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SOME NEW INEQUALITIES OF THE GRUSS TYPE FOR
CONFORMABLE FRACTIONAL INTEGRALS

GAUHAR RAHMAN, KOTTAKKARAN SOOPPY NISAR, AND FENG QI*

ABSTRACT. In the paper, the authors establish some new inequalities of the
Griiss type for conformable fractional integrals. These inequalities generalize
some known results.

1. INTRODUCTION

In [7], Griiss showed an integral inequality which connects the integral of the
product of two functions and the product of integrals for these two function. This
inequality reads that, if f and g are two continuous functions on [a, b] satisfying
m < f(r) <M andn < g(r) <N for all T € [a,b] and m, M,n, N € R, then

’ _a/ f(r (b_la)z/abf(T)dt/abg(T)dt‘ < i(M—m)(N—n). (1)

For more information on the Griiss inequality (1)), please refer to [II, Chapter X]
and closely related references therein.

In the latest decades, the fractional integral inequalities involving the Riemann—
Liouville fractional integrals have been widely studied by various researchers. The
interested readers can refer to the work in [I} 2], B, 5 17, 22 24]. In [3], Dahmani
introduced the following fractional integral inequalities for the Riemann-Liouville
fractional integrals: if f and g are two integrable functions on [0,00) satisfying
m < f(r) <M and n < g(7) < N for all 7 € [0,00) and m, M,n, N € R, then, for
all 7,a, 8 > 0, we have

’W < [”I(M—m)(zv—n)

3(f0)(r) =3 (°9)| < | Fg g

and

T B ,
U0 - )~ 3 ) = (027 (r)

+(30‘g(7) - nr(;j_l)) (NF(BTf—l) - jﬁg(T))
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where T' is the classical Euler gamma function [I2 I3, 21] and the Riemann—
Liouville fractional integral J* of order u > 0 for a function f € L'((0,00),R)
is defined [10] by 3°f(z) = f(x) and

1

(@) = s / () d R > 0.

The Riemann-Liouville fractional integrals J% . and TJ’Z, of order p > 0 are
defined respectively by

@) = o [ @A esal RS0 @)
and
B
V@) =g [ @ @an e<s RS0 @)

For more details about fractional integral operators and , please refer to |4,
6l @, 10, 15, 16, 18] and closely related references.

The left and right sided fractional conformable integral operators are respectively
defined [8] by

) — F(lA) /az [(a: —a)* ; (r — a)u} A1 . f(;—))lu qr 0

and

T S i [ L ko G I ()
S A e = G

where (A) > 0. Obviously, if taking a = 0 and pu = 1, then reduces to the
Riemann—Liouville fractional integral . Similarly, if setting b = 0 and p = 1,
then becomes the Riemann—Liouville fractional integral .

In [I9] the conformable fractional integral

was defined. From (€]), one can obtain easily that *J*fJ¢ f(z) = A+ f(z) and
aGuBIH f(x) = BIHOTH f ().

In this paper, we will empoy the conformable fractional integral @ to establish
some new inequalities of the Griiss type for conformable fractional integrals.

2. MAIN RESULTS
We are now in a position to state and prove our main results.

Theorem 2.1. Let f be an integrable function on [0,00). Assume that there exist
two integrable functions ¢1,d2 on [0,00) such that

d1(z) < fx) < do(x), = €0,00). (7)
Then, for r,a, 8 > 0, we have
31 ()T f ()T Po () 3" f () > T Go () T f1 () +2T" f ()73 f (). (8)
Proof. From , for all 7, p > 0, it follows that
[¢2(7) = f(T)][f (p) — ¢1(p)] = 0.
Therefore, we have
G2(7) f(p) + b1(p) f(7) = d1(p)d2(7) + f(7) f(p). )
Multiplying both sides of @ by ﬁ(““;ﬂ)aqﬂ"l and integrating over 7 €
(0, ) lead to
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o) [ F@(W)MT“*@(TW |
L éi0) /Or(la)(xf) () dr
> ¢1(p) /Ow F(la)<xltliﬂL)alT“1¢2(T)dT

B g\
10 [ F(a)(”” - ) () dr
which gives

F(p)* T o) + ¢1(p)*T" f(2) = d1(p)* T da(2) + f(p)*T" f(2).  (10)

Multiplying both sides of by NG (zﬂ;pﬂ )ﬂ_lp“_1 and integrating over p €
(0, x) result in

“Poule) [ ( - p”)ﬁ_lpﬂ—lﬂp) ap

+ 0 f(x) /Ox ﬁ (xu — pu>ﬁlp"‘1¢1(ﬂ) dp

. N
> “3“¢2(fv)/0 F(lﬁ)(xu ; pM) P pi(p)dp

re3i@) [ g (5 "“)Blpﬂlf@) ap.

which gives the required inequality . O

From Theorem we can derive the following two corollaries.

Corollary 2.1. Let f be an integrable function on [0,00) satisfyingm < f(z) < M
for all x € [0,00) and m, M € R. Then, for x,a, > 0, we have

e Y T
MG 2 IO M e W)
x/"'(a"l'ﬁ)
> mM + 2T f(2)P T f ().

Pt (a+ 1B+ 1)
Corollary 2.2. Let f be an integrable function on [0,00) satisfying z* < f(z) <
x4+ 1 for all x € [0,00). Then, for z,a > 0, we have
9 pi(a+1) pha
+ >gH
pwel(a+2)  pol'(a+ 1)] /(@)

ghlatl) ohe phlat1) . ,
- [uaf(a 72) " Tl 1)} [uar(a + 2)] + @)

Theorem 2.2. Let f and g be two integrable function on [0,00). Suppose that
the inequality @ holds and that there exist two integrable functions ¥ and ¥y on
[0,00) such that

P1(x) < g(x) <o(x), = €[0,00). (11)
Then, for x,a, 8 > 0, the following four inequalities hold:

Ptapy ()" () + “TH o (2) T g(x) > “TH o () Ty (2) + “T* f(2)P T g (),
(12)
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Pty ()Tt g () + “THaho ()T f () > T (2) T oo () + *T* ()P T g(x),

(13)
T () I a () + T f(2) 3 g(x) 2 T G2 ()T g(w) + PT o ()T f (),
(14)
Tty ()P TPy () + 2T f ()P T g(x) > 2T () T g(x) + *T* f ()P Tt ().
(15)
Proof. From (7)) and and for z € [0, 00), we have
[¢2(7) = f(T)llg(p) — ¥1(p)] 2 0
Therefore, it follows that
63(1)9(p) + () F(r) > r(p)ba(r) + F(T)glp). (16)
Multiplying both sides of by ﬁ(m”;ﬂ)a Lri=1 and integrating over 7 €

(0, x) arrive at

o) [ s (Z) o niar |
sl [ s (F2T) T
> 11(p) /OI F(L)(Jﬂt;ﬂlyv_lﬁ_l%(ﬂdT

vo0) [ (B) s

which gives
9(p)* T da(x) + P1(p)*I* f2) = P1(p)* T ¢2(x) + g(p)* I f(x). (A7)

Multiplying both sides of by ﬁ(z“;p#)ﬁflp*"l and integrating over p €
(0, z) reveal

. o o\ B
o) / ! ( pﬂ) #Tg(p)dp

I'(B) ju
O ) (x#_pﬂ) i
> aju¢2( ) (l‘” - p”) /L 1w1

+e950) [ (x”;p”)ﬂ lp“-lgu))dp.

which gives the required inequality .
Making use of the inequalities

[2(7) = g(T)][f (p) — &1(p)] 2 0, [2(7) = f(7)]lg(p) — P2(p)] <O,

and [¢1(7) — f(7)][g(p) — ¥1(p)] < 0, we can prove to . O

Corollary 2.3. Let f and g be two integrable functions on [0,00). Assume that
there exist m, M,n, N € R such that

m< flx) <M, n<g(z)<N, zecl0,00).

Then we have the following four inequalities
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o Y — T
"AtEr D M ey )
M x/"'(a"l'B) " ﬂju/
> ag ,
znM ety T @)
hB N pho
. _agu N—— Byu
MG SN ey @
N l-l"(a“rﬂ) Bru "
> ~ o~
VN patB) B "
J e
S Ta s @+ | 2 @)@
rHe l»HIB
> M—2 B3hg(z)+ N aghf(z),
> Mo PO a) 4 N 000 (a)
and
p(a+pB)
n - + 590 f ()3 g ()
potPr(a+ 1)I(B + 1)
rHo xH,B
>m—— Bgr +n—m—"JH .
> e PO ) s (o)

Theorem 2.3. Let f be an integrable function on [0,00) and let ¢1 and ¢ be two
integrable functions on [0,00). Assume that the inequality holds. Then, for
x,a > 0, we have

A @ - )
— [T a(a) — I @[T f(x) — T ()]
- T (@) — FE ) — @)
g V@) = P @) @)
by () = 2@ 1)
V01 (@)° T 0al0) = s T dae). (19

Proof. For 1,p > 0, we have

[P2(p) — F(P)ILf(T) — ¢1(T)] + [d2(T) — f(D)][f(p) — d1(p)]
— [¢2(7) = FOILF(T) = d1(7)] = [P2(p) — F(PIIf(p) — ¢1(p)]
= f2(1) + F2(p) = 2f (1) f(p) + 2(p) f () + &1(7) f (p) — b1(7)b2(p)
+ 62(7) f(p) + $1(p) f(T) — $1(p)d2(7) — da(7) f(T) + $1(7) (1)
— 61(7)£(7) — 62(p) f (p) + P1(p)p2(p) — P1(p) f(p). (19)

Multiplying both sides of by F( (m”*T”)a —! and integrating over 7 €
(0, x) yield
[P2(p) = F(P[*T" f(x) = T 1 (x)] + [*THd2(x) — “Tf(@)][f (p) — d1(p)]
he

— T pa(x) — f()][f (x) = ¢1(2)] = [d2(p) — F(P)][f(p) — mwm
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he™

=JMf3(x) + fQ(P)m = 2f(p)* 3" f(x) + ¢2(p)*T" f ()
+ f(p)* T P1(x) — d2(p)* T d1(x) + f(p)* T b2 () + ¢1(p)* T f(z)
— ¢1(p)* T pa(x) — “TH o f(x) + T P1ga(x) — “TH 1 f(x)

— o) () o o

m%—%(ﬂ)@( )m ¢1(P)f(ﬂ)m. (20)

Multiplying both sides of (20 by ¥ a) (I‘ ;p )a lp“_l and integrating the resultant

identity with respect to p from 0 to = bring out
[*T () = “THf(2)][*T* f(2) — “TH¢1(x)] + [* T da(x) — “ T f(2)]

X [ajp’f(x) _ aj#dn(x)] _ aj#‘[(bQ(:L') — f(:c)][f(x) — ¢1($)]$
=3(6a(p) = S E) = 1P
= majﬂfz(z) + majﬂf (x) = 290" f(x)*T3" f(x)

T 0(w)° 0 f () 4 F ()T 00 (x) = “T0(x) T ()
T (@)% () + 61 (2) T () = 361 (2) T ()

_Lajﬂqbf(x) + Laju(bl%(m) _ Lajﬂ(ﬁl]"(x)
ueT(a+1) wel'(a+1) pel (o +1)
rhe he rHe
_maju¢2f(x) + majﬂd}l%(z) — maju¢1f(x)
which yields the required inequality . O

Corollary 2.4. Let f be an integrable function on [0,00) satisfyingm < f(z) < M
for all x € [0,00). Then, for all z,a > 0, we have

moﬂﬂf?(x) _ [o‘f]”f(x)]Q _ |:M’uar(a+1) _h ()
X [ajﬂf(x) - m,u“F(a T 1)] - oT(a T l)ajH[M — f(@)][f(z) —m)].

Theorem 2.4. Let f,g, 1, 02,11, and o be integrable functions on [0,00) satis-
fying and on [0,00). Then, for all x,a > 0, we have

he
uel(a+1)

where

I fg(x) — I f(2)* T g(x)| < VT (f b1, 02)T(g,101,12),  (21)

T(u,v,w) = [*TFw(x) — *THu(x)][*THu(x) — “THo(z))
+ PECE] l)ajﬂvu(:v) = *3Mo(z)* I u(z) + T T D) J

— THw(z)*THu(z) + “THo(z)*THw(z) —

Proof. Define
H(r,p) = [f(r) = f(P)llg(T) —9(p)], Tpe(0,z), =>0. (22)

Multiplying both sides of by FQ%Q) (I“;T“ )a_l (W;pﬂ )a_lT“_lp“_1 for r,p €

(0, ) and integrating the desired inequality with respect to 7, p from 0 to z yield
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1 L R T N TN T
T2 (a) / / (x . ) (aj . ) T H (T, p)drdp
2I*(a) Jo Jo H K

= ) Vo) PVt (23

Applying the Cauchy—Schwartz inequality to leads to

Lﬂf(a—i—l)ajufg(x) + aj”f(x)ajﬂg(l’)]

majﬂg%ﬂf) - [ajﬂg(x)]Q .
(24)
Since [¢2(x) — f()][f(x) — ¢1(2)] = 0 and [¢2(z) — g(2)][g(x) — ¥1(x)] = 0 for

x € [0,00), we have

< oty 9 @) - P2

m[qﬁz(x) = f@)][f (@) = d1(x)] 2 0
and o
m[%(ﬂf) = 9(@)][g(x) — Y1 (z)] = 0.
Thus, from Theorem [2.3] we obtain
maj“f%) — [T f(2)]? < [*THpa(x) — “T* f(2)][*T* f(2)
— T (2)] + majuqﬁlﬂx) — 31 (2)*T" f ()
T Y oS @) = P a(2) 0 ()
+ “TH P (2) T o (2) — maj"%%(ﬂ?) =T(f, ¢1,02). (25)

Similarly, we have

rhe
a2 _[a~p 2<a~u _am~up i _a~u
Ty )~ TP < 1)~ P[P gl) i (o)
zh anp anp QL ahe anp
+7uaf(a+1) JHaprg(x) — Ty ()T g(:c)+7uap(a+1) THhag(x)
he™
_agu g anu anp _ anp —
JHapa (2) T g(2)+* T 1 () * T 9o () oT(a+ 1) Japrpe(x) = T(g,v1,¢2).
(26)
Combining ([24)), (25)), and (26)), we obtain the desired inequality (21)). O

Remark 2.1. For m, M,n,N € R, if T(f, $1,¢2) = T(f,m, M) and T(g,1,12) =
T(g,n,N), then the inequality reduces to

T ale) = P @ ()

in [20, Theorem 1].

< [Mﬁi;ufwmwm

Remark 2.2. In this paper, we presented some new conformable fractional integral
inequalities which generalize those corresponding ones in [23].

Remark 2.3. This paper is a slightly revised version of the preprint [14].
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