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Abstract

We define the Chern character of the index class of a G-invariant family of G-transversally
elliptic operators, see [6]. Next we study the Berline-Vergne formula for families in the elliptic
and transversally elliptic case.
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1 Introduction

Let M be a compact manifold. Let G be a compact group acting on M. Assume for simplicity
that G is topologicaly cyclic and generated by an element g € G. Let ¢ : MY — M denote
the inclusion of the fixed point submanifold of g. In [2], Atiyah and Segal gave a Lefschetz
fixed point formula for the index of a G-invariant elliptic operator on M using localization in
equivariant K-theory. Denote by R(G), the localization of the ring R(G) at the prime ideal
I, ={x € R(G), x(g) = 0}. Atiyah and Segal obtained

g - Z*O-

where A\_1(N9 ® C) = S(=1)A(NY® C) and o € Kg(T*M). In [3], Atiyah and Singer ob-
tained, using the Lefschetz fixed point formula, a cohomological version of the Lefschetz fixed
point formula. More precisely, Atiyah and Singer obtained the following formula

Ch(i*o(g))
Ch(A_ (N9 @ C)(g))

T*M9

Ind¥(o)(g) = (~1)" NAT M),

where Ch means the Chern character tensored by the identity of C and A(T*M?) is the A-genus
of MY.

In [10], Berline and Vergne gave a delocalized formula for the index of a G-invariant elliptic
operator in equivariant cohomology. To obtain this new formula, Berline and Vergne showed a lo-
calization formula in equivariant cohomology and then used this localization formula to delocalized
the cohomological Lefschetz formula. More precisely, Berline and Vergne obtained the following
formula

Ind¥ (0)(se™) =

TM*

where s € G, X is an element of the Lie algebra g(s) of the centralizer G(s) of s and Ch(co, X),
ATV M*, X) and D,(N,, X) are equivariant cohomology classes (see section [2.1|and [8, 10, 9] for
more details). Then in [9], Berline and Vergne gave an index theorem in equivariant cohomology
for G-invariant elliptic operators.

For G-transversally elliptic operators, Atiyah and Singer defined in [I] an index class which
is now an invariant slowly increasing distribution on G. Similar to the case of elliptic operators,
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Berline and Vergne showed a corresponding index theorem for G-transversally elliptic operators,
see [II]. In [25], Paradan and Vergne gave a new approach of the cohomological index theorem for
G-transversally elliptic operators using the Chern character of [24] but with generalized coefficients
on the Lie algebra g of G.

In the present article, we investigate the cohomological form of the index of families of G-
transversally elliptic operators. Let p : M — B be a G-equivariant compact fibration. Assume
that G acts trivially on B. In [6], an index class for G-invariant families of G-transversally elliptic
operators was defined in the Kasparov bivariant K-theory group KK(C*G, C(B)) and using results
from [18] it was then shown that the Kasparov product of this index class with an elliptic operator
on the base B is given by the index class of a G-transversally elliptic operator on M. Using this
fact and the well defined bivariant Chern character in local cyclic homology [26], we introduce
the Chern character of our index class and we show, as expected, that it belongs to the space of
G-invariant slowly increasing distribution on GG with values in the de Rham cohomology of B.
Once this Chern character is defined, we investigate the Berline-Vergne formula in this context.
As in the case of a single operator, we start by the simpler case of G-invariant families of elliptic
operators. In this case, we deduce a Berline-Vergne formula using the Lefschetz formula for families,
see [7]. Our formula is also valid when G acts non trivially on B. More precisely, if s € G and o
is a G-invariant elliptic symbol along the fibers then we obtain the following theorem:

Theorem 1.1. Let s € G and X € g(s). Denote by Ny the normal bundle of M* in M. The
following equality is true in the cohomology H(B*,dx) :

Chy(o, X) N ATV M*, X)
ho(1 M|B X)) = / s\, ) .
C s( ndy " (o), ) S Dy(N,NTVM, X)

where B* the fived point submanifold in the base B and TV M? is the vertical tangent bundle to the
fixed point submanifold M?.

For families of G-transversally elliptic operators, we had to assume that the action of G on B
is trivial and we used the Paradan-Vergne approach of equivariant cohomology with generalized
coefficient. In this case we obtain the following theorem:

Theorem 1.2. Let o be a G-transversally elliptic symbol along the fibers of a compact G-equivariant
fibration p : M — B with B oriented and G-trivial. Denote by N, the normal vector bundle to M?
in M.

G,M|B

1. There is a unique generalized function with values in the cohomology of B denoted Ind ),

Kg(TY M) — C==(G, H(B))Y satisfying the following local relations:

Chy(A™"“(0),Y) A A2(TV M*)Y)

Indg (o)), (v) = (2im) S0P Dy(N*,Y) |

coh

TV M*|B

Vs € G, VY € g(s) small enough so that the equivariant classes A*(TV M®,Y) and D(N*,Y)
are defined.



2. Furthermore, we have the following index formula:

Ind%M?([0]) = Ch(Ind™B([0])) € C~=(G, H(B))“.

coh

Here Ch is the Chern character, defined using bivariant local cyclic homology from [26)].

Let us describe the contents of the present paper. The second section is devoted to some
preliminary results. We recall the definition of the equivariant cohomology which will be used
later on, then we review the definition of the index class of a family of G-transversally elliptic
operators from [6], and we finish by a overview of the Atiyah-Singer index theorem for equivariant
families [5]. In the third section, we define the Chern character of the index class of a G-invariant
family of G-transversally elliptic operators, an invariant distribution with values in the de Rham
cohomology of the base B. In the fourth and fifth sections, we prove the Berline-Vergne formulae
for families of elliptic and G-transversally elliptic operators.

Acknowledgements This work is part of my PhD thesis under the supervision of M.-T. Be-
nameur. [ would like to thank my advisor for very helpful discussions, comments and corrections.
I also thank W. Liu and P.-E. Paradan for several conversations during the preparation of this
work. I am also indebted to M. Hilsum, P. Piazza, M. Puschnigg and G. Skandalis for reading the
phD version of this work.

2 Some preliminary results

Let G be a compact group. Let p : M — B be a G-equivariant (locally trivial) fibration of compact
manifolds, with typical fiber F', a compact manifold. We denote by M, = p~*(b) the fiber over
b€ B, by TV M = ker p, the vertical subbundle of TM, and by TV M* its dual bundle. We choose
a G-invariant riemannian metric on M and hence will identify 7V M* with a subbundle of T*M
when needed. Let 7 : E = E* ® E- — M be a Zy-graded vector bundle on M which is assumed
to be G-equivariant with fixed G-invariant hermitian structure. Denote by P™(M, E*, E~) the
space of (classical) continuous families of pseudodifferential operators on M as defined in [5]. A
family P is G-equivariant if g- P = go Pog~! = P, for any g € G. As usual, C°°(M, E) will be
the space of continuous fiberwise smooth sections of E over M, see [5].

2.1 Equivariant cohomology

Here we recall the definition of equivariant cohomologies and equivariant forms which will be used
in the sequel, see [8, 9, [10]. Let L be a compact Lie group and [ its Lie algebra. Assume that L
acts on a manifold W (we say that W is a L-manifold). Let X € [. Denote by Xjj, the vector field
d
generated by X on W that is X, (w) = 7 e X .w. Let d be the de Rham differential and let
|t=0

t(Y) denote the contraction by a vector field Y. Let A(W) be the space of differential form on
W. Denote by A(W)x the subspace of A(WW) given by the forms « such that Z(X)a = 0. Let
dx denote the operator d — ¢(X3;,) on A(W).



Definition 2.1. The dx-cohomology H (W, dx ) of W is the cohomology of the complex (A(W)x, dx).

Let A7 ([, W) denote the algebra (COO([) ®A(W))L of L-invariant smooth functions with values
in A(W). Let d; be the operator on A (I, W) given by

(dia)(X) = d(a(X)) — (X ) ((X)).
We have (d?a)(X) = —Z(X)a(X) so d? is zero on A°(I, W) because any element of A (I, W) is

L-invariant.

Definition 2.2. The equivariant cohomology H3° (I, W) with smooth coefficients is the cohomology
of the complex (AP (I, W), d,).

Let E be a vector bundle on W. Let A?(W, E) = (C’OO([) ® AW, E))L, where A(W, E) denote
the differential form on W, with values in E. Let A be a L-invariant super-connection on E. The
operator A defined by

(A)(X) = (A — u(X}y)(a(X)), Ya € A(W,E) and X € I,

is called the equivariant super-connection. The equivariant curvature Fi is given by F(X) =
(A — 1(X))? + £P(X). Denote by pu(X) = Z(X) — [1(X),A] the moment of X € [ with respect
to the super-connection A. Then we have Fi(X) = F 4 u(X), where F' is the curvature of A.

Let us recall some equivariant forms. Denote by W* the submanifold of fixed points {w € W|s-w =
w}. Denote by L(s) the subgroup of L of those elements that commute with s. We denote by [(s)
the Lie algebra of L(s), it consists of the elements X € [ such that s- X = X.

Definition 2.3. Let s € L. On the submanifold W* of fixed points of s, the action of s on Ejy s
preserves the fibers. The s-equivariant Chern character of an L-invariant super-connection A is
defined by:

Chy(A, X) = Str(sE - eFl(X)lWS> € A%, ((s), W),
where Fy is the equivariant curvature of A and X € [.

Definition 2.4. Let V — W be a real L-equivariant vector bundle on W. Assume that ¥V — W is
equipped with a L-invariant connection V with equivariant curvature R(X), then the equivariant

A-genus A(V) is defined by

AW)(X) = det1/2< R(X) )

cR(X)/2 _ o~ R(X)/2

which makes sense for X in a small enough neighborhood of 0 € .

Definition 2.5. Let s € L. Denote by N the normal bundle to W* in W and Ry(X), X € [(s),
the equivariant curvature of N with respect to a L(s)-invariant connection. The element

Dy(N,X) = det(l - sNeXp(RN(X))>, X € l(s)

is a L(s)-equivariant closed form on WW?*.



Definition 2.6. Let £ — W be an Euclidean oriented vector bundle with orientation o. Denote
by F(X) the equivariant curvature associated to a L-invariant metric connection. The equivariant
Euler class is defined by

Eul,(E)(X) = (—2m)" ) 2det/*(F(X)),
where det!/? means the Pfaffian given by the orientation of E.

Remark 2.7. The forms Ch,(A), A(V), Dy(N) and Eul,(E) are all equivariantly closed. The
classes of A(V) and Ds(N) do not depend on the connection. The class of Eul,(F) only depends
on the chosen orientation o of E.

2.2 Equivariant cohomology with generalised coefficients

We recall some cohomological constructions [20]. Let L be a compact Lie group with Lie algebra [.
Let W be a L-manifold. Let us recall the definition of the equivariant cohomology with generalised
coefficients [16], see also [20]. Let C~*°(I, A(W)) be the space of generalised functions on [ with
values in A(W). By definition, this is the space of continuous linear maps from the space D(I) of
(' densities with compact support on [ to A(W), where D(I) and A(W) are equipped with the
C> topologies. So if o € C~°([, A(W)) and if ¢ € D(I) then («, ¢) is a differential form on W
denoted by [ a(X)p(X)dX. A C* density with compact support on [ is also called a test density,
and a C'*° function with compact support on [ is called a test function. Denote by E* a basis of [
and E; its dual basis. Let d be the operator on C~*°([, A(W)) defined by

(da, ¢) = d{a, ¢), pour ¢ € D(I).
Let ¢ be the operator defined by

<LOé, ¢> = Z L(<El)*W)<O‘7 El¢>>

(2

where (E')j;, means as usual the vector field generated by E’ € [ on W and where E;¢ means the
tensor product F; ® ¢. Let then d; be the operator on C~>°([, A(W)) defined by

dioo = da — o,

The operator d; coincides with the equivariant differential on C*(I, A(W)) c C~>=(I, A(W)). The
group L naturally acts on C~°(I[, A(W)) by (g-a,¢) = g- (a,g7 ' - ¢). The action of L commutes
with the operators d and ¢. The space of generalized functions on [ with values in A(W) which
are L-equivariant is denoted by

AL (LAW)) = C~ (I, AW))E.

The operator d; preserves A7 ([, W) and satisfies d? = 0. Similarly, if we replace A(W) by A.(1W)
the space of compactly supported forms then we can define AZ7°(I, W) = C~°(I, A.(W))".

We also need to consider L-equivariant generalized forms which are defined on an open neighbour-
hood of the origin in [. If O is an L-invariant open subset of [, we denote by A;*(O, W) and
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A.7°(O, W) the spaces obtained similarly.

Let U be a L-invariant open set in W. The space of forms with generalized coefficients and with
support in U is denoted by A;>°(O,W). This is the space of differential forms with generalized
coefficients such that there is a L-invariant closed subspace C, C U such that [ a(X)p(X)dX is
supported in C,, for any test density ¢.

Notation 2.7.1. The cohomology of the complex (A;>(I, W), d,) is denoted by H; ([, W).
The cohomology of the complex (A_7°(I, W), d) is denoted by H_ (L, W).

The cohomology of the complex (AL°°(O,W),d,) is denoted by H;*(O,W).
The cohomology of the complex (A_7°(O, W), dy) is denoted by H_ (O, W).
The cohomology of the complex (A;> (O, W), d;) is denoted by H;>= (O, W).

There is a natural map
HE(LW) — H (W)

induced by the inclusion AP ([, A(W)) — A<, AW)). If p: M — B is a oriented L-equivariant
fibration, then integration along the fibers [ i defines a map from A (L M) to AT (L B):

</M|Ba,¢> = [ @), v D),

and induces a well defined map:

/ cHo (LM — H (L B).
M|B

Finally note that if o € HZ (I, M), and 8 € H_7°(I, B) then a Ap*B € H_7°(I, M) and

/M|Ba/\pﬁ—(/M|Ba)/\5.

For details on restrictions of invariant generalized functions see for instance [15], 25].

2.3 Chern character of a morphism[24]

Let L be a compact Lie group and denote again by [ its Lie algebra. Let W be a L-manifold. Let
A be a real L-invariant 1-form on W. For any w € W, we have A\(w) € T)W.

Definition 2.8. The 1-form A defines an equivariant map
fr: W — IF given by < fa(w), X >=< ANw), Xj(w) > .
Denote by C'\ the L-invariant closed subspace of W given by:
Cy={fA=0}
Let 0 : EY — E~ be a L-equivariant morphism on W, and denote by C), the invariant closed

subspace given by

0

Let A be a L-invariant super-connection on E. We will use the following notations (see [24]):

Chro = C\Nsupp(o) and v, = (2 a ) )

7



L A%Mt) = A+it(v, + ), t €R;

2. Flo, A ) (X) = =202 — it < [, X > +p®(X) + it[A,v,] + A? + itd)\, which is the
equivariant curvature of A% (¢);

3. ns(o, A\, A ) (X) = —Str <z’(va + )\)sEeﬁA(/Z”\’A’t)(X)> = —etdaAX)Sty (i(vg + )\)sEeﬁ,[(,i’A’t)(X))
which is the transgression form associated to the Chern character of A% (¢) ;

4. Bs(o, N\ A) = fooo ns(o, A, A, t)dt, which is a form with generalized coefficients since the con-
vergence of fOT ns(o, A, A, t)dt when T' goes to infinity makes sense as a distribution.

For the following theorem see [24] and also Section 3.3 of [25].

Theorem 2.9. [2], Theorem 3.19] e For any L(s)-invariant open neighborhood U of Cs ), =
Cro NW?, let x € C=(W*)LE) be a L(s)-invariant function which is equal to 1 in a neighborhood
of Cs o and with support contained in U.

1. Then cs(o, A\, A, x) = xChs(A) + dxfSs(o, A, A) is an equivariant closed differential form with
generalized coefficients supported in U. Furthermore, we have

CseX (O‘, >\7 Aa X) (Y) = 08(0-7 )‘7 Aa X)(X + Y)|WSOWX7
for any X € I(s) and Y € [(s) N[(X).

2. The cohomology class cy(o, A, s) € Hy™(l(s),W?) of cs(o, A\, A, x) does not depend on the
choices of the super-connection A, x and the hermitian structures on E7.

3. Moreover, the inverse family cy (o, \) when U runs over the neighborhood of Cs ., defines a
class

Chyup(0, A, 5) € He (I(s), W),
where He™ (I(s), W?) is the projective limit of the projective system (Hy> (I(s), W*))c, ., cu-

e The image Chap(0, A, s) in Ho o ) qws (1(s), W?) is equal to Chgyp(o, 5).

supp

e Let F be a L-invariant subspace of W*. For T € [0,1], Let o, : ET — E~ be a differential family
of L-equivariant smooth morphisms and let . be a L-invariant differential family of 1-forms such
that Cs », o, C F' N7 €[0,1]. Then all the classes Chgyp(07, Ar, ) coincide in Hp>(I(s), W#).

Definition 2.10. If C , , is a compact subspace of W?, then we can define:
Che(o, A, s) € H_>(I(s), W?)

as the image of Chgyp (0, A, 8) € H™ (I(s), W?#) in HZ>°(I(s), W*). A representative of Ch.(a, A, s)
is then given by any equivariant form cs(o, A\, A, ) as before, with ¢ compactly supported. See
again [24].

Remark 2.11. If ¢ is a L-equivariant elliptic symbol then we get Ch.(c,s) € H(I(s), W*).
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Lemma 2.12. [10] Assume that L(s) acts trivially on a manifold W. We have the following
isomorphism:

K(W) @ R(L(s)) =Kv (W)
0] ®V =0 ®idy],

H(W) @ C®(I(s))"") =H(1(s),Y)
(W] ® ¢ =X = wp(X)]

We denote by x the character morphism which associates to a representation its character. The
following diagram is commutative:

Chs

K (W) His (s), W)

| T

K(W) @ R(L(3)) gy H(W) ® C(1(s)) ).

Proof. We use the previous notations. Let ¢ : ET — E~ be an elliptic morphism, let V¥ be a
graded connection on £ = E* @ E~ and VY = d ® idy be the trivial connexion on Y x V. Denote
by V the product connection on £ ® V. Then the associated equivariant curvature to o ® idy is
F(o®idy,V,t)(X) = Flo ®idy,V,t) +uY(X) on Y is equal to F(o, VE #) ® 1+ 1® X because
Y (X) =1® X since Xj;, = 0. So we get Ch,(V)(X) = Ch(VE)x(se¥) and n,(0c @idy, V,t)(X) =
n(o, VE t)x(seX). And then if ¢ is a smooth invariant function on Y, we obtain

cs(o @ idy,V,v) = YCh(VF) @ x(se*) + dyB(a, VF) @ x(se®) = c(o, VE, 1) @ x(se®).

2.4 The index class of a family of G-transversally elliptic operators

Here we recall the definition of the index class of a family of G-transversally elliptic operators [6].
Denote by TeM = {a € T*M|a(X};) = 0,VYX € g}. Let TX M denote the space TV M NTgM.
Recall that a family P = (P,)pcp of G-transversally elliptic pseudodifferential operators is a family
of pseudodifferential operators such that its principal symbol o(P) is invertible on Ty M\ M. We fix
from now on a G-invariant continuous family of Borel measures (11;,) which are in the Lebesgue class,
constructed using a partition of unity of B. So, for any f € C(M), the map b — be f(m)duy(m)
is continuous, and each measure u, is fully supported in the fiber M,. Since FE is equipped with a
hermitian structure, the C'(B)-modules C>°(M, E*) of continuous fiberwise smooth sections over
M, are naturally equipped with the structure of pre-Hilbert right G-equivariant C(B)-modules
with the inner product given by:

(s,8)(b) = /M (s(m), s'(m)) gz dpy(m),  for s,s" € C™°(M, E*).

9



We denote by £* the completion of C*%(M, E*). So, £ = £F @ £~ is our G-equivariant Zy-
graded Hilbert module on C(B). We denote by C*G the C*-algebra associated with G. Let
7 : C*G — Lop)(€) be the x-representation given by

m(p)s = /Gw(g)(g - 8)dg, Yo € L*(G) and s € C*°(M, E).

If Py : C®YM,E") — C®%M,E™) is a family of pseudodifferential operators of order 0, we
P;
0
Let H be a compact Lie group. Assume that H acts on M and that E and P are also H-equivariant.

denote by P the family ( lg
0

Definition 2.13. [6] The index class IndM®(P) of a G x H-invariant family P of G-transversally
elliptic operators is defined by:

Ind¥®(Py) = [€,7, P] € KKy(C*G, C(B)).

If H is the trivial group then we simply denote by IndMB(P) the index class which leaves in
KK(C*G,C(B)).

Let us recall the definition of K-multiplicity of an irreductible unitary representation of G.
Denote by G the space of isomorphism classes of unitary irreducible representations of G.

Definition 2.14. [6] The K-multiplicity mp(V') of a irreducible unitary G-representation V' in the
index class IndM®B () is the image of the class [(£G, PF)] € KK(C, C(B)) under the isomorphism
KK(C,C(B)) =2 K(B). So mp(V) is the class of a virtual vector bundle over B, an element of the
topological K-theory group K(B). The class [(£F, PS)] coincides (as expected) with the Kasparov
product
V] 8 IndM®B(Py) € KK(C,C(B)),
As we have KK(C*G, C(B)) = Hom(R(G),K(B)) (see for instance [27]), we get:

Proposition 2.15. The index class of a G-invariant family P of G-transversally elliptic operators
is totally determined by its multiplicities and we have:

IndMB(P) = > mp(V)xv.
Vea

Proof. We simply apply the Universal Coefficient Theorem in bivariant K-theory [27]. Indeed, the
C*-algebra of G belongs to the bootstrap category, see for example [22]. Moreover, R(G) is a free

module which is isomorphic to @ Z. O
ved
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2.5 Index theorem for H-equivariant elliptic families [5]

Let H be a compact group. Let Py be a H-equivariant continuous family of pseudodifferential
operators of order 0 which is elliptic along the fibers. Recall that a family P is elliptic along the
fibers if its principal symbol op given on each fiber by op, is invertible on TV M* \ M.

Definition 2.16. [5] The H-equivariant analytical index Ind%'B(Pg) of Py is defined as the image
in Ky(B) of the index class [£, P] € KKy(C,C(B)). It is the formal difference of the continuous

fields of Hilbert spaces (ker((PO)b)>beB and (ker((Po*)b))

beB’

Here £ and P are constructed as in the previous section. Denote by 7 the projection TV M —
M. The map p o 7 is Ky-oriented so it defines an element p, € KKy (Co(TV M), C(B)) [14].

Definition 2.17. [5] Let P, be a H-equivariant elliptic family of operators on M parametrized by a
compact manifold B. The topological index is defined by Indll\f,LB(Po) = [0(P)|®cyrv iyt € Ku(B).

Let us recall the index theorem for families [5].
Theorem 2.18. [5] The analytical index Indﬁ”B and the topological index Indl\H/{ltB coincide.

Remark 2.19. Our notation for the index class of a G x H-family of G-transversally elliptic
operators is consistent with the equivariant case because if GG is the trivial group then the family
is H-equivariant and elliptic and then its index Indl\H/HB(P) lives in KKy (C, C(B)).

3 The Chern character of the index class

We want to obtain cohomological formulas for the index of a G-invariant family of G-transversally
elliptic operators. We will use the bivariant local cyclic homology [26].

3.1 The Chern character in bivariant local cyclic homology

Recall the following theorem from [22].

Theorem 3.1 (Universal Coefficient Theorem). [22] Let A and B be separable C*-algebras satis-
fying the universal coefficient theorem in KK-theory. Then there is a natural isomorphism

HL(A, B) ~ Hom(K,(A) ®; C,K.(B) ®z C) ~ Hom(HL(C*G), HL(C(B))
of graded vector spaces.

As the C*-algebra C*G of a compact Lie group G is in the bootstrap category [22], we can
apply the universal coefficients theorem in bivariant local cyclic homology. So we obtain:

Proposition 3.2. The bivariant local cyclic homology HL(C*G,C(B)) of the couple (C*G,C(B))
is isomorphic to Hom(HL(C*G), HL(C(B)).
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Proposition 3.3. The Chern character in bivariant local cyclic homology of the index class
IndMB(P) of a G-invariant family P of G-transversally elliptic operators is given by:

Ch(IndMB(Py)) = Zﬁ Ch(mp(V))xv,

where Ch(m,(V')) € H(B) is the usual Chern character of mp(V') € K(B) (here we have used the
isomorphism HL(C(B)) ~ H(B)) from [26)].

Proof. By Proposition [3.2, we know that HL(C*G, C(B)) ~ Hom(HL(C*G), HL(C(B)). So we
deduce that Ch(Ind™!B(P)) is totally determined by its values on the irreductible representations.
We know that the Chern character in bivariant local cyclic homology is a natural transformation
[26]. Thus we have

Ch(IndMB(P)) o Ch(V) = Ch([V] @cug IndMB(P)) = Ch(mp(V)).

3.2 Distributional index with value in H(B)

Following [1], we want to obtain a distributional Chern character. More precisely, if ¢ € C*(G)

we want to know if the series Y>> Ch(mp(V)) < xv,¢ >12(q) is convergent. Here the series has
Ved
values in H(B) while in [I] the series has values in C. We show that the Chern character of the

index class converges as a distribution on C*°(G) with value in the finite dimensional cohomology
of B.

Theorem 3.4. [6] The pairing of the index class of a G-invariant family of pseudodifferential
operator P of order O which is G-transversally elliptic along the fibers, with an element of the
K-homology group KK(C(B),C) is given by the index class of a G-invariant pseudodifferential
operator which is G-transversally elliptic on the ambiant manifold M.

Corollary 3.5. If « is an element of the K-homology of B then

1. the class [E,7, P] ®c(p) a € KK(C*G,C) ~ Hom(R(G),C) is given by the distributionnal
index of Atiyah [1], i.e. the multiplicities of IndMB(P) @c(p) a are summable in the sens of
distributions on G;

2. denote by m([V] @cse IndMB(P) @c(py @) the integer associated to the multiplicity of V
[V] ®cwe IndMIB(P) ®c(B)y v N IndMIB(P) ®c(py . For any ¢ € C*(G), the series

> m([V] ®cse ndMP(P) ®c(p) Oé) <XV, @ >r2@)s
ve&

s convergente in C.
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Proof. Indeed, by the Theorem IndMIB(P) ®c(p) « is represented by the index class of a G-

transversally elliptic pseudodifferential operator on M. By [1], we know that the distributional

index of a G-transversally elliptic operator () is tempered on GG and is totally determined by its

multiplicities, that is to say Ind"(Q) = Y mq(V)xv is well defined as a distribution on G. [
ved

We now deduce from the previous discussion that the Chern character of the index class of a
G-invariant family of G-transversally elliptic pseudodifferential operators is a distribution on G
with value in the cohomology of the base B. For this purpose, the bivariant multiplicative Chern
character is used [26]. Then we show that the formal sum »_ Ch(mp(V))xy converges in the

Ved
distributional sense with value in the finite dimensional vector space H(B).

Theorem 3.6. Assume that B is oriented. Then the Chern character, in bivariant local cyclic
cohomology, of the index class of a G-invariant family of pseudodifferential operators which is G-
transversally elliptic along the fibers is a distribution with value in the even de Rham cohomology
of B. We have more precisely,

Ch(IndMB(P)) = ZA Ch(mp(V))xv € C~(G, H*(B))“.

Proof. In order to show that Ch(IndMB(P)) = S Ch(mp(V))xy converges in the sense of
vVed
distributions in C~>°(G, H*(B)), we will show that for any closed de Rham current C' on B,

the pairing of C' with the Chern character (Ch(IndMB(P)),C) is a distribution on G. Let
C € H.(B) be a de Rham current on B. As the Chern character is an isomorphism after
tensoring by C, we get that there exist Aj,..., A\, € C and ay,...,q, elements of K,(B) such

that C' = Z AiCh(;). Then we have (Ch(IndMB(P)),C) = Z Ai(Ch(IndMB(P)), Ch(a,)).

Therefore 1t 1s sufficient to check that this pairing is a dlstrlbutlon for each element of the
type Ch(a), with a € K.(B). Now if a € K,(B) then we have (Ch(IndM®B(P)), Ch(a)) =
Ch([IndMB(P)] ®c(p) ) by multiplicativity of the Chern character in bivariant local cyclic ho-
mology. On the one hand, if o € K;(B) then [IndMB(P)] ®¢p) o € KK'(C*G,C) = 0 and so
< Ch(IndMB(P)),Ch(a) >= Ch([IndMB(P)] ®c(p) @) = 0. On the other hand, if o € Ky(B)
then we know that by Corollary [3.5[ that [IndMB(P)] ®@c(p) Ch([IndM|B(P)] Rcp) @) is a
distribution on G. The Chern character is hence a distribution with values is the even de Rham

cohomology because using the universal coefficient theorem in bivariant local cyclic homology, we
have Ch(E, 7, P) € HL(C*G,C(B)) ~ Hom(R(G)®C,K°(B)®C) ~ Hom(R(G)®C, H*(B)). O

Remark 3.7. If B = {x}, we get the standard result (see [23]) that the Chern-Connes char-
acter of the index class of a G-invariant pseudodifferential operator which is G-transversally el-
liptic coincides with the distribution of Atiyah view as a trace on C°°(G)Y. Moreover, we have

Hom (HP,(C*(G)), HPo(C*(B))) = C~(G, H*(B))°.
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4 Berline-Vergne formula for equivariant families

In this section, we show a formula of the delocalized index in equivariant cohomology for H-
invariant elliptic families. In a first paragraph, we begin by recall the Bismut localization formula
[12] which is a generalization of the Berline-Vergne localization formula [10], [§].

4.1 Review of the Bismut localization formula

Assume that M and B are connected and oriented. Let H be a compact Lie group and b its Lie

algebra. Let X € h. Denote respectively by X, and Xp the vector fields generated respectively

by X on M and B. Let BX = {b € B/Xg(b) = 0} and M¥ = {m € M/Xy;(m) = 0} be the

submanifolds of zeros of X, and Xp. Since p is H-equivariant we have p, X, = Xpg. We know

that the fibration p : M — B restricts in a fibration p* : M* — B¥ see for example [12].
Choose a H-invariant metric < -,- > on M, i.e.

YY1, Yo e C°(M, TM) <h-Yi,h-Yy>=<Y],Ys> VheH.

Let THo" M be the orthogonal bundle of TV M. Denote by N3 the normal bundle of M¥ in M
and by N7 the normal bundle of BX in B. We can lift N& by p, into a subbundle of T°" M on
M. We note it p* N7 .

Theorem 4.1. [12]/With the previous notation, we have:

1. The vertical normal bundle N3x NTV M of M¥X coincides with the normal bundle N'(p~*(b) N
M, p=H(b)) of p~"(b) N M* in p=' (b).

2. The normal vertical bundle Nix(TV M of M coincide with the normal bundle N'(M*, p~1(BX))
of M~ in p~'(B¥).

3. Moreover, we have Niv = Ni- N TV M @& N .

Lemma 4.2. [19] Let T be a torus. Let V be a T-manifold. Denote by VT the set of fived points
of V under the action of T. Then the normal bundle N of VT in V is oriented by a complex
structure. In this case, we can define the equivariant Fuler class Eul(N) of the normal bundle N.

Theorem 4.3 (Bismut localization formula, 1986 [12]).

Denote by j : BX — B, i : MX — M, Eul(N;s N TV M, X) the equivariant Euler form of
NXNTYM and fM|B the integration along the fibers [13]. Let o € A(M) be a differential form
which is (d + «(X))-closed. Then the following equality holds in H(BX):

- B o
) /M|B a= /MXBX Eul(NS NTVM, X)
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4.2 Delocalized index formulas

Let again H be a compact Lie group and b its Lie algebra. Let p : M — B be a H-equivariant
fibration of compact manifolds. Assume that B is oriented. Assume that H is a topologically

cyclic group generated by a single element h. We can always reduce to this case by using Remark
below. Denote by i : TVMH" — TV M and j : B¥ < B the inclusions of the fixed point
submanifolds. We have the following theorem from [7].

Theorem 4.4. [7] The following equality is satisfied in H(B*,C) :
Ch(5*Indgy * (o (h))) / Ch(i*o(h))
Ch(A_ NB(h))  Jpvagmpn Ch(A1(NNTVM ® C @ p*NP)(h))

A AX(TV M,
Let s € H and X € h(s) small enough so that the flow e of Xj; and eX act in the same way

for ¢ close to 0. Let h = se. By [10], we know then that (M*®)X = M".

Lemma 4.5. Let s € H and X € h(s), we denote by h the element se™. Assume X small enough

so that (M*)X = M". We have the inclusions pyhc ™, pgsc_ s o py and we denote by iy the

inclusion of M" in M. We denote by Nj, the normal bundle of M" in M, Ni the normal bundle
of M" in M*® and N, the normal bundle of M* in M. Then we have:

1. Ch(A_y (NyNTYM @ C)(se™)) =Ch(A_1(N;nTYM @ C), X )ij, ,Ch, (A1 (N.NTYM @ C), X ),
1

(
2.Ch(A4(N;NTVM ®C), X) = Bul(N; N TVM ® C, X) A A(N; TV M, X) 72, (1b)
3. Chy (A (N.NTVM ® C), X) = Dy(N, N TV M, X). (

Proof. 1. The element se® acts trivially on M". On the one hand, we have the following
identifications:

- TMyys = TM* & N,
- TMppn = TM" @& Ny, = (TM*)ypn @ (Ny)pgn = TM" @ N @ (Ny)an,

so NyNTYM = N} 0TV M & (Ny)jpm N TV M. We know that A(E & E') = AE ® AE' and hence

Ch(A_1(NaNTV M®C)(se¥)) = Ch(A1(NiNT" M&C)(se™)) ACh(iz A1 (N.,NTY M@C)(s¢¥)).

On the other hand, the vector bundle N} is a vector subbundle of T'M* on which s acts trivially.
So the action on N} is trivial. We deduce that the action of s on A_1(N; N TV M @ C) is trivial
and we have:

Chyex (A1 N;NTYM @ C) = Ch(A N; N TVM ® C(se™)) = Ch(A,N; N TV M @ C, X).
Moreover, using Theorem [2.9] we have:
Ch(ipA 1 (N.NTY M&C)(se™)) = Chyex (A1 (N.NTY M®C))(0) = i}, ,Chy (A1 (N.NTY MRC), X).
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2. Denote by Ry(X) an equivariant curvature on N NTV M associated to a H-invariant metric

€R0/2 _ €7R0/2 e 0 __
connection. We have — = e~ o/ QRi and det (e‘RO/ 2) = 1 since Ry is antisym-
0
metric. It follows that A(Ng NTYVM, X)™2 = det T RX) ) so we get the result since
0

Eul(N; N TVM ® C, X) = Eul(N; N TV M, X)? = det( — Ro(X)).

3. Denote by R(X) an equivariant curvature on N*NT"V M and R(X)®C the equivariant curvature
associated on N* N TV M @ C. For any linear map A on R", if we denote by A’(A) the induced
map on A‘R™ then we have:

S (—1)'Tr (Ai (A)) = det(1 - A). (2)
The result follows from (2) applied to seX)®C, O

Lemma 4.6. In the cohomology with complex coefficients of BY, the folowing equality is satisfied
at the point h = e~ :

Ch(A(NNTYM @ Cap'NP)(e¥)) = Ch(A (NN T M & C), X) Ap"Ch(A1N”, X). (3)

Proof. The proof stems from Lemma and the multiplicativity of the equivariant Chern char-
acter.

[]

Theorem 4.7. For X € b small enough, the following equality is satisfied in the cohomology
H(B,dx) :

Ch(Indgy ®(0), X ) = / Ch(o, X) A A2(TV M, X).

TV M|B
Proof. By Theorem , we have the following equality in the cohomology of B¥:

Ch(j*Indyy *(a(e¥))) / Ch(i*o(e))
ChALNP(eX))  Jrvampn Ch(A (N NTVM @ C & p*NB)(eX))

ANAXTV M), (4)

We have Ch(j*Indg”B(a(eX))) = Ch(j*Ind%'B(a), X) since the action is trivial on B¥. So using
Lemma [4.5{ and Lemma |4.6, we get:

Ch(j*Indyy (o), X) / Ch(i*o, X) A A2(N N TV M, X)
Ch(A_1NB, X)  Jpvymps EWl(NNTVM @ C, X) Ap*Ch(A_1NB, X)

A AX(TV M,

Moreover, we have A2(N NTV M, X) A A2(TV M) = i* A2(TV M, X), so:

7*Ch(Indy (o), X)
Ch(A_,NB, X)

i*(Ch(o, X) A A2(TYV M, X
—Ch()\lNB,X)l/\/ ( (2, X) - ( )>
TVMH‘BH Eul(NﬁT M@(C,X)
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Moreover, for X € h small enough, the zeros of the vector field generated by X and the fixed
points of eX coincide so TV M = TVM* and B¥ = B¥. Since Ch(c, X) has compact support,
we can apply the Bismut localization formula (Theorem , to get:

i*(Ch(o, X) A ATV M¥, X))
/TVMXBX EW(NNTVM @ C, X)

= j* / Ch(o, X) AN ATV M, X).
TV M|B

Now, simplifying the invertible element Ch(A_; NZ, X) and using Proposition 2.1 of [10] which says
that the restriction j* : H(B,dx) — H(B*,C) is an isomorphism, we get the desired result. [

We now give a similar formula for the equivariant Chern character of the index of an elliptic
family in the neighborhood of a point s € H different from the identity.

Theorem 4.8. Let s € H and X € h(s), we denote by h the element se®. We suppose X small
enough, such that (M?*)X = M". Denote by N, the normal bundle of M* in M. The following
equality is true in the cohomology H(B®,dx) :

Chy(o, X) N ATV M*, X)
hS I M|B X) = / s\, ; .
C ( ndH (0-)7 ) TVMslBs DS(NSQTVM,X>

Proof. We have the inclusions pyhc ™ ppsc s . p7, we denote by i, the inclusion of M" in M.

Similarly, we have the inclutions ghc /s psc Js we denote by j, the inclusion of B" in B.
y B"“—= B B

We denote by N}, the normal bundle of M" in M, Nj the normal bundle of M" in M*. By Theorem
for h, on B" we get:

Ch(jxIndgy " (o () Ch(io(h))

= A AX(TV M,
Ch(A_1NB(h)) /TVMh|Bh Ch(A1(N,NTVM @ C® p*NB)(h) ( )
g

By Theorem we have the following equalities Ch (jZInth/IlB(a(h))) = j,’_‘L’SChS<(Ind1\HA‘B)(U), X)
and Ch (i;g(h) = i; ;Chy(o, X). Using Lemma , applying and the fact that TV M"@® N; =
iy TV M*®, we get:

Ch, (™ (o), X i, (Cha(o, X) A ATV M*, X) A DJ(N.NTV M, X))
Jhs (H ( )7 ) —LVMhlBh EUI(N}?JQTVM@C,X) .

Now, for X € h(s) small enough, we have M" = (M*)* and TV M" = (TV M*)*,

O (TndMB (o). X iz,s(Chs(J>X)/\1212(TVMS,X)/\DS(NSQTVM’X)fl)
Jh,s S( ndg (0)7 ) N /(‘TVMS)XKBS)X Eul(Nij ﬂTVM(X)(C’X) )

by Theorem [£.3] it follows that:

g Chy(Indyy *(0), X) = ji., / Chy(o, X) A A2(TYVM*, X) A Dy(N,NTY M, X) ™!

TV Ms|B*
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Moreover, the restriction j; , : H(B®, dx) — H(B") is an isomorphism, so we conclude:

Chy(o, X) N ATV M*, X)
b (Indy * (o), X :/ = 2
C 5( ndy ' (0), ) — Dy(N,NTVM, X)

]

Remark 4.9. [2] To remove the hypothesis that H is a topologically cyclic group generated by a
single element, it is enough to replace H by the closure of the group generated by the element h.
Indeed, if we denote by ¢ : H = < h > < H the inclusion of the closure of the group generated
by h in H then the following diagram is commutative:

Kua(TV M)~ K (T M)
IndMml llndgma

KH(B) Kf{<B)~

Remark 4.10. If the action of H is trivial on B then we obtain equalities in the de Rham
cohomology H(B) of B with complex coefficient.

4.3 An application: The homogeneous case

The purpose of this section is to explain the link between the Berline-Vergne delocalization formula
for a G x H-invariant elliptic operator and the formula along the fibers presented in the previous
section. We begin by recalling a construction from [4].

Let G and H be two compact Lie groups. Let P — B be a H-equivariant G-principal bundle.
Let F' be a G x H-manifold. We define a H-equivariant fibration p : M — B, with fiber F' and
structural group G, by setting M = P xg F. Let A : C®(F,ET) — C°(F, E~) be an elliptic
pseudodifferential G x H-invariant operator of order 1. By [4], we know that the index Indgy g (A)
of the operator A is an element of R(G x H). Recall ([4], (4.3) page 504) the map

p 1 R(G x H) = Ky(B)

induced by the map which associates to a G x H-representation V' the vector bundle over B given
by P xg V. We denote respectively p; and py the first and second projections of P x F'. Following
[4] (page 527), we define a H-invariant operator A on M, elliptic along the fibers. The operator A
lifts to an operator A; on P x F. Since A, is G x H-invariant, it induces an operator A on M. We
restrict A; to the constant sections along the fibers of P x F' — M. Since P is locally a product,
the restriction Ay of A to the open sets p~'(V) is just the lift of A, so Ay € P (p~*(V)) and
therefore A € fl(M ). The symbol o(A) satisfies o(,¢)(A) = 0¢(A) so is elliptic along the fibers of
p. Moreover, we have the following proposition:

Proposition 4.11 ([], page 529). The index of A is given by:

Indy P(A) =[P x¢ker A] — [P x¢ coker A] € Ky(B)
= pp(Indgy r(A)).
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Let s € H. We denote again by b the Lie algebra of H and by h(s) the Lie algebra of the
centralizer H(s) of s in H.

Corollary 4.12. Let X € h(s). We have the following equality in H(B*,dx):
Ch(Indyy *(4), X) = Chy(pp(Indé;, y (4)), X).

In the following, CW will equally denote the Chern-Weil homomorphism C*°(g x h)&>*# —
H% (b, B) and the Chern-Weil isomorphism H, (g ® b, P) — H3(h, B). We denote by 6 the
H-invariant 1-form connection on P and O its curvature. We denote by O(X) = © — ((X)6
its equivariant curvature. The Chern-Weyl isomorphism is given by CW(a)(X) = a(X,0(X)),
Va e HE, y(g@ b, P) and X € hh. For more details, see [I7] (see also [21]). We have:

Proposition 4.13. The following diagram is commutative:
R(H(s) x G) —£ Kyis) (B?)
Chs=x_ (se‘)l iChs
C>(h(s) x U)H(S)XGWH?{O(S)(U(S% B)

Applying this proposition and the Berline-Vergne formula [10], we get:

Corollary 4.14. Let X € b(s) small enough. We have the following equality in H(B?® dx):

MIB, B Ch,(c(A), X,0(X)) A A2(TFs, X, 0(X))
Ch,(Ind}) (A),X)_/TFS DOVTE 7). X 6(X) .

Proof. By Corollary [4.12] we know that
Ch,(Indy " (A), X) = Chy(up(Indf, ;4 (A)), X).
By Proposition [£.13] it follows that:

Ch,(Indy *(A), X) = CW (Indf;, 5, (4))(X).

So we get the result by applying the Berline-Vergne formula [I0] to Indf, ,;(A).
[

Let s € H. We have TVYM = P xg TF and TVM?® = P® xg TF® because the action of H
commutes with the action of G. Denote by N (F*, F') the normal bundle of F* in F'. The vertical
part of the normal bundle M*® = P* x g F* in M is given by N'(M*, MYNTVM = P* xg N (F*, F).
Denote by p; : P° x F* — P?® and py : P® x F® — F* the projections. The 1-form pjf is a
connection on P x ' — P X F which restrict to a connection on P* x F*® — P*® xq F*. We
denote by CWpsy s the Chern-Weyl isomorphism associated to the bundle P® x H® — P* x4 F*.
We have:
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Proposition 4.15. We have the following equalities:
1. A(P* xg TF*, X) = pt A(TF*, X, ptO(X));
2. DIN(M*, M)NTVM, X) = psDIN(F*, F), X, p;0(X));
3. Chy(a(A), X) = p5Chy(o(A), X, prO(X)).

Proof. We only give the details of the proof of the first equality. Assertions 2 and 3 can be shown
in the same way.
We have:

A(P* xg TF*, X) = CWpexp- (A(P* x TF*, -, =) )(X).

As P* x TF* is the pullback by ps of TF?®, we obtain:
A(P* xg TF*, X) = CWpsps (p5A(TF*, -, -)) (X).

So we get the result by applying the Chern-Weyl isomorphism with the equivariant curvature
PiO(X). O

We will verify that the formula of index for families coincides with the formula obtained in
Corollary by a direct calculation.

Corollary 4.16. Let X € h(s) small enough. We have the following equality in H(B*,dx):

MIB, * B Ch,(o(A), X,0(X)) A A2(TF*, X, 0(X))
Chy(Indg "(4), X) = / DIN(F, F), X, 0(X))

Proof. We start by applying Theorem to compute the Chern character of Indll\le(/l). We have:

/ (0(A), X) AN A(P* x TF®, X)
Psx o TFs|Bs D(Ps xg N(F*, F), X) ’

Ch,(IndY®(4), X) =

By Proposition 4.15, we get:

. 5Chy(0(A), X, piO(X)) A psA2(TF*, X, ptO(X))
Ch, (IndY®(A), X :/ Pa .
(Indy™(4), X) PsxGTFs|B ps DN (F¢, F), X, p;i0(X))

Denoting by ¢ : P* x TF* — P® X TF? the projection, it follows that:

MIB, 7 B . (P3Chy(o(A), X, piO(X)) A ps AX(TF*, X, pi© (X))
Chs (Indi(4), X) ‘/stm.Bsq< PDIN(F™, F), X, p6(X)) )
B Ch,(co(A), X,0(X)) A A2(TFs, X, 0(X))
N /TF D(N(Fs,F), X,0(X)) '
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5 Berline-Vergne formula for a G-transversally elliptic fam-
ily
This section is an application of the cohomological formula of section [3] We use the Berline-Vergne

formula [T1] and more precisely the Paradan-Vergne approach from [25] to show a similar result
for families. We assume in this section that G acts trivially on B.

5.1 Vertical deformation of the Chern character

The Liouville 1-form on T*M allows to define by restriction a "vertical Liouville 1-form". More
precisely, let us fix a riemannian metric (-,-) on M. Then we can write TM = TV M @ p*TB.
Let 7 : T*M — M be the projection, let j : T*M — TV M* be the dual map to the inclusion
i:TVM < TM and let ¢ : T*M — TM be the isomorphism given by the metric on M and let
dirvar : TV M* — TV M be the induced isomorphism. Denote by r = ¢t oiodipvy and k =ro .
The Liouville 1-form w on T*M is the 1-form defined by (w(§), () = (&, Tn(()), where £ € T* M,
(e Te(T*M) and 7 : T*M — M is the projection. As before let G be a compact Lie group and
p: M — B a G-equivariant fibration of compact manifolds. Assume B oriented.

Lemma 5.1. Let w be the Liouville 1-form on T*M. The 1-form k*w is G-invariant and the
subspace Cix, of T*M is equal to C, = TEM.

Proof. The 1-form k*w is G-invariant because k is G-equivariant. Let £ € T*M and v € Te(T*M).

We have:
(K'w)e, v) = (wk(e), Tek(v)) = (k(€), Thieym o Tek(v)).

Furthermore, we have the equality m o k = 7w so we get:

(K'w,v) = (k(£), T (v)).

Now if v = XJ.,,(§) is given by an element X € g then Tw(v) = X;,(7(€)) is a vertical vector,
that is T(v) € Ty M so (K*w,v) = (w, X7y (€)) since the horizontal part of & vanish on the
vertical vectors. So we get that Cy-, is equal to C,,. O

Corollary 5.2. The Chern character in H> (g, T*M) defined using the Liouville 1-form w is
equal to the Chern character defined using the vertical Liouville 1-form k*w.

Proof. By Theorem 3.19 of [24] (see also Theorem [2.9), we know that if o, : ET — E~ is a family
of smooth G-invariant morphisms and A, a family of G-invariant 1-forms such that C_, C F, for
7 € [0,1] and F a closed subspace of T* M, then all the classes Chgyp (0, Ar) coincide in Hz*(g, N).
We take for o, the constant family of morphisms and for A, the family of 1-forms 7w + (1 — 7)k*w.
Note that the family A, is G-equivariant. We have for v € T¢(T*M):

(Ar,0) = 7(, Tm(v)) + (1 = 7)(k(E), Tm(v))

so if v is given by an element X € g then (A\;,v) = 0if £ € TEM. We get that Cy, = C, = Cysy,
which completes the proof. O
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Lemma 5.3. Let w be the Liouville 1-form on T*M. The 1-form r*w is G-invariant and the
subspace Cpey, of TV M* is equal to TY M*.

Remark 5.4. The 1-form r*w is the restriction of w to TV M* that we see as a submanifold of
T*M using the metric.

Proof. The 1-form r*w is G-invariant because r is G-equivariant. Let & € TVM*. Let v €
Te(TV M*). We have:

(r'w, v) = (wne), Tk(v)) = (r(§), Tm o Tr(v)) = (£, Tm(v)).

because r is the inclusion of TV M* in T*M and 7o is the projection 7 restricted to TV M*. From
this we deduce that the map f,-, : TV M* — g* is zero if £ € T M*. O

5.2 Berline-Vergne formula

We begin by recalling the cohomological formula from [25] for a G-transversally elliptic operator.
We will deduce from this formula, with the help of a Kasparov product, the formula for a family
of G-transversally elliptic operators. We denote by w, the Liouville 1-form on T*M?® and we use
the notation of the previous section.

Theorem 5.5 (|25], Theorem 3.18). Let o be a symbol of G-transversally elliptic operator on
a compact G-manifold M. Denote for any s € G, by N® the normal vector bundle to M?® in
M. There is a unique G-invariant generalized function on G denoted Indwh ([o]), such that the
following local relations are satisfied:

Chy (A% (0),Y) A A2(TM*,Y)

nd 2 (o]l (V) = (2im) 0 B 7) ,

coh

T*Ms

Vs € G and VY € g(s) small enough so that the equivariant classes A2(TM?®,Y) and D(N*®Y)
are defined. Moreover, the generalized function Ind?o’,y([a]) only depends on the class of o in
Ke(TEM).

Furthermore, we have the following theorem which makes the link with the analytical index
IndM of Atiyah [I]:

Theorem 5.6 ([25], Theorem 4.1). The previous formulas define a map

mdSY : Ko(TeM) — C~=(G)¢

coh

and we have:
Ind%M = Ind%M.

coh
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Lemma 5.7. Denote by j : T*M — TV M* the projection, r : TVM* < T*M the inclusion
induced by the metric and p : M — B the projection. Let 0 € Kg(TY M*) and o' € K(T*B). We
have the following equality in H;> (g, T*M?®):

Chy(A“ (0 @ p*0’),Y) = j*Chs(A"“*(5),Y) A p*Ch(c").

Denote by E the super-bundle corresponding to o and E’ the super-bundle corresponding to o’.
In this lemma, A“* means the restriction of a super-connection A* on E @ p*E’, A" “s means the
restriction of A”% (o) = A +i(vy +7*w), where A is a super-connection on E and A(¢’) = A’ +iv,
where A’ is a super-connection on F'.

Proof. By Corollary [5.2] we have the equality:
Chy(A“ (0 ® p*0’),Y) = Chy (A7 " (¢ @ p*0’),Y).
Furthermore, if we consider the product super-connection
B=7A®1+1®p A,

then we get: .
A]*T*w(o_ ®p*0_/) _ j*(Ar*w(o_) ® 1) +1 ®p*(A/(O'/)>,

because Vygpror = Vs @ 1 +1 ® p*v,r. So the equality. O

Let now o be a G-transversally elliptic symbol along the fibers of p : M — B. We defined
in Section [3| the Chern character of the index class Ch™"(IndM/®([s])). Moreover, we identified
it with an element Ch(IndM!®([o])) € C~=(G, H**(B))% in the Theorem . We can restrict
such element through its associated generalized function because such element is an element of
C~(G)Y ® H(B).

We can now state our main theorem:

Theorem 5.8. Let o be a G-transversally elliptic symbol along the fibers of a compact G-equivariant
fibration p : M — B with B oriented and G-trivial. Denote by N*® the normal vector bundle to M?
mn M.

G,M|B

1. There is a unique generalized function with values in the cohomology of B denoted Ind_),

Ko(TY M) — C=°°(G, H(B))Y satisfying the following local relations:

Chy (A" (0),Y) AN ATV M*Y)

17 (o]) () = (2im)~4m0012) D,(N*.Y) |

coh

TV M*|B

Vs € G, VY € g(s) small enough such that the equivariant classes A%2(TVM?*.Y) and
D(N*.Y) are defined.
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2. Furthermore, we have the following index formula:

S (o) = Ch(ind ™ ((o])) € C~(G, H(B))°.
Proof. Recall that G(s) means the centralizer of s in G and that g(s) is its Lie algebra. Denote
by Us(0) C g(s) a G(s)-invariant neighborhood of 0, such that the A-genus A(TY M*,Y) as well
as m are defined on Ug(0). Denote by ng the dimension of M* and n the dimension of
B. By Theorem 3.6, we have Ch(Ind™([0]))[|,(Y) € Hg(5(Us(0), B) = C~(U,(0))°) @ H(B).
To compute Ch(IndMB([0]))||s(Y) it is sufficient to pair it with the de Rham homology of B.
Moreover, the de Rham homology of B is generated by the range of the Chern character of the
K-homology of B. By Corollary we know that the pairing of the index class of a family of
G-invariant operators which are G-transversally elliptic with an element of the K-homology of B
is represented by a G-invariant, G-transversally elliptic operator on M. Let ¢’ be a symbol on B
then we can apply Theorem to the G-transversally elliptic symbol o @ p*o’, to deduce ([25]):

Ch, (A% (0 @ p*a’),Y) A A2(TM?*,Y)

mdSY ([0 © p*o’])||s(Y) = (2im) ™ Dy(N*,Y)

T*M?*

By Theorem we know that TM* = TV M* @ p*TB and that N is vertical because the action
of G on B is trivial. So we have:

A(TM®)Y) = ATV M*,Y) Np*A(TB).

Moreover, we have Ch,(A“:([oc ® p*0’]),Y) = j*Ch,(A"“:([0]),Y) A p*Ch(A([0"])), where j :
T*M — TVM*. So we get

y* ™ ws o 2 Vv s R
S (o @ po']) (se¥) =(2im) e [ held f)j(N);‘)(T MY) s (Cn(ao) 42T 3),

T*M*®

As B is oriented, we get:

IndGM ([oc ® p*o’]

rwg 2 1% s
_ / 2im) (e / M DELND [ iny-voniao ) 42

But, |(227r) "Ch(A([¢"]))A%(TB) = PD(Ch(|P,])) where [P,] € KK(C(B),C) and where
TB|B
Ch([P,/]) is the Chern character of [P, ] in de Rham homology of B and PD is the Poincaré
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duality isomorphism Hgim p—e(B,C) — H*(B,C). So we get that

mdSMP (o), (Y) = (2im)~ dim°15) (0).Y)

coh
TV M*|B

defines an element of C~*°(G, H(B))® = C~*°(G)Y @ H(B), since for any o’ € K(T B) the gener-
alized functions (Ind%," (0 ® o")|s)s define an element of C~°(G)¢ by Theorem 3.18 of [25).

9
coh

By Theorem 4.5 of [6], we know that
IndS" ([0 © p*o’]) = Ind™B([0]) ®c(m) [Po]-

We denote by Ch'™ the Chern character in bivariant local cyclic homology [26]. The following
diagram is commutative:

C=(G, H(B,C))° ® H,(B,C) —

|

Hom(R(G) ® C, H*(B,C)) ® H.(B,C) "~ Hom(R(G) & C,C)

|

HL(C*G, C(B)) ® HL(C(B),C) ——— HL(C

== (@)¢

From this we deduce that the product Ch™ (IndM®([o]))oCh™"([P,/]) becomes via the isomorphism
HL(C*G,C) ~ Hom(R(G) ® C,C):

Ch™ (Ind™®([0])) o Ch™([P,1]) 2 IndF" ([0] @ p*[o).
Now, by Theorem , see [25], we know that IndS = Ind%:M. So

coh

Ch™(Ind""?([0])) o Ch"™([P,/]) = Indg;;" ([0] @ p*[o).
As mdSM ([o] @ p[o]) = (IdS""P ([0]), PD(Ch(P,1)), we get by Poincaré duality that
Ch™™ (IndMB ([5])) ~ Ind% M2 ([o]).

By the identification of Theorem [3.6], we eventually get:

Ch(IndM®([o])) = IndS""" (o).
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