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Xinxin Chen and Hui He
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Abstract: Given a super-critical branching random walk on IR started from the origin, let M,, be
the maximal position of individuals at the n-th generation. Under some mild conditions, it is
known from [2] that as n — 00, M, — x*1n + 55 log n converges in law for some suitable constants
x* and 6*. In this work, we investigate its moderate deviation, in other words, the convergence

rates of

3
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for any positive sequence (¢,) such that ¢, = O(n) and ¢, 1 c. As a by-product, we also obtain
lower deviation of M,; i.e., the convergence rate of

P(M, < xn),

for x < x* in Bottcher case where the offspring number is at least two. Finally, we apply our
techniques to study the small ball probability of limit of derivative martingale.

Mathematics Subject Classifications (2010): 60]J60; 60F10.

Key words and phrases: Branching random walk; maximal position; moderate deviation; lower
deviation; Schroder case; Bottcher case; small ball probability; derivative martingale.

1 Introduction

1.1 Branching random walk and its maximum

We consider a discrete-time branching random walk on the real line, which, as a generalized
branching process, has been always a very attractive objet in probability theory in recent years.
It is closely related to many other random models, for example, random walk in random envi-
ronment, random fractals and discrete Gaussian free field; see [26], [32], [35], [41] and references
therein. One can refer to [40] and [28] for the recent developments on branching random walk
and refer to [11], [3] for some applications on discrete Gaussian free field.

Generally, to construct a branching random walk, we take a random point measure as the
reproduction law which describes both the number of children and their displacements. Each in-
dividual produces independently its children according to the law of this random point measure.
In this way, one develops a branching structure with motions.

In this work, we study a relatively simpler model which is constructed as follows. We take
a Galton-Watson tree 7T, rooted at p, with offspring distribution given by {ps;k > 0}. For any
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u,v € T, we write u < v if u is an ancestor of v or u = v. Moreover, to eachnode v € T \ {p},
we attach a real-valued random variable X, to represent its displacement. So the position of v is

defined by
Sy 1= Xu.
0 ,H;v u

Let S, := 0 for convenience. Suppose that given the tree 7, {Xy;v € T \ {p}} areii.d. copies of
some random variable X (which is called displacement or step size). Note here that the reproduc-
tion law is given by Y, dx,. Thus, {S,;u € T} is a branching random walk with independence
between offsprings and motions. This independence will be very necessary for our arguments.

For any n € N, let M,, be the maximal position at the n-th generation, in other words,

where |v| denotes the generation of node v, i.e., the graph distance between v and p. The asymp-
totics of M, have been studied by many authors, both in the subcritical/critical case and in su-
percritical case. One can refer to [31], [38] and [40] for more details.

We are interested in the supercritical case where } o kpr > 1 and the system survives with
positive probability. Let (S,) be a random walk started from 0 with i.i.d. increments distributed
as X. Observe that for any individual |u| = n of the n-th generation, S, is distributed as S,. If
E[|X]|] < oo, classical law of large number tells us that S, ~ E[X]n almost surely. However, as
there are too many individuals in this supercritical system, the asymptotical behavior of M, is
not as that of S,,.

Conditionally on survival, under some mild conditions, it is known from [24, 30, 6] that

n

— x* > E[X], as,,

where x* is a constant depending on both offspring law and displacement. Later, the logarithmic
order of M,, — x*n is given by [1], [27] in different ways. Aidékon in [2] showed that M,, — x*n +
23* log n converges in law for some suitable 8* € R”, which is an analogue of Bramson’s result
for branching Brownian motion in [10]; see also [12]. More details on these results will be given

in Section 2.

For maximum of branching Brownian motion, Chauvin and Rouault [13] first studied the large
deviation probability. Recently, Derrida and Shi [16, 17, 18] considered both the large deviation
and lower deviation. They established precise estimations. On the other hand, for branching
random walk, Hu in [25] studied the moderate deviation for M,, — x*n + % logn; ie; P(M, <
x*n — 22* logn — ¢,) with ¢, = o(logn). Later, Gantert and Hofelsauer [23] and Bhattacharya [5]
investigated large deviation probability IP(M,, > xn) for x > x*. In the same paper [23], Gantert
and Hofelsauer also studied the lower deviation probability P(M, < xn) for x < x* mainly in
Schroder case when pg + p; > 0. In fact, branching random walk in Schroder case can be viewed
as a generalized version of branching Brownian motion.

Motivated by [25], [23] and [17], the goal of this article is to study moderate deviation IP(M,, <
x*n — % logn — ¢,) with ¢, = O(n). As we already mentioned, [25] first considered this prob-
lem with ¢,, = o(log n); see Remarks 1.2 and 1.5 below for more details. In particular, in Béttcher
case, it was assumed in [25] that the step size is bounded. As a by-product of our main results, in
Bottcher case when py = p1 = 0, we also obtain the lower deviation of M, i.e.,, P(M, < xn) for
x < x*, which completes the work [23]. We shall see that the lower deviation of M, in Bottcher
case turns to be very different from that in Schroder case. In fact, Gantert and Hofelsauer [23]
proved that in Schroder case P(M,, < xn) decays exponentially. On contrast, in Bottcher case, we




shall show that IP(M,, < xn) may decay double-exponentially or super-exponentially depending
on the tail behaviors of step size X. We will consider three typical left tail distributions of the
step size X and obtain the corresponding decay rates and rate functions. Finally, we also apply
our techniques to study the small ball probability for the limit of derivative martingale. The cor-
responding problem was also considered in [25] for a class of Mandelbrot’s cascades in Bottcher
case with bounded step size and in Schroder case; see also [33] and [34] for more backgrounds.
Let us state the theorems in the following subsection.

As usual, f, = O(gn) or f, = O(1)g, means that f, < Cg, foralln > 1. f, = ©(1)g, means
that f, is bounded above and below by g, asymptotically. f, = o0(gx) or f, = 0,(1)g, means

limn_)oo fl - 0.
Sn

1.2 Main results

Suppose that we are in the supercritical case where the tree 7 survives with positive probability.
Formally, we assume that for the offspring law { py }x>o:

m:= Z kpx > 1 and Z kK py < oo, for some & > 0. (1.1)
k>0 k>0

At the same time, suppose that for the step size X,
E[X] =0, and (t) := E[e'X] < o0, Vt € (—K,K), (1.2)

for some K € (0, c0]. We define the rate function of large deviation for the corresponding random
walk {S, } with i.i.d. step sizes X by

I(x) :=sup{tx —logy(t)}, VxeR.
teR

Then it is known from Theorem 3.1 in [8] that

M
I 5 x*, P—as.,
n

where x* = sup{x > 0 : I(x) < logm} € (0,00). Note that if x* < esssupX € (0, 0], then
I(x*) = logm since I is continuous in (0, ess supX). And also,

3 6% € (0,00) such that I(x*) = 0"x" —log (6*) = log m. (1.3)
According to Theorem 4.1 in [8], it further follows that IP-a.s.,
M, —nx — —oo,
which fails if we assume x* = ess supX € (0,00) and mP(X = x*) > 1. Moreover suppose that
P(t) < oo, Vte (—K,0"+ ) for some s > 0. (1.4)

Then [27] showed that M,, = m,, + op(logn) where

3 logn, Vn>1. (1.5)

Pp— * _
my, = x'n o

Define the so-called derivative martingale by

D, = Z 9*(1’13('* o Su)ee*(sl,fnx*), n>1.

|uf=n



It is known from [9] and [2] that under assumptions (1.1), (1.2), (1.3) and (1.4), there exists a
non-negative random variable D, such that

P—a.s.
D, — Do, asn — oo,

where {Do > 0} = {7 = oo} a.s. Next, given (1.1), (1.2), (1.3) and (1.4), Aidékon [2] proved the
convergence in law of M,, — m, as follows. For any x € R,

lim P(M, < m, + x) = E[e~C¢ "DP=~], (1.6)

n— 00

where C > 0 is a constant. We are going to study the asymptotic of P(M, < m, — {,) for
1< ¢, = 0(n), as well as that of P(0 < Do < ¢) which is closely related with P(M,, < m, — ;)
by (1.6). Let us introduce the minimal offspring for 7

b:=min{k > 1: p, > 0}.
We first present the main results in Bottcher case where b > 2 and 7 = co.

Theorem 1.1 (Bottcher case, bounded step size). Assume (1.1), (1.2) and b > 2. Suppose that
ess inf X = —L for some 0 < L < oo, then for x € (—L,x*),

.1
r}l_r&Elog[—loglI’ (M, < xn)| = P

IfP(X = —L) > 0, then (1.7) holds also for x = —L.

log b. (1.7)

Remark 1.1. Note that the assumptions (1.1) and (1.2) do not imply the second logarithmic order of M,,.

Theorem 1.2 (Bounded step size: moderate deviation). Assume (1.1), (1.2), (1.3), (1.4) and b > 2.
Suppose that ess inf X = —L for some 0 < L < co. Then for any positive increasing sequence £, such that
£y 1 00 and limsup, _, % < x*+ 1L,

_ptnB(1+on (1))

5 logn — 511) =e . (1.8)

r < x*n—
(Mn_xn 0

where B := ;SibL € (0,0%) because of (1.3).

Remark 1.2. Hu [25] obtained this moderate deviation (1.8) for ¢, = o(logn) in a more general setting
with bounded step size and without assuming independence between offsprings and motions. One could
check that p = sup{a > 0 : P(¥, = e %) > 1) =1} = ifil; is coherent with that defined in
(1.10) of [25].

Proposition 1.3 (Bounded step size, Theorem 1.3 of [25]). Assume (1.1), (1.2), (1.3), (1.4) and b > 2.
Suppose that ess inf X = —L for some 0 < L < co. Then

7%+0(1)
P(D <€) =e¢ ¢
Theorem 1.4 (Bottcher case, Weibull left tail). Assume (1.1), (1.2), (1.3), (1.4) and b > 2. Suppose
P(X < —z) = ©(1)e ™" as z — +oo for some constant & > 1 and A > 0. Then for any positive
increasing sequence ¢y, such that ¢, 1 co and ¢, = O(n),
1 1 a—1
lim — logP (M, < iy — €y) = —A (bm - 1) . (1.9)

o
oo
n— n

a—1
where for convenience, (balfl — 1) := b for « = 1. In particular, for any x < x*,

. 1 1 a—1 *
lim —loglP (M, < xn) = —A (bH - 1) (x* —x)*. (1.10)

n—soo 11



Remark 1.3. Note that if « < 1, the assumption (1.2) can not be satisfied and we are in another regime
where M, grows faster than linear in time; see [22].

The weak convergence (1.6) shows that P(M,, < m, —¥¢,) and P(D < ¢) are closely related. So
inspired by the previous theorem, one obtains the following result.

Proposition 1.5 (Bottcher case, Weibull left tail). Assume (1.1), (1.2), (1.3), (1.4) and b > 2. Suppose
P(X < —z) = ©(1)e " as z — +oo for some constant « > 1 and A > 0. Then

. 1 )\ 1 a—1
gl_l)lg:- WIOgP(Dm < 8) = —W (b"‘ 1T — 1) . (111)

Theorem 1.6 (Bottcher case, Gumbel left tail). Assume (1.1), (1.2), (1.3), (1.4) and b > 2. Suppose
P(X < —z) = O(1) exp(—e€*") as z — +oo for some constant & > 0. Then for any positive increasing
sequence £y, such that £, 1 oo and £, = O(n),

o

. g 1+a @t
lgn 0, " log[—logP (M, < my, — )] = . logb . (1.12)
In particular, for any x < x*,
. _ 1+« a1 * o
lim 7”& log [—logP (M, < xn)] = ( . logb> (2" —x), (1.13)

Again, inspired by Theorem 1.6 and the weak convergence (1.6), we have the following result.

Proposition 1.7 (Bottcher case, Gumbel left tail). Assume (1.1), (1.2), (1.3), (1.4) and b > 2. Suppose
P(X < —z) = O(1) exp(—e€*") as z — +oo for some constant & > 0. Then

) 1 1+« &
51_1>%}‘_ Wlog [_ log]P(Doo < 8)] = < 9*0( logb) . (114)

Next theorem concerns the Schroder case where pg + p1 > 0. Let g := P(T < c0) € [0,1) be
the extinction probability and f(s) := Y= ps*, s € [0, 1] be the generating function of offspring.
Let P°(+) := IP(:|7T = o). Denote max{a, 0} by a, for any real number a € R.

Theorem 1.8 (Schroder case). Assume (1.1), (1.2), (1.3), (1.4) and po + p1 > 0, Then for any positive

sequence (£y,) such that £, 1 oo and that £* := lim,_,e %" exists with ¢* € [0, o0), we have

li_r>n ilog]l’s (M, < my —¥y) =H(x*,7), (1.15)
n—oo £y
where v = log f'(q) and
H(x*,v) = sup T I(x* —fy) sup w. (1.16)
y>(xr—0%) 4 4 +y a>0* a

In particular, we have for any x < x*,

lim llog]PS (M, < xn) = (x* —x)sup w. (1.17)

n—oo 11



Remark 1.4. (1.17) was obtained first by Gantert and Hofelsauer in [23]. In fact, it is shown in [23] that
forany x < x¥,

lim ~ log P* (M, < xn) — — inf {4y -+1((x = (1= ') /D),
te (0,

n—oo 11

Then one can check that

= nf (b +1((x = (1= 0x)/0) = (7 = ) sup LT,

te(o, a<x X'—a

Remark 1.5. When ¢, = o(logn), (1.15) was obtained by Hu in [25] in a more general framework. In
fact, if restricted to our setting, then conditions (1.5) and (1.6) in [25] is equivalent to say that there exists
a constant t* > 0 such that

log f'(q) + t*x* +log (—t*) = 0, and p(—t) < oo for some t > t*.

Since ¢, = o(logn), then ¢* = 0. So conditions (1.5) and (1.6) in [25] make sure that a* = x* —

(x"—a)

(log () |1=_¢ is exactly the arg max of a — 1= - on [0,00); i.e.;

U (Gl B o (Gt B
a a>0 a

General strategy: Let us explain our main ideas here, especially for P(M, < m, — {,) in
Bottcher case. Intuitively, to get an unusually lower maximum, we need to control both the size
of the genealogical tree and the displacements of individuals. More precisely, we need that at
the very beginning, the size of the genealogical tree is small with all individuals moving to some
atypically lower place. So, we take some intermediate time ¢, and suppose that the genealogical
tree is b-regular up to time t, and that all individuals at time ¢, are located below certain “criti-
cal” position —c,. Then the system continues with b’ i.i.d. branching random walks started from
places below —c,,. By choosing t, and ¢, = ©(¥,) in an appropriate way, we can expect that the
maximum at time n stays below m, — ¢, with high probability.

Note that, the time f, varies in different cases. If the step size is bounded from below, t, =
O(¢,). If the step size has Weibull tail or Gumbel tail, t, = o(¢y).

Our arguments and technics are also inspired by [14] where we studied the large deviation of
empirical distribution of branching random walk. All these ideas work also for the small ball
probability of De,.

The rest of this paper is organised as follows. We treat the cases with bounded step size in
Section 2. Then, Section 3 proves Theorems 1.4 and 1.6, concerning the cases with unbounded
step size. In Section 4, we study P(0 < Dy < €) and prove Propositions 1.5 and 1.7. Finally, we
prove Theorems 1.8 for Schoder case in Section 5.

Let C1,Cy, - -+ and c1, 0y, - - - denote positive constants whose values may change from line to
line.

2 Bottcher case with step size bounded on the left side: Proofs of The-
orems 1.1, 1.3:

In this section, we always suppose that b > 2 and ess inf X = —L with L € (0, 00). Assumption
(1.2) yields that M,, = x*n + o(n) with x* € (0, 00). We are going to prove that for any —L < x <



x*,
P(M, < xn) =e T as i — oo, 2.1)

with 8 = ;fili Next, for the second order of M, there are several regimes. We assume (1.3) and

(1.4) to get the classical one: M,, = my, + op(logn) with m, = x*n — % log n. In this regime, we
are going to prove that for any positive sequence £, 1 co such that limsup, _, % <x*+1L,

P(M, <m, —{,) = e e s oo (2.2)

The proofs of (2.1) and (2.2) basically follow the same ideas. But (2.1) need to be treated in a more
general regime, without second order estimates.

For later use, let us introduce the counting measures as follows: for any B C RR,

Zn(B) = Z 151«€B’ Vn > 0.

|u|=n

For simplicity, we write Z, for Z,(IR) to represent the total population of the n-th generation. It
is clear that Z, > b". Forany u € T, let

MY = max {S;—S,}, Vn>0.

n=
|z|=n+|u|,z>u

be the maximal relative position of descendants of u. Clearly, (M%), >¢ is distributed as (My,),>o.

2.1 Proof of Theorem 1.1

In this section, we show that for any x € (—L, x*), (2.1) holds. We use t,, to denote the intermedi-
ate time chosen for the lower bounds and t;; for upper bounds.

2.1.1 Lower bound of Theorem 1.1

Asx > —L,let L' :== L — 5 with any sufficiently small # > 0 such that x > —L + 5. Notice that
essinf X = —L implies that P(X < —L’) > 0 for any 7 > 0. Observe that for some interme-
diate time t,;, whose value will be determined later, if we let every individual before the ¢, -th
generation make a displacement less than —L’, then
P(M, < xn) >P(Z,. = b Vu| =t,,S, < —L't,; M, < xn)
>IP(Z, = b";Vu| =t,,S, < —L't;; max My, <xn+L't,),

|u|:tn

where {M! t;} are i.i.d. copies of M,,_,-. By Markov property at time ¢,;, one gets that

P(My, < xn) 2P(Z, = b V|u| = t,,5, < —L't; )P(M,_,- <xn+L't;)""
>P(Z, = b";¥1 < |u| < t;, X, < —L)P(M,_,- <xn+Lt;)""

ty =1 1k
_ T

P(X < —L)S8YP(M, o < xn+ L't )P 2.3)

Next, we shall estimate P(M,,_,- < xn+ L't; )W . The sequel of this proof will be divided into
two subparts depending on whether x* = R := ess sup X or not, respectively.



Subpart 1: the case x* = R. Apparently, we have R < oo now. Take f,, = R R +L, ] so that
xn+ L't;, > R(n—t, ). Thus,

P(M,_,- <xn+L't)"" =1.
Going back to (2.3), one sees that for some C € R,

pin —1 ptn +1_p

P(M, < xn) > p," " (P(X < L)) 71 > ", (2.4)

It follows readily that for any x € (—L,x*),

11msupllog[ loglP(M,, < xn)] <

~ = " logh. 25
n—00 _X*+L_77 o8 ( )

Letting # | 0 yields what we need.

Subpart 2: the case x* < R € (0,c0]. Now we have [(x*) = logm because [ is finite and
continuous in (0, R). Moreover, I(x) < oo for some x > x*. For any sufficiently small a > 0, one
has

logm < I(x* +a) < oo, and hﬂ)ﬂ(Jc +a) =I(x") = logm.
a

Recall that —x < L'. Lett = 2% and t,, = [tn] so that xn + L't;, > (x* +a)(n—t,) > 1 for

all large enough n. Therefore,

_ btn
P(M,_;, <xn+L't)" > (1-P(M,_ > (& +a)(n—1£))) .

Here we apply the large deviation result obtained in [23]. More precisely, as the maximum of
independent random walks dominates stochastically M,,, one has

P(M,_; > (x" +a)(n—t;)) SE[Z,_|P(S, . > (x" +a)(n—t,)) < e IEHO-logmint)

n—t,
which yields that

P(M,_ ;- <xn+ L't )" > (1 — e—(I(x*+ﬂ)—10gm)(n—t;)>b

Note that log(1 — x) > —2x for any x € [0,1/2]. Let §(a) := I(x* 4+ a) —logm. Then for all
sufficiently large n > 1,

P(M, ,- <xn+ L’t;)bt; > p2e bt

n—t
Plugging this in (2.3) implies that

~8(@)(n—t57 ) pt

P(M, < xn) > e Cn p=2e (2.6)

Thus this choice of ¢, we have

lim sup 1log[ logIP(M,, < xn)] < tlogb. (2.7)

n—oo

Since I(x*) = logm, letting a | 0 (hence t | X— ;f, and d(a) | 0) gives

hl:l_?oljp 1 log [ log]P (Mn S xn)] S m

which implies the desired lower bound because 7 is arbitrary small. O



2.1.2 Upper bound of Theorem 1.1

In this section, we show that

(x*—x)n

P(M, < xn) < e bt

Note that forany 1 < ;7 < n, Z,:(-) is supported by [~Lt,}, o) a.s. Moreover, Z;: > blv . Observe
that

+o(n)

P(M < wn) <P (Z,,([~Ltf,00)) > b%; M, < xn)

<P (Zti([—LtVT,oo)) >l max  (Sy+ M, t+) < xn>

o lu|=t;;8,>—Lt}

bt
<P (Mnftg < xn+ Ltf{) . (2.8)

+
It remains to estimate P(M, .+ < xn + Lt} )P . Again, the proof will be divided into two
subparts.

Subpart 1: the case x* = R. By taking t,} = L%J —1sothat xn + Lt < R(n —t;}), one has

+ +
P(M,_+ < xn+ L5 <P(M,_+ < R(n—t;))""

= (1-PM, ;> R £))

N
btn

o
§<1— c ) <o om, 29)

n—th

where we use the fact that P(My > RN) > ¢/N for some ¢ € (0,1) and all N > 1. In fact,
we could construct a Galton-Watson tree with offspring Y- ,,—1 1x,=r. Here E[} -1 1x,=r] =
mP(X = R) > 1since x* = R. Its survival probability is positive if E[}|,—1 1x,=r] > 1. Even
when E[Y],_; 1x,=r] = 1, it is critical and the survival probability up to generation N is larger
than ¢/ N for some ¢ > 0 and for all N > 1. In fact, its survival up to generation N implies that
some individual at time N has position RN. So, P(My > RN) > ¢/N. We hence conclude from
(2.8) and (2.9) that

(R—x)logb
11rﬂglf—log[—logP(Mn <uxn)| > TRiL

Subpart 2: the case x* < R. First recall a result from [23]( see Theorem 3.2) which says that

lim flog]P(M > xn) =logm —I(x), forx > x*. (2.10)

n—oco 1

So for any sufficiently small @ > 0 such that 6(a) = I(x* +a) —logm € (0,00), for any x > —L,

let t = £44=X € (0,1) and £} = [#n] so that x* < x"+Lt" < x* + a. Then for all n large enough,

(1- ( > (o +a)<n—t;>))w

( —exp {— (I (x* +a)—10gm+5(ﬂ))(”—trf)})btn
o—25(a)(n— rn)bfn’ (2.11)

P(M,,_+ < xn+ LtH)b

IN

IN

| /\
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where the second inequality follows from (2.10). Plugging (2.11) into (2.8) yields that

liminf%log[— logP(M,, < xn)] > —26(a)(1 —t) + tlogb.

n—00

Again letting a | 0 (hence 6(a) | Oand t | ;::—j_f) gives the desired upper bound.
If P(X = —L) > 0, then the arguments for lower bound work well for x = —L and L’ = L.
For the upper bound, it is easy to see that all displacements are —L up to the n-th generation. We

thus could also obtain (1.7) for x = —L. O

2.2 Proof of Theorem 1.3

From now on, we assume (1.3) and (1.4) so that M,, = m,, + op(logn). Moreover, it is known in
[2] that M,, — m, converges in law to some random variable on the survival of 7. In fact, (1.4) is
slightly stronger than the conditions given in [2]. Because of this convergence in law in Bottcher
case, we can find some y € R} so that

P(M, <my—y) <1/2 <P(M, < m,+y). (2.12)

Now we are ready to prove that for any increasing sequence ¢, = O(n) such that ¢, 1 co and

limsup,,_, % <x*+1L,
,e(nﬁ(l+0n(1))

P (Mn <my, — En) =e€ ’ (2-13)

log b

where p = =27 and m, = x*n — 5 logn.

2.2.1 Lower bound of Theorem 1.3

Similarly to the previous section on large deviation, let us again take some intermediate time
t, €[l,n—1jand L' = L —y withy >0,

>P (Zt_ =b;Vu| <t,, X, < —L'; max M) <my — L+ L’tn> ,
! o=t "
where by branching property is larger than
P (zt; = b <t Xy < —L’) P(M,_,. < my— by +L't;)!"

Here we choose t,, = EL"/iI;S with Ko > 1 a fixed large constant so that m,, — £, + L't; >m, - +y.

Consequently,

P(M, < my — £y) >P (Zt; = bVl < £, Xy < —L/) P(M,_, <my,_, +y)""

t,; —1

n k ; _
>pto UP(X < LSS PP(M, - <m_ +y)",

where the last inequality holds because of the independence between offsprings and motions.
Now note that —L = ess inf X means that q; :=P(X < —L') € (0,1). By (2.12),

R - .
]P(Mn <my,;— fn) Zp§k=o b q%k:lb (1/2)btu _ e,@(bt,l )/

with t,; = Lﬁ;ﬁ’ﬂ. Letting n — oo then 77 — 0 gives that

‘ 1 log b
— — < — < .
hr,?j;lp 0 log[—logP(M, < m, —{,)] < Lt
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2.2.2 Upper bound of Theorem 1.3

Let B, = [—Lt;}, 00) with some intermediate time t, to be determined later. Observe that

P(M, < my — ) =P (Zt;(Bn) > bt M, < my — £n>

_ 4t
|u|=t;,5,€B, n=t

=P (Zt,f(Bn) > phv: max (Su+M" ) <m,— 8,1)

|u|=t},S,EB,

Lett) := % so that m, — £, + Lt;y <m, ,+ —y. Thenby (2.12),

N

P <Zt2r (Bu) > btz;w_lﬁasxa; M;‘—t,f <ty — b+ Lti) SP(M”*tﬁ Sy = y)bfn
bhr

<(1/2)"". (2.14)

We hence obtain that )
P(M, <my—4{,) < e

with bt = ©(eP!"). This suffices to conclude Theorem 1.3.

3 Bottcher case with step size of (super)-exponential left tail

3.1 Proof of Theorem 1.4: step size of Weibull tail

Given Weibull tail distribution for the step size X, we are going to prove that, for any increasing
sequence (¢,) such that ¢, < O(n) and ¢, 1 o, one has

1

5 jogn— en> — A (bm - 1)“_1, 3.1)

.1 .
lim —alogIP <Mn <x n_29*

o]
n— n

where (bﬁ — 1)0671 =bfora=1.

3.1.1 Lower bound of Theorem 1.4
The case « = 1 In this case, we could show that
P(M, < my, —£,) > e Mot

In fact, at the first generation, we suppose that there are exactly b individuals and that all of them
are located below — (¢, + x* +vy). So,as m,, — €, + (€, + x* +y) > m,_1 +y,

1P<Mn <my— gn) Z]P(Zl = b,V|M| =1X, < _(gn +x* +y);Mn <my— En)
=P(Z1 =b;V|u| =1,X, < — (£, + x* +y);|m|a>l<(Xu + M) < my—Ly)
ul=

>P (Zl =bVul=1,X, < —(l, +x* ~|—y);1|m‘a>1<( no1) < my_q +y> :
Uul=
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By Markov property, this implies that
P(My < 1ty — £y) 2P (Zy = b;Y|u] =1, Xy < —(ly + 2" +y)) P (My_y < myg +y)°
=ppP(X < —(ly+ 5"+ )P (My-1 < muy +y)",
where P(X < — (£, +x* +y)) = ©(1)e " and P (M,,_1 < m, +y) > 1/2. Consequently,
P(M, < m, — ;) > O(1)e b,

The case x >1 We prove here that

a—1
hmmf—log]P(Mngmn—E ) > —A (balj_]_> ,

n—sco K

By the assumption of Theorem 1.4, there exist two constants 0 < ¢ < 1and 0 < C < oo such
that for any x > 0, ,
ce ™M < P(X<—x) < Ce M, (3.2)

Following the strategy presented above, we choose t,, = 0(¢,) such that ¢, 1 oo and suppose
that up to the t, -th generation, the genealogical tree is b-ary regular tree. For any |u| = k with
1 <k <'t,, we suppose that its displacement X,, < —a; with some a; > 0. We will precise the
sequence (ay)x>1 later. Therefore,

IPMngmn_gn ZIP Z*:bt;;vu:ke 1,"',t_ ,Xu<_ak;Mn§mn_€n
t, n

>P (Ztn =V Vul=ke{l,-- ,t;}, Xy < —a; max (S; + M ) <y —£n>

|z|=tn

— t7
>P (Zt =b" Vil =ke {1, - ,t,}, Xy < —ag; max (M; ) < my — Ly + Zak>

" ‘Z‘* n " k=1

Once again by Markov property, one has
]P(Mn <my— gn)
_ bin
> P <Zt; =bw;Vul=ke{1,---,t,},X, < —ak> P (Mntn <my—4{,+ Eak> . (3.3)
k=1

For the first term on the right hand side, by independence of branching structure and displace-
ments,

P (2, =Wl =k e {1+ 5}, X < —a)

tflk
—pEo bHIPX<—ak) .
k=1

By (3.2),

bt

- 1 X
P (Zt; =b;Vul=ke{l,-- ,t;},Xu < —ﬂk> >p," chke_A(ak) bk
k=1
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Now, we take the values of a;. Let b, := b1 and a = (b“b%l)ﬁn Note that Zk 1= (1- b;t;)&z.

Take t, = (a — 1) lﬁ)gg% so that for n large enough,

My — Uy + Zak:mn—ﬁn+(1—b;t;)ﬁn > m, -+ (3.5)
Meanwhile, one obtains that

b = (7", and Za,ﬂ‘bk—f“(b D 11 —b).
k=1

Plugging them into (3.4) yields that
P (zt; = bVl =ke{l,--,t,}, Xy < —ak) > exp{—Aly(by —1)* ' = O} (36)

Applying it and (3.5) to (3.3) yields that

btn
P(My < my — ) > exp{- Al (b —1)* '~ O(6 )P (M, . <m, . +)
> exp{~Mj (b~ 1) — O} (1/2)F
As aresult,

P(M, < my —£y) > exp{—AL% (b, —1)* T — @)} (3.7)

3.1.2 Upper bound of Theorem 1.4
In this section, we consider the upper bound of P(M, < m, — ¢,). First we state the following
lemma which gives a rough upper bound.

Lemma 3.1. Assume (1.1), (1.2), (1.3), (1.4) and b > 2. For any 6 > 0 such that E[e~%%] < co and for n
sufficiently large, we have

P(M, < m, —0,) <e /2 (3.8)
Proof. Take some intermediate time ¢, = t(log¢,) = o(n) where t > 0 will be chosen later and let
B, := [—(1 —¢)£y,, 00) with any small ¢ € (0,1). Observe that as Z;, > b'n,
P(M, < my, —£,) <P(Z; (B,) > b'"; M, < m, — £,) +P(Z;, (B,) < b')
<P(Z,(B,) > b'"; My, < my, — £,) +P(Z;,(BS) > 1). (3.9)

On the one hand, one sees that for n large enough so that m, —el,, < m,_;, —y,

P(Zs,(B,) > b'"; M, < my, — £,,) <P (Ztn(Bn) > b max  (Sy+ My, ) <my— 6,1)

|u|=tn,SuEBy

<P <Zt”(Bn) > b, max (MY, ) <m,— 8&1)
|u|=t,,S,EB, "

<P (2,(B) 2 % max (ML) <ma,—y).

By Markov property at time t,, all Mj;_, arei.i.d. copies of M, for |u| = t,, and independent
of (Sy, |u| = t,). This yields that

P(Zy, (By) > b My < 1y — £y) < P (My_y, < mu_y, —y)"" < (1/2)P". (3.10)
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On the other hand, by Markov property,

P(Z:,(By) =2 1) <E[Z;,(B;)] = E

Z 1{Su<_(1_£)zn}]

|u|=t,
=m"P(St, < —(1—¢e)ln)
:mtnIP(e—QSt,,, > e@(l—g)én),
where 6 > 0 such that E[e%X] < co. Again by Markov property, one gets that
IP(Zt,, (Bfl) Z 1) Smt”e_e(l_e)é”ﬂi[e_esfﬂ]
=mine 00 E[p0X]h < p=0(1-8)u+Ot) (3.11)

Going back to (3.9), by (3.10) and (3.11), one concludes that
:[P(Mn S my — EV[) S e_ben _|_ e_e(l_g)gn‘i‘dn.

Here we choose t = 2/ logb so that b'" = (2 >> 0¢, > t,. Consequently, for arbitrary small ¢ > 0,
and for sufficiently large n,
P(M, <my —4{,) < e 01-8)n,
O

The case « =1 This case is relatively simple. Take some intermediate time t, = tlog ¢, where
t > 0 will be chosen later. Recall that B, = [—(1 —¢){,,, o0) with arbitrary small e € (0,1). Observe
that for any ¢ € (0,1/b),

P(My < iy — ly) < P(Zy,(Bn) 2 0b"; My < my — £n) + P(Zs, (By) < 0b™)

<P (Ztn(Bn) > b max  (Sy+ M, ) < my — en> +P(Z; (By) < 5bM™). (3.12)

|u|=t,,SuEBy
On the one hand, one sees that for n large enough so that m, — ¢, + (1 — &), < my,—y, — €l, /2,

P <Ztn(Bn) > 6b'";  max (S, +M!_, ) <my,— Kn)
|u|=tn,S,EBy "

<P <Ztn(Bn) > 6b';  max (M, ) < mu_p, — 8&1/2> .

|u|=t,,SuEB,

By Markov property at time t,, all M¥_, , |u| = t, are i.i.d. copies of M,_;,, and independent of

n—ty’
Z;,(-). This yields that

P (zt,l(Bn) > (sbfn,-‘ Jmax (M) < e, szn/2> <IP(My g, < Mg, —eln/2)""
U|=tp,oucbn
Sehebi/BxabT (3.13)
where the last inequality follows from (3.8).

On the other hand, since § < 1/b, the event Z;,(B,) < 6éb' implies that for any |v] = 1,
{lu| =ty :u > o} ¢ {|u| = tu, Sy € B,}. This means that

P(Zs, (Bn) < 8b"™) <IP (o=t Uju|—t, >0 {Su € By})
V4
SIE []P (U\u\:tn,u>v{sll € Brcl}) 1}

b
(E ( Y. seny|lol= 1>> ] :
|u|=t,,u>v

<E
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where the last inequality follows from the fact that Z; > b and Markov inequality. By indepen-
dence between offsprings and motions, this leads to

P(Zy,(Bu) < 0b') < (E [Z;,—1]P{Ss, € B5})"
< (mpgs, < —(1—£)€n})b

b(tn 1) (679(178)/;1]E|:67951‘n]>b’

IN

where the last inequality holds by Markov inequality for any 6 € (0, A). We hence end up with
P(Z; (By) < 0btr) < mb(tn—1g=00(1=e)lu g [p=0X]bts — =0b(1-)1t0(t), (3.14)
for any 6 € (0,A). In view of (3.12), (3.13) and (3.14), one obtains that for any ¢ € (0,1),
P(My < 11y — £y) < e~ Aeln/8x86" | g=A(1=e)blu+O(t),

For any choice of t, = ©(log ¢,) so that b’ >> 1, we could conclude that for arbitrary small ¢ > 0,

lim sup ? loglP(M,, < my, —¢,) < —A(1—¢)b.

n—oo

The case « > 1 We are going to use Lemma (3.1). Note that E[e~%]

« > 1. It brings out that for all n large enough,

< oo for any 6 > 0 because

P(M, < my, —£,) <e 2, (3.15)

We still use some intermediate time ¢, = t* log ¢, which will be determined later. The rouge
idea is similar to what we used above. Recall that B, = [—(1 — ¢)¢,, c0) with e € (0,1). Observe
that for 6, := élog ¢, with some é € (0,+),

P (M, < my —ly) < P(Zys (By) > b 0 My, < my — £y) +P(Zys (By) < b% ). (3.16)

Similarly to (3.10), by Markov property at time t,}, one has
+ btn —n
P(Zy; (By) > b4 =0 My <y — £y) <P (M, <y — by

btn —0n
<P (M, <y —ela/2)
By use of the rough upper bound (3.15), we get that
+_
P(Zy: (By) = b %0, My < tmy — £) < et (3.17)

It remains to bound P(Z,+(Bx) < bti —9). Let t denote a fixed tree of t;; generations and IP*(-)
denote the conditional probability IP(-|7;+ = t) where 7;: denotes the genealogical tree 7 up to
the t, -th generation. Observe that

P(Z,: (By) < b ) = Y (T = t)PY(Z,s (By) < bl ). (3.18)
t

Here for convenience, we replace each displacement X, by X,/ := (—X,) V M for some large and
fixed constant M > 1. Now denote the new positions achieved by these new displacements by

Y XS, Vul <t

p=<v=u
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Apparently, S;7 > E‘iju(—Xv) = —Sy. So,if Z;+ (Bn) < b —on,

=ty |ul=t;

Therefore, for e € (0,1/2) and for n sufficiently large so that t;7 = " log ¢, < e/,

PY(Zy (By) < b9 %) <P Y0 Lygieqaoge,y S U7
|ul=t§
< Z HIP(X+ € [xurxu +1))1 =7
xueNﬂ[M,oo);uet uet " {Z\M\:t;— 1{511§(172€)4n} <b'n }
where s, := Zp ~v=u Xo. We regard {x,,u € t} as a marked tree. Here by manipulating the order
of u € t, we could construct a new marked tree {x,,u € t.}, where the lexicographical orders
of individuals are totally rearranged so that the most recent common ancestor u* of individuals
located below (1 — 2¢)¢, at the t;/-th generation is of the generation s, with t;} > s, > 6,. How-
ever, t, and t, viewed as sets of individuals, contain exactly the same individuals. The detailed
construction will be explained later.

Now we cut this u* and remove all its descendants from t. to get a pruned tree t)"". Note that
all individuals of this tree t." up to the generation t;; — 1 have at least b children, except the
parent of u* . And the parent of u* has at least b — 1 children. So we can extract from £ an

\u*

“almost” b-ary regular tree t, so that its all descendants are located above (1 — 2¢)¢,. Here in
tl\,u*, the parent of u* has b — 1 children, and all others except the leaves have exactly b children.
This operation leads to the following estimation, for any fixed tree t such that P(7,+ =t) > 0,
PY(Z,: (By) < bl ) < Y [T P(Xyf € [xuxu+1))
Xy ENN[M,00);uct, ugétl\)”*

+
X H 1P<Xu = [x”’ Xu + 1))1{su2(1—28)£V,;Vuetl\7”*s,t.\u|:t,T}

uet;“*
< 2 H P(X; € [xuxu+ 1))1{suz(1—25)13,,;Vu€t;”*s.t‘|u\:tf{
xuelNﬁ[M,oo);uetl\,”* uetl\,”'
STy 4+ P4 (Ju € )" such that X, > AL,), (3.19)
where
Zt;“*,A = )3 [T PXi € [xwxu+ 1))1{5112(1728)6,,;Vu€t;”*s.t.|u|:tf{}'

xuelNﬂ[M,Afn);uet;“* uet;u*
\u* B pk
As the total progeny of t,” less than ) " , b",

\u*

b
P% (Juc tl\ju such that X, > A¢,) < (Z bk> P(X* > Al,)
k=1

<Chtitle=MAL)" (3.20)
where the last inequality follows from (3.2). On the other hand, observe that
Zt;“*,A
bt;r +1 o
< (CALy) max exp | —A ), x o> (12 tuivuet) s.tful =t}

X
Vu»et;“ ;x ENN[M,AL,); uet;”*
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Here we claim that
xueNﬂ[A?:‘la;:);Vuetb“* P { - ue% X } sz (1-26) et st ul=t)
< exp {—A(ba — )L — sy — 28)%}, (3.21)
with b, = ba1. The proof of (3.21) will be postponed to the end of this section. Let us admit it
now so that
Eye , < (CAL)Y " exp [~ =1t =t (1= 2era ) (3.22)
Plugging (3.20) and (3.22) into (3.19) yields that
Pt(ZtI(Bn) < bt:_(S")
< CHHHe AW 4 (ALY exp {—A(ba — 1)1 — pe et (1 — 23)%} .
Plugging it into (3.18) brings out that
P(Z: (By) < bl o)
< Ch e MAW 4 (ALY exp {—A(ba — 1) — byt (1 — 25)%} . (323)
(3.23), combined with (3.16) and (3.17), implies that

IP(Mn S mn - gn)
< oty CpmMAL) HO(I0g ) | oAby ) (1) (1-26) 4O (b Log(AL))

_— 7

with ;7 = " log ¢y, 8, = 8log ¢,, and s, > &,. We choose here a large and fixed A > 1, t+ = 331110;,117

_ 1
and 6 = 3Togh SO that

£t =00 = 2413 A% > 2(b, —1)* ! and b'" log(AL,) = o(£2).

Consequently, letting 1 1 oo and then & | oo shows that

lim sup 1 loglP(M,, < my —¥,) < —A(by — 1)“*1,

nooo L

which is what we need.

\u

To complete our proof, let us explain the construction of t, " here.

\u*

Construction of t,” . For a deterministic sample of the branching random walk up to the gen-
eration t;}, saying {s, : u € t}, we construct t* and tl\yu* in the following way. Let ¢ := (1 — 2¢)¢,
and colour the individuals in the backward sense.

At the t-th generation, there are at most b ~%" individuals positioned below ¢, which are all
coloured blue. The other individuals above ¢ are coloured red.

At the (¢} — 1)-th generation, the individuals are called U(ay, Uiy, U, ) according to

their positions such that s, ;) > s, > -+ > sy, ., where [t|,._; =#{u € t: |u| = tF —1}. Let

t
Ht,‘f—l
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Figure 1: We first exchange 1, s blue child with u,’s red child; then we exchange u,’s blue children
with two of u3’s red children. So we color u;1 and u; red and color u3 and u4 blue (Notice that one
of u3’s children is red.) Next, we exchange u; and its subtree with 14 and its subtree. Then w is
colored red and v is colored blue.

us start with 1) and its children. If all children of u ;) are red, then we jump to uy). Otherwise,
we keep its red children and replace its blue children by the red children of other individuals of
the (t; — 1)-th generation. More precisely, saying that there are b; blue children of u;), we collect
the red children of U() and then the red children of ugy, -, until we find exactly b; red ones to
be exchanged with the original b; blue children of u ).

When we exchange two individuals w and v, we exchange two subtrees rooted at w and v, as
well as their displacements. Therefore, the positions of red individuals get higher, and obviously
stay above /.

Note that in this way the number of children u;) is unchanged and that all of them are posi-
tioned above £ and red. Now, we put u(q) aside and restart from u,) by doing the same exchanges
with UGy, Uy, - We would stop at some Uk such that there is no red child left for Ulkg1)r " -
At this stage, there are at most 3 types of individuals at the (¢, — 1)-th generation: the ones with
only red children; the ones with only blue children and the one with red children and blue chil-
dren (Note that there is at most one individual who has both red and blue children). Then the
individuals with only red children are all coloured red. The others of the (# — 1)-th generation
are coloured blue. Notice that the number of blue individuals of the (¢;7 — 1)-th generation are at
most btr ~on—1,

By iteration, we exchange individuals and colour the tree from one generation to the previous
generation. Finally, we stop at some generation s, where only one individual is coloured blue
for the first time. We hence obtain the new tree t* and find that the ancestor u* of blue ones is of
generation s, > 6,. Observe that, for all red individuals, their descendants at t,; -th generation
are positioned above /.

Proof of (3.21). We shall find a suitable lower bound for Zue R x% given that (x,;u € tbu*) c
{su > (1 —=2¢)¢,;;Yu € t;” s.tul = N {x, € NN [M, Al,);Yu € tl\,u }. Let us first consider
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Figure 2: Both u; and u, have two offsprings. After exchanging subtrees rooted at w and v, u; is
colored red and u» is colored blue.

the restrictions for x,. Note that if (x,; u € tzu*) € {sy > (1—2¢)ly;Yu € t;”*s.t.|u| =t }, then
Y s>y | (1-20)0, (3.24)
|u\=t;,u€t>u*
where |t;”* k= L=ty 1 (uet ) denotes the population of the k-th generation of tl\)u*. We further
" b
observe that

Y oam Y L r-Y Y (n X 1

Jul =t uet)"” |u|=t;; p=o=u k=1 |v|=k |ul=ti;
where ¥, _pt Tio=uy < bhn 19 as t;“ is a pruned b-ary tree. Therefore, (3.24) implies

£ )
Y Y b R > (" (1 2¢) e (3.25)

k=1 |v|=k
Recall that the generation of u* is s,,. So,

6 [k = b5 V1 <k <s,—1; and [t)" |¢ = bX — b5, Vs, <k < £}, (3.26)

* X
foj=koet)"” "*

Let x; := o be the averaged displacement at the k-th generation. Then,
LS
2 N bk su tn N tr
Z Z vat” k= ( Z X —l— Z xk> < bin ka.
k=1 |o|=k k=s k=1
Thus, if (3.25) holds, one has
£ | s |
2 D0 (] 2e)g, = (1— b50) (1 — 2¢) L. (3.27)

Hence, (3.24) implies (3.27). This means that
t+

{su > (1—2£)£n,Vu6tl> s.tlul =t} C {Zxk (1-b" s“)(l—Zs)én}. (3.28)
k=1



So it suffices to find a suitable lower bound of } _ ..+ x;, under the condition that
b

{ixk > (1 —bs”)(l—Ze)En}.

k=1
In fact, by convexity on Ry of x — x* fora > 1,
2 2
MEYED DEND DR D SN NE O
uet)” k=1 1y=tf ue™ k=1
Immediately it follows from (3.26) that

by
Y x> (1-b7) Y b ()"
k=1

\u*
uet,
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(3.29)

(3.30)

Let us take a positive sequence (i )x>1, which will be determined later, with p, := 2k 1 My and

write

Z BF(%)" = e Z ‘Zk AL AL
=1 I«

which again by convexity implies that
b 2 N b N
ot (§ ) <ot (F00s)
k=1 k=1 Pa k=1

_k
We choose py = b~ @1 so that u& 'b%/%x; = ¥, for any k > 1. Thus,

1
bt —1

N

and

b1 — 1

£ 1 1-a [t &
Y b () > ( o ) (Z xk) > (be = 1" N1 = b7) (1 - 2¢)"5,
k=1

k=1
where the last inequality follows from (3.29). Plugging (3.31) into (3.30) shows that
Z X8> (1—=b5)(by — 1)* (1 — b75)*(1 — 2¢)"¢".

\u*
uet,

This suffices to conclude (3.21).

3.2 Proof of Theorem 1.6: step size of Gumbel tail

The arguments for Gumbel tail are similar to that for Weibull tail.

(3.31)
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3.2.1 Lower bound of Theorem 1.6

We are going to demonstrate that
]P(Mn < my — gn) > eXp{—e'B(‘x’b)gF +O(€F)},

where B(a, b) := (12 log b)“%.
By the assumption of Theorem 1.6, there exist two constants 0 < ¢ < C < oo such that for any
x>0,
ce @ < P(X < —x) < Ce® . (3.32)

Note that here « > 0. Using the similar arguments as in Section 3.1.1, we take some intermediate
time t, = o({,) and a positive sequence (ax);;<; - Then, observe that

P(M < my — £y) > P (Zt; —bVul=ke {1, 6}, Xy < —ag My < my —£n>
b

tn
>P (7, = b vjul =k € {10+, £}, X, < —ag) P (Mn_tn < iy — Ly + Zﬂk)
k=1

bin

k=1 k=1

ty 71 k t;
=pp HP(X < —a)'P (Mntn <y —lnt+ ) ”k>

By (3.32), one has
_ bt
v bt 1 L b
P(M < my,—4{,) > pb b1 exp Ze”kb M, < my — £, + Zak . (3.33)

k=1

Here we take t,; := ¢~ /57 and ar = (logh)/*(t; +1—k)V/* with t~ := (H2g )““ (logb) 1.
Now observe that for arbitrary small e > 0 and n large enough,

t t,
Zak (logb)/* Y " (t; +1—K)V* > (logb)l/"‘/l (t; +1—s)Y%ds
k=1

=ln —O(1) > £y — (my — My, — y).
This leads to the fact that
btn
te bt
P (Mntn <my— 4Ly + Z ak) >P (Mnft,j < mnft; + y)
k=1

>e_®(b’lyT ) X

On the other hand, note that
by n o
Z eaﬁbk — E pin+1 — bt—e(tlogb)&‘f“
k= k=1 "
Going back to (3.33), as b'n < t;, e(tlogb)ti 7 and t = eolln ") one concludes that

o

]P(M <m, — En) > exp{ (tlogb)é @(bt“)} — { eﬁ ab)g'ul +o(€;,‘7)}’

where B(a,b) = tlogh = (%Talogb)ﬁ
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3.2.2 Upper bound of Theorem 1.6

We first prove a rough upper bound.

Lemma 3.2. Assume (1.1), (1.2), (1.3), (1.4)and b > 2. If P(X < —x) = @(1)676% as x — oo, then
there exists 119 > 0 such that for all n large enough,

P(My < 1y — £y) < exp(—elli ). (3.34)
Proof. Let t, := tﬁ,‘;“ﬁwith some 0 < t < oco. Again, we use B, = [—(1 —¢)¥,, ) with e € (0,1)
and observe that by Markov property at time t,,
]P(Mn <my— gn) < IP(Zty,(Bn) > bt";Mn <my— gn) +]P(Ztn(B;C1) > 1)

<P <Ztn(Bn) > b max  (Mi_, ) <my,— £€n> +P(Z,(B5) >1)

|u|=tn,SuEBy

tn
S]P (Mnftn S mn*tn _y>b +IP(Ztn(B1€l) Z 1)’

for all sufficiently large n. Again, using P (M,—;, < m,—y, —y) < 1/2 and Markov inequality,
one has

P(My < my — L) <e= " +P(Z,,(B;) > 1)

Y 1Su<—(1—£)€n]

[ul=ty

_pmcb | mt”lP(Stn < —(1—=¢e)ly).

Se_Cbtn _|_ :[E

Observe that {S;, < —(1 —¢)¢,} implies that at least one increment is less than —(1 — )¢, /t,,.
Therefore,

P(My < my — £y) <e " +m't,P(X < —(1— )0y /tn)

_

1—¢

< exp(—ce“ogmm) + Cty exp(—e(TW"THl +tylogm),

o
1—¢

where we choose a small positive t such that t, exp(—e( PO 4 tylogm) < exp(—
As a result, there exists 779 > 0 such that for all n large enough,

_a
etlog pea+1 )'

P(My < 1y — £y) < exp(—elli ).
O
Now we are ready to prove the upper bound. Let t;} := tﬂ?ﬁ = 0(¢,) and 6, := Mﬁ with

some 0 < § < t7 < oo. Using the similar arguments as in the Subsection 3.1.2, in view of (3.16)
and to (3.17), one sees that for any ¢ € (0,1/2),

P(My < iy =€) SP(Zy (Ba) 2 b~ My < myy — ) + P(Zy (By) < b )
+7;
SIP(Mn—thr S mn_tj[ — €£n/2)bfn on + ]I_)(Zthr (Bn) < btj[*&n)’
which by (3.34) is bounded by

exp <—e”°(€""/ Dl 5") +P(Zy; (By) < b ).
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Similarly to (3.19), one also sees that
P (M, < iy —£y) <exp <_eq0(£€"/2)mbt;_‘s”> + H’(Zt;(Bn) < btn+—5n)

ap u
<exp <—e'70<”fn*>““ btm,,,> + S+ P4 (3Ju| < £, X, > Al,), (3.35)

where tl\7”* is a b-ary regular tree pruned at some u* of generation s,, > J, and

. + .
Zt;u AT Z . H* ]P(X” < [xu,xu + 1))1{5,42(1—28)6,1;%48;“ s.tul=tF}"
quNﬁ[M,AKn);MEt;” uet;”

On the one hand, by Markov inequality like (3.20), for A > 1 and 7 sufficiently large,

* b
PY (3fu] < £, X, > Al,) < Y P(X > AL)
k=1

,E(MM

<Cbhe = 04 (1)P(My < 11y — L), (3.36)

according to the lower bound obtained above. It remains to bound Zt\“* A In fact,
b ’

T, < (CAL )bt"++1 max expq— ). e 1 .
t;” A — n \u* p {su>(1—2£)€n;Vuet\" s.t|ul=t}
¥ €NN[M,Aly,)Vuect, MEtl}”* = b
where we need to bound from below
min Z e%|x, € NN [M,Al,);Vu € tbu*;su > (1—2e)y;Vu € tl\,u*s.t.\u| =tr 3. (337

\u*
uet,

Note that for any a > 0, there exists M > 1 such that x — ¢*" is convex on [M, ). Let us take
such M and observe that

t+

o n * 1
Y oet=Y I Y

' \u
uet)” k=1 ul=k [ty |k

B
el > Y |t [re,
k=1

where X; denotes the averaged displacements of the k-th generation. As |t,>u* Ik > (1 —b=")b for
any 1 < k < £}, one gets that
b -
Yoot > (1—b ) Y bret > (1— b )eH, (3.38)

uet;u* k=1

where
B = max {x; +klogb}.

1<k<tt

Recall (3.28), one only need to bound E,+ under the condition that {2,?:1 Xk > (1—=0b75)(1—2¢e)¢, }
By the definition of E;+, one sees that

. 1/«
T < <Et,,+ —klogb> ke {1t
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So, {21?:1 X > (1—b)(1— Zs)én} yields that

+
tﬂ

Y (Et"+ — klog b)l/“ > (1= b5)(1 = 2¢)l.
k=1

Apparently Z,. > ¢ log b. By monotonicity of x — (&,+ — xlogb)!/* on [0, %], one has

tr 1/a tr 1/ o 141
g — < 5, — <% =l
k;( b klogb) - /0 ( b xlogb) ax < (1+a)logh ™t

We then deduce that

o

(a+1)
E‘tﬁ Z (W)logb(l_b—w)(l_zs)&l> i .

14

Going back to (3.38), one sees that

min{ Z e

uet;u*

x, € NN[M,Al,);Yu € t;”*;su > (1 —2e)ly;Vu € t;”*s.t.\u| = t,f}

19

> (1—b )™ > (1 _b*Sn>e(“7“<1—b‘5"><1—2€>logbﬁ“ﬁﬁ"* . (3.39)

Using it to bound X.,\.+ , tells us that
b 7

Zt\u* = (CAgn)bfnJr—&-l exp{—(1— b—sn)e("‘Tﬂ(lfb*"”)(leE) logb) =141 1.

b

Plugging it and (3.36) into (3.35) implies that
P(M, <m, —{,) < exp <—e’7°(£€"/z)mbt;_‘5") +0,(1)P(M,, < my—Ly)

4 (CAL)Y 1 exp{—(1 + op(1))e(5H(1-2)10g) Ty (3 40

Here we choose t* = [(“H (1 — 2¢) log b)“aﬁ —1¢/6]/logband § = 612@ where 77, = 17o(£)#+1 so
that ,
P0(eln /2T =6, (551 (1-2¢) log b) T 771 > bl log(CAL,).

This suffices to conclude that

&

W
zx+1(1 — 2¢) logb>

liminf 1“ log[—logP(M, < m, —{,)] > (

for arbitrary small ¢ > 0. This is exactly what we need.

4 Small ball probability of D, in Béttcher case

This section is devoted to proving Propositions 1.5 and 1.7. In fact, we only prove Proposition 1.5
when P(X < —x) ~ e **". And we feel free to omit the proof of Proposition 1.7 as it follows from
the similar ideas.
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Write D for D, for simplicity. It is easy to see that for any time n > 1,

Ly S pl), (4.1)

|u|=n

where given (S, : |u| = n), (D(”)) I are i.i.d. copies of D. It is known from [37] that there

exists a constant Cp > 0 such that as x — o0,
P(D > x) ~ 2. (42)

We only present the proof for (1.11). (1.14) can be obtained by similar arguments as the proof of
Theorem 1.6.

4.1 Lower bound

First observe from (4.1) that forany n > 1and § > 0,

P(D < e) =P ( ) e Su=n) plu) s)
lu|=n

>P (V\u| =, Summ’) < g1+, ) D™ < £5>

|u|=n
where Y, D) = Op(Z,log Z,) because of (4.2). Therefore, by independence,

P(D < &) >P <V|u| =n,e" S <07, = b, Y D < s—5>

|u|=n
bn
=P <V|u| =n,S, < (1+5)109# +nx*;Z, = b”> P <Z Dy < 8_‘5>
k=1

where Dy; k > 1 arei.i.d. copies of D. By weak law for triangular arrays in [19], Y-0_, Dy = (Cp +
op(1))b" log(b"). As long as we take n = t, < Moge so that nb" < e7%, P (Z,l;n:l Dy < e*‘s) =
1+ 0(1). So for € > 0 small enough,

P(D < ¢) z%r (V|u| — t,8, < (1 +5)1‘;§ Ftat 7, = bfe)

The sequel of this proof will be divided into two parts. Write a4, := — log ¢ for convenience.
Subpart 1: the case « > 1. Choose f, = (& — 1)% and a; = w Then Z& > tex*

and Z,tj:l(—ak) =(1- ba_tf)% <(1+ 25)1%gf + tex*. As a consequence,

P(D < ¢) > (vw Sy < (146) 985 41,2, _bfe>

o+

I\JM—\ NM—\

P (Z, =05V |ul =ke {1, te}, Xu < —ar)

> exp {—A (“*f‘””) (be—1)*1—© ((W>_l> } (43)
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where the inequality follows from the same reasonings as (3.6). Letting ¢ | 0 then ¢ | 0 implies
that

1 A 1 a—1
1 1 — > —_ a—1 — .
herﬂolﬂf (—loge)® logIP(Des <€) 2 (6%)" (b 1 1)

Subpart 2: the case &« = 1. Choose t, = 1. Then it follows that

1 1
P(D < ¢) ZE]P (‘v’\u\ =1, S, < (1 +5)%—gf +tex*; 72y, = btf>
=P <Z1 =bX,<(1 +5)1(;)# + x*, forall |u| = 1)
Zpbcbe)\b((l+¢5)13§g+x*), (4.4)

which implies
A(1+9)

b.
9*

1
llgmolnf ( 1 S)a log]P(Doo < S)

Then we obtain the lower bound by letting § — 0.
4.2 Upper bound
Subpart 1: the case « > 1. Define
Up(t,0) :={u e T :|ul =tand 0°(S, — tx*) > (}.

We first consider the case & > 1. Observe that

P (D < 8) — P ( Z e@*(Su_tx*)D(u) < E)

|u|=t

<P <e9*<5u—”*)D<u> <& Vu| = t) (4.5)
We first obtain a rough bound, in fact,

P(D<e) <P (D(”) <1, Vu € Up(t,loge); #Up(t,loge)

> bt
<P(D<1)! +P <zt (F‘;gf + tx*,oo>> < bf>

) + P (#Up(t,loge) < b')

—cbt
S e c —’—IP ( Z 1{SuSloge+tx*} 2 1) ’ (46)

|u=t -

because P(D < 1) < 1and Z; > b'. Similar to (3.11), by Markov inequality,

—02e +O(t
:[P(Z 1{S”§l°g£+tx*} Z 1) S@ [ + ()

ul =t -

for any 6 > 0 such that E[e~%X] < co. We take t = 2loga./ logb so that b* > a. and t < 4. Then,
if « > 1, for e > 0 small enough,
P (D <e¢) <e %, (4.7)

where a, = —loge.
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Now again by (4.5), for any 6 € (0,1),t, € Ny and J; € (0,¢,) NN,
P(D < ¢)
<P sup D™ < ¢ #U(te, (1 —6)loge) > b~% | + P (#Uo(tg, (1-06)loge) < bt£‘5€>
uely(te,(1-0)loge)
<P(D < )" ™ + 1P (#llo(ts, (1-0)loge) < bfs—ﬁe) . (4.8)
By (4.7), one sees that
P(D < &))" " < 0" " lose,

On the other hand, for the second term on the r.h.s. of (4.8), by taking t, = ©(loga,) < a.,

P (#U(t, (1 - 6) loge) < b~ < ( DR PRI )

[u]=te
( Z 1Su 1 25 T{ < bt€_5€> .
[u]=te

which by the same arguments for deducing (3.23), is less than

Chis*1e A0 1 (C A" exp{—A(be —1)*"1(59)* (1 — 46)"(1 +0.(1)) }.

0*
Consequently, (4.8) becomes that

P(D < ) < e~ 20" 0 4 Cptetle2(Aa)" 1 (CAg )" exp{—A(by —1)*1(Z 5 ) (1-40)" (1+0:(1))}.

Lett, = “1;;{33 log ae, 6 = logb log a; and A > 1 be a large constant so that

Bt > at > b log(CAa), A2 (b= 1)

This implies that for any § € (0,1/4),

A

_1\ya—1/9 x
g e D40,

1
limsup —————
el0 P Cloge)®

which gives the upper bound for the case &« > 1.

loglP (D <¢) < —

Subpart 2: the case « = 1. For J € (0,1/b), similar to (4.6), we have, for any t, € (0,4,) NN,
P(D <¢) <P (D(”) <1, Vu € Up(te, loge); #Uo(t;, loge) > (5th> + P (#Uo(te, loge) < 6b%)
<P(D < 1) + P (#Up(te,loge) < 5b')
<e~ " P ( Y Issta-g < (5th> : (4.9)
lul=t.
Note that for t, = ©(loga.) < §'a, with some &’ € (0,1),
te| _ w _ Oe te
IP (MZ:tS 15112t6x*7% < 5b > —IP (ZtS [tgx 9*, ) < (5b )

£ 00) < 5th) ,
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which by the same reasonings as (3.14), yields that

P (Ztg[_(l - (5’);%,&) < (sbfe) < o (18§ +Ot)

for any 6 € (0, A). Going back to (4.9), one sees that
P(D < ) < ectt* | (185000
By taking f, = @ loga, and 6 = A(1 —¢’), one obtains that for any ¢’ € (0,1),

Ab
li logP(D <e) < —--(1—¢")~
MSUP oge 0gP(D <e) < — - (1-7)

The the desired upper bound for the case x = 1 follows obviously.

5 Moderate deviation in Schrioder case: proof of Theorem 1.8

Recall that M,, := max|u‘:n{5u}. In Schroder case, let max® := —oo for convenience. Then
Aidékon in [2] proved that for any x € R,

lim P(M, < my,+ x) = E[e"® D=, (5.1)
n [ee]

where C > 0 is some constant and D, is the a.s. limit of derivative martingale which is a.s. 0 on
the extinction set {7 < co}. Therefore,
lim P¥(M,, < m,, + x) = E¥[eC¢ "D=],
n—oo
which means that M,, — m, converges in law to some real-valued random variable under IP°.
The idea to obtain Theorem 1.8 is borrowed from [23]. We first recall some results in the lit-
eratures, which will be used later. The idea to this proof is borrowed from [23]. We first recall

some results from existed literatures. The following result is the well-known Cramér theorem;
see Theorem 3.7.4 in [15].

Lemma 5.1. Under the assumption (1.2), we have for any a > 0, as n — oo,

lim L logP(S, < —an) = —I(—a). (52)

n—oo 11

The next two statements characterize asymptotic behaviors of lower deviation probability for
Galton-Watson process; see Corollary 5 in [20] or Proposition 3 in [21]. Recall b := min{k > 1 :

pr > 0} and ¥ = log f' (7).
Lemma 5.2. Assume (1.1) and po + p1 > 0. Then for the minimal positive offspring number b,
.1 .1
Jgr;o Elog]PS(Zn =b) = Jgr;o Elog]P(Zn =b) =1, (5.3)
and for every subexponential sequence a, with a, — oo,

lim 1log P(Z, < ay) =1. (5.4)

n—oo 11

We also have the following fact whose proof can e.g. be found in Lemma 1.2.15 in [15]. For
i > 1, let (a},),>1 be a sequence of positive numbers and a' = limsup,, ., L loga',. Then, for all
k > 2 it holds that

k . .
lim sup 1 ) loga, = max a'. (5.5)
i=1

n—300 ie{l, k}
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5.1 Lower bound

For the lower bound, we consider the case that there are only b particles at some generation t,,
and the random walk of one of those b-particles moves to the level —at,. Furthermore, families
induced by other b — 1 particles at ¢,-th generation die out before time n. For any ¢ > 0 and
y > (x*—¢*)VvOsuchthata = ¢* —x*+2e+y > 0, lett, = [”Jfﬁw Note that t, < n for n
large enough. By using Markov property at time t,, we have for n large enough,

]PS(Mn S mn - En)
2 H’S(max MZ*tn S my + at, — £n|Zt,, = b)lP(Stn S —atn)IPS(Ztn = b)

[u|=t,
Z IP(ant” == O|Z0 == b — 1):[135 (Mnftn S mn + atn — gﬂ)IP(an S _atn):[PS(Ztn == b)
> (q/2)" NP5 (Myy_t, < my +aty, — £,)P(S;, < —at,)P*(Z, = b), (5.6)

where in the last inequality we use the fact that lim,, e P(Z,—;, = 0|Zg = b — 1) = g"~1. Recall
that m, = x*n — 5 log n. Then one can check for 1 large enough,

—t

Thus
h.m inf:[Ps(Mn_tn S mn + ﬂtn - Bn) > 0

n—oo
and then for n large enough,

P*(M, <my —{,) > C1IP(S;, < —at,)P°(Z;, = b). (5.7)
This, with (5.2) and (5.3) yields

NS B “I=a) —
11£r_1>g1falogll’ (My < my —Ly) > ry+e

Letting € | 0, together with the fact that r.h.s. is independent of y, gives

liminfllogH’S(Mn <m,—4{,) > sup I =0 —y) T

n—oo En yZ(x**f*)\/O E* +y
O
5.2 Upper bound
Let
T, =inf{t >0:Z, > £}
and for 6 > 0 and € > 0 small enough set
Fo) = 6,26, [ ! 16
LT e v x) (1 4+ 2e) '
Then
:[[_)S(Mn S mn - En)
<P* <Z 0y §€i> + Y P (My <my—Ly; Ty € (t—6,1]). (5.8)
07V ) (1122

teF(6)
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Note that by (5.4),
.1 0%
—logP*(Z ., <6)= :
r}l—l;rolo " 08 ( G esn i g") (05 V x*) (1 + 2¢) 59

and

: 1 s : 1 s 3

limsup — logP® (T, € (t —9,t]) < lim — logIP (Z(t_(g)gn < £n> = (t—9). (5.10)

n—oo tn n—oo £

Meanwhile,

P (M, < my — £,| Ty € (£ —6,t])
=P*(max S, + My _;, < my —Ly|T, € (t—6,1])

|u|=tly
< H’s(‘r?wg Sw, + My <y —0,|T, € (£—6,1])
u|=tly
<P(Sp, <my— (1 —e)ly —my_yp,) + ]PS(|rr‘1a>é< My gy, < My_yp, — ely|Ty € (t—0,t])
u|=tly

=51+ I,

where in the first inequality, we use Lemma 5.1 [23] and the fact that (S,) and (M},_,, ) are inde-
pendent. We first estimate I;. For any t € F(J), one can check that tx* —1+4¢ < 0 and

3

My — (1 — &)y —my,_p, = =— log (n —thy

20
< (tx* —14¢€)l,.

> + (tx* -1 +€)€n

Thus . ot _ 1
limsup —logP(Sy, < my — (1 —e)ly —my_y,) < —tI <x—+s> .

n—oo  Ltn t

Next, we turn to Ip.
I = B [P*(Myy_pg,, < my_yq, — €ly) | Ty € (t—6,t]]
<SP (My_yo, < gy, —ely)' +P5(Zy, < T, € (t—6,1]).
3

Notice that as P*(T, € (¢ —4,t]) > T2-IP(T, € (t—4,4]),

s 2 2 3 G B2
P*(Ziy < G|Tw € (t=96,t]) < (1 —q+0(1))P(Fk < on, Z < 6,|Zo = £;,) < Cgm ™
and by Theorem 1.1 in [2], we have there exists c¢* € (0, o] such that

lim P* (M, _sp, < my_yp, — €ly) = e < 1.

n—oo

Thus I, < ¢~1% and hence

(5.11)

limsup%log]Ps(MnSmn—ﬂannE(t—é,t]) S—t1< ;
n

n—o0

tx*—l—i—s)

Going back to (5.8), together with (5.9), (5.10) and (5.5), one has

lim sup % log P*(M,, < my, — {y)

n—oo n

0% tx*—l—i—s))
< V su t—06)y —tl < ,
CV)T+26)  ory <( M :
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which by letting e | 0 and § | 0 implies

lim sup 1 log P*(M,, < my, — £y)

n—oo n

= te(iupl ) (tv—tl <tx*t_1>>

TRV F
Y-, tty

(5.12)

We have completed the proof. O
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