N

N

A Line-Search Algorithm Inspired by the Adaptive
Cubic Regularization Framework and Complexity
Analysis

El Houcine Bergou, Youssef Diouane, Serge Gratton

» To cite this version:

El Houcine Bergou, Youssef Diouane, Serge Gratton. A Line-Search Algorithm Inspired by the Adap-
tive Cubic Regularization Framework and Complexity Analysis. Journal of Optimization Theory and
Applications, 2018, 178 (3), pp.885-913. 10.1007/s10957-018-1341-2 . hal-01872831

HAL Id: hal-01872831
https://hal.science/hal-01872831

Submitted on 12 Sep 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01872831
https://hal.archives-ouvertes.fr

OATAO

Open Archive Toulouse Archive Ouverte

Open Archive Toulouse Archive Ouverte (OATAO)

OATAO 1is an open access repository that collects the work of some Toulouse

researchers and makes it freely available over the web where possible.

This is anauthor's version published in: https://oatao.univ-toulouse.fr/20734

Official URL: http://doi.org/10.1007/510957-018-1341-2

To cite this version :

Bergou, El houcine and Diouane, Youssef and Gratton, Serge A Line-Search Algorithm Inspired by the Adaptive
Cubic Regularization Framework and Complexity Analysis. (2018) Journal of Optimization Theory and Applications,
178 (3). 885-913.1SSN 0022-3239

Any correspondence concerning this service should be sent to the repository administrator:

tech-oatao@listes-diff.inp-toulouse.fr




A Line-Search Algorithm Inspired by the Adaptive Cubic
Regularization Framework and Complexity Analysis

E. Bergou * Y. Diouanef S. Gratton?

May 30, 2018

Abstract

Adaptive regularized framework using cubics has emerged as an alternative to line-search
and trust-region algorithms for smooth nonconvex optimization, with an optimal complexity
amongst second-order methods. In this paper, we propose and analyze the use of an iter-
ation dependent scaled norm in the adaptive regularized framework using cubics. Within
such scaled norm, the obtained method behaves as a line-search algorithm along the quasi-
Newton direction with a special backtracking strategy. Under appropriate assumptions, the
new algorithm enjoys the same convergence and complexity properties as adaptive regular-
ized algorithm using cubics. The complexity for finding an approximate first-order stationary
point can be improved to be optimal whenever a second order version of the proposed algo-
rithm is regarded. In a similar way, using the same scaled norm to define the trust-region
neighborhood, we show that the trust-region algorithm behaves as a line-search algorithm.
The good potential of the obtained algorithms is shown on a set of large scale optimization
problems.

Keywords: Nonlinear optimization, unconstrained optimization, line-search methods,
adaptive regularized framework using cubics, trust-region methods, worst-case complexity.

1 Introduction

An unconstrained nonlinear optimization problem considers the minimization of a scalar function
known as the objective function. Classical iterative methods for solving the previous problem
are trust-region (TR) [8, 20], line-search (LS) [10] and algorithms using cubic regularization.
The latter class of algorithms has been first investigated by Griewank [I5] and then by Nesterov
and Polyak [I8]. Recently, Cartis et al [5] proposed a generalization to an adaptive regularized
framework using cubics (ARC).

The worst-case evaluation complexity of finding an e-approximate first-order critical point
using TR or LS methods is shown to be computed in at most O(e~2) objective function or
gradient evaluations, where € €]0,1[ is a user-defined accuracy threshold on the gradient norm
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[T7, 14, [7]. Under appropriate assumptions, ARC takes at most O(e~3/2) objective function or
gradient evaluations to reduce the gradient of the objective function norm below €, and thus it is
improving substantially the worst-case complexity over the classical TR/LS methods [4]. Such
complexity bound can be improved using higher order regularized models, we refer the reader
for instance to the references [2] [6].

More recently, a non-standard TR method [9] is proposed with the same worst-case com-
plexity bound as ARC. It is proved also that the same worst-case complexity 0(6_3/ 2) can be
achieved by mean of a specific variable-norm in a TR method [16] or using quadratic regular-
ization [3]. All previous approaches use a cubic sufficient descent condition instead of the more
usual predicted-reduction based descent. Generally, they need to solve more than one linear
system in sequence at each outer iteration (by outer iteration, we mean the sequence of the
iterates generated by the algorithm), this makes the computational cost per iteration expensive.

In [1], it has been shown how to use the so-called energy norm in the ARC/TR framework
when a symmetric positive definite (SPD) approximation of the objective function Hessian is
available. Within the energy norm, ARC/TR methods behave as LS algorithms along the
Newton direction, with a special backtracking strategy and an acceptability condition in the
spirit of ARC/TR methods. As far as the model of the objective function is convex, in [I] the
proposed LS algorithm derived from ARC enjoys the same convergence and complexity analysis
properties as ARC, in particular the first-order complexity bound of (’)(6*3/ 2). In the complexity
analysis of ARC method [4], it is required that the Hessian approximation has to approximate
accurately enough the true Hessian [4, Assumption AM.4], obtaining such convex approximation
may be out of reach when handling nonconvex optimization. This paper generalizes the proposed
methodology in [I] to handle nonconvex models. We propose to use, in the regularization term of
the ARC cubic model, an iteration dependent scaled norm. In this case, ARC behaves as an LS
algorithm with a worst-case evaluation complexity of finding an e-approximate first-order critical
point of (’)(6*2) function or gradient evaluations. Moreover, under appropriate assumptions, a
second order version of the obtained LS algorithm is shown to have a worst-case complexity of
O(e3/?).

The use of a scaled norm was first introduced in [8, Section 7.7.1] for TR methods where it
was suggested to use the absolute-value of the Hessian matrix in the scaled norm, such choice
was described as “the ideal trust region” that reflects the proper scaling of the underlying
problem. For a large scale indefinite Hessian matrix, computing its absolute-value is certainly
a computationally expensive task as it requires a spectral decomposition. This means that for
large scale optimization problems the use of the absolute-value based norm can be seen as out
of reach. Our approach in this paper is different as it allows the use of subspace methods.

In fact, as far as the quasi-Newton direction is not orthogonal with the gradient of the
objective function at the current iterate, the specific choice of the scaled norm renders the ARC
subproblem solution collinear with the quasi-Newton direction. Using subspace methods, we
also consider the large-scale setting when the matrix factorizations are not affordable, implying
that only iterative methods for computing a trial step can be used. Compared to the classical
ARC, when using the Euclidean norm, the dominant computational cost regardless the function
evaluation cost of the resulting algorithm is mainly the cost of solving a linear system for
successful iterations. Moreover, the cost of the subproblem solution for unsuccessful iterations
is getting inexpensive and requires only an update of a scalar. Hence, ARC behaves as an
LS algorithm along the quasi-Newton direction, with a special backtracking strategy and an
acceptance criteria in the sprite of ARC algorithm.



In this context, the obtained LS algorithm is globally convergent and requires a number of
iterations of order =2 to produce an e-approximate first-order critical point. A second order
version of the algorithm is also proposed, by making use of the exact Hessian or at least of a
good approximation of the exact Hessian, to ensure an optimal worst-case complexity bound
—3/2_ In this case, we investigate how the complexity bound depends on the quality
of the chosen quasi-Newton direction in terms of being a sufficient descent direction. In fact,
the obtained complexity bound can be worse than it seems to be whenever the quasi-Newton
direction is approximately orthogonal with the gradient of the objective function. Similarly to
ARC, we show that the TR method behaves also as an LS algorithm using the same scaled norm
as in ARC. Numerical illustrations over a test set of large scale optimization problems are given
in order to assess the efficiency of the obtained LS algorithms.

The proposed analysis in this paper assumes that the quasi-Newton direction is not orthog-
onal with the gradient of the objective function during the minimization process. When such
assumption is violated, one can either modify the Hessian approximation using regularization
techniques or, when a second order version of the LS algorithm is regarded, switch to the classi-
cal ARC algorithm using the Euclidean norm until this assumption holds. In the latter scenario,
we propose to check first if there exists an approximate quasi-Newton direction, among all the
iterates generated using a subspace method, which is not orthogonal with the gradient and that
satisfies the desired properties. If not, one minimizes the model using the Euclidean norm until
a new successful outer iteration is found.

We organize this paper as follows. In Section 2 we introduce the ARC method using a
general scaled norm and derive the obtained LS algorithm on the base of ARC when a specific
scaled norm is used. Section [3] analyses the minimization of the cubic model and discusses the
choice of the scaled norm that simplifies solving the ARC subproblem. Section ] discusses first
how the iteration dependent can be chosen uniformly equivalent to the Euclidean norm, and
then we propose a second order LS algorithm that enjoys the optimal complexity bound. The
section ends with a detailed complexity analysis of the obtained algorithm. Similarly to ARC
and using the same scaled norm, an LS algorithm in the spirit of TR algorithm is proposed in
Section Numerical tests are illustrated and discussed in Section [6l Conclusions and future
improvements are given in Section [7l

of order e

2 ARC Framework Using a Specific M;-Norm

2.1 ARC Framework

We consider a problem of unconstrained minimization of the form

min f(z), (1)

where the objective function f : R™ — R is assumed to be continuously differentiable. The ARC
framework [5] can be described as follows: at a given iterate zy, we define mg :R™ - R as an
approximate second-order Taylor approximation of the objective function f around zg, i.e.,

1
m(s) = f(xy)+s gr+ §STBkS, (2)

where g = V f(xy) is the gradient of f at the current iterate xj, and By is a symmetric local
approximation (uniformly bounded from above) of the Hessian of f at x;. The trial step sg



approximates the global minimizer of the cubic model my(s) = mg(s) + %UkHSH%M ie.,

sk, ~ arg min my(s), (3)

where ||.||ps, denotes an iteration dependent scaled norm of the form ||z||p, = /2T Mz for all
x € R" and My, is a given SPD matrix. o5 > 0 is a dynamic positive parameter that might be
regarded as the reciprocal of the TR radius in TR algorithms (see [5]). The parameter oy is
taking into account the agreement between the objective function f and the model my.

To decide whether the trial step is acceptable or not a ratio between the actual reduction
and the predicted reduction is computed, as follows:

_ flaw) = flag +si) 4
’ f(@r) — mp (si) W

For a given scalar 0 < n < 1, the k™ outer iteration will be said successful if p; > n, and
unsuccessful otherwise. For all successful iterations we set x4+ = 1+ sg; otherwise the current
iterate is kept unchanged xp.1 = xr. We note that, unlike the original ARC [5] [4] where the
cubic model is used to evaluate the denominator in (), in the nowadays works related to ARC,
only the quadratic approximation mg(sk) is used in the comparison with the actual value of
f without the regularization parameter (see [2] for instance). Algorithm [ gives a detailed
description of ARC.

Algorithm 1: ARC algorithm.
Data: select an initial point xg and the constant 0 < n < 1. Set the initial
regularization o9 > 0 and o,y €0, 00], set also the constants 0 < v1 < 1 < vs.
for k=1,2,... do
Compute the step s as an approximate solution of ([B]) such that

m(sk) < my(sy) (5)
where sf, = —0} g, and 6}, = arg Igligl my(—tgr) ;
>

if pr > n then

‘ Set zx11 = xk + sk and ox11 = max{v10k, Omin };
else

‘ Set 11 = ) and op1 = Vo0;
end

end

The Cauchy step sy, defined in Algorithm [I} is computationally inexpensive compared to
the computational cost of the global minimizer of my. The condition (&) on sy is sufficient for
ensuring global convergence of ARC to first-order critical points.

From now on, we will assume that first-order stationarity is not reached yet, meaning that
the gradient of the objective function is non null at the current iteration k (i.e., gr # 0). Also,
| - || will denote the vector or matrix ¢o-norm, sgn(«) the sign of a real a, and I,, the identity
matrix of size n.



2.2 An LS Algorithm Inspired by the ARC Framework

Using a specific Mi-norm in the definition of the cubic model my, we will show that ARC
framework (Algorithm [I) behaves as an LS algorithm along the quasi-Newton direction. In
a previous work [I], when the matrix Bj is assumed to be positive definite, we showed that
the minimizer s of the cubic model defined in (B)) is getting collinear with the quasi-Newton
direction when the matrix My, is set to be equal to By. In this section we generalize our proposed

approach to cover the case where the linear system Bps = —¢g;, admits an approximate solution
and By, is not necessarily SPD.
Let sg be an approximate solution of the linear system Bips = —gp and assume that such

step sg is not orthogonal with the gradient of the objective function at xj, i.e., there exists

an €4 > 0 such that \g,;rsgl > engkHHsSH. Suppose that there exists an SPD matrix M}, such

Q2
that Mksg = %gk where B €]Bmin, Bmax| and Bmax > PBmin > 0, in Theorem ATl we will
Ik Sk

show that such matrix M} exists. By using the associated Mp-norm in the definition of the
cubic model my, one can show (see Theorem B.3)) that an approximate stationary point of the
subproblem (@) is of the form

T 6ksg, where §;, = T (6)
g, S
1- Sgn(g,;rsg) 1447k My

g, 57|

For unsuccessful iterations in Algorithm [II since the step direction sg does not change, the
approximate solution of the subproblem, given by (@), can be obtained only by updating the
step-size J;. This means that the subproblem computational cost of unsuccessful iterations
is getting straightforward compared to solving the subproblem as required by ARC when the
Euclidean norm is used (see e.g., [5]). As a consequence, the use of the proposed My-norm in
Algorithm [ will lead to a new formulation of ARC algorithm where the dominant computational
cost, regardless the objective function evaluation cost, is the cost of solving a linear system for
successful iterations. In other words, with the proposed Mp-norm, the ARC algorithm behaves
as an LS method with a specific backtracking strategy and an acceptance criteria in the sprite
of ARC algorithm, i.e., the step is of the form s = 5ksg where the step length §; > 0 is chosen
such as

F@r) — mg(si)

The step lengths d; and J;, are computed respectively as follows:

2

o 8212 ®)
g S
1-— sgn(ggsg)\/l + 4’“1%7&
l9g sl
and
2
% = 2 )
9k Brg 94 Brg 3/2
o[ (522)” 4 a0 1ol



2 T.Q

where i = Bk <g — %(:os(wk)2 + 2 <%> ) and cos(wy) = m. The Mj-norms of
LA™

Q

the vectors s and g in the computation of d;, and ¢;, have been substituted using the expressions
given in Theorem Il The value of o is set equal to the current value of the regularization
parameter as in the original ARC algorithm. For large values of 0 the decrease condition ()
may not be satisfied. In this case, the value of o} is enlarged using an expansion factor vy > 1.
Iteratively, the value of §; is updated and the acceptance condition (7)) is checked again, until
its satisfaction.

We referred the ARC algorithm, when the proposed scaled Mp-norm is used, by LS-ARC as
it behaves as an LS type method in this case. Algorithm 2 details the final algorithm. We recall
again that this algorithm is nothing but ARC algorithm using a specific Mg-norm.

Algorithm 2: LS-ARC algorithm.
Data: select an initial point x¢ and the constants 0 <7 <1, 0 < ¢4 < 1,
0<v; <1<wyand 0 < Byin < Bmax- Set og > 0 and oyin €0, 0¢].
for k=1,2,... do
Choose a parameter Sk €]8min, Bmaxl;

Let Sg be an approximate solution of Bys = —gj such as |g;—sg| > engkHHng ;
Set ¢y and df, respectively using () and (@);
while condition (7)) is not satisfied do
‘ Set 0}, < 10}, and update 05, and 0, respectively using (&) and ();
end

Set s, = 5ks§, Tp1 = X + sk and ox1 = max{v10k, Omin };
end

Note that in Algorithm Pl the step sg may not exist or be approximately orthogonal with the
gradient g;. A possible way to overcome this issue can be ensured by modifying the matrix By,
using regularization techniques. In fact, as far as the Hessian approximation is still uniformly
bounded from above, the global convergence will still hold as well as a complexity bound of
order €2 to drive the norm of the gradient below € €]0, 1 (see [5] for instance).

The complexity bound can be improved to be of the order of €3/2 if a second order version
of the algorithm LS-ARC is used, by making Bj equals to the exact Hessian or at least being
a good approximation of the exact Hessian (as in Assumption of Section [). In this case,

modify the matrix Bj, using regularization techniques such that the step Sg approximates the

linear system Bys = —gj and ]g,;rsg\ > €4l ngHng is not trivial anymore. This second order
version of the algorithm LS-ARC will be discussed in details in Section [4] where convergence and
complexity analysis, when the proposed My-norm is used, will be outlined.

3 On the Cubic Model Minimization

In this section, we assume that the linear system Bps = —g;, has a solution. We will mostly
focus on the solution of the subproblem (3] for a given outer iteration k. In particular, we
will explicit the condition to impose on the matrix M} in order to get the solution of the ARC
subproblem collinear with the step sg. Hence, in such case, one can get the solution of the ARC
subproblem at a modest computational cost.



The step sg can be obtained exactly using a direct method if the matrix By is not too

large. Typically, one can use the LDLT factorization to solve this linear system. For large
scale optimization problems, computing Sg can be prohibitively computationally expensive. We

will show that it will be possible to relax this requirement by letting the step sg be only an
approximation of the exact solution using subspace methods.

In fact, when an approximate solution is used and as far as the global convergence of Al-
gorithm [I] is concerned, all what is needed is that the solution of the subproblem (B)) yields a
decrease in the cubic model which is as good as the Cauchy decrease (as emphasized in condition
[@)). In practice, a version of Algorithm [2 solely based on the Cauchy step would suffer from
the same drawbacks as the steepest descent algorithm on ill-conditioned problems and faster
convergence can be expected if the matrix By influences also the minimization direction. The
main idea consists of achieving a further decrease on the cubic model, better than the Cauchy
decrease, by projection onto a sequence of embedded Krylov subspaces. We now show how to
use a similar idea to compute a solution of the subproblem that is computationally cheap and
yields the global convergence of Algorithm

A classical way to approximate the exact solution sg is by using subspace methods, typically
a Krylov subspace method. For that, let £ be a subspace of R” and [ its dimension. Let Qy
denotes an n X [ matrix whose columns form a basis of £;. Thus for all s € £, we have
si = Quzp, for some z, € R'. In this case, sg denotes the exact stationary point of the model
function m® over the subspace £, when it exists.

For both cases, exact and inexact, we will assume that the step sg is not orthogonal with

the gradient g,. In what comes next, we state our assumption on sg formally as follows:

Assumption 3.1 The model mg admits a stationary point sg such as |g;—5§| > engkHHng

where €g > 0 is a pre-defined positive constant.

We define also a Newton-like step sg associated with the minimization of the cubic model
my, over the subspace L on the following way, when sg corresponds to the exact solution of

Bys = —gi by

s = 5?8?, where 0y = arg greuII; mk(&sg), (10)

where 7, = R, if g,;rsg < 0 and Z;, = R_ otherwise. If sg is computed using an iterative

subspace method, then sg = ka}j, where z}j is the Newton-like step , as in ([I0]), associated to
the following reduced subproblem:

1 1
- T, 1 THT 1 3
min f(xp) + 2" Qrgr + 52 @ BeQrz + Soullellgr, g, (11)

Theorem 3.1 Let Assumption[31] hold. The Newton-like step sg s of the form

2
s}jzé}jsg, where 0y = . (12)

orllsZII3
1- sgn(g,;rsg) 1+ 4#




Proof. Consider first the case where the step sg is computed exactly (i.e., Bksg = —g). In

this case, for all § € Z, one has

52 old
ma(0s) —me(0) = dgf s+ ST Bls?)+ L2y,
T.Q T\ [
= (o590 (ol 595 + (onlsI) - (13)

If ggsg < 0 (hence, Z;, = R;), we compute the value of the parameter 5150,\7 at which the
unique minimizer of the above function is attained. Taking the derivative of (I3]) with respect
to 0 and equating the result to zero, one gets

.
0 = g Sg —(gi s )5k +UkH3k HMk (5k) ; (14)
and thus, since 5,15 > 0,
T.Q T.Q)?
ol (alsR) ol sDISEIR,, )
N = _
204|513, Lo J1 gl By,
90 5%

If g,;rsg > 0 (hence, 7, = R_),and again by taking the derivative of (I3]) with respect to &
and equating the result to zero, one gets

0 = g{s2— (905N — anls?l3s, ()7, (15)

and thus, since 5,15 < 0 in this case,

o s?# (0 52)" +tou(a sD) 15213, )

20k]l5¢ I3,

orllsg 113
1y f1 a2l T
Ik Sk
2

Ok Hsk HIVI
1—sgn(g;€rst)\j 1+4W
k

From both cases, one deduces that 5,121 =

Consider now the case where sg is computed using an iterative subspace method. In this

cas, one has s}j = ka}j , where z}j is the Newton-like step associated to the reduced subproblem
(). Hence by applying the first part of the proof (the exact case) to the reduced subproblem
(I, it follows that

2

N = S,Ijz,? where 0y =
Uk” 2 ”QT]M Q
Q4 9k) T =]

1—sgn((Q) gr) "2 Q)\/l +4

where zl? is a stationary point of the quadratic part of the minimized model in ([IIl). Thus, by



substituting z}j in the formula sl,j = kakN, one gets

2
sg = Qk zg
1 o e e
—sgn((QF gr) T2\ /1 + W
2
N 120 Qi
Ccon(aT O L@ ok 1Qu7 I,
1 —sgn(g, Qrzg )\/1 +4 97 el
2

- 2.

1~ sgn(g] sQ)y/1 + 425l

‘gk Sk'

In general, for ARC algorithm, the matrix M} can be any arbitrary SPD matrix. Our goal,
in this section, is to determine how one can choose the matrix M} so that the Newton-like step
s}j becomes a stationary point of the subproblem (B]). The following theorem gives explicitly the
necessary and sufficient condition on the matrix M}, to reach this aim.

Theorem 3.2 Let Assumption [31 hold. The step s}j s a stationary point for the subproblem
(3) if and only if there exists O > 0 such that Mksg = %gk. Note that 6;, = Hng?Mk
k "k

Proof. Indeed, in the exact case, if we suppose that the step s}j is a stationary point of the
subproblem (@), this means that

Vmi(sy) = gr+ Brsy + oxllsi s, Misy =0, (16)

In another hand, s = 5538 where &Y is solution of g,;rsg - (g,;rsg)éN + akHsk HMk\(SN\(S
(such equation can be deduced from (I4)) and (I3])). Hence, we obtain that

0 = mG<si§>:gk—5,?%+akrakNrakNus§HMkMks$

N kH HMk ngSg Q
= (1-0) o+ = |6% |0 WMksk
95 5% 57110y,

Q3 T.Q
Ok|lS S
_ < ||Tk|c|2Mk|5]1;1|5]1;1> <9k— 9k Sk MIﬁ?)-
9k Sk Hsk HMk

Equivalently, we conclude that Mksg = T Q g where 0, = Hsk Ik 37, > 0. A similar proof applies
i S

when a subspace method is used to Compute sg. [

The key Condition to ensure that the ARC subproblem stationary point is equal to the
Newton-like step sk, is the choice of the matrix M} which satisfies the following secant-like

equation Mks P = T Q gx for a given 6 > 0. The existence of such matrix M}, is not problematic

as far as Assumptlon B:[I holds. In fact, Theorem IZ:[I will explicit a range of 6 > 0 for which
the matrix M) exists. Note that in the formula of sk, such matrix is used only through the



computation of the Mj-norm of sg. Therefore an explicit formula of the matrix M) is not
needed, and only the value of §; = Hng?\/[k suffices for the computations.

When the matrix M), satisfies the desired properties (as in Theorem [B.2]), one is ensured that
81,;1 is a stationary point for the model mj. However, ARC algorithm imposes on the approximate
step to satisfy the Cauchy decrease given by (fl), and such condition is not guaranteed by sl,j as
the model mj; may be non-convex. In the next theorem, we show that for a sufficiently large
Ok, s}j is getting the global minimizer of mj and thus satisfying the Cauchy decrease is not an
issue anymore.

Theorem 3.3 Let Assumption [31] hold. Let My be an SPD matriz which satisfies Mksg =

gf’;Q gk for a fived 0y > 0. If the matriz Q] (B + ok||s¥ || am, Mk)Qk is positive definite, then the
k “k

step s}j is the unique minimizer of the subproblem (3) over the subspace L.

Proof. Indeed, when s% is computed exactly (i.e., Q; = I, and £, = R"), then using [8,
Theorem 3.1] one has that, for a given vector sy, it is a global minimizer of my, if and only if it
satisfies

(Br + A My)sy, = — g
where By, + A} M}, is positive semi-definite matrix and A; = oy||s;||a,. Moreover, if By, 4+ Aj My,
is positive definite, s; is unique.

Since Mksg = % gk, by applying Theorem [3.2] we see that
k "k

(B, + A\p My)sp = —gk

with AN = oy||sN|lar,. Thus, if we assume that By, + AN My, is positive definite matrix, then s}
is the unique global minimizer of the subproblem (B]).

Consider now, the case where sg is computed using a subspace method, since Mksg = TekQ Gk
Ik Sk
one has that Q;Mkazg = (QTG%QE%. Hence, if we suppose that the matrix Qg(Bk +
Kk 9k) 2

)\EMk)Qk is positive definite, by applying the same proof of the exact case to the reduced
subproblem (III), we see that the step z,lj is the unique global minimizer of the subproblem ().
We conclude that sg = kakN is the global minimizer of the subproblem (B]) over the subspace
ﬁk. ]

Theorem states that the step s}j is the global minimizer of the cubic model my over
the subspace L), as far as the matrix Q) (By + okl s |la, Mi)Qr is positive definite, where
AN = o |s¥ |z, - Note that

Q
20L|s
)\E = ak”S}jHMk = kllsi llas, o — 400 as o — 00.
oklls
1—sgn(g,;rsg) 1—|—4#

Thus, since My, is an SPD matrix and the regularization parameter oy is increased for unsuc-
cessful iterations in Algorithm I} the positive definiteness of matrix Q] (Bg+oy|sN || ar, M) Qk is
guaranteed after finitely many unsuccessful iterations. In other words, one would have insurance
that s) will satisfy the Cauchy decrease after a certain number of unsuccessful iterations.

10



4 Complexity Analysis of the LS-ARC Algorithm

For the well definiteness of the algorithm LS-ARC, one needs first to show that the proposed M-
norm is uniformly equivalent to the Euclidean norm. The next theorem gives a range of choices

for the parameter 6}, to ensure the existence of an SPD matrix M}, such as Mksg = ﬁ’“Q g and
i Sk
the Mj-norm is uniformly equivalent to the fo-norm.
Theorem 4.1 Let Assumption [31 hold. If
O = 5kHSSH2 where B, e]ﬁminaﬁmax[ and Bmax > Pmin > 0, (17)

then there exists an SPD matriz M, such as

i) Mysf = g,

9

i1) the My-norm is uniformly equivalent to the fo-norm on R™ and for all x € R™, one has

\/ﬁmin V2ﬁmaXH$H- (18)

[l < llzflar, <

V2 €d
iii) Moreover, one has HSSH?\@ = ﬁkHngQ and Hng?\/[k = xk||gx||? where xi = By (g — 2 cos(wy)? + 2 <%Zig
and cos(wy) = 95
Y Nl
Q _ s} . Q (o Al — TQ _
Proof. Let 57 = ] and g; be an orthonormal vector to 5 (i.e., ||gx|| = 1 and g, 57 = 0)
k
such that
H‘;]—kH = Cos(wk)Eg + sin(wy) gi- (19)
k

For a given 0 = 5/6”‘5?”2 where [ e]ﬁminaﬁmax[ and  Bmax > Bmin > 0, one would like to
construct an SPD matrix M), such as Mksg = Gﬁg’g), hence
Ik Sk

_ Ok gk Ol gr ||
Mksg = =
gl sPls?l gl s2ls?l

<Cos(wk)§g + sin(wk)gk)
= Bi5Y + By tan(wy,) gk

Using the symmetric structure of the matrix My, let 44 be a positive parameter such as

Br By tan () ] .

§
My, = [58,5] N 5.5 where Nk:[ b tain)

The eigenvalues )\g‘in and A\;'** of the matrix Ny are the roots of

A2 — (Br + ) A+ Beve — (Br tan(wy))® = 0,

11



hence

i _ (Br +’Yk2) Vo s _ (5k+')’l€2)+\/19—k,

where ¥ = (6 — yk)Q +4 (B tan(wk))2 . Note that both eigenvalues are monotonically increas-
ing as functions of .
One may choose )\g‘in to be equal to %ﬁk = %

Ok
lls2”

therefore )\gﬁn > %ﬁmin is uniformly

bounded away from zero. In this case, from the expression of )\znin, we deduce that v, =
28, tan(wy)? + Br/2 and

3 1 1
Ap = Zﬂk + By tan(wy )? + 1_6@’3 T 5@3 tan(wy)? + B} tan(cox)*

= B <% + tan(wg)? + 1tan(wk)2 + tan(wk)‘l)

6 2
= B (1 + 2tan(wk)2) )

2
From Assumption 3] i.e., |g,;rsg| > ed||gk||\|sg\| where e; > 0, one has tan(wy)? < %. Hence,

d
1 — €3 2B max
AP < B <1+2 ;d>§ P
€d €d

A possible choice for the matrix M}, can be obtained by completing the vectors family {Eg, Ik}
to an orthonormal basis {5?, Jk> 43,4, - - -, qn} of R™ as follows:

Ny,

0 _ 0 0 _
MkZ[SS,gk,q?),...,qn][ 0 D}[Sf,gk,q:s,---,qnf

where D = diag(ds,...,d,) € R(M=2)x(n=2) with positive diagonal entrees independent from k
. One concludes that for all 6, = ﬁkHSgHZ where B; €]Bmin, fmax| and Bmax > Bmin > 0, the
eigenvalue of the constructed My are uniformly bounded away from zero and from above, hence
the scaled Mj-norm is uniformly equivalent to the fo-norm on R” and for all x € R™, one has

IBmin min max V 2/Bmax
O o < ANl < el < Aplel) < R .
By multiplying Mksg = gf’;Q g from both sides by sg, one gets
k "k
52 13s, = 0 = Bells? 1>
Moreover, using (I9]) and (20), one has
-
Hng?wk = |lgxll? (cos(wk)gg + sin(wk)jk> <cos(wk)Mk§§ -+ sin(wk)Mkjk>
0 2 O t 2
gl [ B ()2 + 2sin () cos(my) T
[End e [End e

5 . .
ﬁk”ng2 <Cos(wk)2 + 3 sm(wk)2 + 2sm(wk)2 tan(wk)2>

) 3 1— 2\ 2
Brellgl” <§ 3 cos(wy)? + 2 <%{${ﬂ)> ) .

12



A direct consequence of Theorem [4]is that, by choosing 65 > 0 of the form 5kHng2 where
Bk €]Pmins Pmax| and Pmax > Pmin > 0 during the application of LS-ARC algorithm, the global
convergence and complexity bounds of LS-ARC algorithm can be derived straightforwardly
from the classical ARC analysis [4]. In fact, as far as the objective function f is continuously
differentiable, its gradient is Lipschitz continuous, and its approximated Hessian By is bounded
for all iterations (see [4, Assumptions AF1, AF4, and AM1]), the LS-ARC algorithm is globally
convergent and will required at most a number of iterations of order €2 to produce a point z.

with |V f(ze)| < € [4 Corollary 3.4].

In what comes next, we assume the following on the objective function f:

Assumption 4.1 Assume that f is twice continuously differentiable with Lipschitz continuous
Hessian, i.e., there exists a constant L > 0 such that for all x,y € R™ one has

IV2f () = V2f()ll < Lz — yll.

When the matrix By, is set to be equal to the exact Hessian of the problem and under Assumption
[T, one can improve the function-evaluation complexity to be 0(6_3/ 2) for ARC algorithm
by imposing, in addition to the Cauchy decrease, another termination condition during the
computation of the trial step s (see [4] [2]). Such condition is of the form

IVmr(si)ll < Clisell?, (20)

where ( > 0 is a given constant chosen at the start of the algorithm.
When only an approximation of the Hessian is available during the application Algorithm [I]
an additional condition has to be imposed on the Hessian approximation Bj in order to ensure

an optimal complexity of order e 3/2. Such condition is often considered as (see [4, Assumption

AM.4)):

Assumption 4.2 The matriz By, approzimate the Hessian V2 f(xy,) in the sense that
I(V2 f(zx) = Br)sill < Cllse? (21)
for all k > 0 and for some constant C' > 0.

Similarly, for LS-ARC algorithm, the complexity bound can be improved to be of the order
of €3/2 if one includes the two following requirements (a) the s, satisfies the criterion condi-
tion (20) and (b) the Hessian approximation matrix By has to satisfy Assumption When
our proposed Mp-norm is used, the termination condition (20) imposed on the cubic model my
can be expressed only in terms of Sg and Vmg. The latter condition will be required in the
LS-ARC algorithm at each iteration to ensure that it takes at most O(e~%/2) iterations to reduce
the gradient norm below e. Such result is given in the following proposition

Proposition 4.1 Let Assumption [31] hold. Let 0, = BkHsg\P where Bk €]Pmin, Pmax| and
Bmax > Pmin > 0. Then imposing the condition (20) in Algorithm|[3 is equivalent to the following
condition

2sgn(gy 57)¢

[VmP(s2)|] < Bl (22)

/2
?l
k

TQ on}
—1+ sgn(g, sy7) 1+4; =
k

g, S

13



Proof. Since Assumption B1] holds and 6, = BkHsg\P as in (7)), Theorem [A.T] implies the
existence of an SPD matrix M}, such that M, ksg = 9’“Q gi. Using such Mp-norm, an approximate
9y Sk

-
k

solution of the cubic model my, is of the form s = 5ksg where ;. is solution of ggsg — (g;;rsf)ék +
Uk||£§||%4k|5k|5k = 0. Hence,

Vmy(sk) = gk + Brsi + okllskl s, Misk

= g+ 5kBk<9§ + Uk|5k|5k||sg||MkMk58

Since Mksg = gf’;ng with 0 = Hs?”?wk, one has
k "k
ok |e10e 15 I3,
9l ¢
Q3
1|6k |0k |Isy |
= <1+ = Qk M gk—i—(SkBkSg.
Ik Sk

Vmni(sy) = g+ 0kBrsy +

From the fact that g,;rsg - (g,;rsg)ék + akHng‘Lk]ék]ék = 0, one deduces
Vmg(sg) = 6 (gk + Bka) = 5, Vm (s2).
Hence, the condition (20]) is being equivalent to

[vms| < <

2 _ Q2
< ﬁHSkH = C|oklllsg 1I°

We note that the use of an exact solver to compute sg implies that the condition (22]) will
be automatically satisfied for a such iteration. Moreover, when a subspace method is used to
approximate the step sg, we note the important freedom to add an additional preconditioner
to the problem. In this case, one would solve the quadratic problem with preconditioning until
the criterion (22]) is met. This is expected to happen early along the Krylov iterations when the
preconditioner for the linear system Bjps = —gy, is good enough.

Algorithm Bl summarized a second-order variant of LS-ARC, referred here as LS—ARC(S),

which is guaranteed to have an improved iteration worst-case complexity of order e 3/2 (see
Theorem A.2)).

The Hessian approximation By (as required by Assumption [£2]) involves s, hence finding
a new matrix B} so that the new sg satisfies Assumption B using regularization techniques is
not trivial as s, is unknown at this stage. A possible way to satisfy Assumption without
modifying By, is by choosing sg as the first iterate to satisfy ([22]) when using a subspace method

to solve the linear system Bps = —gi. Then, one checks if sg satisfies Assumption B or

not. If Sg violates the latter assumption, one runs further iterations of the subspace method
until Assumption B.1] will be satisfied. If the subspace method ends and Assumption [B.1]is still
violated, one would restore such assumption by minimizing the cubic model using the ¢-norm
until a successful outer iteration is found.

For the sake of illustration, consider the minimization of the objective function f(z,y) =
22— for all (x,7y) € R?, starting from x¢ = (1, 1), with o9 = 1, and By, being the exact Hessian

14



Algorithm 3: LS-ARC(S) Algorithm.

In each iteration k of Algorithm

Let sg be an approximate solution of Bis = —gj, such as ]gl;rsg\ > engkHHng and the
termination condition

2sgn(gy s%)¢

-1+ sgn(ggsg)\/l +4

IV (s2)| < 5|2

o8y 2 Is 23

g sy

is satisfied for a given constant { > 0 chosen at the beginning of the algorithm.

of the problem during the application of the algorithm. One starts by checking if 382 =(-1,-1)
(i.e., the exact solution of the linear system Bys = —gg) is a sufficient descent direction or
not. Since the slop gOT SOQ is equal to zero for this example, the algorithm has to switch to the
fo-norm and thus sy will be set as a minimizer of the cubic model with the £5-norm to define the
cubic regularization term. Using a subproblem solver (in our case the GLRT solver from GALAHAD
[12], more details are given in Section 6), one finds the step so = (—0.4220,2.7063) and the
point &1 = xg + sg is accepted (with f(z1) = —13.4027). Computing the new gradient g; =
(1.1559, —7.4126) and the quasi-Newton direction 5? = (—0.5780,—3.7063), one has |girs?| =
20.5485 > englHHs?H = 0.0205 where ¢; = 1073 (hence Assumption 3.1 holds). We perform
then our proposed LS strategy along the direction s? to obtain the step s;. For this example,
except the first one, all the remaining iterations k satisfy the condition ]g,;rsg\ > e ngHng
We note that the regarded minimization problem is unbounded from below, hence f decreases
to —oo during the application of the algorithm.

LS strategies require in general to have a sufficient descent direction for each iteration, it
seems then natural that one may need to choose €; to be large (close to 1) to target good
performance. However, during the application of LS—ARC(S) and to satisfy Assumption B

(without modifying the matrix By), one may be encouraged to use an €; small. In what comes
next, we will give a detailed complexity analysis of the LS-ARC  algorithm in this case. In

particular, we will explicit how the complexity bound will depend on the choice of the constant
€q4- The following results are obtained from [2, Lemma 2.1] and [2, Lemma 2.2]:

Lemma 4.1 Let Assumptions [{.1] and [3.1 hold and consider Algorithm[3. Then for all k > 0,
one has

Ok
Flaw) =m(sk) 2 S lskli, (23)
and
31/2L
< L= e 24
or < Oma max{ao 2(1—77)} (24)

The next lemma is an adaptation of [2] Lemma 2.3] when the proposed Mj-norm is used in the

ARC framework.
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Lemma 4.2 Let Assumptions[4.1, [{.2 and[31] hold. Consider Algorithm [3 with 6), = ﬁkHng?
where Bi €] Pmins Pmax| and Bmax > Bmin > 0. Then for all k >0

|gk-+1]] ’
[skll > 3/2__3 '
L+C+ Qﬂamaxﬁmaxed +¢
Proof. Indeed, using Assumptions 1] and within Taylor expansion, one has
g1l < gk — Vmu(sp)ll + [ Vmg(se) |
lgk+1 — gk — Biesk — ollskll g, Mics]| + Cllsil®

<
- C o — U2 2 B Mo I13/2(( 50112 2
< k41 — 9k f(zr)sill + [[(V2f(zr) — Br)skll + or | Me||” =5k ]|* + Clls |l
< Llskl)? + Cllskl* + (o Ml + ) skl
Using (24]), one has
lgrsill < (L + C + omax| Mic |2 + O)llsi .

Since Assumption 4.2 holds and 6 = BkHsSHQ where B €|Bmin, Bmax|, then using Theorem [A.1],
the matrix M} norm is bounded from above by QBmaXegz. Hence,

gkl < (L+C+2V20maBifies™ + ) sl

Theorem 4.2 Let Assumptions[{.1], and[31 hold. Consider Algorithm[3 with 6y = By, ||Sg 12
where B €| Pmin, Pmax| and Bmax > Pmin > 0. Then, given an € > 0, Algorithm[3 needs at most

{Ks 100 S J

iterations to produce an iterate x. such that ||V f(xc)|| < € where f},,, is a lower bound on f and
ks(€q) is given by

3/2
6v2 (L + C + 2V 20maitines® + )

3/2
naminﬁmin

ks(eq) =

Proof. Indeed, at each iteration of Algorithm [B] one has

Flaw) = flap+sk) > n(f(ze) —m(sk)

N0k
Z 3 (e
3/2
3/2
> naminﬂm/in 3/2
= 3/2 5 3/2 Hgk-f-lu
6\/5 (L +C+ 2\/§Umaxﬂmaxeg + C)
3/2
Z 3/2 )
6v2 (L +C +2v20mafilaxes® + €

16



by using (@), 23), [IK), (25), and the fact that ||gx,1]| > € before termination. Thus we deduce
for all iterations as long as the stopping criterion does not occur

k
flxo) = flara) = > Flg) = flzi)

=0

<

namin\/% 63/2

> (k+1) 52 3 3/2
3\/§ <L +C + Qﬁamaxﬁmaxfd + C)

Hence, the required number of iterations to produce an iterate z. such that ||V f(ze)| < € is
given as follow

32 _3 3/2
6\/5 (L +C+ zﬂgmaxﬂmaxfd + C) f(xo) — flOW

k+1 < 3/2

3/2
naminﬁm/in
where f}, is a lower bound on f. Thus the proof is completed. m We note that xg(eg) can

be large for small values of ¢;. Hence, although the displayed worst-case complexity bound is of
order e73/2, the latter can be worse than it appears to be if the value of ¢4 is very small (i.e., the
chosen direction is almost orthogonal with the gradient). Such result seems coherent regarding
the LS algorithm strategy where it is required to have a sufficient descent direction (i.e., an €4
sufficiently large).

5 TR Algorithm Using a Specific M;-Norm

Similarly to ARC algorithm, it is possible to render TR algorithm behaves as an LS algorithm
using the same scaled norm to define the trust-region neighborhood. As a reminder in a basic
TR algorithm [§], one computes a trial step px by approximately solving

min mg(p) s. t. |Iplla, < Ay, (25)

peER™
where Ay > 0 is known as the TR radius. As in ARC algorithms, the scaled norm |||, may
vary along the iterations and My is an SPD matrix.

Once the trial step p is determined, the objective function is computed at xj + pg and
compared with the value predicted by the model at this point. If the model value predicts
sufficiently well the objective function (i.e., the iteration is successful), the trial point xy + pg
will be accepted and the TR radius is eventually expanded (i.e., Ap11 = 72Ay with 75 > 1). If
the model turns out to predict poorly the objective function (i.e., the iteration is unsuccessful),
the trial point is rejected and the TR radius is contracted (i.e., Agy1 = 71 A with 71 < 1). The
ratio between the actual reduction and the predicted reduction for the TR algorithms is defined
as in ARC (see (). For a given scalar 0 < n < 1, the iteration will be said successful if px > 7,
and unsuccessful otherwise. Algorithm Ml gives a detailed description of a basic TR algorithm.

Note that for the TR subproblem, the solution we are looking for lies either interior to the
trust region, that is ||pg||a, < Ag, or on the boundary, ||px||ar, = Ag. If the solution is interior,

the solution pj is the unconstrained minimizer of the quadratic model mg Such scenario can

only happen if mg is convex. In the non convex case a solution lies on the boundary of the trust
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Algorithm 4: TR algorithm.
Data: select an initial point xg and 0 < 1 < 1. Set the initial TR radius Ag > 0, the
constants 0 < 71 < 1 <79, and Apax > Ao.

for k=1,2,... do
Compute the step pi as an approximate solution of (25l such that

mZ () < m(pf) (26)
where pf = —af gy and of, = arg  min g(—tgk);
0<t<

—W
if pp > n then

| Set xp11 =z + pr and Agypq = min{Ak, Apax};
else

‘ Set xpy1 = 2 and Apy1 = 71 Ag;

end
end

region, while in the convex case a solution may or may not do so. Consequently in practice,
the TR algorithm finds first the unconstrained minimizer of the model mg If the model is
unbounded from below, or if the unconstrained minimizer lies outside the trust region, the
minimizer then occurs on the boundary of the trust region.

In this section, we will assume that the approximated solution sg of the linear system
Bis = —gi is computed exactly. Using similar arguments as for ARC algorithm, one can extend
the obtained results when a truncated step is used in the TR algorithm. Under Assumption B1]
we will call the Newton-like step associated with the TR subproblem the vector of the following

form

Py = a} sg, where o} = arg min mg(asg) (27)
a€ERy
where Ry =|0, ' ” | if gk Sk < 0and Ry =[— T ” ,0[ otherwise.
Sk Sk 1My,

Similarly to ARC algorithm, one has the following results:
Theorem 5.1 Let Assumption [31] hold.
1. The Newton-like step (27) is of the following form:

A
Py = al,jsg, where agzmin{l,—sgn(ggsg)T}. (28)
Isg lla,

2. When it lies on the border of the trust region pk 1 a stationary point of the subproblem
(23) if and only if Mksg = ng where 0}, = Hsk 132, -

3. Let \Y = g’“ Sk <1 + sgn(gk Py )%) and assume that pY lies on the border of the trust-

region. Then, if the matriz By + )\EMk is positive definite, the step pg will be the unique
minimizer of the subproblem (23) over the subspace Ly.

18



Proof. 1. To calculate the Newton-like step pl,j , we first note, for all o € R,

2
T - T
9 = m0) = aglsy + =[5 Blsy]
T.Q T Qe
= (gpsg)a— (g s )7- (29)
Consider the case where the curvature model along the Newton direction is positive, that

is when g,;rsg < 0, (i.e.,, Ry =0, ”SkQAT’“Mk]) and compute the value of the parameter o at which

the unique minimizer of (29) is attained. Let o denotes this optimal parameter. Taking the
derivative of ([2d)) with respect to o and equating the result to zero, one has of = 1. Two
sub-cases may then occur. The first is when this minimizer lies within the trust region (i.e.,
ofllsg s, < Ag), then

ag = 1.
If aZHng M, > Ag, then the line minimizer is outside the trust region and we have that

A
N k
s llaz,

Finally, we consider the case where the curvature of the model along the Newton-like step is
negative, that is, when g,;rsg > 0. In that case, the minimizer lies on the boundary of the trust
region, and thus

A
N k
sy Il 2z,
By combining all cases, one concludes that
N N _Q N : T.Q Ak
pr = opsy, where ap =min< 1, —sgn(g; sg )T .
sy 12,

2. Suppose that the Newton-like step lies on the border of the trust region, i.e., pg = QESQ =

- Sgn(g,;rsg) Sk sg. The latter step is a stationary point of the subproblem (23] if and only

[
if there exists a Lagrange multiplier )\E > 0 such that

(Br+ X M)py = —gk-
Substituting p}j = a}jsg in the latter equation, one has
N Q 1
NeMis? = (1—— | % (30)
O

By multiplying it from left by (s@)T, we deduce that

Yoo (o L) ws _elsk - oI5l
A o= (1 N T2 g 1+ sgn(gg 57) A .
g/ ||sg HMk k
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By replacing the value of AY in (B0), we obtain that Mksg = gT —i5 g where 6, = Hsk HM > 0.

k
3. Indeed, when the step p}j lies on the boundary of the trust-region and Mksk = TekQ qg.
9k Sk

Then applying item (1) of Theorem [5.I], we see that

(Bi + Ay My)py = —gk

oTs
with AN = ’“ <1 + sgn(gk ED )%) > 0. Applying [8 Theorem 7.4.1], we see that if we

assume that the matrix By + )\k M, is positive definite, then pg is the unique minimizer of the
subproblem (25]). m

Given an SPD matrix M) that satisfies the secant equation Mksg = %gk, item (3) of
9k Sk

Theorem [5.] states that the step pg is the global minimizer of the associated subproblems over
the subspace L as far as the matrix By + )\EM/,C is SPD. We note that )\1,;1 goes to infinity as
the trust region radius A goes to zero, meaning that the matrix By + )\EMk will be SPD as far
as Ay is chosen to be sufficiently small. Since the TR update mechanism allows to shrink the
value of Ay (when the iteration is declared as unsuccessful), satisfying the targeted condition
will be geared automatically by the TR algorithm.

Again, when Assumption[B.Ilholds, we note that unsuccessful iterations in the TR Algorithm
require only updating the value of the TR radius Ag and the current step direction is kept

2
unchanged. For such iterations, as far as there exists a matrix M} such as M, Sg = 6’“&8 Q” Gk

where Bk €]Bmin, Smax| and Pmax > Bmin > 0, the approximate solution of the TR subproblem
is obtained only by updating the step-size ag. This means that the computational cost of
unsuccessful iterations do not requires solving any extra subproblem We note that during the
application of the algorithm, we will take 6 of the form ﬁkHsk |2, where By €]Bmin, Bmax| and
0 < Bmin < Bmax- Such choice of the parameter 6, ensures that the proposed Mg-norm uniformly
equivalent to the [y one along the iterations (see Theorem [.T]).

In this setting, TR algorithms behaves as an LS method with a specific backtracking strategy.

In fact, at the ith iteration, the step is of the form p; = aksg where sg is the (approximate)
solution of the linear system Bps = —gj. The step length aj > 0 is chosen such as
fzg) = flak + pr
() = @A) 5 ) and m@(ok) < m@(—afgi). (31)
f(xg) —my (pr)
The values of ay, and «f, are computed respectively as follows:
. Ay
ap = mln{l,—sgn(g,;rsg) 1/2H H} (32)
S
and
_ Ay Brgk A
1/2”91€|| if 9k Bkgk <0or ||9k|| > X1/2,
af = (33)
97 Brgr
loel?  else
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2 TR
where i = By ( § — § cos(em)? + 2 (FerEsl ) ) and cos(wy) = ey A is initially
kIS

equals to the current value of the TR radius (as in the original TR algorithm). For large values
of ay, the sufficient decrease condition (BIl) may not be satisfied, in this case, the value of Ay
is contracted using the factor 7. Iteratively, the value of oy is updated and the acceptance
condition (3IJ) is checked again until its satisfaction. Algorithm [l details the adaptation of the
classical TR algorithm when our proposed Mp-norm is used. We denote the final algorithm by
LS-TR as it behaves as an LS algorithm.

Algorithm 5: LS-TR algorithm.
Data: select an initial point xy and the constants 0 <7 <1, 0 <e¢eg <1,
0<7m <1<7, and 0 < Bmin < Bmax. Set the initial TR radius Ag > 0 and
Amax > Ag.
for k=1,2,... do
Choose a parameter S €]Bmin, Smax|;

Let sg be an approximate stationary point of mg satisfying ]g,;rsg\ > engkHHng;
Set v, and of, using ([B2)) and (33));
while condition (31 is not satisfied do
‘ Set Ay < 11Aj, and update oy, and of, using ([B2)) and (33));
end

Set pr = s, Thi1 = Tk + pr and Apyy = min{mAg, Apay};
end

As far as the objective function f is continuously differentiable, its gradient is Lipschitz
continuous, and its approximated Hessian By is bounded for all iterations, the TR algorithm is
globally convergent and will required a number of iterations of order e =2 to produce a point z.
with ||V f(z)|| < e [14].

We note that the satisfaction of Assumption Bl is not problematic. As suggested for LS-
ARC algorithm, one can modify the matrix By using regularization techniques (as far as the
Hessian approximation is kept uniformly bounded from above all over the iterations, the global
convergence and the complexity bounds will still hold [§]).

6 Numerical Experiments

In this section we report the results of experiments performed in order to assess the efficiency
and the robustness of the proposed algorithms (LS-ARC and LS-TR) compared with the classical
LS algorithm using the standard Armijo rule. In the latter approach, the trial step is of the
form sy = Opdy where dj, = sg if —ggsg > engkHHng (sg is being an approximate stationary
point of mg) otherwise d = —gi, and the step length d; > 0 is chosen such as

Flag +sk) < fln) + g gk (34)

where 7 €]0,1[. The appropriate value of Jy is estimated using a backtracking approach with
a contraction factor set to 7 €]0, 1] and where the step length is initially chosen to be 1. This
LS method will be called LS-ARMIJO. We implement all the the algorithms as Matlab m-files
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and for all the tested algorithms By, is set to the true Hessian V2 f(zy), and e = 1073 for both
LS-ARC and LS-ARMIJO. Other numerical experiments (not reported here) with different values
of €4 (for instance ¢; = 1071, 1076, and 107'2) lead to almost the same results.

By way of comparison, we have also implemented the standard ARC/TR algorithms (see
Algorithms[land []) using the Lanczos-based solver GLTR/GLRT implemented in GALAHAD [12].The
two subproblem solvers, GLTR/GLRT are implemented in Fortran and interfaced with Matlab
using the default parameters. For the subproblem formulation we used the ¢5-norm (i.e., for all
iterations the matrix M}, is set to identity). We shall refer to the ARC/TR methods based on
GLRT/GLTR as GLRT-ARC/GLTR-TR.

The other parameters defining the implemented algorithms are set as follows, for GLRT-ARC
and LS-ARC

n=0.1, 11 =05, 1, =2, 09 =1, and oy = 107;

for GLTR-TR and LS-TR
=01, 1 =05 =2 A¢g=1, and Apax = 10';

and last for LS-ARMIJO
n=0.1, and 7=0.5.

In all algorithms the maximum number of iterations is set to 10000 and the algorithms stop
when
lgx]l < 107°.

A crucial ingredient in LS-ARC and LS-TR is the management of the parameter 8. A possible
choice for fy is | g,;rsg\ / Hsg |2. This choice is inspired from the fact that, when the Hessian matrix
By, is SPD, this update corresponds to use the energy norm, meaning that the matrix M is set
equals to By, (see [I] for more details). However, this choice did not lead to good performance
of the algorithms LS-ARC and LS-TR. In our implementation, for the LS-ARC algorithm, we set
the value of S as follows: 5 = 10*40;2/ 3 if g,;rsg < 0 and 2 otherwise. By this choice, we are
willing to allow LS-ARC, at the start of the backtracking procedure, to take approximately the
Newton step. Similarly, for the LS-TR method, we set 5 = 1 and this allows LS-TR to use the
Newton step at the start of the backtracking strategy (as in LS-ARMIJO method).

All the Algorithms are evaluated on a set of unconstrained optimization problems from the
CUTEst collection [13]. The test set contains 62 large-scale (1000 < n < 10000) CUTest prob-
lems with their default parameters. Regarding the algorithms LS-TR, LS-ARC, and LS-ARMIJO,
we approximate the solution of the linear system Bps = —g; using the MINRES Matlab solver.
The latter method is a Krylov subspace method designed to solve symmetric linear systems [19].
We run the algorithms with the MINRES default parameters except the relative tolerance error
which is set to 107*. We note that on the tested problems, for LS-ARC/LS-TR , Assumption
B.1] was not violated frequently. The restoration of this assumption was ensured by performing
iterations of GLRT-ARC/GLTR-TR (with the fs-norm) until a new successful iteration is found.

To compare the performance of the algorithms we use performance profiles proposed by
Dolan and Moré [I1] over a variety of problems. Given a set of problems P (of cardinality |P|)
and a set of solvers S, the performance profile ps(7) of a solver s is defined as the fraction of
problems where the performance ratio ry, 5 is at most 7

1
Ps(T) = Wsize{p eP: Tp,s < T}'
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The performance ratio 7, s is in turn defined by

7,, — tp78
ps min{t,s:s €S}’

where t, ; > 0 measures the performance of the solver s when solving problem p (seen here as
the function evaluation, the gradient evaluation, and the CPU time). Better performance of the
solver s, relatively to the other solvers on the set of problems, is indicated by higher values of
ps(7). In particular, efficiency is measured by ps(1) (the fraction of problems for which solver s
performs the best) and robustness is measured by ps(7) for 7 sufficiently large (the fraction of
problems solved by s). Following what is suggested in [I1] for a better visualization, we will plot
the performance profiles in a logy-scale (for which 7 = 1 will correspond to 7 = 0).

We present the obtained performance profiles in Figure[ll Regarding the gradient evaluation
(i.e., outer iteration) performance profile, see Figure LS approaches are the most efficient
among all the tested solvers (in more 60% of the tested problems LS methods perform the best,
while GLRT-ARC and GLTR-TR are performing better only in less than 15%). When it comes
to robustness, all the tested approaches exhibit good performance, GLRT-ARC and GLTR-TR are
slightly better.

For function evaluation performance profile given by Figure GLRT-ARC and GLTR-TR
show a better efficiency but not as good as LS methods. In fact, in more than 50% of the tested
problems LS methods perform the best while GLRT-ARC and GLTR-TR are better only in less
than 35%. The robustness of the tested algorithms is the same as in the gradient evaluation
performance profile.

In terms of the demanded computing time, see Figure as one can expect, GLRT-ARC and
GLTR-TR are turned to be very consuming compared to the LS approaches. In fact, unlike the
LS methods where only an approximate solution of one linear system is needed, the GLRT/GLTR
approaches may require (approximately) solving multiple linear systems in sequence.

For the LS approaches, one can see that LS-TR displays better performance compared to
LS-ARMIJO on the tested problems. The main difference between the two LS algorithms is the

strategy of choosing the search direction whenever g,;rsg > 0. In our tested problems, the

obtained performance using LS-TR suggests that going exactly in the opposite direction —sg,

whenever sg is not a descent direction, can be seen as a good strategy compared to LS-ARMIJO.

7 Conclusions

In this paper, we have proposed the use of a specific norm in ARC/TR. With this norm choice,
we have shown that the trial step of ARC/TR is getting collinear to the quasi-Newton direction.
The obtained ARC/TR algorithm behaves as LS algorithms with a specific backtracking strategy.
Under mild assumptions, the proposed scaled norm was shown to be uniformly equivalent to
the Euclidean norm. In this case, the obtained LS algorithms enjoy the same convergence and
complexity properties as ARC/TR. We have also proposed a second order version of the LS
algorithm derived from ARC with an optimal worst-case complexity bound of order e /2. Our
numerical experiments showed encouraging performance of the proposed LS algorithms.

A number of issues need further investigation, in particular the best choice and the impact
of the parameter (5, on the performance of the proposed LS approaches. Also, the analysis
of the second order version of ARC suggests that taking the Newton direction is suitable for
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Figure 1: Performance profiles for 62 large scale optimization problems (i.e., 1000 < n < 10000).

defining a line-search method with an optimal worst-case complexity bound of order €32 Tt

would be interesting to confirm the potential of the proposed line search strategy compared to
the classical LS approaches using extensive numerical tests.
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