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SOME NEW INEQUALITIES OF THE GRÜSS TYPE FOR

CONFORMABLE FRACTIONAL INTEGRALS

GAUHAR RAHMAN, KOTTAKKARAN SOOPPY NISAR, AND FENG QI∗

Abstract. In the paper, the authors establish some new inequalities of the
Grüss type for conformable fractional integrals. These inequalities generalize

some known results.

1. Introduction

In [7], Grüss showed an integral inequality which connects the integral of the
product of two functions and the product of integrals for these two function. This
inequality reads that, if f and g are two continuous functions on [a, b] satisfying
m ≤ f(τ) ≤M and n ≤ g(τ) ≤ N for all τ ∈ [a, b] and m,M,n,N ∈ R, then∣∣∣∣ 1

b− a

∫ b

a

f(τ)g(τ) d t− 1

(b− a)2

∫ b

a

f(τ) d t

∫ b

a

g(τ) d t

∣∣∣∣ ≤ 1

4
(M −m)(N −n). (1)

For more information on the Grüss inequality (1), please refer to [11, Chapter X]
and closely related references therein.

In the latest decades, the fractional integral inequalities involving the Riemann–
Liouville fractional integrals have been widely studied by various researchers. The
interested readers can refer to the work in [1, 2, 3, 5, 17, 22, 24]. In [3], Dahmani
introduced the following fractional integral inequalities for the Riemann–Liouville
fractional integrals: if f and g are two integrable functions on [0,∞) satisfying
m ≤ f(τ) ≤M and n ≤ g(τ) ≤ N for all τ ∈ [0,∞) and m,M,n,N ∈ R, then, for
all τ, α, β > 0, we have∣∣∣∣ τα

Γ(α+ 1)
Iα(fg)(τ)− Iαf(τ)Iαg(τ)

∣∣∣∣ ≤ [ τα

Γ(α+ 1)

]2

(M −m)(N − n)

and[
τα

Γ(α+ 1)
Iβ(fg)(τ)− τβ

Γ(β + 1)
Iα(fg)(τ)− Iαf(τ)Iβg(τ)− Iβf(τ)Iαg(τ)

]2

≤
[(
M

τα

Γ(α+ 1)
− Iαf(τ)

)(
Iβf(τ)−m τβ

Γ(β + 1)

)
+

(
Iαf(τ)−m τα

Γ(α+ 1)

)
×
(
M

τβ

Γ(β + 1)
− Iβf(τ)

)][(
N

τα

Γ(α+ 1)
− Iαg(τ)

)(
Iβg(τ)− n τβ

Γ(β + 1)

)
+

(
Iαg(τ)− n τα

Γ(α+ 1)

)(
N

τβ

Γ(β + 1)
− Iβg(τ)

)]
,
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where Γ is the classical Euler gamma function [12, 13, 21] and the Riemann–
Liouville fractional integral Iµ of order µ ≥ 0 for a function f ∈ L1((0,∞),R)
is defined [10] by I0f(x) = f(x) and

Iµf(x) =
1

Γ(µ)

∫ x

0

(x− τ)µ−1f(τ) d τ, <(µ) > 0.

The Riemann–Liouville fractional integrals Iµα+ and Iµβ− of order µ > 0 are

defined respectively by

Iµα+f(x) =
1

Γ(µ)

∫ x

α

(x− τ)µ−1f(τ) d τ, x > α, <(µ) > 0 (2)

and

Iµβ−f(x) =
1

Γ(µ)

∫ β

x

(x− τ)µ−1f(τ) d τ, x < β, <(µ) > 0. (3)

For more details about fractional integral operators (2) and (3), please refer to [4,
6, 9, 10, 15, 16, 18] and closely related references.

The left and right sided fractional conformable integral operators are respectively
defined [8] by

λIµa+f(x) =
1

Γ(λ)

∫ x

a

[
(x− a)µ − (τ − a)µ

µ

]λ−1
f(τ)

(τ − a)1−µ d τ (4)

and

λIµb−f(x) =
1

Γ(λ)

∫ b

x

[
(b− x)µ − (b− τ)µ

µ

]λ−1
f(τ)

(b− τ)1−µ d τ, (5)

where <(λ) > 0. Obviously, if taking a = 0 and µ = 1, then (4) reduces to the
Riemann–Liouville fractional integral (2). Similarly, if setting b = 0 and µ = 1,
then (5) becomes the Riemann–Liouville fractional integral (3).

In [19] the conformable fractional integral

βIµf(x) =
1

Γ(β)

∫ x

0

(
xµ − τµ

µ

)β−1
f(τ)

τ1−µ d τ. (6)

was defined. From (6), one can obtain easily that αIµβIµf(x) = β+αIµf(x) and
αIµβIµf(x) = βIµαIµf(x).

In this paper, we will empoy the conformable fractional integral (6) to establish
some new inequalities of the Grüss type for conformable fractional integrals.

2. Main results

We are now in a position to state and prove our main results.

Theorem 2.1. Let f be an integrable function on [0,∞). Assume that there exist
two integrable functions φ1, φ2 on [0,∞) such that

φ1(x) ≤ f(x) ≤ φ2(x), x ∈ [0,∞). (7)

Then, for x, α, β > 0, we have
βIµφ1(x)αIµf(x)+αIµφ2(x)βIµf(x) ≥ αIµφ2(x)βIµφ1(x)+αIµf(x)βIµf(x). (8)

Proof. From (7), for all τ, ρ ≥ 0, it follows that

[φ2(τ)− f(τ)][f(ρ)− φ1(ρ)] ≥ 0.

Therefore, we have

φ2(τ)f(ρ) + φ1(ρ)f(τ) ≥ φ1(ρ)φ2(τ) + f(τ)f(ρ). (9)

Multiplying both sides of (9) by 1
Γ(α)

(
xµ−τµ

µ

)α−1
τµ−1 and integrating over τ ∈

(0, x) lead to
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f(ρ)

∫ x

0

1

Γ(α)

(
xµ − τµ

µ

)α−1

τµ−1φ2(τ) d τ

+ φ1(ρ)

∫ x

0

1

Γ(α)

(
xµ − τµ

µ

)α−1

τµ−1f(τ) d τ

≥ φ1(ρ)

∫ x

0

1

Γ(α)

(
xµ − τµ

µ

)α−1

τµ−1φ2(τ) d τ

+ f(ρ)

∫ x

0

1

Γ(α)

(
xµ − τµ

µ

)α−1

τµ−1f(τ) d τ

which gives

f(ρ)αIµφ2(x) + φ1(ρ)αIµf(x) ≥ φ1(ρ)αIµφ2(x) + f(ρ)αIµf(x). (10)

Multiplying both sides of (10) by 1
Γ(β)

(
xµ−ρµ
µ

)β−1
ρµ−1 and integrating over ρ ∈

(0, x) result in

αIµφ2(x)

∫ x

0

1

Γ(β)

(
xµ − ρµ

µ

)β−1

ρµ−1f(ρ) d ρ

+ αIµf(x)

∫ x

0

1

Γ(β)

(
xµ − ρµ

µ

)β−1

ρµ−1φ1(ρ) d ρ

≥ αIµφ2(x)

∫ x

0

1

Γ(β)

(
xµ − ρµ

µ

)β−1

ρµ−1φ1(ρ) d ρ

+ αIµf(x)

∫ x

0

1

Γ(β)

(
xµ − ρµ

µ

)β−1

ρµ−1f(ρ) d ρ.

which gives the required inequality (8). �

From Theorem 2.1, we can derive the following two corollaries.

Corollary 2.1. Let f be an integrable function on [0,∞) satisfying m ≤ f(x) ≤M
for all x ∈ [0,∞) and m,M ∈ R. Then, for x, α, β > 0, we have

m
xµβ

µβΓ(β + 1)
αIµf(x) +M

xµα

µαΓ(α+ 1)
βIµf(x)

≥ mM xµ(α+β)

µα+βΓ(α+ 1)Γ(β + 1)
+ αIµf(x)βIµf(x).

Corollary 2.2. Let f be an integrable function on [0,∞) satisfying xµ ≤ f(x) ≤
xµ + 1 for all x ∈ [0,∞). Then, for x, α > 0, we have[

2xµ(α+1)

µαΓ(α+ 2)
+

xµα

µαΓ(α+ 1)

]
αIµf(x)

≥
[

xµ(α+1)

µαΓ(α+ 2)
+

xµα

µαΓ(α+ 1)

][
xµ(α+1)

µαΓ(α+ 2)

]
+ [αIµf(x)]2.

Theorem 2.2. Let f and g be two integrable function on [0,∞). Suppose that
the inequality (7) holds and that there exist two integrable functions ψ1 and ψ2 on
[0,∞) such that

ψ1(x) ≤ g(x) ≤ ψ2(x), x ∈ [0,∞). (11)

Then, for x, α, β > 0, the following four inequalities hold:

βIµψ1(x)αIµf(x) + αIµφ2(x)βIµg(x) ≥ αIµφ2(x)βIµψ1(x) + αIµf(x)βIµg(x),
(12)
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βIµφ1(x)αIµg(x) + αIµψ2(x)βIµf(x) ≥ αIµφ1(x)βIµψ2(x) + αIµf(x)βIµg(x),
(13)

αIµφ2(x)βIµψ2(x) + αIµf(x)βIµg(x) ≥ αIµφ2(x)βIµg(x) + βIµψ2(x)αIµf(x),
(14)

αIµφ1(x)βIµψ1(x) + αIµf(x)βIµg(x) ≥ αIµφ1(x)βIµg(x) + αIµf(x)βIµψ1(x).
(15)

Proof. From (7) and (11) and for x ∈ [0,∞), we have

[φ2(τ)− f(τ)][g(ρ)− ψ1(ρ)] ≥ 0.

Therefore, it follows that

φ2(τ)g(ρ) + ψ1(ρ)f(τ) ≥ ψ1(ρ)φ2(τ) + f(τ)g(ρ). (16)

Multiplying both sides of (16) by 1
Γ(α)

(
xµ−τµ

µ

)α−1
τµ−1 and integrating over τ ∈

(0, x) arrive at

g(ρ)

∫ x

0

1

Γ(α)

(
xµ − τµ

µ

)α−1

τµ−1φ2(τ) d τ

+ ψ1(ρ)

∫ x

0

1

Γ(α)

(
xµ − τµ

µ

)α−1

τµ−1f(τ) d τ

≥ ψ1(ρ)

∫ x

0

1

Γ(α)

(
xµ − τµ

µ

)α−1

τµ−1φ2(τ) d τ

+ g(ρ)

∫ x

0

1

Γ(α)

(
xµ − τµ

µ

)α−1

τµ−1f(τ) d τ

which gives

g(ρ)αIµφ2(x) + ψ1(ρ)αIµf(x) ≥ ψ1(ρ)αIµφ2(x) + g(ρ)αIµf(x). (17)

Multiplying both sides of (17) by 1
Γ(β)

(
xµ−ρµ
µ

)β−1
ρµ−1 and integrating over ρ ∈

(0, x) reveal

αIµφ2(x)

∫ x

0

1

Γ(β)

(
xµ − ρµ

µ

)β−1

ρµ−1g(ρ) d ρ

+ αIµf(x)

∫ x

0

1

Γ(β)

(
xµ − ρµ

µ

)β−1

ρµ−1ψ1(ρ) d ρ

≥ αIµφ2(x)

∫ x

0

1

Γ(β)

(
xµ − ρµ

µ

)β−1

ρµ−1ψ1(ρ) d ρ

+ αIµf(x)

∫ x

0

1

Γ(β)

(
xµ − ρµ

µ

)β−1

ρµ−1g(ρ) d ρ.

which gives the required inequality (12).
Making use of the inequalities

[ψ2(τ)− g(τ)][f(ρ)− φ1(ρ)] ≥ 0, [φ2(τ)− f(τ)][g(ρ)− ψ2(ρ)] ≤ 0,

and [φ1(τ)− f(τ)][g(ρ)− ψ1(ρ)] ≤ 0, we can prove (13) to (15). �

Corollary 2.3. Let f and g be two integrable functions on [0,∞). Assume that
there exist m,M,n,N ∈ R such that

m ≤ f(x) ≤M, n ≤ g(x) ≤ N, x ∈ [0,∞).

Then we have the following four inequalities
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n
xµβ

µβΓ(β + 1)
αIµf(x) +M

xµα

µαΓ(α+ 1)
βIµg(x)

≥ nM xµ(α+β)

µα+βΓ(α+ 1)Γ(β + 1)
+ αIµf(x)βIµg(x),

m
xµβ

µβΓ(β + 1)
αIµg(x) +N

xµα

µαΓ(α+ 1)
βIµf(x)

≥ mN xµ(α+β)

µα+βΓ(α+ 1)Γ(β + 1)
+ βIµf(x)αIµg(x),

MN
xµ(α+β)

µα+βΓ(α+ 1)Γ(β + 1)
+ βIµf(x)αIµg(x)

≥M xµα

µαΓ(α+ 1)
βIµg(x) +N

xµβ

µβΓ(β + 1)
αIµf(x),

and

mn
xµ(α+β)

µα+βΓ(α+ 1)Γ(β + 1)
+ βIµf(x)αIµg(x)

≥ m xµα

µαΓ(α+ 1)
βIµg(x) + n

xµβ

µβΓ(β + 1)
αIµf(x).

Theorem 2.3. Let f be an integrable function on [0,∞) and let φ1 and φ2 be two
integrable functions on [0,∞). Assume that the inequality (7) holds. Then, for
x, α > 0, we have

xµα

µαΓ(α+ 1)
αIµf2(x)− [αIµf(x)]2

= [αIµφ2(x)− αIµf(x)][αIµf(x)− αIµφ1(x)]

− xµα

µαΓ(α+ 1)
αIµ[φ2(x)− f(x)][f(x)− φ1(x)]

+
xµα

µαΓ(α+ 1)
αIµφ1f(x)− αIµφ1(x)αIµf(x)

+
xµα

µαΓ(α+ 1)
αIµφ2f(x)− αIµφ2(x)αIµf(x)

+ αIµφ1(x)αIµφ2(x)− xµα

µαΓ(α+ 1)
αIµφ1φ2(x). (18)

Proof. For τ, ρ > 0, we have

[φ2(ρ)− f(ρ)][f(τ)− φ1(τ)] + [φ2(τ)− f(τ)][f(ρ)− φ1(ρ)]

− [φ2(τ)− f(τ)][f(τ)− φ1(τ)]− [φ2(ρ)− f(ρ)][f(ρ)− φ1(ρ)]

= f2(τ) + f2(ρ)− 2f(τ)f(ρ) + φ2(ρ)f(τ) + φ1(τ)f(ρ)− φ1(τ)φ2(ρ)

+ φ2(τ)f(ρ) + φ1(ρ)f(τ)− φ1(ρ)φ2(τ)− φ2(τ)f(τ) + φ1(τ)φ2(τ)

− φ1(τ)f(τ)− φ2(ρ)f(ρ) + φ1(ρ)φ2(ρ)− φ1(ρ)f(ρ). (19)

Multiplying both sides of (19) by 1
Γ(α)

(
xµ−τµ

µ

)α−1
τµ−1 and integrating over τ ∈

(0, x) yield

[φ2(ρ)− f(ρ)][αIµf(x)− αIµφ1(x)] + [αIµφ2(x)− αIµf(x)][f(ρ)− φ1(ρ)]

− αIµ[φ2(x)− f(x)][f(x)− φ1(x)]− [φ2(ρ)− f(ρ)][f(ρ)− φ1(ρ)]
xµα

µαΓ(α+ 1)
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= αIµf2(x) + f2(ρ)
xµα

µαΓ(α+ 1)
− 2f(ρ)αIµf(x) + φ2(ρ)αIµf(x)

+ f(ρ)αIµφ1(x)− φ2(ρ)αIµφ1(x) + f(ρ)αIµφ2(x) + φ1(ρ)αIµf(x)

− φ1(ρ)αIµφ2(x)− αIµφ2f(x) + αIµφ1φ2(x)− αIµφ1f(x)

− φ2(ρ)f(ρ)
xµα

µαΓ(α+ 1)
+ φ1(ρ)φ2(ρ)

xµα

µαΓ(α+ 1)
− φ1(ρ)f(ρ)

xµα

µαΓ(α+ 1)
. (20)

Multiplying both sides of (20) by 1
Γ(α)

(
xµ−ρµ
µ

)α−1
ρµ−1 and integrating the resultant

identity with respect to ρ from 0 to x bring out

[αIµφ2(x)− αIµf(x)][αIµf(x)− αIµφ1(x)] + [αIµφ2(x)− αIµf(x)]

×[αIµf(x)− αIµφ1(x)]− αIµ[φ2(x)− f(x)][f(x)− φ1(x)]
xµα

µαΓ(α+ 1)

−αIµ[φ2(ρ)− f(ρ)][f(ρ)− φ1(ρ)]
xµα

µαΓ(α+ 1)

=
xµα

µαΓ(α+ 1)
αIµf2(x) +

xµα

µαΓ(α+ 1)
αIµf2(x)− 2αIµf(x)αIµf(x)

+αIµφ2(x)αIµf(x) + αIµf(x)αIµφ1(x)− αIµφ2(x)αIµφ1(x)

+αIµf(x)αIµφ2(x) + αIµφ1(x)αIµf(x)− αIµφ1(x)αIµφ2(x)

− xµα

µαΓ(α+ 1)
αIµφ2f(x) +

xµα

µαΓ(α+ 1)
αIµφ1φ2(x)− xµα

µαΓ(α+ 1)
αIµφ1f(x)

− xµα

µαΓ(α+ 1)
αIµφ2f(x) +

xµα

µαΓ(α+ 1)
αIµφ1φ2(x)− xµα

µαΓ(α+ 1)
αIµφ1f(x)

which yields the required inequality (18). �

Corollary 2.4. Let f be an integrable function on [0,∞) satisfying m ≤ f(x) ≤M
for all x ∈ [0,∞). Then, for all x, α > 0, we have

xµα

µαΓ(α+ 1)
αIµf2(x)− [αIµf(x)]2 =

[
M

xµα

µαΓ(α+ 1)
− αIµf(x)

]
×
[
αIµf(x)−m xµα

µαΓ(α+ 1)

]
− xµα

µαΓ(α+ 1)
αIµ[M − f(x)][f(x)−m].

Theorem 2.4. Let f, g, φ1, φ2, ψ1, and ψ2 be integrable functions on [0,∞) satis-
fying (7) and (11) on [0,∞). Then, for all x, α > 0, we have∣∣∣∣ xµα

µαΓ(α+ 1)
αIµfg(x)− αIµf(x)αIµg(x)

∣∣∣∣ ≤√T (f, φ1, φ2)T (g, ψ1, ψ2) , (21)

where

T (u, v, w) = [αIµw(x)− αIµu(x)][αIµu(x)− αIµv(x)]

+
xµα

µαΓ(α+ 1)
αIµvu(x)− αIµv(x)αIµu(x) +

xµα

µαΓ(α+ 1)
αIµwu(x)

− αIµw(x)αIµu(x) + αIµv(x)αIµw(x)− xµα

µαΓ(α+ 1)
αIµvw(x).

Proof. Define

H(τ, ρ) = [f(τ)− f(ρ)][g(τ)− g(ρ)], τ, ρ ∈ (0, x), x > 0. (22)

Multiplying both sides of (22) by 1
Γ2(α)

(
xµ−τµ

µ

)α−1(xµ−ρµ
µ

)α−1
τµ−1ρµ−1 for τ, ρ ∈

(0, x) and integrating the desired inequality with respect to τ, ρ from 0 to x yield
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1

2Γ2(α)

∫ t

0

∫ t

0

(
xµ − τµ

µ

)α−1(
xµ − ρµ

µ

)α−1

τµ−1ρµ−1H(τ, ρ) d τ d ρ

=
xµα

µαΓ(α+ 1)
αIµfg(x) + αIµf(x)αIµg(x). (23)

Applying the Cauchy–Schwartz inequality to (23) leads to[
xµα

µαΓ(α+ 1)
αIµfg(x) + αIµf(x)αIµg(x)

]2

≤
[

xµα

µαΓ(α+ 1)
αIµf2(x)− [αIµf(x)]2

][
xµα

µαΓ(α+ 1)
αIµg2(x)− [αIµg(x)]2

]
.

(24)

Since [φ2(x) − f(x)][f(x) − φ1(x)] ≥ 0 and [ψ2(x) − g(x)][g(x) − ψ1(x)] ≥ 0 for
x ∈ [0,∞), we have

xµα

µαΓ(α+ 1)
[φ2(x)− f(x)][f(x)− φ1(x)] ≥ 0

and
xµα

µαΓ(α+ 1)
[ψ2(x)− g(x)][g(x)− ψ1(x)] ≥ 0.

Thus, from Theorem 2.3, we obtain

xµα

µαΓ(α+ 1)
αIµf2(x)− [αIµf(x)]2 ≤ [αIµφ2(x)− αIµf(x)][αIµf(x)

− αIµφ1(x)] +
xµα

µαΓ(α+ 1)
αIµφ1f(x)− αIµφ1(x)αIµf(x)

+
xµα

µαΓ(α+ 1)
αIµφ2f(x)− αIµφ2(x)αIµf(x)

+ αIµφ1(x)αIµφ2(x)− xµα

µαΓ(α+ 1)
αIµφ1φ2(x) = T (f, φ1, φ2). (25)

Similarly, we have

xµα

µαΓ(α+ 1)
αIµg2(x)− [αIµg(x)]2 ≤ [αIµψ2(x)− αIµg(x)][αIµg(x)− αIµψ1(x)]

+
xµα

µαΓ(α+ 1)
αIµψ1g(x)− αIµψ1(x)αIµg(x) +

xµα

µαΓ(α+ 1)
αIµψ2g(x)

−αIµψ2(x)αIµg(x)+αIµψ1(x)αIµψ2(x)− xµα

µαΓ(α+ 1)
αIµψ1ψ2(x) = T (g, ψ1, ψ2).

(26)

Combining (24), (25), and (26), we obtain the desired inequality (21). �

Remark 2.1. For m,M,n,N ∈ R, if T (f, φ1, φ2) = T (f,m,M) and T (g, ψ1, ψ2) =
T (g, n,N), then the inequality (21) reduces to∣∣∣∣ xµα

µαΓ(α+ 1)
αIµfg(x)− αIµf(x)αIµg(x)

∣∣∣∣ ≤ [ xµα

2µαΓ(α+ 1)

]2

(M −m)(N − n).

in [20, Theorem 1].

Remark 2.2. In this paper, we presented some new conformable fractional integral
inequalities which generalize those corresponding ones in [23].

Remark 2.3. This paper is a slightly revised version of the preprint [14].
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