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Simultaneous Information and Energy Transmission
in the Two-User Gaussian Interference Channel

Nizar Khalfet and Samir M. Perlaza

Abstract—TIn this paper, the fundamental limits of simultaneous
information and energy transmission (SIET) in the two-user
Gaussian interference channel (G-IC) with and without perfect
channel-output feedback are approximated by two regions in each
case, i.e., an achievable region and a converse region. When the
energy transmission rate is normalized by the maximum energy
rate, the approximation is within a constat gap. In the proof of
achievability, the key idea is the use of power-splitting between
two signal components: an information-carrying component and
a no-information component. The construction of the former is
based on random coding arguments, whereas the latter consists in
a deterministic sequence known by all transmitters and receivers.
The proof of the converse is obtained via cut-set bounds, genie-
aided channel models, Fano’s inequality and some concentration
inequalities considering that channel inputs might have a positive
mean. Finally, the energy transmission enhancement due to
feedback is quantified and it is shown that feedback can at most
double the energy transmission rate at high signal to noise ratios.

Index Terms—Feedback, Gaussian interference channel, simul-
taneous information and energy transmission, RF harvesting,
information-energy capacity region.

I. INTRODUCTION

Battery dependency is a critical issue when communica-
tions systems are deployed in hard-to-reach locations, e.g.,
remote geographical areas, concrete structures, human bodies,
or disaster/war zones. In this case, the lifetime of the elec-
tronic devices or even the whole communications system is
determined by the battery life. An effective remedy is using
energy harvesting technologies. Specifically, energy can be
harvested from different ambient sources such as light, vibra-
tions, heat, chemical reactions, physiological processes, or the
radio frequency (RF) signals produced by other communica-
tions systems. This observation rises the idea of simultaneous
information and energy transmission (SIET) via RF.

The idea of wireless energy transmission traces back to
Tesla in the 20-th century [34]. However, only recently the
idea of SIET has been formalized. For instance, the point-to-
point channel has been studied from the perspective of SIET

Nizar Khalfet and Samir M. Perlaza are with the CITI Laboratory, a joint
laboratory between the Institut National de Recherche en Informatique et en
Automatique (INRIA), the Université de Lyon and the Institut National de
Sciences Apliquées (INSA) de Lyon. 6 Av. des Arts 69621 Villeurbanne,
France. ({nizarkhalfet, samir.perlaza} @inria.fr)

Samir M. Perlaza is also with the Department of Electrical Engineering at
Princeton University, Princeton, NJ 08544 USA.

Parts of this work were presented in the International Zurich Seminar on
Information and Communication, Zurich, Switzerland, Feb., 2018 [23]; and
in the 55th Annual Allerton Conference on Communication, Control, and
Computing, Monticello, IL, US, Oct., 2017 [22].

This research was supported in part by the European Commission under
Marie Sktodowska-Curie Individual Fellowship No. 659316 and and in part by
the Agence Nationale de la Recherche under Grant ANR-15-NMED-0009-03.

in the asymptotic block-length regime in [19]], [37], [38] and
[39]. In the non-asymptotic block-length regime, very little is
known as pointed out in [28]] and [32]. The Gaussian multiple
access channel with one non-colocated energy harvester (EH)
has been studied in [1]]. The special case of a colocated EH
was studied in [17]. The Gaussian interference channel (G-1C)
has been studied in the context of SIET in [7]], [8] and [26]. A
closely related result is the analysis of energy cooperation at
the transmitters [31]. Nonetheless, none of these works tackles
the fundamental limits of SIET in the G-IC. Other multi-user
channels are studied in [2[], [12], [18], [25], [29], [35] and
references therein.

This paper focuses on the case of the two-user G-IC
under the following assumptions: (a) A non-colocated energy
harvester (EH) recollects energy from the signals sent by
the transmitters; (b) a perfect channel-output feedback link
might be available from each receiver to the corresponding
transmitter. The main results in the case with and without
feedback are twofold. First, a set of achievable information
and energy transmission rates is presented. That is, a subset
of the information-energy capacity region [1]] is characterized.
Second, a set that contains the information-energy capacity
region is introduced. These two sets are shown to be a
constant gap approximation to the information-energy capacity
region when the energy rate is normalized by the maximum
energy rate. Using these results, it is finally shown that perfect
channel-output feedback can at most double the energy rate in
the G-IC.

This work builds upon existing results whose foci are ex-
clusively on information transmission, in particular [14], [20],
[30]] and [33]). For instance, in the proof of achievability with
and without feedback, the novelty lyes upon the use of power
splitting to superimpose two signal components: One that is
designed to transmit information; and another that is designed
to transmit energy. Note that the former naturally carries
both information and energy, whereas the latter exclusively
carries energy. From this perspective, the information-carrying
component is built up along the same lines of the achievability
scheme presented in [21] and [33] in the case with and
without feedback, respectively. The no-information carrying
component is built along the lines of the scheme presented in
[L] using the idea of common randomness. More specifically,
both the transmitters and the receivers know in advance the
realization of a given random variable. This realization is used
by the transmitters to correlate their transmitted signals in
order to benefit the transmission of energy. At the receivers,
this knowledge is used for cancelling the interference of
the no-information carrying component. The proof of the
converse, in the case with and without feedback, follows along



Fig. 1. Two-user Gaussian interference channels with a non-colocated energy
harvester at channel use n. (a) Case without feedback; and (b) Case with
perfect channel output feedback.

the lines of [[14] and [33], respectively. The main difference
relies on the fact that no constraint is imposed on the first
moment of codewords of a given feasible coding scheme. Note
for instance that a codeword with a strictly positive mean
carries an amount of energy equal to its mean, i.e., direct
current (DC) component. Finally, new inner and outer bounds
on the energy transmission rate are obtained using Markov’s
concentration inequality [5].

The proofs are presented only for the case with feedback
and only the intuitions behind the proofs are discussed for the
case without feedback. A complete presentation of the proofs
is presented in [24].

II. SYSTEM MODEL

Consider a two-user G-IC with a non-colocated energy har-
vester (EH) with and without point-to-point perfect channel-
output feedback (PF) from each receiver to its corresponding
transmitter. These two scenarios are depicted in Figure [I[a)
and Figure [T[(b), respectively. Note that there is no feedback
from the EH to any of the transmitters. Within this context,
transmitter 4, with ¢ € {1, 2}, aims to simultaneously execute
two tasks: (a) information transmission to its intended re-
ceiver; and (b) energy transmission to the EH. Section and
Section describe these tasks independently. Later, Section
describes the simultaneous implementation of both tasks.

A. Information Transmission Task

From the information transmission standpoint, the goal of
transmitter ¢, with ¢ € {1,2}, is to convey a message index
Wi e W; = {1,2,..., |2V ]} to receiver i using N channel
input symbols X; 1, X;2,...,X; ny. That is, information is
transmitted at rate R; > 0 bits per channel use. The channel
coefficient from transmitter & to receiver ¢, with k € {1,2}, is
denoted by h; € Ry, where R denotes the positive reals.
At receiver 4, during channel use n, input symbol X;,, is
observed at receiver ¢ subject to the interference produced by
the symbol X ,, sent by transmitter j, with j € {1,2} \ {i},
and a real additive Gaussian noise Z; ,, with zero mean and
variance Uf. Hence, the channel output at receiver ¢ during
channel use n, denoted by Y; ,,, is:

Yin=hiiXin+hijXjn+ Zin. (D

In the case without feedback, at each channel use n, the
symbol X , sent by transmitter 4 depends upon the message

index W; and a randomly generated index €2 € IN. Let
i(ﬁ) :W; x N — R be the encoding function at channel use

n, such that for all n € {1,2,..., N}, the following holds:
Xi,n: 7;(’]7\1]) (Wia Q) (2)

In the case with feedback, the symbol X ,, sent by transmitter
¢ depends upon the indices W; and €2, but also upon all
previous channel-outputs Y; 1,Y;2,...,Y; ,_q, with d € IN
the feedback delay. In the following, it is assumed that d
is equal to one channel use, without any loss of generality.
Thus, the first channel input symbol X; ; depends only on the
message index W; and 2. More specifically, fi(’jlv) Wi xIN —
R. Alternatively, for all n € {2,3,..., N}, the encoding

functions are fi(i\{) W; x Nx R*1 — R. Essentially,
Xi,lZfi(,]lv)(Wi, Q), (3a)
and for all n > 1,
Xin=f N (Wi, 0, Y1, Yiz, ..., Yino1).  (3b)

In both cases, with and without feedback, the random index
Q is assumed to be known by all transmitters and receivers.

Moreover, channel input symbols X; 1, X;0,...,X; n are
subject to an average power constraint of the form
1N
v Zl Ex,, [X2.] <P “)
n—

where P; denotes the average transmit power of transmitter
7 in energy units per channel use. The decoder of receiver
observes the channel outputs Y; 1,Y;2,...,Y; v and uses a
decoding function d)l(.N): IN x RN — W, to get an estimate
of the message indices:

w, (

W, = oM (Q,Yi1,Yi0,...,YiN), )

where VV: is an estimate of the message index W,. The
decoding error probability of a codebook of block-length NV,
denoted by PI%), is given by

i

P = max [Pr [17[/\1 #Wi|,Pr [ﬁ/} £ Wa) } (6)
The signal to noise ratio (SNR) at receiver ¢ is denoted by
(7a)

The interference to noise ratio (INR) at receiver 7 is denoted
by

hi | P;
INR,; = % with j # 4. (7b)
0;

B. Energy Transmission Task

Let h3; € R4 be the channel coefficient from transmitter 4
to the EH. The symbols sent by the transmitters during channel
use n are observed by the EH subject to an additive Gaussian
noise Z3 ,, with zero mean and variance 0%. More specifically,
the channel output at the EH during channel use n, denoted
by Y3, is:

Y3, =h31 X1+ h3oXon+ 23, ¥



From the energy transmission standpoint, the goal of both
transmitters is to jointly guarantee an average energy rate at
the EH.

Let B™ : RY — R, be a function that determines the
energy obtained from the channel outputs Y3 1,Y32,...,Y3 n.
In the following, this function is chosen to be the average
energy rate (in energy-units per channel use) at the end of NV
channel uses. That is,

1>

N
BM(Y341,Y3,...,Y3N) % Z Y, )]
n=1
which implies that the energy carried by a given channel output
Y., with ¢t € {1,2,..., N}, is Y,. This assumption is very
optimistic given the dependency of the delivered DC power on
higher order statistics of the channel input distribution [36],
[37]. Nonetheless, from the fundamental limits point of view,
any more realistic model would induce fundamental limits that
are more pessimistic than the results presented in the following
sections.
The SNR of transmitter ¢ at the EH is denoted by
2
SNRy; = 1ol L

2
03

(10)

Note that the maximum average energy rate, denoted by B ax,
is:

Buax = 03 (1 + SNRg; + SNRs; + 2¢/SNR31SNRaz )
an
which can be achieved in the asymptotic block-length regime
when both channel inputs exhibit a correlation coefficient
equal to one. Hence, given an energy rate B € [0, Buax]
the energy shortage probability, denoted by P]S:]SV)(B), is:

JAN
P S pr [BM(v3) < B (12)

C. Simultaneous Information and Energy Transmission

The system is said to operate at the information-energy
rate triplet (Ry, Ro, B) € R when both transmitter-receiver
pairs use a transmit-receive configuration such that: (i) reliable
communication at information rates /21 and R is ensured; and
(i1) reliable energy transmission at energy rate B is ensured.
A formal definition is given below.

Definition 1 (Achievable Rates): The triplet (R1, Ry, B) €
R3 is achievable if for all i € {1,2}, there exists a sequence
of encoding functions fi(,le), fi(g), ey fi(_jzvv) and two decoding
functions ¢§N) and (;S(QN) such that both the average decoding
error probability PI(DII\E]) and the energy-shortage probability
Péjsv) tend to zero as the block-length N tends to infinity. That
is,

lim sup PI(DII\E[) =0 and (13a)
N—o00
limsup PY) = 0. (13b)

N—o00

Using Definition |1} the fundamental limits of simultaneous in-
formation and energy transmission in the Gaussian interference
channel can be described by the information-energy capacity
region [2], defined as follows.

Definition 2 (Information-Energy Capacity Region):  The
information-energy capacity region, denoted by E¥ in the case
with feedback and £ in the case without feedback, corresponds
to the closure of all achievable information-energy rate triplets
(R1, Ry, B).

D. A Note on the Main Results

The main results of this paper consist in descriptions of
the information-energy capacity regions with feedback £F and
without feedback £. Such a description is presented in the form
of an approximation in the sense of the definition hereunder.

Definition 3 (Approximation of a Set): Letn € IN be fixed.

A set X C RY is approximated by the sets X and X
if X C X C X and Ve = (x1,22,...,2,) € X then
<(x1 — &) (e — &), (2, — §n)+) € X, for some
( 1,52,...,571) ERi

In Definition (3), the operator max|-,0] is denoted by (-)*.

III. MAIN RESULTS: CASE WITHOUT CHANNEL-OUTPUT
FEEDBACK

The information-energy capacity region £ is approximated
by the regions £ C ]Ri, which represents an information-
energy achievable region (Theorem ; and £ C R3, which
represents an information-energy converse region (Theorem
). Regions £ and € satisfy £ C £ C € and approximate the
information-energy region £ to within a given gap (Theorem
[3), in the sense of Definition

A. An Achievable Region

The following theorem introduces an achievable
information-energy region.
Theorem 1: The information-energy capacity region £ con-

tains the set £ C lRﬁr of all rate tuples (R1, Ro, B) that satisfy:

R, < %log (1-1-(11__’_112;)118\]1\;51) ’ (14a)
Ry < %log (1 + m) ’ (14b)
R+ Ry < %1 (1+(1_/\16)1i1\;z,11_‘_1\1(];1{:/\26)INR1)
+% log (1 + m) , (14¢)
R+ Ry < %bg <1+(1/\2e1)iNiiJIrlEI;:\le)INR2)
+%log <1+ m) , (144d)
Ri+ Ry < %1Og (1 + Alpsll\TflA :}-}I(l\lg{?ge)INm)

+% log <1 + Astleil—Zl(l\ll;{zle)INRZ) ’ (40



1 14 (1-A1.)SNR; + (1—>\26)INR1)
oy + 7y < Lo

R+ Ra < 5log 1+ Xy INR;
]. - e
42 log (1 + )\QpSNRQ + (1 A1 )INRQ)
2 1+ A\, INR,

A1,SNR; >
1+ A\, INR,

1
+—-log (1 +

5 (14f£)

1. (1+(1-X20)SNR; + (141@)1NR2)
Ri+2Ry < -1 (
L s g loe 1+ A, INR;
L og (1 + ALpSNRy + (1—A26)1NR1)
2 1+ /\QPINR1
A2pSNRs )
1+ A, INR, )’

1
+—log (1 +

5 (14g)

B S U%(l + SNR31 + SNR32

+2+/SNR3;SNR3, \//\16)\26), (14h)
for some (\ip, Aie) € [0, 1)? such that Aip + Aie < 1, for all
ie€{1,2}.
The proof of Theorem [I] is presented in [24]]. Essentially, the
achievability scheme used to obtain the region £ described in
Theorem [I] is built upon random coding arguments using four
key ingredients: (a) superposition coding [9]; (b) rate-splitting
[20]; (¢) common randomness [4], [27]]; and (d) power-spliting
(1.

The codebook of transmitter ¢, with ¢ € {1, 2}, is generated
by super-imposing three different code layers. The first code
layer is a sub-codebook generated for the exclusive purpose of
energy transmission. Note that this code layer can be chosen
to be the same for both transmitters. The key point is to ensure
that codewords in the first code layer of transmitter 1 and 2
exhibit a correlation factor equal to one. For each codeword
in the first layer, a new sub-codebook is generated. This set of
sub-codebooks is referred to as the second code layer and it is
designed to broadcast information to both receivers. However,
even if it is not the primary goal, these codewords naturally
carry energy to the EH, as well. Finally, for each codeword in
the second layer, a new sub-codebook is generated. This set of
sub-codebooks is referred to as the third layer of the codebook
and it is designed for the exclusive purpose of transmitting
information to receiver ¢. Nonetheless, as for the codewords
in the first and second layer, these codewords also carry energy
to the EH.

In a nutshell, codewords from all layers of the codebook
are capable of carrying energy to the EH but only those in the
second and third layer carry both information and energy. The
size of the first layer of the codebook determines the number
of different codewords that can be used to transmit energy to
the EH. However, the size of this layer does not have any
impact on the information or energy rate of the transmitters.
Alternatively, the size of the second and third layer determine
the information rate of the corresponding transmitter. The
exact size of each of these layers lies upon a decoding error
probability analysis that is presented in [24].

Rate splitting is the ingredient that allows the convenient
exploitation of the codebooks with the form described above.

Note that at the beginning of each transmission, transmitter
1 possesses two indices to transmit: common random index
2 and message index W;. The message index W, is divided
into two subindices: W; ¢ and W; p. The index {2 is used to
choose a codeword in the first layer and the indices W; ¢
and W, p are used to choose a codeword in the second
and third layer, respectively. This justifies the name of the
technique as the information rate of transmitter ¢ is split into
two streams: common and private. Note that the second layers
contain codewords that are decoded at both receivers (common
messages) whereas the third layers contain codewords that
are decoded only at the intended receiver (private messages).
Intuitively, the codewords from the second layer of the code of
transmitter ¢ can be decoded at receiver j, with j € {1,2}\{:},
which allows some interference cancellation. On the other
hand, the codewords from the third layer of transmitter ¢ are
treated as interference at receiver j. The interference produced
by the codewords from the first layer on both transmitters can
be fully eliminated, as by assumption, the index {2 is known
by all transmitters and receivers.

Finally, to prove the existence of at least one code that
achieves the rates described by Theorem [I] it suffices to
average the information and energy rates that are achievable
by all possible codebooks that can be generated using the
structure described above. If the average of such rates satisfies
the inequalities in Theorem [I| then for each rate tuple in
£, there exists at least one code that achieves such a rate
tuple. Assume for instance that the codewords of the first,
second and third layers of transmitter ¢ are N-length sequences
of realizations of the following three independent random
variables respectively: V' ~ N(0,1); U; ~ N (0, Aic); and
Si ~ N(0,\ip), where Aic + N\ip + Xie < 1. Let also the
channel input of transmitter ¢, during any given channel use

be:
X; = /P:Si + VRU; + /N PV.

At channel use n and given any possible codebook with the
structure described above, the n-th channel input of transmitter
1 is a weighted sum of the n-th symbols of the corresponding
codewords in the three layers of such codebook. The weighting
is referred to as power splitting to highlight that a fraction \;.
of the total average power P; is used to transmit a codeword
whose role is to exclusively transmit energy to the EH. The
information-carrying component, which is the sum of the
codewords from the second and third layers of the codebook,
is transmitted using an average power A;c + Ajp < 1 — Age.

15)

The role of the first layer of the codebook becomes clearer
after the following remarks.

Remark 1: When A\, = Xoe = 1, the left-hand sides
of inequalities (14a)-(14g) become zero, whereas the left-
hand side of inequality (14N) is maximized. That is, a zero
information rate is achieved at the same time that the highest
energy rate Bpax in is achieved. This is essentially
because the transmitted codewords belong to the first layers of
the codebooks of both transmitters. Note also that the choice
is made such that the correlation coefficient of both channel
inputs is one.



Remark 2: When A\, = Aoe = 0, the codewords of the first
layers of the code are not transmitted. From this perspective,
both channel input signal are independent of each other and
thus, the energy rate is at most o3 (1 + SNRs; + SNRaz)
energy units per channel use.

Note that Remark 1 and Remark 2 highlight the fact that
the no-information component is needed to transmit energy
beyond the energy rate o3 (1 + SNR3; + SNR32). Thanks to
this no-information component, the signals of both transmitters
can be correlated, which results into higher energy rates than
those achieved by independent signals.

Remark 3: A consequence of Remark 2 is that for all rate
tuples (Ry, Ra, B) € £ or (R1, Ry, B) € €, with

B <03 (1+ SNR3; + SNR32) ,

it follows that the rate pairs (R, Ra) form respectively
the inner region or the outer region of the information
capacity region described in [20]. Alternatively, for all
rate tuples (Ry,R2,B) € & or (Ry,Re,B) € &, with
B > 02(1+SNR3; + SNRsy), it follows that the rate
pairs (Ry,Rs) form a proper set of the inner or outer
region of the information capacity region described in
[20], respectively. This observation implies that a trade-off
between energy and information rates is observed when
B > 03(1+SNRa; +SNRg3s). This is compliant with
previous observations in other multi-user channels, e.g., the
multiple access channel [1]].

Remark 4: Note that the first layer of the code does
not contribute to the information rate. Hence, there is no
constraint on reducing the size of the first layer to one
codeword. That is, the assumption of common randomness can
be soften to the knowledge of a sufficiently large codeword
whose purpose is exclusively transmitting energy to the EH,
e.g., a pseudo-random sequence.

In Section [V| Remark 1 - Remark 3 are highlighted in
particular numerical examples.

B. A Converse Region

The following Theorem introduces an information-energy
converse region.

Theorem 2: The information-energy capacity region & is
contained into the set & € R3., which contains all rate tuples
(R, Ry, B) that satisfy:

1
Ry < 5 IOg(l + ﬁlsNRl), (16a)
1
Ry < 3 log(1 + B2SNRy2), (16b)
1
R1 + RQ S 5 log(l + BlsNRl + ﬂQINRl)
1 B2SNRo )
+glos (14 5 + BINR, /)’ (169
1
Rl + RQ S 5 IOg(l + /BQSNRQ + ﬁllNRg)
1 B1SNR4 )
-1 (1 _ 16d
T\ T T BINR, (16d)

Ry + Ry < %log (1 +ﬁ1SNR1+521HJ\Tr1;11—}—£}iQINRIINR2 )
n B2SNRy + B1INRs + 31 3INR;INR,
1 + BoINR;
B51SNR4 >
1+ B1INR,

1
+5 log(1+ BiSNR, + B,INRy)

+ B2SNRy + B1INRy + 81 52INR;INR2
1+ B2INRy

+%log (1 ) ,(16¢)

1
2R1+Rz§§10g<1+

+%log (1 ) , (16f)

B2SNR; )
1+ B2INRy

1
+§ log(l + ﬂQSNRQ + ﬁllNRg)
1+ B1SNR + B2INRy + B152INRINR,
1+ 61INRs

B<o2 (1 + SNR3; + SNR32 + 21/SNR31SNR32

1
R1+2R2§§10g<1+

+%log( ),(16g)

(=B~ ).

for some (51, B2) € [0, 1]%.

The proof of Theorem [2] is presented in [24]. From the infor-
mation transmission perspective, the proof of the upper bounds
on the information rates is identical to the proof presented
in [14]. That is, (I6a) and are simple cut-set bounds.
The bounds - are obtained considering genie-
aided channels and Fano’s inequality [[15]. For completness,
the proof of the upper-bounds (I6a)-(I6g) is presented in [24].
The upper-bound on the energy transmission rate (T6h) is
identical in the cases with and without feedback. Thus, the
reader is referred to Appendix

(16h)

C. An Approximation to the Information Energy Capacity
Region

Using the inner region £ and the outer region &, described
respectively by Theorem [I] and Theorem [2] the information-
energy capacity region £ can be approximated in the sense of
Definition |3} The following theorem presents this result.

Theorem 3 (Approximation of £): Let £ C R3 and £ C
R3 be the sets of tuples (R1, Ro, B) described by Theorem
and Theorem 2| respectively. Then,

ECECE, (17)

and for all (Ry,Ry,B) € €& it follows that ((R1 -

BT

1) (B, —1/2)%, (B o) ) e

The proof of Theorem [3| is presented in [24]. It is es-
sentially algebraic and thus, no further comment is made
about this proof. Note that the approximation in Theorem
is not an approximation within a constant gap. This is
because the gap in the energy component is at most %
energy units per channel use, with B,,x in @ Thus, it
depends on o2, SNR3; and SNRss. A constant gap ap-
proximation is obtained only when considering the set of



tuples formed by the information rates 21 and R in bits per
channel use and the normalized rate BB . That is, the set

g = {(Rl,Rmﬁ) :(R1,Re,B) € 5} is approximated
to within % units by the sets

§/:{<Rla R2a

B ) :(R],RQ,B)Eé} and (18)

?/:{<R17 R27

That is, & C & C &, and for all (Ry, Ra,b) € € , it follows
that ((R1 —1/2)7, (Ry —1/2)*, (b — 1/2)*) e

Bmax) . (R1,R2,B) € E} . (19

IV. MAIN RESULTS: CASE WITH PERFECT
CHANNEL-OUTPUT FEEDBACK

The information-energy capacity region E¥ is approximated
by the regions §F c RR2, which represents an information-
energy achievable region (Theorem ; and ?F C R2, which
represents an information-energy converse region (Theorem
. Regions £F and g satisfy EF C €F C £ and approx-
imate the information-energy region £ to within a given gap
(Definition [3).

A. An Achievable Region

The following theorem
information-energy region.

Theorem 4: The information-energy capacity region EF
contains the set EF C ]Ri of all rate tuples (R;, Ro, B) that
satisfy:

introduces an achievable

pol (1+(1415)SNR1+(1—A26)1NR1+2p\/SNR11NR1)
155708 122, INR; ’
(20a)
1 1+(1- (p—|—)\1€))INR2)
Ri< 2l (
1= 5198 1+ A, INR,
1 1+ A\, SNR; + A9, INR;
21 ( P P > 2
i 1+ A\, INR; ’ (200)
L (14(1=X2¢)SNRo+(1-A1 ) INRo+2py/SNRLINR,
Re<-log )
2 121, INR,
(20c)
1 1+(1—-(p+ AQE))INRl)
< =
Ra% 5 log < 1+ Ay INR,
1 14+ /\QPSNRl + /\1pINR1>
|
Ty ( 1+ A\, INR, ’ (20d)
1 1+ AlpSNRl + )\QPINRl)
<zl
Bt s 5 log ( 1+ Xy INR,
+110 (1"‘(1—)\23)SNR2+(1—>\1€)INR2+2p\/ SNRQINRQ)
978 1+A;,INR, ’
(20¢)

1+ )\2pSNR1 + AlpINRl)

1
Ry + Ry< ~1 (
1+ f2s 5 log 1+ A, INR,

e <1+(1_Ale)SNR1+(1—/\26)INR1+2p SNRllNRl)
2% 1A, INR; )

(201f)
B < O'§ (1 + SNR3; + SNR32 + 24/ SNRglsNRgz(p

+¢W>),

for some (p, Aip, Aie) € [0,1] such that p + iy + Nie < 1,
for all 7 € {1,2}.

The proof of Theorem [] is presented in Appendix [A] and it
is based on random coding arguments using rate-splitting [6],
[20]; block Markov superposition coding [3[], [11]; backward
decoding [40], [41]; and power splitting [1]].

(20g)

The codebook of transmitter 4, with ¢ € {1,2}, is gen-
erated by super-imposing four different sub-codebooks. This
contrasts with the three-layer codebook used in the case
without feedback. However, both codebooks share profound
similarities. The first layer in the case with and without
feedback are identical and play the same role. The second
layer of the codebook with feedback is obtained by the union
of the second layers of both transmitters in the case without
feedback. The third and fourth layers of the codebook with
feedback are identical to the second and third layers of the
codebook without feedback. The roles of these two layers are
identical in the case with and without feedback.

The convenient exploitation of this four-layer codebook is
possible thanks to a rate splitting argument similar to the one
used in the case without feedback. The rate of transmitter ¢ is
split into a common and a private component with message
indices Wi((f ) and Wi(;). The super-index ¢ is used to denote
the block, e.g., sequences of N channel uses. Assume that
T blocks are transmitted. At the beginning of block ¢, each
transmitter possesses five indices: the random index Q(*);

the common and private message indices Wi(ct) and Wi(;);
and the common messages Wl(zfl) and WQ(Z%). Transmitter
1 obtains the message index Wj(z_l) of transmitter j, with
j € {1,2}\ {i}, via feedback at the end of block ¢ — 1. For
the first block ¢ = 1, the previous common message indices
are chosen arbitrarily as Wl(g) = WQ(S) =1 and are assumed
to be known by all transmitters and receivers. Similarly,
the last common message indices are chosen arbitrarily as
Wl(CT) = WQ(CT) = 1 and are also assumed to be known
by all transmitters and receivers. Under this assumption, the
random index Q® is used to choose a codeword from the
first layer; the pair (Wl(z_l),WQ(z_l)) are jointly used to
choose a common codeword from the second layer. Note
that the second layer of transmitter 1 is identical to the
second layer of transmitter 2 by construction of the code.
Moreover, thanks to feedback both transmitters are able to
choose the same codeword from their second layers at each
block ¢. The message indices Wi(ct) and Wi(;) are used at
transmitter ¢ to choose codewords from the third and fourth
layers respectively.

The channel input of transmitter ¢ at channel use n is, as in
the case without feedback, a weighted sum of the n-th symbols
of the corresponding codewords in each of the four layers. A



power splitting argument is also used as in the case without
feedback.

At the receivers backward decoding is used More s (pemﬁ-
cally, given that the last common indices ch and W,
known at the transmitters, receiver ¢ is capable of decodmg
Wl(?_l) nd W(T Y and Wi(pT) at the first decoding stage by
using joint-typicality arguments. At the second decoding stage,
Wl(CT_l) and WQ(CT_D are used to decode Wl(CT_Q), WQ(CT_Q)
and Wi(prl). The decoding goes on until decoding stage T’

at which only Wi(;) is decoded as W1(S) and WQ(S) are both
known.

Note that Remark 1 - Remark 3 also hold for the case with
feedback taking into account the differences on the structure
of the codes with and without feedback. The role of the second
layer of the codebook with feedback becomes clearer after the
following remark.

Remark 5: The second layer of the codebooks of both
transmitters are identical and thus, given the common message
indices Wl(z_l and W(t Y at the beginning of block ¢,
both transmitters are able to choose the same codeword to
generate their corresponding channel inputs. This creates a
correlation between the channel input symbols X5, and
Xon, for all n € {1,2,..., N}, which is advantageous to
increase the information transmission sum-rate and the energy
transmission rate. This implies that feedback is beneficial for
both information and energy transmission.

The additional correlation highlighted in Remark 5 is captured
by the term p in (20). Note that the left hand side of
inequalities and (20g) (information transmission sum-
rate) are monotonically increasing with p and so is the left
hand side of (energy transmission rate). The benefits of
feedback in SIET are studied in Section [V]

B. A Converse Region

Thbg following theorem describes a converse region denoted
by € .

Theorem 5: The information-energy capacity region Y is

contained into the set & € R3 of all rate tuples (R, R, B)
that satisfy:

1
5log (1+518NR1+BQINR1+2p\ / 518NR1ﬁ21NR1) ,

(21a)

Ry

IA

Al = p?
1+ (1 —p?

1
—1—5 log (1 + 51(1 - p2)INR2),

1
< Slog (1+528NR2+511NR2+2;)\ /B2SNR, 5111\132),

21c)

Ry

IN

)SNR; )

1
4 (1
s\t JINRs

2
(21b)

&
A

Ba(1 = p?
L+ B2(1 = p?

1
+5 log (1 + Ba2(1 — p2)INRl),

Ry

IA

)SNR )

1
e
g o8\t )INR,

(21d)

Al = p?
L+ Bi(1—p?

1
+§10g (14—62 SNRo+61INRo+2p4/B2SNR2 81 INR2> R

B2(1 — p?)SNR )
1+ B2(1 = p?)INRy

)SNR; )

1
Ri+ Ry < -1 (1
B G )INR

1
R1+R2§§10g(1+

1
+§10g (1+ﬂ18NR1+621NR1+2p 518NR1B21NR1),
(2le)
B < O’% <1 + SNR31 + SNR32 + 24/SNR31SNR39

(/BB + /(L= B)(1— ) ). @1
for some (1, B, p) € [0, 1]3,

The proof of Theorem [3]is presented in Appendix [B] The intu-
itions behind this proof are not different from those discussed
in the case without feedback. Probably, the most important
step on this proof is that codebooks are not assumed to be
formed by codewords with zero mean. That is, the codeword
considered in this proof might have a non-zero mean, as energy
can also be carried in this way. The upper bounds on the
information rates heavily rely on cut-set bounds [13], Fano’s
inequality [15] and genie aided models. The upper-bound on
the energy transmission rate is an immediate consequence of
Markov’s inequality [16].

C. An Approximation to the Information-Energy Capacity
Region
£" and the outer region EF,
described respectively by Theorem [ and Theorem [3] the
information-energy capacity region £ can be approximated
in the sense of Definition Bl
Theorem 6 (Approximation of E¥):  Let ¥ c R3 and
" ¢ R be the sets of tuples (R1, Ro, B) described by
Theoremd|and Theorem respectively. Then, E¥ ¢ EF EF,

and for all (Ry, Rs, B) € g it follows that ((R1—1)+, (Ro—

Bmax +
ye (5o Po) Y cer
The proof of Theorem [f] is presented in [24]. Note that a
constant gap approximation can be obtained by normalizing
the energy transmission rate as suggested in the case without
feedback.

Using the inner region &

D. Maximum Energy Rate Improvement with Feedback

Consider the following sets of energy rates: B = {b €
R+ : (Rl,Rg,b) S é}, B = {b S ]R+ : (Rl,RQ,b) S g},
EF = {b S R+ : (Rl,Rg,b) S éF}’ and EF = {b S R+ :
(Ry,R2,b) € Ep}. The maximum improvement that can be
achieved on the energy rate due to feedback can be shown to be
at most a factor of two. The following proposition shows this
by providing upper bounds on the ratios r?na EBF and maxBr

xB
Proposition 1 (Rate improvement with Feedback): The en-
ergy rate achievable in the two-user G-IC with perfect
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Fig. 2. 3-D superposition of £ and £, with parameters SNR; = SNRy = 20
dB, INR; = INRy = SNR3; = SNR32 = 10 dB, and 02 = 1.

channel-output feedback can be twice the energy rate achiev-
able in the two-user G-IC without feedback. That is,

1 maxBp

~
max B

(22)
Any improvement beyond a factor of two is not feasible. That
is,

1< max BF

<2. (23)

maxg
The proof of Proposition [I] is presented in [24]. The main
conclusion from Proposition [T]is that channel-output feedback
can at most double the energy rate in the G-IC. Note that
a similar observation is made in the case of the Gaussian
multiple access chanel [1]]. B
A tighter upper bound on the fractions I::X% and IE?;‘X%
can be obtained by considering the exact values of o, SNR3;
and SNRg». In the next section, some numerical examples are
presented.

V. NUMERICAL ANALYSIS

Consider the two-user G-ICs with and without channel-
output feedback depicted in Figure [T(a) and Figure [I(b) with
parameters SNR; = SNRy; = 20 dB, INR; = INRy =
SNR3; = SNR32 = 10 dB, and a§ = 1. The corresponding
achievable region £ and converse region £ are shown in Figure
2l In the case with feedback, the corresponding achievable
region EF and converse region EF are shown in Figure
Note the strict inclusions £ C € and £F z" (Definition .
Note also that for all B < 21 energy units, the set of triplets
(Ri, Ry, B) € EF and the set of triplets (Ry, R, B) € €
are prisms whose bases correspond to the inner and outer
regions approximating the information capacity region. For
all B > 21, the trade-off between information transmission
rates and the energg transmission rate becomes evident as both
regions £ and € monotonically shrink when B increases
(Remark 3). The same observation can be made for the case

B
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Fig. 3. 3-D superposition of EF and EF, with parameters SNR; = SNRo =
20 dB, INR; = INRy = SNR3; = SNRaz = 10 dB and 02 = 1.
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Fig. 4. Convex hull of pairs (Rz, B) that are in the sets {(Rz, B) € R2 :

(r1, R, B) € £} (solid line) and {(R2, B) € R% : (r1,R2,B) € € }
(dashed line), with 1 € {0, 3}. Parameters SNR; = SNRo = 20 dB,
INR; = INRz = SNR3; = SNR32 = 10 dB, and 03 = 1.

without feedback. Figure {4 shows the pairs (R2, B) that are
in the sets {(R2,B) € R% : (r1, Rz, B) € &} (solid line)
and {(Ry,B) € R2 : (r1,Ry,B) € & } (dashed line),
with 71 = 0 and r; = 3. Note that thanks to feedback, the
information rate Ry can be increased by one bit per channel
use while keeping both the information rate ; and the energy
rate B invariant.

Figure [5| shows the set of pairs (Rp, R2) that are in the
sets {(R1,R2) € RA : (Ry,Rp,b) € &} (solid line) and
{(R1,Ry) € R2 : (Ry,Ry,b) € € } (dashed line), with
b = 21 and b = 35. Note that thanks to feedback, both the
information rates R, and Ry can be increased more than half a
bit per channel use while keeping the energy rate B constant.
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INR; = INRz = SNR3; = SNRs2 = 10 dB, and 02 = 1.
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Fig. 6.  The ratio %%F for different ratios of SNR at the EH, i.e.,

max
SNR3; = SNR32 = SNR; SNI31 = SNRgy = SNR; and SNRat =
SNRg32 = SNR, respectively. Parameters SNR; = SNRp = 20 dB,
INR; = INRp = SNR3; = SNR32 = 10 dB, and 02 = 1.

Figure |§| shows the ratio %X%F for different ratios of SNR
at the EH, i.e., SNR3; = SNR3» = SNR; S8t = SNR3, =
SNR; and % = SNRg32 = SNR, respectively. Note that
the upper bound in Proposition [I] is tight in the case of the
symmetric case.

VI. CONCLUSIONS

In this paper, the information-energy capacity regions of the
two-user Gaussian interference channel with and without per-
fect channel output feedback have been approximated by two
regions, i.e., an achievable region and a converse region. When
the energy transmission rate is normalized by the maximum

energy rate, the approximation of these information-energy
capacity regions is within a constant gap. In the proof of
achievability, the key idea is the use of power-splitting between
two signal components: an information-carrying component
and a no-information component. Random coding arguments
are used for the case of the information-carrying component,
whereas a deterministic sequence known by all transmitters
and receivers is used for the no-information component. The
proof of the converse of the information rates follows along the
same lines of the case in which only information is transmitted.
The difference stems from lifting the constraints on the mean
of the channel input signals. The proof of converse of the
energy rate uses Markov’s concentration inequality.

The results presented in this paper are a first step in the study
of the fundamental limits of simultaneous information and
energy transmission, nonetheless many questions are left open.
On the one hand, there exits sufficient evidence that the use
of multiple antennas at either the transmitters or the receivers
enhances the energy rate [42]]. However, very little is known
from the perspectives of fundamental limits. On the other
hand, an interesting question is about the degradation of the
energy rates due to noisy feedback or rate-limited feedback.
Similarly, another interesting question is about the benefits of
other topologies of feedback, i.e., feedback from the receivers
to both transmitters.

APPENDIX A
PROOF OF THEOREM [4]

The proof of Theorem []is divided into two parts. The first
part consists of the proof of (20a)-({20g); and the second part
consists of the proof of (20g).

A. Proof of [20a)-(20g)

Codebook Generation: Fix a strictly positive joint proba-
bility distribution:

Pyuu,vu,s,5, (v, 4, u1,u2, 81, 52) = Py (v) Pyjv (ulv)

Py, jov (u|u, v) Py, u,v (uz|u, v) Ps, v, v (21w, w1, v)

Ps,\uv,v (s2|u, uz,v), (24)
for all (v,u,ui,us,s1,82) € (A1 N X)? x (X1 N Ay)2.

Let Rg, Ri,c, Ro,c, Ri,p and Ry p be non-negative real
numbers. For transmitter 1, generate 2V72 iid N-length

codewords v(w) = (v1(w),...,vn(w)) according to
N
Py(vw)) = [] Pvomw)), (29)
m=1
with w € {1,2,...,2N¥%=}. For each codeword v(w), gen-
erate 2V(F1.otR2.0) jjid. N-length codewords w(w,s,r) =
(u1(w, s,7),...,un(w,s,r)) according to
N
Py (u(w, s,1)|v(w)) = [T Poi (um(w, s,7)[om(w)),
m=1
(26)
with s € {1,...,2Nf1¢landr € {1,...,2NVB2.c} For trans-

mitter 1, for each codeword wu(w, s, r), generate 2V F1.c jj.d.



N-length codewords wui(w,s, 7, k) = (w1(w,s,mk),...,
u1,n(w, 8,7, k)) according to

Pu,juv <U1(w, s,r k)|u(s,r), v(w)) =
N

H PU1|UV (ul,m(wvsara k)|um(w,s,?”),vm(w)>, (27)

m=1

with &

codewords
2NR17P

c 2NR17c}-

{1,..., For each tuple of
(v(w),u(w,s,r),ur(w, s, rk)), generate
iid. N-length codewords si(w,s,7k,l)
(s11(w, 8,7, k,1),...,51,n(w,s,r k1)) according to

Ps,\u,uv (sl(w, s,k D|ug (w, s, 7, k), u(w, s, r), v(w))

N

Hpsl\UlUV (Sl,m(wv S, T, k7 l)|u1,m(wa S, T, k)7um(wa 37T)7
m=1

om(®)), e9)
with [ € {1,...,2NFu.r},

For encoder 2, for each codeword wu(w,s,r), gener-

ate 2NVf2.c =

iid. N-length codewords wus(w,s,r,q)
(ug1(w,s,7,9),...,u21(w, s,r,q)) according to

PUZ‘UV('UIQ(W, S, T, Q)|u(w7 S7T)a v(w)) =
N

T Poov (@, 7, @l (0, 5,7,

Z:(w)>,

S

(29)
with ¢ 2NR2.0,

codewords
2 NR2 ,P

{1,..., For each tuple of
(v(w),u(w,s,r),uz(w,s,r,q)), generate
iid. N-length codewords s3(w,s,r,q,z)
(s21(w,8,7,¢,2),...,82.N(w,s,r,q,2)) according to

PS2|U2UV(S2(W> s, 7,4, Z)|u2(w7 5,7, q)7 u(w, S, 7")717(0.)))

N
= H PSQ‘UzUv<827m<w,S,T,q,2>|U2’m<UJ,S,T, Q)aum(w78a/r)>
m=1
Um(w)),
with z € {1,... 2NR2r},

Encoding: Let Wi(t) be represented by the message
index WZ.(’?; € {1,2,...,2NRic} and the message index
Wz(tll €{1,2,...,2NRi.r} The message index Wz(t,l must be
reliably decoded at receiver i and the message index Q) is
known by both transmitters and receivers. The index W(t b
must be reliably decoded by both receivers and transmitter J
(via feedback). Consider Markov encoding over 7" blocks. At
encoding step ¢, with ¢t € {1,2,...,T}, transmitter 1 sends
the codeword mgt) =0 (v(Q(t),u (Q(t),W (-1 W(t b )
wn (90, WV WiV W), s (90, WY, Wy Y,

Wl(%,Wl(tl)g)), where 6, AN x (X U )N x

Xl X XlN
the

a function that transforms
,U(Q(t))’ (Q t) W(f 1) W(f 1) )3
w (20, W wlieY, W), 51(20, Wi,
Wétg b, Wl(%, Wl(tj)g) into the IN-dimensional vector acgt).
The indices Wl(oé = Wl(%) s* and Wz(og = W2(T63 =r", and
the pair (s*,7*) € {1,2,...,2NRLc} x {1,2,...,2NF2c}
are pre-defined and known by both receivers and transmitters.
Transmitter 2 follows a similar encoding scheme.

Decoding: Both receivers decode their message indices at
the end of block 7" in a backward decoding fashion. At each
decoding step t, with t € {1,2,...,T}, receiver 1 obtains the
indices (Wl(’Tc_t), /WQ(’TC_O ,ijjg_(t_l)v from the channel
output y;.

The tuple (W =D W, VV2 c W1( (= 1))) is the unique tuple
that satisfy:

S(T—t) —5(T—
(@), (00, W, W),

— &N s

codewords

and

7 (T—t) 17 (T—t T—(t—1
wy (00, T 0 Ty,
51 (20, WL L0 W =0) -0
=S(T—t) 5 (T—t t—1 T—(t—1
wp (20, W WL T (=) T >>)
N,e
€ T(UU3S1U2Y17 GD

where W(T (t=1)" and W(T ¢=1) are assumed to be
perfectly decoded in the preV10us decoding step t — 1. The
set TVUUi s, U,Y, represent the set of jointly typical N-length
sequences of the random variables V,U, Uy, S1,Us, and Y7,
with € > 0. Finally, receiver 2 follows a similar decoding
scheme.

Probability of Error Analysis: An error might occur during
encoding step ¢ at transmitter 1 if the index WQ(tC_ Vs
not correctly decoded. Without any loss of generality, let
Wz(fc_l) = 1 and Wz(fgl) = k. Define the event E, that
describes the case in which there exist another message index
k # 1 that satisfy:

(30) (,U(Q(t)) (Q(t W(t 2) W(f 2))5

uy <Q(t), Wltg2)7 W2(t52) Wft51)>’
2 t-2 -1 t—1
Sl(Q(t),Wl(,c )’W2(c ) W( )7W1(P ))’

t—2 t—2 N.e) .
Us (Q(t),Wl(C ) I/V2(C ) k>> € T\EUUlsleyl with

t € {2,3,...,T} and WZ(tC2) is assumed to be perfectly
decoded in the previous block ¢ — 1. Then, the probability of
event F), can be bounded as follows:

(@)

Pr (Ek) |:(V U UlaslyUQ)Yl) S

< 27N(I(Y1;U2|X1,V)746)

(N.©)
7dVUUl S1U2Y,

where the probability operator Pr[.] in (a) applies with respect
to a probability distribution Pyyu, x,u,y, that factorizes
as Pv Py v, x, v, vPu, v given that all the codewords us



are independent from the output of the channel y,. The error
probability becomes arbitrarily small (as N goes to infinity) if

Rye < I(Us,; Y11 X1, U, V). (32)

An error might occur during the (backward) decoding step ¢
if the indices Wl(Tc_t),WQ(:g_t) or Wl(:’;;(t_l) are not decoded
correctly given that the indices W1(7ch(t71)) and W2(7ch(t71))
were correctly decoded in the previous decoding step ¢t — 1.
These errors might arise for two reasons: (i) there does not

exist a tuple (Wf%ﬁt),Wé%ﬁt),wgf(hl))) that satisfies
(31D, or (i7) there exist several tuples <W}2‘”W§@‘“

,Wg;(t_l))> that simultaneously satisfy (3I). From the

asymptotic equipartition property [10], the probability
of error due to (i) tends to zero when N grows to
infinity. Consider the error due to (i7) and define the event
FE,,; that describes the case in which the codewords
v(QW), u (AW, 5,7r)  uy (Q(t), 8,7, Wl(’%_(t_l))>,

s1 <Q(t), 5,7, Wl(’jg(t*l)), l), and us (Q(t), 5,7, ng(t*l)))

are jointly typical with yng(tfl)) during decoding step t.
Assume now that the codeword to be decoded at decoding
step t corresponds to the indices (s,r,{) = (1,1,1). This is
without loss of generality due to the symmetry of the code.
Then, the probability of error due to (i¢) during decoding
step ¢, can be bounded as follows:

U

(s,m,1)#(1,1,1)
+2N(R10+R2071(U,X17U2;Y1 ‘V)+4€)

Pr Ey <2N(R10+RQC+R2P—I(U7X1,U2§Y1|V)+4€)
ST —

+oN(Ric+Rip—I(U,X1,Uz;Y1V)+4e)
4N (Rio—I1(U,X1,U2:Y1|V)+4e)
49N (Rao+Rip—I(U,X1,U2;Y1|V)+4e)
9N (Roc—I1(U,X1,U2;Y1|V)+4e)

4 oN(Rip—I(X1;Y1|U,U1, Uz, V) +4e) (33)
The same analysis of the probability of error holds for
transmitter-receiver pair 2. Hence in general, from @), re-
liable decoding holds under the following conditions:

Roc <I(Uy Y1|X1,U,V), (34a)
Rip <I(X1;Y1|U1,Us,U, V), (34b)
Ric + Roc + Rip<I(U, X1,U; Y1|V), (34¢)
Ric <I(U1;Ya| X2, U, V), (34d)
Rop <I(Xo9;Y5|U1,Us, U, V), (34e)
Ric + Roc + Rop<I(U, X3,U; Y3|V). (341)

The proof continues by applying a Fourrier-Motzkin elimina-
tion on (34), which yields,
Ry < I(U, X;,Us;Y1|V), (35a)
Ry < I(Uy; YalU, X2, V) + I(X1; Y1|Uy, U2, U, V), (35b)
RQ S I(U7X27U1a}/2|v)v (350)

Ry <I(UpV1|U, X1, V) 4+ I(X2; Y2 |Ur, Uz, U, V') (35d)
Ry 4+ Ro<I(X1;Y1|Uy,Us, U, V) + I(V,Us, X1; Y1), (35e)
Ri + Ro<I(X2;Yo|Uy,Us, U, V) + I(V,Us, X1;Y1). (350

The proof of Theorem [4] continues as follows. Let k& € {0,1}
be fixed and consider that the distribution in [24) is the
following Gaussian input distribution:

V ~ N(0,1); U~ N(0,p); Uy, ~ N (0, \ee);
and Sk ~ N(O, )\kp),
where (p7 Akpv )‘kw )\ke) € [07 1}4 and p+ /\k:p + Akc + Ake <
1. The input symbol is generated deterministically given the

mutually independent random variables V', U, Uy, and X,
as follows:

X = VU + VP Xpp + V PrUi + Ak B V.

By symmetry, it suffices to prove (20a), (20b) and (20¢).
The choice of the Gaussian input distribution in (33) yields:
I(U, X1, U 11|V)

B llog(l—i—(1—)\1€)SNR1+(1—/\26)INR1+2p\/SNR11NR1>

2 1+A2pINR,4

(36)

(37

(38a)

which proves (20a). With the same power setting in (36), the
following holds

(38b)

14 (1= (p+ A1e))INRo
1+ A1pINRs

1
I{U;Ys|U, X5, V) = 5 log <

and

1
I(X1;Y1|U, U1, Uz, V) = 3 log (

1+ )\1pSNR1 + )\QpINRl )
1+ )\QpINRl '
(38¢c)

This proves (20b). Finally, using (38B) and (38c), yields the
proof of (20¢).

B. Proof of 20g]

The choice of the channel input in (36) guarantees that
the random variables Y3 1,...,Y3, are independently and
identically distributed. For all n € {1,2,..., N}, Y3, follows
a zero-mean Gaussian distribution with variance B given by

B=E[Y3,] < h31 P+ h3,P> + 2h31hgon/ P Py
(,0 + vV Aedae) + O’g.

By the weak law of large numbers, it holds that

lim Pr [BUV) < B] —0.

N—o0

From (39), it holds that for any energy B which satisfies 0 <
B < B, it holds that

(39)

(40)

lim Pr
N—oo

This proves (20g) and completes the proof of Theorem [

[B(N) < B] =0.



APPENDIX B
PROOF OF THEOREM

Fix an information-energy rate triplet (R;, Ro, B) achiev-
able with a given coding scheme (Definition [I)). Denote by
X1 and X5 the channel inputs resulting from transmitting the
independent messages (W71, Q2) and (W, ) using such coding
scheme. Denote by Y; and Y5 the corresponding channel
outputs. Define the following random variables:

51 = h21X1 + ZQ and
Sz = h12 X2 + 73,

(41)
(42)

where, Z; and Z5 are real Gaussian random variables inde-
pendent of each other with zero means and variances o7 and
o3, respectively. Using assumption (T3a), Fano’s inequality
and following similar steps as in [30Q], it can be shown that
the information rates [?; and R must satisfy the following
inequalities

M) =

NRy [h(Y1,n) = M(Z1,0)] + o(N), (43a)
n;l
NRy < [h(Yan|Xom) — h(Zan) (43b)
n=1
+h(Y1,n|X2,na Sl,n) - h(Zln)] + O(N)7
N
NRy <Y [h(Yan) = (Zam)] + o(N), (43¢)
n;l
NRy <> [h(VinlX1n) = h(Z1n) (43d)

1
+h(Y27n|X1’n, S2,n) — h(ZQ,n)] + O(.N')7

3
Il

N
N(Ry + Rp) <> [h(Y1,|S1n, Xo.n) = 1(Z10) + h(Yan)
n=1

—h(Z2.n)] + o(N), (43e)

N

N(Ry + Ry) < [W(Yan|S2.m, X1.) = W(Za.n) + (Y1)
n=1

—h(Z1n)] +o(N), (43f)
(V)

where “ tends to zero as N tends to infinity. Using
assumption (I3D), for any 7 > 0 there exists Ny(n) such that
for any n. > Ny(n) it holds that

Pr [BW) > B] >1-1. (44)

Using Markov’s inequality, the probability in (@4) can be
upper-bounded as follows:

BPr [BM(Y3) > B] <E[BW). (45)

Combining (@) and @3) yields: B(1 —n) < E[BW)(Y3)],
which can be written as

(B —6M) < E[BM(Y3)), (46)

for some §(¥) > 0 (for sufficiently large N). The bounds
in @3) and are evaluated assuming that the channel
inputs X ,, and Xs, are arbitrary correlated random vari-

ables, such that 1, = E[Xi,]; 72, = Var[Xi,]; and

An 2 Cov[X1,X2y], for all n € {1,...,N} and for all
i € {1,2}. The input sequence must satisfy the input power
constraint which can be written, for i € {1,2}, as follows:

1 & 1 & 1 &
FeEbnl - (3 ) s (R ) <
n=1 n=1 n=1
47
Using this notation, the following holds:

1
h(Y1,n)<5 log (276(hiﬂiﬁrh%ﬂg,nﬁhuhu)\n + 0%))7

(48a)
A L%l)
Y nVon) 03

1
h(YQ,n|X2n)<§ 1Og (1 + inn (1 -
1 2
—1—5 log(2meos), and (48b)

2
hll

2
2 1— An
Tin ( vf,nvs,n) o7

2 )‘i hgl
T+, (l_vf ﬂin) o3

1
h(YVl,n|X2,n7 Sl,n) < ’s

1
5 +

log

1
+§ log(2mea?). (48¢)
Finally, the bounds in (43)) can be rewritten as follows:
N 2 .2 2 .2
1 h117in  hi2Yam  2hi1hiaA,
NR; < =1 —4 —+ +1
! T; 2 8 < o2 o3 o3
+o(N), (492)
N
1 A2 h3
NRi <) Slog| 147,01 - 5"5)5
; 2 ( b R, o3
N 2 1— A2 ) h3y
1 Y,n ( z )2 o2
+ Z —log| 1+ ! ’"’72’2" =
— 2 1+ 2 1 _ >‘n hA
= T \" TR0 )
+o(N), (49b)
N 2 2 2 A2
1 h39Y3m  h317im  2hoshor A,
NRs < =1 —4 —+ +1
2 ; 2 o8 ( o3 o2 o3
+o(N), (49c¢)
N
1 A2 h2
NRy <Y —log|1+4+~,(1- 2 21
St (10 (1575 )
N 2 (1- A% h3,
1 T2n ( i) o
+Z2log 1+1+ . (1_ ¥ )hiz
n=1 72’” ’Y%,n’yg,n U%
+o(N), (49d)
N 2 A2 2 2
1 h3o¥am  h217im  2hoshar A,
N(Ri1+Rs) < —1 =+ =+ 1
( 1+ 2) Z 2 0og ( J% O'% 0'% +
n=1
N 2 1— A2 hi
1 TLn ( a3 n) o
#>oghos( 1+ LRI ) o),
—1 1 + 72 (1 _ n ) 21
n= Ln MKnVen) 3
(49¢)



N

392, h3v3 ., 2hiihia\ traint in (@7 b itt
N(Ri+Rs) Z ( 171, Vin, 120’22, > 110212 n_q) constraint in can be rewritten as
=1 ! ! V+ul <P, ie{l,2}. (54)
N, V2. (1 -~ ,\721’2 ) ngz The following inequality is proved in [24].
4 Z 1 1og 14 , ’Yl,n’YQ,'zn 2 . + O(N) N 72 (1 A2 ) hZ,
= 2 1442, (1— 25, ) M 1 1 in v?,m?,n af
n=l a1 50r ) w2 gle| 1+ ' <
V20 N 2~3 2
(49f) n=1 7 (152
The average received energy rate is given by 1 N2 (1 _ p2) hz
L L Jlog| 1 e 7, (55)
NzYzfn =03 +h (N Z(Vf,ﬁr/ﬁ,ﬁ) i (=)
= n=1

1

(s

Z 72n+ﬂ“2n>
n=N

By the concavity of the mutual information, applying Jensen’s
inequality and (53) in the bounds yields,

Ry < llog (h%g% + h1272 +2p /h%h%f%S) 7
1N 2 o1 of 01
+2h31h3s <N Z()\n =+ ,U,Ln,uzvn)> . (50) (56a)
— 1 h3
. . nl. R1<710g<1+—2v1(1—p2))
Using Cauchy-Schwarz inequality, the expected value of the 2
energy rate in (50) can be upper-bounded as follows: 1 2(1 - p?) hi;
L LN +5 log | 1+ . sk (56b)
_ 21
¥ 2 Yon| <03+ 13, (N Z(vin+u?,n)> Tai(l=p%)3%
n=1 n=1 2 2
1 h h3 hash
, (1Y , R2<210g< 2P 4 2101+2 2rN mm>,
+h3y N Z(’YQ,n + 3.p) 92 2 o2
n=1 (56¢)
N 1
1 Ry < =lo (1 L 5 (
2hs1h < — A 2 X S) 2 72
+2h31h32 N 2:1 2
1 & \ 1 & v Liog 1 " (1~ ) % (56d)
2 2 tolog| 1+ |
(E) (1E)) (e
(51)
1 h2 h2 h2,h3,v3~2
Combining (#6) and (51) yields the following upper-bound on Ry + Ry < S3 log ( 22; 2+ 21% +2p4 ) 22 2{31 g >
the energy rate B: 72 5 ) 72
h
N e (1 (=P 560)
B 03+h’§1( z::r)/ln—i_uln) (52) 20g 1+'}/ (1— )ngl ’ )
N 2 2 12 2.2
1 1 hint , h12’72 , hi1hiavivs
3, (N >+ m) Rt Ba < 5 los < 2 T T
N _ 2yh3,
1 1 (1= p*)3
+2h31h32( DA +5log | 1+ o (560)
N= 2 1+42(1—p?) 2
1 < VX 2 Th bound on th 'lﬁ
e upper-bound on the energy rate (52) satisfies :
+ (N Z /ﬁ") (N Z MS") ) Tov. (53 2 2 (2 2 2 (.2 2
n=1 n=1 B < o3+ Ry (01 +p1) + hia (2 + 42)
In order to obtain a single-letterization of the upper-bound +2ha1has(|p] |71 llv2] + 1121 122])- (56g)

given by constraints @9) and (G2),
N N

1 2 . 2 1 2 . a

NZMm’ Vi WZ%’W Bi =
n=1 n=1

(v

REHIREY

2
define also 1s; In the limit when N tends to infinity, any information-energy

rate triplet (R, Ry, B) € EF satisfies (56) for some 71, 72,
w1, w2 according to (34) and for some p € [—1,1]. Let
RY (1,72, 11, 12, p) denote the set of information-energy rate

triplets satisfying (56)), for some ~y1, vo, 111, po satisfying (54)

Pi—p?
P;

i

+ ; and

(1>

. With this notation, the input power



and for some p € [—1, 1]. Thus, it holds that

e U RO pasp). (57)

0 +ui<h

0<3+uz< Py

—1<p<l
In this union, it suffices to consider 0<p<1
because for any —1<p<1, RF({,3,ui, 03, p)

C RF (41,73, 13, 3, |pl). Thus,

5F g U RF(71277227M17M27p) g
0<yi+ui<Py

0<Y3+13<Pe
~1<p<1

Fe.2 2
U RF(793 1, 2, p)-
ViHui=P
V3+u3=Ps
0<p<l

(58)

Using the definition of §;, any region R(~v1, V2, i1, t2, p) in
the union over all (u1, f12,v1,72) that satisfy v + u? = P,
Y3 + u3 = P, and 0 < p < 1, can be rewritten as follows:

Ry g110g<h%h@;lpl+h%2522P2+2p\/h%1h%2ﬁ14ﬂ2P1P2) ,
2 o1 01 o1
(59a)
1 h3, )
fi < glog (1450 (1-17) (59b)
2
2
1 BiPi(1— p*)
+=log| 1+ 1h2 ’ (590)
2 1+51p1(1fp2)%§1
Ry <110g<h32522132+h§1521p1 +2p\/h22h21ﬁ1452]31p2> ,
2 72 03 o5
(594)
1 h’%? 2
Ry < Qlog 1+ —28,P (1 - p?)
o1
2
1 BaPa (1 — p2) %
+§ log| 1+ 2h2 (5%)

L+ PPy (1 - p?) 2
h3,82Ps W3, 51P1 \/ h§2h5151/32P1P2>
—2py [ R =

1
Ri+Ry <:l .
1 20g< o3 o5 o5

B Py (1 —P2) };izl

1
+§ log| 1+ 1h2 7 (596)
L+ BuPr (1 p2) 2
Ri+Ry <Hog(’ﬁlﬂfl+"?2%P2+zpwwlfz%>
2 o1 01 o1
2
1 BaPy (1 — p?) 222
tolog| 1+ = (592)
L+ 3Py (1—p2) 2
B g U§+h§1P1+h§2P2 + 2h31h32(|p| /31P1B2P2
/(1= B1)(1 = Ba) P Py), (59h)

for some (B1,52) € [0,1]2 and p € [0,1]. Hence, using
the definitions in (7) and (I0), the region (39) contains all

information-energy rate triplets (R, Rq, B) satisfying con-
straints (1)), which completes the proof of Theorem [3]
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