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Two-temperature homogenized
eigenfunctions of conduction through
domains with jump interfaces

[sabelle Gruais, Dan Polisevski and Alina Stefan

Abstract. In this paper we study the asymptotic behavior of the eigen-
value problem solutions of the conduction process in an e-periodic domain
formed by two components separated by a first-order jump interface. We
prove that when ¢ — 0 the limits of the eigenvalues and eigenfunctions
of this problem verify a certain (effective) two-temperature eigenvalue prob-
lem. Moreover, we show that the effective eigenvalue problem has only
eigenvalues which come from the homogenization process.
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1 Introduction

During the last decades there was a steady interest for the homoge-
nization of problems with interfacial thermal barriers (see [2], [14], [7], [5])
or equivalent (see [13], [11], [8], [15]). Meanwhile, it was also studied the
asymptotic behavior of the eigenvalue problems in e-periodic domains (see
[12]) , even for e-periodically perforated domains (see [17]), where the key
ingredient was the prolongation operator which was introduced by [6].

Here we continue our works [9], [10] and [16] by studying the asymptotic
behavior of the eigenvalue problem solutions of the conduction process in
an e-periodic domain formed by two components separated by a first-order
jump interface. We prove that when € — 0 the limits of the eigenvalues and
eigenfunctions of this problem verify a certain (effective) two-temperature
eigenvalue problem. Moreover, we show that the effective eigenvalue problem
has only eigenvalues which come from the homogenization process. Our
key ingredient is a pair of prolongation operators, corresponding to each
component of the domain. Otherwise, we mainly follow the methods of the
two-scale theory (see [1]). We have to remark that the procedure presented
here can straightforwardly be generalized to any n-component e-periodic
domain with interfacial jumps of the first order.



The paper is organized as follows: in Section 2 we study the eigenvalue
problem in the e-periodic domain; in Section 3 we present the key prolonga-
tion operators, the a priori estimates and the specific compactness results;
Section 4 is devoted to the derivation of the effective eigenvalue problem
and its connection with the homogenization process.

2 The eigenvalue problem

Let © be an open connected bounded set in RY (N > 3), locally lo-
cated on one side of the boundary 0f2, a Lipschitz manifold composed of
a finite number of connected components. For any ¢ € (0,1),Q has two
e-periodically ditributed components. For convenience, the periodicity is
described by using the cube Y = (0,1)%, as follows:

Let Y, CC Y be a Lipschitz open set such that Y, = Y\ Y, is connected.
For any € € (0, 1) we denote

Z. ={keZV : ck+eY C Q}. (1)

The two e—periodic components of ) are defined by:

Qoo =int [ ] (ek+Y0) (2)
k€Ze
Q= 0\ Uy (3)

Denoting I' := 0Y, = 9Y, N dY;, the interface between ()., and 2., have the
property:
.= | (ek +el) = 000 = 900 N 00, (4)
k€Ze
Let us remark that €. is connected and all the boundaries are at least
locally Lipschitz. Also, the inward normal on 9Y,, denoted by v, has the

property
Ve (z) =v ({z-:_l:r}) , Vo el (5)

where {F:*laﬁ} is formed by the fractional parts of the components of ¢~ lz.
We have to introduce the Hilbert space

H. = {uELZ(Q):u

0.€ H'(Qe0), ulg € H'(Qp), u=00n 00} (6)

endowed with the scalar product
(u,v)g. = VuVv +/ VuVu + 6/ [u][v], (7)
Qeq st €

where [u] = Yequ — Yepu and Yequ, Yepu are the traces of u on I'; defined in
H'(Q.,) and H'(Q.), respectively.
Our domain has the following well-known property [8]:



Lemma 2.1. For any v € H. there exists C > 0, independent of €, such
that

|U|L2(Q5b) <c ’VU|L2(QEZ,) ) (8)
' Yeav|p2(r,) < C (|U\L2(Qm) +e \VU\Lz(Qm)> ya€{ab}, (9

o]0y < C (272 Peavlpa) + € 19002y ) - (10)

Remark 2.1. Taking in account the L?>—norm of the jump on T the results
of the previous Lemma have important consequences:

200 oy < € (1ol ooy + 90l gy + 2lV0 ey ) (A1)
|v|L2(Qm) < Clvly. , Vv e H.. (12)

Next, we introduce the data of our problem: the transmission factor
h*(z) = h(z/e) and the symmetric conductivities aj;(z) = a;j(z/e) and
bi;(z) = bij(w/e), where h, a;; and b;; belong to Ly, (Y') and have the prop-
erty that there exists § > 0 such that

h>6, ae. onY, (13)

aij€i& > 06& and b&;& > 06€, VEERY, ae. on Y. (14)

We consider the following eigenvalue problem:
Find A\* € R* such that Ju® € H. \ {0} verifying the equations

—div (a°Vuf) = \°uf,  in Qeq, (15)

—div (°Vuf) = A°uf,  in Qg (16)
and the transmission conditions
ouf ouf

afj@?jyf = bfj 8xj Vf =¢h® <7€au€ - FYsbuE) on I'c. (17)

The variational formulation of the problem (15)-(17) is the following:
Find A® € R* such that Ju® € H; \ {0} verifying

€ L € Ou® v € %@ €f,,€ _ \E(,,E
G:(u®,v) = /Qmaijaxj oz, —i—/QEbbijaxj oz, +€/F6h [uf][v] = A% (u®,v),
Vo € H. (18)

where (-, -) denotes the inner product in L?().
Using the procedure of [3], we introduce the operator T° € £ (L2(Q), H, 6)
by denotig with T¢(u), for u € L?(2), the unique solution of the problem

. 0T°(u) Ov. . 0T%(u) Ov / P /
/m % Ox;j 8xi+/gab bij Ox; 3x¢+€ Fah Tl = QUUNU < e
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Defining 7° : L?(Q) — L?(Q) by T° = J®oT¢, where J¢ is the inclusion
of H. into L?(f)), we see that the eigenvalue problem (18) is equivalent to
the eigenvalue problem

~ 1
T u® = pu®, via pu° = —.

e
Lemma 2.2. The inclusion J° : H. — L?*(Q) is a compact operator.

Proof. As for any v € H, we have

‘J‘Ev

):‘U Qsa_'_‘v SC‘U‘HE’

LS(Q Qep

is sufficient to prove that the bounded sequences from H. contain a conver-
gent subsequence in L?(2).
Let {v,}, a bounded sequence in H.. We note v? = vn}ﬂ and vg =

v”’st‘ Since {v2}, is a bounded sequence in H'({,), from the Rellich’s

theorem there exist v* € H'(Q¢,) and a subsequence, still denoted by {n},
such that
v® — v strongly in L?(Qe,).

Further, {v%},, being bounded in H'(€.), again the Rellich’s theorem
implies the existence of some v® € H 1((251,) such that on a sub-subsequence
it holds

v2 — vb strongly in L(Q).

It follows that

vo = { vhomSa e B C LX(Q),

v in Qg

The proof is completed as

[on = w0l 20y = 105 = 012000y + [0 = ¥ [r2(0 = O

We see now that 7¢ is a self-adjoint, compact operator in L?(£2) and
recalling for instance [4] it follows that there exist {\} }, eigenvalues of the
problem (18), with the property

0<A <A <. >

and {uj}, the corresponding eigenfunctions, which are complete and or-
thonormal in L%(Q).

In the following sections we shall study the behaviour of (A7, u},) when
e — 0.



3 A priori estimates

We begin this section by proving the boundedness of {A}_, the eigen-
values of (18). For every k € N let us denote

H. j = {S subspace of H.,dim S = k}.

Applying the Minimum-maximum principle (see [3]), A\ can be estimated
via the Rayleigh quotient:

G
%z = min max e(v,v)

<
SGHE’]C veES }U‘iz(g) ~

Wv‘i?(szga) + WU@?(QEZ,) +5H“Hi2(rg)

(19)

< C min max 5
SeH, j ves ‘U‘L2(Q)

In order to further estimate A with respect to € we introduce two prolon-
gation operators.
First, for any v € H'(Y,) let w € H'(Y;) be the only solution of the
Dirichlet problem:
—Vw =0 in Y, (20)

w=0 on 9Y, w=wv on I (21)
We have to introduce here P,(v) € H(Y) by

v inYy,
Fa(v) = { w inY.
It has the property
’Pa(”)‘ﬂlm = C‘U‘Hl(Ya)' (22)

Denoting us (y) := u(ek + ey), for any k € Z., y € Y, and u € H'(Qy,), we
define our first prolongation operator, P: : HY(Q.,) — H(Q), by

u(z) for x € Qg
Pi(u)(z) =] Pa(uf) ({£}) forz e (ck+eYy), ke Ze
0 for . € Q\ Upez, (ek +€Y)

Rescaling (22) we easily obtain
[P g1y < C (|uyL2(Qm) v E\W}LQ(QM)) , Yoe HY Q). (23)

Second, for any v € H'(Y}) let w € H'(Y}) be the only solution of the
Dirichlet problem:
—Vw =01inY,, (24)



w=wvonl. (25)
For this component we introduce Py(v) € HY(Y) by

w in Yy,
v in Y,

Py(v) = {
which has a property similar to (22):
‘Pb(v)‘Hl(Y) < C}U‘Hl(Yb)‘ (26)

Denoting ui(y) = u(ek + ey), for any k € Z., y € Y;, u € H'(Qy),
u = 0on df, we define our second prolongation operator, P; : {u €
H(Q), u=0 on 0Q} — HL(Q), by

]  u(x) for x € Q.
00 ={ B ((2)) o ee Chr e, ke

Rescaling (26) we get

’PI)E(U)‘Hl(Q) <C (‘U‘L%st) + 5’vu’L2(er)> !

Vu € H'(Qs), u=0 on 9. (27)

We can now estimate the terms of (19).
The first term gives:

’v“};(gm) < WPaE@)‘iZ(Qm) . |P5(”)|i2(n) }Prf(”)};(m
n {Pg(v

)

}”‘12(9) )’izm) ‘”‘22(9) Miz(ﬂ)

the constant being the first eigenvalue of the problem (20)-(21). Using (23)

we obtain
2 EVuVo
Vv / a
“f@“<cﬁw%bfa2 (28)
v L2(Q) U|L2(Q)

The second term gives:

L) ]VP;(U)EQ(%) ‘ }Pba(”)};(n) < C‘Pf(v)‘;(m

P

)

2 2 2
)‘LQ(Q) MLQ(Q) MH(Q)

the constant being the first eigenvalue of the problem (24)-(25). Using (27)
we obtain
/ b*VoVu
Qep

2
U‘L2(Q)

|VU ‘ 12(951,)

5 <C1+6202
ML?(Q)

(29)




The third term can be estimated from (11), that is

/ a* VoV / b*VoVo
Qsa st

2 2
U‘LQ(Q) U}LQ(Q)

’ [v] ‘i?(rg)

< 01+ %0y + €20y (30)

2
ML?(Q)
Adding the estimates (28)-(30) we get
)\i <y +6202 i,

which obviously implies that Aj, is bounded for sufficiently small €.
Setting v = wuj, in (18) and using the coerciveness of G.(-,-) and the
orthonormality of {uj }; we find

ous ous ous ous
Gs € €\ — € k k d / e, k k d
(uka uk:) /an @y aﬂi‘j ox; T+ o, 17 8i‘j oz; T+

+e/ hE[ug)? ds = N5, Vuf € H.. (31)
As {\}}: is bounded, we find that
{uz}. is bounded in H.. (32)

Using the previously obtained result together with inequalities (8)-(10), it
follows that there exists C' > 0 such that

IVuplpe ) <O IVurlpza,) <O Hugllpa e, < C- (33)

Applying to the properties of the two-scale convergence theory [1], a specific
compactness result follows.

Theorem 3.1. There exist \, € R%, uf € H'(Q), u} € H}(Q) and nf €
L? <Q;I:T1 (Ya)>, a € {a,b}, such that the following convergences hold on

per

some subsequence

X5 U5 28 Xal, (34)

2
X‘;V’U/i = Xa (Vmu? + vyn?('v y)) ) (35)
)\2 — )\k, (36)

where X5, : L*(Qea) — L*(Q) and xo : L2(Qx Y,) = L2(QxY), a € {a,b},
denote the straight prolongations with zero; sometimes they can be identified
with the corresponding characteristic functions.



4 The homogenization process

Passing (18) to the limit on the subsequence on which the convergences
of Theorem 3.1 hold, we obtain like in [8]:

Lemma 4.1. For any ¢, € C™(Q), vp € D(Q) and ¢o € D(Q; C55(Ya)),
a € {a,b}, it holds

duy | onj, )(8% zz)a) / (auk any )(a@b m)
il 5+ + ) [y + ok 20
/51fo ]<aﬂfj dy; )\ Ox; Oy, axy, = \0zj = 9Qy; )\ Ox;  0Oy;

i / (W — ) (00 — 25) = M / otlfpa + ooy (37)
Q QOxY

where h is defined by

h:/rh(y)ds. (38)

Proof. For ¢, and 1., a € {a,b} like in the hypotheses, we set v in (18) as
follows:

v(x) = (goa(ﬂz) + g (x, g) ,op(T) + ey (m, %)) . (39)
We obtain
c dpa 8wa>
A , a) + A® , + O (e + —+
(Xau®, ¥a) (Xau®, ¢p) ae%}:b} / Jax] <6xi dy;
+5/ h® ("YeauE - ’Ysbug) [(Pa — o+ 6(% - wb)] . (40)

The proof is completed by following the same steps as in the proof presented
in [8].
|

In order to present the next results we have also to introduce the Hilbert
space

per per

H = [H'(Q) x HE Q)] % [LQ(Q HY (Y,) x L, H (Yb))], (41)

endowed with the scalar product

(((uav ub)’ (ﬁa» 77b)) ) ((Soav Qpb)a (¢a7 Q!)I))))H / vuav‘)oa_}'

ac{a,b}
+/ (ua — ub)
Q

Z / VynaVyta. (42)
ac{a,p} Ve
Using density arguments, Lemma 4.1 yields:



Theorem 4.1. \; € R} and ((uf, u}), (na.mp)) € H \ {0} verify:

dui | o ><8soa %) / ( dup Oy X D wb>
il o+ TR Y N e e )
/QxY,laj<axj y; )\ Ox; Oy axy, © \Oz;  y; )\ Oz Oy

[ = uba =) =

QXY

(XQU%% + XbUZsob) :

V((%’@b)?(%,%)) € H. (43)

We can present now the main result of this paper.
Theorem 4.2. If (A, u}) is a solution of (18) then the limits of the con-
vergences (34)-(36), that is Ay € RY. and (uf,ul) € [H'(Q) x H ()] \ {0},

put together a solution of the following effective eigenvalue problem:
Find (A, (ug,u})) € Ry x [H(Q) x H}(Q)] \ {0} such that

GPom((uf ), (9ar 03)) = Mi / mwlga + (1 — m)ulg,
Q

YV (@a, ) € HY(Q) x H(Q), (44)

where m:‘ Y.

J

GO ((uft, u), (Pas pv)) =

R A@uz 0pq Auﬁuz ooy~ a b
/Qa”axj oz, +/waaxj8$i +h/ﬂ(uk —ug)(pa — ),  (45)

the effective coefficients &;j, o € {a, b}, are defined by

oe?
Qi :/ ij + ipg==> dy, Vi, je{1,2,..,N}, (46)
Ya Oy
and ef € H;er (Yo), k € {1,2,..., N}, is the unique solution of the local-

periodic problem

9 9 (ef + yk)) :
_— al — = 0 m YOH 47
ayi < J ayj ( )
O (e
aiij =0 onl. (48)

Moreover, there are no eigenvalues of the problem (44) except those ob-
tained as limits of the homogenization process.



Proof. The first assertion follows from Theorem 4.1 using standard homog-
enization procedures.

Next, suppose that there exists an eigenvalue of the problem (44), u €
R%, pu# A, Vk > 1, where {\;}, represents the eigenvalues of the problem
(44) obtained as limits of the homogenization process. It follows that there
exists k such that Ay, < p < Agpr1. Let w = (w® w®) € [HY(Q) x H}(Q)] \
{0} be an eigenfunction associated to pu.

Let us introduce w® € H., the unique the solution to the problem

G:(w,v) = M/Q wv +,u/Q wbv, Vv € H.. (49)
ea b

Setting v = w*® in the previous relation we find that
Ge(w®,w®) < C‘we‘LQ(Q).

Applying the coercivity property of G., we find that the sequence {w*®}. is
bounded in H.. Under these circumstances, there exists w* = (w},w;) €
HY(Q) x H}(Q) such that

Pew® — w’ in HY(Q) and Pfw® — w; in H(Q).
Homogenizing the problem (49) we obtain

lim G¢(w®,v) = G’hom(w*,v) = p(w,v) = Ghom(wav)a Vo € H&(Q)v

E—00
from which follows
w=w" and /(w‘a)2 — / m(w®)? + (1 —m)(w®)? # 0. (50)
Q Q
k
Next, we define w* = w® — Z ( / w%f) u;, where u; € H. is an eigen-
i=1 /&

function associated to \;. We note that / W uj =0, Vj <k, and hence
Q

G (0°,0°) > A;H/(qff)?. (51)
Q
As
/ weui = / o Powtuf + / (1 —x5)Piw v, Vie{l,.. k},
Q Q Q
the passage to the limit yields

/ wui — / mwud + (1 —m)wbu? =0,
Q Q
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which obviously implies

0F)? m(w®)? — m)(w?)?.
/Q<H/Q<>+<1 )(w) (52)

Passing (49) to the limit in we finally get
Gl i%) = G (w,w) = [ m(w)? + (1= m)(w)? <
Q

< N [ @)+ (1= )P, (53)
Q
which is in contradiction with (51), via (52). |

Remark 4.1. The formulation of the effective two-temperature eigenvalue
problem follows from Theorem (4.2):

Find X\ € R* such that 3(u®,u’) € [H'(Q) x H}(Q)] \ {0} verifying

—div (aVu®) =m Au® in Q, (54)
—div (i)vub) —(1-m)Ad® inQ, (55)

and the boundary condition
dij gz]nl =0 on 89, (56)

where n is the outward normal on 0S).
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