1v/Ax) = 0.

I<N I<N

(32)

The last identities and (31) imply 1 = S~ |aL|?L;/2. Thanks to (32), we have al = al WAL g,

Uk cos (VA1)
[ 1and k€ N Thus, |ab|*(Ly + X)L, LI WRE)) = 2 for every k € N* and

N N _
lat]?> =2 H cos2(\/)\kLm)(ZLj H COSQ(\/)\kLm)>
m=2 =1 m#j
Validation of Assumptions I(3 + €) with ¢ > 0. For every k € N*, thanks to the relation (32)
H cos(v/ArLy) Z tan(v/A\pL;) =0, = Zsm VArLy) H cos(v/ Ak L,
I<N I<N matl

Thanks to the relation (5) and Corollary B.3, for every € > 0, there exist C7,Cy > 0 such that,

2 2 Co
(33) Jay| > > > >, VkeN-.
Zl]il Ly cos=2 (VA Ly) 2511 LiCy 2)‘11c+ Kt

In addition, (¢!, (Bér)") r2(e, ¢y = 0 for 2 <1 < N and, for every k € N*,
1 (e1,0)

alal 6 alal 6 _5
B (o Boe = (01 (Bou) )0 = — V;) w@_’“ ﬁ) oA ).

From the relations (33) and (34), thanks to the relation (5), for every e > 0, there exists C5 > 0, such that
for k € N* sufficiently large,

%) [(¢1, Bor) 2| > Csk™0Fe),
Now, it is possible to compute ay(-) and By(-) with k € N*, analytic functions in R, so that

ar(L1)? = (a})?,  a1(L1)ag(L1)Br(L1) = (¢1, Box) L2

and such that each a;(-)ay(-)Bg(:) is non-constant and analytic. Thus, each a;(-)ax(-)By(-) has discrete
zeros Vi, C Rt and V = Uren+ Vi is countable. For every {L;};<y € AL(N) so that Ly ¢ V, we have
[{(¢1, Bor) 2| # 0 for every k € N*. Thus, the point 1. of Assumptions I(3 + €) is ensured thanks to the
relations (35) since, for every ¢ > 0, there exists Cy > 0 such that

[(¢1, Bor) 2| > Cuk= 9 Vi e N*.

Let (k,j),(m,n) € I, (k,j) # (m,n) for I := {(j,k) € (N*)? : j < k}. We prove the validity of the
point 2. of Assumptions I(3 4+ €). As above, we compute Fk( ) Wlth k € N*, analytic in RT, such that
(¢, Bor)r2 = Frp(L1). Each Fjpm(-) := Fj(-) — Fp(-) — Fi(-) + Fn(-) is non-constant and analytic in
R*, the set of its positive zeros Vi kim 18 discrete. Now, we introduce the countable set:

V.= U ‘/}’,k,l,m'
(k). (tm)el = (5. k)#(Lm)

For {L;}i<n € AL(N) so that L ¢ V UV, the point 2. of Assumptions I(3 + €) with € > 0 is satisfied.
Validation of Assumptions II(3 + €1,¢2) with €1,e2 > 0 so that €1 +¢3 € (0, %) Let

P(x) := (525 — 242° Ly + 452 L3 — 4023 L3 4 152° L — L9).
For m > 0, we notice B : H™ — H™ and 0,(Bv) @) = 0 for every v € V, since 9,P(0) = 0. Now,
92 (By)(v) = (By)(v) = 0 with v € V; since 9, P(Ly) = P(Ly) = 0. Then, B : HZ, — HZ. Moreover,
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92P(Ly1) = 03P(L1) = 0, which implies B : Hyyc — Hy}c for every m € (0,3). For d € [3+ €1 + €2, 5)
and d; € (d, %), there follow

Ran( ) C HX}K, Ran(B|H(2§+d) C Ran(B|H2+de}v+)gmH%) C H?>Mn H}jkd NnHE.

Bl

The point 2. of Assumptions I1(3 + €1, €2) with €1,€3 > 0 so that €1 + €2 € (0, %) is valid.

Conclusion. The couple (4, B) satisfies Assumptions I(3+¢) and Assumptions I1(3+4€1, e2) with €1,€e2 > 0
so that €; + €5 € (0, %) Theorem 5.1 guarantees the global exact controllability of the (BSE) in HE, with
s=2+dand d>3+ €1 + €. O

6 Energetic controllability

We recall that (pr)ren € (¢r)ren- indicates an orthonormal system (not necessarily complete) of J#

made by some eigenfunctions of A and (uy)ren+ the ordered sequence of corresponding eigenvalues. Let

L2

A = span{gy | k € N*}
We refer to Definition 1.5 for the formal definition of energetic controllability.

Theorem 6.1. Let 9 be a compact quantum graph and one of the following points be verified.

1. There exists an entire function G such that G € L*(R,R) and there exist J,I > 0 so that |G(z)| <
Jell?l for every z € C. The eigenvalues {px}ren- are simple, the numbers {&./fix }ren- are simple
zeros of G and there exist d > 0 and C > 0 so that |G’ (£/ix)| > =< for every k € N*.

kl+d

2. There exist C > 0 and d > 0 so that |pgy1 — pr| > Ok~ for each k € N* with M from (1).

If (A, B) satisfies Assumptions I(@,n) and Assumptions II(@,n,d) for n > 0, then the (BSE) is globally

exactly controllable in HE N I for s = 2 + d with d from Assumptions II(@,n,d) and energetically
controllable in () kens-

Proof. From Remark 2.2, the (BSE) is well-posed in Hg N A with s = 2+ d and d from Assumptions

II(@,n, J) The statement of Theorem 2.3 holds in 7 when the point 1. is valid, while the validity of
[Ducl8, Theorem 3.2] in J is guaranteed by 2. . The global exact controllability is provided in Hg, N.#

and the energetic controllability follows as ¢, € Hg N A for every k € N*. O

Let 4 be a compact quantum graph. By watching the structure of the graph and the boundary
conditions of D(A), it is possible to construct some eigenfuctions (g )ren+ of A corresponding to some
eigenvalues (uy)ren+. For instance, we consider ¢ containing one loop e; of length 1 connected to the
graph in a vertex v. In such case, we point out that the Neumann-Kirchhoff boundary conditions in v
valid for a function ) € D(A) yield that 3 ¢, 1) D7 (v) 4 01 (0) — (1) = 0.

\ \ U/ — /‘

Figure 5: Example of compact graph containing a loop.

We define ¢ := (pg)ren+ such that ¢ = (ﬁsin(?lmx),O,...,O) and the corresponding eigenvalues
() kens = (4k272)ken+ C (Mg )ren+, satisfying the gap condition

. . _ 2
kleng* |pg+1 — pg| = 1270 > 0.
The spectral hypotheses of Theorem 6.1 are guaranteed and the energetic controllability can be ensured
by choosing a suitable B. In particular, if (A, B) satisfies Assumptions I(¢,n) and Assumptions II(¢,7,0)
for n > 0, then Theorem 6.1 implies the energetic controllability in (ux)ren+. As we will show in the proof
of Theorem 6.4, this approach is also valid when ¢ contains more loops (e.g. Figure 3).
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Remark. The idea described above can be adopted when &4 contains suitable sub-graphs denoted “uniform
chains”. A uniform chain is a sequence of edges of equal length L connecting M € N* vertices {v;};j<m such
that vo,...,upr—1 € V; when M > 3. Moreover, one of the following conditions holds: either vi,vy € Vg
are equipped with (D), or vi = vps belong to Vi, or M € {2,3} and vy1,vp € Vo are equipped with (N).

— ——, T <> o

= o . //
>

Boundaries: O Neumann-Kirchhoff @Neumann M Dirichlet.

Figure 6: The figure underlines the uniform chains in a compact graph.

Let 4 contain N € N* uniform chains {E%}jQ-\;, composed by edges of lengths {Lj}j<1\7 € .AL'(N). Let
I C{1,...N} and I C {1,..., N}\ 11 be respectively the sets of indices j such that the external vertices of
9; are equipped with (N') and (D), while Is := {1, ..., N}\ (I UI). We consider the eigenvalues (ju)ren-

obtained by reordering
((Qk - 1)27r2) U <k27r2> g <4k27r2)
4L? k,jEN* L? k,jEN* L? kjeN*

FASESY j€Is jEIg

As in the proof of [Ducl8, Lemma 2.6], the Roth’s Theorem [Ducl8, Proposition A.l] ensures that, if
{Lj},<x € AL(N), then for every € > 0, there exists C' > 0 so that

|phg1 — pr| > Ck™€, Vk € N*.

Thus, the spectral hypotheses of Theorem 6.1 are guaranteed and the energetic controllability can be en-
sured by choosing a suitable control operator B. If (A, B) satisfies Assumptions I(@,n) and Assumptions
II(@,n, €) with n > 0, then Theorem 6.1 implies the energetic controllability in (ug)kens-

6.1 Proof of Theorem 1.6 and some applications of Theorem 6.1

Proof of Theorem 1.6. Let us assume N = 3. The (D) conditions to the external vertices V. imply ¢ =
(a} sin(\/fpz), af sin(\/fgx), a; sin(y/prz)) with suitable (a},a?,a3) € C3. From the (NK) in v € V,
there follow 3,5 al cos(\/arL) = 0 and a*sin(y/prL) = ¢ € R for every m < 3. When ¢ # 0, we have

(2k—1)%72

the eigenvalues ( 172 corresponding to the eigenfunctions (gi)ren+ so that

)kEN*

gk = (\/37Lsin (Wﬁ), 3% sin (Wm), 3% sin (W:ﬁ)), Vk € N*.

When ¢ = 0, we obtain the eigenvalues (kz—’;?) of multiplicity two that we associate to the couple of

kEN*
sequences of eigenfunctions (f})ren~ and (f7)ken~ such that, for every k € N*,

o= (yfgp (T oo (7o) ap e (7))
2= (0 Lain (B70) [ (A7),
(2k—1)%72

Moreover, (fl)ken+ U (f7)kens U (gr)ken- is a Hilbert basis of . and ( 75 )keN* U (T)%N* are
the eigenvalues of A (not considering their multiplicity).

Validation of Assumptions I(¢,1). We reorder (f})gen+ U (gr)ken+ in @ = (¢k)ren-. The point 1. of
Assumptions I(¢, 1) is verified since there exists C7, Co > 0 such that

NSV C
& > > 2, VkeN-.
(e — )2 m) k
Subsequently, there exist C3,Cy > 0 so that By := (¢, Bog)rz = Cs + Cyk™2 for every k € N* and

Wi = 42Lz Now, if pj — por — p 4 o, = %(ﬂ—kz—lz—i—m% = 0 with (k, j), (m,n) € I and (k,j) # (m,n),
then

|(p1, Bor)r2| >

Bjj = Bik—Bii+ Bum =Cs(j7>—k> =172 +m™?) £0,
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which implies the point 2. of Assumptions I(¢,1).
Validation of Assumptions II((p71 0) and conclusion. The operator B stabilizes the spaces H™

with m > 0 and span{yy, : k € N*} N HZ, ensuring the point 1. of Assumptions II(¢, 1,0). Since

2
mt =51 = 7
the point 2. of Theorem 6.1 holds and the global exact controllability is proved in H%ﬁj%;. As ey, € HY nA

for every k € N*| the energetic controllability follows in (%) KEN**

When N > 3, the spectrum contains simple eigenvalues relative to some eigenfunctions (g )ren+ and
multiple eigenvalues, each one corresponding to N — 1 eigenfunctions {f.; }i<n—1 with £ € N*. For each
k € N*, we construct {fx,;}i<n—1 such that only the functions {fz,;}i<n—2 vanish in e;. We reorder
(fe:N—1)ken U (gr)ken+ in @ = (¢r)ren~ and the proof is achieved as done for N = 3. O

Theorem 6.2. Let 4 be a star graph equipped with (D/N'). Let 9 contain two edges e; and es of length
1 and connected to two external vertices both equipped with (D). Let B be such that

By = (a*(¥' () — ¢*(2)),2*(¥*(2) — ¥ (2)),0,..,0), Vi € 2.

There ezists (pr)ken+ C (dr)ren+ such that the (BSE) is globally ezactly controllable in HY N A and
energetically controllable in (k*72)gen-.

- el *\ e

« =

Boundaries: O Neumann-Kirchhoff M Dirichlet X @ O Dirichlet/Neumann.

Figure 7: Example of star graph described by Theorem 6.2 with N = 5.

Proof. Let (ur)ren+ and (¢g)ren+ be so that up = k272, ol = —¢? = sin(krz) and ¢} = 0 with k € N*
and 3 <[ < N. The claim follows from the point 2. of Theorem 6.1 with d = 0 as Theorem 1.6. O

Theorem 6.3. Let ¥ be a star graph equipped with (D) and composed by g couples of edges {ea;j_1, e2; }jﬁ%

of lengths {Lj}jﬁ% € AL(Z) with N € 2N*. Let B be such that By = ((By)!, ..., (BY)N) for ¢ € A

and
N/2

(B)% = —(By)¥1 = Z ?2 <¢2z< I ) _7/}2l1<£;x))7 Vj < g

There exists C C (RT)N countable so that, for every {L;}j<n € AL(N)\ C, there exists (pr)ren- C
(¢r)ken+ such that (BSE) is globally exactly controllable in Hé}+6 N 2 with € > 0 and energetically

. k2ﬂ"2
controllable in (T? )k,jeN*'
T iENye
es
€3
- el €2 -
€4
€6

Boundaries: O Neumann-Kirchhoff B Dirichlet.

Figure 8: Example of star graph described by Theorem 6.3 with N = 6.
Proof. Let (pug)ren+ C (Ak)ren+ be eigenvalues obtained by reordering (%)%N* for every j < N/2 and

(¢k)ken+ be an orthonormal system of % made by corresponding eigenfunctions. For k € N*, there exist
m(k) € N* and I(k) < N/2 so that ¢} =0 for n # 2l(k), 21(k) — 1 and

m(k)2x2 _ 1
M) pE0 gy gy sin (v/7x).
Ll(k) Lk

HE =
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Let [r] be the entire part of r € RT. For k € N* and C = 4 min;<y L;, we have

N/2 L
Liz® | oo i( Ln on(__Ln
|1, Bow) 2| = < 12 3 (e (L[(l+1)/2] x) s (L[<z+1>/21 x>)>
=1 n=t Lty e
Ly 472 L 1
B ’/ 1(1) ( m( )mﬂ) i ( d ’>C’/ z? sin(m )sin(m(k)mv)dx‘-
(k) Ly Law)

Assumptions I(¢,1) and Assumptions II(¢,1,€) with € € (0, 1) hold as in the proofs of Theorem 1.4 and
Theorem 1.6. We consider the techniques adopted in the proof of [Ducl8, Lemma 2.6] which are due to
the Roth’s Theorem [Ducl8, Proposition A.1]. For every € > 0, there exists C' > 0 so that

|1 — p| > Ck™°, VEk € N*.
The claim follows from the hypotheses 2. of Theorem 6.1 with d=e>0. 0

Theorem 6.4. Let & be a compact quantum graph. Let the first N<N edges {ej}j<]\7 of the graph be
loops of lengths {L;}, 5 (e.g Figure 3). For ¢ = (Y1, .., let B be such that

L3y x L ~ o~
l: J 2( <& Vi 7 m — < < .
(By) ZL?/Q:E (£ —1)¥'(£e): (BY)"=0, WI<N, N<m<N
J<N

There ezists C C (]R*) countable so that, if {L;}, 5 € AL(N N)\C, then there exists (i) ren+ C (O pen-

such that (BSE) is globally exactly controllable in H;“ U S with € > 0 and energetically controllable in
k22
Co.
<N

Proof. Let (¢g)ren- be such that, for each k € N*, there exist m(k) € N* and (k) < N such that

2,2
L = %’ S02(16) (x) = Lz2<k> sin (y/pex) and ¢ = 0 for every n # (k) and n < N. Now, (¢g)ken- is
an orthonormal system made by eigenfunctions of A and the claim yields as Theorem 6.3. O
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A Appendix: Global approximate controllability

In the current appendix, for the sake of completeness, we propose the global approximate controllability
result provided in [Ducl8, Section 5.2]. The outcome is adopted in the proof of Theorem 2.3.

Definition A.1. The (BSE) is said to be globally approximately controllable in H, with s > 0 when, for
every ¢ € Hg, I' € U() such that I'y € HZ and & > 0, there exist 7' > 0 and u € L?*((0,7),R) such
that [Ty — Dl < <.

Proposition A.2. Let (A, B) satisfy Assumptions I(n) and Assumptions II(n,J) form >0 and J; 0.
The (BSE) is globally approzimately controllable in H for s =2+ d with d from Assumptions II(n,d) .

Proof. In the point 1) of the proof, we suppose that (A, B) admits a non-degenerate chain of connectedness
(see [BACC13, Definition 3]). We treat the general case in the point 2) .

1) (a) Preliminaries. Let 7, be the orthogonal projector onto /¢, :=span{¢; : j < m} with m € N*,
Up to reordering (¢g)ren=, the couples (mm, Ay, Tm Bmy,) for m € N* admit non-degenerate chains of
connectedness in . Let || - [[gv(r) = || - [|5v(o ) and || - [ = |l - |HL(H%’H§) for s > 0. For

N € N*, we denote SU(%N) = {F S U(f%p]v) : (<¢j,1—‘(/j)k>L2)j’}gSN S SU(N)}
Claim. VT € U(#), Ve >0, 3N, € N*, Ty, € U(#) : nn,Ln, 7w, € SU(HA,),

(36) TN, 61 — D |2 < e
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Let Ny € N* and ¢; := ||7rN1f¢1||2217rN1f¢1 We define (qgj)2<j<N1 such that (5j)j<N1 is an orthonormal
basis of %Nl and we complete it to ((bj) jen-, a Hilbert basis of . The operator r Ny is the unltary map

such that I‘Nl 0; = (;5] for every j € N*. The provided definition implies limy, 00 ||FN1¢1 1"(;51 L2 = 0.
Thus, for every € > 0, there exists N; € N* large enough satisfying the claim.

1) (b) Finite dimensional controllability. Let M, be the set of (j,k) € {1,...,N1}? such that
B :={¢;, Bor)r2 # 0 and |A\; — A\g| = |\, — Ni| with m,l € N* implies {j, k} = {m, [} for B,,; = 0. For
every (7, k) < {1 5 Ni}? and 0 € [O 27), we define Eak the N; x Ni matrix with elements (E wm =0,
(Eﬁk)%k = e and (EJ wkg = =9 for (I,m) € {1,..., N1}2\ {(4,k), (k,J)}. Let E,q = {E],k : (4, k) €
Maq, 6 € 10,2m) } Let Ly := Ead. We define by iteration Ly, := [Eadq, Lim—1] + Lim—1 with m € N*\ {1}
and there exists m € N* such that Lz = Lg1 as Eqq is composed by N X Ni matrices. We denote
Lie(E.q) = L. Fixed v a piecewise constant control taking value in E,4 and 7 > 0, we introduce the
control system on SU(Ny)

(t) = z(t)v(t), te(0,7),

Claim. (37) is controllable, i.e. for R € SU(Ny), there exist p € N*, My, ..., M, € Eqq, a1, ..., €
Rt such that R = e M1 o .. 0 e Mp,

For every (j,k) € {1,..., N1}?, we define the Ny x Ny matrices R;x, Cj i and D; as follow. For (I,m) €
{1, N} \{(5, k), (K, j)}, we have (Rjp)im = 0 and (Rjx);k = —(Rjk)k, = 1, while (Cjk)im = 0 and
(Cj,k)j,k = (Cj,k)k,j = 1. Moreover, for (l,m) S {1,...,N1}2 \ {(1,1),(],])}, (Dj)l,m = 0 and (Dj)l,l =
—(D;);,; = 1. We consider the basis of su(N7), the Lie algebra of SU(N),

{Rjr}ire<n, U{Ciktjk<n, U{Dj}j<n,-

Thanks to [Sac00, Theorem 6.1], the controllability of (37) is equivalent to prove that Lie(Eqq) 2 su(Ny).
The claim is valid since it is possible to obtain the matrices R;x, C; and D; for every j,k < Ni by
iterated Lie brackets of elements in F,4 as follows.

o For every (j, k) € Maq, we have R;j, = E;{k and Cj , = E]%k For every (j,k) & Mg such that there

exists j1 < N7 so that (4, 71), (j1,k) € Myq, we have R, = [E;-)’jl,EJ1 e and Cj = Hl,Efl k-
o If (1,j) € Myq, then 2D; = [EY ;, E } while if (1,7) & M,q and there exists j3 < Nj such that

(130, G1.9) € Mo, then 2, = [[55, B ] [BY,,, 3 1)

1,510~ j1.J 210 g1,

e For every (j,k) & Mgq, there exist m < Ny and {j;}1<m such that (j,51), ..., (jm, k) € Maq. We call
S =A{(4,71), -, (Jm, k)}. By repeating the previous point, we can generate each R;, Cj i and D;
with j, k € {1, ..., N1} by iterating Lie brackets of Eﬁm for (I,m) € S and 6 € [0,27).

1) (c) Finite dimensional estimates. The previous claim and the fact that ((gbj,fM Ok)L2)j k<N, €
SU(N1) ensure the existence of p € N*, My, ..., M, € E,q and ay, ..., € RT such that

(38) (<¢j’fN1¢k>L2)j,kSN1 =en Mo  oewMp,

For every [ < p, we call T, the operator in SU (., ) such that ((¢;, fl¢k>>j,k§N1 = e®M:i The identity
(38) yields

(39) WleNlﬂ'Nl Zflo...ofp.

Claim. For every [ < p, there exist {7 };en+ C RT and {ul, },,en- such that ul, € L?((0,7}),R) for
every n € N* and

ul ~
(40) Jim T &1 — il L2 = 0, Vk < Ny,
1) sup [lupllpyen) < oo, sup [|uf, || 2o (0,71 ),%) < 00, sup Th{[ul || oo (0,11 ) 1) < 00
neN* neN* neN*

23



We consider the results developed in [Chal2, Section 3.1 & Section 3.2] by Chambrion and leading to
[Chal2, Proposition 6] since (A, B) admits a non-degenerate chain of connectedness ([BACC13, Definition

3]). Each TI'; is a rotation in a two dimensional space for every I € {1,...,p} and this work explicits
{TL}hen- C RY and {ul },en- satisfying (41) such that ul, € L2((0,T%),R) for every n € N* and

’U,I ~
Jim 173, Lo o1 — Tk || 2 = O, Vk < Ni.
l ~ 1
Now, limy o0 |78, Tip @kl 2 = 1 since Iy € SU (). Thus, limy e [|(1 — 7, )T dil[ 2 = 0 and

ul = . ul -~ ul
Jim [T o — D]z < lim (||7TN1FTZ¢k —Tiullpz +(|(1 - 7TN1)FTZ¢ICHL2) =0.
1) (d) Infinite dimensional estimates.

Claim. Let T € U(s). There exist K1, Ko, K3 > 0 such that for every £ > 0, there exist T > 0
and u € L*((0,T),R) such that |[T%¢; — ['¢|z2 < € and

(42) ullpv () < K1, [wll oo 0,1),R) < Ko, Tlulle=(o,1)r) < Ks.

Let us assume that 1) (c) be valid with p = 2. Although, the following result is valid for any p € N*.

As fg € SU (4N, ), there exist I < N7 and a € C such that |a| =1 and fQQSl = a¢;. Thanks to (40), there
exists n € N* large enough such that,

u}l ui g uil ui ey u}l e
ITsaTss61 — TaTadillze < T3 I T3¢0 — Dagullze + ITshady — Tradylze < e.

Thanks to (39), there exist K1, Ko, K3 > 0 such that for every ¢ > 0, there exist T > 0 and u € L?((0,7T),R)

such that | [%¢; —'n, ¢1]| 12 < & and satisfying (42). The relation (36) and the triangular inequality achieve
the claim.

1) (e) Approximate controllability with respect to the L?-norm. Let ¢ € 57 and Te U().

Claim. There exist K1, K, K3 > 0 such that for every ¢ > 0, there exist 7' > 0 and u € L%((0,T),R)
such that ||T}) — T2 < ¢ and satisfying (42).

We assume that ||¢||p2 = 1 but the same proof is also valid in the general case. We consider the
unitary propagator ff describing the reversed dynamics of the (BSE) introduced in Remark 4.3. We also
recall the validity of the relation (25). Now, the results from [Chal2], which are adopted in the point
1) (c), are also valid for the reversed dynamics. Thus, such as in 1) (d), it is also true that, for every
T € U(), there exist Ky, Ky, K3 > 0 such that for every € > 0, there exist 7' > 0 and u € L2((0 T), ]R)

such that the relations (42) are satisfied and ||I‘ —Ty||z2 < e. By keeping in mind that T'% = (Tw)~t
and [|T% || = 1, we have

lp1 — T3l onll2 = |[T7l7¢1r — Dpldnl|: < || T7 [ [IT7¢1 — Dol <e.

The last relation guarantees that, for every ¢ € . such that ||¢|L2 = 1, there exist T} > 0 and
uy € L?((0,T1),R) such that
IT7 Y — dullre <e.

Now, 1) (d) ensures that, for every I' € U(#), there exist T5 > 0 and uy € L2((0,T3),R) such that
T2 61 — T2 < e.
The chosen controls u; and usy satisfy (42). In conclusion, the claim is proved as
PR — Dole < ITETE Y — T allze + [T ér — Tille < 2e.

1) (f) Global approximate controllability in higher regularity norms. Let ¢y € Hg with s €
[s1,51 +2) and s; € N*. Let I' € U(J) be such that 'Y € Hj, and B : Hy} — Hg} .

Claim. There exist 7' > 0 and u € L*((0,T),R) such that ||[T%) — FwH (s) <€
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We notice that the operator —i(A + u(t)B — ic) is dissipative in Hj' for ¢ :=
Indeed, for every A > 0 and ¢ € Hg’;}*?, we have

[(A+i(A+u(t)B —ic)Yll(s)) = [[(A+ c+iA) Pl s) = Nulloe oy m) Bl (o) 191l (s0)-

[ull o< o,y ) 1B (515

Now, the operator A with domain H:! 72 is self-adjoint in the Hilbert space HZ} and we have the inequality

A+ c+iA) Y| s,y = A+ )|[Y]l(s,)- By recalling that ¢ = |lul| o (0,7),r) |l B Il (s,), we obtain

(A= i(=A+uT = t)B —ic)plls)) = A+ )9lls) = cll$llsry = Al s)-

Thus, —i(A + u(t)B — ic) is dissipative and the Kato-Rellich’s Theorem yields that it is also maximal
dissipative. We consider the propagation of regularity developed by Kato in the work [Kat53]. Let A > ¢
and Hg;l"'z = D(A7(ix— A)) = H3 2. We know that B : flg;l“ C Hy} — Hg and the arguments of
[Duc20, Remark 2.1] imply that B € L(ﬁ;”, HZ'). For T >0 and v € BV((0,T),R), we have

M := sup || (GXN—A—u(t)B)™| Lz A +e) < 00

t€[0,T]
We know ||]€ + f( )”BV (0,T),R) = Hf”BV ((0,T),R) for f S BV((O T) ) and k € R. Equivalently,
— 1A= A= wOB | gy (1) wen ey = ilaviey DB I g zroo sy < +o0.
We call C; := || A(A+u(T)B — i\~ (s;) < 00 and Uy* the propagator generated by A + uB — ic such

that Uy = e~ “T'¥4p. Thanks to [Kat53, Section 3.10], for every 1 € H{S;JFQ, it follows
J(A+u(T)B = N2l oy < MMV(A = iNlley = [Th0lr < CLMEN T g, 1o,

For every T > 0, u € BV((0,7),R) and ¢ € Hj*?, there exists C = C(K) > 0 depending on K =
(lull Bv (ry, lull oo (0,7 ,8)s Tllull L= ((0,1),R)) such that

(43) T2l (s142) < Cllitblls1+2)-

Now, we notice that, for every ¢ € HS, we have ||Ay||3, < ||¢]|12[|A%¢[/L2 from the Cauchy-Schwarz
inequality and there exists Co > 0 such that [|A2¢[|7. < [[Ay|2:]|4A3]2, < Coll¢||2||A%|3.. By
following the same idea, for every ¥ € H;}lﬁ, there exist myi, mo € N* and C3,C4 > 0 such that

(44) 1A 73 < sl 72

= 0l ™™ < Call T2 11172 -

In conclusion, the point 1) (e), the relation (43) and the relation (44) ensure the claim.

1) (g) Conclusion. Let d be defined in Assumptions II(n,d). If d < 2, then B : H3 — HZ and the
global approximate controllability is verified in H;H since d+2 < 4.Ifd € [2,5/2), then B: H®* — H%
with d; € (d,5/2) from Assumptions II(1, d). Now, Hg} = H% N HZ, thanks to [Ducl8, Proposition 4.2],
and B : Hé — Hé implies B : Hél — H;l. The global approximate controllability is verified in H(?'Q
since d +2 < dy +2. If d € [5/2,7/2), then B : Hi} — H for di € (d,7/2) and HY = Hi} N HZ
from [Ducl8, Proposition 4.2]. Now, B : Hé — Hé that implies B : Hél — Hél. The global approximate
controllability is verified in Héﬁ since d +2 < dj + 2.

2) Generalization. Let (A, B) do not admit a non-degenerate chain of connectedness. We decompose
A+u()B = (A+uoB) +u1(-)B, w €R,  ui € L2((0,T),R),

We notice that, if (A, B) satisfies Assumptions I(n) and Assumptions II(n,d) for n > 0 and d > 0, then
[Ducl8, Lemma C.2 & Lemma C.3] are valid. We consider ug belonging to the neighborhoods provided by
[Ducl8, Lemma C.2 & Lemma C.3] and we denote (¢,°)ren- a Hilbert basis of .7 made by eigenfunctions
of A+ uoB. The steps of the point 1) can be repeated by considering the sequence (¢;°)ren- instead of
(¢1)ken+ and the spaces D(|A + ugB|?) in substitution of HZ} with s; > 0. Thanks to the mentioned
results the claim is proved since (A 4 uoB, B) admits a non-degenerate chain of connectedness and [||A +

uyB| T HL2 = || - [|(sy) With 51 € [s,5+2), s =2+ d and d from Assumptions II(n, d). O
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By referring to Remark 4.3, we consider the reversed dynamics of the (BSE) and the unitary propagator
' generated by the time-dependent Hamiltonian —A—u(T —t)B with u € L2((0,T),R). We also recall the
validity of the relation (25). In the following corollary, we present the global approximate controllability
for the reversed dynamics.

Corollary A.3. Let (A, B) satisfy Assumptions I(n) and Assumptions H(n,(f) form >0 and d>0. Let
s =2+ d be defined by d from Assumptions II(n,d). For every YpeHy I'e U(A) such that Ty € HE
and £ > 0, there exist T > 0 and u € L2((0,T),R) such that | Tty — % Pl sy < €.

Proof. First, we consider K7, Ko, K3 > 0 such that Proposition A.2 holds with times and controls satisfying
the identities (42). Second, the point 1) (f) of the proof of Proposition A.2 is also valid for the propagator
'} as the operator i(A + w(T — t)B + ic) with ¢ := [lu[|p(o,r)») | Bl (;,) is maximal dissipative. By

interpolation, there exists a constant C' > 0 depending on K, Kg and Kj such that [|T% || s < C.

Third, for every w € # and T € U(A), we call ) = I'p and T’ = (f)_l € U(A). For every € > 0,
we set £ = eC~1. Proposition A.2 ensures the existence of T > 0 and u € LQ((O T),R) such that
[IT%. - Fl/JH(S < £ and the identities (42) are verified. In conclusion, as FT = (I'%)~! and Ty = 1,

T — Tl ) = 1T — TETHTY ] o) < NTH I (o)l — TETW[l(s) < CIITY = T4l () < CE=e. O

B Appendix: Some diophantine approximation results

For z € R, we denote E(x) the closest integer number to z, ||z || = min,ez |z — 2| and F(z) = 2 — E(x).
We notice |F(z)| = ||z || and —3 < F(2) < 1. Let {L;},<y € (R")Y and i < N. We also define

nw) = B(r—5). r@)=F(o=g), d@)=llo- gl @@ = n(Ze).

2 2 T

In this appendix, we pursue [Ducl8, Appendiz A], which is based on the techniques from [DZ06, Appendiz A].
Lemma B.1. Let {Ly}y<y CR, I; C{1,..,N}, I :={1,..,N}\ I and

= [ Isin(O)Z)l Y- TT Teos() LI+ IT Teos(()La)1 Y~ T Isin(()Ly)

i€lsy i€l jely i€l i€ly jels
J#i J#i

Let {Zj}jgN C RT be such that Ej = 2L; when j € I, while Zj = L; when j € Iy. There exists C > 0
such that, for every x € R, there holds

a(w) > Cmin (min T I (ﬁf(x)#) L mmH|||m J_’|||).
T g Li

Proof. From [DZ06, relation (A.3)], for every x € R, there follows

(45) 2d(x) < |cos(mz)| < wd(x).

As 2d((m'(z) + 3) iJ) < | cos ((mi(z) + %)%ﬂ')’ and m'(z) + 3 = iz —r(Liz) for s € Rand 4,5 < N,

sin (ﬂ'iz r(%w) D‘ .

Now, [sin(w|r(:)))| < 7| |r()| I < w|r(-)] = 7d(-) < F|cos(n(-))| thanks to [DZ06, relation (A.3)] and
(45). For every x € R, it holds
L; L;
il < 72
r(ﬂx>’)‘ _’/TLi

L.
sin (w]
From (46) and (47), there exists C; > 0 such that, for every i,j < N,

(46) 2d(<ﬁ1i(x) + %)%) < |cos(Ljz)| +

(47) r(gxﬂ < L | cos(L;x)].

s - 2L,

L;
1

~34 Lj 7TLj +
— | £ < 3 . — 3 .
(48) Qd((m () + 2) Li) < |cos(L;x)| + oL, | cos(L;z)|, Vo e RT,
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— o [T (') + %)%) < T leos(Zy)| + | cos(Lia)].
jeh ! jeh
JF#i e

From [DZ06, relation (A.3)], as done in (46) and (47), there exists Cy > 0 such that

(49) 2| (#'() + 5) P2 I < lsin(Lya)| + G [eos(Lia)|, Vo € R
o ~ L; :
— eIl a((@+5)7) TLI (@ +5) 21 < TT i) TT eoszo)] + |cos(Lia)].
Jjeh J€lz Jjelz Jjeh
i PE i i
Now, it is satisfied d(z) = || 3(22 — 1)|| = 3[|2z — 1]| = 3|2z ]| for every € R and then we have

d((m'(z) + %)%) > (ﬁ“ﬂ(x) + l) 2Li ||, which imply

0 O TT (70 + 5) 21 < al) +leos(Z()]
<N '

Equivalently, from the proof of [DZ06, Proposition A.1], for every z € R,

. Lj wl; ) L; wl;
i ] < : . itV ’ ( 7 J) < X VA P .
2| mi() 21| < sin(Eye)] + S s, 2d(m ) 2) < [eos(Eya)| + FE sin(Li),
1) — G I 5l ORI <at)+ |sin(Li)]
]<N
e
The claim follows as [DZ06, Proposition A.1]. Indeed, if (Ax)gen+ C RT is so that a(Ax) £, 0, then

there exist some 79 < N such that |sin(A;L;,)| 2% 0 or | cos(AxLi,)| LEiaNG) By considering (50) and

(51) with i = 4g, we have
=) —mm(mmH (0w +5) Jm i L Ow J|||) =0

The lemma is proved since z(\x) converges to 0 at least as fast as a()\) thanks to (50) and (51). O

PI‘OpOSitiOl’l B.2. Let {Lj}jSN - R, Il - {1,...,N} and IQ = {1,...,N} \ Il. [f {Lj}jSN S .Aﬂ(N),
then, for every e > 0, there exists C. > 0 such that, for every x > max{mr/2L; : j < N}, we have

[T JsineL) Y I leostaza)l+ [T leostery)| 35 T IsinteLo)l > 5.

VISP jel kel jel jels kels
k#j k#j

Proof. The claim is due to Lemma B.1 and to the Schmidt’s Theorem [DZ06, Theorem A.8], which implies
that, for every € > 0 and ¢ < N, there exist C1 (i), C2(), C3(i) > 0 such that, for every x € R,

_ 1N\ L; C1 (i) C1(4) Ca (i)
(52) HN I (') +5) 2211 = ) £ 75 2 {2y g 1) 2 a1

and [[,<y |l mz(x)% [l > Cs(i)a='7¢ for every > Zmax{1/L; : j < N}. The statement follows with
i#i ’

C, := min (miniSN Cy(i), min;<y C3 (z)) O

Corollary B.3. Let {Li}r<n € AL(N) with N € N*. Let {wy }nen+ be the unbounded sequence of positive
solutions of the equation

(53) Z sin(xLy) H cos(xLy,) =0, xR
I<N m#l

For every € > 0, there exists C. > 0 so that | cos(wpL;)| >

% for every l < N and n € N.
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Proof. If there exists {wp, }ren+, subsequence of {wy, }nen+, such that | cos(L;wn, )| E2% 0 for some J<N,

then there exists ¢ < N such that ¢ # j and | cos(L;wp,,) £2%, 0 thanks to (53). The last convergence is
at least as fast as the first one. From (48), we have [],, d((m (Wn, ) + 5) ) k220 at least as fast as

1

k—o0

| cos(Ljwn, )] — 0. As in the proof of Lemma B.1, there exists Cp > 0 so that

lcon(Lawn)l > T (o + ) 7) = Hmf(( D+3) -1

The last identity and the techniques leading to the equation (52) achieve the claim. O
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