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ON THE STABILITY OF 2D DIPOLAR BOSE-EINSTEIN
CONDENSATES

ARNAUD EYCHENNE AND NICOLAS ROUGERIE

ABSTRACT. We study the existence of energy minimizers for a Bose-Einstein condensate
with dipole-dipole interactions, tightly confined to a plane. The problem is critical in
that the kinetic energy and the (partially attractive) interaction energy behave the same
under mass-preserving scalings of the wave-function. We obtain a sharp criterion for
the existence of ground states, involving the optimal constant of a certain generalized
Gagliardo-Nirenberg inequality.

CONTENTS

1. INTRODUCTION

Bose-Einstein condensates (BEC) are macroscopic matter waves consisting of a large
number of particles occupying the same quantum state [11, 20]. Since the first realization
of BECs with large magnetic dipole moment [16} [35], dipolar BECs have become a popular
subject of investigation in the cold atoms physics community, see [22] for review.

In typical experiments, all the dipoles are polarized along a fixed, common, direction set
by a strong external field. A 3D condensate with dipole-dipole interactions is then modeled
via the following non-local and non-linear Schrédinger equation:

00 = —3 A+ Vi + Bl + AUy * 19120 (11)

where 1) : R3 — C is the common wave-function of the Bose-condensed particles, V : R3 —
R™ is a confining potential, 3, € R are the strength of van der Waals (modeled as zero-
range, contact) interactions and dipole-dipole interactions, respectively. The dipole-dipole
interaction potential is

Ui () 3 1-3(x-n)?/|lz)> 3 1-3cos?(6,)
() = — ==

dip A EE i |z
where the unit vector n denotes the fixed polarization direction and 6, the angle between n

and x. Note the long-range and anisotropic nature of this potential, which contrasts with
the more standard contact interactions.

(1.2)

Date: January, 2019.
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The above equation conserves the mass, that we shall henceforth fix to unity:

k=1 (1.3

and the energy
1 A
Eiluli= [ VU + VISP + Gt + 5 Uao s 0F) VP (1.4

A central question is to investigate whether or not the energy is bounded below and has
minimizers (ground states) under the mass constraint (IL3]). This we refer to as the stability
question.

It has been proved in [4, 9] (see also [I}, 10} [7 [6 29] for other mathematical studies of 3D
dipolar BECs, in particular for the existence of non energy minimizing stationary states)
that stability holds if and only if

N[

Bz0and — = <A<B.
In particular, a positive contact interaction is always needed to stabilize the gas, and in
case of stability, the total interaction energy must always be non-negative

8 114 [ Uagx 102) o7 >0 for all

so that the total interaction is always globally repulsive. In the stable regime, the 3D dipolar
Gross-Pitaevskii energy has recently been rigorously derived from many-body quantum
mechanics in [36].

Quasi-2D dipolar BECs should be more stable than 3D ones, as put forward first in [13].
Dimensional reduction indeed makes more room for studying attractive interactions, which
is particularly interesting in view of the experimental possibilities to tune the trapping
potential V for tight confinement along one or two directions. 1D condensates, with or
without dipole-dipole interactions, are always stable, because the kinetic energy then pre-
vents the collapse that might be triggered by attractive interactions. The most interesting
case is the borderline 2D one, where kinetic and interaction energies have the same order of
magnitude in case of collapse. Our aim in this paper is to investigate the stability question
for 2D dipolar BECs, with particular emphasis on the attractive regime. We shall extend
the results of [3] by finding a sharp criterion for stability.

The model for 2D dipolar BECs we use is that formally derived from 3D in [ 13} B3]
(see also [34] B1L [5, [10] for related results). We find that the stability criterion is given
in terms of a certain large-frequency limit of the 2D dipolar interaction. In this limit, the
interaction energy reduces to one of the form

—a / Wt~ b / (U 5 |2 o2 (15)
R2 R2

where a and b are suitable effective parameters and U?P is a close analogue of the 3D
dipole-dipole interaction (L2):

1 — 2cos?(6y)
lr2D _ z
(z) = 27|z |? (16)
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with 6, the angle in polar coordinates. Let then C(a,b) be the optimal constant in the
following variant of the Gagliardo-Nirenberg inequality@:

4 b 2D 2 2 2 2‘ )
a ity [ @ slwpiol <c [ 1vep [ (1.7

The sharp stability criterion we find is
C(a,b) < 1,

which should be compared with the well-known stability criterion for 2D BECs without
dipole-dipole interactions [18, [30} 37, [38], involving the usual (b = 0) Gagliardo-Nirenberg
inequality and its optimizers [14]. The above stability criterion is not very explicit, but
in the particular case of dipoles polarized perpendicular to the plane of confinement, it
turns out that b = 0, so that a simpler expression is obtained. We also investigate the
borderline situation C(a,b) = 1. It differs markedly from the purely non-dipolar situation
thoroughly investigated in [18] and following papers [17] 19, 25] (see also [2] 28] 15l B2] for
related topics), for then the next order of the original, physical, 2D interaction matters in
the high-frequency limit.

Acknowledgement. This project has received funding from the European Research Coun-
cil (ERC) under the European Union’s Horizon 2020 research and innovation programme
(grant agreement CORFRONMAT No 758620).

2. MAIN RESULTS

To obtain a sensible 2D model of a dipolar BEC, the procedure followed in [8) [33] is to
start from the 3D model (L), (I4]) and insert there a potential V' strongly confining along
the x3 direction. The most physically relevant case is to consider a harmonic perpendicular

confinement:
2
~ T
V(z1,22,23) = V(21,22) + —2:4

with € > 0 a small parameter. It is then natural to use an ansatz of the form

1 _ 3
¢($17$27x3) = U($1,$2)m€ 2¢2 (2-1)

for the wave-function of the 3D condensate, i.e. to assume that the motion in the xz3-
direction is confined to the ground state of the harmonic oscillator. The question is then:
what is the effective 2D interaction felt by u ? The computation is facilitated by noting
that the 3D interaction satisfies

3 1
Uy = =80~ 3208 (1)

in the sense of distributions. The conclusion is that inserting the ansatz (2.I)) in the en-
ergy (L4) leads to the effective functional

_ [ 1 P AT OMA a2 g 2.2
Eapu] /]R2 Q\Vu] + Viul* + Wor > |ul 1 |ul (2.2)

11t might be that C(a,b) = 0, see below.
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where
2 2 2D 2
= (85, —n3A) (UZ° * |u]?)
1 e—5°/2 d
S
2v213/2 Jr \/23 + 23 + €252
In the above we have denoted n = (ny,n3) with n; € R%,n3 € R. Recall that the
polarization direction n is a unit vector so that |n)|?> + nZ = 1. Note that the ¢ — 0
limit is not taken in the above, it is just assumed that ¢ is small enough for the ansatz ([2.1)
to make sense. The € — 0 limit actually leads to another model whose stability properties
are worked out in [3, Section 3]. This case is less interesting than the finite € one, for the
€ — 0 limit leads to a stability criterion resembling the 3D one, and in particular demands
a globally repulsive interaction.
From now on we focus on the minimization of the above 2D energy. We clean the
notation a little bit by setting e = (27)~ /2 and rotating the (1, z5) frame in order to have

ny = (1—n3,0). This only changes the trapping potential (unless it is radial) and leads to
the general problem of minimizing

UZP (w1, 22) =

(2.3)

Eaplu] = / Ligue 4 v 4+ 2223 0 3A ) 0 (2.4)
w2 2 2 4
under a unit mass constraint, with
o = ((1 —2n3)302, —n302,) (K * |ul?)
e—52/2
K(xy,22) = 2\/_713/2 / NCET R ds (2.5)

and V' a (say smooth, for simplicity) trapping potential

Vi) — oo
|z| =00

Concerning the minimization problem

Eap = inf {52D[U] | /R fuf? = 1}, (2.6)

our main result is as follows:

Theorem 2.1 (Stability /instability of the 2D dipolar gas).
(1, generalized Gagliardo-Nirenberg inequality) Let a,b be a pair of real numbers such that

a+g>00ra—g>0 (2.7)

and U?P be defined as in (L6). There exists a constant C(a,b) > 0 such that

a/ |u|4+b/ (U2D*|u|2) lu|? < C(a,b)/ |Vu|2/ |ul? (2.8)
R2 R2 R2 R2

for all v : R%2 — C, and a function Uqp such that

o [ ol 45 [ (O 5o s = Ca) [ [Vuasl [ feasfs (29
R2 R2 R2 R2

(2, stability of 2D dipolar BECs) In terms of the parameters of [2.4), set

a=\— ﬁ—i—%(%—l), b=3\n2-1). (2.10)
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Then, if
a+g<0anda—g<0 (2.11)

or if 1) holds and the above constant C(a,b) < 1 we have stability, Eop > —oo and there
exists a minimizer for Problem (2.0]).

(3, instability of 2D dipolar BECs) Again with the choice (210Q), if [2.7) holds and C(a,b) >
1 we have instability, Fop = —o0.

A few comments:

1. The above shows that, unlike in 3D, BECs with genuinely attractive dipolar interactions
can be stable in 2D.

2. Note that the convolution appearing in the left side of (28] (just as that appearing
in (C4)) is a singular integral, for U?P is not locally integrable. However, just as Ugip, U?P
averages to 0 on spheres centered at the origin, so that the convolution is well defined as a
principal value [12] Chapter 4].

3. The non-local interaction term in (2.4) can be put in a more familiar form

Fint|y[?] .= /R |u|2<1>:/RQ (fc*|u|2) M (2.12)

with an explicit interaction kernel K , but the expression, involving Bessel functions, is not
particularly illuminating, see [8, Appendix C]. Much more useful to us will be the expression
in Fourier variables following from [3, Lemma 2.2] and Plancherel’s formula:

in — 2n3)€7 — n3&3 _s?
F t| | /R2/ ]5\%4—132 3 2| p(& )| e 4rdsd§ (2.13)
with the Fourier transformlg
~ 1
—i§n
f€) = 5= [ #me vy

and p = |u|?.
4. The main insight in the proof is to realize that, should instability occur, it can only
be due to a minimizing sequence concentrating around a point. But then, only the small-

length /high-frequency part of (2.I3]) contributes to the leading order of the energy, which
leads to an effective non-local interaction energy

208 ~ (1 —2n3)&Ef —n3&3 .\
[ o2 [ E—ZRE T e

obtained from (ZI3) by ignoring the s? term in the denominator of the integrand and
performing the integration in s. We relate the above to (Z8) in Lemma [B.1] below.

5. The above theorem completes the partial results obtained in [3| Section 2| by giving
an optimal stability criterion. One might prefer more explicit but less optimal criteria. In
this direction, note that for dipoles polarized along the perpendicular axis, i.e. n3 = 1, the
generalized Gagliardo-Nirenberg boils down to the usual one (set a =1,b =0 in ([2.8)):

/ fuf? gc/ yw?/ 2. (2.14)
R2 R2 R2

2Remark that our convention differs from that of [3]. We prefer the Fourier transform to be an isometry.
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Let Can be the optimal constant [37, [14] for the above. The stability criterion is that
minimizers exist if 5 — A > C(Elll’ and the energy is —oo if 8 — A < CEI{I

Note that since 0 < n3 < 1, elementary inequalities already used in [3] allow to deduce
more explicit stability /instability results for the general case from the perpendicular dipoles
case. These are not optimal however, and for brevity we leave them to the reader.

Theorem [2.1] leaves out the equality case where C'(a,b) = 1. Refining our methods we
can however discuss this as well:

Theorem 2.2 (Borderline cases).
With the notation of Theorem [21, assume that [2.7) holds and C(a,b) = 1. We have:
(1) If \(1 — 3n3) < 0, then E*P > —occ and minimizers exists.

(2) If \(1 —3n2) = 0, then E?P > —oo but there exists sequences (un)nen of finite energy
that collapse to a point, |u,|> — 6, as measures with &, the Dirac mass at some point
r € R2,

(3) If \(1 — 3n3) > 0, then E*P = —c0.
Some comments:

1. This is based on analyzing the next order of the interaction (beyond (2.8)) in the high
frequency limit. This leads to a singular term that can either prevent collapse if it is overall
repulsive (case (1)) or on the contrary enhance it (case (3)). For the special angle n3 = 1/3
(case (2)) the second order interaction turns out not to diverge in the high-frequency limit
because of an averaging over angles that kills the singularity in Fourier space. We have less
information in this case. Note that some sequences having finite energy but badly failing to
be compact does not rule out the existence of minimizers by itself. It does rule out standard
approaches to the problem however.

2. In [18] (case A = 0), the behavior of the minimizers is studied in details when one
approaches the borderline case from the stability side. It is not obvious how to do the same
here because of the diverging next order term in the high frequency limit.

The rest of the paper is devoted to the proofs of our main theorems. We first discuss the
generalized Gagliardo-Nirenberg inequality in Section B, proving Item 1 of Theorem 2.1l
Then we deduce Items 2 and 3 in Section @l A refinement of the method, discussed in
Section Bl leads to the proof of Theorem

3. THE HIGH FREQUENCY MODEL

We start by properly defining the high-frequency interaction entering the left-hand side
of [2.8)):

Lemma 3.1 (Interaction energy of collapsing densities).

Recall that
1 — 2cos?(6)

2D _
Ule) = 27|z |2

(3.1)

The linear map
p—U?P xp
is bounded from LP(R?) to LP(R?) for any 1 < p < co. Moreover we have the distributional
identity
U =92 (log|.|) — ™6 (3.2)
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and the Fourier transform of B.J) is given by

(e = £ ] (33)

) |
Proof. The first part is a direct application of [12] Theorem 4.12], the convolution being
well-defined as a principal value because U?P averages to 0 on spheres of center 0. The
distributional identity (3.2)) follows from a straightforward calculation, similar to the stan-
dard proof that x + —(27)~!log|z| is the Green function of the Laplacian in 2D, see
e.g. [27, Theorem 6.20]. The 3D analogue of this computation is in [4, Appendix A]. The
expression of the Fourier transform follows directly from (L6]): since —id,; is equivalent to
multiplication by &; on the Fourier side,

“Tog]-1(€)

follows from the distributional identity

1
—A (—%log . \) = do.

Note that strictly speaking (3.4]) only makes sense when tested against functions with sup-
port outside of the origin (in frequency space), but a mild regularization argument allows to
deduce (B.3]) nevertheless since the right-hand side is bounded and is tested against bounded
functions (Fourier transforms of L! functions). O

2

=P (3.4)

An immediate consequence of the above and of Plancherel’s formula is that we have three
equivalent formulations for the high-frequency interaction energy, and continuity thereof.

Lemma 3.2 (The high-frequency interaction energy).
For pe L' N L2, let
1

U, .= log|.

P o og|.|

be the Coulomb potential generated by p, solution of
—-AU, = p.

We have

Foplp) == a/ P’ +b/ (U xp)p
R2 R2
b
= <a—§>/ p2—b/ (92,U,) p
R2 R2

b 2 .
_ <a— 5) Len [ asiora (3.5)

a 2 a— 2

Moreover p — Fyp|p] is continuous in the strong L? topology.

Proof. The continuity follows most easily from the formulation in Fourier variables, the rest
is self-evident from the previous lemma. O

From the last expression in ([3.0)), it is clear that when (2.7) holds, there exists u with
Fop[p] > 0 (simply concentrate a test function along frequencies close to £ = 0 or {& = 0).
Then Inequality (2.8]) makes sense and we can proceed to the
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Proof of Theorem [21], Item (1). Clearly, using Plancherel’s formula and (2.14]) we have

|Fapllul?)] < C / Vul? / o
R2 R2

so that the infimum

Vaul* [go lul®
Ca,b_lzzinf{fw‘ R Fbu2>0}
(@) Foup] | Feellvl] >
exists. We now want to show it is attained.
Consider a minimizing sequence (u,) for the above infimum. Denote p, = |u,|?>. By

scaling, we may assume that

/ IV ? :/ fun? = 1. (3.7)
R2 R2

It follows from Plancherel and the Sobolev embedding that, for j = 1,2,

6]2 - 2 — 2 4
| em©or< [ mer< [ ol

are bounded uniformly. We use the concentration compactness-principle in the form dis-
cussed e.g. in [23] Appendix| and [24, Chapter 3] (see also [26], Section 3.4], |21, Section 4.2]
and references therein). We may assume that vanishing (in the sense of the concentration-
compactness principle) does not occur, for otherwise w, — 0 strongly in L* and thus
F,p[|un]?] — 0. This would lead to the contradiction C/(a,b) = 0.

Thus, modulo extraction and translation (we do not relabel, nor indicate the translation,
for our variational problem is translation-invariant), we may assume that

Up = Vp + T + 0(1) (3.8)

where v, — v # 0 weakly in H' and strongly in LP,1 < p < oo, the distance between the
disjoint supports of v, and r, goes to infinity when n — oo, and the o(1) is in H' norm.

Then, clearly,
/ |Vu,|? = / |V,|? +/ (V7|2 + o(1)
R2 R2 R2

[t = [ o [ i+ o)

R2 R2 R2

/|un|4:/ |vn|4+/ ralt 4 o(1) (3.9)
R2 R2 R2

and since U?P decays uniformly at large distances

/(UQD*|un|2) |un|2:/ (U2 v, [?) |vn|2+/ (O 5 [rnl?) |l + o(1),
R2 R2 R2

using that the distance between the supports of v,, and r, diverges.
Then we get easily

— [Vl [
R2 R2

> vl [ o [ 9P [P o)
R2 R2 R2 R2

>/ \wn\?/ fonl? + C(a, B)~ Fag [l + o(1). (3.10)
R2 R2
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On the other hand we obtain

Fusllon + CGab) [ (90 [ 1l +0(1) 2 Fugllonl®) + FusllraP) + 001
R2 R2

> Fopllunl?] = C(a,b) +o(1). (3.11)
Combining (I0) with C(a,b)~! times ([311) we deduce

C(Q,b)—lFa,bnvan/ |wn|2/ w2+ 0(1). (3.12)
]R2 ]R2

Passing to the liminf in the right-hand side and using the strong LP convergence in the
left-hand side we conclude that

ammlaamﬂ>/|wf/'m2
R2 R2

and thus v is the sought-after optimizer. O

Remark 3.3 (Strong convergence of minimizing sequences).
In (BI0) we have dropped the positive cross-terms

Lowal [l [ 190P [ P
R2 R2 R2 R2

from the lower bound. Retaining them we have the additional information that they must
converge to 0 in the limit. Hence, recalling ([8.9]) and by the strong LP convergence of vy,

/wﬁzl

. From (B.12) and the strong LP convergence of v,, we then obtain
Vol? > Clab) FualloP) = Clab) FuglloaP) +0(1) > [ V0 +0(1)
R2 R2

and we deduce that v, — v strongly in H'. This convergence holds (modulo translation
and extraction) for any minimizing sequence having [5, [Vp|? = [o |vn|* = 1. O
4. PROOF OF THE MAIN STABILITY CRITERION

Let us start by relating the true, physical, interaction (Z5]) to its high frequency limit.
Since the stability/instability criterion is related to whether or not minimizing sequences
collapse to a point we need the following;:

Lemma 4.1 (High frequency limit).
Let (vy,) be a bounded sequence in LN L2, (L) a sequence of positive numbers with L, — 0

and
= L2 2 .
pn(T) n Vn <Ln>

We have, for the physical 2D interaction (2.12I),

_ 262 (1 _ 0. 2\¢2
) = 5 [ SR @ P + 0L (a.1)

i the limit n — oo.
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Proof. We use the expression in Fourier space (2.13]), which gives, after scaling,

i n3é3 2n3)E7 - —s2 /4
F™pn] = T2 //Rz - 2!5\2 52L23 L Tn(6)[Pe Mmdgds. (4.2)

We split the ¢ integral according to whether || < € or the other way around. The former
contribution is O(e2L,,?) since (v,) is bounded in L' and thus (7,) is bounded in L*. For
the latter contribution we use that

32L2

€

1
€17 + 82L2 €| S

This gives

242 2) ¢2
n3&s — (L —2n3) .\ —s2/4m
vp(é)|7e d€ds
/R/B(O,e)c |£|2 + S2L% | ( )|

=2 mits = (1~ 2n5)cy Un, d+0|L? L/Z 2,4
W/B(O,E)C €2 2363 )’ £+ /(076)0 |£|2‘I/ (6)|2d¢

22

-2

zzw/ nsty — U 5 "3)£1| Un(©)2dE + O(e?) + O(L2e7?)
R? iy

where we bound |¢|72 by its sup over B(0,¢)¢, use that (1), hence (7,) is bounded in L2

and get rid of the contribution of B(0,¢) as precedently. There remains to optimize the
L2,
O

estimate by picking ¢ =
Now we can complete the

Proof of Theorem [2. We start with the existence result. Let (u,) be a minimizing se-
quence. If it is bounded in H'(R?), we extract a weakly convergent subsequence in H'
and may conclude immediately: using [3, Lemma 2.2] (analogue of Lemma [3.2] but for the
original interaction (2Z.12])), the interactions terms are bounded below uniformly. We deduce
that the potential term fRQ V|u,|? is also uniformly bounded. Since V grows at infinity, we
may then use a compact embedding yielding strong convergence in LP, 2 < p < oo along
a subsequence. The interaction terms then converge by [3, Lemma 2.2] again, and we may
pass to the liminf in the kinetic energy using Fatou’s lemma. All in all, for the weak limit
v we get

Esp = Eap[v]

and by the strong L? convergence, v is L?>-normalized. Thus we obtain an optimizer for

Problem (2.6]).

Let us then work under the assumptions of Item (2) and prove by contradiction that any
minimizing sequence must be bounded in H!(R?). Let (u,) be such a minimizing sequence

and
~1/2
R2

Assume that there exists a subsequence (not relabeled) along which L,, — 0. Then define
Un(x) := Lypuy, (zLy,) .

/ Vo2 = / o2 =
R2 R2

By definition we have



STABILITY OF 2D DIPOLAR BECS 11

/ | = L2 / ol .
R2 R2

Moreover p,, = |uy,|? satisfies the assumptions of Lemma 1] with v, = |v,,|>. Therefore

1 2 2 -1
Elunl > 57z [ 1V = Fusllon?) +0(2)

with the parameters a, b chosen as in (2.10)). In case (ZI1]), it follows from Lemma [B2] that
F,p[lvn]?] < 0. In the other case we get that

Fullval?) < Cla,b) / Vo ? / o2 < / Vo / o2,
R2 R2 R2 R2

In both cases there is a constant ¢ > 0 such that

Eaplun] = an2/ |an|2 + O(L;l)
]RQ

and

which is a contradiction if L,, — 0 because Ep[uy] is bounded above and [p. |Vo,|? = 1.
We deduce that the sequence (u,) was in fact bounded in H'! in the first place, and we may
conclude as discussed at the beginning of the proof.

For the non-existence result, it suffices to construct a trial state whose energy tends to
—o0. Let again the parameters a,b be chosen according to ([ZI0) and u,, be the optimizer
for Inequality (Z8]), proven to exist in the preceding section. By scaling invariance we may
choose it to be L?-normalized. Define

X

uy, = L_lumb (Z)

for some sequence of lengths L — 0. Clearly

/ Viug|? = V(0).
]R2

For the rest of the energy we get, using Lemma [£.] again,
EQD[UL] = L72 (/2 |Vua7b| — Fa7b[|ua7b|2]> + O(Lil) + V(O) + 0(1)
R

— L2 (1= Clab) [ [FuaP + 0L
R2
and this tends to —oo when L — 0 under the conditions of Item (3). O

5. BORDERLINE CASES
We start by refining Lemma 1], taking into account subleading corrections:

Lemma 5.1 (High frequency limit, refinement).
With the notation of Lemma[{.1], we have, for the physical 2D interaction ([2.12),

Fint[pn] _ 2 /R2 n?’,g% B (1 - 2ni2’))§% |I//;(£)|2df

R G
2\ ¢2 242
* 47T/ L= 2n3)§41 5 [T (6)[2de + O(1)  (5.1)
B(0,Ln)° 13

in the limit n — oo (i.e. L, — 0).
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Proof. Starting from (4£.2]), we again split the £ integral according to Whether |€| < € or the
other way around. Again, the small frequency part contributes a O(¢?L;?2). For the high
frequency part we use that

4L4

olels

1 s2L2

'\5!2+82L% IR

This gives

n352 2”%)5% N2, —s2 /A
Un e déds
[ ooy St e P

_ n:z:,f% (1 2”3)51
= 2n [ MR T e + O()

n3&s — (1 —2nd)&3
_ 47T2L$L/ 352 ( 3)51 ’Vn(g)‘ng
B(0,e)¢

€[*

1
O | L? — [T (6)]PdE ) .

Using that (7,) is uniformly bounded in L> (because (v,,) is uniformly bounded in L') we
conclude that the last term is a O(L}e~2). Choosing ¢ = L, optimizes the estimate and
yields the lemma. O

Proof of Theorem[Z.3. We prove the statements in the order they appear in the Theorem,
but the main argument is anyway the same in all cases.

Proof of Item 1. As in the proof of Item (2) in Theorem 2] we mostly need prove that
minimizing sequences must be bounded in H', and the existence result follows easily. Let
then (u,) be a minimizing sequence and

~1/2
= </ \Vun\2> .
R2

Assume that there exists a subsequence (not relabeled) along which L,, — 0. Then define

Un(x) := Lyuy, (zLy,) . (5.2)

/ Vo :/ o2 =
R2 R2

We use Lemma 5.1 with p,, = |u,|? and v, = |v,|*:

Elunl > L [ [90” = Fuslfn)

_ (1 —2n3)&f —n3&3 . o
o f Fale)Pde +O()

By definition we have

g
o 2\ e2 249
oo C =8 7 o P + 0() (53)

with the parameters a, b chosen as in (2.10) and using (Z.8) with C(a,b) = 1. The term in
the last line is O(|log L,|) because (7,) is uniformly bounded in L. Since the energy is
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bounded from above and L,, — 0 by assumption, multiplying the previous inequality by L?
gives that

/ V|2 - Favb[|vn|2] — 0.
R2 n—oo
Hence v, is an optimizing sequence for (2.8]). As per Remark B3] we may after extraction
and translation assume it converges strongly in H'. We do not relabel the extraction and
ignore the translation, for it affects only the potential term of the energy that we have
already dropped from the lower bound.

For shortness, we denote

(02038 - n3g

Pick now L, < ¢, = LY < 1 with o a small positive number to be fixed later on. Clearly,
wi= [ lellr©lde o (5.4
L<|€|<bn oo

On the other hand, since (v,) converges strongly in L', it is a tight sequence, and modulo
extracting a subsequence, we may assume that (see e.g. [24, Lemma 3.8])

/> e vp(z)de — 0. (5.5)

n—oo

Then, we split the last term in (5.3]) as follows:

B(0,Ln)e €]

= F(Oon (&P dudyd

IS

i (z—y)
Lo S e sy
i€-(a—)
/Ln<|§|<gn //l“yganlm Vn(x)yn(y)e f(é‘)dxdydé.

e Ly @S € v
Ln<[gl<tn J S |z—y|zar/?
=1+ I+ I+ 1V, (5.6)

+
+

Term number I we just bound by a fixed constant, using that 7, is uniformly bounded in
L?. Since f v, = 1 it is immediate to see that

< [ Il < Cllog | = Callog L.
n<[gl<1
By a similar bound, but using now (G.5]), we get

V< CllogLl [ vnahaly)dedy < |1og L,
‘:ny‘Zan
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As for III, by a first order Taylor expansion of % (=¥

/ // Un () ()€€ Y £ (&) dadydé

B /L |&|<e //| | —1/2 V"(x)yn(y)f(f)dxdydf
n<SIElStn r—y|<an

+O</L . 1/2”"(”5)%(?/)\90—yH§Hf(§)\dwdyd§>.
n<[¢]<ln S J z—y|<an

Recalling (5.4)) the last term is bounded by a,ll/ > 5 0 when n — oco. For the first one we
perform explicitly the £ integration:

Ly 2 1 — 212 2 H— 2 (i 2 0
/ f(f)dfz/ / ( n3)0082 ngsin“f .
Ln<|€|<tn r=Ln J6=0 r

= 7(1 — 3n3)(a — 1)log L,.

Combining with (5.5]) we get
I ~ 7(1 — 3n3) (o — 1)log L.
All in all, since v can be chosen arbitrarily small, we may return to (5.3]) and conclude that
Eaplun] = eA(1 — 3n3)log L, + O(1)

with ¢ > 0 a constant. Then, if \(1 — 3n§) < 0 this certainly implies that the energy must
be bounded below and rules out the possibility that L,, — 0. Minimizing sequences must
then be bounded in H! and we may conclude the proof in a standard way.

Proof of Item 2. Assume now that A(1 — 3n2) = 0. Then either A = 0 and the result is
already included in [I8] or 1 — 3n% = 0 and we return to (5.3)). In this case

(1 - 2n3)8¢ — n3s
€[+

averages to 0 on spheres centered at the origin, so that term number IIT in (5.6]) is uniformly
bounded, its limit L,, — 0 being well-defined as a principal value. Indeed, following [12),
Chapter 4], we have that the inverse Fourier transform of f(§) is

f(&) =

7t

|2
for two constants ¢ and ¢ (this is similar to what we did in Lemma[3.T]). Using Plancherel’s
formula, the last term in (5.3]) converges when L,, — 0 to a term of the form

2
1‘ p—
o[ttt [ )P o) Py,
RR2 R2 xR2 |z =yl

co+c

which is clearly bounded for v,, bounded in H'. We conclude that the energy is bounded
below. However, taking a trial sequence (uy) of the form ([£.2) with L, — and v, = uqy
independent of n, the above discussion shows that its energy stays is bounded despite it
collapsing to a point.

Proof of Item 3. Take again a trial sequence (uy) of the form (5.2]) with L, — 0 and
Un = Uqp. The energy Eapluy,] is then given by the right-hand side of (B.3) again (the
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potential term is of lower order). The last term can be analyzed exactly as previously, and
we obtain that it is bounded above by

eA(1 = 3n3)log L, + O(1).

With A(1 — 3n3) > 0 this goes to —co as n — oo, and this concludes the proof. O

(1]
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