N

N

Fractional Keller—Segel Equation: Global Well-posedness
and Finite Time Blow-up

Laurent Lafleche, Samir Salem

» To cite this version:

Laurent Lafleche, Samir Salem. Fractional Keller—Segel Equation: Global Well-posedness and
Finite Time Blow-up. Communications in Mathematical Sciences, 2019, 17 (8), pp.2055-2087.
10.4310/CMS.2019.v17.n8.a1 . hal-01875506

HAL Id: hal-01875506
https://hal.science/hal-01875506
Submitted on 17 Sep 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-01875506
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

FRACTIONAL KELLER-SEGEL EQUATION: GLOBAL
WELL-POSEDNESS AND FINITE TIME BLOW-UP

LAURENT LAFLECHE AND SAMIR SALEM

ABSTRACT. This article studies the aggregation diffusion equation
Oep = A% p+ Adiv((K % p)p),

where A% denotes the fractional Laplacian and K = ﬁ is an attractive
kernel. This equation is a generalization of the classical Keller-Segel equation,
which arises in the modeling of the motion of cells. In the diffusion dominated
case a < o we prove global well-posedness for an LIIf initial condition, and in
the fair competition case a = « for an L}C N Lln L initial condition. In the
aggregation dominated case a > o, we prove global or local well posedness
for an LP initial condition, depending on some smallness condition on the LP
norm of the initial condition. We also prove that finite time blow-up of even
solutions occurs, under some initial mass concentration criteria.
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1. INTRODUCTION

The models arising in the context of the chemotaxis of cells have been thoroughly
studied in recent years. Among those, the (parabolic-elliptic) Keller-Segel equation
models the competition between the aggregation and diffusion of cells (see [8] and
references therein for a proper biological and mathematical introduction on the
topic). In this paper we consider a variant of this classical model where the diffusion
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is modeled with a fractional laplacian. Such a choice is biologically motivated (see
for instance [17, 9] and references therein). From a mathematical point of view, it
is then interesting to study how such a diffusion competes with an aggregation field
which singularity is up to the Newtonian one.

More precisely for some («,a) € Ri, we consider the fractional Keller-Segel
equation

(FKS) Orp = A% p+ Adiv((K # p)p),

where A > 0 is a parameter encoding the chemosensitivity, or the intensity of the
aggregation. The interaction kernel is given by

xT

=

K(z):

and I := A% denotes the fractional Laplacian defined by

o u(y) — u(z)
1 I(u) =Azu:=c¢ ———d
@) () e /]Rd @ —ylra Y
The constant ¢4, can be written cq,, = —(QW)QL:J;* > 0 where wg = 13&‘1//22) is the

size of the unit sphere in R? when d € N*.

Particular cases of equation (FKS) have been studied by numerous authors re-
cently. The classical case corresponds to the choice @ = a = d = 2 and has
been thoroughly studied in the past years. In [8], the authors show the global well-
posedness when the initial mass M is smaller than the critical one M, = 47”. Above
this mass, a finite time blow-up is shown to appear. In [14] is also established the
well posedness for an L°° initial condition. This assumption is sufficient to enjoy
the Log-Lipschitz regularity of the nonlinear drift K * p, as in this case K is the
Newtonian kernel (see for instance [29]). It is possible to relax this assumption to
Lln L initial data [16] or even measure initial data [1]. Large time behavior is also
studied in [8, 10, 16]. In higher dimension, the variant case & = 2, a = d = 3 is
studied in [15], where a finite time blow-up is obtained under a concentration of
initial mass condition.

The literature on the fractional case o < 2, is also large and growing. In a
significant part of it, the kernel K is the Newtonian one (¢ = d). In the one
dimensional case, [9] provides a well posedness result for an L? initial condition
with p > i when a € (0,1) and p > 1 when a € (0,1), as well as a finite time
blow-up of even solutions under some concentration of initial mass criteria. In the
case d > 2, [6] also provides some concentration of initial mass criteria leading to
a blow-up of even solutions when « € [1,2) and non even when « € (0,2). Still in
the Newtonian case, [25] provides similar results in the range o € (0,2). See also
on the limiting case o = 0, [2] for a € [0,1), [3] for a = 1, and [26] for a € (1,2).
For « = 2 and a € (0,2), see [20] and [18], and for a = 1 and « € (0, 1), see [23, 24]
and [5]. For a wider than segment range of results see [30] of the second author,
and [7, 5] which results are summarized in Figure 1 below.
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FIGURE 1. Existing results of (FKS).

2. MAIN RESULTS
We will work on weighted spaces defined by
My = {pe M, (z)fpec M}
Ly :={pe L?, (x)Fp € L},
where (z) = /1 + |z]2, LP = LP(R?) and M = M(R?) denote the space of bounded
measures. We also define the space of functions with finite entropy by
(2) LInL:={pec L' pln(p) € L'}.
For s € (0,1), we will denote by CS,S the best Sobolev’s constant such that for any
feH?
CLMII 2y < ST

d—

and for a € (0,d) and p,q > 1 satisfying 2 — § = % + %, we will denote by Cg;sp

the best Hardy-Littlewood-Sobolev’s constant such that for any f € L?, g € L9,

®) W | —y| = f(2)9(y) de dy| < CieS 1 flleellgllLa-
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2 GSNS the best Gagliardo-Nirenberg-

Finally for s € [0,d) and 7 = 7, we denote Cy
Sobolev’s constant such that it holds

GNS
Cas AT < If Nl | flare-

For a given given couple (a,«) we define the following exponents for the LP
spaces which will characterize the integrability of the density

d
4 a,0 =
4) Pa, d4+a—a
d
(5) Pa = Pa,0 = d—a
Taking K = ﬁ let appear two main difficulties. The first one is the singularity

at x = 0 and the second is the behavior when x — co. We will therefore write
K=Ky+K.=xK+(1-x)K,

where x € C° verifies 15, < x < 1p,. Several parts of our analysis could be easily
generalized to more general kernels with similar behavior.

Definition 2.1. For any T > 0, we say that p is a weak solution to the (FKS)
equation on (0,T) with initial condition p™ € M if it satisfies

pECO ([O,T),M(l,a”) ifa € (0,2]
p € C([0,T), M) N Li,. ((0,T), LP=2) ifae(2,d+2),
and for any ¢ € C?
(6) t
L r=o"e= [ [ os)1(0) = Kex (o(5)- T
+

J [, Kola = 0)(Tela) = Tito(s.da)o(s. dy) d.
We say that this solution is global if we can take T = +o0.
The definition makes sense since it is easy to notice that
K.+ (pVp) € CON L= ((x)*1)
Ko(z —y)(Ve(x) — Vp(y)) € C° N L=(R*) if a € (0,2).

Moreover, if a € (2,d + 2), the last term in Definition 2.1 is bounded thanks to
Hardy-Littlewood-Sobolev inequality. Remark that at least formally, this equation
conserves the mass which we will denote by

MO ::/ pin-
R4

First we obtain a global or local well-posedness result, depending on the regime,
given in the

Theorem 1. Let (a,a) € [0,2) % [0,d) be such thata+a > 1 and k € [(1—a)4, ).
e When a < o and p™ € Ly}, there exists a unique and global weak solution to the

(FKS) equation.
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e When a = a, if p™ € L}, N LIn L satisfies

2
4(27)a _ L Wi,
(7) )\MO < Ca,d _ ( 7T) (L‘j?d) Wd—a max <C<)d a d /2) 7

)73
(d—a) \ wqg ) wag—q Wdta Wiiq/o

then there exists a unique and global weak solution to the (FKS) equation.

e When a > a and p™ € L}, N LP with p € (pa,a,Pa), there exists a time T > 0 such
that there is a unique solution to the (FKS) equation on (0,T). Moreover there is
a constant C (M) such that if

(8) 1P lzr < Cxp(Mo),

then the solution is global.

Remark 2.1. The constraint a + « > 1 comes from the necessity to propagate
moments, which is necessary for our notion of solution and gives us compactness.
Remark that it is only due to the behaviour at infinity of the interaction kernel,
which we denoted by K., and not to the singularity. Therefore, our Theorem would
hold also for example for the following kernel

K(z) = — x(x)Jr#(l*x(l’)),

||

for any B > 1—« and which relazes the condition a+a > 1. As it can be seen in the
proof, this condition can also be removed by assuming p even. It is interesting also
to notice that formula (20) could also provide an alternative definition of solution
which does not need moments. However, it is not clear whether it is sufficient to
provide compactness.

Remark 2.2. The explicit value of ng’sp for a € (0,d) and p = q in (3) and
C§, for s € (0,1) are known, see for instance [27, 28]. Remarking that the HLS

conjugate as defined in (3) of p, /o is itself, it holds

. —1+g agd

CHLS 1% r(43*) (T(5) i _ W2d-a (wm) ’
1@Pa/2 r(df g) I'(d) Wd—a \ Wd

g, EEEE (1

(d)

T TT(EE) T

where we recall that wq = ﬁfd—%-

_ (271_)25 Wi—2s [ waqg \ *
b
Wd+2s wd

In the case a < «, this theorem enlarges the existing result by Biler et al. [7],
where global existence is proved for d = 2,3 in the case o < %, and is a novelty in
higher dimension. Also it is provided with larger class of initial condition, and a
uniqueness result. Note that the case a = a is only the object of some remark in
[7, Remark 3.2]. As for the case o < a < 2, it seems it has not been treated yet to
the best of the authors’ knowledges. See also [6] and [25] for the case a = 2.

Let us briefly sketch the proof of this theorem in the case of an LIn L initial
condition. Formally differentiating the Boltzmann’s entropy along (FKS) (see for
instance ([8, Section 2.2]) provides a control of the L1([0,T), L?) for p € [1,pa] by
fractional Sobolev’s embedding, for any initial mass in the diffusion dominated case
and for small initial mass in the fair competition case. Then a slight modification of
standard coupling argument enables to obtain stability in this space when p € [1,p,)
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and uniqueness when p = p,. The other assumption on the initial condition are
meant to control the L([0,T"), LP=) norm of the solution in the different regimes.

When global existence holds, we also retrieve some additional properties as a
quantitative rate of convergence to 0 in the aggregation dominated case and a gain
of local integrability in the diffusion dominated case.

Theorem 2. Let (o, a) € [0,2) x [0,d) and p be a solution of the (FKS) equation
as given by Theorem 1.
o When a < a, the gain of integrability is given for any p € (1,p.) by
_d
o)Ly < CMot™ 57 + Cx(Mo).

e When a < a and for a given p € (Da.a,Pa), |p™|lLe < Cxp(My) defined by (8),
then there exists a constant C = Cy o,p(p™) > 0 such that

_a
lpllr < CMgt™ 2.

e When a = «a, the condition becomes

/2 D
AMo < Cpgp = —— Ao, — 1= ———— + ’
P p(d—a)%{’gi r p+1p p4+1p,

which gives both a gain of integrabilty and an asymptotic behavior for any p € (1, pa)
_d

(9) AMo < Coap = llplie < CMt™ 3,

where C' depends only on My, d, p, a and «.

Remark 2.3. If p is a weak solution to the (FKS) equation as given by defini-
tion 2.1 with a = o and XMy < Cq,q,p for a given p > 1, we are not able to assert
the uniqueness unless we assume that p™ € Lln L.

Finally we obtain a finite time blow-up for even solutions to (FKS) under some
concentration of mass condition stated in the

Theorem 3. Let (a,a) € [0,2) x [0,d) be such that a > o and p € CO(R,, L})
be an even weak solution to the (FKS) equation with initial condition p™ € L}
verifying

e 2a—k

(10) [ oo < omim gt
R4

for a given universal constant C* depending only on a, o, k and d. Then the
solution ceases to be in L' in finite time.

The proof of this theorem relies on the time differentiation of an adequate mo-
ment, which is adapted to the fractional diffusion and not Newtonian aggregation
case, and which leads to a contradiction. We summarize our results in the following
figure
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“a

Global existence and smoothing

global existence and convergence to
0 for small initial data or blow-up

’7 See Remark 2.1

/ global existence and convergence
to 0 for small initial data

"Q

FIGURE 2. Range of application of Theorems 1 and 3. We empha-
size that for d > 2 the results extend to the segment (o, a) €

(2} x (0, d).

One of the strength of the result of Theorem 3, even if it deals only with even
solutions, is that it applies to weakly singular interactions, i.e. a < 2. Indeed
it seems that so far most of finite time blow-up results for aggregation fractional
diffusion equation dealt with the case of a Newtonian interaction at the exception
of [5, Theorem 2.2], which deals with interactions of the from ﬁ near the origin.
Considering a less singular kernel than the Newtonian erases some algebraic fa-
cilities and requires a thinner estimation of the competing terms. We emphasize
that it also covers the purely aggregative case o = 0, giving stronger results than
[3, 26] for the case a > 2. For a < 2, the blow-up was already proved in [2] using a
Lagrangian point of view.

Finally, let us comment about the disjunction of the different global existence
and finite time blow-up conditions. Condition (8) in Theorem 1 is heuristically in
contradiction with the assumption of Theorem 3. First remark that if we require
that p'™ is concentrated around zero, for instance with a condition of the type
||Pin||Li < CMj for a given constant C' which does not depend on p™, then the
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condition of blow-up (10) is equivalent to
)\MO > C/a

where C' is a positive constant that depends only on a, «, k and d. Moreover, in
a more general setting, for k > 0, ¢ = p’ € (1,00) and p € Li N LP, the following
inequality

cof [ o)™ |y
p<c( fo@*) Il E"

holds with C depending only on d, k and ¢. With fixed My, this inequality is
enough to exclude a priori (8) from (10), at least in the range of arbitrarily large
(or small) |[p™||L» or [ p™(x)*. When this is not the case, we expect that no other
behavior appear in the remaining cases.

We bound ourselves to check that in the simple case @ = a = 2 < d, the
global well-posedness condition (7) is coherent with the classical large mass blow-
up criteria. Indeed take a solution to (FKS) in that case, it is possible to consider
initial condition p™ € L} and then classically

d
G [oal = [ oaGe) =3 [[ | K@) @~ potaz)otan)
R4 R2d
= 2dMy — A\M¢
B AMy

so that the condition AMy > 2d yields to final time blow-up. And since wgi2 =
%’rwa, it holds

O 4(27m)? waq wa—2 (wd2 %211)
2d = — max =5
(d—2) wg wag—2 Wd+2 Wiy,
2 2
_ 4(2m)? d—2 e d(d—2),(d—1)
(d—2)2d—2 (2m)2 7 (2m)2
=2(d—1) < 2d,

so that the two conditions can not be realized simultaneously.
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Oa,A

FIGURE 3. Lower bound of the threshold of condition (7) for d =
2,3,4 and a € (0,2). For the case a < 1 see Remark 2.1.

3. PROOF OF THEOREM 1 AND THEOREM 2

3.1. A Priori estimates. We begin this section with an a priori moment estimate
given in the

Proposition 3.1 (Propagation of weight). Assume l—a < « and let k € [1—a,«)
and p be a solution of the (FKS) equation with initial condition p™ € Li. Then

pE Li)ooc(]R-‘rlelﬁ)'
Proof. Let m = (x)* and M;, = ”pHL;lc' When k > 1, the convexity of m leads to

(11) = Lot =3 [ sl

< /def(mx

where h,,(z,y) = (Vm(z)_‘jle(f))'(x_y) > 0. From [4, Remark 4.2] and [21, Propo-

sition 2.2], we know that for'any ke (0,a),

(12) I(m) < Cy pm(x){(z)” <.

Since m(z){xz)~* < 1, the following inequality holds

S8k < 0, M.
dar — k0
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When k € [1 — a,a A1), there exists R > 0 such that m is strictly convex on Bg.
Therefore, a part of the second term in (11) is still nonpositive

_ / /M<Rhm<x,y> (do / / TP el

The other part can be controlled as follows

- @ x (@ (@) 2+ )
//:c y|>Rh m(®,y)p(dz)p(dy) <k// |z — y|o p(dz)p(dy)

lz—y|>R
(z - y)(z)k2

<2k //I:c—y|>R Wﬂ(dw)p(dy)

T T k—2
< 4k / / Mp(dw)p(dy)
o—yl>Rlzl>lyl [T =Yl
< 4k(l + I2),

where

T k—1
L :// ol - p(dz)p(dy)
lo—y|>R.2lz|<|y| 1T — Yl

k—1
y X
I, = // ||<7>ap(dx)p(dy).
lo—y|>R,Jzl<|yl<2lz| [T = Yl

Since |z —y| > [[y| —[[[ > [y[|1 = [=[/[yl] > |y|/2 when [y| > 2[z|, we get

I <20 / / = () p(d)pldy)
lz—y|>R,2|z|<|y|
< 29M,y o M.

For I, we use the fact that |y| < 2(x) to obtain

2
h<2 / (2)* p(dz)p(dy)
lz—y|>R,|z|<|y|<2|z|

< ﬁMkMo

Combining these three inequalities with (11) and (12), we obtain
dM;,
dt
In particular, since 1 —a < k and k — a < 0, we get
dM, .2
kv < My (Cor+ 0 (2004 =) My ).
ap e o( kT ( +R“> k)

By Gronwall’s Lemma, this leads to

in . Cok \ acanM
M < Mln s a,RMot
k= ( E T AC@,R) € )

which proves the result. ([

2
< Coc,kMk—a + )\MO (21_aMl—a + ka) .

The second type of estimates are a priori bounds of integrability. Let us first
briefly emphasize that the quantities we estimate will take the form

[, oluta) s,
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where v > 0 and ® : Ry — R, is a non-decreasing convex mapping such that
®(0) =0 and u — u®”(u) € Ll .. Then we can define

loc*

(13) U(u) = /(fv@”(v) dv
(14) Y(u) = ;/Ou Vo

For p=¢' > 1 and u > 0, we recover Lebesgue norms and Boltzmann’s entropy as
follow
1

Pp(u) = ;qu’ = Vp(u) =uP
Vp(u) = %Up/z
Oy (u) :=uln(u) = V(u) =u
Uy (u) = 2u'/?.
Lemma 3.1 (General estimate). Assume that (a,a) € (0,2] x (0,d) (with o # 2 if
d =2) and let p be a smooth solution to the (FKS) equation, ® be a non-decreasing

convex mapping, U and ¢ be defined respectively by (13) and (14) and b € (1,p,)-
Then there holds

1) 5 ([ 20) <xa-acisi

s ) — ()P, 5

(16) < Ad = a)Ci Il 1P (P)lle — Ch o allv (0I5,

Ls
where
1 a 1 2 a
—=2—=—=, ==1--.
s d b b d

Proof. We define the "Carré du Champs" and the ®-dissipation by

_ Cda [ (uly) —u@))(v(y) —v(@) 4 oo
(17) T(u,v) := 5 /]Rd 7y dyd
(18) Do (u) =T (u, ®'(u)),

where ¢g o is defined in (1). With these definitions, we have

/Rdl(u)v:/Rdul(v) - —/Rdl"(u,v).

In particular, since ® is convex,

/f(u)q>'(u)=— Do(u) <0,

‘We remark that
2

v — v = | [ Vo7

(L =) (L)

< (u—0)(2'(u) - ' (v)),

which by definition (17) leads to
L((u),)(u) < T(u, @' (u)).
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Therefore

19 iy = [ To@sw) < [ Twe) = [ .

Rd
Let p be a nonegative solution to the (FKS) equation. Then formally

% </R ‘I’(”)> N /R ®'(p) I(p) = A2"(p)Vp - (K = p)p
==, Dep) = | AV((p))- (K xp)

=— Rdgcp +/\/ )(div(K) * p)

(20) —Ad©¢(p)+A(da>Ad<@*p).

We remark that by Hardy-Littlewood-Sobolev inequality, we have

1
(@=a) [ (o re) o) < (@ QS ol 1900
re \ ||
and by (19) and Sobolev embeddings, we have
— [ De0) < o) < ~Capa Vo,
which ends the proof. O

Proposition 3.2 (LIn L estimate). Let a = o and p be a smooth function satisfying
the (FKS) equation with initial condition p™ € Lln L. Then it holds

t
[ pinto) + 463 0o - C) / VAR < [ o (™)
Rd 0 R4
with p = p(t,-) and

(d )Cd aPas2
Moreover if A\My < Cqq and for some T,k >0, p € L>((0,T), L},), then
(21) p € LY((0,T), LP=).

Remark 3.1. The explicit value for CgaN/SQ does not seem to be known, however the
following lower bound holds

(22) CENS > max (€5, 2, (C5.)2)

Indeed, a first way to get the Gagliardo-Nirenberg-Sobolev inequality is to first use
Sobolev’s inequality and then interpolation between H?® spaces

CaspalFILr < IF15 5 < Ifllelflae.

A second way is to first interpolate between Lebesgue spaces and then to use Sobolev’s
inequality

€S2 < €5 OYPIF N2l

rrz < fllz2llflla,

2d
—2s°

where rg == 5
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Proof. We use inequality (15) for ® = &y, ¢y (u) = 2u'/? and b = s = Paj2 tO
obtain

HLS || |2 2
G | om) < Ma=aCS ol ~ o)l -
Then, by Gagliardo-Nirenberg-Sobolev’s inequality, we have
(CEaR) Mol T = CERR) 02 (1 e
< 02200 2P, 4 = Molo P2 4.
Hence, since 9, (u) = 2u'/?, we have
4Ca) llelzs < Molur(p)l?,s-

This yields
d —1 2
e pln(p) < Cq g (AMo = Coa) [¥1(P)4 5
which proves the first assertion. Formula (21) comes form the fact for & > 0,
k

defining A, > 0 such that [, e M) dy = 1, with h(u) = ulnu —u 41> 0 it
holds

/ plogp:/ h(pe“‘mk) e M@ +/ pln(e )"y > *)\k/ pla)k.
Rd R4 R4 Rd

Combined with the following Sobolev’s inequality

4Cq o pallpllLra = C3apallr(p)IFara < 101(0)13 5
it yields

t
0< (/Rd pln(p) + Ak<x>kp> + 4C§,a/20a_,é (Caa — )\MO)/O llpll e

< [ "m0 + Mol
R '
and the conclusion follows. O

Proposition 3.3 (L” estimates). Let (a,a) € [0,2) x [0,d). Then, when a < «
and p = q' € (1,p,), we get a gain of integrability from L' to LP and a global in
time propagation of the LP norm

4
(23) ||/0(t)HLP < CMymax (t_oijq’MOQ(Oéa)> ’

where C' > 0 is a constant depending on d, a, a, p and \. When a > «, then for any
P € (Pa,a»Pa), there exists two constants C = Cy o p > 0 and C™ = Cy o (|10 Lr)
such that

. e , .
(24) P |Lr < CMo(AMo)” @=9 = ||p|lLr < C™ Mot aa
. d
(25) 19 e > CMo(AMp) o = pe L®((0,T), LP)
; ___d
(26) o™ e = CMo(AMy)” @i = p e L®(Ry, LP),

where T < Cy o p(A, Mo)||p™ || L2 with
a

P e @ rdp- D
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When a = «, then there exists a constant

4C8

_ d,o /2
“EP T (d — a)CHLS
such that for any p € (1,p,),
(27) AMy < Caap = |plle < Mo(C™b)~#¢ =
(28) AMy > Chap = p € L>((0,T),LP),

where C'™ is a nonnegative constant depending on the initial data and

1 My, \©
T> — < 0 ) i
bC \ |l p™| e

Remark 3.2. The critical mass is clearly not optimal since we could use optimal
constants in the Gagliardo-Nirenberg type embeddings, as it is done in the Lln L
estimate, instead of using Sobolev’s embeddings and interpolation between Lebesgue
spaces.

Proof. We will separate the proof into severals steps.
Step 1. Differential inequality for the LP norm. We recall that

p 11 1

B

r p+lp p+1lp,

Since p < pq, it implies that r € (p, p,) and in particular r/p > 1. Therefore, by
taking ® = ®,, r = s and b = r/p in inequality (16) and defining 7 = p—;, we obtain

(29 5 (L 20) <l

where C, ,» = (d — a)CYE8  C, = 4C§,a/2 and

d,a,r’

+1 _ Cq
o = Slelle

p+1 a
30 —9_ =
(30) . y
P «
31 So1-—.
(31) 7 d
We also remark that
~ 1 a a
r<ie (1-9) <5 (2-%)
@(1+%)(d—a)§(2d—a)
op> d—
p_d+a—a'
Since p > pg.a > di;fa, we deduce that r < 7.

We will now use interpolation between Lebesgue spaces to express the left hand
side of (29) in terms of My and the LP norm only. Let € € (0,1) to be choosen later
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and

_a—a(l-¢g)  « a—a
(32) bv—ga D dp-1)  edp- 1)
(33) 61 := 5 + T (1+bo)

_ (I—e)p
(34) b2 = P
(35) 0o :=1—0; —0s.

Sincep > 1 and e € (0, 1), we deduce that 65 € [0,1). Moreover, using the respective
definitions (30) and (31) of r and 7, we have

0 0 1+ 1 1- 1
1+~2+905(+0)p<1>+(8)p<~1>+1
p i3 p+1 P p+1 T

Z]ﬁ(e(l—p)(ubo)ﬂl—e) (1—%—p)+p+1)
zpj_l(5(1—1))—%—&-2—3—5(1—1))—#53)

O
Cp+1 d) v
Therefore, if we can choose ¢ € (0,1) such that (6g,60;) € [0,1]%, we obtain by

interpolation

|p+l < M00 p+1)

llp] ol = A°B'"".

Then, by using the standard Young’s inequality a5b1*5 < ea+ (1 —¢)b, for any
go > 0, we have

1 i=e € B 1—¢
Aspl—e — (( €_€> A) (150 E) SOE,80A+6OB’
0 _

1—¢

with Ce ., =€ 1 1=¢) ° | Coming back to (29), it yields
0

d e 0 b
<%>&Q@Qmﬁgu@a”@mmmmwp%ﬁ“+@o &) il

where we take €y smaller than C,/p. Since 1 < p < 7, again by interpolation, we
get

1 b
o250 < ME |p|B -,

with
[0
b —_
P dp-1)
Thus, inequality (36) becomes
0o (p+1) (14b —pby 1+b
(37) fmmsOM”+@W”W Ca My || p|[55 0,

where Cy = (p — 1)()\Ca,r)1/805,50 and Cy = (p—1) (%‘" — 50).
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Step 2. Conditions on . We still have to verify that we can choose € so that
(6o, 01) € [0,1]2. By definition (33) of 0y, we get
01 >0 by > —1
Sa—a+ae>—cedlp—1)
Se> S - Em.-
“a+dp-1) "
Moreover, by definition (35) of 6y

0p>0<60+65<1
s L (1teby) <1

p+1
1
& oebg < —
p
a—a(l—c¢) g}
d(p—1) p
1 d
Se<l——la—-)=¢epm
@
Since p < pg, emr < 1. Let us check that it is nonnegative. We have
d 1 _ a—a«
eMm>0sa——<as —> .
q q d

Since ¢ = p’ > 1, this is always verified when a < a. When a > a, it is verified by
hypothesis since we can also read previous formula as

emMm>0p> —
M= b= d+a—a
When a < a, we also have to verify that ¢,, < e);. We have, indeed

e _ (pla—a)+d(p-1))(a+dp-1))

= Pa,a-

Em pa(a —a)
_pa(e—a)+d(pp—1)(a—a)+alp—1)+dp-1)%)
pafa —a)
Y G ‘2;{0(0‘_:‘;(” i R

Therefore, since 85 > 0 and 6y + 6, + 65 = 1, we proved that for any ¢ €
[max (e, 0), min(er, 1)],

(60, 61,62) € [0,1]°.
By looking at (37), we want to take ¢ which minimizes by. Hence, we take

€ =€, When a < a,
€ = &) when a > a.

Step 3. Case a < «. In this case, we have ¢ = &,,, which yields by = —1.
Moreover, since

Oo(p+1)=p+1—(1—¢e)p=1+ep,
by (37), we obtain

d p+1 —pb 1+b
qilPles < COMETE = Coag ™™ plf .
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Then, either

(38) Co My ™ || pl 550 < 20, MV,
or

—pb 1+b
(39) ||p||Lp < =10, My || p|B .

Inequality (38) is equivalent to

1
207\ 71 pt b
ol < (%) M = o),

and by Gronwall’s inequality, (39) leads to
1/b1
ol < (3CaMg™ i) " = MY (BCat)
Step 4. Case a > «. In this case, we have

e _pa—a+dp-1) 1
M ap b’

—l/b1

which by definition (32) leads to

o= a5 ()

1o (p(a—a)—i—d(p—l)—i—p(a—a))
d(p—1) pla—a)+d(p—1)

:p<afa>+d<p—1>:b’

and by inequality (37), t

||P||Lp < CLMYP P B — Mg 0.

As remarked prev1ously, € = epr > 0. Therefore, since a > «,

a—a .
edip—1) "

The estimate on the LP norm is then obtained by analyzing the corresponding ODE
which is of the form

(40) b="b; +

y'(t) = Ay(t)'* — By(t)' ",
with A and B nonnegative. It has a fixed point at y = 0 and at

1
B\ =01
LR >
Y (A) > 0.

Therefore, when y(0) € [0,y*), it yields y(¢) € [0,4*) for any ¢ > 0, and since 3/ < 0
in this interval, it implies the existence of a constant C' = C(y(0)™) < 1 such that
Ay1+b S CBy1+b1 .

It implies that
y' < —(1-0)By't™,
which, by Gronwall’s inequality, leads to
1 < My
((O) " + 01 = C)BH™ ~ (bi(1 - O)Cat)

Vt€R+,y§
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When y(0) > y#, we can still write that
y < Ayt
It implies that the solution is bounded in [0, 7] for some T' > 0 and

1

(y(0)~" — bAt)?
1
= bAy(0)
We deduce the corresponding results for the LP norm of p by Gronwall’s inequality.
When y = y#, all we get that y is constant and therefore that ||p|}, < y* for any
t > 0. We can compute more precisely

1 1
yﬂ _ CQMO_PIH b—b; _ @ b—b1 (Mfeo(zH*l)/E*Pbl) ﬁ
C’1Mgo(p+1)/a C 0 ’

Now by the definitions of C; and C3 in step 1, by (40) and the definition (35) of
0y, we have

Vi e [0,T],y(t) <

olp+1)=1—epb=0
a—ao
(b—b1)e = m
Cl = (p - 1)()‘011 7’)1/606,60

Co=(p—1) (% =)
This leads to

1
Co—¢ 5=01 b )—1/e\ =0T
b [ ba—CP (MW) b1) 1/E> 1
Y <()‘Ca T)l/scs 60p) 0

— 2=l ap-1

=P MY N

aap

Step 5. Case a = a. When a = «, by definition (32), by does not depend on &
and

>

d(p—1)

Oo(p+1) =1 —epb.

b=1by=by =

Moreover, we can take any € € (g,,,enm] = (0,d/(aq)]. Thus, by inequality (37),
we get

d —epb b b)
GillelE, < CoMag =V E ol E) — CoMg o
< ||pHp(1+b My pb (C’ Ml/s Cz)-

The left hand side will be negative when

s rad (= B
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Taking €9 maximizing the right hand side, we get
€0 =(1—¢€)Ca/p

_ Ca _ Ca,d,p
ug(é‘o) = p/\C’a,T = \ .

When this is the case, then C™* := |C1 Mé/a — (5] > 0 and by Gronwall’s inequality
1 My
i —pb b T < : 1
(lom 2"+ bM, i)t = (4Ot
which proves (27). When My > M we only get the existence of T' > 0 such that
1
(lp™(IZ2" = bMg P Cint)

i ()
b )

which proves (28). O

vt e Ry, [lpllLy <

vt € 0,70, 1ol <

Moreover, T' verifies

Corollary 3.1. When a < a and p™ € L, then for any p < pa
(42) pE Llloc(R-‘r:Lp)’

which holds in particular if p = p,. When a > a and p™ € LP for a given p €
(Pa,os Pa), then there exists T > 0 such that

(43) p € LP((0,T),L"),
where 7 = ppo, > pa. Moreover, if (24) is verified,
pe LIOC(R+’LF)'

Proof of Corollary 3.1. Equation (42) comes from inequality (23) by remark-
ing that p < p, implies d/(ag) < 1 and integrating in time. Equation (43) is a
consequence of (36), which by integrating in time leads to

lollZ, (8) + Co / o

If p € L*>(]0,T1], LP), then we deduce that

e [ ot

and we conclude by using (24) or (25). O

t
in 0, —+1)/e 1+b
2 ds < o™, + Cy ML ®H/ / () 254 ds.

in 6 +1 1+b
7 ds <|p™ %, + C1 M, o@D ||}[7,<>0([00T] Lr)’

3.2. Tightness and coupling. For the rest of the section we consider some given
stochastic basis (Q, F, (F)¢>0,P). The expectation with respect to P will be de-
noted E. We frist provide a generalization of [13, Proposition 3.1] in the

Lemma 3.2. Let bea <d, k> 1 and p > p,. There exists a constant C' depending
only on d,p,a such that for any p1,p2 € Pr N LP and X, X two i.i.d. random
variables of law py (respectively Y, Y two i.i.d. of law p3), it holds when p > p,

(1) E[X -V KX - X) - K(Y =Y)|] £CC,, 5,8,
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and when p = pq,

() E[X Y} KX - X) - K(Y V)] < CC,, .6 (1 n 1“—]9)) ,

where Cp, o, =1+ ||p1l|Lr + [|p2llr and & =E |[X — Y|*].

Remark 3.3. The point (i) of this Lemma has been extensively used in the literature
(See for instance [12, 11, 18, 30] ). So has the point (ii) in the Newtonian case a = d
and thus p, = oo (see for instance [29, 19, 13]). However to the best of the authors’
knowledge, its generalization to a general Riesz interaction kernel a € (0,d) is a
novelty. A similar technique can be found in [22]. Since this observation is crucial
with respect to the competition between diffusion and aggregation, we detail the

proof.

Proof. We start with the classical inequality (see [19, (3.9)], [18, Lemma 2.5], [11,
(3.26)], [12, (3.5)]) which holds for any (x,y) € (R%)?

[K(z) = K(y)| < (IVE(z)] + [VE(y)]) |« = yl.

Then denote 7 = £(X,Y) = L(X,Y) € P(R??).
Step 1. Proof of (i). We assume here that p > p,. Then we have

E[IX -Y|F ' |K(X -X)-K(Y -Y)|]
SE[X-Y/"' (X -Y|+|X -Y]) ([VK(X - X)|+ |[VK(Y = Y)])]
= Il —|—I2

We first estimate Z;. Since X and X are independent we get
L =E[|X -Y/*E[([VK(X - X)|+|VK(Y —Y)|) |X,Y]]

=5 |l v ([ 09K 2] 4 VKW - ) ataean) |
—5 |l v ([ VKO- alm@det [ VR =gl ar)]
But since [VEK| < Cyle|~® with C, = max(1 — a, a), we obtain
cit [ IVK(X —allpn()do < [ X~ ol p(a)da

<[ el @
X —al<r

1/q
< o ller ( / |x|%> ol
|z|<r

where ¢ = p’ and r > 0. Since p > p,, we get ag < d so that |z|~? is locally
integrable and we obtain

C;t [ VKX = D)lpr(e)de < Corlpaloo + 7l
R

where Cx = ( L )1/q.

d—aq
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Step 2. Proof of (ii). Note that for any (z,y) € (R%)? and r > 0, it holds

K@) - K@) < {|K<x>| K () i fol Ayl <7
= VK@) + VK@) e -] clse.

So that
E[|X -y KX -X)-K({Y -Y)|] <
IEDXA—Yﬁ—lUK(X—nfﬂ+¢KXY?-YN)%X_XMW;Y5{

FE[X Y (X - Y[+ |X Y|
(IVE(X = X)|+ |[VEK(Y —Y)]) Lx_giny—v|>r]
:I_Z'l +IQ

To estimate Z;, we write
L=+ +1
=B [1X = Y[ (KX = D)1+ K = Y)) Lix_ sy —vi<r]
FE[1X =Y (KX = D)1+ K = D)) Ly sy 7]
FE[IX VI (K- D)+ K -V L gicpay 7]
Then, for the estimate of I, we get by independence of X and X (resp. Y and Y)

1 =E[E[(KX = %)+ K = V)) 1 g0y 7%V 1X V]

p1(x) / p2(y) k-1
<E / P WY gy i1x -y
[( | X —z|<r |X - x|a71 Y —y|<r |Y - y|a71 | |

a
d

(a—1)4 _
swmmm+Mﬂmn([KV|<”wa E[X - Y],

Since

.
(a—1)4 1—(a—1)4 awq d

[ ety [t et as = St (o,

|z|<r 0

we get

I < Coar (lollzee + lp2llzea) E [IX = Y71

For I?, we have

2
Y — Yot Ly v

PQ(y) k—1
——= _dy || X -Y
(/Yy|<r |Y - y|a—1 ) | |

< 20447 o2l o E[IX = YFH.

ﬁgE[ |X—Y“ﬂ

=2E
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We then estimate I3 similarly. Combining the above estimates, we obtain
T, < 3Cqqr (Ip1llLee + [lp2llea) E [|X — Y[*1]
< 3Char (Iprllea + llp2llzes) B [|X — £ 570,
Next, we estimate Zy by writing

1= Oa(121 + 122)
1 1 1
‘X _ Y|a + |Y — ?|a |X=X|AY =Y |>r

- 1 1
k—1 — —
+Co E |:|X _Y‘ |X _Y| (|X _yla + |Y —Y|a) ILXX|/\YY>7‘:| '

First we easily obtain since Tonp>r = Lo>rLp>y

=C,E [|X —Y) (

1 1
1 k
I, =E [|X —Y['E [<|X — X + |Y—Y|a> L x XAy vl X Y”

X _ vyt / p1(z) dx+/ p2(y) dy
‘ | < | X —z|>r |X _J:|a Y —y|>r |Y _y|a

We then consider two cases: 7 >1and 0 <7 < 1. For r <1, we get

p1(z) / p1(z) / p1(z)
———dx = ————dx + ———dx
/|X—z|2r | X — x| X —a|>1 X — ] X —aler] | X — x|

1 d
< llprller + llp1llre / — - dz
X—aler | X — 2

<llprller + wallpy]|ea In(r)
< Ca(lprlzra +llpallLe) (1 +In_7).

<E

For the case r > 1, it is clear to obtain

X
/ 20 < e
| X

—z|>r |X - ‘T|
This yields
13 < Calllprll oo + loallre +2)E[X ~YF] (1 +1n_r).

On the other hand, by Hoélder’s inequality
2 ¥ _ vk 1 1 HE

<E|lx - v

1-1/k
|X _Y|a + ‘Y _Ya> ]1|X—X|/\|Y—Y|>T:|

The second term of the product is some power of ther term I3 which has already
been dealt with, and so is the second term by symmetry of the roles of (X,Y’) and
(X,Y). So that

Ty < Caa (Ipillzee + llp2llzee +2)E[|X = Y[*] (1 +1n_r).
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Putting all these estimates together yields for any r > 0
E[|X — Y |K(X — X) - K(Y - 7))
< Cho (lpallzra + llp2llzee) rE[|X = Y
+ Cd,a (||,01HLpa + sz”l,pa + Q)E HX - Y‘k] (1 +1In_ 7‘) .

]l—l/k

Choosing r =E [|X — Y|"] Yk yields the desired result. O

Proof of Theorem 1. Let p™ be such as the assumptions of Theorem 1. For

€ > 0 define
K(x) if|z|>¢
&@:{f> 2] =
r else,

and consider the following nonlinear PDE with smooth coefficient

(44) Ope = I(pe) + Adiv((K: * pe)pe)

with the initial condition pi® = p'". Since the kernel K. is (¢~%)-Lipschitz, the
difficulty for the well posedness of (44) does not come from the quadratic nonlinear
term. Existence and uniqueness of solution for this nonlinear problem is straight-
forward in the case a € (1,2). Indeed it is sufficient to apply a standard fix point
in C([0,T],Px) technique using Wasserstein metric, since in this case the solution
a priori enjoys some k € (1,a) moment. In the case a € (0,1], it is no more pos-
sible to use the completeness of C([0,T],Ps),x > 1, and we have to proceed by
compactness (see [30, Appendix BJ).

Then due to Proposition 3.2 (if @ = a), Corollary 3.1 (if a # «), and Proposi-
tion 3.1, p. € L*([0,T], LP) N L>=([0,T], L},) for some p > p, and T > 0 depending
or not on p'*, uniformly w.r.t. € > 0.

Step 1. Tightness. Let Xy be a random variable on R¢ of law Mo_lpin and
(Z2)i>0 be an a-stable Lévy process independent of X,. We denote by (Xf)i>o0
(respectively (X£');>0) the solution to the following SDE

t
Xf:Xof)\/ K. (X: —x)p(dz)ds + Z}".
0 Jrd

Note that (pe(t))i>0 = (L(X]))t>0 solves the linear PDE

Oupre = I(pe) + Ndiv((Ke * po)pe),

with initial condition pi® = My 'p™. Therefore £(XF) = My 'p.(t) by uniqueness
of solution to this linear PDE with smooth coefficient.
Assume first 0 < 1 — a < «. It is direct to obtain in this case for any 5 > 1

K= [ 1o =) panio.tan)
<Cop [ e =9y pu(aap(ay)

< Cop /]Rd <|x\(17a)5 +€(17a)5) pe(da).
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Then choose 3 = 17~ > 1 and use the symmetry between = and y to get

T
sup / /Cﬁ )dt < sup / // aﬁ |:L’|(1 B 4 (1-a)f )pe(dx)pg(dy) dt
0<e<1 Jo 0<e<1
< Capr (SUP ||Ps||Loo((0,T),L}c) + 1) < o0
e>0

Assume now that a > 1. First note that Hardy-Littlewood-Sobolev inequality yields
for any € > 0 and 3 > 1 to be fixed later

K2 < [[ o= a0 da)pa) < Cll P

LIS

By interpolation between Lebesgue spaces, if § < M then

1oel o < lpellalloel?,

where 6 = 3 % with ¢ = p’. Therefore

sup/ KE () dt<sup/ llpe|I? dt
e>0 Ld+ﬁ(1 a)/2

T a1)q
<sup [l T de < o
e>0.J0

provided that g € (1, ﬁ). Then in both cases, denote the stochastic process
Jp = f)\/ K (X: — x)p.(dz) ds,
RA
and observe that for any 0 < s <t < T, it holds by Holder’s inequalitiy

|Jt€_']sa| < KE(XE—ZC)pE(dZ')dU

Rd

// X2 - 2)| po(dz) du
< |t — 5|/ / ([, s x>|ﬁp5<dx>)wdu,

so that by the estimates carried out in the beginning of this step and Jensen’s

inequality
IJE _ JE‘ T 1/8
sup E| sup ts] S/ E (/ |K€(X5—$)|Bp5(d$)) du
0 R
T 1/
< [ (e] [ mec-ora))
0 R4

0<e<1 0<s<t<T ‘t — S|1/ﬂ,
, T 1/B
<7'" / KP@ydt] < oo.
0
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We then deduce that the family of law of the processes (Jf):eo,r) is tight in
P(C(]0,T],R%)). Indeed let us denote

K i {f € C(0, TR, f(0) =0, sup TH=SEN R} ,
o<s<t<T |t—s|Y/B

which is compact due to Ascoli-Azerla’s Theorem. By Markov’s inequality we get
for any € > 0

Ji —Jg
P((J; )Jo<i<r ¢ Kr) =P ( sup ||5|1/5 = R)

0§s<t§T
JE — J¢
S R*l Sup E|: Sup |t1€|/:| .
1550  |lo<s<t<T |t — 8|/

Hence the family of law of the processes L5 = L (X7 = Xo + Jf + Z{)o<i<T) €
P(D([0,T],R%)) is tight. Thus, we can find a sequence &, going to 0 such that
L., goes weakly to some © € P(D([0,T],R?)). For any t € [0,7], we define
e : v € D([0,T),RY) — ~(t) € R? and p(t) := (e;)#m € P the push-forward of p
by e;. Since for any ¢ € [0,T], (e:)#LE = p(t), pe, (t) goes weakly to p(t) in Py,

Step 2. A priori properties of the limit point. By lower semi continuity of
| Il and || - ||z with respect to the weak convergence of measures and Fatou’s

Lemma, it holds p € L*([0,7], L?) N L>([0,T], L}). We now show that p satisfies
(6). Indeed for p € C? denote

.7:(/)715)—/ (p(t) //R — Kex(p(s) - Vo)) ds

- / [ ol = )(Ve(w) — Violu)o(s. dw)o(s,dy) s
Since pe solves (44), it holds for any ¢ > 0
}—e(paa t) = 07

where F. is the same functional as F with K replaced with K.. So that for any
tel0,T]

[F (o, )| < |F(p,t) = Fulp, )| + | Fulpt) = Fylpe, ) + [ Fn(pe, ) — Felpes t)] -
But note that forn > ¢ >0
|Ke(z) — Kp(2)] < Togpp<nlel' ™ <z~
We deduce that for any o € L1([0,T]; LP=), by (3), it holds

Folet) — Folout)] < / / & — 4]~ 0u(dz) gu( dy) ds

t
< eS| / Jel? o, ds <L, [ lellon s

So that

t t
Fo.0l <t , ([ 1ol s+ sup [ ol as)
0 0<e<1J0
I s(pat) = Folper D).

Letting first € go to 0 makes the second term in the r.h.s. vanishes, since for fixed
n > 0, F, is a smooth function on L'([0,T]; LP«) and p. goes weakly to p as € goes
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to 0, then letting 1 go to 0 yields F(p,t) = 0, and p is a solution to (FKS) in the
sense of Definition 2.1.

Step 3. Uniqueness of the limiting point. We now show that there exists at
most one such solution. Let p, p € L*([0,T], L?) N L>([0,T], L}) for some p > p,
and T > 0 be two solutions to the (FKS) equation with initial condition p™. We
argue by a coupling argument. Define

t
XemXo - [ [ KOG - pptdpds + 2
0 Rd

t
Vo= Xo -3 [ [ KO- y)atdy)ds+ 27
0 Rd

Due to the L? regularity of p and g and Lemma 3.2, K % p and K * p are Lipschitz
if p > p, and log-Lipschitz if p = p,. But u(t) := L(X}) solves the linear PDE

Op = 1I(p) + Adiv ((K * p)p)

for the initial condition p(0) = My 'p™. By uniqueness of solution to this linear
PDE with Lipschitz or log-Lipschitz coefficient, £(X;) = M *p(t) (respectively
L(Y;) = My p(t)). Denoting Z, = X, — Yy, and 7, = L£(X,,Y,) yields

%2=45[[@/zum&—m—mm—mem@m&

Introducing X, ii.d. from X, (resp. Y; ii.d. from Y;) and taking the expectation
yields

E [|Z:?] §2>\/O E[|Z||K (X5 — X,) = K(Y; = Y,)[] ds

C Js Ulpllr + 16llr +2)E[|1Z:?] ds, if p > po
1€ olzrs + Iplens + 2 B[22 (14 D) 0y e
where we used Lemma 3.2. By Gronwall’s inequality, we get
vt € [0,T],E [|Z:] =0, ie. ¥Vt €[0,T], p(t) = p(t),
which yields the desired results. (]
4. PROOF OF THEOREM 3

4.1. Fractional Laplacian of truncated polynomials.
Proposition 4.1. Let ¢ € C° be such that f]R” @ =1. Then for any a > «
(45) I(|x|*p)| < C(z)~ e,

Proof. Let ¢, := |z|*¢ and R > 0 be such that supp(¢) C Bg. For any = € B,
we get

_ Pa(y) dy My, my,
I N = M (e e e )

Now, assume x € B, for a given » > R. Then we write the fractional Laplacian as

I(pa) = /]Rd ha,a(y) dy,
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where

hoaly) = Z el

ha,a(y) = paly) - @a(ﬁ)_— (ﬂ:agj) - Vea() when «a € [1,2).

when « € (0,1)

Then since p, € W»>, we obtain that h,..(y) < Clz — y[~¥2~, which, since
a > a, implies that h,,, € Li . Moreover, when |y| > r, then

loc*

Core
haa(y) < ———F——— € L' (BY).
(ly| = r)d+e
Therefore, hy o € L' uniformly in z € B,. Hence I(p,) € L°(B,), which, com-
bined with (46), leads to the expected result. O

Proposition 4.2. Let p € C2° be such that [, =1 and 1p, < ¢ <1p,, . Then
for any k € (0, @)

(47) | 1(Jf"¢®)] < Cla)*
where p° =1 — .

Proof. The proof is similar to [4, Remark 4.2] for k > 1 and [21, Proposition 2.2]
for k < 1. O

4.2. Blow-up for even solutions.

Proposition 4.3. Assume 0 < k < a < a and let p € L°°((O T),L (1 o)r ) be an

even solution of the (FKS) equation with initial condition p'™ and verifying

. 2(%-1 2a 1
(48) ( / pm<x>k) < oAMET,
Rd
for a universal constant C* depending only on d, a, o and k. Then the solution

ceases to exist in finite time.

Proof. Let ¢ € C°(R) even and nonincreasing be such that [, ¢ =1 and 1p, <
¢ <1p,, foragivenr e (0,1/2) and ¢° =1 — ¢. We define

m(x) := o(|a])]a]® + °(|2])]2|*.
By (45) and (47), we get
(49) I(m) < C(z)k~
Assuming the existence of p € L>((0,T), L}) to the (FKS) equation, we get

i (/ ”m) :/ // e oo ;3) =0 a)pta)
:/ ’\//RM ©:4) |x - jay)x Y p(da)p(dy),

where m/(|z]) = Vm(z) - f7 and
)=

)

g(

(Dl +m'(Jy)lyl
h( ||

LY
w,y) = m' ()| ="+ (Jyl) ]y~
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Since |x - y|“ < 2%(|x|* + |y|*), h is symmetric and p is even, we get

— Wz.v)z - z) (z,y)x -y .
//R I:c—yla (1= h(z,y)z - y) p(dz)p(dy) > //R 2@ \a:|a+|y\) p(dz)p(dy)
g(z,y)
> [ e pldastan).

g(,y) a

We remark that if (z,y) € B2,

2¢(|a|* +[yle) 2%
If (2,y) € (B5,)?,
g(x,y)  _ k(xl* Y k@)t
20(z|* + Jyl*)  2%(lz|* + [yl*) — 20(|zl[y))**
If (z,y) € By x BS,,
glx,y)  _ alx[*+kly* _ kly"
20(Jz|* + [ylo)  2¢(lz| + [yl*) — 2%(r + [y|*)
Moreover, when = € Bs,\ B,
m!(|z[)]e| = ¢ () (|| = [2**) + ap(|e))|2]* + ke (|2])|z|*.

Remarking that we can take ¢ decreasing and r < 1/2, which implies that |z| <1
and

m'(Je))x| > ap(|z|)]2]* + ke®(|z])|2]* = Klz|*,
it allows us to do the same kind of estimates for the remaining (z,y) € R?¢ and
obtain

g(aj, y) k—a k—a
51 — > (C{x .
oy et + ) = W
Combining (49), (50) and (51), we obtain

M@@«Wyx @MM“kwmw

(52) < C1My_o — CoAME_,,,
where Mj, = [, p(z)*. We define

Y::Mo+/ pm = p(1+m).
R4 R4

Remarking that
1
S+ m) < (@) <2"2(1+m),

we obtain that Y can always be compared to M, up to a constant depending on k.
Therefore, Holder’s inequality yield

1—

k k k k
My < Mg M,"* <CMy Y' .

Thus, using the fact that My_, < My because k — a < 0 and the conservation of
the mass My, we obtain

dy
o7 < CiMo — M Fy2(1-1),
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By assumption (48) for the appropriate C*,
C1Y2&-1(0)

g = CQ 1 2a_; > 0.
CoAMF
Then for any t > 0, % <0 and
a a Coy — 2a _
y2E-D ) < y2E-D(0) = 276/\M02’“ 1

and

By Gronwall’s inequality, we deduce
2a_q 2a ZTG ﬁ
Y(t) < (Y(O) el ex (22— 1) M, t)
Since Y is positive and the above inequality goes to 0 in finite time, we deduce that

the solution ceases to be well defined in L! in a finite time T* verifying
2a

kY (0)F-t ok Y (0)% -

T < 5 = 5 .
eX(2a — k)MyF 20—k oot — 0 y2E-D(0) M
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