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Thin layer for the Landau-Lifschitz equation

DAVID SANCHEZ
Mathématiques Appliquées de Bordeaux, UMR 5466, Université Bordeaux 1,
351 Cours de la Libération, 33405 Talence cedex, France.

Abstract. In this paper we study the behaviour of the Landau-Lifschitz equation in a
thin layer spread on a perfect conductor. As the thickness of the domain and the exchange
coeflicient of the equation simultaneously tend to zero we take into account the geometry of
the domain and perform an asymptotic expansion to precise the solution for well prepared
initial data.

Résumé. Nous étudions dans cet article le comportement de ’équation de Landau-Lifschitz
dans une couche mince de matériau ferromagnétique étendue & la surface d’un conducteur
parfait. L’épaisseur de la couche mince et le coefficient d’échange dans I’équation tendant
simultanément vers zéro, nous prenons en compte la géométrie du domaine et effectuons un
développement asymptotique de la solution pour une donnée initiale bien préparée.

1 Introduction

We consider a thin layer w. with a thickness ¢ of ferromagnetic material covering a perfectly
conductive body U¢. The ferromagnetic material is characterized by a spontaneous magnetiza-
tion modelized by a magnetic moment u defined on the domain w. C R? in which the material
is confined. This moment satisfies |u| = 1 and links the magnetic field H and the magnetic
induction B by the relation B = H + u, where u is the extension of u by zero outside w,.

The evolution of the magnetic moment u is governed by the Landau-Lifschitz equation:

( Ou )
n =uNHepr—uN(uNHepp) in we,
% =0 on Ow, (1.1)
n
[ «(0,.) = up on w,

where n denotes the outward unitary normal on dw, and H,;s is the effective magnetic field in

the ferromagnetic domain:
Heff = €2A’LL + H.

The first term in the expression of H.s; is an exchange term whose coefficient €2, called the
exchange coefficient, is intended to tend to zero; the second one is the magnetic field. We
assume that we always are at the electromagnetic equilibrium. The magnetic field then fulfills
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the magnetostatic equations:

H(u) € L*(R3),
div (H(u) + 1) = 0 in D'(R?),

curl H(u) = 0 in D'(R?),

H(u) = 0 in U® where the perfect conductor lies.

When the exchange coefficient is fixed and the domain w., an open set placed in the vacuum,
does not depend on e, Carbou and Fabrie prove in [9] the local existence of a regular solution
u of the equation (1.1). But when the exchange coefficient €2 goes to zero (and the domain
still does not depend on ¢), the time interval given in [9] also tends to zero. In [11], Carbou,
Fabrie and Gues prove by showing the formation of a boundary layer of characteristic thickness
e that the time of existence of u goes to infinity when ¢ goes to zero for an initial data in H®(2).
Moreover they get that the solution u tends to the solution of the hyperbolic system formally
obtained by taking ¢ = 0 in Eq. (1.1).

Since the ferromagnetic materials are often used in thin domains (coating of a plane, reading
head of hard disks) the behaviour of such materials and of the Landau-Lifschitz equation in that
kind of domain naturally arises.

In [6], Carbou has studied the limit of the magnetic moment w in a thin domain when the
thickness € of the domain goes to 0 and the exchange coefficient is fixed. In a previous paper
[24] we study the behaviour of u when the exchange coefficient is €2 and in an e-thick sheet
Q. = (0,1)2 x (—¢,¢) which is periodic on R?. Through an asymptotic expansion we then
describe the interaction between the boundary layer phenomenon and the thin layer. We want
here to enhance this result by considering a thin layer of ferromagnetic material spread on a
perfect conductor delimited by a surface. In this case we have to investigate the influence of the
geometry on the differential operators to obtain a decomposition suitable for the thin layer.

Let us precise the notations. Let Q be a regular bounded domain of R3. We denote I' = 9.
For z € Q we introduce ¢(x) = dist(x,I') and P(z) the orthogonal projection of z onto I'. We
remark that since I' is a regular surface of R3, ¢ and P are regular in a neighbourhood of T.

We set
we={xeQ, 0<p(x)<e}.

We

Vacuum r

o

Perfect conductor
We denote U® = O\ w;.



The equations we will consider are:

aﬁut = uE A (52Au€ + H(ua)) —uf A (u€ A (52Au5 + H(ue))) in we,

Ou =0 on Jw,, (13)
on

u?(0,.) = uf in we,

and
H(u®) =0 in U®,

H(uf) € L* (R*\ U7) ,
curl H(uf) =0 in R3\ U°,

(1.4)
div (H(u®) +uf) =0 in R3\ U°,

[H(u®) An] =0 on dw,,

[(H(u®) 4+ uf) - n] =0 on dw,

where n denotes the outward unitary normal to dw. and [v] denotes the jump of v at the interface
Owe (the transmission conditions are deduced from (1.2)).

In order to perform the asymptotic expansion and get the profiles we work on the rescaled
equation. We get the following result:

Theorem 1.1. Let UY € W™ (T') an e-independent function satisfying |US| = 1 and let the
initial data ug fulfill
ug(z) = UY(P(z)) Yz € w..

If T¢ is the mazimum existence time of the reqular solution u® of Eq. (1.3) then lin% T° = +00
£—

and for all T < T¢ there exists some profiles U° and U' that fulfill
o« U0 c ™ (RZF;W7’°° (T)) is solution of Eq. (1.3) with e =0 i.e.

8UO 0 0 0 0 0 :

U%0,) =00 inT,
where H® = —(U° - n)n is a local operator,

o forallO0<T <T¢,

2
1 k00 6 52k k 7 6—2k
U ekoo[w (o,T,H )@ H (11)) NH (O,TJHI (1) @ H (11))}

such that u® satisfies:

uf(t,x) = UL, P(x)) + U? (t, P(x), @) +e2re(t, ),
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where r¢ € L°(0,T;1LP (w.)) for all2 <p < 400 and 0 < T < T¢, and fulfills:

sup 7€l p .y = OEP).
te[0,T

Remark 1.1. The limit model for a thin layer of ferromagnetic material we obtain here cor-
responds to the physical observations and expectations: the magnetic moment follows the 2D-
Landau-Lifschitz equation without exchange term and the magnetic moment is orthogonal to the
surface I' of the body.

Remark 1.2. For the sake of clarity we have chosen a simple initial data. We can without re-

strictions assume that the initial data admits a reqular asymptotic expansion if the homogeneous
€

Newmann condition 220 — 0 is fulfilled on Owe.

The proof of the theorem requires an asymptotic expansion up to third order. We can then en-
hance the theorem and give a second order asymptotic expansion of the solution instead of a first
order one.

The geometry of the domain we consider here raises some problems: the main difficulty consists
in identifying the geometrical effects of the thin layer. The development of geometrical tools
gives the correct framework to obtain the asymptotic expansion and allows us to introduce tools
suitable to the geometry (Sobolev spaces, inequalities,...).

This paper is organized in the following way. The second part consists in the reminder and proof
of some geometrical tools. In the third part we formally build the asymptotic expansion of u°®
and we prove its existence for all time and the regularity of its terms. We then introduce in the
fourth part anisotropic Sobolev spaces as well as the corresponding embeddings and inequalities
to take into account the small thickness of the domain. We study the remainder term of H°®
in the fifth part where we also explain the equation satisfied by the remainder of u® and we
perform the energy estimates which conclude the proof of Theorem 1.1 in the sixth part.

2 Geometrical tools

We have here a thin non-flat domain that we consider with non-cartesian coordinates. We then
need to express the differential operators in a way which will take into account this geometry

(See Carbou [7]).

We will use the following notations :

e (p-q) is the scalar product in R3.
o I' =00,

for 0 € ', n(o) is the unitary normal to I' at the point o, entering in €2,

for o0 € I', T,I' is the tangent plane of I" at the point o :

T,T = (n(o))*

(x) = dist(z,I") for z € €,

e P(x) the orthogonal projection of x onto I, for x € Q,



e ¢ is the matrix of the scalar product in the coordinates (o, z).
) wE:{xEQ, O<<p(:c)<.€},
e for s > 0, Fs:{xeﬂ, g@(z):s}.

For ng > 0 little enough, we define a parametrization of w,, by :

U Ix]0,mo] — wyy

0,z — o+ zn(o)

Since T' = 09 is a regular compact surface of R? without boundary, there exists 79 > 0 such that
U is a C*°-diffeomorphism from I'x]0, 79[ onto wy,. We remark that for e < 79 the restriction of
U to I'x]0, ¢ is a C*°-parametrization of w;.

Furthermore ¢ and P are regular on w,, and

Vo € wyy, Ve(r)=n(P(x)).

We now precise the expression of the differential operators in the new coordinates (o, 2).

On the submanifold I" we classically define the integrale and the differential operators Vr, div p
and Ar. Furthermore, n is a map defined from I'" with values in the unit sphere S2. For ¢ € T,
the differential dn(o) is a linear map from 7,I" into Tn(o)S2 and since Tn(a)S2 = T,I', we can
consider dn(o) as an endomorphism of T, T

Integration : we now set for s € [0,n0] and o € T" :
vs(0) = det(Id + sdn(o)).

We remark that if u : w,, — R, denoting 4 = u o ¥, we have :

/w,,o ‘e /Ono /Fﬂ(m s)ys(0)dods.

Gradient : for v : I' — R, we define :
Vr.v(o) = (Id + sdn(c)) " (Vru(o))
and if u : wy, — R, denoting 4 = u o ¥, we have :

o

Vu(z) = %

(P(2), (@)n(P(@)) + (Vr,.,@) (P(), ¢()). (2.1)
Divergence Operator : let Y : I' — TT be a tangent vector field defined on I'. We define :

divy Y (o) = ﬁdiv r [rs(Id + sdn) Y] (o)

and if Z : w,, — R3, denoting Z=2Zo U, we have
dZn
0z

div Z(2) = X (P(@), (@) + Gy (P(@) Zn (P(@), (@) + (div 1,y Zr ) (P2), (), (2:2)
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where
Zn(0,2) = Z(0,2) -n(0), Zr(o,2) = Z(0,2) — Zn(0,z)n(o).

1 Oy
vs(o) Os (o).

Laplace operator : for v : I' — R we define

and where : G4(0) =

Ar,v=div , Vv
and if u : wy, — R, denoting & = u o ¥, we have :

24 a0
Nu(x) = TLP(), p(a)) + G (P(2)) o (Pla), 9(a)) + (Br, 1) (P(a), o(a).

Curl operator: Let Y : ' — TT be a tangent vector field on defined on I". We define:

curlp,Y (o) = curl r [(Id + sdn)Y] (o),

1
¥s(o)

where curl r = —div r(n(o) A ), and if Z : w,, — R3, denoting Z = Z oW, we have:

cwl 2= n(P(a)) A SZ(P(x), pla)) ~ n(P(x)) A v% Vi (P(@), p(x))
+n(P(x)) A [(I + zdn) Ydn Vr] (P(z (2.3)
+ |eurlr, ., Vi (P(@), <x>>] n(P (x))

Proof: with the cartesian coordinates we have:

8%223 - 8$3Z2
curl Z = | 0ps 21 — 01, Z3
8$1 ZQ - 8%221

We substitute to d,,Z; their expression in the new coordinates obtained thanks to the one of
the gradient (2.1) and we obtain:

n20, V3 — n30, V2 + (e2 - Verg) (e3 - VFZE)
curl V.= | n30, Vl n10, V3 (es3 - Vr, Vl) (e1-Vr.V3) |,
n10,Vy — np0, Vi + + (e1-Vr, Vo) — (e2- Vr V1)

where (e;)j=123 is the usual basis in the cartesian coordinates and n; = (n-e;). This also writes:
curl V.=n A0, Vr + A(Vy) + B(Vr), (2.4)

where A and B are linear differential operators in which the z-derivative does not appear. To
obtain their expression we use the equalities “div curl = 0” and “curl V = 0” with the equation
(2.4) as well as the expressions of the gradient (2.1) and of the divergence operator (2.2):

curl (Vu) = nA0,Vr,u+ A(0,u) + B(Vr,u)
= nAVr, (0.a) —nA[(I+zdn) " dnVr u] + A(9:u) + B(Vr. )
= 0.



Since there is no z-derivative in A and B, we deduce:

Ar(Vy) = —n A Vr, Vy,

BT(XA/;) =nAI+zdn) tdn Vr,
AN(aza) =0,

BN(VFZU) =0.

We then use “div curl = 0” and we remark that v.(I + zdn) "' n A ((I +29n)"*Wr) = Wp to

get:
diveurl V. = ’yiaz (’yz (AN(‘f/zv\f) + BN(‘?;)))

+div p, (n A 8217; —nA szﬁv +nA [+ zaln)_1 dnff;)
1 — — — L
= -0 (3:AN(V) ) + GBx(Vr) + By(0:V) + (9 Bw)(Vr)

+%div r [n A ((I + zdn)az%)] - %di‘f r (n A VFWV>

+%div r <n A (dn ff;))

_ viaz (4 AN (V) + G= By (Vr) + B (0:Vr) + (9. Bx) (Vi)

+%div r [n A ((I + zdn)az%)] + %diV r <n A (dn ‘7;))

= 0.
We obtain:

An(VN) :01,

BN(f/;) = —curl p ((I + zdn)f/;) ,

Yz
where curl p = —divp(nA-). O

3 Formal asymptotic expansion

We now look for an asymptotic expansion of 4 and H¢ in the form :

e in we,

uf(t,z) = U° <t,P(x), @> + eU? <t,P(x),

€

He(t,z) = H° <t, P(z), @) +eH? (t, P(z),

where z € w,,

e in ) =R3\Q,

He(t,y) = H(t,y) +eH'(t,y) + ...

where y € .

(3.2)

As we consider a non-flat domain we also need to perform an asymptotic expansion of the

differential operators since the geometry also depends on ¢.



If u(z) = (0, 2) € Rand V(z) =V (0,2) € R?, with 0 = P(z) and z = %&;)7 we get :

Vu(z) = ——Z(O', z)n(o) + Z £'Vry.iti(0, 2),
i=0

1 02V 1 (<N . oV L _
A = <S55 - ‘a; —— (o, "Ary.i 1 2) s
V(@) = 55 (00 + 2 <§i::0 cia <z>> g () + L (09
2 20 2O
h i = — "’ 2=05 P = —_— A P = —A .
where a;(2) g (0.G)|2=0, VI, ] <8szvrs>s:0 and Ap,, A (832 1"5>s:0

div V(z) =~ (0,2) - n(0) + ; e'a;(2)V (0,2) - n(o) + ;z—: ©'(0,2)(Vr) (0,2) ,
curl V(x) = —n(0) A 5~ (0,2) + ;s Ao, 2)(V) (0, 2),
where
0, 2)(V) = = (9divr,) o Vi,
7 Zi 7 7 —
N )(V) = S [—‘n A(OEVE,) g Vi + 1A (9L + sdn) ™) o dnVir
+ (dkcurl 1,) 15=0 Vr n} .

3.1 Equations of the profiles

As it is proved in [9], the equation (1.3) is equivalent for regular enough solutions to :
ouf
ot

Since this equation isolates the dissipative term we will use it in the following.

— 2 Auf = 2| Vus |2uf + €2uf A Auf 4+ uf A HE —uf A (uf A HF). (3.3)

We substitute to u®, H® and the differential operators their asymptotic expansions (3.1) and
(3.2) in (3.3)-(1.4) in order to get the expression fulfilled by the profiles for (z,2) € S2 x (0,1)
ory e .

As the equations (1.4) are linear, each H' fulfills the magnetostatic equations (1.4) in €. The
transmission conditions (1.4) become for all ¢ € N:

[H’V\n] =0 onT,

[(F+T")-n| =0 onTUT..

0z
. ov .

In the following V. denotes 5 and we let I; = (0,1). Back in (3.3)-(1.4) the terms of the

z
equations at the different orders in ¢ vanish:

The Neumann condition also becomes < > =0 for all 7 € N.
z2=0,e

—YYy



Terms in ¢~ ': in T' x Iy,

%[(HO—FUO)-H] =0,
9 0 _

We have then (H Y+U 0) -n = 01in I' x I;. By solving the magnetostatic equations in the
exterior domain Q' with the boundary condition H? -n = 0 on I' we obtain that H° = 0 in
V' and H° An =0 on I' x {0}. Since n does not depend on z, the second equation gives that
H°An=0inT x I;. Finally

Hoz—(UO-n)n.

Remark 3.1. Although H fulfills a global equation in R3, it becomes a local operator at the
0-order.
Terms in €% in ' x I3,

ou”°

ot
Since we consider an initial data which does not vary in the thickness of w,., we take for U° a
z-independent solution of the previous equation. UV fulfills then:

ou”°

W:UOAHO—UOA(UOAHO) onT,

— U2, = |UPU° + U NUL, + U ANHY = U A (U° A HY),

U%(t=0)=UJ onT,
where HY is the local operator previously defined.
0. [(H'+U") -n] +0°(H® +T) + Gy n - (H® +T0) =0,

nAO,H' + A°(H®) =0,
Terms in e: in ' x Iy,

1
Uy = UOPU +2(U°- UN U0 + U0 A (UL) + U A (U)

ot
+U'ANH + U ANH = U A (UOAHY) - U A (U AH)
—U'A(UOANH) +Go (U2 +U° AUY),
0. [(H>+U?) -n] +©°(H' +T") + Gy n- (H +TY)
+OY(HY +T0) 4 a1 n- (H'+T") =0,

n A0 H? + A°(HY) + AL(H?) =0,
Terms in €2: in I x Iy,

2
% —92U% = |0,U°PU% +2(9,U° - 0,U?) U° + U° A O2U? + U N O2U° + U A HY
+UANH? —U'A (U AH?) = U A (U2 AH) —U? A (U AHY)
+a1 (0.U° +U° A 3,UY) + Gy (.U + U’ A Q.U + U A 0.U)
+Ar, U + [0.UPU° + 2 (0.U° - 0,UY) U + |V, U°PU° + U° A Ap, U°
+U'NZPUM+ U ANH = U A (U ANHY) U A (U A HY)
~U'A (U'AH).



0, [(H*+U?) -n] + ©(H? +T") + Gy n - (H> + U?)
+ONH + U+ a1 n- (H +T)
FOXH +T ) +as n- (H'+T%) =0,

n A0, H? + A°(H?) + AY(HY) + A2(H®) =0,
Terms in €3: in I x Iy,

8U3 2773 012773 0 3 0 0 2773 3 2770 3 0

W_@U = [0.UPU +2(0.U°- 0. U*) U+ U ANQ2UP + UP NO?U + UP N H
+UANH? —UOAN(UOANH?) —U° A (UP AH) —UP A (U A HY)
+as (0.U°U° A 0,U°) + a1 (.Ut +U° A O U + U A 0,UY)
+Go (0.U% + U NO.U* + U N O U+ U NO.U') + Ap,U' + Ap, 1 U°
+0.UPU +2(0.U0° - 0.UY) U? +2(0.U° - 0,U*) U' + 2 (0,U" - 9,U*) U°
+|Vr, U PU + 2 (Ve U° - Vi, UY) U + 2 (Vi UY - Vi, 1 U°) U
+U A AP U + UV A AR U + U A Ap (U + U A QU + U A 02U
+U'ANH? + U NH —U' A (U'AHY) - U A (U A H?)
~UA (U NHY) —U'A (U AH?) —U' A (U? AH)
~U?A(UANHY) U A (U A HY)

3.2 Existence of the asymptotic expansion

3.2.1 Behaviour of H outside ()

We are interested in the behaviour of H outside 2. H fulfills :
Hel?(),
curl H =0 in

(3.4)
div H =0 in ',

H-n=fonTl,

where f € H'~2 (T') and I € N.

We want to get a relationship between H An and H -n on I'. We need the following regularity
theorem:

Theorem 3.1. (c¢f [13])
Let m € N* and O a bounded open set of R3 with a reqular enough boundary, then

H™(0) = {v e (L2(0))*  curl v € (H™(0))?  div v € H" 1 (0),v - n € Hm_l/Q(f)(’))} ,
and there exists a constant C'(m, Q) such that
[0]| gm0y < € (|yv|y?L2(O))3 + leurl o[ Fyo 1 oyyp + 1AV 0l g oy + 10 nHHm_m(w)) :

Remark 3.2. This result stands whether O is bounded or not, and with v A n instead of v - n.

We get:
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Lemma 3.2. There exists an unique solution H € H'(Y) to (3.4) and so an unique application
Y from Hl_%(F) in itself which maps H -n on H A n.

Proof: The problem (3.4) has classically an unique solution H € L2(Q') (cf [12]). As the
boundary condition is regular we can apply theorem 3.1 and we get the announced regularity as
well as the existence and uniqueness of . [

3.2.2 Existence of UY

Theorem 3.3. Given U{ such that |UJ| =1 and UJ € WT>(T'), there exists an unique solution
to (3.5):
( 8UO

e =U'ANH-U°A(U°ANH®) inT,

U°0,0) = Ud(0), Vo €T, (3.5)

H® = — (UO . n) n
such that [U°| = 1 and U® € C> (RT; W™ (T)).

Remark 3.3. If we choose an initial data U which depends on z and if we want to get the
existence of the solution on RZF we need the z-dependent part of U(()) i.e.

— 1
U0 =Ud-U9 = Ug—/ US (0, 2) dz to be smaller than UY. We then obtain at first order the 1D-
~1

Landau-Lifschitz equation and have to take into account the dependence on z in the following.
Since the z-independence is conserved in this equation, we only consider a z-independent initial
data for Ug.

Proof: As W/>°(T;R3) is an algebra we can solve easily the previous ordinary differential
equation and we remark that |[U%(¢)| = 1 which proves the result. [
3.2.3 Existence of U'

Theorem 3.4. Under the assumptions of theorem 3.3 and with the additional assumption that
Us € HY(T') ® H?(1) there exists an unique solution to

( aUl
W—U;Z = U'ANUL+U'ANH+U°ANH' —U° A (U° A HY)
—~UAU'ANHY) —U'A(U°ANH®) inT x L,
(3.6)
Ul=0onT x{0,1},
| UY0,.) =Uj(.) in T x I,
where H fulfills
0. [(H'+U") -n] +©°(H® +T") + Go n- (H® + U0) =0,
(3.7)

n A, H" + A°(H®) =0,
such that for all T > 0,

2
1 k,00 .6 5—2k k .6 6—2k
U ekoo[w (0,T,]HI )@ H (Il))mH (O,T,H ) ®H (Il))}.
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Proof: The equations (3.7), the transmission conditions (1.4) and the lemma 3.2 give:

<H1+W) n=(1-2z) {@0 <H0+W) +Gon- <H0+W)],

H'An =1 <<(H1 +U7) n) > + zA(HY).

|z=0

and then H' = — (Ul n) n + ¢, with

q= (1-2)[0"(H"+T7) +Con- (H+T7)| n
Fn A (@0 <H0+W) +Gon- <H°+W)) +n A (2A"(H?)),

and ¢ € € (RT,H(T) ® C>(I1)).

The proof follows then the one given in [24]. We just perform the estimates on I' instead of
(0,1)%: we consider ¢ € ' as a parameter and we use Galerkin’s method on the z-dependent
equation. We then perform some energy estimates on the equation and its derivative in time to
get regularity in z and ¢. The regularity in time allows then us to get more regularity in space
and the existence in the announced spaces. [

3.2.4 Existence of U2

Theorem 3.5. Under the assumptions of theorem 8.8 and 3.4 and with the extra assumption
that UZ € HP(T') @ HP(I) there exists an unique solution to

2
%—Ufz = UAUZ +U* ANH+ U AH? - U° A (U° A H?)
—~UAU*ANH) —U* AN (U AH) +F inT x I,
(3.8)
U2=0onT x{0,1},
U%(0,.) =UZ(.) inT x Iy,
where . L
9. [(H*+U?)  n]+0°(H'+TU )+ Gon- (H' +UY)
+OUH + T +ay n- (HO+T") =0, (3.9)
n A0 H* + A (HY) + A (H®) =0,
and

F= Go(0.U"+U°N3,U") + Ar,U° + |0.UPU° + |V, U PU° + U° A A, U
+U'NRZU + U ANH U AN (U AHY) —UA (U AHY) -U' A (U AHY).

such that for all'T > 0,
2
ve {ka (0,T;H5 () ®H5—2k(11)) NHF <O,T;H5 ) ® HG‘%(A))] .
k=0

Proof: The proof follows the same scheme as the previous one. See also [24]. O

12



3.2.5 Existence of U3

Theorem 3.6. Under the assumptions of theroems 3.3, 3.4 and 3.5 and with the additional
assumption U3 € HY(T') @ H5(I}), there exists an unique solution to:

U
W—@fU?’ = U'NQZUP+UP NHY + U AH? —U° A (U A H?)
—UAUPANHY) —UP AN(UAHY) + F inT x I,
(3.10)
.U =0 onT x{0,1},
U3(0,.) =U3(.) inT x I,
where ) )
a, [(H3+U3) n} + @ (H2+U ) +Gon- (H2+T
+ol (H'+T Y +ain- (H' + T
+02 (HO+T°) +agn- (HO+T") =0, (3:-11)
n A0 H> + A (H?) + AY(HY) + A*(H?) =0,
and

F= a (0.U"+U°AO,UY) +Go (0.U* +U° NO.U? + U NO,UY)
+Ar U + Ap 1 U + 10, U U + 2 (0.U" - 0.U%) U°
+H VU PUT + 2 (Vi U - Vi U U + 2 (VU - Vi, 1U°) U°
+UY A AR UL + U A AR U + U A Apy (U + U? A O2UT 4+ UL A 92U
+U'NH?*+U* NH' —U'A(U' ANHY) = U A (U A H?)
—UA(U>NHY) = U'A (U ANH?) = U' A (U? ANH)
~U? A (UANHY) —U? A (U AH?)

such that for all'T > 0,

2
3 k,00 . mmé 5—2k k . oé 6—2k
Us ¢ ;Qo [W (O,T,H M) @ H (Il)>mIHI <O,T,]HI D) @ H (11))].

Proof: The proof follows the same scheme as the previous one. See also [24]. O

4 Sobolev embeddings and energy estimate in the space w.

In the following we are lead to perform energy estimates on the remainder terms of u® and HE€.
These terms will be defined in w. and we need to track the dependence on the domain and
particularly on ¢ of the Sobolev embeddings and other classical inequalities. [24, 25]. Thanks to
a rescaling (to get rid of the ¢ in the definition of the domain), we introduce anisotropic Sobolev
spaces on the domain w.. We let v(o, z) = u(o,ez) for u defined on we.

Definition 4.1. For all 1 < p < 400 we define the normalized Lebesque spaces LY in the

following way:
1

LP = {u € D'(we), ol lu(z)P dx < —i—oo} ,
We wWe

1 1/p
ey = (7 [ 0P )

‘w5| We

13



We let WS’I’ = L and we define the anisotropic Sobolev spaces WZ"F, m € N, and their norms
as follows:

W?H_Lp = {'LL S Lga vF@(z)u € W?L’p and (EaZ)u < W?L’p} ’

P p 1/p
v(z)u”W?’P + HEaZUHWgL,p> .

ulygpon = (Jul?, + 19

When p = 2 we let H™ = W2, and [l = Nl
When p = +o00, we let:

L = {u € D'(w:), sup |u(z)] < +oo},

TEWe

|ule 00 = sup |u(z)].
TEWe

With W = L2, we define the anisotropic Sobolev spaces W:"*°, m € N, and their norms as
follows:

Wwortlee — {u €L, Vr,,,u€ W™ and (€0;)u € Wg“’o} ,

ulygne = (1l + 190y wllne + lleztulgee )

p(x)

In a first time we remind some anisotropic Sobolev inequalities, the first two being proved in
[25], the last one in [24] :

Theorem 4.1 (Anisotropic Agmon’s inequality). Let Qo =0, 1[3. There exists an absolute
constant C' such that for all u € H?(€p),

H ou
L2y 119%i

1 > 0%u
||U||LOO(QO) <C ||u|]£2(90) H H@
i=1

7

I
+ ||u||L2(QO)) : (4.1)
L2(Q0)

Theorem 4.2 (Anisotropic Ladyzhenskaya’s inequality). Let Qo = [[>_,]0, \i[ with A; > 0
fori=1,2,3. There exists an absolute constant C such that for all u € H (),

> ou 1 s
<C — + — . 4.2
sy < 1}(“ o HuHLsz)) 42

Theorem 4.3. Let Qo =|0, 1[2. There exists an absolute constant C' such that for allu € H?(£y),

1

1
1 2 12

D

L2 (Q()) j=0

1

3
lulliize < CTT (D2

i=1 \ j=0

I

j
Ox;

o

- (4.3)

L2(Q0)
We now use the previous rescaling to deduce anisotropic versions of the Sobolev embeddings:

Lemma 4.4. Let u € LY and v(o,z) = u(V(0,x)) for all (0,2) €T x ely. v € L2(T' x el;) and
1
- p 1/p
El/p |u|6’p < /del [P dodx < M, |u|6’p,

su Jac¥ (o, x
where ME _ pa,zel“xah‘ ( ) )|

- . Moreover there exists some e-independent constants u,
info gerxer, |Jac¥ (o, x)|

v such that for € small enough, 0 < v < M. < p.

14



Proof: The application ¥ is a regular diffeomorphism for all € € [0,7¢] so |Jac¥| is continuous
and take non-null values on I" x €I; and for € € [0,79]. O

Corollary 4.5. There exists an e-independent constant C' such that:

e forallue H! and 1 <p <6,

1 g_g
ul,, <C IUI a2y (4.4)
e for allu € H? and 2 < p < +o0,
1+23 3 3
|u|5p — C |u|52 g || ||52 . (45)
o forallu e Hg,
3 1
|U|a,12 <C ||U||§1 ||U||§2 (4.6)

Proof: Thanks to Lemma (4.4), an atlas covering I and a partition of unity we only have to
prove the result in |0, 1[2x I;.

We obtain immediatly the first estimate in the case p = 6 thanks to Th. 4.2. An interpolation
between L2 and LS give the result.

With the rescaling strategy we use to introduce the anisotropic Sobolev spaces we deduce from
Th. 4.1 and 4.3 the two inequalities. [

4.1 Trace and lifting
Let us remind a definition of the spaces H*(2), s=k+0 > 0,0 < s <1 (¢f [21, 20]):

H* () = {u € H*(Q), /Q/Q |Da“|("”) — Dau(y)|2da:dy < +o0, V]a| = k} ,

T — y’n+25

1/2

D%u y2
e T +Z//|‘%Mmjﬂm@

|la|=F

With the same type of rescaling we used for the embedding theorem we define anisotropic spaces
on the boundary dw. = ¥(I" x {0,e}) (" has no boundary):

s _ |D2u(y) — D2u(y)? ,
HE(Ow,) = {u S H (Owe), |8w5| /8ws /c%.)s (o — o'+ e 2z — 22 )n/2+sdydy < 400,
vlal = k},

1/2

Da Da l 2

M e

[ ullas owe) = | Nl o) +
Owe

where y = ¥(o,2), vy = V(c',2), D. = (V%w(z),saz)t and a € N¥.

15



Lemma 4.6. There exists an e-independent constant C' such that for all € > 0 small enough
and u € HL,

U <C ||u .
lull gy ) < C Ml

1
There exists an e-independent constant C' such that for all 0 < & small enough and f € HZ (Ow;)
there exists a lifting 1 € H! of f such that:

9Ly < CIFIy
5 We)

Proof:

Anisotropic trace theorem: for all (0,2) € I' x I1, we let v(0,2) = (uo ¥)(o,e2) and we
apply the classical trace theorem to v:

H HHQ(FX{O 1}) CHUHHl(FXIl)

where ¢ does not depend on €. We now perform some estimations on v: thanks to an atlas
covering I' and a partition of unity we are lead back to functions with a compact support in
V(U x el;) where U is an open subset of I As in lemmas 4.4 and 4.5 there exists some
e-independent constants C' and C’ such that:

Cllulley < Mol rxry < € lulley -

1
Since the spaces HZ2 (0w, ) take into account the anisotropy of the problem (as well as the Sobolev
1

spaces) we obtain the following estimates on the norme HZ:

!
Cllullg s < Ild oy < 'l

We Ws)

which gives the result.

Anisotropic lifting theorem: By the same way we apply the classical lifting theorem to
g(0,2) = foV(o,ez2), (0,2) € T x {0,1} to obtain a lifting v € H*(I" x I1). Since the application
U is a diffeomorphism on wy,, we let u(¥(0,e2)) = v(o,2). Then u is a lifting of f € H%(&ua)
and the previous estimates give the result. [

4.2 Some inequalities

In the following we also use the following inequalities:

ou : .
Lemma 4.7. For all u € H? such that — = 0 on Ow, there exists an e-independent constant

on
C such that:
9\ 1/2
, (4.7)
£,2

For all w € H", m € N* there exists an e-independent constant C such that:

2
2
Hu”6,2 S C <|u|€,2 + ‘Ap(p(z)u‘62 +

)

2 1
e*—0, (7,0,u
% (720:u)

. 1
ltlleyy < C (ulen+ |[divroul|  + e (u-m))
) e,m—1 Yz e;m—1 (48)
[T huremo A ey
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Proof: We let v(c,z) = u(¥(o,ez)) to only consider the domain I" x I; and we apply to v the
classical inequality

9 9 1/2
H’UHH2(rx11) <C (H’UHnﬁ(erl) + ”AUHLQ(FXh))
and Lemma 3.1. We then deduce the result thanks to Lemma 4.4 and 4.6. [

Corollary 4.8. There exists an e-independent constant C such that for all u € Hg satisfying

ou
5,2) '

— =0 on Ow, we have:
(4.9)

on
6,1) ‘

(4.10)

EQL . (720,u)

z

H(v%) +e(nd,))u

el = ¢ (‘VFW(I)ULQ + ’Eazu’6,2 + ‘AFW(I)UIL’Q +
Moreover if u € Hg’ there exists an e-independent constant C such that:

H(vp + e(nd.))u

w(x)

€2 <C (‘vrw(z)u‘g,z t[edzulc, + HAF“"(”uHE,l "

1
2

£2—0.(v.0.u
- (7:0:u)

5 Equations satisfied by the remainder term

e In w, we let

7

e (t,x) = U(t, P(x)) +eU" <t,P(x), Wc)) + 20 <t,P(x), @>

+e3U3 <t,P(a:), ﬁ) + &3¢ (t, z),

He(t,2) = H'(t, P(z)) +eH'" (t,P(m), ﬂ) +e2H? <t,P(x), Wc))

+&3H3 <t,P(:1:), @) +3Q°(t, x),

o In (Y,
He(t,z) = H(t,z) + eH(t,z) + e2H?(t,z) + 3 H3(t,z) + 3Q° (¢, x),

where r¢ and (¢ are the remainder terms of u and H.

Remark 5.1. All the terms which depend on U°, H°, U, ... naturally live on T x (0,1). From
now on, when we consider that this kind of terms in the equations on the remainder are defined
on the space w., we assume that these terms are valued on ¥~1(x) where x € we.

We also need to precise the expressions of the operator we used. We let

1 EZ _ 2
m@f(i(a, s) ds

Ay = —5
" 520 2

and we get:
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o Vu = (0,u)n+Vr,u+eVr,1+eVu, where V'u =

m | =

[/Oaz(gz —5) (02Vr,) (0, 5) ds| (u).

2 2

1 . o

o divV=_0.(V-n)+ Y Elain-V+eta,n V4> £O(V)+207(V),
=0 =0
1 £z _ 2
where €7 (V) = & [ / @ (83divr.,) (o, 5) ds] (Vip).
0
1 2
1 _ = 3 ZA’L 2Ar

o curl V 6n/\(‘?‘/—l—zja (V) +e°A"(V),

i=0
where

. . L[ [ (ez=5)° s 1
AT(V) = _n/\va+€—2/ o AO (T + zdn) ™) dnds | (Vr)
0

£z )2
+i2 {/ w@fcurl 1"2:| (V) n.
9 0 2

10%2u 1 ;, Ou o5 Ou ,
o Au= 5—2@+E;E aia—l—s ara—i-ApOu—i-sApo,lu—ksA u,
1 EZ
where A"y = - </ (ez —s) (8§Arz) (0,5) d5> u.
0

For all of the previous remainder term we have
HATUHHP(FXH) < CEHUHHPer(FxIl)?

where d is the degree of the operator A.

5.1 Remainder term of H

Back in the equations (1.4) we simplify by using the equations satisfied by the profiles. We get:

(Q° e LA (Q Uwe),
curl Q° + f1 =0 in Q' Uw,
div (Q°+7)+ fo=0 in Q Uw,, (5.1)
[Q°An]=0 on T,

L [(Q°+7%)-n]=0 on TUT,.

18



where

f1

1
AY(H?) + AY(H? + eH?) + A*(H' + eH? + 2H?) + —A"(H° + eH' + 2H? + 3 H?)
£

fo= Go(H3+T°) n+a (H2+T +eH3+cU") n
+a*(H* + T +eH? 4+ U +2H3 + E2U3) n
—i—%a’”(HO beH 4+ 2H2 4+ SHP+ U+ 60 + 20 + €3U3) n
+OUH3 +T°) + @Y H? + T +cH? +U)
YOAH ' + T +eH? + U + 2H? + 2T0°)
+§®’“(H° v eH' + 2H2 4+ T’ + U +&20°)
We then consider the remainder Q¢ as a function of 7¢ to get:

Lemma 5.1. Let R and S¢ the solution of

curl R* =0 m Q' Uwe, curl S* = f1  in Y Uw,,
div (RF4+7)=0 in Q' Uuw,, divS®=fy inQUuw,,
(RF+7)-n=0 onT.. S¢n=0 on T..

Under the assumtions of Th. 8.3, 3.4, 3.5 and 3.6, and if ¢ belongs to HE, there exists an
unique QF = R® 4+ 5° and some e-independent constants co such that R® is a linear operator in
r¢ and for all i € {0,...,3},

17, < collr®lle,,

IN

3
151l i

3
2z ;) (ol + 1.,

Proof: We consider at first R®: there exists ®° € W!() Uw,) such that R® = —V®° and ®° is
solution of:

—A®® = —divr® in we,
—APE =0 in ]
8;)6 =7 n on I',,
n
€ 8¢E 15
[@°] =0, 5| = on I
n

For all , ¥ € WY Uw,) we let a(®, V) = / V& - V¥ dr and

Q' Uwe

B(¥) = —/ div 7V dx +/ (7°-n) ¥ 0.
Q' Uwe

€

« is continuous and coercive in WH(Q' Uw,) and

B(D)| :/ LV da
Q' Uwe

IN

172 (@ uwn) I VL2 (@7 i, ) -
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We then apply the Lax-Milgram theorem to obtain the existence of ®° € W!(Q' Uw.). We have
IR @) = 19%Iwi @i < 7]z and then [RE|,, < [r¥], ,. To get more regularity
for the solution we procced as in [9, 11, 19]: we seek the equations fulfilled by the derivatives of
dE,

To obtain them we introduce vector fields X which are normal or tangential to I' on an open
subset of w. U {z € ', ¢(z) < no} and we prolongate them by zero to the whole domain w,
and an exterior neighbourhood of I'" thanks to a bump function. We then define tangential and
normal derivatives by (X - V), this definiton remaining valid in Q' U w.

We obtain the equations for the tangential derivatives of ®¢ by differentiating tangentially the
equations on ®°. When we differentiate the equations in the normal direction we multiply by
€ to take into account the anisotropy of the domain and in the Sobolev spaces and we deduce
the boundary conditions for the equation on ®¢ (if we have enough regularity in the tangential
directions). Finally we get |[R°||. , < C'||r¢[|,, where C is an e-independent constant.

Back to S¢ the functions f; and fo both belong to L2. There exists then an application v €
WY Uw,) such that:

dive=0, curlv=f; inQUw. and vAn=0 onl,.

Using again the ideas taken from [9, 11, 19] we prove that HvHe’p <C ”lea,p‘
We now let w = 5S¢ — v. w fulfills:

curlw =0 in Q' Uw,,
divw = fy in Q' Uw,,
w-n=—-v-n onl;..

Since curl w = 0 there exists ® € W1(€ Uw,) such that w = —V® and we have to consider the

problem:
—Ad=fy in QU We,

o _
on

v-n onl,.

Let a and 3 be the applications:

a(®,¥) = / Vo .- VV dz,
Q' Uwe

ﬁ(\ll):/glu fg-\Ide—l—/ (v-n) W dy.

€

The application « is continuous and coercive in W1(€' Uw.) and

1B < N fellez@o ¥ llLe e + Cllv - nllg-120) 1P a2,y
< COlfalliz@ol®llw ) + C (I0ll2 .y + 14iv vlliz) 1% @ruw.)
< C(IIf2lliz + Iolle2 o) 1w @ruw.)-
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We then apply the Lax-Milgram theorem in W! (£’ Uw,) and get the existence and uniqueness

of ® in WL(€ Uw,). Moreover ® fulfills:

1@ [l (@) = lwllz@ue) < C (If2llzwe + Ivlzw.)) »

so |w|. 5 < C(|fa|. 5+ |v]. o). Thanks to the strategy given in [9, 11, 19] that we use to improve

the regularity of R® we obtain:

HwHE,p < C(Hf?”a,p + Hv”a,p)
Back to the definition of w we have:

15%]e, < Clf2llcp + 11l p)
3
¢ (o)., +1#.,). ©

1=0

IN

5.2 Remainder term of

According to lemma 5.1 we let in w,

s (t,z) = U°(t, P(x)) + U <t,P(x),“OEf>> 12U (t, P(x), “OE;C)

1308 (1, Pa), 22

Q° = R® + 5° where R® is linear in r®,

Ke(t,) = H (1, P(x)) +eH" <t, P(x), WC)) + 2H? (t, P(x), @>

£
+e3H3 <t, P(x), @) + &35¢.

Back in the equations 3.3 we simplify by using the equations of the profiles. We get:

( Or® 2 5 g :

T —e*Art =T+ ---+Tg + F° in w,,
85

" 0 onTUT.,

on

r€(0,x) = ri(z) in we,
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where
T = 58\V7“8\27’5,

Ty = ° (|Vre|?a® + 2(Vr® - Va)re) ,

Ty = & (|Va5|27’5 +2(Vr® - Va)a®),

Ty = 2 (r° ANAa® +a® A AT+ e3¢ A Ar),

Ts = a® ANR° +1° ANK® + % A RS,
To=—[a*AN(a"AR)+a" AN (r* ANK®)+71° A (a® ANKT)],

Ty = —3[r° A (r° AK®) +7° A (¢ A R®) 4 a° A (r° A R,

Tz = —%° A (r° A R),
and F€ = ecA+ a* NS° —a® A (a® A S®), where A is composed of sums and products of profiles

as well as their derivatives up to second order and the asymptotic expansion of the differential
()
€

operators, each one valued in (P(:z:), . The full expression of F¢ is given in Annex A.

According to the regularity results we get on the profiles we have the following proposition:

Proposition 5.2. Let U% € W' (T). For all p, 1 < p < +oco and for all T > 0, there exists
some e-independent constants C), such that for alle >0, t € [0,T] and i =0,1,2,

la*(t, i < G

For all p, 2 < p < 400 and T > 0 there exists some e-independent constants C) such that for
alle >0 and t € 0,77,
la*(t, )l < Cop

For all p, 1 < p < 400 and T > 0 there exists some e-independent constants C)p such that for
alle >0 and t € 0,77,

K=, Mlgyre < Cpy [|FE(E )l < Coa
Proof : Since UJ € W7 (T'), the regularity results on the profiles (Th. 3.3, 3.4, 3.5, 3.6) and
the classical Sobolev embeddings give for all : = 0,1,2, 3,
U [lw2.oe (o) < C,

HUin&p(rxh) <C, 2<p<+o0.

Thanks to a rescaling we define the functions on w. and prove the result.

By the same way we prove estimates in Wh°°(I" x I1) for H' and Lemma 5.1 and 4.5 give the
estimates on S°.

We then easily deduce the estimates on F'® from the previous results. [

Remark 5.2. We could obtain more precise results since U° does not depend on z:
|va5|57p g Cp’
‘D2a5‘ < Cpe
€,p p
|D%a®|_ < Cpe?,
€7p
|VK6|g7p S Cp)
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but we do mot need such estimates in the following. The estimations that follow remain then
valid even if U depend on z.

6 Estimate on the remainder term

We will now give en estimate on the remainder term r°. We will then obtain a new existence
proof of the magnetic moment u° but for an initial data with regularity W7°(T") instead of H?.
This loss in the regularity is typical from the asymptotic expansion method we use (See also
[16, 5, 11, 23, 24]).

Thanks to the formalism given to the differential operators and thanks to the anisotropic lemmas
and regularity results (we get the same loss of exponent €) we can perform the same kind of
estimates that we did in [24].

These estimates are performed on a Galerkin approximation which will allow us to justify all
integrations by parts. The approximation space we consider for the Landau Lifschitz equation
is built on the basis of eigenfunctions of the Laplace’s operator with domain

9
{ugH?, a—zzoonrure}.

For the magnetic field we only introduce R, the projection of R(r;,) on the approximation space,
but we will not detail this step and only concentrate on the estimates.
In the following we let:

2 2 2
Q) = [t ) + IVrari(t, )2, + [e0ri (8 ),
2
e (|Arrs (4.2, + 0.V iy + EVr.0urs 2y + 025812, )

and we assume that Q(0) < ||7“8||§1 + €2 ||r8||§2 is bounded.

Since we consider a Galerkin approximation of ¢ we get the existence of Q on a maximum time
interval [0, 7, e [ where 0 < T, ne < +00. We want to prove here the existence of 7 small enough
such that we have the existence of Q on [0,7] independently from n if ¢ < ep. We also show
the estimates on the main result. We will proceed as it follows:

We let T' > 0 and thanks to the energy estimates we obtained by integrating by parts we show
that Q fulfills on [0, 77N [0, T; [ the differential inequality:

Q'(t) <Cr(1+Q(t)) +ePr(Q(t)), tel0,TIN0,T, .|, (6.1)

where Cr is a constant and Pr a polynomial, both independent from n and e (but not from 7).
We let now

T° — sup {T, PQ®)) < 5—12 Vi [O,T]}.

Forallt <T¢, Q' < C(1+Q),s0 Q(t) < (14+Q(0))exp(Ct) —1 thanks to the Gronwall lemma.
1
We deduce then that P(Q(t)) < = for all t < alnl + b. Finally we have that lin% T. = +o0
E—>

which implies 7,y . > T as soons as € €]0, e7]| where e is a small enough constant. Moreover < is
bounded independtly from e in L*° (0, T ]HI%) as well as er® in L*° (O, T; Hg) foral 0 < T < Tv.
We then use the anisotropic Sobolev embeddings and the renormalization in the Lebesgue spaces
to obtain the main result.
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Remark 6.1. In the following inequalities the V and A operators are the usual operators. When
we estimate them in the anisotropic Sobolev spaces we lose some powers of €:

€ \Vu|€7p < (\Vzu|e,p + |£8zu|5,p> )
62 |Au|5,p < (|A$u|5,p + ‘628§u|5,p> '

We also have to consider commutators between the differential operators since the tangential
differential operators depend on z. These commutators are differential operators of order one
less in the normal direction. For example in the case of the gradient,

0., Vr.Ju = — (I 4 zdn) ™' dn Vr,u.

These commutators appear in the second member and in the dissipative term of the following
estimates. In both cases they generate tangential derivates terms that are easy to estimate or to
absorb.

To simplify the estimates we then proceed as if the differential operators commutate. We also
note D, the operator nd, and D? the operator %82(7282).

1
L? estimates: we take the scalar product of (5.2) with ﬁre and we integrate on w. (so that
We

the norm | |, appears). The integrations by parts are licit since we work with a Galerkin
approximate. We get:

1d

1

£12 2 €12 £ £
—— + V < — T +---+Tg+ F°) - r°dx.
2 dt <|T |a,2) e |Vr |8,2 = |we] /E( 1 8 )7

We estimate each / T; r® dx thanks to Holder’s inequality and the anisotropic Sobolev
We

e |
embeddings:
1 € 81,12 £12
ol Tirfde| < e |rff Ve[,
We
< O 2 eIy < cQ?
(thanks to Ineq. (4.5) and Rem. 6.1)
ol / Torfde| < &° |a€|6’OO \re\&?) ‘VT€|§73 + 2¢° \r€|z’3 |Va€|6’OO \Vre\&?)
e we
1/2 3/2 3/2 1/2
< O IR Nlerllon +C 2l p IrI2Y lerll2s
(thanks to Prop. 5.2, Ineq. (4.4), (4.9) and Rem. 6.1)
S 0(52 +€5/2)Q3/2
1 2 2
- / Tyrtde| < &, Va2 + 262 0], o 1], 5 [V o [ Ve, .
e we
2
< O+ 0ol =0 Q

(thanks to Prop. 5.2 and Rem. 6.1)
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1
ol T <@L, Ve 9L
|w€| we ) ) )
< O|TE|E,2||TE||E,1 < OQ
(thanks to Prop. 5.2 and Rem. 6.1)
1
[t <l L
|w€| we 3 3 3
< ClfZ,<0Q
(thanks to Prop. 5.2 and Lemma 5.1)
I TN P P VO
| 8| o 6 = €,00 €,2 €,2 €,00 £,00 €,2
< COh2, <CQ
(thanks to Prop. 5.2 and Lemma 5.1)
1
[ mrde] < 0l R IR
|w€| we ) ) )
< @2 < 0 QY2
(thanks to Prop. 5.2, Ineq. (4.4) and Lemma 5.1)
1 ()
— Tgredx|= 0
|w8| We
1
Feredz < |FF| 5 rf 5
wel |Jw. e

< O+ [r2y)
(thanks to Prop. 5.2 and Young’s Inequality)

Adding the previous inequalities we obtain the existence of a constant C and a polynomial P
both independent from e such that:

d
- 2, + 2|V, < C(1+ Q) +£°P(Q), (6.2)

H! estimates: Taking the scalar product of (5.2) with

(Ap,r® + 62Dfr5)

z

(AFZT‘E + 62$8Z(WZ@ZT8)> =

|oe| |we |

and integrating by parts, it follows:

1d ,

24t (‘vrzﬂgﬂ + |€Dz7’6‘§,2) +&% |Arrf2, + ‘E2D§7’6|5,2 +e*(1+&%) V. Dro2,
< 1

|w€| We

(T + -+ Ty + F°) - (Ar,r* + °D2r°) da
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and we estimate each term in the second member in the following way:

1

|we |

IN

/ Ty (Ar,r° + €2D§r€) dx

&8 [r¥].6 [V7° (JAr.r%. o + |£2D2°) )

Ce® |7,y llers|lZ , < C=* Q2
(thanks to Ineq. (4.4), (4.9) and Rem. 6.1)

IN

IN

— / Ty (Ar,r° + €2D§T8) dx
We

|we |

2
& 0. oo [V7°2 (180, r¥] 5 + 20207 )

+2¢9 |r6|5,6 |Vr5‘€73 ‘Vaa‘&oo (|Apzre|e,2 + ‘E2D§7’5|872>
1/2 5/2 3/2 3/2

M2 lre |2 Nler|1 25 + C=¥2 lr=2 fler 2

(thanks to Prop. 5.2, Ineq. (4.4), (4.9) and Rem. 6.1)

C (81/2 _|_€3/2) Q3/2

IN

IN

IN

= / Ty (Ar.r® +2D%°) de| < & |Va 2, |2,
We

|we |

222107, o, (V0. V|, o + oDV o0 ) 17 o %
Il + 222 Vel (1900, o + eD20%]. o)
V7el o 17l g + 267 [0, oo 17 2 175 Ly
(IVr. Ve, o + eD- Vel . .. )
+2€2 |a6|5,oo |va6|5,oo <|Arzra|5,2 + |€DZV1"Z’I"6|872
+ \Dzvpzre\&z + |€D§r5|572> HTEH&1

2
C (I + ¥l ¥l ) + C el %
(1Ar 7). + (14 &) [eD. V| o + |2D2F] )
(thanks to Prop. 5.2 and Rem. 6.1)

1
CQ+ R (52 |AFZ"”EE,2 +(1+¢€?) ‘sDzVFJELzQ
+12022,)

IN

IN

To estimate Ty we look more precisely the behaviour of the terms with Ar¢ thanks to integrations
by parts (which are licit thanks to the splitting between the two directions):

1

A = o] e%a® A Ar® - (A, r° 4+ £2D%rf) da
we| Joo.
1

o] e? (a° A Ar,r° - €2D2r® + a° A D2r° - Ar,r) dx
el Jwe

1_62 2 € 2. € e
—e“Vr,a" AND;r® -V, r*dx +
We

‘w5| We
Vi@ oo 121 [€2 D20y + leDa | o [I7]c 1 [€D-VE 77 o

e2D.a® A D, Vr. 1 - V. re da:>

IN

2
€ 2
Clrl2, + 18 (!521737“5\5,2 + \EDZVFJ€|?,2>

IN
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Back to the estimate of T4 we obtain:

1

[l

|we |

|we |

|we |

1
Ay = / e2r¢ A Ar© - (Ap.r® + 62D§r5) dx
We

|we |

|w8‘ We

1—¢&?

= &% (r° A Ap,7° - e2D2r° + 15 A D2r° - A, rf) da

z

= — / V.1 AD.r¢ - D,V 1 dx

|we|

€
< Ce& IV, ¢l 4 [€D2rf|, 4 [eD:Vr 7], 5

/ Ty (Ar,r€ + £2D2rf) da
We

— / Ts (Ar,r° + £2D2rf) da

— / Ts (Ar,r€ + £2D2rf) da
We

— / T; (Ar,r€ + £2D%rf) da
We

IN

IN

IN

IN

IN

IN

2
62 |Aa5|5,oo ||T8||8,1

2 (|9 Ad| g + 22807 ) L6 177

C eI, + C=V2 e Nerel25 (21D rr. )
1 2

05 (202, + D Ve L2,

(thanks to Prop. 5.2, Ineq. (4.4) and Rem. 6.1)

C Q+Ce'?Qi?

1 2
+1—8 (‘E2D§7’E|€72 + |EDZV1~Z7*EE72)

o lyyroo [0 177 Mlen + ™o oo 1R 1 ¥l
FIE oo (7712 17511
2317 g IRy (190l g + 2D, 5)

2 5/2 1/2
C I |2, + Ce™/2 |r¥)12/F ller* 125
(thanks to Prop. 5.2, Lemma 5.1 and Ineq. 4.4)
CQ + Ce2 QY

2/|a%lyyroe 0% oo 1R ] o 17 llc 1

102 oo 1B Nl g 1711
+2[|a%[lyyroo [ oo 7] o 17l 1
2[00 °|
1% oo oo 17112,
Cllrélog + el 178l <€ Q
(thanks to Prop. 5.2 and Lemma 5.1)

: £,00 £,2 : e,1
%] oo 750 I

2
& (112 4 K 2107, o I | )

X (‘AFJ€|5,2 + ‘E2D§"”6‘5 2)
O r=| 5 Irel127 ler®ll., < € < QY2
(thanks to Prop. 5.2, Lemma 5.1 and Ineq. (4.4))
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1
S| Bt 2D da] < SR R (An, 202 )
e wWe
< CE I Jlertll, < C e Q2
(thanks to Lemma 5.1 and Ineq. (4.4))
1 2 12
ol /ws Fe (Ar,r +&°D3rf) da| < ||[Fe] I,

< C(1+Q)
(thanks to Prop. 5.2 and Young’s inequality)

Adding the previous inequalities we obtain by absorbing the terms that appeared in the estimates

of T41
L c € 1 € 12
i (V77 B+ D 123) + 5 (1802 |02
(6.3)

(1 +€?) \spzvrzra\jz) <C(1+Q)+£2P(Q),

where C' is a constant and P a polynomial, both independent from e.

H? estimates: We now estimate &> (|A1"ZT6|§72 + gDV, 1| o + ‘€2D2T6‘:2) by taking the
2

&.2

o (Af.+<*D2Ar, 42Dl = |€ |
We # We
at first by parts, we then use Holder’s inequality, the anisotropic Sobolev embeddings and finally

Young’s inequality to isolate the term

scalar product of (5.2) with B. For each term we integrate

2 2
e'A? =t |Vp, Ar, |2, + €% [eD.Ar )2, + €2 |52D§szr8|e’2 + €2 |53D§’r‘€‘6’2 :
We have:
1
o] / ETyBde| < |Vre2, (2 Vr.rf|. 6+ |5Dzr€|576) A
e we

2017 1g (2IVE V1%L + €DV ) (997, 1 A

3/4 3/2 1/4 1/2
< O I I (el + AV (1)1 + A2) A
+CEA [ler®2
(thanks to Ineq. (4.4), (4.6), (4.9), (4.10), and Rem. 6.1)
< iE4A2 +C 56 QS + C 528/3 Qll/3 +C€l3Q5 +C€24Q9

18
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|we|

/ 2Ty Bdz

A

IN

< T (21Vna. o + D0, ) [V, A
4287 0] [V (2190, 97 4+ [D: 97, ) A
1257 V|, oo IV7°L g (21907 + |eDarL. ) A
1257 (2| V. Ve o + [eD207). o ) I77] | 977 o A
1257 Ve o Il g (2190, Vol g + D297 5 ) A
< O [er R A O 2 (157 + A1) A
1/2 3/2 3/2 1/2
+CET2 [ 2F NlerII2 A+ Ce2 12 ler 5 A
1/2 12
L0 Il 11 (102 + A7) A&
(thanks to Ineq. (4.4), (4.9), (4.5), Prop. 5.2 and Rem. 6.1)
< 1—854A2 +C2Q% + C2Q3
To obtain the estimates on T35 we integrate several times by parts the term:
284 g g g g
ol ) (Dya® - D,V r°) (a® - Vr Ar,r%) dz
g
284 |D2a | |a5| ‘vrz €|8 2 |VFZAFZTE|E,2

<

124 (Dl [V epIVrAr, el o
+2€4|a5|e’ \D Vr.af|, o N |V, re \572\D Apzre\&z
+2¢4 D207, oo V1. 0%, oo V78| o [D2Ar, 775
+2‘€4 |D2a€‘a,oo |a6|5,oo |Arzr6‘a,2 ‘DZAFZTE‘872
CQY%(e2A)

Back in the estimate of T3,

|we |

/ 2Ty Bdz

< e (IVrr s IV Arrlp + [V, [2D2Vr]

IN

IN

+IeDar. o[ DE ) + 26 VA, o 7. 2
<|Vrzva€|g,oo Ve Ar,r¢|, o + [V, Ve, o ‘52D§szre|€72
HeDoVa | D2 ) + 251 V0] V17
<‘vfza€‘s,oo IV, Ar, %[, 5+ |Vr.a®], |52ngfzra‘a,2
+1eDs0 oo [¥D3° ) + 26" 0| o | V1

(|vpzva€|m Ve Arrfl, + [Vr. Ve, 2020,

£,00 ‘6

+ |5Dzva5|5,oo |€3D§T5|6,2) * 264 |a8|57°° |va€|€,00 X
(|Apzr€|&2 Ve Arr®|, + Ve, Vif|, [€2D2Vrr|
+ \aDZV"r’E\E’2 |E3D§7’E|E’2> + A

Cllrlloq + ller€ll. o) (2 A)

(thanks to Ineq. (4.4), (4.9), Prop. 5.2 and Rem. 6.1)

4 A4
— A
185 +CQ
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To obtain the estimates on T); we integrate several times by parts the term:

E4

A = r° NAa® - (AR 1° + DI Ar.r° + ' Dir) da

‘wf‘ We

< |Aa€|a,oo (|VFZT6|E,2 |VFZAFZT€|8,2 + |szT€|E,2 ‘€2D§V1"2T6|€72

+eDart| o [#D. )

c

B = a® A (Ap, ¢ + D% . (A27“6 +&2D?Ar rF + €4Dzr€) dz

|w€| We

= Bi1+ By + B3+ By + Bs + B,

where
o4
Bl = |w | / ae /\ AFz?ﬂE : A%Zre d.’]: S 64 ‘Vrzaa‘a,oo |Arzr6‘6,2 ‘VFZAFZT€‘€72
el Jwe
L 4,2 2 2
§ %E A +C€ ||€7"8||872
4 4
€ € 2. 2 € € € 2. 5
By = / a® ANDZr® - Ap rfdx = Vr,a® AD;r° - Vp, Ar,r°dx
|we| Jo, \w5|4 We
€
+ / a® A D>V, r® - Vi, Ap,r€ dzx
4|w8‘ We
< ¢ |D2VFZCL€|E7OO |DZ1"5|€72 |VF2AFZT€|572
+et |A1~za€|€7OO |DZ1"5|€72 |D2AFZT6|&2
+e |Vr.a®|, o | D=V 5 D Ar.r¢
+e*|D.a®|, o |D:Vr.r|. 5 [Vr.Ar.rf
+e |Vr.a®|, o | DV 5 D Ar.r¢
L 4,2
< —e*A°+C
— 200 Q
0 2
Bs = m/ a® AN Arp,r® - DiAp.rdr < €8 |Dza€\6’OO \Apzr€|e’2 |DZAFZ7°€|€72
We
L4y 4
< —e"A°+Ce
6 — 200 + Q
€ 2 2
By = o] /w a® AN D;r® - DZAp, r*dz < |Vr,a®|, ‘Dgre‘ﬂ !DEszra‘EQ
E L 4,0
< —e"A+ C
— 200 +0Q

8
B; = —/ a® A Ar,r¢ - Dirfdr <
We

<
8
Bs = /aEADgra'Dﬁredaz <
| 6| We
<

g8 |D.a%|, o |Ar, 7], 5 \Dg’r‘f\&z

+¢% |Vr,a®|. o | DV, | D3,
+&%|D.a’ oo D=V 78]y ‘VFZDETE |€72

L4y 4
—c*A
2005 + Ce*Q

e8| D.a| Dzr‘g‘

€,00 ‘ 5,2 |

D2r5|6,2

1 cn2
%A‘F 052 ||€T ||E,2 .
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In the same way

el

C = | v n @t D) (8% 4 Dl do
we| Jo.
e’ (|Vrzr5|e’6 + |€DZT8‘€,6> ‘Ar8|e’3 A+er ‘DZTEL;,G |VFZDZr8|E’3 |VFZAFZTE‘E’2
+e’ |VFZ7“8|5,6 |VFzDz7"E|a,3 |D2AFZ7"E|5,2 +et! |szr5|a,6 |VF2D27"E|873 |D§r5|e,2

+511 |D2T6|576 |szD2r6|e,3 |VFfD§r6|e,2
< C3QA + CeT2Q3/4A3/2 < %54,&2 + Ce2Q? + 02Q°

IN

Back in the estimate of Ty,

/ TyBdz| < A+B+C
|wel |Jee
< 1—854A2 +CQ+ C*Q? + C°Q?
| B € Il s A I KA
te?[la o |RE|. o A + % |a®, o |1 R A
& (IVrrlg + |eDar | ) 1B A
62117, 6 (V0 Bl + [eD2 7 5) A
< Oy A+ O ey 1S (1) + AV2) A
(thanks to Ineq. (4.4), Prop. 5.2, Lem. 5.1 and Rem. 6.1)
< CQY2(2A) + Ce2Q (2A) + Ce32Q3/4 (2A)?
< ZEATHCQ + O QP+
|¢j€| /ws e“TeBdx| < 2€2||a€||wl,oo la®], oo [Tl 0 A + €2 |a‘€|§OO [rellcq A
+2€2HaEHWm|KEI rleo A
+2€2HK5HWM |a® Im\r Isz
262 |0, oo 1K, oo 1751l 1 A
< CE2HT€H€1 < 1—854A2 + CQ
(thanks to Prop. 5.2 and Lemma 5.1)
|<j€‘ /W8 2Ty Bdz| < 265 0], 0o I7%]2 6 <|VFZR5\€73 + ‘EDZR€|€73> A

+265 |a8|5,oo |R8|5,6 (|VFZT8|E,3 + |€DZTE|£,3) A
+26°|a% [y 1] 4 |RE] 4 A
227 |K¥ o 1L (1977 + eD2r7 ) A

+e5||K€||W1 oo |1€ |54

e113/2 e l/2 c11/2 1 e13/2

< € | et | (2A) + O 1 e (2
(thanks to Ineq. (4.4), Prop. 5.2 and Lemma 5.1)

< Aty 0 (4% Q?

18
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| EnBas| < 2ol (907l [eDar ) 1L g A
We

| e |
+er°2 (V0. Rl g + |eD: 7 g ) A

< Oy llertl o (2A)
(thanks to Ineq. (4.4) and Lemma 5.1)
< iE4A2_’_ CElO QS
18
/ e?F*Bdx| < |[|F°|,, (s°A)
|w€| We 1 ’
S R° +C

(thanks to Prop. 5.2)

By adding the previous inequalities we obtain:

d
7 <E2 |Apzr€|§,2 + €2 \&:Dzvrzfrﬂg,2 + €2 \52D§r€\i 2) +etA?<C(1+ Q) +°P(Q), (6.4)

where P is an e-independent polynomial.
By adding the inequalities (6.2), (6.3) and (6.4) we get:

£Q<C1+Q)+2PQ),

which implies the inequality (6.1) and thus the main theorem.

A Expression of F*

Using the notations of Section 5.2 we let in w,:

Ve(t,x) = U? <t,P(x), M) + eU? (t, P(x),

€

5 5
"' "E

E(tx) = U? <t,P(x), Mx)) +eUs (t, P(z),

€

The expression F¢ then writes:

Fe = & [-2e|0.b°PU3 + 2|V b °cf + |0.¢° | a® + a20.b° — 4¢(0.6° - 0.U3)b*
+2e71(Vr,a® - V"a®)a® — 2e(Vr,a® - Vi, b°)cf + 2e2(Vr, b - V)b + |V a®|*cf
+€20.¢°|2¢f + €2|(Vrya + V7)af|?cf — 2e(Vr,a® - (Vrya + V7)af)cf
+23((Vrg.1 + VO - VT0)b° — 4e3|(Vry 1 + V7)bE|20° + 2(0,b° - 0,U%)af
+2(0,U3 - 8,a°)bF 4 2(dae - 0,b°)U3 + |(Vry.1 + V7 )as[2a®
+e*|(Vrg1 + V)b5|2cf — 2e(Vr.af - (Vg1 + V7)ef)a® — 2e(Vr. ¢ - (Vry1 + V)a)a®
—2e3 (V. bF - (Vg1 + V7)) — 2683(Vp, ¢ - (Vg1 + VOB — 2¢|0.c5[20°
253 ((Vry1 + V7)a® - (Vg1 + VI — 263(Vra - (Vs + V7)o )be
—2¢? Vr ¢ - (VFO,l + V")a®)b® — 282(szb5 . (VFO,I + V")cf)a®
—262(Vr, ¢ - (Vg1 + VN)b)a® + 2(9.a° - 9.¢°)cF
—2¢3 (VFO,l + V")b© - (Vpo,l + V")ef)a® + 2&‘4((VF071 + V")b© - (VFO,l + V")ef)b*

e N N
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—23((Vrga + V)@ - (Vg1 + VNb)E — 263(Vr, b - (Vg1 + V7)b) "
—262((Vry1 + VNV - Vb%)af + 3e%|(Vry 1 + V)b 2af

+2e2((Vrg1 + V7)a® - (Vg1 + V7)ef)a® — 2¢|(Vry1 + V7 )as |?b°

+2e((Vrg1 + V7)a® - V7af)b* + 2e%(Vr,af - (Vg1 + V)b

+2e2(Vr, b - (Vg1 + V7)a®)ef —2((Vry1 + V7)a® - V'af)a®

+2e(Vr,a - VTb)b° + 2&(Vr. b° - V7a®)be + 6e2((Vry1 + V7)a® - (Vg1 + V7)bE)bE
—22((Vpy1 + V7)a® - Vb6 — 2e2((Vry 1 + VI - V7)o — 2e(Vr,b° - Vr,c)a®
+2(Vr,a® - (Vg1 + V")a® )b —2(Vr,a® - V'a®)b® +2e((Vry1 + V7)a® - V'H°)a®
+2e((Vro,1 + VI)b° - V'a®)a® — 4e((Vry,1 + V7)a® - (Vg1 + V7)bF)a®

+2(Vrp.af - Vi b)bE + |V b 2a® + 2(Vr.a® - Vi, cf)af

—2e2(Vr,b° - (Vg1 + V) + 26(Vr, b - V'b%)af — 2(Vr,af - V'b°)a?
—2(Vr, b° - V'a®)a® +2(Vr,a® - (Vg1 + V)b%)a® +2(Vr, b° - (Vg1 + V7)a®)a®
—QE(VFZCLE . Vrzca)be + 662(szb6 . (VFO,I + Vr)be)b‘S — 4€(sza5 . (VFo,l + Vr)be)b‘S
—4e(Vr, b - (Vg1 + VN)ad)b® — 4e(Vr, b - (Vg1 + VNb)as + 262(9,6° - 0,U3) ¢
—2e| V. b%|2b° + |0,6° 3¢ + 262(0.b° - 0,¢)U3 + 2(0,b° - 0,¢°)b°

—26(0,¢° - 0,a°) " — 2e(0,a° - D,°)U3 — 4g(0,b° - 0.¢°)c® — 2¢(0,¢° - 0, U3)af
+2e2(0,¢5 - 0,U3)bE +b° A %GZ(VZGZU?’) +U3A %82(728Zb5) + %A’"(f

+c A V—lzaz(%azcg) + a"0,a° + a1bf A 0,65 — £2a5bF A 0,0° + asbt A O,af

—F%a6 AATGE + agaf A 0,5 — cagU? A O,UY — e*a"U3 A QU — 2a1¢F A O,¢8
—e*a"E N O,E — 2a1UB N O, U — 3agct A 0,8 — etasE N0, + a1 A D,a8
+aza® A 0,a° + apa® A 9, U3 + apd.U> + Ar,c® + Ap, 1b° — e(Ary 1 + A7)

+a"af A 0,0 + as0,a° + agU3 A 0,a° — e3aU? A O,U — e3a3U3 A 0,U?

—2eb® A (Ary,1 + AT)6 —a® AATH 4+ b° A (Apy 1 + AT)a® —b° AN ATa®

—ea® A (Arg1 + AT)cf + €265 A (Apy1 + AT)c® —ec® A (Ary 1 + AT)a®

+e2¢f A (Arya + AT)6° +a° A Ar,¢® —eb® A Ar, ¢ + € A Ar,af

—ec® NAD U+ a1a® N 0,¢f — arb® A 0,c® —eajc® N 07 + b5 A Ar_b°

+eb® A ATV — ect A OPUP — U3 A %82(728205) + a90,¢f — cagh® A O,U3

+agh® A 0,8 — cagU3 A 0,0° + agct A 0,5 + a A (Arg1 + A")bE — 2eapc® A 0,¢°
+USANH + ¥ NH? +E NH? —UP A (a° NHY) —a® A (U ANHY)

—tf A (UP NH?) +ec® A (UP ANK®) +%0° A (UP AH?) — b° A (a° A H)

—b" A (UBANK?) = U3 A (¢F AH?) + U A (E ANK®) + U3 A (b° N H?)

—UP A (b ANK®) —a® A (b5 ANH?) + e3¢ A (¢F ANH?) — & A (¢ NKE)

+eb° A (b ANH?) — 2 A (UPANHY) =3¢ A (U ANH?) — & A (a° AH?)

+2eb° A (UB AHY) + 265 A (U AH?) —2U3 A (¢ ANHY) — 303 A (€ N H?)
+a° (¢ AN H?) +2eU3 A (b5 A HY) 4+ €2U3 A (b5 A H?) + e2¢° A (&€ N H?)

—bE A (EANHY) + 26 A(ENHY) — A (WEAHY) =5 A (b AH?)

+eb® A (EE AH?) +ec® A (b AH?)] +a° AST—a® A(a® AS).
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