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Pneumatic artificial muscles are an interesting type of ac-
tuators as they provide high power-to-weight and power-to-
volume ratio. However, their efficient use requires very accu-
rate control methods taking into account their complex and
nonlinear dynamics. This paper considers a two-degree-of-
freedom platform (a simplified version of a Stewart platform)
whose attitude is determined by three pneumatic muscles
controlled by servovalves. An overactuation is present as
three muscles are controlled for only two degrees of freedom.
The contribution of this work is twofold. First, whereas most
of the literature appraches the control of systems of similar
nature with sliding mode control, we show that the platform
can be controled with the flatness-based approach by chosing
an appropriate flat output. This method is a non-linear open-

loop controller introduced by Fliess et al. [1]. In addition,
this approach is model-based, and it can be applied thanks
to the very accurate models of the muscles, the platform and
the servovalves that have been recently experimentally de-
veloped. Second, we solve the overactuation of the platform,
by an adequate choice for the range of the efforts applied by
the muscles. In this paper, we recall the basics of this control
technique and then show how it is applied to the proposed
experimental platform. In addition to the flatness-based con-
troller, a proportional-integral controller is added in order
to overcome the modeling errors. At the end of the paper, the
proposed approach is compared to the most commonly used
control method, and its effectiveness is shown by means of
experimental results.



Nomenclature
P0 Atmospheric pressure.
θ0 Weave angle of the muscle at rest.
D0 Diameter of the muscle at rest.
l0 Length of the muscles at rest.
α Experimentally determined power coefficient.
K Experimentally determined coefficient.
εa Experimentally determined coefficient.
εb Experimentally determined coefficient.
k Polytropic index (air).
r Perfect gas constant.
T Air temperature.
R Muscle application point distance from center (constant).
J Momentum of inertia about an horizontal axis (constant).
φ1=−90◦ Angular position of the 1st muscle (constant).
φ2=30◦ Angular position of the 2nd muscle (constant).
φ3=150◦ Angular position of the 3rd muscle (constant).
θx Angular position of the platform aroundx axis.
θy Angular position of the platform aroundy axis.
Pi Absolute pressure inside theith muscle.
vi Voltage applied to theith servovalve.
Vi Volume of theith muscle.
qi Mass flow into theith muscle.
εi Contraction of theith muscle.
ε0 Initial contraction of the muscle.
Fi Force applied by theith muscle.
Γ Perturbation torques.

1 Introduction
Pneumatic artificial muscles (PAMs) are an efficient

type of actuators featuring high power-to-volume ratio and
high pulling efforts at a relatively low price. [2,3] This makes
their use quite interesting in many engineering and robotic
applications, even if their control is problematic due to the
non-linearity found in their behavior.

The control of PAMs has been approached with sev-
eral methods trying to cope with the strong nonlinearities
of their dynamics. The approaches found in the literature
are mainly inherently nonlinear control methods; [4,5] slid-
ing mode controllers are one of the most common choices,
[6, 7, 8] also sometimes combined with adaptive or neural
controllers, [9, 10, 11] or backstepping. [12] Sliding mode
controllers in fact provide enough robustness with respectto
a dynamical model containing uncertainties. Nonetheless,
the main drawback of the sliding mode control is the chatter-
ing phenomenon (quick switching of the control action).

The nonlinearity in the model of the pneumatic muscles
stems from the fact that the contraction effort they produce
is a nonlinear function of both internal pressure and relative
length contraction (as shown in Fig.3). Some hysteresis
effects can also be remarked as the effort produced is not
the same if the muscle is being contracted or deflated. The

models of PAMs reported in the literature either do not take
into consideration this phenomenon when designing the con-
trol law, or consider it as a model uncertainty. It is note-
worthy to mention that while many models of PAMs can be
found [2,13,14], the model we adopt in this work is a new,
experimentally obtained model [15] resulting from static and
dynamic tests done at our laboratory. These tests have pro-
vided a very accurate model for the specific PAM that we
consider in this work. As observed experimentally, the hys-
teresis phenomenon is relatively small and can be approxi-
mated by the average of the values obtained in both compres-
sion and deflation at each working point of the muscle. It is
worth mentioning that other references have adopted other
(possibly more complicated) approaches to solve this issue,
see for instance Schindele et al. [16].

The topic of this paper is a study of a two-degree-of-
freedom platform, actuated by three pneumatic muscles. The
objective is the synthesis of a model-based control law allow-
ing the tracking of a reference trajectory for a wide operating
range of the muscles. The platform is constrained to a limited
operating domain due to mechanical constraints and to the
fact that the muscles generate only pulling forces. Further-
more, the system can be considered as overactuated (three
actuators moving two degrees of freedom), which requires a
control allocation strategy.

In this work, we propose a flatness-based (feedforward)
control [1] that simultaneously exploits the model of all the
elements involved and solves the over-actuation problem.
The originality of adopting this model-based approach liesin
the very detailed and recently developed experimental mod-
els of the muscles, that together with the inherently nonlin-
ear control method, lead to a high accuracy in the trajectory
tracking for a wide range of set-points. Furthermore, we
provide a theoretical proof of the flatness of the system by
considering a flat output that also allows an allocation con-
trol strategy. The robustness with respect to model errors
is provided by coupling the flatness-based controller with a
proportional-integral (PI) controller feeding back the error
with respect to the reference trajectory.

The paper is structured as follows. At first, we intro-
duce the notation used throughout the paper. Subsequently,
we introduce the model of the platform and of all its ele-
ments, including the pneumatic artificial muscles. We then
show that a proper choice of outputs makes the system flat,
and therefore a flatness-based control law is possible. After-
wards, the problem of overactuation is studied. At last, some
experimental results are shown before concluding.

2 Notations and definitions
Let R be the set of real numbers, andN the set of the

strictly positive integers. For a matrixA, A⊤ denotes the
transpose ofA. Given two functionsf (x),g(x) ∈ R

n, with



x ∈ R
n, let the Lie derivative off along g be defined as

Lg f (x) = ∂ f (x)
∂x ·g(x). Forξ ∈N, let Lξ

g f (x) =
∂Lξ−1

g f (x)
∂x ·g(x),

with L0
g f (x) = f (x). For all signalsx depending on the time

t, x(ξ) will indicate itsξ-th time derivative, i.e.x(1) = dx
dt = ẋ,

x(2) = d2x
dt2

= ẍ, etc.
All the symbols concerning the pneumatic muscle plat-

form are defined in the nomenclature section.

3 The pneumatic platform
3.1 Description

The pneumatic platform studied in this paper is repre-
sented in Fig.1 and Fig.2. It consists of a metal plate fixed
to a central spherical hinge on top of a vertical beam, with
three pneumatic muscles (Festo DSMP), controlled by ser-
vovalves Festo MPYE-5-M5-010-B, attached radially to the
plate at equally spaced points. Due to the structure of the
system and since the muscles can only exert pulling efforts
in the same direction of their central axis (which is assumed
to be vertical in our case), the motion of the platform will
be restricted to only two degrees of freedom, i.e. the two
rotational angles (θx andθy) with respect to horizontal axes
passing through the hinge. An inclinometer (TE Connec-
tivity G-NSDOG2-001) provides the measurement of these
angles, and pressure sensors (Festo SDET-22T-D10-G14-U-
M12) are present at each muscle. The sensors and acuators
are connected to a computer through a dSPACE system.

This platform can be considered as a simplified version
of a Stewart platform. Therefore, it is a test bench on which
control laws can be tried and evaluated before moving to
more complex systems with more degrees of freedom.

3.2 Model
This section reports the differential equations describing

the system dynamics and the different assumptions made. A
more detailed description of the complete model of the sys-
tem is presented in Bou Saba et al. [17], with all the hypothe-
ses and explanations. The interested reader may refer as well
to Sermeno Mena et al. [15] for more details (including how
the hysteresis has been approximated) about the experiments
made on the PAM model we adopt.

The first elements to be modeled are the pneumatic mus-
cles, which are supposed to be identical (they have the same
length at restl0, the same initial contractionε0, etc.). The
length contraction of each muscle (i ∈ {1,2,3}) can be writ-
ten as:

εi =
R
l0
(cosφi sinθy− sinφi sinθx cosθy)+ ε0. (1)

Subsequently, the rate of contraction of each muscle is the

Inclinometer

Platform

Pneumatic muscle

Servovalve

Pressure sensor

Fig. 1. The experimental platform.
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Fig. 2. Axonometric view and view from the top of the top plate,

with definition of the axes x, y, z and the rotation angles θx and θy.

M1, M2 and M3 are the attachment points of the three pneumatic

artificial muscles and define the three angular positions φ1, φ2 and

φ3 given in the nomenclature section.

time derivative ofεi , i.e.

ε̇i =
R
l0

[

−θ̇x sinφi cosθx cosθy

+θ̇y(cosφi cosθy+ sinφi sinθx sinθy)
]

.

(2)

The direct dynamical model [17] is written as

[

θ̈x

θ̈y

]

= M (θx,θy)





F1

F2

F3



+
1
J

Γ (3)

where the matrixM (θx,θy) is given in equation (4) at the top



M (θx,θy) =
R
J





−sinφ1 cosθx cosθy −sinφ2 cosθx cosθy −sinφ3cosθx cosθy

cosφ1 cosθy+ sinφ1sinθx sinθy cosφ2 cosθy+ sinφ2sinθx sinθy cosφ3cosθy+ sinφ3sinθx sinθy



 (4)











































E (θx,θy) =
R
J





−sinφ1cosθx cosθy −sinφ2cosθx cosθy

cosφ1cosθy+ sinφ1 sinθx sinθy cosφ2cosθy+ sinφ2 sinθx sinθy





G(θx,θy) =
R
J





−sinφ3cosθx cosθy

cosφ3cosθy+ sinφ3sinθx sinθy





(5)

of the next page. The termΓ = [Γx,Γy]
⊤ contains the torques

that will not be modeled (as an arbitrary choice) and will be
left to the feedback control to take care of. Such terms are
either due to friction, or to gyroscopic couplings between the
two axes, or to external forces acting on the platform. The
friction terms are quite difficult to model exactly, whereas
the gyroscopic couplings are relatively small due to the fact
that the platform keeps always almost horizontal and moves
at relatively low angular velocities. This allows considering
the platform’s movement around each axis as decoupled, ac-
cording to (3) above. Such an equation can also be written
as

[

θ̈x

θ̈y

]

= E (θx,θy)

[

F1

F2

]

+G(θx,θy)F3+
1
J

Γ (6)

where the matricesE (θx,θy) and G(θx,θy) are given in
equation (5) at the top of the next page. This form separates
the effect of the first two forces with respect toF3, which
makes it easier to approach the overactuation problem.

In turn, the effort exerted by a pneumatic muscle can be
modeled with a quasi-static model [17,15] as

Fi(Pi ,εi) = H(εi)(Pi −P0)+L(εi), (7)

where

H(εi) =
πD2

0

4

[

3(1− εi)
α

tan2 θ0
−

1

sin2 θ0

]

, (8)

L(εi) = K
εi (εi − εa)

εi + εb
, (9)

and α, K, εa and εb experimentally determined constants
[15]. Considering that the operating range of the servovalves
is 1.25 bar6 Pi 6 7 bar, the contraction force in the operat-
ing domain for each muscle is represented in Fig.3. Only
contraction forces are possible (the muscles cannot push),
thereforeFi > 0.
Notice that the angles of the platform (θx, θy) are physi-
cally constrained to be in the range[−15◦,15◦]. Accordingly,
contractionsεi are within the range[−0.03,0.21], for which
H(εi) is never equal to 0.
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Fig. 3. Contraction force applied by a muscle as a function of the

contraction εi and absolute pressure Pi .

The pressure inside each muscle is modeled as

Ṗi =
krT

Vi(εi)

[

qi(Pi ,vi)−
Pi

rT
∂V(εi)

∂εi
ε̇i

]

(10)



wherek is the polytropic index of the gas,r the perfect gas
constant,T the temperature,qi the mass flow of gas, andVi

the volume of the muscle, for which the following formula
has been proposed [17,15]

∂V
∂εi

(εi) =
π
4

D2
0l0

[

−
1

sin2 θ0
+(α+1)

(1− εi)
α

tan2 θ0

]

. (11)

The parametersD0, l0 andθ0 are defined in the nomenclature
section. The temperatureT is considered constant, due to the
fact that the relative variation of the temperature during the
movement of the muscle is very low and thus neglected for
simplicity.

At last, the mass flow of gasqi entering each muscle is a
nonlinear function of the pressure inside the muscle and the
voltagevi fed to the servovalve. More precisely, it can be
modeled [18] as:

qi(vi ,Pi) = ϕ(Pi)+ψ(Pi,sgn(vi))vi (12)

whereϕ andψ are two invertible polynomial functions with
a minimal degree of 4 and 5 respectively. The coefficients of
the polynomial functions have been determined numerically
by approximation of the experimental data obtained by our
research group at the Ampère laboratory. [18] This function
is graphically depicted in Fig.4. We note as well that the dy-
namical model of the servovalve is neglected due to its very
fast dynamics and large pass-band (∼ 100 Hz) compared to
the dynamics of platform and muscles (∼ 1 Hz).
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Fig. 4. Mass flow of a servovalve as a function of voltage vi and

absolute muscle pressure Pi .

Note that from equation (12) and because of the invert-
ibility of ϕ andψ, the model of the servovalve is invertible,

i.e. we can always find the required voltagevi that should be
applied to theith servovalve in order to have a desired flow
qi for a defined pressurePi in the ith muscle. The inverse of
this model will be used in the control synthesis.

3.3 Control objectives
The aim of this test rig is to demonstrate the ability to

track any smooth trajectory ofθx and θy. Trajectories of
this kind can be chosen as infinitely differentiable piece-wise
functions without loss of generality in the control synthesis.

4 Model analysis and control
The accurate modeling, previously proposed, enables

proper application of non-linear control theory, such as
flatness-based control. Before being applicable, an essen-
tial condition has to be verified; it consists in proving that
the system is flat. The relevant concepts about flatness are
recalled here.

4.1 Flatness and flatness-based control
The concept of flat system and flatness-based control for

nonlinear systems have been introduced in Fliess et al. [1]
Basically, the “flatness” is a property of a dynamical system
and a choice of its outputy, as defined here.

Definition 1 (Flat system [ 1,19]). A dynamical system
of equations

ẋ= f (x)+g(x)u (13)

with x∈ R
n, u∈ R

m is flat if and only if there exist anRm-
valued smooth function h depending on x and a finite number
µ∈ N, such that the square differential-algebraic system de-
fined by(13) and the by the following equation

y= h(x,u,u(1), . . . ,u(µ)) (14)

has a solution(x,u) of the form

x= η(y,y(1), . . . ,y(ν−1)), (15)

u= ξ(y,y(1), . . . ,y(ν)), (16)

for an appropriate value ofν ∈N, whereη andξ are smooth
functions inRn andR

m respectively. The output y is then
called “flat output”.



The idea of flatness can be explained briefly as follows.
If one can choose as many output variablesyi as inputs (the
system is square), in a way to recover the state and the inputs
from these output variables and their successive derivatives,
then the system is flat and a flatness-based, open-loop con-
trol law can be derived by system inversion (as applied later
on). The subtlety in this task lies in the capability of express-
ing every state variable and input variableindependentlyas
functions of the output variables and their successive deriva-
tives. Two fundamental concepts for system inversion are the
relative degree and the coupling matrix.

Definition 2 (Relative degree). The relative degree of
the ith component yi of y is the smallestρi ∈ N for which
Lg j L

ρi−1
f hi 6= 0 for at least one value of j, j∈ {1, · · · ,m}.

The relative degree will determine how many times an out-
put has to be differentiated in order to get to a corresponding
input variable.

Definition 3 (Coupling matrix). The coupling matrix
∆(x) is given by the expression:

∆(x)=













Lg1Lρ1−1
f h1 Lg2Lρ1−1

f h1 . . . LgmLρ1−1
f h1

Lg1Lρ2−1
f h2 Lg2Lρ2−1

f h2 . . . LgmLρ2−1
f h2

...
...

. . .
...

Lg1Lρm−1
f hm Lg2Lρm−1

f hm. . .LgmLρm−1
f hm













. (17)

Differentiating(14) with respect to time and using(13), we
have that













y(ρ1)
1

y(ρ2)
2
...

y(ρm)
m













= ∆(x)u+













Lρ1
f h1

Lρ2
f h2
...

Lρm
f hm













. (18)

The control law which has been applied to the test rig
is based on the following theorem, which is a well-known
result for which no proof is necessary here.

Theorem 1. (Proposition 4 From Fliess et al. [1]) If a sys-
tem of equationṡx = f (x)+g(x)u with u∈ R

m is flat (Def-
inition 1) with respect to a flat output y= h(x) ∈ R

m with
relative degreesρi , then the system is controllable.

Therefore, for a flat (thus controllable) system, an ex-
plicit control law can be found by inverting equation (18).

Consequently, the following open-loop law

u= ∆(x)−1





























y(ρ1)
1,ref

y(ρ2)
2,ref
...

y(ρm)
m,ref















−













Lρ1
f h1(x)

Lρ2
f h2(x)

...
Lρm

f hm(x)



























(19)

can be used to track a given smooth reference trajectory
yref(t). This kind of flatness-based control has been applied
in the literature in many examples, for instance in motion
planning [20], for 2D crane control [1] and for a standard
n-trailer system control [21]. In these cases, each control
variable has been explicitly determined as function of the
desired outputs and their successive derivatives. The expres-
sion given in (19) is a compact matrix form of the flatness-
based control for a multi-input multi-output system. It is es-
sential to note thatu is a function ofyref and its derivatives
only, since according to the definition of a flat system, the
statex verifies (15). It is therefore a major difference with
input-output linearization techniques.

Remark 1. A necessary condition to include all the dynam-
ics of all the state variables (and therefore be able to express
them in terms of the desired outputs and their successive
derivatives), is that the sum of the orders of differentiation
of the outputs is equal to the order of the system (number of
state variables):

m

∑
i=1

ρi = n. (20)

In addition, every input has to be associated to a different
output.

Remark 2. One should make sure that the coupling matrix
∆(x) given in equation (17) is invertible (at least locally).
Otherwise, the flatness-based control cannot be used, since
the control variables cannot be decoupled, i.e. we will not
be able to express each control input independently as func-
tion of the desired outputs and their successive derivatives as
required for a flatness-based control.

4.2 Complete state-space model
The state of the platform model can be chosen asx =

[x1,x2,x3, . . .x7]
⊤ = [θx,θy, θ̇x, θ̇y,P1,P2,P3]

⊤, whereas the
input vector isu= [q1,q2,q3]

⊤.

Remark 3. For the control law synthesis, we have consid-
ered the mass flow rates as the input variables instead of the
voltages, in order to get an explicit expression of the control



as will be shown later. The static characteristic of the ser-
vovalve will then be inverted numerically to determine the
voltage that should be applied. The computation allows get-
ting the required flow rate at any time, and it uses the desired
outputs, the pressure inside each muscle from the inversion
of the quasi-static model in (7), and the platform dynamics
in (6). Note that the required efforts and pressure values for
the trajectory tracking can be deduced at any time from the
reference.

By neglecting the perturbation termΓ, the system dy-
namics can then be expressed as follows.

ẋ= f (x)+g(x)u, (21)

where f (x) =











































x3

x4

−cosx1cosx2sinφ1 (H (ε1)(x5−P0)+L(ε1))
−cosx1cosx2sinφ2 (H (ε2)(x6−P0)+L(ε2))
−cosx1cosx2sinφ3 (H (ε3)(x7−P0)+L(ε3))

(cosφ1cosx2+ sinφ1sinx1sinx2)(H (ε1)(x5−P0)+L(ε1))
+(cosφ2 cosx2+ sinφ2sinx1sinx2) (H (ε2) (x6−P0)+L(ε2))
+(cosφ3 cosx2+ sinφ3sinx1sinx2) (H (ε3) (x7−P0)+L(ε3))

a(ε1, ε̇1)(x5−P0)

a(ε2, ε̇2)(x6−P0)

a(ε3, ε̇3)(x7−P0)











































(22)
g(x) = [g1(x),g2(x),g3(x)] with

g1(x) =





















0
0
0
0

b(ε1)
0
0
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




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





, g2(x) =










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0
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0
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, g3(x) =


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













0
0
0
0
0
0

b(ε3)





















(23)
and















a(εi , ε̇i) =−
k

V(εi)

∂V(εi)

∂εi
ε̇i

b(εi) =
krT

V(εi)
·

(24)

It should noted that the dependency of the right hand side
of equation (23) and of both sides of (24) on the statex is
omitted for readability reason. According to equation (1),
the contractionsεi are functions ofθx andθy and therefore
they are functions of the statex, i.e.εi = εi(x) andε̇i = ε̇i(x).

4.3 Flatness of the model
At first, a flat output[y1y2y3]

⊤ has to be determined and
it has to be written according to (14), such that equations (15)
and (16) hold and the conditions stated in Remarks1 and2
are fulfilled.

Let us note that for non-linear systems, there is no gen-
eral method for determining a flat output and for proving
its uniqueness (whereas for linear systems the flat output is
unique and easily determined from the Smith form [22] or
from the Brunovsky form [20]).

This paragraph shows that the by adopting the following
output:







y1 = x1

y2 = x2

y3 = F3 = H(ε3)(x7−P0)+L(ε3)
(25)

the system is actually flat.
In order to prove the validity of equation (15), we can

remark thatx1, x2, x3 andx4 can be obtained directly from
y1, y2 and their first time derivatives. Oncex1, x2, x3 and
x4 are known, allεi , H(εi) andL(εi) are determined as well.
SinceF3 is an output andH(ε3) 6= 0, x7 is immediately also
determined. At last,x5 andx6 can be determined from ˙x3 and
ẋ4 if the matrix

[

−cosx1cosx2sinφ1 −cosx1cosx2sinφ2

cosx2cosφ1+sinx1sinx2sinφ1 cosx2cosφ2+sinx1sinx2sinφ2

]

is invertible. The determinant of this matrix is
cos2x2cosx1(sinφ2 cosφ1−sinφ1 cosφ2) which is never 0 in
the range ofθx = x1, θy = x2 allowed for the platform (i.e.
they never reach±90◦).

We now compute the relative degree of each output and
their Lie derivatives along the vectorsgi(x) and f (x) for i ∈
{1,2,3}. These derivatives will be used to verify equation
(20) (Remark1), the invertibility of ∆(x) (Remark2), and
for the synthesis of the control law.

Outputy1

Lg1y1 = Lg2y1 = Lg3y1 = 0⇒ ρ1 > 1;

L f y1 = x3;
Lg1L f y1 = Lg2L f y1 = Lg3L f y1 = 0 ⇒ ρ1 > 2;

L2
f y1 = ẋ3

=−cosx1cosx2 (sinφ1(H(ε1)(x5−P0)+L(ε1))

+ sinφ2 (H(ε2)(x6 − P0)+L(ε2))

+ sinφ3 (H(ε3)(x7 − P0)+L(ε3)) ;



Lg1L2
f y1 =−sinφ1 cosx1cosx2H(ε1)b(ε1),

Lg2L2
f y1 =−sinφ2 cosx1cosx2H(ε2)b(ε2),

Lg3L2
f y1 =−sinφ3 cosx1cosx2H(ε3)b(ε3).

It can be pointed out thatLg1L2
f y1, Lg2L2

f y1 andLg3L2
f y1

are never equal to 0 for thex1 andx2 within the valid
range, which makesρ1 = 3.

Outputy2

Lg1y2 = Lg2y2 = Lg3y2 = 0⇒ ρ2 > 1;

L f y2 = x4;
Lg1L f y2 = Lg2L f y2 = Lg3L f y2 = 0⇒ ρ2 > 2;

L2
f y2 = ẋ4

= (cosφ1cosx2 + sinφ1sinx1sinx2)

× (H(ε1)(x5 − P0) + L(ε1))

+ (cosφ2cosx2 + sinφ2 sinx1sinx2)

× (H(ε2)(x6 − P0) + L(ε2))

+ (cosφ3cosx2 + sinφ3 sinx1sinx2)

× (H(ε3)(x7 − P0) + L(ε3));

Lg1L2
f y2 =

(cosφ1cosx2+ sinφ1 sinx1sinx2)H(ε1)b(ε1),
Lg2L2

f y2 =
(cosφ2cosx2+ sinφ2 sinx1sinx2)H(ε2)b(ε2),
Lg3L2

f y2 =
(cosφ3cosx2+ sinφ3 sinx1sinx2)H(ε3)b(ε3).

Notice thatLg2L2
f y2 can never be zero in the valid range,

as the function

z= cosφ2cosx2+ sinφ2sinx1sinx2 (26)

plotted in Fig.5 never reaches zero in this interval. Thus
ρ2 = 3.

Outputy3

Lg1y3 = Lg2y3 = 0;
Lg3y3 = b(ε3)H(ε3) 6= 0⇒ ρ3 = 1.

The necessary condition (20) is satisfied asρ1 + ρ2 +
ρ3 = 7. Furthermore, one can readily check from the calcu-
lation of ρi , i ∈ {1,2,3} that every input is associated to a
different output. The last step is to verify that the coupling

Fig. 5. Value of zas function of x1 = θx and x2 = θy.

Fig. 6. Values of mas function of θx and θy.

matrix

∆ =





Lg1L2
f y1 Lg2L2

f y1 Lg3L2
f y1

Lg1L2
f y2 Lg2L2

f y2 Lg3L2
f y2

Lg1y3 Lg2y3 Lg3y3



 (27)

is invertible. The expression of∆ is made explicit in (28)
at the top of the next page (with the shorthand notation of
Hi = H(εi), Li = L(εi), bi = b(εi)).

The determinant of this matrix is|∆|= H1H2H3b1b2b3m
with m = −sinφ1cosx1cosx2(cosφ2cosx2 +
sinφ2sinx1sinx2) + sinφ2cosx1cosx2(cosφ1cosx2 +
sinφ1sinx1sinx2). The values ofm as function ofθx andθy

in the valid interval are depicted in Fig.6
Accordingly,|∆|6= 0, and therefore the coupling matrix

is invertible over the operating range and the chosen output
is proven to be flat.

4.4 Control law
The explicit expression of a flatness-based open-loop

control law can now be determined as





q̄1

q̄2

q̄3



= ∆−1(x)













y(ρ1)
1

y(ρ2)
2

y(ρ3)
3






−





L3
f y1

L3
f y2

L f y3










, (29)



∆ =











−sinφ1cosx1cosx2H1b1 −sinφ2 cosx1cosx2H2b2 −sinφ3cosx1cosx2H3b3

(cosφ1cosx2+ sinφ1 sinx1sinx2)H1b1 (cosφ2cosx2+ sinφ2sinx1sinx2)H2b2 (cosφ3cosx2+ sinφ3 sinx1sinx2)H3b3

0 0 H3b3











(28)
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Fig. 7. Global control scheme.

whereyi is the reference trajectory; we will denote as well
the variables calculated from this reference by an over-line.
The voltages ¯vi that should be supplied to the servovalves are
computed according to Remark3. Due to the presence of
the perturbation terms (Γ) which have been neglected, there
will necessarily be a non-zero errorεi = yi −yi . The flatness-
based control only provides a feedforward action and there-
fore it is guaranteed not to destabilise the system; on the
other hand, it is not robust to model errors. For this reason,
we introduce a feedback term, consisting of a proportional-
integral (PI) controller acting in parallel with the flatness-
based, open-loop contribution:

vi = vi + kpεi + ki

∫ t

0
εi dt. (30)

This PI controller provides robustness with respect to
modelling errors; its gains have been tuned experimentally
(i.e. assuming a linearised model as reference and then im-
proved with trials and errors). A detailed discussion over the
overall stability of the system, which should also take into
account possible model errors, is out of the scope of this pa-
per. However we can say that stability here is not a concern
if the PI is carefully tuned, due to the fact that the dynamics

of artificial muscles already has a stabilising effect. Figure7
shows the overall control scheme. We can notice that the
open-loop control contribution is generated without any sen-
sor output, and then added to the PI feedback control which
is based on measured errors.

The flatness-based control reveals some common as-
pects with the feedback linearisation control. [23] The main
difference lies in the fact that flatness-based requires a spe-
cific choice of flat output, whereas feedback linearisation can
take any output, assuming the system is observable, and re-
quires also the knowledge of the state variables.

5 Solving the overactuation
It can be pointed out that the platform is overactuated,

in the sense that the three forces applied by the muscles are
generating only two torques. To tell it in another way, the
average value of theFi is irrelevant for the platform’s dynam-
ics; if a givenF1 = F̃1, F2 = F̃2 andF3 = F̃3 generate certain
torques, thenF1 = F̃1 +F0, F2 = F̃2 +F0 andF3 = F̃3+F0

will generate the same torques for anyF0. Nevertheless, it is
required to have three muscles instead of two due to the fact
that muscles can only pull and not push, i.e. their force range
is limited to positive values as shown by Fig.3.

On the other hand, a given position of the platform cor-



responds to three values of the contractionsεi ; so the effort
exerted by each muscle at that position, according to Fig.
3, is bounded to be between a maximal valueFi,max and a
minimal valueFi,min. These limit values depend of course
on εi and on the fact that the range of the allowed pressures
is between 1.25 and 7 bar. Consequently, we can compute
the maximum and the minimum allowed forces that can be
exerted by any of the three muscles at any given position by

Fmax= min
i∈{1,2,3}

(Fi,max), (31)

Fmin = max
i∈{1,2,3}

(Fi,min), (32)

as depicted in Fig.8. The operating range associated to a
platform position defined byε1, ε2 andε3 is marked by the
shaded area. The reference trajectoriesθ̄x and θ̄y can be
defined according to a desired movement for the platform,
whereas the reference trajectorȳF3 can be chosen in order
to satisfy other objectives or constraints. The flat controlal-
lows choosing the value ofF3, which lets one make the best
choice in order to let all the muscles stay in their operating
force range. Roughly speaking, increasing the desired value
of F3 will add some stiffness to the system, since more pres-
sure will be supplied into the muscles in order to have the
required position, whereas decreasing the value ofF3 will
add more compliance.
Under the reasonable hypothesis that the platform moves
slowly (in any case it is constrained to angles smaller than
15◦), it can be assumed thatF1, F2 andF3 have to be close
to the equilibrium values, i.e.F1 ≈ F2 ≈ F3. For this reason,
setting the reference forF3 as

F3 =
1
2
(Fmax(ε̄1, ε̄2, ε̄3)+Fmin(ε̄1, ε̄2, ε̄3)) (33)

with ε̄i = ε̄i(θ̄x, θ̄y), will makeF1 andF2 within the allowed
interval as well, and therefore all the efforts will definitely
belong to the operating range at equal distance from its
boundaries. Note that the reference trajectoryF̄3 can be de-
termined offline from the reference trajectoriesθ̄x andθ̄y us-
ing (33).

6 Some considerations on sliding mode control
As mentionnend in the introduction, the vast majority of

the literature concerning the control of pneumatic artificial
muscles makes use of sliding mode control [6, 7, 8]. Slid-
ing mode is a very attractive choice, because of its inherent
robustness and ease of tuning. Nevertheless, it works by al-
ternating very strong control actions in opposite directions,
resulting in the so-called chattering phenomenon, i.e. small
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Fig. 8. Valid range of the efforts, bounded from below by Fmin and

from above by Fmax for a given position of the platform, determined

by the three contractions εi , i ∈ {1,2,3}.

oscillations around the reference trajectory. Even if suchos-
cillations might be small, in mechanical systems they will
produce vibrations (high frequency actions on the compo-
nents) as well as noise, both highly undesirable. For the sake
of clarity, we have designed a sliding mode controller to our
system by constructing a sliding surface in the sense of [8],
the error being on the three output components. The detailed
calculations are out of the scope of this paper and so they
are not reported here. Fig.9 shows the value of the forceF3

during a simulated experiment involving trajectory tracking.
The figure clearly shows a chattering phenomenon; such a
phenomenon can be attenuated by adding a boundary layer
thickness to the standard sign function. However, the effect
will persist with just vibrations of smaller amplitude. This
phenomenon is instead totally absent if flatness-based con-
trol is used.

Another drawback of the sliding mode is that, due to the
high relative degree of the output (equal to 3 forθx andθy),
the feedback control requires computing the second deriva-
tive of the measured angles, which is numerically problem-
atic. This can be achieved by either using online deriva-
tives of the output signals or designing a non-linear state
observer that yields the computation ofθ̈x and θ̈y. Either
way, this makes the control implementation more cumber-
some. On the other hand, by using the flatness-based control,
the derivatives of the output signals are not required since
this approach is an open-loop control and it relies on offline
computations using the reference and its derivatives.

7 Experimental results
A set of experiments has been conducted on the platform

in order to assess the performance of the proposed control
approach. The sampling time is 0.01 s and the inclinome-
ters’ output has a quantisation of 0.18 degrees. We remind
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sliding mode control is used.

the reader that the trajectories assigned toθx andθy have to
be smooth enough (at least three times differentiable) so that
the control can be computed according to (29). Let us first
consider a smooth step described by the hyperbolic tangent
function to check the precision in reaching a final static po-
sition. The target angles forθx andθy are chosen to be+6
and−6 degrees respectively, so that the muscles operate at a
wide range. Fig.10shows that the measured response (incli-
nometer output) of the platform converges instantly to the de-
sired trajectories forθx andθy. The plots of the contractions
are depicted in Fig.11, where the actual contractions, recon-
structed from the output angles using (1), are compared with
the reference. As we can notice, these plots highlight a con-
siderable operating range of the muscles (0 to 0.124% con-
traction) including the non-linear region illustrated in Fig. 3.

Next, the proposed flatness-based control coupled with
a PI controller is compared with a PI controller, empirically
tuned to get the best apparent performances (the scheme can
be obtained from Fig.7 by omitting the feed-forward con-
trol part). We apply as reference a combination of sinusoids,
representing a generalization of any dynamic smooth varia-
tions. We should note that the parameters of the proportional
and integral contributions, as well as the reference trajectory,
have been kept the same for both controllers during the test.
Figure12 reports the results for the PI controller, whereas
Fig. 13shows the flatness-based controller results. It is clear
from Fig. 12 and 13 that the feedforward action added by
the flatness-based control greatly improves the tracking abil-
ity. The root mean square tracking errors (forθx andθy re-
spectively) are 0.51 and 0.59 degrees with the PI controller,
whereas it is less than 0.25 and 0.29 degrees respectively
with the flatness controller. We notice as well a better trajec-
tory tracking when the flatness-based control is used, espe-
cially in terms of delay with respect to the reference trajec-
tory.

Figures14 and15 show the evolution of the pressures
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and the forces exerted by the three muscles respectively dur-
ing the flatness-based controller test. Note that the reference
F̄3 is determined by the overactuation-solving law (33). In-
terestingly, the forces never saturate (and neither do the volt-
ages nor the pressures), which validates the proposed strat-
egy.
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8 Conclusion
This paper has presented a successful application of a

flatness-based control (a non-linear open-loop control) aug-
mented with a PI controller to a platform featuring three
PAMs and presenting an overactuation. We have shown that
by choosing an adequate output the system is flat, and that
a flatness-based controller can be computed based on the
inverse of a coupling matrix. The control law, consisting
of the mass flow rates applied to the muscles, is explicitly
expressed in terms of the desired output and its successive
derivatives. The required voltages are consequently calcu-
lated by a numerical inversion of the static characteristic
of the servovalve. The platform features an overactuation,
which is solved by an appropriate choice of the third output
component, restraining the muscles efforts to their valid op-
erating range. The flatness-based controller, being applied
in open-loop, does not require any state or output feedback;
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however, in order to compensate any model error and pertur-
bations, a PI controller is added.

The experimental results clearly show a better trajectory
tracking compared to a simple PI controller, highlighting the
relevancy of a non-linear model-based control for systems
accurately modeled. Interestingly, the control performance
is independent from the shape of the trajectory itself. We
showed its efficiency in moving the platforma to a static set-
point, as well as in tracking dynamical variations in a wide
operating range of the muscles.

Compared to a sliding mode control, the flatness-based
approach provides a good level of performance with no chat-
tering, which usually causes undesirable high-frequency vi-
brations and noise. In addition, whereas other non-linear
controllers for this system will require the knowledge of high
order derivatives of the platform position in the feedback
loop, the flatness-based control law is expressed offline only



as function of the desired output and its successive deriva-
tives. This can significantly simplify the implementation of
a non-linear controller. Based on this, we conclude that the
proposed approach yields a reliable controller providing a
good tracking accuracy.

Future research will look at the possibility of using
PAMs for building a complete six-degree-of-freedom Stew-
art platform, and controlling it with the same approach.
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