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Abstract

We consider a Glauber dynamics associated with the Ising model on a large two-dimensional box
with minus boundary conditions and in the limit of a vanishing positive external magnetic field.
The volume of this box increases quadratically in the inverse of the magnetic field. We show that
at subcritical temperature and for a large class of starting measures, including measures that are
supported by configurations with macroscopic plus-spin droplets, the system rapidly relaxes to some
metastable equilibrium —with typical configurations made of microscopic plus-phase droplets in a sea
of minus spins— before making a transition at an asymptotically exponential random time towards
equilibrium —with typical configurations made of microscopic minus-phase droplets in a sea of plus
spins inside a large contour that separates this plus phase from the boundary. We get this result by
bounding from above the local relaxation times towards metastable and stable equilibria. This makes
possible to give a pathwise description of such a transition, to control the asymptotic behaviour of
the mixing time in terms of soft capacities and to give estimates of these capacities.
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1 Model and results

1.1 Glauber dynamics for the Ising model

For a finite subset A of Z2 and n € Qg2 = {1, +1}Z2, the Ising model in the domain A, with boundary
conditions 7, at inverse temperature § > 0 and with magnetic field h € R, is associated with the
Hamiltonian

1 1 h
Hppn(o) = ~3 Z o(x)o(y) — 3 Z o(z)n(y) — 5 Z o(z), o€y ={-1, —l—l}A, (1)
T, A, zEN, yZA, xEA
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the partition function

Iagn= 3 e FHann@
AN

and the Gibbs measure
e~ BHAnn(0)

pann(o) = , o€ Oy.

ZAmh

The maybe unusual factors 1/2 in Equation (1) are here to stick to the conventions of [SS98], which is
the main reference we will follow.
The associated Glauber dynamics are irreducible continuous time Markov processes

XA,n,h = (XA,nqh(t))tzo

with a single spin flip generator

(Lamnf)o) =D w(o,0")[f(o") = f(@)].  f:Q =R, oy,

FASHIN

where the configuration ¢” is obtained from ¢ by flipping the spin at z,

s ={ W hETy

and the transition rates w(o, o0®) are chosen to satisfy the detailed balance equations
pann(0)w(o,0%) = iy n(c®)w(c®, o), o € Qy, x € A.

One can for example consider a Metropolis dynamics with
’w(o’,am):eXp{fﬂ[HAm’h(O'z)7HA,77,}1(0')]+}, O'EQA, SCEA,

where the brackets [-]+ stand for the positive part, or a heat bath dynamics

_ exp{fﬂHA,n,h(ox)}
exp{—BHp nn(0)} +exp{—BHp nn(c*)}’

In this paper we will consider such a dynamics X4, _ j in the limit of a vanishing positive magnetic
field h < 1, with uniform minus boundary conditions and inside a box Ay, the volume' of which will
quadratically diverge in 1/h. As far as the jump rates w(o, c”) are concerned, we will only assume that
there are two positive constants wmin, and wmax, possibly depending on our fixed parameter 3, such that

w(o,o®) o € Qyp, x € A.

Wiin < w(0,0%) < Wiax, o€ Qp,, x € Ap,

which implies in particular that X,, _ j is irreducible.

1.2 Metastability issues

This kind of evolution is used as a dynamic model to study hysteresis phenomena. The critical tem-
perature of a ferromagnet is the temperature below which, when exposed to a strong negative external
magnetic field, it keeps a spontaneous negative magnetization after removing this external field. Then,
by exposing the ferromagnet to a small enough positive magnetic field it will keep a higher, but still neg-
ative, magnetization for a long time, typically longer than usual experiment times. One gets a positive
magnetization only by increasing the value of the external field, or waiting long enough for a relaxation
to equilibrium. Then, by removing again the magnetic field before making it decrease back to negative
values, the same kind of picture reappears: the ferromagnet gets a spontaneous positive magnetization,
then a smaller but still positive magnetization before jumping to an equilibrium negative magnetization
after a long enough time or after reaching low enough values for the external field. Two of the main
questions associated with such a phenomenon are those of i) describing such a metastable equilibrium

IWorking in dimension two, the word “area” could have been more appropriate. We will follow the usage by referring
to volumes and surfaces rather than areas and perimeters.



and in particular such a higher, but still negative, magnetization; ii) characterizing such a late and abrupt
relaxation to equilibrium, and in particular computing the order of magnitude of this relaxation time.

In the fundamental paper [SS98], Schonmann and Shlosman studied such a dynamics Xo, in infinite
volume and they described the state of the system at time ¢t = e®/" for positive c, with vanishing
magnetic field 0 < h < 1, at any subcritical temperature 1/ < 1/8. when starting from any initial
measure v stochastically dominated by p_, which is the thermodynamic limit of the Ising model in a
finite box with minus boundary conditions and zero magnetic field. They identified a critical o, such
that for any o < a, the mean value I, [f(Xoo(t))] of any local observable f : {—1,+1}%° — R is close
to the C* continuations of its expected values for negative values of the magnetic field h < 0 — up(f),
with pp the thermodynamic limit of the Ising model in a finite box with non-zero magnetic field h. More
precisely they answered the first question by proving that, for all £ > 0,

B, [F(Xao(t)] = S 20 20 oy, )

.| ‘
Pl an’ |,_o_

As far as the second question is concerned they also proved that for any o > «, the mean value
E,[f(Xo(t))] of any local observable f is close to its expected value pp,(f). The formula they established
for a. is particularly remarkable:
pwj
12mj

(3)

Qe
where mj is the spontaneous magnetization at inverse temperature j3,

m}y = —_(o0)

with o¢ the local observable defined by ¢ : w € Qz2 +— w(0), and wg is the surface tension of the unitary
volume Wulff shape (see Section 2.1).

At this point it remains to describe the evolution of the system at times of order e®/"  the order of
the relaxation time of this dynamics. Since we are in the regime h < 1, for any given « # a. the two
cases o < o and a > a, refer to very small and very large times t = e®/" with respect to e*/". The
O(h*) in formula (2) depends on a < o, just as, in the case a > a., the “small enough h” from which
E,[f(Xoo(e*/"))] will be close to ju,(f) depends on .. More precisely it holds, for any given e > 0,

Ey [f (Xoo (e*")] = un(h)| < €

for h < ho(a); and ho(a) vanishes as h does. One cannot then use these results to describe the system at
times t of order e®/" for small h > 0. This is the goal of this paper in the simpler case of the dynamics
X, —.n on, instead of the infinite volume 7?2, a Wulff shape domain Aj, containing around (Bmax/h)?
sites for a large enough Byax > 0. The box Ay is formally defined by

Bmx
Ah:( ha W)mz2

with W defined after Equation (15) at page 8. As it will be clear from the heuristics of the next section,
that goes back to Schonmann and Shlosman indeed, with a small By,,x we would not have any metastable
behaviour: equilibrium would look like the minus phase. On the contrary, with a large Bpax, and with
such a box shape, the plus phase will invade the whole box at equilibrium, due to the positivity of the
magnetic field and despite the minus boundary conditions.

1.3 A pathwise description

In this finite volume case, we can give another description, in terms of restricted ensemble, of the
metastable equilibrium by following [SS98]. The configurations in 2y, , which we identify with

O, - ={0€Qg:0(x)=—-1forall z & Ay},

can be described as a collection of closed self-avoiding contours on the dual lattice, which separate plus
spins from minus spins. In doing so we adopt a standard “splitting rule”, the one used in [DKS92]
(Section 3.1 there). We call external contour of a given configuration any contour that is not surrounded



by any other contour. We define R_ as the set of configurations in €24, such that the volume of each
external contour, i.e., the number of sites enclosed in it, is smaller than (B./h)? with

B, = 8

N 2my 4)
The expansion (2) is actually an expansion for pa, — n(f|R-). Our pathwise description will also make
use of such a restricted ensemble pa, — (- |R) but for another R # R_. The reader can think of R as
a set that is smaller than R_, since some configurations with limited volume but large perimeter are
allowed in the latter and will be excluded from the former. However R will not be a subset of R_, since
it will include slightly supercritical configurations in the sense of the heuristics of the next paragraph,
while all configurations in R_ are subcritical.

Before describing the set R we will choose, let us first recall the heuristics where Formula (4) comes
from. If wg is the surface free energy of a unitary volume Wulff shape W, then the free energy of a
discrete “plus phase” Wulff shape with a volume of order (B/h)? in a “minus phase” can be estimated,
for h <« 1 and up to an additive function that does not depends on B, by

B B _h(B\* ., 1 « ;2

We will refer to the quantity B/h as the linear size of such a Wulff shape with volume (B/h)?. The 1/2
factor in the previous equation comes from the Hamiltonian, while the factor 2 accounts for the volume
of the plus phase as well as the volume of the minus phase, which is the volume of A, minus the volume
of the Wulff droplet. Let us set

2
2
— * P27 __ wB * wg _ * 2
¢(B) = [wBB—mﬁB } = 4m2§ —mﬁ<B— 2m;§> —A—mﬁ(B—Bc) (5)
with

v (6)
A= —. 6

4mﬂ

This computation suggests that a plus phase Wulff droplet of size (B/h)? will have a tendency to shrink
or grow depending on B < B, or B > B.. Being the Wulff shape a minimizer of the surface free
energy for a given volume, critical Wulff droplets of size B./h will indeed constitute a bottleneck for the
dynamics and we will refer to the cases B < B. and B > B, as the subcritical and supercritical cases.

To make rigorous such free energy estimates, we will follow [SS98] and use the skeleton description
of contours of [DKS92]. Skeletons are associated with long enough contours only. This motivates the
following definition inherited from [SS98] and extended to all contours, external or not.

Definition 1.1. Let b a positive number which is less than 1/4. A contour is said b-vertebrate, or simply
vertebrate, if it encloses more than 1/h?® sites in its interior. A contour is said b-invertebrate, or simply
invertebrate if the number of sites that are enclosed in its interior is less than or equal to 1/h?".

We are now ready to define our set R. To this end we introduce another parameter B, > B., which
has to be thought of as close? to B, and which, just as b, will not depend on h.

Definition 1.2. For 0 < b < 1/4 and By > B, we call R the set of all configurations o in Qy, for
which one can find a collection of at most l/h(l’b/m disjoint Wulff shapes and with total linear size less
than By /h that contains all the b-vertebrate contours of o.

The reader can think of the relevant configurations in R as those with only one large contour enclosed
in a subcritical, or slightly supercritical, Wulff shaped box. The reason why we need an upper bound on
the number of involved boxes is technical. At some point (see inequality (47) at page 29) we will need
to upper bound the number of such possible box arrangements, and this restriction will help.

We define the mixing time of X, _ ; by

tmix,h = inf {t >0:Vo e QAh, VE C QAh’

P, (X, —n(t) € E) — uAh,_,h(E)} < é} :

2As long as ¢(By) is positive the restricted ensemble pp, _ 5 (-|R) will be concentrated on the same kind of configura-
tions, but, because some dynamical quantities will also play a role, we will get stronger results by taking By close to B.
rather than only asking for the positivity of ¢(B4 ).



with P, the probability measure associated with X, _ j started in o; so that the total variation distance
between pp, —p, and the law of X, _ 5 (¢) is exponentially small in ¢ for ¢ larger than tmix,». By using
techniques from [SS98] one could get the following proposition, that we will obtain as a byproduct of our
main results.

Proposition 1.3. For all supercritical B > B. and any Bmax > 2B it holds (recall (6))
lim hIn(tmix,n) = BA. (7)
h—0

To describe our dynamics on this time scale tyix,, we will use a suitable random time 7' so that,
starting from the restricted ensemble pp, — 5 (- |R), the rescaled time T'/tmix,, Will converge in law to an
exponential random variable of mean one and, for ¢ > T, the law of X, _ 1 (¢) will be close to pa, — .
The definition of T = T) involves another set of configurations S (see Definition 1.4) and a further
randomization: it can be interpreted as a killing time under a killing rate As defined below (i.e., rate
A = A(h) effective only when the process is in §). The idea behind the use of such a time T\, comes
from [BG16], which proposed the use of soft measures and of these random times. In comparison with the
plain use of exit times from suitable subsets of the configuration space (approximation to a “metastable
basin”) this gives a softer (better) way to deal with the escape from metastability, also allowing a more
natural use of potential theoretical tools. For a formal statement of the mentioned convergence in law
that does not use stopping times see Definition 1.4, equation (8) and formula (12) below, where v can
be taken equal to ya, — 4(-|R) and A = A(h) = e~</" for a small enough € > 0.

Now, following [CGOV84], as fully detailed in [OV05], we will use time averages to describe the state
of our system at earlier times. We will identify a deterministic time scale 8 < tix,n such that, for a large
class of starting measures that will be attracted by the restricted ensemble and for all times ¢t < T — 0,
the time averages of any observable f : ), — R,

t+6
Ag(t,f) = %/t f(XAhﬁ,ﬁh(u)) du,

will be close to pa, ,— »(f|R) with a probability that goes to 1 for a vanishing magnetic field h.

Before characterizing this “large class” of starting measures that fall in the basin of attraction of
the restricted ensemble, we need to make precise the definitions of S C 24, and of the random time
T = T)s. The definition § is essentially symmetric to that of R and uses the symmetric B_ of B} with
respect to B:

B_ =B.— (B+ — B.).

Note that when By is only slightly supercritical B_ too is only slightly subcritical.

Definition 1.4. We call S the set of all configurations o in Qy, for which there is at least one external
contour such that a Wulff shape of volume (B_/h)? can fit in its interior.

We stress that, while R refers too “small enough” contours and S refers to “large enough” contours,
since R allows slightly supercritical contours and S allows slightly subcritical contours, R and S do
have a non-empty intersection. These sets are actually tailored to cover all the relevant configurations
along typical relaxation paths of the process and allow, at the same time, for some control of the local
relaxation times associated with the restricted processes in R and S. Their non-empty intersection is
a corollary of such requirements. As a consequence, we will have to use the results of [BGM18] rather
than [BG16]; and [BGM18] will also provide, from such bounds on local relaxation times, the previously
mentioned deterministic time scale 6 < tmix,p-

Let now 7 be a unit mean exponential time independent of X,, _ ; and let £s(t) be the local time
in S up to time ¢, i.e., the total time spent in S by Xy, _ 5 up to time ¢:

(s(t) = /O X, —n(u) € S} du. (8)

(The law of (s, just as that of X,, _ », depends on the starting distribution of X, _ ,, but, as for
Xn, —.n, we omit it in the notation.) Thg is the time ¢ when ¢s(¢) reaches 7/A:

The =min{t >0: Ms(t) >7}.



In other words, Th can be interpreted as the killing time associated with the killing rate defined by
)\3(0‘) = )‘]I{UES}a o € Qp.

The precise value of A is not relevant, it will be enough to choose it in such a way to have 1/X large,
on the one hand, with respect to some “local relaxation time in §” —more precisely, with respect to
the mixing time of the “restricted dynamics in §”— and small, on the other hand, with respect to the
“global mixing time” tyix .

Let us finally introduce two last stopping times to state our main result. For another parameter
k > 0 we define T}, in an analogous way, as the killing time associated with a killing rate k%, equal to
x in R and 0 outside of R. With 7 another unit exponential time independent of 7 and Xy, _ p, Tky is
then the time ¢ when ¢ (t), local time in R, reaches 7/k. We call Ty the first time when X4, _ 5 goes
outside

X =RUS.

Note that T can also be built from a Poisson clock with rate A and that is independent from Xu, _ p:
it is the first ring time T for which X, — »(7T') is in S. Using another independent Poisson clock with
rate k we can also build 7}, in a similar way. T, Ths and Ty are stopping times with respect to the
natural filtration associated with X, _ » and these two independent Poisson processes.

Theorem 1. For any supercritical 8 > B, any Bmax > 2B., any b < 1/4 and for all small enough e > 0,
one can choose By close enough to B, and \ = A(h) = e~</" for which there are ho > 0, § > 0 and
§" < e such that the following holds for X _ j started from a probability measure v and any observable
f:Qp, — R.

i. Ifv = pa, — n(-|R), then Thg /tmix,n converges in law to an exponential random variable of mean 1,
i.e., for all t >0,

T
lim P, ( s t> =e ", (9)
h—0 mix,h
Also
lim P, [ 0 <T)s, sup ’Ae(t,f) - MAh7—7h(f|R)‘ < HfHOOeils/h =1, (10)
h—0 t<T)\$ —0
with

Gzexp{% (%-ﬁ-é/)}. (11)

1B, [ (Xanmn(26)) | = amn()] < I 1™,

7. For all h < hqg it holds

whatever the starting measure v.
iii. If v is such that, with k = A,

]P%]PV(TM2 < Thg NTxe) =1,

then (9)—(11) are also in force.
Comments:

i. Equation (9) can be rewritten without the stopping time T, i.e., by referring to X, _ j only: it
reads
lim E, |e=Ms(tmin) | = =5 s> 0. (12)
h—0
ii. Since both pa, — »(-|R-), which does not depend on the parameters By and b, and pa, — (- |R)
are concentrated, up to large deviation events, on the subset Z of R_ and R that is made of
configuration with invertebrate contours only, the same results hold with pa, — n(-|R—) in place
of pa, —n(-|R). We chose to write them with pa, —(-|R) for one main reason only. The key
point of the proof will be the derivation of an upper bound for the relaxation time of the dynamics
restricted to R (as well as the dynamics restricted to S) and we were not able to do the same with
the dynamics restricted to R_.



iii. Such upper bounds will allow us to apply the results of [BGM18]. In particular, given a small enough
¢ > 0 we will see that one can choose some B, sufficiently close to B. and A = A(h) = e~</" for
which there are constants C' > 0 and ¢ > 0 such that, if v = uy, — 5 (-|R) or v satisfies, with k = A
and for h small enough,

P, (Thor > Tos A Toe) < e 2/M

then, for all a such that
e<fa<pPA—c

and all observable f: Q5 — R, we recover

‘Eu [f(XAh,f,h(eﬂa/h))} - uAh,,,h(fIR)‘ < C|flsce™%". (13)
This allows, following Schonmann and Shlosman, for an expansion as in (2).

iv. The critical value for a in (13) is A and not a./f = A/3 (recall (3) from page 3). The factor 1/3
has to do with a different relaxation mechanism in larger boxes. It was first studied in [DS97] and
is related both to some spatial entropy associated with the nucleation of a critical droplet and to
the time needed for a supercritical droplet to invade a fixed box. In the infinite volume case or
already in the case of a large domain A of exponentially large volume e“/" with a large enough
C, not only the asymptotic value of the mean “transition time to equilibrium” would change; it
is not clear anymore whether we should expect its law to be asymptotically exponential: to an
exponential random time needed to nucleate a critical droplet we should add another time of the
same logarithmic scale order (the time needed to invade the given box), and prefactors enter the
game at this point. The asymptotic exponential law would survive if the prefactor associated with
the nucleation of the critical droplet is dominant.

v. The condition By.x > 2B, ensures that the volume is large enough for the positive magnetic field
to overcome the effect of the negative boundary condition, in such a way that the plus phase invades
the whole box at equilibrium.

vi. The restriction on the shape of the domain is technical and will simplify the proof. It avoids in
particular a description of typical equilibrium configurations in more general domains.

vii. Theorem 1 allows us to consider more general starting distributions than in [SS98]. This is due
to the fact that controlling the local relaxation time in R and S, we will not have to rely on the
monotonicity of X in the same way.

Thinking of a slowly changing magnetic field as in the hysteresis phenomena, it is natural to consider
starting distributions like up, — p/(-|Rp/) associated with a different magnetic field A/, but with the
same domain Ajp. This is one possibility considered in the following corollary of Theorem 1. The other
possibility we consider in this corollary is that of the canonical ensemble associated with a small enough
magnetization

M:wey, — Z w(z),
TEA

namely pin, — n(-|R and M > m(Bmax/h)?) with m < m}5[2(B./Bmax)? — 1]. This upper bound corre-
sponds to the magnetization of a critical Wulff shape droplet of plus phase in the minus phase.

Corollary 1.5. Lete >0, ¢ > 0 and m < mj [2(B./Bmax)? — 1] associated with 3 > . and Bmax > 2Be.
If v = pn, —w(-|Ru) associated with b’ = ch or v = up, — n(-|R, M > m(Bmax/h)?), then there are
By > B, A=\h)=e""§>0,8 < eandC >0 such that (9)~(11) and (13) hold for any observable
f:Qp, 2 Rand ife < fa < fA —e.

In the next section we introduce a collection of tools for the proof of Theorem 1, Proposition 1.3
and Corollary 1.5. This includes in particular static estimates, for which the main references are [SS98],
[DKS92], [Pfi91], [Iof94] and [Iof95] and dynamical techniques, for which the main references are [Sin92]
and [Mar94]. We use the former in Section 3 to give lower bounds on the transition time to equilibrium.
We use the latter in Section 4 to give upper bounds on local relaxation times. This is the key point of
the proof: we show in the last part of Section 2 how to use the results of [BGM18] to obtain from such
estimates an equivalent of Theorem 1, Proposition 1.3 and Estimate (13) for the restriction X of our
process Xp, —p to X = RUS, and we explain how to reduce the study of Xy, _ j to that of X. We



finally prove Theorem 1, Proposition 1.3 and Corollary 1.5 in Section 5. From now on we will always
assume our fixed parameters § and Bpax to be respectively larger than the critical inverse temperature
B. and 2B8..

2 Tools, notation and strategy

2.1 Waulff shape and surface tension

In order to define the surface tension in a direction orthogonal to the unitary vector n = (cos 6, sin )
for § € [0,27], we have to consider the Ising model in a square box A(L) = [~L, L]?> with boundary

condition
+1 ifucosf+wvsinfh <0,
no(x) =

_ 2
—1 ifucosf +wvsind > 0, z = (u,v) € Z".

In a contour description of the configurations that are associated with such a boundary condition, one
contour, on the dual lattice, must join two points that are close to y(L) and z(L), which are the two
points where the boundary of the box [—L, L]? intersects the straight line that goes through the origin
and admits n as normal vector. The surface tension in the direction of this straight line is

1 ZA(L) 0,0
7(0) = lim — n =
O = BT =20 ™ Zaw) s

with Za(r),+,0 the partition functions associated with the Ising model in A(L), with uniform plus bound-
ary condition and without magnetic field. Thus, the surface tension 7(6) is the free energy per unit
length of an interface between the plus and minus phase in the direction orthogonal to n. It is positive
and finite for subcritical temperature 1/8 < 1/8,.

We then define the surface free energy of any rectifiable v C R? that is the boundary of a simply
connected domain D C R? by the quantity

W(r) = 75 ~(6,) ds. (14)

with 6, the direction of the external normal, i.e., which points outside D, at the curvilinear abscissa s.
We will refer to W as the Wulff functional. The Wulff shape has a boundary that minimizes this quantity
among all the rectifiable boundaries of domains with a given volume. It is defined for p > 0 and up to
dilatation and translation by

W, = ﬂ {x:(u,v)GRQ:ucose—l—vsinGng(e)}. (15)
0€0,27]

As a consequence of the symmetries of 7 that are inherited from those of the lattice, W, is invariant by
rotations of angle 7/2. We will simply write W, without the index p, when p is chosen in such a way
that W, has a volume equal to one.

The support function with respect to the origin 0 of the convex set W, > 0 is actually p7, i.e.,

pT(0) = max wucosf+vsinb, 6 € [0, 27].
r=(u,v)EW,

This is a consequence of the triangular inequality: for x, y and 2z in R2, if
n, = (cosf,,sinb,), n, = (cosf,,sinb,), and n, = (cosfy,sinb,)
are the external normals to the three sides [z, y], [y, z] and [z, z] of the triangle zyz, then
o — 2ll27(8y) < Il — yll27(6:) + 1y — 227 (6)

(see Section 4.21 in [DKS92]).

Let us denote by |D| the volume of any measurable domain D C R2. Then Bonnesen’s inequality
says that for any such domain D with a rectifiable boundary +y, choosing p in such a way that |W,| = | D],
it holds

W(y) > W(awp)\/1 + <%)2 (16)



where OW,, stands for the boundary of W,, and o, respectively oy, is the smallest, respectively the
largest, o for which a translate of alW/, contains, respectively is contained in, D. In the case where D
is a convex set, this is proven in [Fla68] by counting the mean number of intersections between ~ and
the border of a random translate X + aW,, for a € [®in, @out) and X uniformly chosen in D — aW,,.
Flanders proves in this way Blaschke’s inequality

a®|W,| —apW(y) +|D| <0,  a€ [qout, Qinl,

with equality in the case ayut = ;. This gives a lower bound on the distance between the two roots
of this polynomial of degree two in «, i.e., a lower bound on its discriminant, which leads, together with
the equality for D = W,,,

PV(OW,) = 2IW, (17)

to inequality (16). In the case where D is not a convex set, these inequalities are not a direct consequence
of those of the convex case, but the same strategy can be followed even though the computation of this
mean intersection number is more delicate. In [DKS92] the authors adapt an argument from [Oss78,
Oss79] to cover the case of a non-convex simply connected D (see Section 2.5 in [DKS92]). We will use
this result, rewriting it with the following notation. With p and B such that |D| = |W,| = B?, we set
B, = ainB and Boyt = Qo B, with agy: and a;, as above so that Bfn is the volume of the largest
Wulff shape that fits in D and B2, that of the smallest Wulff shape that contains it. We denote by wg
the surface free energy of the unitary volume Wulff shape W, so that

W(OW,) = wgB

and, as a consequence of (17),
B= % p. (18)

Proposition 2.1 (Blaschke’s inequalities [DKS92]). For any simply connected domain D C R? with a
rectifiable boundary ~y it holds

wp D wg D
> an d > Bou .
W(y) > 5 (Bm + > an W(y) > > \ B + Bout
We will also need two simple consequences of the Wulff construction from the support function pr.

Lemma 2.2. If two translates of possibly different size Wulff shapes x1+W,, and xo+W,,, of volume B?

and B3, have a non-empty intersection, then their union is contained in some Wulff shape xo+ Wio14p2)
of volume (B + Bg)?.

Proof: Since z1 + W), and x2 + W,, have a non-empty intersection, there are w; and w» in W, and
W, such that x1 +wy = x2 + wo, i.e.,
r1 — Wy = T2 —W1q.

This means thats 1 — W,, and 2 — W,

o, also have a non-empty intersection. Let us then choose

T € (xl — sz) N (xg — Wpl).

We have z1 — xzo € W,,, then, writing (u;,v1) and (uo,vg) for the coordinates in R? of 21 and =z, it
holds
(u1 — up) cos @ + (v1 — o) sin @ < pa7(0)

for any 6 € [0, 27]. For any « = (u,v) in 1 + W,, we also have
(u—wuqy)cosf + (v —wvy)sinf < p17(0),
hence
(u—ug) cos + (v —vg)sind < (p1 + p2)7(0).

This shows that x1 + W), is contained in xg + W, 4,,), and we can check in the same way that o+ W,,
is contained in xo + W, 4p,)- O

The previous proof only use the fact that the Wulff shape is a convex set, to which one can associate
a support function to describe it. The last lemma of this section uses by contrast the symmetries of the
lattice, namely the fact that W = —W | i.e., that p7 is m-periodic.



Lemma 2.3. Given By > Bj, the largest Wulff shapes to fit in the annulus BoW \ BiW of volume
B3 — B? have a volume B3 = (By — B1)?/4.

Proof: The Wulff shape construction from the w-periodical support function pr implies that, for any
positive p; and po the union of W, with all the externally tangent Wulff shapes
SC+WPO, WS 8Wp1+p0,

is the Wulff shape W, 12,,. We get the desired result by choosing p; and pg in such a way that, with

p2 = p1 + 2po,
W, =BiW and W, = BW,

ie.,
p1 = 2B1/ws and p2 = 2B2/wg
so that
p2—p1 _ Ba— By
Po = =
2 wg
and

p2_ (Pows\? _ (B2~ DB ’
o (- (2,

|
2.2 Random paths, flows and block flows
Given a generic irreducible Markov process Y on a finite configuration space ) with generator® £y
(Lyf)(o) = Y w(@.d)[f(o) = f(@)], [f: YR o€,
o’'ey
a path 7 is a finite sequence (g, 01, . ..,0;) of configurations in Y such that w(ok,ox+1) > 0 for all k < I.

The length || of such a path 7 is the integer I. If e = (0, 0”) belongs to the edge set £ associated with
Y, i.e., if o and ¢’ are distinct configurations such that w(e,o’) > 0, we write e € 7 if there is k < ||
such that e = (0%, 0k+1). We will also write o € 7 if there is k < |7| such that o = oy.

Random paths II are associated with flows, i.e., with functions ¥ : £ — R, such that

P(o,0') = =o', o), (o,0") € €.

Indeed, with IT = (Yp, ... vY\HI)’ I_ =Yy, and IIT = Y|m we get such an antisymmetric function by
setting

1/](0'7 OJ) =F Z ]1{(0, UI) = (YkaYk-i-l)} - ]l{(a’l,o‘) = (YkaYk-i-l)}
k<|II|
and we note that, for all ¢ in Y,
div,y = Z Y(o,0")=P(Il- =0) — P(II" =0).
a'ey

In particular, if there are two disjoint subsets A and B of )V such that II_ € A and IIT € B with
probability one, then 1 is a unitary flow from A to B, i.e., such that

divep >0=>0€e A, divai) <0=>0ceB  and D divep =1=-> divet).
geA oceB

Sinclair proved in [Sin92] that if Y is reversible with respect to some probability measure uy, i.e., if
the conductances
c(o,0") = py(o)w(o,d’), o0’ €,

3The index ), rather than Y, in the notation Ly can seem unnatural since the generator depends on the whole
process and not only on the configuration space, but we are foreseeing here a later more natural notation, in accordance
with [BGM18].
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are symmetrical, then for any random path Il with starting and ending configurations that are indepen-
dently distributed according to py, it holds
1 1 1
— <max —P(ec )E [ | e € II] < max —
ecf ¢

vy T ee€ cle) (e)P(QEH)‘“mHm

with 1/4y the relaxation time of Y, i.e.,

W= Var,{I;i(I})?ﬁO % ’ (19)
where D is the Dirichlet form defined by
D) =5 X clo0)[7(0) - F()" (20)
o,0'€y
In particular, if there is a lower bound
w(o,0") > wnin, (0,0") € &,
then
Ll L Pleo) e (21)

Yy T Wmin  (e0')e€ piy(0) V py(o’)

The simplest way to obtain upper bounds for relaxation times with a random path II is to build for
each o and ¢’ in YV a deterministic path 7, ,, usually referred to as canonical path, and set II = 7y o
with probability py(o)uy(c’). Martinelli gave in [Mar94] an upper bound for the relaxation time of
the Glauber dynamics X (1) 40 in the square box A(L) = [—L, L]* by introducing a “block dynamics”,
bounding its mixing time by a coupling argument and bounding the relaxation time of the Glauber
dynamics in each block with such canonical paths. For a block covering of

Ly=JA;

j<k

by partially overlapping rectangular blocks A; of size L x Let1/2 | the associated block dynamics update
at rate one the current configuration o according to pia; 0. He bounded the mixing time of this block
dynamics by using its monotonicity properties. And as far as the relaxation time of each Xy, 0 is
concerned, he built the canonical path 74,/ from any o in Q4 to any ¢’ in the same configuration space
by ordering, independently of ¢ and ¢’, the sites of the rectangle A; and flipping the spins from their
value in o to their value in ¢’ in this prescribed order. This order < had the key property that for any
x in A = Ay, with
={yeA:y<a},
AZ" ={z€AN:z > a2}

and

ONT" = {(y,2) € AZ" X A=" 1 |ly — z|| =1},
|OA=*| was of the same order has the shorter side of the rectangle A. Martinelli could then use a practical
version of the following abstract lemma.

Lemma 2.4. For any finite box A C Z2, any order =< on A, any boundary condition n € g2, any
configuration oy in Qa and any site T in A, it holds

P2 e ()] o0, 08) € milpr | < exp (2500071}

,UA,n, 0,0’ €EQN

where ﬂig, stands for the canonical path from o to o’ associated with the order <.

Proof: Following the computation made in [Mar94], Section 2, denoting, for any ¢~ € Qp<. and
07% € Qpr=, by 0% - 677 the configuration of 5 that coincides with =% in A=* and ¢=% in A%, and
recalling the presence of the somewhat unusual factor 1/2 in our Hamiltonian definition, we have

> inan(@)mna(0)1{(00,08) € 75, |

g
MAnh 0 ooy

11



1
<— Z piamn (0)pnnn (0 )1 o] p=e = 00|pre, 07 |a<e = 00|a<=}
:LLAJL}L(O—O) U,O'IEQA

1 3 exp { =BHa 51 (07 - 00|p=+) = BHA .1 (90]a== - 07) }
exp {—BHpn,n (00|a<= - 00[p=2)}

ZAmh
b a{IeQA<m

—z
o= EQ v

. Z exp {_BHA’n’h (U<Z ) UOlAtI) — BHAth (UOlA”” ) Utz) } efﬁHA,n,h(Uﬂ”ﬁim)

AN exp {—BHp yn (00]a=e - 00|pz=) — BHp pp (07 - 0=7)}
o €QA<mv

o'iEEQAEI

Z/\l,n,h Z eXp{2ﬁ|aA-<z|} G_BHAYn,h(U<I‘o'tI)

IN

U<IGQA<:£7
-
o=TEQ ) o

exp {2B8]0A~*|} .

O

The crucial spectral gap estimates of the present paper (see Section 4) rely on the following obser-
vation: as far as leading orders are concerned, Martinelli’s lower bound on vy (r),4,0 can be obtained by
direct application of formula (21). To do so one has to build a random path IT with starting and ending
configurations independently distributed according to pa(r),+,0. Equivalently one has to build, for each
o and ¢’ in Qy(zy, a random path I, .+ and set II = I, ,» with probability pa(r) +,0(0)pa(L),+,0(0")-
Here is a block dynamic inspired way to build a suitable Il ,+ from two random paths II, and IL,
starting from o and o, respectively. From ¢ we build a sequence of k random configurations that we
will call “milestones” My, Ma, ..., Mg in Qp(p). We set My = o, call it our first milestone, and build
from each milestone M;, with j < k, the next milestone M;, by setting Mj1|ac = M;[se and drawing
Mj1|a,; according to pa; ;0. Next, we use, in each block Aj, a canonical path of the single spin flip
Glauber dynamics to connect M; with Mj1; this defines our random path II, and we build Il in an
analogous way from ¢’. Consider now, with obvious notation, the event

Eqor = {My = M}}.

When E, ,» occurs we can build Il ,+ by concatenation of I, from o to M}, and the reversed path II,,
from M = Mj, to o’. From the conditional probability associated with E, , we get a random path II, 5/
from o to ¢/, then a random path II with starting and ending configurations independently distributed
according to the equilibrium distribution. When used in formula (21), estimating the relaxation time
1/va(z),+,0 boils down, through DLR equations, to computing a uniform lower bound on P(E, ,) that,
in turns, can be obtained with the very same arguments used by Martinelli for controlling the mixing
time of the block dynamics.

This is nothing but an alternative way of articulating Martinelli’s ideas. But in doing so we gain
some flexibility: there is no need anymore to define any block dynamic, we only need to build suitable
sequences of milestones for which we can give a uniform lower bound on the probability of such events
E, o that are contained in {M} = M} } (we used here the latter event to define E, . but we will later
require more from such events; and the inclusion will be again needed for allowing a similar construction
of I, 5 from those of I, and II,/). In particular the box A; used to build M;4; from M; can now
depend in some way of M;. We will use this slightly different strategy and the flexibility it allows to
control the local relaxation times of Xy, _ j restricted to R and S. We will refer to such milestone built
random paths II,, II, or 1l , and their associated flows as “block paths” and “block flows”. We will
also use such a block flow to estimate the soft capacity presented in Section 2.4.

2.3 Free energy estimates

In this section we closely follow Schonmann and Shlosman. In [SS98] they derived a number of free
energy estimates that we have to slightly adapt to deal with some particular “annular droplets” (see
estimate (27) in Lemma 2.9). In this respect we need a slightly stronger theory, but the extension is
straightforward and we only write in this section those technical points for which we need a slightly
different writing. Also there are a few estimates for which we only need a weaker form than in [SS98]
(for example, the probability appearing in estimate (26) of Lemma 2.9 is actually shown to be close to
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one in [SS98]). For these estimates, their stronger stronger forms in [SS98] derive from stability results
in [DKS92|, which, in turn, are based on Blaschke’s inequalities of Section 2. We also use Blaschke’s
inequalities in this paper, but for other purposes, mainly in Section 3 and also in proving estimate (27)
in Lemma 2.9.

The key objects introduced in [DKS92] to make sense of a macroscopic (on length scale 1/h) or
even mesoscopic (on length scale 1/h®, with b < 1/4 as mentioned earlier) notion of free energy are the
skeletons associated with vertebrate contours, i.e., contours with more than 1/h?® sites in their interior.
Following [SS98] to build them, we will be closer to their construction in [Pfi91].

Let r be a positive number that is smaller than b/2 an consider a configuration o in

Q- ={oc€Qp:o(x)=—1forallz ¢ A},

which we identified with 4, for a finite domain A C Z2. A skeleton associated with a vertebrate contour
I of o is a possibly self-intersecting polygon v C R? such that

i. the ordered vertices of which are consecutive points on I'" with the same order (for one of the two
possible orientation of T');

ii. the side lengths of which lie between 1/(12h") and 1/h";
iii. such that the Haussdorff distance between I' and + is smaller than or equal to 1/h".

In what follows we will assume that we have an algorithm to assign such a skeleton « to any vertebrate
contour I, so that we can refer to the collection of skeleton S = (v; : j < k) associated with the collection
G = (T : j < k) of the vertebrate contours of a configuration o in Q4 _. Such an algorithm is described in
[DKS92], Section 5.11, under the assumption that the diameter of I is larger than 1/h", which is ensured
by the fact that I' is vertebrate. We will refer to this algorithm as the function Sy, _ : 0 € Qp = 5,
which we will see as a random variable on the probability space (Q4, pa,— ). Differently from the
notation of [SS98], G and S are not associated with external only vertebrate contours, but with all the
vertebrate contours of a configuration . This will lead to some modification in the following definitions,
namely in the definition of what will be denoted by V(G).

The free energy of a skeleton family S = (v, : j < k) will be made of two parts. On the one hand the
surface free energy of S is simply defined by

W(S) =D W),

i<k

with W(v;) defined by Equation (14). Even if v; is self-intersecting and is not the boundary of a simply
connected domain, so that the external normal can be ill-defined, one can still define some normal with
respect to an orientation of y; and, since 7 is (7/2)-periodical, there is no ambiguity for the resulting
integral.

The volume free energy, on the other hand, is related with the phase volume of S introduced in
[DKS92], Section 2.10. The plus-components of S are the bounded connected components of R? \ Uj<7;
for which there is a continuous path that connects their interior and the unique unbounded component of
R? \ Ujcky; with an odd number of crossings of Uj<7;. The phase volume of S is defined as their joint
volume and we denote it by V(S ). The plus-components of G are defined in the same way we defined
those of S and we call V(G) the total number of sites they enclose. We define V(S) as the number of
sites in the plus-components of S that are at distance larger than 1/A" from Uj<g7y;. The volume free
energy of S is the product —hmE\V/(S).

Following [SS98] there is a constant C' > 0 such that

mas{V(@), V(5)} — OW(S) 37 < V(8) < min{V(G). V(5)}
and
V(G) - V(5)| < owes) hlw .

We will denote by {Sx,— , = S} the set of configurations that are associated with the skeleton family S
and by
7= {5y =0
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the set of configuration with invertebrate contours only. These are similar to the configuration sets Sg’s'“

and Sg ** in [SS98], which are associated with external contours only. Following the proof of Lemma 2.3.6
of [SS98], we have

Lemma 2.5. Given € > 0, if h is small enough and A is a simply-connected domain contained in Ap,
then, for any skeleton familly S,

i (Sa—n = 5) < i, @ exp {=B((1 = OW(S) = (1 + OV ($) ) }

This result relies on Pfister’s low temperature estimate for zero magnetic field ([Pfi91], Lemma 10.1),
that was extended in [Iof95] up to critical temperature, and which uses a duality argument that holds
for simply connected domains only. This is where the simple connectivity of A matters.

To make the volume free energy appear, Schonmann and Shlosman control the derivative with respect
to h of the ratio between pp — ,(Sa,—n =5) and pa — ,(Z) and they use in particular the fact that, at
any subcritical temperature, there is a positive constant C such that, for all h > 0, A C Z? and 2,y € Z2,

e (25 ) < (25 y) <y (065 y) < exp{~Cllo — yll}, (22)

where the star percolation event {z<_—*>y} is the set of configurations o in 272 for which there is a
sequence of sites = zg, 21, ..., 2 = y such that ||z; —2zj11||cc =1 and o(z;) = o(y) = —1 for all j < k.
The first two inequalities are a consequence of FKG inequality and the last one is Theorem 1 in [CCS87].

We then get upper bounds on events of type {W(Sy _ ;) = D/h, hmE\V/(SAy,yh) < E/h} for
U,V >

Lemma 2.6. Given e > 0, Dy > 0 and Ey > 0, if h is small enough and A is a simply-connected domain
contained in Ay, then, for any D > Do, E > Ey, F > 0 and u,v >, it holds

D . D
KA~} <W(SA11h) > T + (1 +e)F, hmpV (Sa,—n) = F) < pa,—n (T)exp {—ﬁ(l - e)h—u}

and

D . E D E
KA, —h <W(SA,_,;1) > ﬁ , hmEV(SA,—,h) < ﬁ) < HA,—h (I) exp {ﬂ ((1 — e)h—u — (1 + e)ﬁ) } .

Proof: This is similar to the proof of Lemma 2.3.7 in [SS98]. For any D > Dy and F' > 0 it holds

D .
HA,— h <W(SA,,h) > T + (1+4€)F, hmjV (Sa,—n) = F>

(1+k)D (1+k+1)D
he T pu

<Y iAo (W(SA,,h) €(l+4e)F + {

] , hmsV (Sa,—p) = F) :
k>0

For h small enough, the number of possible skeleton families S such that

2+ k)D
W(S) < (14 4e)F + HT)
is less than (recall that 8 is a fixed parameter)

(14+4e)F+(24+k)D/hY BT

2 7(0)/12
( %) v Sexp{ﬂe ((1+46)F+ (2—;75)D>}

7(0) = min 7(9),

Indeed, since

the second skeleton property implies that, with N the total number of vertices of a skeleton family .5,

W(S) >N

= N om0

14



which gives an upper bound on N. Together with the fact that these vertices have to be in Ay, of volume
(Bmax/h)? at most and that each of them can be a first, last or intermediate vertex of a given skeleton,
this gives the stated upper bound.

Lemma 2.5 implies then, for any € < 1/8 and h smaller than some hg that depends on €, Dy and 3
only,

D .
KA~k (W(SA,_,h) Z 5t (1+4e)F, hm3V (Sx,— ) = F)

(2 +k)D(1e)<(1+k)D

<pn-_n(Z Zexp{ﬂ< (14 4e)F + ¢ T+(1+46)F) +(1+6)F)}

>0 het
= pa—n (T) goexp {—5 ([(1 —3¢) + (1 — 2€)k] % +e(1— 86)F)}

< HA,—.h (Z)Cexp {—ﬁ(l — 36)%}

for some constant C' that depends on € and Dy only. This implies the first desired inequality with 4¢ in
place of e.
For e < 1/2, any D > Dy, E > Ey and h small enough it holds in the same way

D E
KA, — h (W(SA — h) h hmﬁV(SA ) < F)

<D paan (W(SA,_,h) € {(1+k)h£u,(1+k+1)%] V(Sa—p) = ]>

k>0 _Eh{r:
E *
<pa—n(D) Z h{Z’B exp {B <[(1 —3e)+ (1 - 26)k] hD (1+ e)}i) }
k>0

<ina@Cew{-5(1-300 - a+og )]

for some constant C' that depends on €, Dy and Ejy only. The thesis follows. [l

For o in Q4 — we will also consider the family G, (¢) = (T'; : j < k) of the external vertebrate

contours of o as well as the family SF* ; (0) = (v : j < k) of their associated skeletons. We will denote
by
[GRE ()] = ISR (o))

their number k. As a first application of the previous upper bounds we have that, conditionally to
V(G _ 1) < (By/h)? and for By small enough —say By < 3B./2 and recall that By as to be thought
close to B.— typical configurations drawn from p,, _ ; are made of invertebrate contours only, i.e., are
in Z. More precisely

Lemma 2.7. There is 6 > 0 such that, if h is small enough and B < 3B./2, then, for all k > 0 it holds

- (1SR4l = B V(GSS ) < (B/R)?) < g, n(T) exp {—0k/n"}.

In particular, for By < 3B./2 and h small enough, it holds

S - (18554l = B VG ) < (By/1)?)
pirn,—n(Z)
_ b
< ,uAh,f,h(I)QeXp{ §/h } — 2exp {—5/hb} _
fir,,—n(Z)

Proof: We will apply the first inequality of the previous lemma with ¢ = 1/8. To this end we will give
a lower bound on

fry,—h (L€ ‘ R) <

WS, - 1) — (14 hmiV (Sa, - n) = WSKE ) — (1+ hmaV (SE_ )

15



provided that |S{ | = k and V(G _ ;) < (B/h)*. If
Gf\’jf,_,h =T;:5<k) and Sf\’;t,_,h =(y;: 5 <k),
we also have

WSTE_ ) — (L+ hmEV (ST _ ) > ZW %) = (L4 hmjV (v;)
i<k

with ,hm;f/(%) the volume free energy of the single skeleton 7;. To give a lower bound on each term
of this sum, we recall that there is C' > 0 such that, with V(I';) the number of sites enclosed in T';,
holds

V(L) = OW(y)) /B < V(y;) < V()

and we separate two cases.
If

CW(y;)/h*" > V(T;)/2,
then, since V(I';) > 1/h?,
27

2C

Wir) — (14 Ohm3V () > [ e e>hmz} vy > 2

= W

for h small enough and some positive § that depends only on ¢, C and . If instead
CW(v;)/h*" < V(L))/2,

then we have on the one hand

1
h2b_2

5V < Ty < Vo) < (5 (23)

and on the other hand, using the isoperimetric property of the Wulff shape,
W(v;) = (L4 hmiV (v;) = wsy/V(7;) — (1 4+ e)hmjV (3;).

This lower bound is concave in V(7;). From (23) we need then to evaluate it in 1/(2h%%) and (3B.)%/(2h)?
to find its minimum value. Since, for some ¢’ < § and h small enough it holds

wp B 1-2b 20’
— (1 h
Vo TS G
e B./ (3B./2) _ 25
3B./2 . (3B./2 2

this leads to

. e’
W(Sn,,—n) — (L+e)hmiV(Sa,,—n) > B

We then get the desired estimate by applying Lemma 2.6 and summing on all the possible values of the
integer

y B 2
V(SA,_,}]) = F/(hmz) <2 < r;;ax) .
([l

We will also need lower bounds based on [Iof94]. For B > 0 and § > 0, let us denote by E%% .5 the event
that there is an external contour which surrounds (1 — §)BW/h and is contained in (1 + §)BW/h, and
that moreover this is the only external vertebrate contour. With this notation and recalling Equation (5)
from page 4, Lemma 3.4.3 in [SS98] gives

Lemma 2.8. There are C > 0 and ox(1), a vanishing function of h when h goes to zero, such that, for
all B >0, § >0 and all simply-connected A C Ay, that contains (1 + §)BW/h, it holds

MA,—,h(E]g,é) > MA,_,h(I)Cexp {ﬂ(l + Oh(l))@} .
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This makes possible to give lower bounds on similar events for non simply-connected “Wulff shaped
annular domains” of the form

B B
A(By,By) = (TQW\ #W) nz?

with 0 < By < Bs. (In the case By = 0 this “annular domain” is simply a Wulff shaped box.) For 1,
m and 79 in Qz2 such that n coincides with 7, in ByW/h and with 7y outside BoW/h, we will write
HA,(n1,m2),h TOT framn with A = A(By, Bz). Given § > 0 we also define By,s > By and By s < By by the
equations

( — (S)Bl s = B1 and (1 + 5)32 s = Bs

and we call E B.s the subset of Eh B.s for which there is no vertebrate contour distinct from the external
contour which surrounds (1 — §) BW/h and is contained in (1 + ) BW/h.

Lemma 2.9. Given ¢ > 0, if h is small enough, then, for all 0 < By < By < Bpax and § such that
Bi1,5 < Bags, it holds, with A = A(B1, Ba),

iaceon (Bl ,5) = {%( — ¢(By) )} (24)
HA,(+,-),h (Egl,s,(s) > exp {%( — ¢(B2)] )} (25)
)ze

et

fia,(—,—).n(Z) > exp {%6} : (27)

AL (= 4),h (Egm 5

and, if B — By < 2B,

Proof: Most of this is already contained in Lemma 3.5.1 of [SS98], which gives stronger lower bounds on
similar events, and its proof, which works by conditioning and stochastic domination. We will proceed
in the same way. Let us first prove (24). Our event EgQ 5.6 is the intersection of the events

FEy: there is a contour I' that separates interior plus spins from exterior minus spins, that surrounds
(1 = 6)Bg,sW/h and that is contained in BoW/h,

Fq: such a contour I' does not enclose any vertebrate contour
and
Fs: there is no vertebrate contour outside such a contour T,

the first two of which are increasing events. With

B
Ay = TQWOZQ,

DLR equations imply

pa -y (Eo NVEL D By) = i (+,-),0(Bo 0 E1) X pia -0 (B2 | Eo 0 Ey)
= A, (+,—),n(Eo N E1) X ppy —n (B2 | Eo N Ey)

and we will use stochastic domination for giving a lower bound of the first factor. Let us denote by Ay
the set of sites in

B
A1:#WOZ2

that are at distance 2/h%" from its boundary, and by F the event that there is a contour I which
separates interior plus spins from exterior minus spins, surrounds A and does not enclose any vertebrate
contour that encloses some site in A;. By conditioning on the invertebrate contours enclosed in IV and
enclosing some site in A, FKG inequality gives

fihs,—n(Eo N EY)

a0 (Bo N EL) = pny - (Eo N Ey | F)= 1ine n(F)
25,7
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Together with the previous equality we then have

Py —.n(EoN ErNEy)
s, —h(F)

To get a lower bound on the numerator we use Lemma 2.8 and Estimate (22) from page 14. We observe
that Eo N FEy = Egz ;.0 and that, conditionally to Eg2 5,50 & star percolation event involving some sites x

pa,(+,—),h(Eo N Ey N Ey) >

and y at distance of order 1/h® has to occur if E; does not. Since ¢ is bounded from above, we obtain
a constant C' > 0 such that for h and § small enough,

1z, —n(Eo N EL N Ea) = pay,— n(Z)C exp {—§(¢(32) + 6/2)} :

To get an upper bound on the denominator we observe that F' implies, for A small enough, that \7(5 Ao,—.h)
lies between (1—¢)(Bi/h)? and (Bz/h)? so that the minimal free energy cost is or order (¢(B1)A¢(Ba))/h.
Using Lemma 2.6, we get, for A small enough

pae- ) < v (Do { =2 082 no(B0) — /2 }.

This gives the desired estimate.

Inequality (25) is proved in the same way: it holds with Egl 5,6 i place of Egl 5,00 but we will only
need an estimate for this larger event. Inequality (26) is then a consequence of ’(25): the boundary
conditions are exchanged and the positive magnetic helps in such a way that there is no size-dependent
free energy cost anymore. We refer to the last page of [SS98] for more details.

We finally prove (27). This is the only place where we will make use of the notion of free energy
associated with non-external vertebrate contours. Let us now denote by E the event that there is no
vertebrate contour in A and by F' the event that there is a contour I" which separates external minus
spins from internal plus spins, is enclosed in A; and encloses (1 — §)A1/(1 + §). Since Z is a decreasing
event it holds

s (B, yrsars)
MA27_7}L(F)

and, using Lemma 2.8, we only need to prove that, for h and ¢ small enough,

Ba (=~ (L) = piry,—n (E \ F) =

e - (F) < e @ exp { =2 (0(81) /) }.

In other words we need to show that the free energy of the skeleton families that are compatible with F
cannot macroscopically decrease with respect to that of the skeleton families that are compatible with
Eg,h s+ Like in the proof of Lemma 2.7 we can estimate from below the free energy of the former by the
sum of the free energy of the single skeleton associated with the contour I', and that of the skeleton family
associated with each plus-component outside I'. Since the former is of order ¢(B;)/h, it is sufficient to
check that the latter can only have a positive contribution provided that Bs — B; < 2B.. Let us denote
by W(S), —hmz;‘v/(S) and V(S) > V(S) the surface free energy, the volume free energy and the phase
volume of such a skeleton family associated with a single plus-component of the whole contour family.
If this single plus-component is simply connected, then, by using Lemma 2.3 and Proposition 2.1, the
associated free energy has a lower bound of order

wp V(S) BQ — Bl . . .
2 ((32 “B)/2h) | 2h ) — hmpV(S) = hV(S) (m — mﬁ) :

If it is not simply connected but does not enclose I', we get a similar lower bound on its associated
free energy by estimating it from below with that of the single skeleton associated with its outermost
contour. If instead it is not simply connected and it encloses I, then, denoting by (B/h)? the number
of sites enclosed in its outermost contour and taking into account the surface free energy contribution of
its innermost contour, the total free energy of this skeleton family has a lower bound of order

B B .((B\* [(Bi\°\_ B+B i
o et () - (3)') 2 252 it ).
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Provided that w
By — B, < 2B, = —2,
Mg

this gives in all cases a non-negative macroscopic contribution. |

2.4 Exit rates, local relaxation times and soft capacities

We will simply denote by X the dynamics X4, _ j restricted to
X =RUS,

which is associated with the generator £ defined by

(Lf)(o) = Z w(o,0%)[f(c") = f(o)], oeX, f: X =R
TEA:

We will also denote by u its reversible measure

H= pa,,—n( [ X).

and by D the associated Dirichlet form defined by Equation (20) of Section 2.2. Its spectral gap will
be denoted v = ~y;,. In this section we briefly recall some definitions from [BGM18] and explain how to
use the results of that paper to prove an equivalent of Theorem 1 and Proposition 1.3 for this restricted
dynamics X.

We denote by Lz the generator of the dynamics X restricted to R:

(Lrf)(0)= Y wo,0®)[f(e®)~ f(0)], o€R, f:R—R,
TEA:
ocTER

and we will denote by 1/yg the relaxation time of this restricted dynamics. We denote by pg the
restricted ensemble

with respect to which L5 is reversible, and we set
1
= max .
YRR pr(o)

We define in the same way Ls, 1/vs, us and xs. We will refer to 1/yg and 1/7s as local relazation
times.

For any A > 0 we denote by ¢% . the extinction rate from quasi-stationarity of the trace on R of
our process X killed at rate A in S, and we set

= = lim ¢} .
PR\s = lim o 5

The precise meaning of each of these terms is explained in Section 2.1 of [BGM18], from which we will
mainly need the upper bound of Lemma 2.3

Prs < Pris < Hr\s(€Rr\s) (28)

with pr\s = (- |R\S) and

eps@) = Y weo®), xRS
TEAL:
o"eS
For any x > 0 we define in the same way (ngiR, then qﬁg\R, ps\r and 62\72- It also holds

DS < O5\R < s\ (€5\R)- (29)

We will refer to ¢\ s and ¢35, as exit rates from R\S and S\R.
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From Section 2.3 in [BGM18], Dirichlet’s and Thomson’s principle, the (k, \)-capacity C2(R,S) is
the soft capacity

CMR,S) = min { )+ 5> po —1)?+AY (o 0)2} (30)

gER g€eS
= max D) (31)
PeEV(R,S)
where S B )
DIPI - e P PR P
UEX:nEA ogER K €S o

) of all the unitary flows from R to S

:U\
0514

stands for the energy dissipated by a flow ¥ in the set \Ill(
associated with a Markov process X on the extended

X=XURUS

that jumps from any o in R or S to  in R or & in S at rate k or A.
We will prove in sections 3 and 4 that the following hypothesis (#) is in force:

Hypothesis (H): Given a small enough 6 > 0, one can choose By close enough to B, so that, for all

h small enough, it holds
1 1 { ) }
—V —<expq—- ¢,
IR s h

1 A 1 S {ﬁA -0 }
* * Z €Xp
Pk Pri\s h

and, with k = k(h) and A = \(h) such that

lim w(h)e* = lim S i ARt =t
hlg%ﬁ( Jer' = Jimg k(h)  h50 (h)e Taho AR)

for all e > 0 and h small enough

A 2 A—
- G cen 147

This will imply an equivalent of Theorem 1 together with Proposition 1.3 and Estimate (13) for the
restricted process X.

Lemma 2.10. If hypothesis (H) is in force, then, for all small enough dy > 0, one can choose B close
enough to B, such that with k = X\ = e~%/C") there is hg > 0 for which the following holds for X started
from a probability measure v and any observable f: Qy, — R.

1. If v = ug, then, for allt >0,

lim P, (7Thg >t) = e ', (32)
h—0
and it holds 1
%%hln ; = [A. (33)
Also,
lim P, (0 < Thg and  sup |Ag(t, f) — pr(f)] < | flloce™/0M | =1 (34)
h—0 t<Trg—0
with 54 s
o 0
9—exp{2h+h} (35)

1. For h < hg and whatever the starting measure v, it holds

1B, [£(X(00)] = )| < e/,

20



iii. If v is such that

lim P, v(Ter <Trs) =1, (36)

then (32)—(35) are also in force. Also if, for h smaller than some positive hq,
P, (Tur > Ths) < e /" (37)

then
B [F(X(1)] = pur(f)] < Iflloce™ /) (38)

for all small enough h and all t = €?%/" with 5y < Ba < BA — &.

Proof: Let §p > 0 be small enough to have

ﬂA 50 50 Bmax
5 16> 9 and 1) 1+ o) < —bo, (39)

and choose B as provided by hypothesis (H) with dp/4 in place of §. We use the results of [BGM18],
which are based on two hypothesis sets —denoted there by (H) and (H')— both satisfied with this
choice of R and S associated with B . Indeed, hypotheses (H) require

a) qb;z\ s to be small with respect to yg and vs in our considered asymptotic regime h < 1;
b) qb:g\R to be small with respect to ~s;

c) Xr, Xs, Xr\s and Xg\r to be all irreducible;

) 1(S) = w(R);

(H) gives a quantitative of version of a) and b); Xr and Xz\s (as well as, symmetrically, Xs and Xs\z)
are irreducible since, by flipping each plus spin, one gets a path in R or R\S from any configuration o
to the uniform minus configuration; and, as a consequence of Lemma 2.7 and Lemma 2.8 with

d

_ Bmax
~ (1+60)

we have, for all small enough h,

5 = e <o Ul (@) =ov e “

Hypotheses (H') require in addition ¢\s to be small with respect to yr /Inxr and ¢35\ to be small
with respect to vs/1n xs, which is also implied by (#) since there is a positive constant C' such that

B 2
Inxr Vinxs §C< r;;ax> .

These hypothesis sets being satisfied, setting k = A = e %/ x is large with respect to ¢;z\s and
small with respect to yg/In xz, just as A is large with respect to ‘752\72 and (b;‘z\ s and small with respect
to vs/Inxs.

Proposition 2.8 of [BGM18], with A and S in place of x and R, gives then, whatever the starting
distribution v, that the total variation distance between ps and the law of X (Th,) is smaller than
e~%/(h) for h small enough. Since, as a consequence of (40), so is that between u and s, this gives ii.

Equations (15) and (16) and Proposition 2.8 of [BGM18] also give that ¢% , Ths converges in law to
an exponential random variable or parameter 1 as soon as (36) is ensured. Since (40) implies that
1(S) goes to one when h goes to zero, Theorem 1 of [BGM18] says that the ratios ¢ ,_ /v and
DA (R)/CX(R,S) go to one when h goes to zero. Then, provided (36), 7Ths converges in law
to an exponential random variable of parameter 1 —this is (32)— and (33) is implied by (#).

As far as the case v = ug is concerned, we simply have to prove that (36) is in force to prove (32).
With
VM) =Py (Tup < Trs)y  TEAX,

K
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we have
]P#R (TNR < T)\S) = E#R [Vn)\|R]

and Lemma 3.2 in [BGM18] says that that the latter goes to one when h goes to zero. Conditions (39)
also imply that we can choose 77 = e~%/(9%) in Proposition 5.1 of [BGM18] which, together with

lim 7 In ¢; = (A
h1—>rnO nqﬁR,Ag ﬁ )

gives, for some

and h small enough,

t<T>‘S —0

Pur <é <Thsand sup |44(t, f) — pr(f)| < ||f||ooe‘5°/“0h’> >1—e /U0 (41)

Since we already now that, starting from ug, ¢% ) Ths converges in law towards an exponential random
variable of parameter one, this implies (34)—(35).
Next, Theorem 3 of [BGM18] says that there is a stopping time 7™, with

E, [T*] < 2660/(2h),

such that the total variation distance between pug and the law of X (T™) goes to zero as well as the
probability that Thg < T* when (36) is in force. The contribution to time averages on time scale 6 of
the trajectories of X before time 7™ is then negligible and we get, from (41), that (36) implies (34)—(35).

It only remains to prove (38) by assuming (37) for h small enough. We use to this end optimal
couplings associated with total variation estimates provided by [BGM18] to bound the total variation
distance between the law of X (¢) and pug. First, by Markov inequality,

9¢90/(2h)
P, (I" 2 1) < T < 2¢700/0W, (42)

and, assuming T* < t, we consider four coupled process Xy, X1, X2 and X35 on the time interval [T*,¢]
with the following marginals: Xo(s) = X (s) for all s € [T*,t]; X1(T*) is distributed according to ug
and X; evolves according to the restricted dynamics in X with generator £; Xa evolves according to
the same dynamics in X', but X5(7™*) is distributed according to the quasi-stationary distribution M;z\ s
introduced in Section 2.1 of [BGM18] and for which, with Ts the hitting time of S,

Py, (T > 5) = R (43)

for all s > 0; X3(T*) = X1(T™), but X3 evolves according to the restricted dynamics in R, so that the
law of X35(¢) is ur. Then, we simply have to couple these processes in such a way that Xo(t) = X3(t)
with large probability. Since X7(T™*) = X3(T*), it suffices to this end to couple Xo(T™*), X1(T*) and
X2(T*) to make them coincide with large probability and use (43) to prove that they will not exit R
with large probability. Indeed, conditionally to {T* < t},

P(3s <t, Xa(s) ¢ R) <P(Is <t, Xa(s) € S) <1—e PRis! < g, gt < e7300/U),

Conditionally to {T™* < ¢} and Hypothesis (H), Proposition 2.6 in [BGM18] says that, for h small enough,
we can couple Xo(T™*) and X7 (7™) in such a way that

P (X, (T*) # X1(T%)) < eXp{—% (% _ 52_0) } .

From Theorem 3 in [BGM18] and (42) we can couple X1 (T™*) and Xo(7™) in such a way that, for h small
enough,

P(X1(T%) # Xo(T*)) < P(T* > t) + P(T* # Th) + e %0/ M) < 2e70/(h) 4 ge=00/h 4 g=00/(3h),

With such couplings we get
1
P(Xs(t) # X (1)) < ge /(o0
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for h small enough, and (38) follows. O

Assuming hypothesis (#), the proof of Theorem 1 and Proposition 1.3 essentially reduces at this
point to show that, starting from pa, — (- |R) and with large probability, the system does not leave
X = RUS within a time of order e#4/". We need then a lower bound on an exit time, like are the lower
bounds on the inverse exit rates and the upper bound of the soft capacity in hypothesis (H). Given the
previous free energy estimates and the non-convex Blashke’s inequality, these are standard estimates in
the context of metastability studies. They boil down to static estimates (recall in particular (28) and
(29)) and we will prove them in the next section. As far as the upper bounds on the local relaxation
times and the lower bound on the soft capacity are concerned, we will follow the strategy introduced in
Section 2.2, and inspired by the works of Sinclair and Martinelli, to prove them in Section 4.

3 Lower bounds for exit times

3.1 Leaving X

Before stating and proving the main lemma of this section we note that, for any a > 0,
2
a
r>0— —+z
x

is a convex function that reaches its minimum 2¢ in a.

Lemma 3.1. Given By > B. and b < 1/4, setting n > 0 such that

2

B
> + B+ = 236(1 + 277)3
By

it holds 5
paem(RUSY) < @ exn { - L0+

for h small enough.

Proof: Consider o in
X¢=(RUS)“.

Let us denote by S the skeleton collection associated with its vertebrate contours, by G®*' the collection
of its external vertebrate contour, by St its associated skeleton collection, and set B > 0 such that
V(St) = (B/h)2.

Let us first consider the case B > B.. Since o ¢ S, the largest Wullf shape enclosed by a contour I'
of G*™* has a volume smaller than (B_/h)?. Recall Equation (18) of page 9, set p_ = 2B_/wg, call ¢
the skeleton of T" and Bs(0,7) the Euclidean ball of radius r centered in the origin. As a consequence
of the third skeleton property, the largest Wulff shape contained in a bounded connected component of
R?\ « is contained in a translate of

r = . 1
Wy yn+ B2(0,1/h") C W, n + Wiy(r(o)nr) = 7ﬁ <7 i T(O)hr> o

(5 + wiow) < (%)

for any B_ > B_ and h small enough. Let us take B_ close enough to B_ to have B_ < B, and

with volume less than )

B2 B2 1+ 3n/2
¢ +B_> (=% +B_ | —21=

1429
Since ) ) ( o )
B B B, — B, BZ
¢C+B_=—"<4+B 2———— > % + B, =2B.(1+2n),
5T B++ ++ B.B_ _B++ + (1+2n)
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this implies

B?
=< +Bz2BC<1+3—n).
B 2

For any positive and small enough €, Proposition 2.1 now implies, since B > B, > B_,
W(S) — (1 + e)hm3V(S) = W(S™) — (1 + e)hm3V (S™)

> 28 <M + B/h) — (14 hm3(B/h)>?

2 \ B_/h
-5 |7 (5 5) <2 e o (- )
2%{230 1+%)—(1+e)30}:wgfc(l—i—?m—e)
2%(1+2n).

We are in shape to use Lemma 2.6, but let us first consider the alternative case B < B..
If B < B, ie., V(S < B2h=2, and V(G®*) > (3B./2)*h~2, we also have a lower bound on the
free energy. Recalling, indeed, that there is a positive constant C' such that
V(Gext) . CW(Sext)h—Qr < ‘V/(Sezt)
it follows that, for any positive and small enough e,
W(S) — (1 + e)hmsV (S) = W(S™) — (1 + e)hm3V (S°)

h ;_ ((3B./2)* — B2) — (1 + e)m}

532 2m;§B§
> c_
~ 4ACH7/4 h ’

>

so that, for i small enough,

W(S) — (1 + e)hm3V (S) >

=

(1+2n).

If B < B, V(G™') < (3B./2)?h~2 and |S°**| > 1/h'~%/2 then, by Lemma 2.7, an event which is much
more unlikely than Z has to occur: there is § > 0 such that, for h small enough,

i (1S5 = 1RV V(G < (3B/2°h72) < pa-n(T) D exp{—ok/n")
k21/h1—b/2

< 2tx,,—,h(T) exp {*5/’11%/2} :

Finally, if B < B., V(G™*) < (3B./2)?h™2 and k = |S°*| < 1/h'~"/2 then, since o & R, it follows
from Lemma 2.2 that the smallest Wulff shapes to contain its external vertebrate contours I'; have a
total square root volume larger than By /h. Again, using the skeleton properties and the fact that each
of these contours encloses a volume which is larger than 1/h%", we get that the smallest Wulff shapes to
contain the associated skeletons «y; have total volume larger than

V1—Chv—r % > /1 Chb/2 % > %

for some positive constant C, any B, < B, and h small enough. We choose B, > B, such that

B2 . 3
e +B+2230(1+—").
B, 2

Writing (B;/h)? for the phase volume of each single skeleton v; and (Bj,out/h)?* for the volume of the
smallest Wulff shape to contain it, we have, using again Proposition 2.1, for any small enough € > 0 and
since B < B. < By,

W(S) — (1 + e)hmjV(S) = W(S™) — (1 + ) hmjV (S)
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>y ((Bj/m B /h) (14 Ol (B/h)?

22 \Bjou/h
wy | S Bi B?
Z_ + B out — 1+6)_
2h Za<k j,out Z 2 B,
> U8 +ZB 1+e)B2
= 51 out — B
2h Zg<k j out g B.
wg [ B? - B? wg [, 1 1+e .
SN2 B 40| =¥ g2 [ —— B
Zon |5, PR U 9g ] = BB, )T
wg [ o1 1+e ~ wg 3n
> = |B5[ — — Byl > —=12B.(1 — B.(1
—2h_°<B+ BC)Jr +]_2h T3 (1+¢)
wg B, A
> 1+ 2n) = —(1+42n).
2 —5p (14 2n) = +(1+2n)

We conclude with Lemma 2.6 by summing on all the possible values of the integer V(S) < 2(Bmax/h)%:

2(B=) o0 a0} o s

< pry,—n(Z) exp {—%(1 + 77)}

i, —n (X)) < pay,—n(Z)

for e chosen small enough and all small enough h. O

It follows that, starting from pa, —p(-|R) = pr and with large probability, our process Xu, — 5

cannot escape from X within time
t1 = exp %(1+E)
h 2

for h large enough. Indeed, since we assumed that for all x € Aj, and for all 0 € Q4
w(o,0%) < Wmax,

the number of jumps of the process X,, _ , within time ¢; is dominated by a Poisson random variable
N7 with mean
)\1 = |Ah|wmaxt1

and for which

P(Ny>e)\) < e ME [eNl} = eXp{—e)\l -+ e)\l} —eM< i

A1
Since from the previous lemma it holds, for A small enough and all ¢ > 0,
¢ HA 7h
Pur (XAh7_7h(t) eX ) = Z Z Nz (XAh,—,h(t) = OJ)
cER o' EgX Hnn,— h
KAy, —,h 0 ) (o)
= Pa’ XA —,h )
’&X H’Ah, ,h(R) 0'6273 " )
pa,,—h(0”)
= — P (XA, —n(t) €R
UXQ:X finy,—n(R) (X, )
ping.—n(0’) B - (RUS))
e b —n(R) - (R
_Pms@exp{ -G+ { P40 )}
< =expd———(1+mn) ¢,
- (@) U
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we conclude, with Tyc the exit time from X,
1 A
P, (Txe <t) < ™ + e exp{%(l Jrn)}
1

for h small enough and

Lemma 3.2. Given By > B. and b < 1/4, setting n > 0 such that
2

B
. + B+ = 236(1 + 277)3
By

e son (-] ool 49

it holds

for h small enough.

3.2 Entering S or R

Lemma 3.3. Given § > 0, one can choose By close enough to B, to have, for all small enough h,

p(RNS) < u(T)exp {_ﬁAh_ 5}

and

N N BA—6
10} R <ex — .
S\rRVOr\s <€ p{ W }

Proof: Consider, for any By > B, 0 in R NS and its associated skeleton collection S. Since o € S,
the isoperimetric property of the Wulff shape implies that, for any ¢ > 0,

WS) > (1~ ug (44)

for all small enough h. Also, since o € R, it holds

. Bi\?
Vs <o (5) (45)
for all small enough h. Then, by Lemma 2.6,

p(RNS) =< u(T) exp {—% (1= 2wpB- — (1+€)*ms B3| }

= M(I)exp{—% lQ(l —6)2% —(1+¢)? (iﬁ)

C

} |

Choosing € small enough and B close enough to B. we get

nRNS) < M(I)exp{ﬁAh_ 6}

for all small enough h.
We proceed in the same way and use inequality (29) from page 19 to bound qbg\n. For all o € S\R
associated with a skeleton family S it holds

es\r(0) < [An|wmax,

since o € S, inequality (44) is in force for any € > 0 and all small enough h, and eg\R(U) = 0 unless
there is @ € Ap, such that 0® € R so that inequality (45) is also in force for all small enough h. Hence,
using Lemma 2.8 with a small enough ¢’ in place of d,

|An|wmaxp(Z)

Sm =TSR

R,
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|Ah|wmaxlu(z)

/8 *
. H(Egmax/(lw’),é’) o {_E {(1 — e wsB- — (1+ e)QmﬁBﬂ }

< exp {—% [(1 —€)?wgB_ — (1 + G)ngBﬂ }

for all h small enough, and we conclude in the same way.
Finally, since from inequality (28) it holds —with the convention w(o,0’) = 0 for all o # ¢’ such
that o’ # o® for all x in Ap—

PR\s < Z Z pr\s(@)w(o,0’) < ﬁ Z w(o’) Z w(o’, o)

cER\S o’€S o'eS cER

we can use the same arguments to bound qﬁ;‘z\ S O

3.3 Upper bounds for soft capacities

Given § > ¢’ > 0, assume that we chose By > B’ associated with R D R’ and S D &’ as in Lemma 3.3.
We use the variational principle (30) to get an upper bound on C}(R,S). We build then a test function
f: X = R with
1 ifoeR\S,
1/2 ifeeR' NS,
Fe)=9 if o€ S\ R,
1/2 ifog X' =R'US.

Note that, for all x € Ap, if 0 and ¢® both belong to X’ but neither of them is in R’ N'S’, then
f(o) = f(o®). Hence, by Lemma 3.3 and Lemma 3.1 with ¢’ and n’ in place of § and 7,

CMR,S)  p(R'NS') [Apjwmax  #(RNS) (X X7
LA + K+ A) + —=———||Ap|wmax + £+ A
w(R) W@ 4 e DG R LS )
! A max — _ _ ’
< e~ (BA=S y/h | h|Z’ 4 e~ (BA=O/h(y 1)) 4 e=PACHT )/h[lAhlwmax+’£+)\:|

for all small enough h. Since ¢’ can be chosen arbitrarily small, we conclude

Lemma 3.4. Given § > 0, choosing B close enough to B, to have, for h small enough,

Pr\s V Ps\r < €xp { W ;
choosing also k = k(h) and A = A(h) such that

li d/h _ li d/h _ 4
Lim k(h)e Lim, A(h)e 0, (46)

for all € > 0, there is hg > 0 such that

for all h < hy.

4 Upper bounds for local relaxation times

4.1 On the metastable side

We prove in this section that for any § > 0 one can choose B close enough to B, in such a way that the
local relaxation time 1/v% is smaller than ¢®/" for h small enough. We use to this end a small parameter
d > 0, the value of which will depend on § and will be used to choose By. Given a finite family F' of
disjoint Wulff shapes

:L'jJerj/hCAh, j <k,
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with k < 1/h'~%/2, we build a sequence of smaller disjoint Wulff shapes
g+ Wo, n =2 +Wep,—apn, — J <k, 1<l
with (recall Equation (18) from page 9)
Pmax 2Bmax
=[] =
d dw[g

and the convention that for all p < 0 and all z in R?, W, and « 4+ W, both stand for the empty set. For
I < lp we denote by W;(F') their union:

Wi(F) = @0+ Wy, /n-
i<k

Next, we associate with each | < [y a family of disjoint annuli of the lattice, the union of which is

A(F) = 72 n U Tj1+ (ij,z/h \ W(Pj,z—4d)/h)'
i<k

We also define, independently of F'; a further sequence of Wulff shapes
Wi ih = Wippan—(t=t0)dy/ns - lo <1< 2o,

and, for each Iy <1 < 2y, we set
Al(F) =7°n (sz/h \ W(p2—4d)/h) .

We order the sites of such an annulus A;(F) with [ > Iy by ordering first the angles, then the radii: for
2 and y in A;(F) we say that x is lower than y if the angle between the horizontal and the half-line that
goes through z and starts in the annulus center is smaller that the similar angle associated with y and,
if both angles are equal, we say that x is lower than y if so are the associated distances to the annulus
center. For [ < ly we order similarly the sites in A;(F') by ordering first the annuli, then the angles and
the radii.

For o € Q,, and Iy <1 < 2y, we consider the collection C of the external contours I' of o that enclose
some z outside A;(F), we call E;(c) the subset of Z? made of all sites enclosed in some I' € C and we
call Fj(o) the subset of Z2 made of all the sites in E;(0) or having a nearest neighbour in E;(c). We
define then the “block” A;(F, o) by

Al(F,O‘) = Al(F) \EZ(U)

To avoid ambiguities, we will denote by v 4, (r,¢),0,n, rather than identify with pa,(rF,6),0,4, the law of the
4, -valued random variable M for which M and o coincide outside A;(F, o) and the restriction of M to
Ai(F, o) is drawn according to

KA (F,0),0,h = HA(F,0),—,h"

For o € Qy, and [ < ly, we make a different block construction by considering the collection C’ of the
external contours I' of o that enclose some z in Z2 \ W;(F). We call E/(F,0) the subset of Z? made of
all sites enclosed in some I € C’ and, similarly, we call E_’l' (F, o) the subset of Z? made of all the sites in
E/(F,0) or having a nearest neighbour in E](F, o). We then set

Al(FaU) = Al(F) \E{(F,O’)

and, similarly, we denote by v4,(F,¢),0,n, the law of the 25, -valued random variable M for which M and
o coincide outside A;(F, o) and the restriction of M to A;(F, o) is drawn according to KA, (F,0),0,n- Note
that, in both the cases [ < Iy and [ > [y, DLR equations imply that, if M is drawn according to pa, —n
and M’ is drawn according to VA, (F,M),M,h,» then M and M’ have the same law.

Given F', we now associate with each o in €25, a block path II, by setting first My = o, drawing then,
for each [ < 2lp, the milestone M1 according to va,(r,ar,),m,,n and connecting finally each milestone
M, with M, along the canonical path ﬁﬁthlﬂ in Q4,(F) associated with the ordered set A;(F).
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Lemma 4.1. There is a positive constant C such that, for any d > 0, all og in Qp, and all z in Ap,

Cd
ZMAh*h ((00,05)6HU)§8eXp{7}.

MAh,—,h( ) R,

Proof: We first note that, for (o¢, %) to belongs to II,, there is to be some [ < 2l such that x lies in
Ai(F) and (00, 0f) belongs to mh, My, Since our annuli are of “width” 4d and their linear size decreases

by d in each of our two annulus sequences, their are 8 such ! at most. Now, if x € A;(F), with
Voo ={0 €, Vo & Ai(F,00), o(x) =0oo(x)}

then, by DLR equations and Lemma 2.4, there is C' > 0 such that

Z fin,,,—n(0)P((00,05) € Wéwl,MHl)
O'EAh

1 T l
- MAh,f,h(O'O) Z Z 'uAhv*vh(U)P(Ml = O’l)VA(Fﬁz)vUz,h(al-‘rl)]l{(o'OaUO) € ﬂ-oz,awl}

MAh,—,h(

01,0141€Q,65 TEAR

HA;,— n(01
= Z 17()1/14(1:_’@)1@7;1(0’14_1)]1{(0’0,0’3) S 7T(l,l701+1}

Ul7Ul+1EQl,GO ‘LLAha_ah(O—O)

1 o
T VA(Fio).o0n(00) > VA(FvUU)ﬁUﬁh(UZ)VA(F-,Go)yao,h(UH-l)1{(00;UO)Eﬂ'al’alﬂ}

U}
< exp e
(|

Given ¢ and ¢’ in R we will couple two such block paths II, and IT/ associated with two random
families F' and F’. We will consider a “good event” E, . for which II, and I/, will stay in R and will
end in the same My, = Mélo. Then, conditionally to E, s, we can build a block path I, ,» in R and
from o to ¢’ by concatenation of Il,, from o to My, and the reversed image of II,/, from Mélo = Moy,
to o’. Since the previous lemma is uniform in F, we will get, for all og and of in R

01,014+1€2,0¢

Ea,o“)

MR(Uo)\l/un(ag) Z 1R (0)ur (0" )P ((00,05) € My o
o’€R

Z I Pllon.8) €1lp)  w(R) 5~ ple') Plics ) € )
UO GR mlnao ER P(EG',U’) M(UOI) o ER M(R) mina,U’ER P(Ea,a’)
16 eCd/h

- mina,a’GR P(Ea,o“) '

In view of inequality (21) at page 11, we will need a lower bound on P(E; ;).

Before building E, , and giving such a lower bound, let us first explain in which sense F' and F”’ are
random. To sample F of size k < 1/ h'~%/2 we first sample k uniformly, then we sample the centers Z;
uniformly in BnaxW/h, and, finally, we sample the p; uniformly in [0, p4|, with

2B,

P+ ="
wp

and conditionally to our non-intersection constraint. We sample F’ independently and in the same way.
We say that F' is adapted to o if the Wulff shapes of F' contain the external vertebrate contours of o.
This is the first requirement for our good event E, , and it happens with a probability larger than

o 1/pi=b/2
I S S —8/(8h) 4
(|Ah|<pmax/h>) ze (47)

for some C > 0 and all small enough h. We assume in what follows that F' is adapted to o.
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The next requirement for E, . is that for each | < ly, M;1; has no vertebrate contour to enclose a
site in the annulus union

AP (F) = Ay(F) \ Wiga(F),
with the convention Wi o(F) = @ for [ + 2 > ly. Provided that B is close enough to B, to have

¢(By — 4d) < ¢(B), (48)

using inductively FKG inequality together with Estimate (25) from page 17 with a small enough e
depending of Iy, then d, this occurs with probability e=%/(8") at least for all small enough h.

Provided that the same requirements are satisfied for F’ and M| with [ < ly, it holds that the
milestones M;, and M; are both in Z. It is also the case that II, and IIj, did not escape R up to this
point, where we can start to introduce some dependence between them.

Assuming that our previous requirements for E, ,» were satisfied, the next one is that M;,+; and
M, llo 41 are still in 7 and coincide on the annulus

A2 = Z2 n (meax/h \ W(Pmax72d)/h) :

For d small enough, inequality (27), DLR equations and FKG inequality show that this happens with a
non-negligible probability. Indeed, since M;, and Ml’U are in Z, the restrictions to

A3 = Z2 N (meax/h \ W(Pmax_3d)/h)

of Mj,+1 and Mj ., are both dominated by a that of a random configuration ¢ drawn according to
HA5 — hsy with

A5 = Z2 n (meaX/h \ W(Pmax75d)/h) :
Hence, we can partially sample them first by drawing the external contours I' of £ that will cross the
boundary of A3, ’Ehen by drawing the common restriction of §, Mj,1 and M| |, to A3\ E according to
Has\ &, — p» With I the set of all sites that are enclosed by one of these I' or that are a nearest neighbour

of such a site. Since, by (27), £ is in Z with a non-negligible probability, larger than e~?</", for all small
enough h, this gives the same lower bound for this new requirement.

Our last requirement, which includes the previous one, is that, for all Iy < I < 2ly, the milestones
My and Mj, | are in 7 and coincide on the annulus

Al_10+2 = Z2 n (meaX/h \ W(Pmaxf(l7l0+2)d)/h) :

Provided that our previous set of requirements was satisfied, this implies that the whole paths II, and
I/ all along remain in R and end in a same configuration My, = Mélo, and this happens, repeating

inductively the previous argument, with a probability e=%/(8") at least for h small enough.
Using inequality (21) from page 11, we get that, for any small enough d, if By is close enough to B,
for inequality (48) to be in force, then

2
L < 8(BmaX/h) 16eCd/he55/(8h)
TR Wmin

for some positive constant C' that does not depend on d and all small enough h. Choosing d small enough
to have Cd < 2/8 we conclude

Lemma 4.2. Given § > 0, one can choose B1 close enough to B. to have

i < et
TR

4.2 On the stable side
The goal of this section is to show

Lemma 4.3. Given § > 0, one can choose By close enough to B, to have

— < edh,
vs
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The proof is similar to that on the metastable side, with some simplifications and some extra com-
plications. We will only indicate the main differences.

Simplifications come from the fact that we will only have to build annular blocks: we will not need
union of annuli anymore. Similarly to the previous case, we will use these blocks to build a path of
expanding, rather than shrinking, contours, before using the same shrinking blocks to make the final
milestones of two block paths coincide.

There are only two kind of complications. We will first need another sequence of shrinking blocks to
ensure that, starting from o € S for which there is a large contour that encloses a slightly subcritical
Wulff shape, we will only see “the plus-phase” on the internal border of this “large” Wulff shape at the
end of the associated first block path. This is needed to use inequality (24) of page 17 with our second,
expanding, block sequence —the analogue of the first shrinking sequence on the metastable side— to
obtain, as last milestone associated with the last block of this second block sequence, a configuration
with only one vertebrate contour, close to the boundary of Ay, outside our slightly subcritical Wulff
shape. We encounter the second complication in building this second, expanding, block sequence: since
our expanding blocks have to be contained in A; and eventually coincide with its boundary, except if
we start with an annular block centered on the origin, we cannot have concentric blocks. Because the
overlapping properties of our blocks are crucial for the inductive parts of our arguments in giving a lower
bound for our good event, there is an issue.

Here is the key lemma we will use to solve it. It says that two non-concentric Wulff shapes on the
same side of a common tangent are such that the core of the largest one is contained in the bulk of the
smallest one.

Lemma 4.4. Let n = (cosf,sin®) be the external normal associated with a Wulff shape x + W, and y
in x + OW,. For a positive d < p/3, let 2’ in R? be such that n is also the external normal associated
with the Wulff shape ' + Wy and x in 2’ + OWq. Then the Wulff shapes x + W, and 2’ + Wiq are on
the same side of a common tangent in y and it holds

x4+ W(p+d)74d =1+ Wp_3d Cr+ Wp_gd.

Proof: By the Wulff shape construction from the support function p7, it holds
o+ W+ W, =2 + Wiy,

and, since the perpendicular at distance p of x to the half-line issued from = and oriented by n is the
same as the perpendicular at distance p + d of z’ to the half-line issued from z’ and oriented by n, the
first part of the thesis follows. Since W = —W and

= (11,12) € 2’ + Wy,

we also have
= (2,2 € v+ Wy,
so that, for all ¢ < 2,

! —

(x] —x1) cosp + (25 — x2) sinp < d7(yp)

and, for each
z = (zla 22) S ‘T/ + Wp—gda

it holds
(21 = 27) cos o + (22 — @) sing < (p — 3d)7(¢),
hence
(z1 —x1)cos @+ (22 — x2) sinp < (p — 2d)7(p).
We conclude that z belongs to x + W,_a4. O

Let us now build our three block sequences associated, by analogy with the notation of the previous
section, with a Wulff shape
F:$O+Wp0/h C Ay

and a small parameter d > 0. We will only have to consider the case when

2 € Wippue—2d)/h
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and we start with the middle sequence, the expanding one. We set

Wi (F) =x, + ka/h =20+ Wp0+kd/h C W(pmax*d)/h’ k < k1,

1_ 0
= |55

where p' is the smallest p for which z° + W,n and W, . _aq)/n have a common tangent. We call
n = (cos#,sin #) the external normal associated with this common tangent and we define y € Wy, —1 (F)
in such a way that the associated external normal is n too. Then, for & > k1, we inductively define

with

Wi(F) =2 + Wy n =241 + Wi vy, k <ko

where z},_, is associated by the previous lemma with n, zx_1, px—1/h, y and d/h in place of n, z, p, y
and d, and where
0
Pmax — P
k/’o — ’7 maxd —‘ .

Since y € Wi, —ay/h \ Wipnar—2d)/h> the fact that k < ko, together with the common tangent property
of the previous lemma, ensure that
Wi (F) C Ap.

We also have
Wio—1 D Wipnar—2d)/h-

We can now define our annuli on the lattice
Ak(F):ZQQ (-Tk+(ka/h\W(pk74d)/h))a k < kg.

For o in 2, and k < ko, we call E}/ _(F,0) the union of all minus spin percolation clusters that contain

a site in x + W, _4ay/n- We call E,;’,_(F, o) the set made of all the sites in E}/ _(F,0) and their nearest
neighbours. The associated block is

Ak(Fa U) = Ak(F) \ E_‘I/c/,—(F’ U)'

Let us now describe the final, shrinking, annulus sequence. It is the same as in the previous section,
with a different indexation only. We set

W /b = Wipman—(k—ko)d) /s ko <k < ko + o,

- [22].

with

and, independently of F,
Ag(F) =720 (Wo s \ Wipe—aay/n) - ko <k < ko+lo.
To define the initial, shrinking also, annulus sequence, we use negative indices. For k > —ky we set
Ap(F) = Apo—(ktio) (F) = A_g(F), k <O.

We use the same block definition for both the shrinking sequences. For o in 5, and &k < 0 or k > ko we
call £} _(F,0) the union of all minus spin percolation clusters that contain a site outside Wy (/). We
call E,Q,_(F, o) the set made of all the sites in £} _(F,0) and their nearest neighbours. The associated
block is ~

Ak(Fa J) = Ak(F) \ E];,_(F,O').

Like in the previous section we call v4, (o)., the law of an Q, -valued random variable that coin-
cides with o outside Ay (F, o) and for which the restriction to A (F, o) is drawn according to fia, (r,0),0,h-
We associate with o € 4, , and a random

F=a"+Wy,
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with p® > B_, a block path II, by setting M_x, = o, drawing inductively, for each k < ko + lo, a
milestone M1 according to vy, (r,n,),m,,n and connecting these milestones by canonical paths. We
need then to couple two such block paths II, and II,/, with ¢ and ¢’ in S, to make them coincide in
their final configuration with large enough probability.

Our associated event F(c,0’) is as follows. First we require F' and F’ to be adapted with o and
o', i.e., to be enclosed in some of their external contours, I' and I'V. The associated probability cost is
computed like in the previous section. Then we ask that, for each & < 0, the only contours of My
and M;_, enclosed in I' and I and that intersect the outer half of Ay(F) are invertebrate contours.
Note that, by construction, I' and T are contours of each milestone My and M;_, for k < 0. We use
inequality (26) of page 17 together with FKG inequality to control the cost of this event. We also have
to use the overlapping properties of our annuli that are implied by Lemma 4.4, but this is not crucial
since we could have defined concentric annuli only to deal with this first part. This event implies that,
for the milestones My and M{, we only have invertebrate contours enclosed in I' and I and outside
W0 _34)/n- Then we require to have, for each milestone My and Mllc-i—l with 0 < k < ko, invertebrate
contours only in the “inner part” of Ay (F), all of them enclosed in some external contour. This is dealt,
for By close enough to B, to have ¢(B_ + d) < ¢(B_) and also d small enough, with inequality (24)
and Lemma 4.4, which says that the bulk of Ay(F) covers the inner part of Agy1(F). Finally we ask
for the milestones Mj.1 and My, with kg < k < ko + o, to coincide in the outer part of Ay, with one
large contour close to the border of A, and that contains only invertebrate contours. The analysis of
this last part, with the help of inequality (26) again, and the following conclusions are similar to those
of the previous section.

4.3 Lower bounds for soft capacities

Lemma 4.5. Given § > 0, choosing By close enough to B, to have, for h small enough,

LAt
TR s
choosing also k = k(h) and A = A(h) such that
o—(BA=6)/h o—(BA=8)/h
R L S TR

for all € > 0, there is hg > 0 such that

e enf 24

for all h < hy.

Proof: For any positive ¢’ < d, the proofs of the two previous sections provide us, for B/, < B, small
enough and associated with R’ C R and &’ C S, with two random paths [Tz, and Ils: of length smaller
than C|Ay| for some constant C, with starting points IIg/— and Ils/— and ending points I}, and IS,
independently distributed according to ug’ and pus/, and such that

P((0,0%) € g/ < n

P((0,0%) € Ils/) < h

and max

max o,07€S’ IU,S/(O')’LU(O', O'Z)

o,0°eR  pr/(o)w(o,o®)

for h small enough. Recall the notation of Lemma 2.8, set
T = Ep,.. /(4616

and consider the random variables f[nr, the law of which is that of Iz, conditionned to {llg.— € Z}
and {II;, € R' N S'}, and s/, the law of which is that of Ils/ conditionned to {Ils:— € R’ N S’}
and {IIf, € J}. Since II};, and IIs/_ have the same law, we can build a new random variable II by
concatenation of Ilz, and Ils/. Considering the loop erased version of 11, this provide us with a unitary
flow 9 from Z to J and for which, for all o and ¢® in X, it holds

6(0,0)] < P((0r0%) €T + Pl(0%,0) € 1) 268/t (AT (o)) )
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and, recall Lemma 2.7 and Lemma 2.8,

(1 L\ p0)u(,0%) _ plo)w(o,%) oy
oo, < 26 (ot b s ) By < e

so that

|1/1(U, o”) |2 020" /h N 020" /h ) )
,U(O')UJ(O',O'I) < (R/QS/)|/¢(U o )| < W(P((U,U )E H) +P((O‘ ,0‘) S H)),

for all small enough h. By extending each realisation of II from some o_ in Z to some ot in J into a
path from 6_ € R to 6+ € S we obtain, from Thomson’s principle (31) at page 20, and Lemma 2.8
again, that there is a positive constant C such that

R 20" /h
Cg(%v)S)SQ/LR’ﬁS’ Z Z eIl) + P((c%,0) € )

O'EQAh zEA

u(R) Y e LI 0 um) o rele | I)

= rulo) = o)
T)e20' /h 9 20T
<MD gy + 2 4 24D
n(R' NS’ AMu(T)
A+ 3¢ A-5/2 A48
< 2C|Ap|exp M + exp M < exp M )
for all small enough h. Since ¢’ is arbitrarily small, this ends the proof. O

5 Proof of the main results

5.1 Proof of Theorem 1 and Proposition 1.3

Lemma 3.3, Lemma 4.2 and Lemma 4.3, Lemma 3.4 and Lemma 4.5, Lemma 2.10 and Lemma 3.2 give
Theorem 1 and Proposition 1.3 with the relaxation time 1/y = 1/, of X (restricted to R US) in place
of the mixing time tmix,» of Xj, — ». We only have to show that for all a > 1 there is a positive hg such

that, for all positive h < hg, it holds
1 «

- S tmix,h S - -
aYn Yh
Let us first show such a lower bound on tnmixn by contradiction. We assume then the existence of

some « > 1 for which there is a decreasing sequence hy, — 0 such that tmixp, < 1/(ayn,) for all n.
Consider now an optimal coupling between a random variable & with law pa, — 5, and our process at
time tmix,h, <1 /(ayn,) and started in pg. By definition of tmix,n they will coincide with a probability
1—1/e at least. Since us is exponentially close to up, ., —so that, for any € > 0 and h small enough,
the total variation distance between ps and pa, — 5 is less than e— we can also couple X (tmix,h, ) With
a random variable £s with law ps: € and s will coincide with large probability, larger than 1 — € for n
large enough. In addition, since 1/A is small with respect to 1/, it holds, for n large enough,

P, (TAS > i) <e
Vi

This gives, for any given € > 0 and n large enough,

1 € 1
P Ty > + —) < -—+e+e
e ( ° AV, Yhn €

Since )
i il = g (e+1/a)
%13%)]?#71 <’yhT,\s > 5 Jre) e ,

we get, for any € > 0,
e~ (V) e < el 42
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and a contradiction with o > 1.

As far as the upper bound is concerned, it follows from the second, already proven, point of the
theorem that starting from any v, both the distribution of X,, _ ; at time T4 and the conditional
distribution of X (Ths) on {Ths > t}, for any time ¢ > 0, are exponentially close to equilibrium. Then, so
is the conditional distribution of X (Th;) on {T),; < t}, provided that the probability of this last event
is not exponentially small. Indeed, from the equalities

P,(X(Ths) =) =P, (Trs <P, (X(Ths) =+ | Tas <t) + Py (Thg > )Py, (X(Thg) = | Tag > 1)

and
prn,—n =Py (Tag <t)pa,,—n+Pu(Ths > t)pin,,—n

we get, for h < hy,
dTV (]PU(X(Tks) = ’ Tks S t)),U/Ah,f,h)

a1y (Po(X(Tns) = ) i) +Pu (Tag > )day (Py(X(Tns) = | Tag > £), 11,0

<
- P,(Txs <t)
< dTV (]PI/ (X(T)\s) = ')),U/Ah,f,h) +dTV (]PI/ (X(T)\s) = ‘ Tks > t)),U/Ah,f,h)
- P,(Ths <t)
675/]7'

<.
T P(Ths <t)

Our goal is to prove that, with ¢ = a/vy, the total variation distance between py, — 5 and the law of
X (t) is smaller than 1/e for A small enough. The previous observation shows that we just need to this
end a uniform upper bound in v on P, (TA s > t). Indeed, with € small enough to have

1
e Y4+ 3e< —,
e

if we show that for all v
P,(Ths >t) <e “+e, (49)

then we have, for i small enough,

drv (]PV(X(TAS) =-|Ths < t)aMAh,f,h) < < ‘

< < 2¢;
T l-e*—¢ " 1-1/e ©

coupling X (Th) conditioned to {Ths; < t} with a random variable { with law pa, — 5 and evolving
jointly for a time ¢ — Thg two processes with generator L4, _ 5 starting from X (7Th;) and &, we get a
coupling between X (¢) conditionned to to {Th; < ¢} with a random variable with law pa, — ; which
gives

drv (Pu (X (1) =+ | Tag < 1), 0, -0) < 26

and, from
P,(X(t)=")=P,(Thsg <t)P, (X(t) = | Thsg <t) + Py (Ths > )P, (X(t) =+ | Trs > 1)

we get
1
drv (Pu(X(Thg) =), am) < 26+ Py (T > 1) Se™ +3e < —.

We conclude by proving that, for h small enough, (49) holds for all v. This is provided by the mono-
tonicity of the dynamics and the already proven part of the theorem. Starting from the uniformly minus
configuration, the stopping time T, stochastically dominates all the other T, associated with different
starting measures:

P, (Thg > 1) <P_(Thg >t) =P_ (TAS > i) .

Yh

Also,

P_(Thup < Trs NTxe) > Pup (Tar < Tas ATxe)
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and

lim P (Thn < Tas ATe) = 1,

so that, as a consequence of the third, already proven, point of the theorem,
@
limP_(Thy > — | =e™ ¢,
h1—>rnO ( As ")/h) ¢
which proves (49) for h small enough and all starting measure v. O

5.2 Proof of Corollary 1.5

It is sufficient to prove that, starting from v, and for By close enough to B., the event {T,, > T} }, with
T = Thg N Txe,

has an exponentially small probability. In the case of the macroscopic droplet, it is proven in the same
way that we proved Lemma 3.2: Lemma 2.8 provides the free energy lower bounds on the probability
/LAh7_7h(R, M > m(Bmax/h)Q) while Lemma 3.1 and Lemma 3.3 provide the free energy upper bounds
on u((RUS)°) and (RN S). These bounds give that, for By close enough to B, the hitting time
of § and X°¢ are exponentially larger than 1/x with a probability that is exponentially close to 1 when
starting from 4i(- | R, M > m(Bmax/h)?).

Then, we only have to deal with the cases ¢ < 1 and ¢ > 1. We first consider the latter: h’ > h.
Using monotonicity we have that T, obtained by evolving the dynamics with A’ is dominated by T,
associated with h. But 77 is asymptotically exponential and of the order of tyix n/. This solves the case
¢ > 1 by choosing 1/k < exp{A/(ch)}.

In the case ¢ < 1, so that h’ < h, consider two dynamics starting from pg, one evolving with b’
the other one with h. The latter dominates the former, which, as a consequence of the previous case
(¢ > 1), will relax towards v, before the escape from metastability for the first system. This shows that
pur dominates v. Then T}, associated with the starting distribution v, dominates T1'™, associated with
the starting distribution pgr. This provides the required lower bound on 77 |
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