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This paper discusses an approach that fosters students' conceptual understandings of rational numbers with an initial focus on percentage, in elementary school years. This approach enables students to work with multiple representations associated with percentage which are taken as models of contextualized situation and reconstructed as models for reasoning through an emergent modeling process. A classroom teaching experiment was developed following the methodological procedures of a Design Research. Data were collected through participant observation, supported in a logbook, audio-and video-recorded lessons and students' productions in the classroom. The analysis of data reported in this paper seems to highlight that through this approach, percentage -if privileged in the introductory steps of its learning -strengthens the interpretation of multiplicative relations and fosters understanding of rational numbers through an emergent modeling process.

Introduction

The development of rational number understanding is considered a very important, but also a complex mathematical topic [START_REF] Behr | Rational number concepts[END_REF]. It involves conceptual understanding that is the entwined comprehension of concepts, operations, and relations (NCTM, 2014). Students are called to construct new knowledge supported by multiplicative relations, through active sense making and extending previous knowledge and experiences with whole numbers. This conceptual understanding is closely related to number sense, which is an essential competence that students should gradually develop from an early age. Percentage, with its changing nature and multiple interpretations, can be more than a representation of rational numbers [START_REF] Parker | Percent: A privileged proportion[END_REF]. Percentage is itself a useful topic to learn rational numbers with understanding [START_REF] Moss | Developing children's understanding of the rational numbers: A new model and an experimental curriculum[END_REF].

The purpose of this paper is to provide useful insights into how percentage can be powerful, when privileged in elementary years, to foster rational numbers' learning process with understanding. This should be addressed with an active involvement of students through an emergent modeling process supported by multiple representations.

Percentage for a meaningful learning of rational numbers

Percentage is part of student's everyday contexts. Although, as a mathematical content, compared to other areas of arithmetic, there are few recent researches that discuss the issues surrounding its learning in the classroom [START_REF] Pöhler | Cracking percent problems in different formats: The role of texts and visual models for students with low and high language proficiency[END_REF]. Since early years, students become familiarized with percentage in real life situations, for instance, on food labels, clothes tags, in discounts. Its practical use develops children's intuitive sense in dealing with it before being at school [START_REF] Moss | Developing children's understanding of the rational numbers: A new model and an experimental curriculum[END_REF]. This very common use of percentage points to its introduction in elementary education, within rational numbers domain [START_REF] Hunter | Percentages: A foundation for supporting students' understanding of decimals[END_REF][START_REF] Moss | Developing children's understanding of the rational numbers: A new model and an experimental curriculum[END_REF]. Percentage is "a language of privileged proportion" (Parker & Leinhardt, 1995, pp. 472) that is based on multiplicative comparison to 100. Exploring percentage can be an opportunity to begin thinking relatively and to deal with multiplicative situations, enhanced on students' early intuitive understandings of proportional relations [START_REF] Lamon | Rational numbers and proportional reasoning[END_REF]. Being a language, percentage has different interpretations as it assumes properties of number, part-whole, ratio, function or statistic [START_REF] Parker | Percent: A privileged proportion[END_REF]. Grounded in real-world experience percentage can be a way to start the work of developing a solid understanding of those meanings as rational numbers subconstructs, which highlight essential characteristics of rational numbers [START_REF] Lamon | Rational numbers and proportional reasoning[END_REF].

Learning percentage should begin with understanding its relational language using elementary strategies, including benchmarks, proportional reasoning, and additive building-up strategies, rather than learning formal calculation procedures [START_REF] Moss | Developing children's understanding of the rational numbers: A new model and an experimental curriculum[END_REF][START_REF] Parker | Percent: A privileged proportion[END_REF]. This process might start in elementary grades, but the concept of percentage at its very rich sense will be reached later. Thus, understanding percentage requires the development of appropriate models to grasp its various meanings and its relational features in order to support students' attempts to make sense of the numbers and the relationships that connect them [START_REF] Dole | Year 8, 9 and 10 students' understanding and access of percent knowledge[END_REF][START_REF] Parker | Percent: A privileged proportion[END_REF]. In problem solving, models can arise from the use of multiple representationsenactive, iconic, symbolic [START_REF] Bruner | The process of education[END_REF] and oral and written language [START_REF] Ponte | Didáctica da Matemática, 1.º ciclo[END_REF], when associated with percentage can provide support to develop its conceptual understanding. Models should display the relationship between quantities and allow to describe comparisons in multiple ways, encouraging proportional reasoning [START_REF] Parker | Percent: A privileged proportion[END_REF]. [START_REF] Gravemeijer | Emergent modeling as the basis for an instructional sequence on data analysis[END_REF] refers to emergent modeling process to explain both the "process by which models emerge" (p.3), as representations are used and progressively become models and the "process by which these models support the emergence of more formal mathematical knowledge" (p.3). Gradually models of contextualized situation are reconstructed and evolve to models for reasoning through this emergent modeling process.

The above ideas are the key components of the conceptual framework that supports this research. They seek to associate conceptual understanding, number sense and emergent modeling process to support percentage as an entry point for developing students' understanding of the rational numbers. The interrelationship between these components sets a developing framework for analysis, which will provide the lens to describe and analyze how rational numbers' conceptual understanding takes place in a specific classroom learning ecology [START_REF] Gravemeijer | Design research from the learning design perspective[END_REF].

Methodology

Data reported in this paper was collected as part of a classroom teaching experiment in a design research approach [START_REF] Gravemeijer | Design research from the learning design perspective[END_REF], within a broader study that aims to deepen how students construct their understandings of rational numbers through a learning trajectory with an initial focus on percentage. The cyclic process of the design research involved a first phase where a conjectured local instruction theory was defined supported by design principles, used to guide the design and development of the classroom teaching experiment. In the second phase, the teaching experiment took place and, through micro-cycles of design and analysis, the process of the students' participation and learning was analyzed. The last phase involved a retrospective analysis, which is still running. The conjectured local instruction theory, which is about a possible learning process together with theories about possible means of supporting that learning process, is refined and improved all along, supporting a revised local instruction theory [START_REF] Gravemeijer | Design research from the learning design perspective[END_REF].

The classroom teaching experiment was designed considering a mathematical content dimension and a pedagogical one. The first one is based on an hypothetical learning trajectory, inspired by [START_REF] Moss | Developing children's understanding of the rational numbers: A new model and an experimental curriculum[END_REF] experimental curriculum for teaching rational numbers. The first stage of this trajectory begins with the understanding of percentage in a linear-measurement context. Then two-place decimals are introduced. Finally, fractions are the focus concerning the use of different interchangeable representations. The pedagogical dimension attempts to account for the means of supporting the co-participated learning process as it occurs in the social context of the classroom. The classroom experiment involved a total of 20 lessons spread across two three-month periods (Grade 3 and Grade 4) in the same classroom, where the first author was also the teacher. It took place in a public elementary school in Lisboa with students aged between 8 and 10 years. In this paper, we analyze some episodes that took place in the first period when the students were in third grade.

The dual role as teacher and researcher raised significant ethical challenges. To avoid potential conflicts and assure students' and families' protection, an informed and voluntary consent was taken. Anonymity and confidentiality were guaranteed to be maintained. To establish credibility and allow convergence, multiple sources of evidence were chosen [START_REF] Confrey | Transformative teaching experiments through conjecture-driven research design[END_REF]. For data collection, we used the transcript of video and audio recorded moments of all classroom sessions, students' written work, and teacher´s research journal.

A preliminary analysis was developed during the classroom teaching experiment, which supported the process of redesigning and testing instructional activities and other aspects of the design. [START_REF] Gravemeijer | Design research from the learning design perspective[END_REF]. This analysis involved an analytic induction strategy where we identified significant episodes from students' activity while exploring tasks. Then, we scanned those episodes for evidence of students' conceptual understandings related to rational numbers and for relationships among them. Thereafter, a retrospective analysis was made through content analysis. In this analysis, all data was revisited and divided into content categories generated from the interrelationship between the conceptual framework components through a typological analysis [START_REF] Goetz | Ethnography and qualitative design in educational research[END_REF]. This analysis process creates a cross-coding system that evidence relationships among the various categories, emerged from data and anchored in the conceptual framework, which is still in progress. The analysis discussed in the next section of this paper focuses on students' activity with meaningful representations during four lessons of the classroom teaching experiment. It was carried out using three interrelated categories as indicators of students' conceptual understandings of rational numbers through percentage learning. Each of these categories involves working subcategories, handling percentage to: (1) support reasoning strategies (decomposition/composition; half/double; 10%; multiples of; unitizing/reuniting); (2) foster numerical relations (benchmarks; magnitude of numbers; orderliness and comparison; equivalence) (3) encourage a modeling process (mobilize familiar representations; interpret subconstruct situations; emerge of symbolic representations).

Learning rational numbers by focusing on understanding percentage

A mobile phone battery was one of the first iconic representations related to percentage chosen to be used in a problem-solving context. In this task, students were asked to estimate the percentage represented in batteries in Figure 1. Considering battery C, some students stated that the shaded part would represent 25% of charge, and others claimed that it would be 20%. During the discussion, students' arguments were shared in order to justify their reasoning strategy.

Simão:

That is not 25 percent.

Teacher:

[…] So, what do you think it is?

Students: 20 percent.

Teacher: Why? Marco.

Marco:

Because it fits 5 times.

Students who claimed 20% reasoned that if the shaded part was iterated it would fit the unit five times, so, it should be 20% and not 25%. This idea expresses a reasoning strategy drawn on division and laid out on numerical relations. The measure subconstruct allowed students to see the unit represented by the full battery as a distance, and the percentage as a relative quantity of that distance. Familiar battery representations were used to encourage a modeling process. They are used as models to think about the task as a measurement situation, allowing percentage to be conceived as an iteration of a unit part, rather than representing a part out of a whole.

Status bar (Figure 2) was another iconic representation regarding percentage that was privileged. Students interpreted status bar in an easy way by analyzing its fullness, as they are used to do it when downloading a file. half is twenty, the double is forty" as Mafalda's group explained. This use of splitting/doubling procedure seemed to make sense to the others as it expressed the multiplicative relation between half and double, keeping the ratio constant.

The students were able to see that saving half of the program would took as long as the remaining half, although not all students have yet clearly perceived it as a ratio. Status bar seems to encourage the modeling process during the teaching experiment while supporting intuitive ratio understanding, involving quantities of a standard unit.

Thereafter, the proportional judgments established with the status bar were mobilized to work percentage using another representationthe ratio table (Figure 3). This representation was used to make comparisons between entities in multiplicative terms, applying to multiples of 10%, as reasoning strategies. Percentage benchmarks allowed to foster numerical relations highlighting the relationship between time and the amount of program saved. Students could realize multiple numerical strategies through collaborative engagement.

Heitor:

The process was always four in four minutes.

Simão: 10% are 4, is always times 4.

Mafalda:

The all process took ten times four minutes.

Teacher:

The whole process of saving the program took ten times four minutes… Hélio:

We could also look at 36 minutes and see which would be the number that could give 40.

The ratio table seemed to be powerful in the modeling process as it supported different reasoning strategies suggested by percentage, such as halving, doubling, multiplying by 4, showing why the relationship between quantities is multiplicative.

Some less stereotyped representations came up in classroom from other contexts. For example, during a specific group project work about dogs, the representation of a dog food bag was used to encourage the modeling process as it becomes a model of acting in a real meaningful situation. In this task, the representation of the dog food bag was tailored to consider its fullness (100%) that is 20kg as the top of the bag. To this iconic representation, two vertical number lines were added to foster numerical relations allowing to relate weight with the percentage of the amount of food in the bag. In this way, the dual set of numbers involved in percentage comparisons become explicit and can be used for calculations. All groups found out immediately that 50% of the weight of the bag was 10 kilograms, as shown in the example on figure 4. When students had to compute other amounts of food, they consider percentage as a relative quantity according to the attained unit and applied to multiplicative reasoning strategies. Some divided using halving strategy, and reconstructed the unit, considering the unit the bag weight in each moment (Figure 5). Students understood that the relationship between the quantities in both number lines kept constant and perceived that they vary together, even though they have different magnitudes, interpreting ratio subconstruct. In this modeling process, the food bag representation became a model that supported reasoning strategies and proportional relationships.

Later on, this modeling process was extended to the double number line. Double number line fostered the emergence of numerical relations, as it allowed ordering and establishing equivalences, invoking benchmark percentage values in a measure context (Figure 6). The double number line became a model of a measurement situation in which students supported their reasoning strategies (Figure 7). They established comparative relations between equivalent representations, as percentage and measure of an amount (e.g. 9% and 9/100). For this, a key aspect is the unit identification. Considering one as the unit, the decimal numbers representation emerged when a number was located. Together with percentage, this allowed students to invoke whole number's knowledge, establishing numerical relations between each decimal number and its position. Two-place decimals were used as a symbolic representation by students to express an equivalent percentage of "fullness" of the unit, when the unit is 1, applying to establish numerical relations.

Simão -It's not enough to make up one meter… Clara -…You have zero comma ninety-one meters.

Teacher -Then, this is Clara's suggestion [writes 0,91 at the number line] Clara -Because it's not enough to make up one meter, so it´s zero meters and then we write ninety-one centimeters.

In this situation, the decimal representation was convened to identify a quantity less than one in a measurement context, fostering a modeling process as the number line became a model for a more formal reasoning.

Final remarks

As data analysis highlight, percentage enables an approach to multiplicative situations, describing comparisons in multiple ways and exploring relationships, enhancing an introductory step to rational numbers conceptual understanding [START_REF] Lamon | Rational numbers and proportional reasoning[END_REF]NCTM, 2014;[START_REF] Parker | Percent: A privileged proportion[END_REF]. The context within percentage appears in these tasks and suggests it can be linked with ratio and measure subconstructs of rational numbers, which are important although less common in these years of elementary school [START_REF] Parker | Percent: A privileged proportion[END_REF]. The meaning of percentage, supported by the use of number line in the dog food bag representation allowed to show the relation between the four numbers that make up the percent proportion, in an intuitive way. The focus on measurement revealed a growing flexibility of the reasoning strategies and provided opportunities for students to build a meaningful connection between percentage and decimal numbers notation. Ratio situations allow to recognize the importance of 100 as a privileged base and to develop sensitivity for the comparative uses of percentage, fostering numerical relations. Representations associated with percentage, drawn from students' real-life experience, like the mobile phone battery or the status bar, revealed to be essential. Students used them to make sense of problem situations and to solve them. Gradually, those representations became models as they encouraged students' reasoning strategies and promote rational numbers' conceptual understanding. In this emergent modeling process, as called by [START_REF] Gravemeijer | Emergent modeling as the basis for an instructional sequence on data analysis[END_REF], percentage had a key role. It contributed to disclosure the multiplicative nature of rational numbers, connecting prior whole numbers' knowledge with intuitive understandings regarding relative proportion [START_REF] Moss | Developing children's understanding of the rational numbers: A new model and an experimental curriculum[END_REF].
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 1 Figure 1: Ana's group resolution using a battery representation
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 2 Figure 2: A task that privileged status bar representationThey perceived the comparison of quantities using proportional relationships. Percentage allowed students to see the multiplicative relation between the minutes taken to save the complete program and the amount of program saved shown by the status bar. "The whole program took forty minutes to save because if a half is twenty, the double is forty" as Mafalda's group explained. This use of splitting/doubling procedure seemed to make sense to the others as it expressed the multiplicative relation between half and double, keeping the ratio constant.
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 3 Figure 3: Clara's group resolution using a ratio table
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 4 Figure 4: Carolina's group resolution using the bag representation
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 5 Figure 5: Mafalda's group resolution using the bag representation

Figure 6 :

 6 Figure 6: Dina's group resolution using the double number line
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 7 Figure 7: Whole-class resolution using the double number line
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