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Abstract

This work is devoted to the study of an integro-differential system
of equations modelling the genetic adaptation of a pathogen by taking
into account both mutation and selection processes. First we study the
asymptotic behaviour of the system and prove that it eventually converges
to a stationary state. Next we more closely investigate the behaviour of
the system in the presence of multiple evolutionary attractors. Under
suitable assumptions and based on a small mutation variance asymptotic,
we describe the existence of a long transient regime during which the
pathogen population remains far from its asymptotic behaviour and highly
concentrated around some phenotypic value that is different from the one
described by its asymptotic behaviour. In that setting, the time needed for
the system to reach its large time configuration is very long and multiple
evolutionary attractors may act as a barrier of evolution that can be very
long to bypass.

Key words Nonlocal equation, asymptotic behaviour, transient behaviour,
population genetics.
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1 Introduction

The model. In this note we investigate the behaviour of the following nonlocal
system of equations

d%ft) =A—pUt) - U(1) / B(y)L [v(t, )] (y)dy, t >0,
dv(t, x) Y (1.1)
T; = B(x)U[)L [v(t, )] (z) — pv(t,z), t >0, z € RV,

wherein L denotes the integral operator

L@ = [ I =gt (12)

This model was proposed by Iacono et al. in [13] in a slightly more com-
plex setting with a focus on plant epidemiology and pathogen adaptation. The
authors studied in particular the impact of the introduction of resistant plants
on the plant-pathogen system using various indicators. Moreover this model
follows the population genetics approach (rather than the classical adaptive dy-
namics one) advocated in [7]. In this approach, epidemiological and evolution
processes may occur on the same time scale, a mutation kernel is introduced,
and multiple pathogen strains are considered simultaneously. However here, as
in e.g. [3], these multiple strains will be described with a continuous variable
rather than a discrete one.

More precisely in the system (1.1), ¢ > 0 denotes the time and = € RY
denotes a phenotypic trait value and can be treated as a ”label” of the genotype
(or strain) of the pathogen. The phenotypic trait value z is assumed to be pos-
sibly multi-dimensional, namely N > 1 is a fixed integer. The state variables
U =U(t) and v = v(t,z) denote the density of healthy and infected plants at
time ¢ with a pathogen phenotype = respectively. Healthy plants renew with a
constant influx A > 0 and exit with the natural death rate u, > 0. Infected
plants exit at rate p, > 0. Here Model (1.1)-(1.2) takes into account a contin-
uum of different pathogen strains indexed by 2 € RY. This modelling approach
allows to address the issue of pathogen adaptation to quantitative resistance for
example: all the pathogen strains cause infection but each with its own level of
quantitative pathogenicity [15]. In that context, each pathogen strain is char-
acterized by its phenotypic value x which affects the life-history traits of the
pathogens expressed during the host-pathogen interaction: infection efficiency
B(x) and production rate r(z). The evolution in the space of phenotypic values
is modelled by an integral operator with kernel J(z — y) describing mutations
from a pathogen strain with phenotypic value y € RY to another one with
phenotypic value = € RV,

Some properties of System (1.1)-(1.2) (written in a more general form) have
been investigated by Djidjou-Demasse et al. in [9]. The authors have studied
the existence and uniqueness of an endemic equilibrium. The profile of this
endemic equilibrium point in the space of phenotypic values has been described



when the mutation kernel J depends on a small positive parameter £ << 1 and
is highly concentrated with scaling form

Joa) =~ (%) (1.3)

The analysis provided in the aforementioned work relies on the properties of the
so-called fitness function ¥ defined, in the setting of Problem (1.1)-(1.2), by

that allows to take into account evolutionary interactions between efficiency and
production rate of the pathogens. Here when £ > 0 is very small then, under
reasonable and rather generic assumptions, the endemic equilibrium concen-
trates on the set S of phenotypic values where the fitness function reaches its
global maximum. Following the classical adaptive dynamics theory [8, 12, 17],
this set S is referred to as the set of Evolutionary Attractors (EAs for short).
Though several EAs may exist, in rather general situations the endemic equilib-
rium concentrates on a single ”strongest” phenotypic value Z € S maximizing
the fitness function. Thus in [9] the authors defined a suitable order relation
on the EAs-set that allows to identify this ”strongest” phenotypic value (or
pathogen strain) when the fitness function ¥ has at least two global maximum
points. It roughly corresponds to the maximum with the flattest fitness shape.

Concentration properties of steady state solutions for nonlocal mutation se-
lection models of ecological problems with respect to a continuous phenotypic
trait have already been investigated, see for instance [2, 3, 4, 6] and references
cited therein. In these works, the existence of stationary solutions is obtained
using the spectral properties of some linear operators (infinite dimensional ver-
sion of Perron-Frobenius Theorem).

For our model, as in [6], only a single component of the population is likely
to mutate, and the existence of stationary solutions is directly related to the
spectral properties of some linear operator using again the Perron-Frobenius
like Theorem. In [4] such a spectral argument is coupled with a fixed point
argument to study the properties of steady states while [3] studies the large
time asymptotic of some nonlinear problem with concentration effect for small
mutation parameter. Moreover, for a nonlocal mutation selection model, a
time asymptotic convergence towards steady state solutions with concentration
properties has been studied in [2].

In this work we shall study some dynamical properties of Problem (1.1)-(1.2).
We shall first focus on the asymptotic behaviour ¢ — oo of the model. Then
we shall describe some situations where this asymptotic behaviour is reached
after a long transition period. Unlike the classical adaptive dynamics theory that
focuses on the asymptotic behaviour of the evolutionary problem, the population
genetics modelling approach allows to take into account the transient dynamics
of the solutions. This analysis of the transient behaviour will be performed
using the scaling form (1.3) for the mutation kernel with small .



Applications and numerical simulations. A practical application we have
in mind concerns disease control in agriculture. Indeed, it is now possible to
devise disease resistant varieties. The development of a resistant variety is
usually achieved within 5 to 10 years, while the resistance effectiveness turns
out to be generally bypassed within 5 years [23]. A natural and important
question is to understand how to extend and maximize the durability of the
resistant variety. The purpose of the analysis performed in this note is to shed
some light on how using multiple EAs as an evolution barrier can prevent the
pathogen from adaptation during a very long period of time.

To further motivate our analysis, we consider two host populations (1) and
(2) associated with pathogen fitness function ¥y(z) and ¥o(z) respectively.
When well mixed with proportion x € (0, 1) of the first population and (1 — x)
for the second host population, the global pathogen fitness of the environment
corresponds to

U(x) =XV (z) + (1 — x)¥a(z), Vo € RV, (1.4)

Typically the functions ¥, and ¥, exhibit a single peak, meaning that the
adaptation of the pathogen on the host populations (1) and (2) corresponds to
a single phenotype value which may differ for each host. Therefore the global
landscape fitness typically displays two peaks (adaptive fitness landscape) with
possibly different levels, depending on the proportion Y.

Let us display some numerical simulations of the one-dimensional model
(1.1)-(1.2). In order to illustrate different possible configurations for the fitness
function, ¥, and their consequences on the dynamical behaviour for the solutions
of (1.1)-(1.2) we choose

—Lsin(a(z —2)) ifx e [2-,2],
qjl(x){Olee “ ) [ ’ ]

Tale) = {Q(x —2)(3—a)ifx € [2,3],

0 else,

wherein a > 0 is a parameter.

When x # 3 then the fitness function ¥ defined in (1.4) has a single global
maximum achieved on a unique EA, see Figure 1. In that case the solution
of (1.1)-(1.2) rapidly stabilizes on the unique endemic stationary state that is
highly concentrated, when € << 1, on the unique EA.

When y = %, function ¥ has two global maxima at z; = 2 — - and z3 = g
In that particular case, the dynamical behaviour of the solutions of (1.1)-(1.2)
is much more complicated involving a possibly long transient behaviour.

Figure 2 corresponds to the generic case when U" (1) # U"(z3) with a = 2.
The initial pathogen population is supported around xzs. Then the solution
exhibits first a transient concentration of the pathogen population around xs
during a long time interval. After this transient stage, the pathogen population
shifts and concentrates around the ’stronger’ phenotypic value x;, the flattest
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Figure 1: Fast convergence of the solutions of System (1.1)-(1.2) towards the
asymptotic configuration. Parameter values are: y = 0.6 and a = 2 (fitness
function), A = 10, u = 1, pu, = 1.05, § = 1, J is the standard normal distri-
bution. Initial populations are Uy = A/p and vy a Gaussian function. (Top)
The fitness function ¥ and the density of infected population at time ¢ = 0.
(Left) Time evolution of the infected population with € = 0.04. (Right) Time
evolution of the infected population with e = 0.02.



peak, for which ¥”(z;) < ¥”(z2). Dividing € by two roughly multiply the
duration of the transient stage by two. From numerical simulations, the duration
of the transient stage is somehow proportional to % when € << 1.
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Figure 2: Slow dynamics behaviour of System (1.1)-(1.2) towards the asymptotic
configuration. Parameter values are as in Figure 1 except x = 1/2. (Top)
The fitness function ¥ and the density of infected population at time ¢ = 0.
(Left) Time evolution of the infected population with e = 0.04. (Right) Time
evolution of the infected population with € = 0.02.

Finally, Figure 3 corresponds to the case a = 2v/2 when the derivatives
U™ (21) and U™ (z5) do not differ for n = 0,1,2,3 and ¥ (2;) > U (z,) =
0. Again, after some long transient stage, the pathogen will shift from the
phenotypic value z; to value x5, with an increased transient time as € decreases.
Here dividing € by 2 roughly multiplies the duration of the transient regime by
8. For this situation, x; again corresponds to the ’stronger’ phenotypic value
according to the results in [9]. Note that z; corresponds to the flatter peak since
(21 +h) = U(ze+ h) + L@ (z1)h* + o(h*) when h — 0 with ¥*) (z;) > 0.
From numerical simulations, in that particular situation and in contrast to the
situation presented in Figure 2, the duration of the transient regime seems to
depend nonlinearly upon ¢ as E% when ¢ << 1.
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Figure 3: Slow dynamics behaviour of System (1.1)-(1.2) towards the asymptotic
configuration. Parameter values are as in Figure 1 except x = 1/2. (Top)
The fitness function ¥ and the density of infected population at time ¢ = 0.
(Left) Time evolution of the infected population with € = 0.04. (Right) Time
evolution of the infected population with € = 0.02.



Aims. In this article we shall study the situation illustrated by Figure 3 in
which the transient regime is very long as ¢ becomes small and where the EA x5
acts as an evolution barrier during this long transient period. The precise math-
ematical justification of such a behaviour involving slow motion regime around
9 when € << 1 is our main objective. We shall also focus on estimating the
duration of this transient regime as a function of ¢ << 1. Such a phenomenon
is usually referred to as a metastable dynamics whose understanding has at-
tracted a lot of interest. Among others, let us mention the slow motion shock
layer for viscous conservation laws [14, 20, 21, 16] and phase transition problems
described by the Allen-Cahn equation for which we refer the readers to [5, 11])
and by the Cahn-Hilliard equation for which we refer to [1, 19].

The dynamical behaviour of System (1.1)-(1.2) is somehow reminiscent of the
so-called ’survival of the flattest’ phenomenon observed in quasi-species models
of evolution: genotypes corresponding to flatter regions of the fitness function
are more robust to high rates of mutations [22]. With an initial infected pop-
ulation concentrated around a narrower peak of the fitness function, zs, the
population will shift towards the flatter peak, x1. The time needed to shift de-
creases as € increases. Indeed, larger values of € correspond to mutants exploring
a larger portion of the phenotype space, which allows the population to cross
the fitness barrier. This mechanism may explain the metastability observed
in artificial and natural evolution [18]. Note however that, in contrast with
quasi-species models, for our system the infected population cannot eventually
concentrate around a strictly lower fitness peak even if this peak is broader (see
9]).

This work is organized as follows. In Section 2 we state and discuss the main
results that will be obtained in this work: (i) the large time dynamics and (ii)
the transient behaviour around a quasi-equilibrium. Section 3 is devoted to the
proof of the first main result, the asymptotic behaviour of System (1.1)-(1.2).
Section 4 completes the proof of the main results that deal with the transient
behaviour of System (1.1)-(1.2).

2 Main results

In this section we shall state the main results that will be discussed in this
note. Before going further we first reformulate Problem (1.1)-(1.2) to introduce
a self-adjoint mutation operator. To that aim we consider the functions

5(t, ) = 1| =L y(t,z), O(z) = /r(2)B(x), and (z) := =

Hence omitting the tilde for notational simplicity and setting p, = 1, p, = p >
0, Problem (1.1)-(1.2) — with J = J. — re-writes
dU (¢
4ot =A-U(t)-U(t) B(z)O(x)Je * (Ou(t,-))(z)dz,
dt RN (2.5)

% (1) = U0} * (O0(t, ))(x) — polt, ),



wherein the symbol * denotes the convolution product on RY. Throughout
this work, instead of ¥, function © = /¥ will be referred below as the fitness
function (i.e. ©(x) is the fitness of the pathogen strain z).

We first describe the large time behaviour of the above system of equations
for suitable non-negative initial data (Up, vg). To state our first main result, we
shall make the following assumption.

Assumption 2.1 We assume that A and pu are positive parameters and p > 1.
The positive function 3 is assumed to be bounded and to belong to L?*(RY) N
CY (RN) while the function © is positive and continuous on RN with ©(z) — 0
as |x| — oo.

The mutation kernel J € L*(R) N L (R) satisfies

/ J(z)dz =1, J(z) >0 and J(—z) = J(x) a.e. in RV,
R

Now fix € > 0 and consider the bounded linear operator L = L. on LP(RY)
for any p € [1,00) defined by

Lelgl(z) = - O(z)Je(z = y)O(y)e(y)dy. (2.6)
Here J. is defined in (1.3). Under assumption 2.1, for each € > 0 and p € [1, 00),
this bounded linear operator is positive, compact and irreducible on LP(RY) and
it is a self-adjoint operator in L2(R™). As a consequence it admits a spectral
decomposition with positive eigenvalues {A},}, -, such that

AI> A5 > A5 > > A with A\], — 0 as n — +oo.

The corresponding set of eigenvectors {¢g}, -, forms a Hilbert basis of L?(RY)
and the principal eigenvector 5 is positive on RY. Here one may keep in mind
that throughout this note, one has assumed that [} [|2@vy =1, V> 1, € >
0. Moreover one may also notice that, since J € L'(RY) N L®(RY) and since
© is bounded, one also has ¢, € Ope[lm)L”(RN), for any n > 1 and € > 0.
Using the above assumption and the subsequent notations we are now able

to discuss the large time behaviour of (2.5). This analysis is related to the
threshold numbers R ; defined by

A
Ro,; = —A5, j=12 (2.7)
I
In the sequel, we set R§ = R ; (the dominant threshold value). Let us also
introduce the following notations
Ro;—1
5%

where we have set 55 = [;n 8(x)¢5(z)dz. Notice that 87 > 0 (since ¢ > 0 and
B8 >0).

Then the large time behaviour of (2.5) is described in the next result.

U = £ and ve = j=1,2, (2.8)

J €
)‘j



Theorem 2.2 (asymptotic behaviour) Let Assumption 2.1 be satisfied. Let
e > 0 be given and fired. Assume that the initial data satisfy Uy > 0 and
vo € L2(R) with vy > 0. Then the following holds true:

(i) IfR§ < 1 orifvg = 0, the solution (U,v) of (2.5) converges in Rx L? (R)
toward the disease free equilibrium, which reads as (U(t),v(t,.)) = (A,0)
as t — o0.

(i) If R > 1 and vg £ 0, the solution (U,v) of (2.5) converges in R x
L? (RN) toward the endemic equilibrium, which reads as (U(t),v(t,.)) —
(U, Viwi() ast — oo.

The above result describes the asymptotic behaviour of System (2.5) for any
given and fixed € > 0. In order to go further in our analysis we shall make use
of the asymptotic ¢ << 1 in order to describe the transient behaviour of the
problem. To state our second main result we shall write our main assumptions
in a rather abstract way based on the spectral elements of operator L.. These
assumptions will then be discussed below in Remark 2.5.

As explained in the introduction we consider the case where the fitness func-
tion has two global maxima and the initial data is somehow well prepared. This
precise assumption reads as follows.

Assumption 2.3 We assume that the fitness function satisfies

S = {m cRY . O(x) = mfagx @(y)} = {x1, 22} with 1 # xa.
yERN

The initial data (Uy, vo) € [0,00) x (CO(RYN) N L2 (RY)) is such that there exists
p > 0 such that vog =0 on B(x1,p), and vo(xz) > 0. Here B(x1,p) denotes the
open ball of radius p centred at 1 and CQ(RY) the set of the continuous and
bounded functions on RN .

Our next assumption is related to both the mutation kernel and the fitness
function. As previously mentioned it is written in a rather abstract way using
the three first eigen-elements associated to L. It reads as follows.

Assumption 2.4 We assume that the following properties hold true.
(i) Spectral gap: the spectral gaps G(g) and H(e) defined by
G(e) :=A] — A5 and H(e) := A\ — A,
satisfy for e << 1: H(e) = h(e)e with h(e) = h >0 and G(¢) |lne| < €.

(i) Concentration: For all v > 0 one has for any i =1,2
/ |p5|de = C(v,e) with C(v,e) = 0(e™) ase — 0,
RN\B(z;,v)
and for each continuous and bounded function f € CO(RN) one has

lim f(a:)z%idx = f(x2).
=0 JrN 51 L1 ()

10



Remark 2.5 In [9] the authors have proposed sufficient conditions, formulated
in terms of decay rate for J and local shape of © around x1 and x2, ensuring
that the above assumption is satisfied. In particular, the main difference between
the situations considered in Figures 1, 2 and 3 in the introduction, relies on the
behaviour as € — 0 of the first spectral gap G(g) = A\ — A5. It follows from [9]
(see Theorems 2.2 and 7.1 in the aforementioned work) that the eigenvalues A5,
for j = 1,2, have an asymptotic expansion of the form

xS U’ (z,)
1 = 1+ )\1_ i€+ )\2 '52 + O 63 with )\1 =Y s
%] oo ! ! ©) ! V2[¥]loo

while the coefficients )\ ; depend the successive derivatives of the function W,
namely \I/(m)(zj) with m > 2. So, the configuration in Figure 2, namely
U (z1) # V' (x3), ensures that Assumption 2.4 is satisfied expect for the first
spectral gap G(g) that is of order €. On the other hand, the configuration of
Figure 3, namely U"(x1) = ¥"(x2), ensures that \11 = A2 and Aa1 = A2
(see [9] for the computation of this last coefficient), so that Assumption 2.4 is
satisfied with G(g) = O (63) as € << 1. This difference in the first spectral gaps
associated with the two configurations of Figures 2 and 3 roughly explain the
change of order of magnitude observed in the duration of the transient regimes
in these two numerical experiments.

In view of Theorem 2.2, the phenotype value x; is the ’stronger’ EA since
the infected population concentrates around x; as t — oo and for € << 1 small
enough. Assumption 2.3 above means that the initial infected population is
far from this ’stronger’ phenotype value, z1, while it displays a non negligible
contribution on x5. What we have in mind, as in the numerical experiments pre-
sented in the introduction, corresponds to an initial distribution of the infection
with phenotypes concentrated around x5, so that the initial infected popula-
tion is mostly well adapted to this peak of the fitness. In that case, our next
main result describes that the infected population exhibits a very long transient
regime during which it stays concentrated around the phenotype value x5 when
€ > 0 is small enough. This long duration turns out to be related to the first
spectral gap G(e).

Now, before going to our second main result, note that it is easy to check,
using Rayleigh quotient formulation, that

A — [|©]|%, as e — 0.
Hence because of the spectral gap assumption (i) described above, one also has
A5 = [|0% as e — 0.

In the sequel we set R the number defined (recalling (2.7)) by

A
Ry = —[IO[% = lim RG 5, j =1,2.
7 e— >

11



Let us also observe that the concentration assumptions (i¢) imply that (see
Remark 4.2 below)

——— ] = 0y, and ————p5 — §;, as € — 0,

@1l lp ||L1

where J,, denotes the Dirac delta function at x;. From the above concentration
property one may observe that

55 = [ Beide ~ 5l Bla) > 0 s = >0,
R

We are now able to state our second main result.

Theorem 2.6 (transient regime) Let Assumptions 2.1, 2.3 and 2.4 be sat-
isfied. Assume that R) > 1 and recall (2.8). Then, for any q > 0, there exist
some positive constants £ and ¢ > 0 such that for each € > 0 small enough one
has

{Inel 1 [lng]
€

U%(6) = US|+ 9°(5) = Vi Olaqumy < oo, e € |20 s =

Here one may notice that the point (U5, Vi y5) is an equilibrium point of
the system but it is not admissible. Indeed, although U5 > 0 and V5 > 0 for
€ << 1, since A5 is the second eigenvalue, Perron-Frobenius theorem implies that
the eigenvector (5 is not positive. In that sense it can be viewed as a quasi-
equilibrium point of System (2.5) when equipped with non-negative initial data.
The above result describes the transient behaviour of the system around this
quasi-equilibrium point. Moreover, because of Assumptlon 2.4 (7) the duration
of this transient regime is large in the sense that W — w — ooase — 0.

The proof of the above two results is based on a splitting argument of Prob-
lem (2.5) using the spectral decomposition of the operator L.. Indeed, for each
given and fixed € > 0, we project the system on the Hilbert basis {¢f };>1. More
precisely we set

o) =vi(0) = [

RN

ot )eh@lde, B = 5 = [ A@)sha)da

Then System (2.5) re-writes as the following infinite system of ODE

U'ty=A-U(t Zﬂmun

v (t) = on(8) (UAS, = u) ;

(2.9)
1

I \/

)

with the following initial data

U(0) = Up, 0a(0) = 0§, = / vo(@) S (x)dz, n > 1.
RN

12



The proofs of Theorems 2.2 and 2.6 are strongly based on this re-formulation.
Roughly speaking we will show that higher order modes (for n > 3) become very
small for ¢ > % so that the behaviour of the system reduces to the two first modes
in (2.9).

Finally let us mention that the transition from the almost stationary tran-
sient regime, described in Theorem 2.6, and the large time behaviour, described
in Theorem 2.2, will not be studied in this paper and let for future work. Here
since v, with n > 3 is very small for ¢ >> 1/e and ¢ << 1, we suspect that
this transition regime is related to heteroclinic orbits for the three dimensional
system (2.9) for (U, vy,v2) and v, = 0 for n > 3.

3 Proof of Theorem 2.2

Since the results stated in Theorem 2.2 do not directly depend on ¢, throughout
this section we fix ¢ > 0 and for the sake of simplicity we omit to explicitly
write down the superscripts .

3.1 Preliminary estimates

Here we derive preliminary estimates that will be needed for the proof of The-
orem 2.2.

The first lemma is an identity between the modes arising in the v—component
of the solution of (2.5). It will be used at various places in this article, along
the proof of Theorem 2.2 and also for the one of Theorem 2.6.

Lemma 3.1 For any m,n € N the following identity holds true

Am /A
vn(t)) m/ Qv e
)

VE>0, vn(t) =vom (
Vo,n

whenever vg , # 0.

Proof of Lemma 3.1. Integrating the equation for v, yields

>

m

t >\n —_n
Um(t) = Uo,mefot AmUle)ds—pt — 4 {exp (/ AU (s)ds — ut) } e nt
0

and the result follows. [

We now derive some upper bounds for the solutions of (2.9). These estimates
will be used to prove Theorem 2.2. Some other refined estimates will be needed
for the proof of Theorem 2.6 since the ones described below may depend on ¢.

Proposition 3.2 Let (U(t),vn(t); n > 1), be the solution of (2.9) with initial
data (Up,vo,n; n > 1). Let us recall that B1 > 0. Then we have the following
estimates

13



1. Let P(t) = U(t) + [on B(2)v(t, x)dx, then
Yt >0, U(t) < max (A, Up) and P(t) < A+ (P(0)—Ae™".  (3.10)

2. There exists a positive constant C' such that

U(t)—i—ﬁlle(t) <max{Uo+

5100,1
2

chomzo

3. Assume that vi9 > 0. Set

“+o0 +oo
wa(t, ) =D vn(t)pn(@) and Ra(t) =D Anfnvn(t).

n=2
Then the following estimate holds true

A1=A2

max{||w2(t, ')HL2(R)a |R2(t)|} <ce M

v > 0. (3.11)

Proof. First note that the solution (U, v) of (2.5) is non-negative, then L.[v] is
non-negative and the first inequality follows. Next, combining both equations
of (2.5) and noticing that p > 1 readily implies that P'(¢t) < A — P(¢), V¢ > 0,
which proves 1.

Next if vg,; = 0 the inequality is trivial. If vg; > 0 then v;(¢) > 0 for all
t > 0. Next the U-equation of system (2.9) rewrites

U't)y=A-U(t) - U(t) (x\lﬂlvl(t) + i Anﬁnvn(t)> ,

hence setting B(t) = U(t) + 351v1(t), then as Ra(t) = 20 AnBnvn(t), using
the vy equation of (2.9) we find that for all ¢ > 0

B'(t)=A—U(t) - %Alﬂlvl(t)U(t) — Ry()U(t) — %mm(t). (3.12)

We now estimate wq(t, z) and Ry(t). Let n > 2 be fixed. By integrating the
vp-equation for system (2.9) we find

v, (t) = Uo’nefot AnU(s)ds—pt
then since A\, < A2 we get

|on (£)] < g n|efo X2U()ds—nt.
and, as for the proof of Lemma 3.1, we readily establish

A2
)\ _xox
|’Un(t)‘ S |U0’n| (Ul( )) 1 . 1)\1 2/»‘«t.
(¥

s
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As a consequence, the following estimates hold

A2

vi(t)\*1 A=
w2 (t, ) z2®) < [lvollz2m) ( 1110(1)) e” T M (3.13)
and
v (t) % A1 =2
R0 < Mllce ollgey (20) " e g

Next let k£ > 0 be some constant to be chosen later. Since 8; > 0, Young’s
inequality ensures that

A2 _ N2
(vl(t)yf B A= ( k )xlx | (315)
Vo1 Ak A1 B1vo1

Coming back to (3.12), thanks to the non negativity of Ay 81v1, we first write
1
B'(t) <A-U(t) — Re(1)U(t) — 5[31;“;1(15),

then writing —Rs < |Rs| and using estimates (3.10), (3.14), and (3.15), we
obtain the following estimate

, A
B(0) <A - U@ + {32 max(h, U)o ol — & b Bront)
N
+ (A1 — A _ryE 2y ||voll L2 ry max (A, Up) ,
=3 (50 ) DBl o ey o (4,

axa max(A,Uo) 18]l L2 g Vol 12 a)

so that choosing k = , and setting

"
o H
d = min {17 1 } ,
and
A2
B\ Niox
F=at0n =20 (5o e ollgey max (4,0
we find B'(t) < f — dB(t), hence

for all £ > 0. This ends the proof of 2.
Finally combining (3.13), (3.14) and the previous result yields (3.11) and
completes the proof of the lemma. [
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3.2 Proof of Theorem 2.2

Due to (3.11), let us observe that |[v(t,.) —v1(t)1()| £2r) tends to 0 as t — oo,
therefore the asymptotic behaviour of (U, v) is given by the one of the solution
(U,v1) of (2.9) which satisfies the following system of equations

{U’(t) = A= U(t) = MBrvr (WU (1) — Ra(H)U (1), (3.16)

vi(t) = vi(t) (MU(E) — p) -

which is asymptotically autonomous since, thanks to (3.14), we have Ra(t) — 0
as t — oo.
Next let us first recall a result for the limit system associated to (3.16).

Lemma 3.3 Consider the system
{V’(t) =A-V(t) = MBrw(t)V (D),
W (t) = w(t) V() — ).

Then the following properties hold true:

(3.17)

(i) If Ry = % < 1 then the above system has a unique bounded and non
negative complete orbit (V(t),w(t)) = (A,0) for all t € R.

(ii) Assume Ro > 1. Let (V(t),w(t))ier be a bounded non negative complete
orbit. Then one has

Ro—1
infw(t) >0 = (V(t),w(t) = (A“l ;151 ),VteR.

(11i) Assume Ro > 1. Let (V(t), w(t))i>0 be a bounded and non negative orbit.
Then one has

. 1% P,O —1
> 1 == ,
Jto >0, w(ty) >0 = thm (V(t),w(t)) (/\1, WA )

The proof of this result is based on standard Lyapunov arguments. We refer for
instance to [10] for the proof of this lemma (with additional diffusion terms).

We now split our arguments into two parts. We first consider the case Ry < 1
and then we will investigate the case Rg > 1.

The case Ry < 1: let us show that (U(t),v1(t)) — (A,0) as t — oco. To that
aim, let {¢,}n>0 be a given sequence such that ¢,, — co. Consider the sequence
of functions (Uy(t), wy(t)) = (U,v1) (t + tn).

Since (U,v;) is bounded in the C'—norm due to proposition 3.2 and Sys-
tem (3.16), one may assume possibly along a subsequence that (U,,w,)(t) —
(V,w)(t) locally uniformly for ¢ € R and (V,w) is a bounded and non-negative
complete orbit of the autonomous problem (3.17).

However since Ry < 1, Lemma 3.3 applies and ensures (V (t),w(t)) = (A, 0).
This completes the first part of the result.
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The case Ry > 1: let us first notice that if vy = 0 (or equivalently vg; = 0)
then v1(¢) = 0 for all t > 0 and we obviously obtain (U(t),v1(t)) — (A,0) as
t — oo.

We now consider the case vg # 0, that is vg; > 0. To that aim let us define

Mo = {(UO,'UOJ) c (R+)2, V0,1 > O}
Then the following lemma holds true

Lemma 3.4 A uniform weak persistence property holds for System (3.16) in
the following sense

Ro—1
YUy, v9,1) € Mo, limsupwvy (t) > V" with V" = 0o -,
t——+o0 )‘151

Proof. Indeed if by contradiction we assume that there exists n € (0, V{*) and
(Uo,vo,1) with vg; > 0 such that limsup,_, , ., v1(t) <, then there exists t; > 0
such that V¢ > 1, v1(t) <. Moreover, for any s and ¢ such that ¢t > s > ¢, we
have

vi(t) = Ul(s)ef«:()‘lU(T)_“)dr.

Let us denote U = liminf; o U(t). Let a > 0 to be chosen later, there exists
ta(a) > t1 such that

Vi, s ER, t> 5>ty = vi(t) > vy(s)els QU@ =mds

then as v; is bounded and positive on RT we have the following necessary
condition on U

U< 4o (3.18)

X=

Next let (t,)n>0 be a sequence that tends to co as n — oo and such that
lim,, 00 U'(tn) = 0 and lim,, 1 oo U(ty,) = U, as v1(t,) < n for n large enough
we have

U'(ty) > A= U(tn) — MBinU (t,) — Ra(t,)U (),
passing to the limit this gives

A

Uu> ——M—.
— T 14+ XMpBin

(3.19)

* _ Ro—1 1
Now as n < Vi" = 327=, then ROW > 1 and we can choose a > 0 such

that a% < Rom — 1. This choice implies that

1
—— > 4q,
T+XMBim A

which is absurd since (3.18) and (3.19), and Lemma 3.4 is proved. |
Next we have the following result
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Lemma 3.5 A strong persistence property holds for System (3.16) in the fol-
lowing sense
V(UQ,U()J) € Mo, ltim_&nfvl(t) > 0.
—r+00

Proof. Assume by contradiction that for some initial condition (Up,vo,1) € My,
liminf; , . v1(t) = 0. Due to Lemma 3.4 there exists a sequence (t,) that
tends to infinity such that Vn, vi(t,) > 7, for some n € (0,V}*). Then there
exists a sequence (T,,) with T, > t, for all n and lim, 1o, v1(T,) = 0. As vy
is continuous, we define

hn = inf{h € (0, T, —t,), v1(T,, — h) = n/2}.

Let us set X(t) = (U(t),v1(t)). We define for all ¢ > —T,, the sequence
of solutions Y, (t) = X(t +T,). As in the case Ry < 1, possibly up to a
subsequence, as n tends to infinity, {Y,,(¢)}+>_1, converges — locally uniformly
— toward a complete orbit {Y'(¢) = (V(¢), w(t)) }1er of the autonomous system
(3.17). Moreover as lim,,_, 1 oo v1(T3,) = 0 then w(0) = 0, hence V¢ € R, w(t) = 0.
Assume now that (h,) is bounded from above then up to a sub-sequence (hy,)
converges toward some h > 0 and w(—h) = 1/2 > 0, a contradiction. Hence up
to a subsequence lim,,, 4 o0 by, = 400.

Similarly we define Y,,(t) = X (¢t + T, — hy), Vt > =T, + h, > —t,, and
consider its limit as n tends to infinity, that is the complete orbit {Y(¢) =
(V(t),w(t)) }+er of system (3.17). Then w(0) = n/2 and by definition of (h,,)
and as lim,,_, 4 o hy, = 400 we also have Vt > 0, w(t) < n/2, which is impossible.
Indeed due to Lemma 3.3 (zii) a complete orbit of system (3.17) with w(0) > 0
converges as t — 400 toward the stationary orbit (Uf,V;*) and Vi* > n/2. By
contradiction the lemma is proved. [

To conclude the proof of Theorem 2.2, consider a solution X (t) = (U(t), v1(t))
of system (3.16) for ¢t € RT associated to an initial condition in My. As
X (t) is bounded on R*, there is a sequence (t,)n,>0 that tends to infinity
and (U*,V*) € (R")? such that lim, o X(t,) = (U*,V*), and thanks to
Lemma 3.5, V* > 0. Then if we are able to prove that (U*,V*) = (U7, V}¥),
then the proof of theorem 2.2 is complete.

To do so let us set Y, (¢t) = X(t + t,), Vt > —t,. As n tends to infin-
ity {Y,(t)}+er locally uniformly converges toward a complete orbit {Y(¢) =
(V(t),w(t)) }rer of system (3.17) with Y'(0) = (U*,V*). Thanks to Lemma 3.5
there exists n’ > 0 such that liminf,, . v1(t 4+ t,) > 1/, hence Vt € R, w(t) >
n'. And Lemma 3.3 (4i) applies and implies Y (¢) = (Uy, V;*) and we necessarily
have (U*,V*) = (Uy, V;*). The proof is complete.

4 Proof of Theorem 2.6

Here again we split this section into two parts. We first derive some estimates by
including the dependence upon the parameter ¢ that we will be assumed to be
small enough. The second part of this section focuses on the proof of Theorem
2.6.
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4.1 Estimates

In this section we derive estimates with an explicit dependence on ¢ for the
proof of Theorem 2.6. Thus in this section and the next one we assume that
Assumptions 2.1, 2.3 and 2.4 are satisfied.

We start with an estimate in L*(RY) of the eigenvectors 5 and 5 of the
operator L. associated to the first eigenvalues.

Lemma 4.1 The eigenvectors @5 and @5 satisfy the following estimates:
There ezists a positive constant C' > 0 such that for all e << 1 small enough one
has fori=1,2

N
2

Cez < ||<pf||L1(RN) and ||gof||L1(RN) =o0(l) ase — 0. (4.20)

Proof. We start with the first estimate in (4.20). In the following ¢ denotes
any positive constant that does not depend on the parameter €. To that aim
recall that for ¢ = 1,2, one has A\j¢S = L.(¢5), while the operator L. is given
n (2.6). Since AZ, O, J. are non negative functions and since © is bounded on
R (Assumption 2.3), we have

X |5 ()| < max ©%(y) J. * |9 |(y)-
yERN

Next using Young’s inequality to estimate the convolution product we obtain
that

M NeE 2wy < ellJell 2@y 165 | o ey,

with A > ¢ > 0 for ¢ << 1. Next recalling the normalisation [|¢5|| 2@~y = 1
and thanks to Assumption 2.1, namely J € L}*(RY) N L= (RY), we get

1 T 1/2 N
”JEHLZ(]RN) = (/RN Js(x)gwj (g) dx) <ce 7,

and the estimate follows.
For the second estimate in (4.20), let us observe that using the concentration
property stated in Assumption 2.4 (ii) we get for each v > 0 and ¢ small enough:

1651121 oy = / 5 lda + / 5l < / ¢5lde + C(we).
B(z;,v) RN\B(z;,v) B(z;,v)

i

Next Cauchy-Schwarz inequality yields

1/2
/ |sof|dxs/ e | ¢Sl < ™72
B(z;,v) B(z;,v)

As a consequence for each v > 0 one gets

tim sup |5 [ 2 vy < V2,
e—0

and the result follows letting v — 0. ]

19



Remark 4.2 Note that Assumption 2.4 (ii) and the above theorem implies that
for any v > 0 one has

£
lim L]

= ——dz=0.
e—0 RN\B((L‘l,]/) ||(101HL1(]RN)

Since 5 > 0 this implies that — 0z, as € = 0 for the narrow

topology.

©3
H‘Pi”LI(RN)

Next we give estimates for the initial conditions vg 1, vo,2 and for the coeffi-
cients 81, Bo.

Lemma 4.3 There exists some constant ¢ > 0 such that the initial condition
vo,1 = V5,1 satisfies the following estimates for all € small enough

0 <wvp1 <cCl(p,e), (4.21)

where p > 0 is defined in Assumption 2.3 and C(p,¢€) is defined in Assumption
2.4 (i3). Moreover there exists ¢ > 0 such that for all e << 1 one has

v|Z

ce? <wga <o(l). (4.22)

Lastly, coefficients 51 and Bo satisfy
ce® < By < o(1), ce® < By < o(1), (4.23)
with ¢ a positive constant independent of €.

Proof. First note that since v9 > 0 and vy # 0 then vy ; > 0 since ¢] > 0. Next
because of Assumption 2.3 on the initial condition vy one also has

Vot = / vo() S (2)dz < [[voloe Cp, )-
RN\ B(x1,p)

Hence (4.21) follows.
Next since vg is continuous and vg(x2) > 0, one obtains due to Assumption
2.4 (i)

€

= Iesllm [ oo i sl oaemypo(ea) as < 0.
RN H%”LI(RN)

Hence (4.22) follows from (4.20).

Finally since 8(z) > 0 for all z € RY, so that 8(z1) > 0 and S(z2) > 0,
(4.23) follows from a similar argument as above using (4.20), Assumption 2.4
(#4) and Remark 4.2. L]

We now give an upper bound of the solution that doesn’t depend on e, after
some transition phase.
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Lemma 4.4 (Upper bound) For k € (0,+00), we set t = %1In(1). Let us
consider the function Q = Q° = U—i—ﬁful—l—%ﬁgvg. There exist positive constants
c and k1 such that for all e > 0 small enough the following upper bound holds
true

0<Qt)<e, VE>1t5,.

Proof. First recall that U > 0, 8 > 0 and v; > 0 while 83 > 0 and vg2 > 0
for e << 1, so that va(t) > 0 for any ¢ > 0 as soon as ¢ is small enough. Hence
Q(t) > 0 for € small enough.

Next let R3(t) = ::; AnfBnvn(t). Thanks to similar computations as the

ones performed to prove (3.14) we readily establish

A3
va(t) | 2 Az — A
[R3(t)| < [As] 18]l z2®) lvoll 22 (m) ( 2( )> exp (— 3/\ Qut> . (4.24)
V0,2 2

In the remainder of this proof, ¢ denotes any constant that doesn’t depend on
¢ and that may change from line to line.

Thanks to assumption (2.4) on the spectral gap estimate for the eigenvalues
Ao — A3, we have

A3/A2 =1 — k(e)e < 1 with k(g) > 0,¥e > 0 and 1i_r>r(1) k(e) > 0.
g

Then for any t > {7 = ’%0 In (%) with kg > 0 and any ¢ small enough, one has

1—k(e)e
|R3(t)| < ceo (UQ(t)) .

V0,2

Thanks to the previous lemma for all € small enough we have 1 > vg, > ceg,
and
_N

2

(UE )—1+K(E)ESC€ 7

0,2
we choose kg such that k = ckg — N/2 > N/2, then
IR3(t)] < ce® (va(£))' "% vt > 85 .

Next using Young’s inequality, for n > 0 and p,q > 1 with 1/p+1/q = 1, we
readily find that

77p ]- 11—k
)e < Cpigpk + 7,03( (e)e)

cek v% —rle
D qn?

)

so we choose the following values of p, ¢ and 7

1 1 9 1—k(e)e
ql—ﬁ(zz)s’p/f@s)s’n()\gﬁg(lﬂ(e)s)) )

in order to have the following equality for the second term

L q-x(e)e) _ 1y oo
W’Uz —5)\262’112.
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For the first term we obtain

1—k(e)e
n:D & ( ) w(e)e k
P —eP" = cPr(e)e 1— k(e grle)e
! ©= (51—~
Notice that
1—k(e)e 1
(1 —k(e)e) =@ — e " ase—0,

and thanks to (4.23) we have 85 > ce2 and 35 = o(1), hence for & small enough

1—k(e)e

2 w(e)e <( c )ﬁ
)\255 — €N/2 )

/- 1
p L Pk < - _ )
c’—e¢ CE exp (H(E)E (Inc+ (k— N/2) lns)>

Since we chose k > N/2, then lim._,o ﬁ(lnc—i— (k—N/2)Ine) = —oo. There-
fore for € small enough

so that

P
cpigpk < ce,

so that finally we have, for any ¢ small enough and ¢ > ¢ ,
1 1
|R3(t)| < ce + 5)\252112-
Reporting this estimate in the first equation of (2.9) we retrieve that
1
Vit >t U'(t) < A=U(t) = MBiui (U () — §>\25§U2(t)U(t) +ceU(t), (4.25)

and the second equation of (2.9) yields

(Biv1) = Bivi(\MU — ), and (;ﬁ&a) = %ﬂgvg(AgU — ). (4.26)

Let Q =U + Bfv1 + %ﬁgvg, assuming that e is small enough to ensure that
min(p, 1 —ce) > m > 0 with m independent of &, then adding (4.25) and (4.26)
yields

Q'(t) < A—mQ(t) for all t > tj, ,
so that
VE> 15, Q) < Q(t5, )e ™! o) AL (4.27)

Now to crudely estimate Q(tf, ) let us recall that V¢ > 0, U(t) < max(A, Up),
hence from the second equation of (2.9) there exists a constant ¢ > 0 such that
for all n € N we have for any ¢t > 0,

[on ()] < |UO,n|eCt7
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so that as |35| = o(1) is bounded we finally have Q(t) < ce® for all ¢t > 0, which
implies Q(t7,) < ce®ro. Then, coming back to (4.27) we find

V> 15, Q(t) < ceroemm Tt A,

Let t5, = %In 1 with k; > ko be given. Then

mky—(m+c)kg
€

vVt >ty , Q) < cethoe ™™ o) 4 A = ce +A

)

hence finally for k; large enough and Vt > ¢; , Q(t) = U(t) + Biv1(t) + 1 B5va(t)
is bounded uniformly with respect to €. [
Finally we prove the following estimates for v; and R3 = Z::; AnBntn.

Lemma 4.5 Let ki be defined in the previous lemma. The following estimates
hold true for € small enough

vte [t5,,Ge) ], vi(t) <ee NC(p,e) = 0(e™), (4.28)

VE> e, |Rs(t)] < ceNexp(—cet), (4.29)
wherein ¢ is a positive constant independent of € << 1.
Proof. Using Lemma 3.1 we have the following identity

va(t) ) e ehfikzut

Vt >0, wi(t)=wvo:1 ( 1
Vo,2

Using estimate (4.22) we have, for ¢ << 1,

y‘ >
il 1
vz

(U072)_ S ce 2.

Hence due to Assumption 2.4 on the spectral gap and (4.21), there exists k € R
independent of € such that

20, un(t) < e VEC(p ) (ua(1) M eI,

Now using Lemma 4.4 and estimate (4.23) readily implies (4.28).
Next, coming back to (4.24), that is

A

Vo(t) | *2 _2Az—xo
2 0 |Ra(0)] < Dl 800 ool (20) ™ o520,
as above we use estimates (4.22) for vg 2, Assumption 2.4 (i7) on the second
spectral gap and Lemma 4.4 combined with (4.23) to retrieve (4.29) for € small
enough. [
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4.2 Proof of Theorem 2.6

To achieve this, we use the estimates of the previous section combined with
arguments featuring some degree of similarity with the ones given for the proof
of Theorem 2.2, but taking into account the dependence on ¢ of the solution
and of the parameters.

Thus we start with a lemma ensuring a kind of weak persistence property
in some sense for the solution (U®,v5) of (2.9) on an interval of the form [¢5, ¢5]
uniformly with respect to . Here we use for each real number ¢ the notation

t; = g In é
And the following lemma holds true
Lemma 4.6 Let us recall that
Rf = 212, o i= I = lin . RS = lim RS = 2%,
1

and set (U5, Vy') = ™ (1, RY—1).
0
Let a € (0,V5") be given. Then there exist positive constants ko > ki and
ko > 1 such that the following property holds for the product B5v5: for each

k > ko and each ¢ > Eak, there ezists €9 > 0 small enough such that for any
e € (0,e9) one has

5 < G(e)™t and sup B5vs(t) > a,
te(ts t5]

where ki is the constant defined in Lemma 4.4 above.

Proof. Set Pe(t) := —A; 505 (t) — R5(t). Thanks to Lemma 4.5, there exist two
constants ko > k1 and ¢; > 0 independent of € such that for £ small enough

vt e [t5,,Ge) ], |P(t)| < ce . (4.30)

Next recalling that RY = % > 1 and « € (0, V5), let us fix k, > 0 such that

Ro
1) >k, > 0.
M(l‘i’)\oa )> =

Setting Ea =1+ 4, we complete the proof of our lemma by showing that for

ecach k > ko and each ¢ > Eak‘, there exists g > 0 small enough such that for
any € € (0,g9) one has

t; < G(e)"'and sup B5v5(t) > a.
te(ts t5]

Recalling the assumption on the spectral gaps, G(¢)|Ine| << € as ¢ — 0, and
in order to prove this statement we argue by contradiction. To that end, we

24



assume that there exist k > ko, £ > %ak and a sequence of positive numbers
{€n}n>0 tending to zero such that for all n > 0

5" < G(en) ™" and B3 vy (t) < a, Yt € [t5,15"]. (4.31)

In this proof we shall set v, = 85" vs", A, = A\5" and (Up,v,) = (U, v°") for
the sake of simplicity. Then (U, v,) satisfies the non autonomous system

{U;(t) = A= Un(t) = Auvn (U (1) + Pu(O)Un 1),
U () = vn(t) AnUn(t) — ),
wherein we have set P, (t) = P~ (¢).

In the remainder of this proof, let ¢ denote any constant independent of n.
First due to the choice of k2 > k; one has (see (4.30))

(4.32)

P, ()| < £, Wt > 57, ¥n > 0. 4.33
n k

Next from the first equation of (4.32) and (4.33) we have for all n > 0 and
telty i),
U’r/L(t) > A —ca(en)Un(?),
with
calen) =14+ al, +ce,t > 0.

Hence for any n > 0 one has

A A .
Vit tEn tfn Un t) > U tan — _Ca(sn)(t_tkn)_
It U0 2 o+ (V) - 75 ) e
Replacing this estimate in the right-hand side of the second equation of (4.32)
and integrating we find for any ¢ € [t;",t;"]:

t —calen)(s—t3™)
watey ) Jien e kods

on(t) > ot el ) i) o MU~ .

(4.34)
Let us estimate the factors in right hand-side of (4.34). From the second equa-
tion of (4.32), ¥t > 0, v),(t) > —pwv,(t), hence

v (") > 85" 05" (0) exp (—pty"),

and, using estimates (4.22) and (4.23) on v5(0) and 35 we have 35" v5" (0) > celV,
and therefore
vn(ty") > cexp (N + pk/en)Ine,) .

To estimate the second factor in (4.34), note that, as n — oo,
AnA RS
— — —1 k 0.
(ca(zsn) ,u> 'u<1+)\0a > = Fo =
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So, for any n large enough one has

AnA

Ca(5n>

7M2ka>0a

so that

AnA € € ko (L—k) 1
e( Ca?gn)iu)(tenitkn) > (&4 aEn lnﬁ,

For the third factor in (4.34) one has

t
>\" <Un(ti") n : > / eica(sn)(s*tin)ds 2 - >\n Un(tin) - A )
t

Cal(en) en cal€n) Cal(En)

and U, (t) being bounded uniformly with respect to &, and non negative, the
third factor is greater than some negative constant.
Finally we recover from (4.34) that

on(t5) > cel“ERTE N In 2
so that, since ¢ > Ealm one has k(¢ — k) — pk > 0. And for any n large enough
we obtain v, (t;") > «, which contradicts (4.31). This concludes the proof of
this lemma. ]
Next we are able to prove a lemma ensuring a kind of strong persistence
property for v§ on some interval of the form [t5, G(g) '] uniformly with respect
to €. The proof of this lemma is rather similar to the proof of Lemma 3.5.

Lemma 4.7 Let a € (0,V5") be given. Let k > ko and £ > Kok given. For each
e > 0 small enough, let k. € [k, ] be given and provided by Lemma 4.6 such that
B5v5 ( 25) > a. Then there exists n > 0 such that for all € small enough

B5v5(t) = n for any t € [t G(e) 7).
Remark 4.8 In particular, since k. < £ one also has for all € small enough
Bsvs(t) >m, Vt e [t;,G(e)7].

Proof. To prove this lemma we argue by contradiction and we assume that
exists a sequence of positive numbers (e, ),>0 that tends to zero and a sequence
(Tn)nZO Wlth

T, € [ti: ,G(en)_l} such that ll)rf_l Bsmvs™ (Ty,) = 0.

As in the proof of the previous lemma we set U, (t) = Uc(t), v,(t) =
5" us™(t) and we define X,, = (Uy,,v,) a solution of (4.32). We also set t,, =
ti .

Now as v, (T,,) = 0 as n — 0o and v, (t,) > « > 0, there exists a sequence
(hy,) defined for n large enough by

b= inf {h € (0T —ta), (T —h) = 5}
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In other words one has v, (T, — hn) = §, va(t) < § on [T, — hy,,T,] and
v (Ty) — 0 as n — oo. Next since vy, (¢, + -) is uniformly bounded on [0, 00)
(see Lemma 4.4) as well as its derivative, and since it satisfies the second equa-
tion in (4.32), it readily follows from Arzela-Ascoli compactness theorem that
hn — 400 as m — oo (see the similar proof of Lemma 3.5 for more details).
Moreover, one may assume, possibly along a subsequence, that the sequence
of functions (Uy,vy,) (Tn, — hp + 1) = (Uso, Vo) (t) locally uniformly for ¢ > 0
wherein (Uso, Vo) becomes a bounded non-negative orbit of the autonomous
system corresponding to system (4.32) with P, =0 and \,, = Ao, i.e.

(4.35)

{Ugow = A = Uso(t) = Aovec () Unc (8),
Vg () = voo (1) (MoUno (1) — 1) 4

that furthermore satisfies v, (0) = § and v (t) < §, Vt > 0. However such a
solution doesn’t exist by applying Lemma 3.3 (iii) and recalling that RY > 1
and a < V5. This contradiction completes the proof of the lemma. [

Before going to the proof of Theorem 2.6 let us prove the following proposi-

tion that roughly shows that the function S5v5(t) remains in a small neighbour-

0
hood of V5 = Rg\o_l on some interval of the form [t, G()™!] for any e << 1.

Proposition 4.9 Assume RY > 1. There exists k > 1 large enough such that
for any § > 0 there exists eg > 0 small enough such that for all € € (0,g9) one
has

U=(t) — Us| + 8505 (t) — BViE| <0, Vi € [£5,Gle) ™! — £5].

Proof. Fix a € (0,Vy). Let k > kaks be given. Hence Lemma 4.7 applies and
ensures that
Bsvs(t) =1 for t € [tg, G(e) 7],

for some positive constant 7 independent of ¢ and for any € << 1 small enough.

To prove Proposition 4.9 we fix k > k and we again argue by contradiction
by assuming that there exist dyp and a sequence (e,,) that tends to 0 such that
for all ;" < ﬁ we have

sup (I (t) = Uz | + 85" v (8) = B3V [) > do.
te [t ot —t5"]
Hence there is a sequence (¢,,) such that ¢,, € [ %", @ - ti"} and

U (tn) — Uz | + |8 v™ (tn) — B3 V5| > do.
As for the proof of the previous lemma by considering
Yer(t) = (U (t+t,), B0 " (t+ 1)), for (t+t,) € [t;, G(en) '] .
Since t;" —t, < ;" — % — —oo and G(e,)" ! —t, > t]" — +00 as n — o0,

possibly along a sub-sequence, it converges locally uniformly for ¢ € R toward
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some limit function (U, Vao)(t) as n tends to infinity. This limit function
becomes a complete orbit of (4.35) that satisfies (Uso, Vo) (0) # (U*,V*) and
Voo(t) > n > 0, Vt € R. This contradicts Lemma 3.3 (i4) and concludes the
proof of Proposition 4.9. ]
We complete this section by the proof of Theorem 2.6.
Proof of Theorem 2.6.
For the sake of simplicity we set v& = 505, A°> = A5. Then (U¢,v°) satisfies
the non autonomous system

dUs¢
dt

dovs
dt

(t) = A — US(t) — ANovs (U= () + PE()U (1),

() = v*(t) AU (t) — ),

where again P°(t) := —A{Bv5(t) — R5(t).

We linearise this system around (U5, V) defined in (2.8). So we set V(1) =
Ue(t) — U5, we(t) = v°(t) — B5V5 and Y°(t) = (VE(¢), w®(t)). Then we readily
compute that

dYe
el ALY+ F.(Y®)+ G(t,Y"),
where A., F. and G, are respectively defined by
_R(E)A,Q —H _ €, \E e e e
As _ , FE(YE) —_ Ae‘i UE} , Gs(tays) — P (t>(U2 +V ) .
A VEw 0
es—1 0
0,2
Let us remark that tr (Ac) = —R§ , and det(A.) = u(R5o—1). Aslim. o RG, =

RS > 1 we readily prove that the real parts of the eigenvalues of A. are nega-
tive and uniformly bounded away from 0 for ¢ small enough. Moreover as the
coefficients of A, are bounded, there are positive constants o and M that don’t
depend on ¢ such that, for all X € R? and t > 0, [|eA*X| < Me™|| X|| where
| - || is the £* norm on R?.

By definition of F. and as A. is bounded there exists some constant K
independent of ¢ such that

VY € R%, | E(Y)| < K|Y > (4.36)

Let 6 > 0 such that MK < a/2. Due to Proposition 4.9 there exists k& > 0
such that
Vit € [ 7 G(e)*1 - t’ﬂ , Y E@)| <. (4.37)

Again in the remainder of this proof ¢ will denote any positive constant
independent of e. Thanks to Lemma 4.5, for any p > N/2 there exist some real
number £; > 0 and a constant ¢ such that we have

Vt >ty |[PE(t)] < cel. (4.38)
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We set k = max{k, k1 } for simplicity’s sake. Then Duhamel’s formula writes

t
V() = DY)+ [ AR (9) + Gl V() s
£
Thanks to (4.36), (4.37), (4.38), and as U*® is bounded by a constant independent
of €, we have for all t € [tf,G(e)™! — 5]
t
V()| < 6Me =) + M [ e =) (SK|[Y(s)| + ce”) ds,

t

then, as MK < a/2, we retrieve that for all ¢ € [t5, G(e) ™! — t{]
¢
YOl < a0 geer o & f ety e(eyas
4

Next it follows from Gronwall inequality that for all ¢ € [t5, G(e) ™! — t§]

t
V(1) < SMeE 4 cerent + & /

ty

((SMe’J“ti + cspeas) e (t=9) g,

and we have the following upper estimates

t t
& SMe®tkes (t=5) 4g < 6Me%(t"’ti)7 g/ cePe®Se5 (175 g < cePe s (-1h)
2 Ji; A
Finally we have proved that
V()| < Me™ ) 4 ceP 4 GMe™ 38 4 cePem 3 (1),

therefore there exists ¢ > k such that for all ¢ € [t§, G(e)™' — t{] and e small
enough [|[Y¢(t)|| < ce?. Then coming back to the definition of Y and thanks to
estimate (4.23) for 8, we have for all t € [t7,G(e) ™ — ]

US(t) — Us| < ce?, |v5(t) — Vi | < ce? (B5) " < eeP™NV/2,

Finally, as the eigenvalues A5, are uniformly bounded, with a slight modification
of the proof of Lemma 4.5 we readily establish that

vt € [t5,,G(e) '], 1BTvi ()] < eV C(p,e) = 0(e™),

and
400

> Brun(t)en()

n=3

vt > 15, < ce Nexp (—cet).

L(®)

Hence let ¢ = p — N/2 > 0 and we have for all £ small enough
vt e [t5.Ge) " — 6], [US() = Us| + [0°(t,.) — VE@s ()l oy < e

This concludes the proof of Theorem 2.6.

29



Acknowledgements

R. D. D. received support from the CIVB (Conseil Interprofessionnel du Vin
de Bordeaux) and from the EU in the framework of the Marie-Curie FP7 CO-
FUND People Programme, through the award of an AgreenSkills/AgreenSkills+
fellowship under grant agreement Number FP7-609398.

References

1]

Alikakos N.D. and Fusco G. 1998. Slow dynamics for the Cahn-Hilliard
equation in higher space dimensions: the motion of bubbles, Arch. Rational
Mech. Anal. 141(1), pp. 1-61.

Bonnefon O., Coville J. and Legendre G., 2017. Concentration phenomenon
in some non-local equation, Discrete Cont Dyn-B, 22(3), pp. 763-781.

Calsina A., Cuadrado S., Desvillettes L. and Raoul G., 2013. Asymptotics
of steady states of a selection-mutation equation for small mutation rate.
Proc. Math. Roy. Soc. Edinb., 143, pp. 1123-1146.

Calsina, A., & Cuadrado, S., 2005. Stationary solutions of a selection mu-
tation model: The pure mutation case. Mathematical Models and Methods
in Applied Sciences, 15(07), 1091-1117.

Carr J. and Pego R. L., 1989. Metastable patterns in solutions of dyu =
2y, — f(u), Comm. Pure Appl. Math. 42(5), pp. 523-576.

Cuadrado S., 2009. Equilibria of a predator prey model of phenotype evo-
lution, J. Math. Anal. Appl. 354, pp. 286-294.

Day T. and Gandon S., 2007. Applying population-genetic models in the-
oretical evolutionary epidemiology, Ecology Letters, 10, pp. 876-888.

Diekmann O., Jabin P.E., Mischler S. and Perthame B., 2005. The dy-
namics of adaptation: an illuminating example and a Hamilton-Jacobi ap-
proach. Theor. Popul. Biol., 67, pp. 257-271.

Djidjou-Demasse R., Ducrot A. and Fabre F., 2017. Steady state concen-
tration for a phenotypic structured problem modeling the evolutionary epi-
demiology of spore producing pathogens. Mathematical Models and Meth-
ods in Applied Sciences, 27(02), pp. 385-426.

Ducrot A., 2016. Spatial propagation for a two component reaction-
diffusion system arising in population dynamics, J. Differential Equations,
260, pp. 8316-8357.

Fusco G. and Hale J. K., 1989. Slow-motion manifolds, dormant instability,
and singular perturbations, J. Dynam. Differential Equations 1(1), pp. 75-
94.

30



[12]

[13]

[15]

[16]

Geritz S.A., Metz J.A., Kisdi E. and Meszéna G., 1997. Dynamics of adap-
tation and evolutionary branching. Phys. Rev. Lett., 78(10), pp. 2024-2027.

Tacono G.L., van den Bosch F. and Paveley N., 2012. The evolution of
plant pathogens in response to host resistance: factors affecting the gain
from deployment of qualitative and quantitative resistance. J. Theo. Biol.,
304, pp. 152-163.

Laforgue J.G.L. and O’Malley R.E. Jr., 1994. On the motion of viscous
shocks and the super-sensitivity of their steady-state limits, Methods Appl.
Anal. 1(4), pp. 465-487.

Lannou C., 2012. Variation and selection of quantitative traits in plant
pathogens. Annu. Rev. Phytopathol., 50, pp. 319-338.

Mascia C. and Strani M., 2013. Metastability for nonlinear parabolic equa-
tions with application to scalar viscous conservation laws. STAM Journal
on Mathematical Analysis, 45(5), 3084-3113.

Metz J.A.J., Geritz S.A.H., Meszéna G., Jacobs F.J.A. and van Heerwaar-
den J.S., 1996. Adaptive dynamics, a geometrical study of the consequences
of nearly faithful reproduction. In: van Strien, S.J., Verduyn Lunel, S.M.
(Eds.), Stochastic and spatial Structures of Dynamical Systems. North-
Holland, Amsterdam, pp. 183-231.

van Nimwegen E. and Crutchfield J.P., 2000. Metastable evolutionary dy-
namics: Crossing fitness barriers or escaping via neutral paths? Bull. Math.
Biol., 62, pp. 799-848.

Pego R.L., 1989. Front migration in the nonlinear Cahn-Hilliard equation,
Proc. Roy. Soc. London Ser. A 422 (1863), 26-278.

Reyna L.G. and Ward M.J., 1995. On the exponentially slow motion of a
viscous shock, Comm. Pure Appl. Math. 48(2), 79-120.

Sun X. and Ward M.J., 1999. Metastability for a generalized Burgers
equation with applications to propagating flame-fronts, European J. Appl.
Math. 10(1), 27-53.

Wilke C.O., Wang J.L., Ofria C., Lenski R.E. and Adami C., 2001. Evo-
lution of digital organisms at high mutation rates leads to survival of the
flattest. Nature, 412, pp. 331-333.

Zhan J., Thrall P.H., Papaix J., Xie L. and Burdon J.J., 2015. Playing on
a pathogen’s weakness: using evolution to guide sustainable plant disease
control strategies. Annu. Rev. Phytopathol., 53, pp. 19-43.

31



