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CLASSIFICATION OF SIMPLE CUSPIDAL MODULES
OVER A LATTICE LIE ALGEBRA OF WITT TYPE

Y. BILLIG AND K. IOHARA

ABSTRACT. Let W be the lattice Lie algebra of Witt type associ-
ated with an additive inclusion 7 : Z¥ < C? with N > 1. In this
article, the classification of simple Z"-graded W -modules, whose
multiplicities are uniformly bounded, is given.
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INTRODUCTION

In 1939, H. Zassenhaus published a long influential article [Z] where
he launched basic theory of Lie algebras over a field of positive charac-
teristic. In particular, he showed that the Lie algebra Der(K[Z/pZ]) =

d
(K[T]/ (Tp))ﬁ, where K is a field of characteristic p > 2, is simple

and its Killing form is trivial. In 1966, a central extension of this Lie

algebra was found by R. Block [BI]. Its characteristic 0 version (with-
d

out central extension), called the Witt algebra W = (C[Til]ﬁ, had
been considered long time ago by E. Cartan, see, e.g., [C]. Since its
appearance in quantum field theory in the late 1960’s, this Lie algebra
had been studied extensively both in mathematics and in physics.
One of the important results obtained for this Lie algebra is a clas-
sification of its Harish-Chandra modules. In 1992, O. Mathieu [M]
showed that a simple Z-graded module over the Virasoro algebra, the
central extension of the Witt algebra W, whose weight multiplicities
are finite, is either a highest /lowest weight module or a module of inter-
mediate series, that is, a Z-graded module whose weight multiplicities
are bounded by 1. The intermediate series for the Witt algebra W was
previously classified by I. Kaplansky and L. J. Santharoubane [KS].

d
The Witt algebra W has a basis formed by L,, = Tm“d—T (meZ)

and these elements satisfy the commutation relations:
(L, L) = (n—m) Ly yp.

This Lie algebra has several generalizations. For example, the Lie
algebra of algebraic vector fields on a torus (C*)V for some N > 1
(cf. [BF2]). For any lattice A of finite rank and an additive injective
map [ : A — C, H. Zassenhaus [Z] (see pages 47-48) considered the Lie
algebra W, with basis (Ly)xea satisfying

[Lxs L] = U = M) L

Such a Lie algebra is called the generalized Witt algebra or solenoidal
Lie algebra (cf. [BF2]).

Y. Billig and V. Futorny classified in [BF1] simple Z"-graded mod-
ules for the Lie algebra of vector fields on an N-dimensional torus.
Just as in case of the Witt algebra W, there are two classes of mod-
ules: generalized highest weight modules and modules with bounded
multiplicities. Let us briefly explain a new method developed in [BF1]
for the classification of the modules with bounded multiplicities, also
known as the cuspidal modules. Let V be either a Lie algebra of vector
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fields on a torus or a solenoidal Lie algebra. A key feature of these Lie
algebras is that they are free modules over the ring A = C[tfl, cee t]i\,l].
Based on this fact, one first classifies irreducible AV-modules, that is
V-modules on which one can deﬁ/xle a compatible A-action. For a V-
module M one defines its cover M in the category of AV-modules as
a certain submodule of the coinduced module Hom¢ (A, M). The key
step is to prove that a cover of a cuspidal module is again cuspidal. Fi-
nally it is shown that any simple Z"-graded V-module with uniformly
bounded multiplicities can be realized as a quotient of the restriction
to V of an irreducible cuspidal AYV-module.

In 2013, K. Iohara and O. Mathieu [IM1] classified Lattice Lie al-
gebras, that is Z"¥-graded simple Lie algebras whose multiplicities are
1. Among such Lie algebras, there is a class defined below, which is
another generalization of the Witt algebra.

Let (-,-) be the standard symplectic form on C2. The Poisson al-
gebra § of the principal symbols of pseudo-differential operators in
one variable is the vector space S = @, 2 CLy equipped with the
commutative algebra structure

L)\ : L,LL = L)\+u+p7

where p = (1,1) is a fixed vector, with the Poisson bracket {-,-} given
by
{Lx L} = A+ oo+ p) Ly
For any additive injective map 7 : A < C2, the Lie algebra W is the
Lie subalgebra of S generated by (Lx)aer(a)-The intermediate series for
W, has been classified by the same authors [IM2].
Throughout this paper we assume the following technical condition:

(C) (a+2p,5) #0 forany o€ n(A) and e m(A)\{0}.

Since W has A,-module structure, where A, = €@ Aen(A) CLx-,, and
the commutative ring A, has W, -module structure, we can apply the
machinery of AV-modules with A = A, and V = W_.

In this article, we classify simple A-graded Wr-modules M = ., M,
with a uniform bound on dim M, following the approach developed in
[BF1]. Our main result states that such a simple W -module is either
a quotient of Sp := ®uer CL,, where I' = 8+ m(A) for some § € C?
or of the form Sr ® C" with n > 3 where a non-trivial action of W, is
defined in section 1.4.

This article is organized as follows. In Section 1, we define our basic
objects, the Lattice Lie algebra W, of Witt type, some examples of
graded W -modules, and state the main result of this article. In Section
2 we discuss a connection between W -modules and AV, -modules. We
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classify simple cuspidal AV, -modules in Section 3. In Section 4, we
prove our main theorem classifying simple cuspidal W, -modules.
Acknowledgement.  The first author gratefully acknowledges sup-
port from the Natural Sciences and Engineering Research Council of
Canada. The second author is partially supported by the French ANR
(ANR project ANR-15-CE40-0012). He would like to thank also the
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to visit Carleton University. This work was partially supported by the
LABEX MILYON (ANR-10-LABX-0070) of Université de Lyon. We
would also like to thank the University of Lyon and Carleton University
for the hospitality during our respective visits.

1. LIE ALGEBRAS OF WITT TYPE

In this section, we introduce the Poisson algebra S of the principal
symbols of pseudo-differential operators on C. As a Lie subalgebra,
we introduce a Lattice Lie algebra of Witt type W, depending on the
additive embedding 7 : A — C?, where A = Z" with N > 1.

1.1. Poisson algebra S. The Poisson algebra S of symbols of twisted
pseudo-differential operators on a circle is the algebra with a basis
(La)xec2 with products given by

L)\ : Lp, :L)\—HH-pa
{Lx, Ly} =N+ p, o+ p) Lngp,

where (-, -) is the standard symplectic structure of C* and p = (1,1).
Indeed for A = (a,b), L, is the symbol of the twisted pseudo-differential
operator 2¢71(d/dz)"1, see [IM1] for details.

The Poisson algebra S viewed as a commutative algebra is also de-
noted by A.

For an element £ € C*\ Cp, the subspace @,,.; CLye is stable
under the Poisson bracket and is isomorphic to the Witt algebra, the
Z-graded Lie algebra W with basis (L,,)mez and bracket given by
(L, Ly] = (n — m)Lyypm. This generalizes to a A-graded algebra as
follows.

Given an injective additive map 7 : A < C2, let W, C S be the
Lie subalgebra with basis (L)xer(a). In what follows, we will always
assume:

i) Im © ¢ Cp,
ii) 2p ¢ Im ,
iii) m(A) does not lie in a complex line.
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The condition i) is necessary since otherwise W, is commutative. It is
easy to show that W is simple iff the condition ii) holds (cf. Lemma 49
of [IM1]). The condition iii) implies that we exclude the case when W
becomes a so-called solenoidal Lie algebra (see, e.g., [BF2]). Besides
these conditions, we assume

(C) (a+2p,B) #0 forany o€ w(A) and f € w(A)\{0}.
We will indicate clearly, whenever we need this condition.

Remark 1.1. It seems that all results of this paper may be established
under a weaker assumption of existence of a Z-basis {ex1<k<n of A
such that (o +2p,e) #0 for all1 <k < N and o € w(A).

Let Ar = @, n) CLr-p be a commutative subalgebra of A. It
is clear that, since m is injective by assumption, A is isomorphic to
C[tf', - ,t3']. The following Lemma follows immediately from the
definitions:

Lemma 1.2. (1) The Lie algebra W has an Ar-module structure.
(2) The commutative algebra A, has a Wr-module structure.

Notice that L_, is the identity element of A, and Ly_,-L_y_, = L_,
for any \ € C2.

1.2. Definition of AV ,-modules. An AV, -module T is a vector space
which is simultaneously a module for the unital commutative associa-
tive algebra A, and a module over the Lie algebra W, with the two
actions being compatible:

QV(LA)QA(LM—/J) = QA({LM L))+ QA(L,u—p)QV(LA)a for A, € m(A),

where 0¥ : W, — End(T) and 64 : A, — End(T) denote the module
structures. To simplify the notations, we may also write LY in place of
QV(L)\) and Lf—p for GA(L)\_p).

Note that the condition (C) implies that the additive map (p,-) :
A = C, aw (p,a), is injective. An AV,-module T is called graded if

- @,
a€eC?
where
T, ={z €T |0"(Lo)x = (p,a)z}.

It follows that 6Y(Ly)(T.) C Toya and 04(Ly_,)(Ts) C Tuyy for X €
w(A).
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Suppose T is an irreducible graded AV, -module with T3 # (0). Then
T is supported on a coset I' = 5+ w(A):

T:@Ta.

ael

Here is a basic example. As the Poisson algebra S has a C?*-graded
structure, for each coset I' € C?/m(A), the subspace of S defined by
Sr=66 el CL, is stable under the action of W. Notice that this W-
module also has the structure of A,-module. The W -module structure
of Sr is described by the following:

Lemma 1.3 (cf. [IM2]). Let T' € C*/x(A).

(1) The Wr-module Sr is irreducible iff —p, —2p & T'.

(2) If —p € T, then there is an inclusion of the trivial 1-dimensional
Wr-module CL_, — Sr. Set M = S_pinn)/CL_,.

(3) If —=2p € T, then there is an inclusion of the Wy-module M —
Sr and its cokernel is a trivial representation.

1.3. A-graded W, -modules. A W, -module M is said to be A-graded
if there exists a coset I' € C?/m(A) such that

M= M,,

pel’

where
M, ={m € M|Loy.m = (p, ;ym} .

It is easy to check that Ly.M, C My, for any A\ € m(A) and p € I'.
Similarly, an A)V,-module is A-graded if it is A-graded as a W,-
module.

A A-graded W -module M (resp. AV, -module T') is said to be

(1) simple graded iff M (resp. T') does not contain a proper A-
graded submodule,

(2) cuspidal if the dimensions of homogenous components of M
(resp. T') are uniformly bounded.

Notice that, by the condition (C), any submodule of a graded module
is graded.

1.4. Irreducible W -modules with multiplicities > 1. It has been
proved in [M] and [MP] that all of the homogenous components of
a simple cuspidal W-module have dimension < 1. Here we recall a
construction of cuspidal W,-modules with the homogenous components
of an arbitrary dimension d > 1, given in [IM2].
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Let V' be a C-vector space and (:|-) be a skew-symmetric bilinear
form on V. It induces a Poisson bracket on the symmetric algebra S*V
satisfying

{a, 8} = (a] )1
for o, B € V. Since {S™V,S"V} C S™2V it follows that S?V is a
Lie subalgebra and each component S™V is an S?V-module.
In the rest of this subsection, we consider the case V = C? with the
standard symplectic form (-, -) on C? used to define the Poisson algebra
S in §1.1. In such a case, S?V is isomorphic to sly (see section 4.1
below) and S™V is the irreducible sly-module of dimension n + 1.

Since S is a Poisson algebra, it will be convenient to denote by ) the
underlying Lie algebra and by A the underlying commutative algebra.
As vector spaces, S =V = A. Set

S =V (A S?V).

Clearly S®* has a structure of Lie algebra, and for any n, A ® S"V is
an S™*-module. Define a linear map c¢: V — A ® S?V by the formula:

1
c(LY) = §Lf_p®)\()\+p).
For X € V, set j(X) = X + ¢(X).

Lemma 1.4. The map j : V — S is a Lie algebra morphism, i.e.,
the map c satisfies the Maurer-Cartan equation

o([X,Y]) = Xoe(Y) = Ye(X) + [e(X), e(Y)]
forany X, Y € V.
For any n > 0, A ® S™V is naturally an S®*-module. Then M" :=

J*A® S™V is a C2-graded V-module, with all homogenous components
of dimension n + 1. Given a coset I' € C?/m(A), set

MMT) =P M.
pel
Recall that we assume that 7(A) does not lie in a complex line (cf.
Assumption iii)).

Lemma 1.5. Assume that condition (C) holds. For anyn > 2, the W,-
module M™(T") is irreducible. Moreover, given two distinct w(\)-cosets
I' # 17, the Wr-modules M™(T") and M"(I'") are not isomorphic.

The proof of this lemma will be given in Section 4.

Remark 1.6. The W,-module M*(T) is reducible. Indeed,
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(1) there is an embedding S 1pr MUT) of Wr-modules

1
Ly-sp — L, ® <,u - 5/)) (Vpel).

(2) The Cokernel of the above embedding is isomorphic to S_%p+F
where the quotient map is

1
Lf,p@)v — <,u+§p,v> L, s, (Vperl).

3) The short exact sequence S_; — ./\/ll N —»S 3 does not
lan) sp+I

1.5. Main result. Now, we can state our main result of this article
which was a conjecture in [IM2] (cf. Lemmas 1.3 and 1.5):

Theorem 1.7. Assume that © : A — C? satisfies the condition (C).
Let M be a non-trivial simple A-graded cuspidal W -module. Then M
s isomorphic to one of the following W -modules:

(1) Sr for some T € C?/m(A) such that —p,—2p € T,

(2) S—pn(n)/CL-,,
(3) M™(T) for somen > 2 and T € C*/7(A).

The authors have been informed that, in some particular cases,
Olivier Mathieu has independently proved this conjecture.

2. AV,.-MODULES

In this section, we show that, for any simple cuspidal module M over
W, there exists a simple cuspidal AV,-module T" such that T"— M.

In what follows we identify A and its image 7(A) in C? to simplify
notations.

2.1. Coinduced modules. Here, we recall basic definition from Sec-
tion 4 of [BF1].

Let M be a A-graded W,-module. Recall that, on the C-vector
space Homg (A, M), one has the following standard W -action and
A-action:

(X.p)(a) =X.(p(a)) = p(X.a),
(a-0)(b) :=(a - b),

where ¢ € Homc(A,, M), a,b € A, and X € W,. These actions
define an AV,;-module structure on Home(A,, M) and there is a nat-
ural surjective morphism of W -modules Hom¢(A,, M) - M;p
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go(Lf‘p) (cf. Proposition 4.3 in [BF1}). However the coinduced module
Home(A,, M) is too big for our purposes.

Now, let M be the subspace of Hom¢(A,, M) spanned by linear
maps of the form ¢ (X, m) with X € W, and m € M defined as

Y(X,m)(a) =(a.X)m  Vac€ A,

It follows that M is a A-graded AV, -module and via the surjection
Homc (A, M) — M, its image is W,;.M (cf. Proposition 4.5 in [BF1]).
M is called the Az-cover of M.

A homogeneous component M, is spanned by {¢(Ly, M,_,) | A € A}.

The finiteness of the multiplicities of M is a non-trivial issue. In the
next subsection, we show that if M has bounded multiplicities, so does

—~

M.

2.2. Differentiators. For o, 3,& € A and m € N, we define a differ-
entiator as

m

Q&,ﬁ);é = Z(_l) < ; )La—ifLﬂ-i-z’f e UW,).

i=0
By definition, differentiators satisfy the following relations:

Q(m). _ (_1)mQ(m)

(1) CV,B,& - &7m576+m£,757
(m) _ (m-1) (m—1)
Qaﬁ;ﬁ - Qaﬁ;ﬁ o Qa—fﬂ%;&'

Here, we state an analogue of Theorem 3.3 in [BF1]:
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Proposition 2.1. Let o, 3,7,0,£ € A and m,r > 2 be integers. Then
the following identity holds in U(W,):

m r i [m T (m) (r)
Z (=D ( ; ) (j) <[Qa—i£,ﬁ—j£;€’ O biesigel+

(m) (r)
— [ i e Qﬂ+is,6+jg;s]+>

= <ﬁ - Tf + P, — Tf + 10> <<Oé + P 0 + 2T€ + p>932$1227;)§,6+7—27"§;§

(2m—+2r—1)
+2(mig,0+p) +rla+tp, 5>)Qa+6+<2r1)£,/3+v(2r1>£;£>

- <5—mKz<m+r><a+p,a+2ra+p>

(2m+2r—1)
= (m(&, 0+ p) +r{a+p.)) ) Qa—:;-‘r(;?"—l)ﬁ,ﬁ-i—'y—(2r—1)§;§

2m—+2r—2
+ (M€, 3+ p) + (o + p, €)) (2m + 2r — 1)>Q&Mi(zr_é)g,ﬁﬂ_(2,_2)54 ,

where [-, -]y denotes the anti-commutator.

Proof. We follow the proof of Theorem 3.3 in [BF1]. By definition, the
left hand side of the proposition reads

2600

X ([Loa(i+aye Lo—(i—aye> Lnys(i—bye Lot (j+oyel+

— [La(i+a)e Ly—(j—ayes Lpr(i-bye Lot jvyel+) -
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Switching ¢ with a and j with b in the second term, we obtain

2600

X ([La—(itaye Lp—(-a)es Lyt (i-v)e Lot vje)+

— [La(i+a)e Ly—o—ire> Lot (a—sre Lot (jn)el +) -

Setting A = La—(i+a)§7 B = LB—(j—a)ga C= L’y+(i—b)£ and D = L5+(j+b)§a
this becomes

> (D) () (7) G)wsm.cot - e moiy
By the identity

[AB,CD], — [AC, BD],
—A[B,C]D + DA|[C, B] + [C, D]AB + D|C, A|B + D|A, B|C + [D, BJAC,

we rewrite the latter sum. In particular, as the monomials in last four
terms depend only on three of the four running variables ¢, 7, a and b,
thanks to the identities

S g

for any integers p > 2, we see that this latter sum becomes

Em: Z (—1)i+itatb @) <7b") (7?) (;) (A[B,C]D + DA[C, B])

i,a=0b,j=0

=3 S (M) () () (1) 04 o)+l o),

i,a=0 b,j=0
thanks to the identity

A[B,C]D + DA[C, B] = |A, D|[B, C] + A[|B,C], D).
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The second term becomes zero since the monomial part does not
depend on the running variables 5 and b. Hence, this sum becomes

s 00)0)

X La—(itae Lot (ol [Lp—(-ae: Lyl

-y ()0 0)

x ((B+p,y+p)—(F—a)&y+p)+ (i —b)(B+pE))
X ({a+p,0+p) = (i +a)(&,+p) + (j+0){a+p,&))

X Lays—(i+a)e+(+5)e Liptr+(i+a)e—(j+b)e-

As we have

B+py+p) =G —a)§v+p) +(E=b)(B+pE)
=(B+p, v+ p) + @B+ p,&) +all,y+p) — (G(B+p, &) + 07+ p)
=(B+p,7 +p)

454 a) = G+ B)(B =€) — 5((—a) + (= D)E B+ +20),

the last term, which is skew—symmetrlc with respect to the substitution
1 <> a and j <> b, will disappear when we take the sum, leaving

2 e (6))0)

< ({84 p 0+ 56+ @) - G+0)E-.8))
< (o + 004 ) = i+ ) €.+ ) + (1 + B+ . €)

X Lats—(ita)e+(j4+b)¢ Lo+ (i+a)e—(j+b)e-
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Making the change of variables j — r — j and b +— r — b, we obtain

2 e (600)

X (<5—r§+p,v—rf+p>+%(i+j+a+b)<ﬁ—%£>)
X ({a+p, 6 +2r8+p) — (i +a)(§, 0+ p) — (§ + D) (a+p,§))

X Lotstore—(itjtarb)eLpiy—2ret(itjratb)e

Now, set u = i+ j+a+b. The coefficient of Lq 54 (2r—u)e Lgty—(2r—u)¢ in
the above formula is the same as the coefficient of ¢* in the polynomial

(B =1+ p,y — 1€+ p){a+ p, 6+ 2r€ + p)(1 — £

B =)0 0,8 20 + ) (L 1

(B rE o py = A S+ )1 — 1) (1 P

d
—(1=0

(B =78 <<£ 5 +p>td1 ((1 _ t)QTt%(l B t)2m>

—(B—ré+py—ré+p)a+p, A —1)*"
1
2

d d
1—t)*™t—(1—1)%) ).
Hat ey (=i -07))
This polynomial can be rewritten as follows:

(B—rE+p,y —rE+ p)lap, 6+ 2rE + p)(1 — )"+
—2(m +7)(B =7, &) (e + p, 6 + 2§ + p)t(L — )T
+(m(§,0 + p) +r{a+p,§))

x (w €t pyry — € 4 p)t(L — )2

+(8 - %£>t% (L1 — )22t )
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Thus, its coefficient in t* is

<ﬁ_7’5”77—”’5+/)><Of+p,5+2r£+/)>(—1>“<27n;2r)
—2(m 4+ 1){(B — 7, E){a + p, 5 + 2r& + p)(—1)"* (27”;_27”1— 1)
+ (M€, 8 + p) + r{a+ p,€))
X [zw e+ pyy — 1€+ p)(—1)e] <2m;_27~1— 1)
+{8-7,¢) ((—1)“—1 (2mu+_27”1‘ 1)
s (7))

and we obtain

ot i (VN (T (m) (r)
Z (=1) ](Z> (j) ([Qa—is,ﬁ—js;eQv+i5,6+js;£]+

(m) (r)
— [ e y—jee Qﬁ+z‘5,é+js;£]+)

:<6 - Té + P — Té + p> <Oé + P 0 + 2T€ + IO>Q((12-17—)?5—1&_—22:)§,6+7—27"§;§

(2m+2r—1)
=2(m+7)(B =7, (a4 p, 0+ 2r8 + )\ sy 00 1)e sy (2r—1)ee

+(m(&, 0+ p) + r{a+p,§))
(2m+2r—1)
X {QW =18+, =€+ P sy o 1y s (2 1)ee
(2m+2r—1)
+ (B —=,8) <Qa+5+(27‘—1)§7/3+7—(27"—1)§§f

(2m—+2r—2)
— (2m +2r — 1)Qa+5+(2r—2)§75+’y—(2r—2)§;§>:|
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2m+-2r
:<6 - TS + 107 ,y - TS + IO> <<Oé + p’ 6 + 2T§ + p>Q&+§iQT)§7B+772T§;§
(2m+2r—1)
F2ml€, 6+ p) + o+ p IO o)

~(8=7.) [ (20m+r)a+p.o+2¢+p)

(2m+2r—1)
— (m(&,0 + p) +r{a+p, f») Qa+5+(2r—1)§7,8+’y—(2r—1)§;§

2m+2r—2
+(m(&,6+ p) + r{a + p, €)) (2m + 2 — 1>>Q&+51<2Té)5,gﬂ(M&J |

O

A simple case is given as follows:

Corollary 2.2. In particular, for 8 — v € C£, we have

SEN i [TV (T (m) (r)
> 300 () () (198 see Wil
i=0 j=0

(m) (r)
— [ i y—jeie Qﬂ+i£,é+j£;£]+)

2m+-2r
:<5 + Y + p> ((Oé + P 0 + 2T€ + p>Q¢(y+6J—Qr—2r)§,B+'y—27‘§;§

F2(m(&, 0+ p) + i+, 5>)szsfér—l)naﬁﬂ—(2r—1)5;5) ‘

Fix £ € A\ Cp. Recall that the Lie subalgebra @, ., CLy,; is iso-
morphic to the Witt algebra W.

By Corollary 3.4 of [BF1], it is known that, for any cuspidal W-
module V' whose multiplicity is bounded by a constant, say d, there
is m € Z-¢ (determined by d) such that the differentiator 91{225;5 acts
trivially on V', for any r, s € Z. With the aid of this fact, we show the
next proposition:

Proposition 2.3. Assume that w : A — C? satisfies the condition (C).
Then there exists n € Z~q such that for any 0, € A the differentiator
Qgg;g acts trivially on a cuspidal W-module M .

Proof. Let «, 3, € Z such that 5 # v and 0 € A\ Z&.

As we have discussed above, the differentiator ng)

¢.see acts trivially
on M. Hence, the left hand side of the formula in Corollary 2.2 becomes
0 and we obtain

2m+-2r
{(a+p,0+2r + p>Q<()c+5+2r)§,ﬂ+7—2r§;§

(2m+2r—1) _
+2(m<£a 0 + :0> + T’(Oé +p, g))Qa+5+(2r—1)5,ﬁ+’y—(2r—1)£;§ =0
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on M. Set

K={a+p,0+2r{+p), L =2(m(&§, 0+ p) +r{a+pf)).
ThEJ l)eft hand side of the above equation can be rewritten with the aide
of (1) as

(2m—+2r) (2m+2r—1)
KQa+6+2r§7B+w—2r§;£ + LQa+6+(2r—1)§,B+v—(2T—1)6;5

. (2m+2r—1) (2m+2r—1)
_KQa+5+2r§,B+w—2r§;£ +(L - K>Qa+6+(2r—1)§,6+7—(2r—1)§;§'

Writing the same formula for o/ = a4+ 2(r —m)§, 5 = 5 — 2(r — m)¢
and ¢ = —¢, the coefficients K, L now become K’ and L' that can be
expressed as

K' =K —L+2r{a+d+2p), L'=-L.

Hence by (1), the system of linear equations we obtain is

(2m+2r—1) (2m—+2r—1) .
KQq sivore pry—2ree T (L= K)Q 5 00 16 prq—@r-1yee = 05
/ no(2m+2r—1) 1 (2m+2r—1) o
(L' = K" )Qg 510 pir—2rie T K Qois o116, 849—@r—1)6 = 0

whence the determinant of the matrix of the coefficients is
K-K—(L-K)- (L' =-K')=L-2r{{,a+ 4 +2p)
=4r(m(&, 0 + p) +1(p,§))(§, 0 + 2p).

In particular, for r = m, the right hand side becomes 4m?(¢, §) (¢, §+2p)
which is non-zero by assumption (C). Thus,

(4m) _ (4m-1) .
Qa+5+2m§ﬂ+v—2m£;§ - Qa+5+(2m71)§,5+77(2m71)§;§ =0

on M. Thus, for an appropriate choice of , 5 and 7, the above formula
shows that for n = 4m we get Q(({g;g = 0on M . The case § € Z¢ follows
from Corollary 3.4 of [BF1]. O

As a corollary, one can show

Theorem 2.4. Assume that © : A — C? satisfies the condition (C).
Let M be the cover of a cuspidal W-module M. Then the dimensions
of the homogeneous components of M are uniformly bounded.

Proof. Assume M = @,er M, for some coset I' € C*/7(A). Fix €T
such that (p,8) = 0. By condition (C) there exists at most one such
element in I'. If " contains no elements with this property, we fix £ to
be an arbitrary element of I'.
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Fix a Z-basis e1,...,ey of A. Let n be a natural number from
Proposition 2.3. For any v € A, it is sufficient to show that Mgy, is
spanned by

N
U U {¢(L’Y—Z£1 ki5i7x)| T Mﬁ+Z§V:1 kifi}’

i=10<k;<n
that is, we show that for any o € A and = € M, ¥(L,_q, x) is express-
ible as a linear combination of the elements of the above form. For
a =N ke with 0 < k; < n (Vi), there is nothing to do. Otherwise,
let y € Mgy, such that x = Ly.y. By Proposition 2.3, ny?’)o;igk acts
trivially on M for any 1 < k£ < N and 7/ € A. This implies the next
equality holds:

@ ) == Y ()i L)

i=1
Indeed, one can show this identity by evaluating

Z(—Di(?ﬁ(m-mwﬂak-y)
1=0

on Ls_, (6 € A):

i(—l)i <n> U(Ly—ariers Ltiey-y) (Lsp)

1

n . n
=0 () 0 i) L
=0

1

n (n .
= (_1) (Z-)L'ersa?i&k[’iigk'y = Qg—gé—a,o;iek'y = 0.
=0

Thus, applying appropriately (2), we have proved the proposition. [

Remark 2.5. In fact, the above proof shows that the multiplicities of
M is uniformly bounded by d - n™.

2.3. From AVW—modulgs to W,.-modules. Let M be a simple cus-
Bi\dal W.-module and M L)\e its A,-cover. There is a surjection pr :
M — M (see §2.1). Let M =Ty, 2 Ty 2 --- 2 T = 0 be the com-
position series of AV,-modules whose quotient modules T,/Ts,; are
simple AV -modules. As M is simple, there exists 0 < s < k such
that pr(7p) = --- = pr(Ts) = M and pr(Tsq) = -+ = pr(Tx) = 0. In
particular, we see that pr(7Ts/Ts.1) = M. This means that any simple
cuspidal W -module is a quotient of a simple cuspidal AV,-module.
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In the next section, we classify simple cuspidal AV, -modules. As an
application, we obtain the classification of simple cuspidal W -modules.

3. CLASSIFICATION OF SIMPLE AV,-MODULES OF A,-FINITE RANK

3.1. Operator D(A). Let T be an AV;-module with the finite-dimen-
sional homogeneous components, supported on a coset I' = § + w(A),
f € C% We set U to be the weight space U = T, and as before, we
can write T'= A, @ U.

We introduce the following family of operators on finite-dimensional
space U:

Definition 3.1. For A € 7(A), we set D(A) = LA, o LY.

To be precise, the first factor L) acts as an element of W, and the
second factor L_,_, as an element of A,.
Let us compute the commutation relations between D(A) and D(u):

Lemma 3.1. For A\, € w(A), we have
(3)
(D), D(w)] = A+p, pitp) DA+ 1) = (A, it p) D(A) = (A+p, ) D(p).

Proof.
[D(A), D(p)]
:Lil)\—p © {L)\a qufp}A © L}j - Lfﬂ—p o {LN’ L,)\,p}'A ¢} LK
+ Lf‘)_p o Lf‘;ﬁp o L}\) o LZ — Li‘;ﬁp o Lf‘)ﬁp o LZ o L)\;
=+ p 4 p) DA+ 1) = (A 4 p) D(A) = (A =+ p, 1) D(1)
O
We denote by D the infinite-dimensional Lie algebra spanned by

elements D(A), A € A, subject to the commutation relations (3).
The AV,.-module structure can be recovered from the action of D:

Lemma 3.2. Let U be a module for the Lie algebra D. Then A, @ U
has a structure of an AV,-module with A, acting by multiplication on
the left tensor factor and the action of W, defined as follows:

LY(L @u) = A+ p, pi+ p) Loy @ u+ L7k, @ D(A)u.

The proof of this lemma is straightforward and is left as an exercise
to the reader.

Let €1,€9,...,6n5 be a Z-basis of m(A). Write A = Zf\; \;igi. Our
goal is to show that the operator D(\) is an End(U)-valued polynomial
in /\1,...,)\]\7.

We will need with the following auxiliary Lemma:
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Lemma 3.3. Let Q;,R;, € C[Xy,...,Xy], i = 1,...,r, with

GCD(Qy,...,Q.) = Qo. Let S be the set of common zeros of Qq, ..., Q,
in ZN . Suppose D is a function ZN — C, satisfying R; = Q;D, for all
i=1,...,7 (here Q;, R; are viewed as functions on Z" ). Then there
exists a polynomial Ry € C[X,, ..., Xy] such that QoD = Ry on ZN\S.

Proof. The statement is trivial if » = 1. Let us prove the claim when
r = 2. We have Q; Ry, = Q2R as functions on Z". Since a poly-
nomial is determined by its values on Z”, the same equality holds in
C[Xy,...,Xn]. Let Qy = GCD(Q1,Qs). Then %32 = %Rl. Since

C[Xy, ..., Xn] is a unique factorization domain and GCD(%, %) =1,

there exists a polynomial Ry such that R; = %RO for i = 1,2. Com-
paring this with ;D = %QOD, we conclude that QoD = Ry at all
points of Z" where one of @1, Q)2 does not vanish.

The case of r > 3 may be now obtained by induction. Let @' =
GCD(Qq, . .., Q,). By induction assumption there exists a polynomial
R’ such that QD = R’ outside the common zeros of Qs, ..., Q,. Since
Qo = GCD(Qy,...,Q,) = GCD(Q1,Q’), we may apply the above ar-
gument with » = 2 and get a polynomial Ry such that QoD = Ry
whenever 1 or ' is non-zero. Since )’ is non-zero outside the set of
common zeros of Qq, ..., Q,, we conclude that the equality QoD = Ry
holds outside the set of the common zeros of Q1,...,Q,. U

Now we can establish polynomiality of D(\).

Lemma 3.4. Assume that w: A — C? satisfies the condition (C). The
operator D(X) is polynomial in A1, ..., Ay with coefficients in End(U).

Proof. By Lemma 3.1, we have
[D(me;), D(sg;)] = (p,e:)((s —m)D((m+ s)e;) + mD(me;) — sD(se;)),

which is exactly the case corresponding to the Witt algebra W. Hence,
by [B], it follows that the operator D(\;e;) is polynomial in ;.

Now let us prove by induction on k that D(A\iey + ... + \geg) is
a polynomial in Ay,..., \y. The basis of induction, £k = 1 is already
established.

For the induction step, we assume that D(A\je; + ... + A\p_16x_1) is
a polynomial. Consider the commutator

[D(Mer+ ..o+ M—1ek-1), D(Arer)]
= (Mer+ .o+ Mem1€p—1 + oy Meer + o) D(Mer + ..+ AiEk)
—(MEr+ o+ Mg e F o) D(Mer + o+ A1Eko1)
—(MEr+ oo+ NmrEk—1 + o, Aker) D(Akek)-
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By induction assumption, the left hand side, as well as the last two
summands in the right hand side, are polynomials. Set
P =(Mer+ ...+ XNem1gk—1 + o, \iEk + p)
= MAw(er, er) + oo 4+ Mem1 Ae(Er—1, €x)
+ Aifen, p) + o Mi(Er—1, p) — Ai(en, ).

Then Py(A1, ..., A\)D(Ae1 + ...+ A\reg) is a polynomial in Aq, ..., Ag.

We can perform a change of basis €}, = ex_1 + &, €; = ¢; for i #
k—1; Xy = A — A1, A = A for j # k, and apply the same argument,
obtaining that P{(\[,..., \,)D(Ng}] + ... + A.&,) is a polynomial in
Aoy Ak

Note that N} + ...+ Nl = Mer + ...+ Mgy

Set

Po( Ay, M) =PI, . A,)
= MM — Me—r){en,er) + oo+ Aem1 (A — Ap—1)(Ek—1 + €k, Ek)
+Ailen, p) + oo M1 (Ere1 ek p) — (Ak — Akm1)(Ery 0)-
Let us consider the difference
Py =P — Py =M X e—1(er,n) + -+ Mem1i Me—1(Ek—1, €k) — 2X -1 (Ek, p),
and factor out \,_q:
P4 = )\1(81,8k> + ...+ >\k71<5k7175k> — 2<€k, p)
= <>\1€1 + ...+ >\k5k + 2p, 5k>~
Finally, set
Ps=P — \P,= /\1<€1,p> + ...+ /\k<61€,p>.

Then for each j = 1,...,5, P;A_1D(Ae1+. . .+ Ageg) is a polynomial
in )\1,...,)\]6.

Since GCD(Py, Ps) = 1, we obtain by applying Lemma 3.3 that
Me—1D(Me1 + ...+ M\eg) is a polynomial in Aq, ..., \; outside the set
of common zeros of P, and Ps. However by assumption,

for all § € A. Hence P, has no zeros in Z".

By symmetry, we obtain that A\;D(Aie1+ ...+ Ageg) is a polynomial
forall j =1,... k. Since GCD(Ay,..., A\x) = 1in C[Aq, ..., \g], apply-
ing again Lemma 3.3, we establish that there exists an End(U)-valued
polynomial T such that D = T on ZF\{0}.

However we know from [B] that D(Ae1) is given by a polynomial in
Ap for all Ay € Z and must agree with T'(\y,0,...,0) for A; # 0. Two
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polynomials in A; that have equal values on Z\ {0} must be equal, hence
D(0) is the constant term of T, and D = T everywhere on ZF. O

3.2. Lie algebra P. By Lemma 3.4, we may assume that the operator
D()) can be expressed in the form

(@) b= Y Xops.

where Px = 0 except for finitely many K. Here, Z, = Z>,. We denote
by | K| the sum of the components of a vector K € Z%. It follows from
the above that Py = D(0). Lemma 3.1 implies that P is a central
element. By Lemma 3.1,

/\KMS
[DO), D) = D gy P Ps]
K,Sez¥
A )t
=) Nipi(eigg) +Z ) p.ei)) Y %PR
i#£j RGZf
)\R
— (D dimsleie) =D Xilped) D TR
i#j i Rezy
LR
Z)\z:u] 5175] +Zlul p751 EPR
i#j Rezl
(¥ Sn-20e) T G
)\z/’L] Eis €J + )p; € o PRt R:
i mimpso ) (F2)
R
+> pilpe) Y EPR = e Y %PR = > Ninglen ) Po.
i |R|>0 i |R|>0 i#j

Let K,S € N¥ such that |K]|,|S| > 1. Comparing the coefficient of
A% we obtain
(5)
[PK,PS ZKS 5175]>PK+S €i— 5]+Z S K)<pa51>PK+S €i*
i#]

Now, compute the case K = ¢; and S = ¢;. Comparing the coeffi-
cients of A;u;, we obtain

(6) [P5i7P£j:| = <pa €j>P5i - <p7 5i>P8j - <€i’5j>P0'
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For K = g and |S| > 1, Comparing the coefficients of \;u®, we
obtain

(7) [Pe, Ps] = —(p,&)Ps + > (p,2;)5;Psie,c;-

J
Let P be the infinite-dimensional Lie algebra with a basis {Px | K €
Z%'} subject to the commutation relations (5)-(7).

Lemma 3.4 implies that every finite-dimensional representation of
Lie algebra D yields a representation of P on the same space with the
property that Pk act trivially for all but finitely many K. In fact, all
finite-dimensional P-modules have that property.

Lemma 3.5. For every finite-dimensional P-module U, all but finitely
many Px act trivially.

The proof of this fact is based on the following Lemma, which is a
minor modification of Lemma 3.4 from [B]:

Lemma 3.6. Let 0 : L — End(U) be a finite-dimensional representa-
tion of an infinite-dimensional Lie algebra L. For an element x € L
and a € C let

L,(a) = :Q’l Ker (ad(z) — a - id)*

be the generalized eigenspace of ad(x). Then 6(L,(a)) = 0 for all but
finitely many a.

We can use this result to prove Lemma 3.5. Indeed, it follows from
(7) that

8) Ps € EO Pr. ((s: + k — 1){p, ).

Then Lemma 3.6 implies that there exists a constant m € N such that
Pg will act as zero on U for all S with |S| > m.

Theorem 3.7. There is an equivalence of categories of cuspidal AV, -
modules supported on a coset f+m(A) and finite dimensional P-modules.

Proof. We have seen above that every cuspidal AV,-module T sup-
ported on a coset 5+ m(A) yields a representation of P on the weight
space U = Tj. It is straightforward to check that this functor is invert-
ible, and every finite-dimensional module U of P produces a cuspidal
AV -module structure on A, ® U. Indeed, we can recover the rela-
tion (3) from the Lie brackets in P and then by Lemma 3.2 we get a
W .-module structure on A, ® U. O

Our next goal is to describe irreducible finite-dimensional represen-
tations of P.
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3.3. Irreducible representations of P. The following Lemma is
quite useful for the study of irreducible finite-dimensional represen-
tations:

Lemma 3.8 (cf. [FH], Proposition 9.17). Let U be an irreducible finite
dimensional representation of a finite dimensional Lie algebra g. Then

[9,9] N Rad g
acts trivially on U, where Rad g stands for the solvable radical of g.
Lemma 3.9. For every K € ZY with |K| > 2 we have Px € [P, P].

Proof. Using (8), we see that every Py with k; > 2 is in the commutator
subalgebra [P, P]. Let us show that for K =¢;, +...+¢; with r > 2
and iy, . ..,14, distinct, Px € [P, P]. Indeed,

[Pail 5 P2€i2+€¢3+...+€ir] =—(p, €i1>P26i2+8i3+...+5ir
+ 2(p, €ix) Pey, +eiyt..tesr
+ (0 i) Pey +26sy +eiy +otes, T oo
+ (p, 5z‘,n>Pei1+28i2+€i3+...+5”71 .
Now the left hand side, as well as all terms, except possibly the second

one, in the right hand side, are in [P, P]. Hence, ., 1., 1 e, is also
in the commutator subalgebra. U

Lemma 3.10. Let U be a finite-dimensional irreducible P-module.
Then all Px with |K| > 2 act trivially on U.

Proof. First, by Lemma 3.5, every finite-dimensional representation of
P factors through a quotient

P’ =P/Span{Ps | |S| > m}.

for some m € N. We can immediately see from (5) and (7) that ele-
ments Pi with |K| > 2 form a solvable ideal in P’ and hence belong
to the solvable radical. Combining this with Lemma 3.9, we conclude
that all P with |K| > 2 belong to [P’,P'] N Rad P’ and hence vanish
on U according to Lemma 3.8. U

Hence, an irreducible finite dimensional P-module U induces an
irreducible finite dimensional P-module structure on U, where P =
P/ D k|>2 CPk. The image of P in P for | K| < 2 will be denoted by
the same letter.

Let us determine the reductive quotient P/(Rad P N [P, P]).

First of all, we note that P is a semidirect product, P = P; x Po,
where the subalgebra P, is spanned by Py with |K| = 0,1, and the

ideal P, is spanned by P with |K| = 2.
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Lemma 3.11. Lie algebra P is a solvable Lie algebra with an abelian
commutator subalgebra. The map 7 : P1 — V = C2, given by

T(Pai)zgi
T(F) = p,

has [7_3_1,51_] as its kernel and induces an isomorphism between the quo-
tient P1/[P1, P1] and a 2-dimensional abelian Lie algebra V.

Proof. Using (6), we can compute

T([P€i7 PEJ']) = <IO7 €j>€i - <p7 €i>€j - <6i7 €j>p =0.
Here we used the fact that
(pes)ei — (p,€i)es = (ei, €5)p.
This tells us that 7 is a homomorphism of Lie algebras with [Py, P;] C
Ker7. In fact, it is easy to see that we actually have the equality

[P1,P1] = Ker7. It is straightforward to verify that [P, P,] is abelian.
It is also obvious that 7 is surjective. O

Consider the space CY = C ®; A with a skew symmetric bilinear
form (:|-) induced from 7(A) C C2. Then the space S?CY has a Lie
algebra structure coming from the Poisson bracket on S*CY.

Lemma 3.12. There is an isomorphism of Lie algebras n : Py —
S2CN, given by

H(P5i+gj) = &£i€y.
Proof. This follows immediately from the Lie bracket (5):

[Peatey Leotey]
= (€alee) Peyeq + (al€a) Peyre. + (€0l€c) Peytey + (€01€a) Prore.-
O
Lemma 3.13. There is a homomorphism m, : S?°CN — S2C? = sl,,
given by
(M) = 7(N)7(p), for A\pueCV.
The kernel of this homomorphism is a solvable ideal in S*CN .

Proof. The Lie bracket in S?CY is

(9) [8,70] = (al7)B5 + (al6) By + (Blv)ad + (Bl6)ary.

Since by definition (a|y) = (7(a),n(7y)), the map 7, is a homomor-
phism of Lie algebras. The kernel of 7, is spanned by af with § €
Ker 7. Consider also the subspace Z C S*C¥ spanned by a3 with both
a, 8 € Kerm. We immediately see from (9) that Z is central in S?CV.
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Moreover, it follows from (9) that [Kerr,, Kerm,| C Z. Hence Ker .
is a solvable ideal in S2C", as claimed. O

Identifying Py with S2C", we can rewrite the Lie bracket (7) in the
following way:

(10) [Fep ] = —=(p, m(€)) A+ (p, m(A))eip + (p, w(p))i M.

It follows immediately from this formula that the pull-back of Ker ,
to P is an ideal in P. Since this ideal is solvable and belongs to [P, P]
by Lemma 3.9, it will vanish in every finite-dimensional irreducible rep-
resentation of P. Hence irreducible representations of P factor through
the quotient

7_31 X S2C2.
The action of P; on S2C? defines the homomorphism P; — Der(S2C?).
Since S?C? is isomorphic to sly, we have Der(S?C?) = S2C?, and we

obtain a homomorphism
Q: fl — SQ(CQ.
Lemma 3.14. The map ¢ is given by the formulas:
1
p(F) = gm(ei)p, (F) =0.
Proof. Tt is sufficient to calculate on each Ay for A, u € C%: by (5), (10)

%[71’(61');0; )\/L] — [Psw /\:u]

=S ({r(e), Mo+ (=) oA + (o, Nz + (p. (=)

— (—(p, m(ea)) M+ (p, \)m(€i) pu + {p, (i) \)
L (me0), Nypp+ (m(e0), i)o) + {p, m(ea)) M

2
({p; Nl + p, i) (€:)A).-

DN | —

Now, the identities
(r(=)v)p— (p () = —(pomle)v, v e (A,
imply that 3[m(e;)p, Ap] — [P, Au] = 0. O

By this Lemma, the semi-direct product P; x S?C? splits into a
direct sum of ideals, with the isomorphism map

Py x S*°C? — P, @ S°C?,
given by (z,y) — (z,¢(z) +y), with 2 € P; and y € S?C2.
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Applying Lemma 3.11, we see that for x € Ker 7, elements z—¢(z) €
P form an abelian ideal and act trivially on every irreducible finite-
dimensional P-module. Then irreducible finite-dimensional represen-
tations of P are described by the irreducible finite-dimensional repre-
sentations of the reductive Lie algebra C? @ S?C?, where the first direct
summand is an abelian Lie algebra.

Fix a vector p' € C? such that (p, p) = 1.

The following theorem gives a description of finite-dimensional irre-
ducible representations of P:

Theorem 3.15. Every irreducible finite-dimensional module for the
Lie algebra P is given by an irreducible finite-dimensional module U
for the Lie algebra S*C? 22 sly, and two scalars Ky, K, € C. The action
of P on U is the following:

(11) PO — KoidU,
1
(12) P., — (g, Kop! + Kip)idy + §7r(€i)p,
(13) P€i+5j = 7(51')77'(53')7
(14) Px — 0, for |K|> 3.

Proof. By Lemmas 3.9-3.14, finite-dimensional irreducible representa-
tions of P are pull-backs of simple modules for the reductive Lie algebra
C? @ S2C? via the map v : P — C? @ S2C?, given by

1(Py) = p e C
1
V(F,) =m(e) + §7T(€¢)p,
7(P€i+€j> = W(5i>7r<€j) € 82627
v(Pk) =0, for |K|> 3.

Every finite-dimensional simple module for the Lie algebra C2@S2C? is
a simple S%2C? 2 sl,-module U, on which elements of C? act as scalars.
Assuming that p € C? acts as Kyidy, and pf € C? acts as —K;idy and
taking into account the decomposition

m(e:) = (€¢,pT>p - <€i,ﬂ>PT>

we obtain the claim of the theorem. O
Using Theorem 3.15 we can prove that the class of modules intro-

duced in section 1.3 exhausts all simple A-graded AV, -modules of A,-
finite rank.
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Theorem 3.16. Assume that 7 : A — C? satisfies the condition (C).
Then every simple A-graded AV.-module T of A-finite rank is iso-
morphic to M™(T') for somen >0 and T' € C*/m(A).

Proof. Let U be a weight space of T', U = T, for some a € C. Then U
is a finite-dimensional module for the Lie algebra D with D(0) acting
by aidy. Since T is a simple AV, ,-module, it follows from Lemma
3.2 that U is an irreducible representation for D. By Lemma 3.4, U
admits the action of the Lie algebra P. Since the action of D can be
expressed in terms of the action of P, U is irreducible as a P-module.
Using Theorem 3.15, we conclude that U is an irreducible S2C? & sl,-
module with the action of P given by (11) - (14). Combining Lemma
3.2 with (4) and (11) - (14), we recover the AV, -module structure on
T=A,U:

LY(L3 @u) = A+ p, i+ p) Ly, ®u

N
+L:\4+M ® Kou + Z )\i<5i> [(()p]L + Klp)LS\A‘Fﬂ XU

=1

N N
1
+§Lf+ﬂ ® (Z Xi(m(e)p)u+ Y Xidj(wl(e)m(e)u+ )\?w(ai)2u>
i=1 i#j i=1
=(A+pp+p) LR, @ ut A+ p, Kop' + Kip) L3, @ u

1
+- L3, ® AN+ p)u.

2
This shows that 7' is isomorphic to M"*(8+A) with 3 = Kop! + K1p+
m(A) and n = dimU — 1. O

Corollary 3.17. Then M™(T) is irreducible as an AV,-module for
every I € C?/w(A) and n > 0.

Proof. Every V-submodule of M"(I") is A-graded, and every A-graded
A-submodule of M"(T") is of the form Sp ® U’ for some subspace U’
in S”C?. But then U’ is a P-submodule in S"C? and hence is also

an sly-submodule. However S®C? is an irreducible sl,-module. Hence
every AV, -submodule in M"(T") is trivial. O

4. PROOF OF THE MAIN THEOREM

In this section, we prove Lemma 1.5 and the Main Theorem 1.7. We
shall notice that the hypothesis rank A > 1 is essential.
In this section, we identify the lattice A with its image m(A) in C?.
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4.1. Isomorphism S%C? = sl,. Let £,n € A\ 0 C C? be two linearly
independent elements. Set
1 1, 1

S 2 - h=——¢n.
‘ 2<§,77>£’ f 206, <€,?7>87

The triplet {e, f, h} forms a standard sly-triplet, i.e., they satisfy
[hye] = 2¢, [h, f] = —2f and [e, f] = h.

4.2. Irreducibility of M™(I') with n > 2. Every W, -submodule N
of M"(T') is A-graded, i.e., N = @, N, where N, = N N M. Fix
p € T and let N/, be the subspace of SV such that N, = CL;j‘_p ® N,
For any A € A, the element w = LY _.(LY.(L; ,®n')) with n’ € N, is
an element of N} +p for any v € A, and w is a degree 4 polynomial in
v. Varying v € A, we see that each coefficient of monomials in 7 is an
element of N} +u- In particular, the quartic component of w in 7 sits
in Ny, , and is given by

1
1, @ 17 107}
Taking v = &,7n,& & n, we see that
{7 '3} + {P A& '3} + H{én, {&n,n'}}

are elements of N} +u I addition, these two elements corresponds
to —4(&,n)%(ef + fe — h?) via the isomorphism given in the previous
subsection. Hence N’ is closed under the operators L;j‘f ,@(ef+f e—h?)
for all 1 € A. By the assumption n > 2, the element ef + fe — h? acts
on S"V as an invertible semi-simple element. Thus N’ = N/, does not
depend on the choice of p € T', namely, N = Sp @ N’ € M™(I"). This
shows that N is not just a W -submodule of M"(I"), but in fact it is
an AV, -submodule. But by Corollary 3.17, M™(I") is irreducible as an
AV, -module.

This completes the proof of the first half of Lemma 1.5. The second
half of Lemma 1.5 can be shown by direct computation.

4.3. Proof of the Main Theorem. Let M be a non-trivial simple
A-graded cuspidal W, -module. As we have seen in Section 2.3, there
exists a simple cuspidal AV,-module T with a surjective homomor-
phism 7" — M. By Theorem 3.16, T' is isomorphic to M™(I") for some
coset ' € C?*/A and n > 0. If n > 2 then by Lemma 1.5, T is irre-
ducible as a W -module, and M is isomorphic to M"™(T'). If n = 1,
every simple quotient of M*(I') is also a quotient of M°(—2p+T'), and
hence the case n = 1 may be excluded from our classification. Finally,
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if n = 0, the module M°(T") is isomorphic to Sr, and the structure of
these modules is described in Lemma 1.3.
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