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A new mechanism of thermo-acoustic destabilization of combustors powered by burning droplets is investigated. Acoustic induced heat release disturbances are found to be driven by oscillations of droplet lifetime during the final stage of the droplet combustion before their extinction. The mechanism is the following. Synchronized acoustic disturbances alter the droplet evaporation rate and modify their diameter. Perturbations of the droplet diameter along the droplet trajectories lead to fluctuations of their lifetime. These fluctuations trigger in turn an oscillating motion of the burning droplet cloud boundary that is synchronized by the acoustic excitation. This leads to large heat release fluctuations before droplet extinction and constitutes a thermo-acoustic source. This mechanism is found to be particularly important in solid rocket motors in which aluminum droplets released from the propellant burn individually and are quenched as the droplet diameter falls below a critical residue diameter associated to an inert particle. Analytical models are derived in an idealized configuration where acoustic forcing takes place in the transverse direction to the droplet trajectories. Expressions are derived in the frequency space for the droplet diameter oscillations, the motion of the droplet cloud boundary and the resulting heat release disturbances, that take the form of a distributed Flame Describing Function. This model is used to reveal effects of the acoustic pressure level and of the residue diameter on the resulting motion of the combustion volume boundary and corresponding heat release disturbances. It is further extended to consider the peculiar flow in a solid rocket motor and the heat release disturbance model is compared to results from numerical flow simulations of the motor. While highlighted in the context of solid propulsion, the observations made are believed to be more general and the same mechanisms may persist in acoustically perturbed spray flames from hydrocarbon fuel droplets.

Thermo-acoustic instabilities driven by fuel droplet lifetime oscillations

Introduction

Aero and rocket engines are prone to combustion instabilities [START_REF] Culick | Unsteady motions in combustion chambers for propulsion systems[END_REF][START_REF] Lieuwen | Combustion Instabilities in Gas Turbine Engines[END_REF][START_REF] Candel | [END_REF]. In systems powered by fuel sprays, acoustic oscillations may trigger mixture fraction disturbances (i) by modifying the droplet size distribution at the injector inlet [4,5], (ii) by segregation of large from small droplets during their transport in the pulsed flow [6] and (iii) by reducing the droplet evaporation time due to the additional drag from the pulsed flow [7][8][9]. Each of these mechanisms alter the flame dynamics.

In numerical simulations of liquid propellant rocket engines, transverse acoustic oscillations were shown to lead to shorter flames due to acceleration of mixing and evaporation of the propellant injected as liquid droplets [10], a phenomenon which is also observed in experiments and simulations conducted at transcritical conditions [11,12]. Longitudinal high-amplitude acoustic oscillations were also found to reduce the length of liquid fuel sprays [13]. Carvalho et al. [7] observed a reduction in the mean droplet lifetime due to acoustic forcing in their numerical model of a Rijke tube burning liquid droplets. Blaszczyk [14] showed experimentally a dependence of the droplet consumption rate and of the mean droplet lifetime on the acoustic amplitude and frequency. These different studies reveal that acoustic oscillations interacting with fuel droplets often lead to changes of the spray and flame structures.

A new contribution to heat release rate fluctuations associated to oscillations of the droplet lifetime is investigated in this study. These disturbances are shown to constitute an additional thermo-acoustic source of destabilization of the combustor. The mechanism is reminiscent of the displacement of a flame interface in an acoustic field as observed in some high frequency instabilities coupled to transverse modes [10,15]. This article focuses on aluminum burning droplets in an acoustic field transverse to the droplet trajectory, because the phenomenon has been recently highlighted in solid rocket motors (SRMs) [16,17], but the analytical results are valid for any system with quasi one dimensional droplet trajectories burning individually.

Flame quenching induced by acoustic excitation [18] is not considered in this study in which acoustic disturbances remain small and in the linear regime. Also, the acoustic radiation force [19] can be neglected in comparison with the drag force exerted by the flow. With these hypotheses, droplet lifetime and its fluctuations are only driven by changes of the mass consumption rate along the droplet trajectory. A reduction of the mean droplet lifetime may also be observed in numerical simulations at high acoustic levels, but the following study is limited to the low-amplitude acoustic response in which case the mean droplet lifetime remains invariant.

The article is organized as follows. Section 2 highlights the mechanism identified in a generic SRM featuring a self-sustained thermo-acoustic instability. Section 3 develops the analytical model in an idealized configuration with a uniform flow. The analytical approach is extended to include SRM specificities and is compared to simulation results in section 4.

Illustration in a SRM

It was recently shown that the combustion dynamics of aluminum droplets may lead to self-sustained thermo-acoustic oscillations in SRM [16,17]. In these simulations, dilute aluminum droplet combustion is modeled by the D 2 law (group combustion is neglected [20][START_REF] Beckstead | A summary of aluminum combustion[END_REF][START_REF] Genot | [END_REF]):

dD 2 dt = - 4µ ln(1 + B)Sh ρ p Pr (1)
with D the fuel droplet diameter, ρ p the droplet density, µ the gas viscosity, Pr the Prandtl number, B the Spalding number taken from [16] and Sh the Sherwood number. To reproduce experimental observations [START_REF] Beckstead | A summary of aluminum combustion[END_REF], the combustion reaction is stopped when the particle diameter reaches the aluminum oxide residue diameter D r :

q = qD 2 H(D -D r ) ( 2 
)
where H is the Heaviside function and qD 2 denotes the rate of heat released from N p droplets per unit volume which are burning individually and are moving with a velocity u p in a gas flow at velocity u. The burning rate is enhanced by flow convection around the fuel droplets:

qD 2 = N p ∆h r πD µ Pr ln(1 + B)Sh (3) 
where ∆h r is the reaction enthalpy and the Sherwood number Sh is deduced from the Ranz-Marshall correlation [23]:

Sh = 2 + 0.6Re 1/2 p Pr 1/3 Re p = ρ g |δu p |D µ (4) 
with ρ g the gas density and |δu p | = |u p -u| the norm of the particle relative velocity. In the case of a uniform flow, the lifetime of the burning droplet is given by:

t c = ρ p Pr(D 2 i -D 2 r ) 4µ ln(1 + B)Sh ( 5 
)
where D i and D r are the initial and residual diameters of the fuel droplet. Transient droplet heating is neglected, the droplet temperature being considered constant and equal to the saturation temperature.

An example of simulation in a thermo-acoustically unstable state is now briefly described to illustrate the system dynamics. More details about the numerical flow model are given in section 4.1. Figure 1 shows the gas streamlines of the mean flow and delineates the aluminum combustion zone in the numerical flow domain.

The SRM chamber has a length L = 7 m and a constant radius R = 0.593 m. Propellant burning is modeled with an imposed burning rate normal to the propellant boundary. Aluminum droplets are injected radially, from the solid propellant wall at r = R at the gas phase velocity u p = u and burn in the boundary layer along the solid propellant. A single class of droplets is injected with an initial diameter D i taken from the baseline configuration of [16] and the residual diameter is fixed to D r = D i /2.

Figure 2 illustrates the dynamics of the SRM during one oscillation cycle. The combustion oscillation is here coupled to the first longitudinal acoustic mode of the motor. The droplet streamlines in Fig. 2 have a quasi 1D-trajectory normal to the aluminum combustion zone. Close to the nozzle for 0.5 ≤ x/L ≤ 1, the volumetric heat release rate q takes higher values and the volume occupied by the burning droplets is thinner than in the first section of the motor, due to higher flow velocities. Longitudinal fluctuations of the volumetric heat release rate q can also be clearly identified in the combustion volume. This contribution is associated to disturbances of the combustion rate of aluminum droplets due to acoustic velocity fluctuations as described in [9,16]. Also, a flapping motion of the boundary between the combustion zone and the inert zone (white region in Fig. 2) is remarkable. This motion essentially takes place in the radial direction, while the acoustic mode is controlled by longitudinal acoustic oscillations.

This simulation is further analyzed by examining the local Rayleigh index S [24] corresponding to the thermo-acoustic source coupling acoustic pressure p 1 and heat release rate q1 fluctuations. This index is plotted in Fig. 3 over the entire flow. As the instability is locked on the first acoustic mode, aluminum combus-Fig. 2. Heat release rate distribution q in the cylindrical chamber of a SRM at four regularly distributed instants of a limit cycle of a thermoacoustic instability driven by aluminum droplet combustion. A few droplet streamlines are superimposed in blue. The radial coordinate is stretched here so as to make the thin aluminum droplet combustion zone more visible. tion produces pressure oscillations (S > 0) close to the head end, whereas pressure oscillations are damped close to the nozzle (S < 0). The low frequency pressure fluctuations are invariant in the radial direction [16], and the radial variations observed for the Rayleigh index in Fig. 3 are due to heat release rate fluctuations.

The high values of the Rayleigh index at the aluminum combustion zone boundary contribute up to 30% of the global Rayleigh index V SdV integrated over the whole flow volume V [START_REF] Genot | [END_REF]. They are due to the flapping motion of the combustion volume boundary observed in Fig. 2, which is itself associated to the dynamics of aluminum droplets as they reach their residual diameters. It is demonstrated in this study that the heat release fluctuations originating from the combustion volume boundary result from oscillations of aluminum droplet lifetime. An analytical model is developed to determine the resulting heat release disturbances. The heat release rate fluctuations produced inside the combustion volume are deliberately discarded in the following analytical developments to better highlight the contribution from the boundary. This leads to neglecting the fluctuations of qD 2 in Eq. (2).

Analytical model

The model aims at reproducing the heat release fluctuations associated with droplet lifetime oscillations and at identifying the main parameters controlling this dynamics. It is developed for harmonic, linear and low frequency traveling or standing sound waves. Droplet lifetime oscillations are driven by their dynamics as they approach the residue droplet diameter D = D r . A linear model for perturbations of the droplet lifetime is derived from Eq. ( 1) and reads in the Fourier space:

tc = 2t c,0 D 0 D 2 i -D 2 r D (6) 
where • denotes the Fourier component of the perturbation at frequency f . In the following, the subscript 0 designates the mean value and the subscript 1 stands for the perturbed state: X(t) = X 0 + X 1 (t), where X 1 = R e ( X exp(iωt)), R e denotes the real part and ω = 2π f the angular frequency.

Idealized configuration

The problem is not directly tackled on the SRM but first examined on a simpler and idealized configuration which reproduces the main features of the dynamics observed in SRMs. One considers the configuration sketched in Fig. 4. Fuel droplets are released vertically at y = 0 in an oxidizer gaseous stream characterized by a uniform mean velocity u 0 plus an harmonic fluctuation u 1 in the axial direction. Droplet trajectories are assumed to be quasi-1D, with a small axial particle velocity compared to their vertical component u p v p . The mean diameter D 0 is taken here, as a first approximation, as the mean value between the initial and the residue value. The combustion zone boundary is delimited by y c in Fig. 4: where v p is the vertical droplet velocity, which is here taken constant. In this model, the boundary y c moves if the droplet lifetime fluctuates and this motion leads in turn to heat release rate fluctuations. Equation ( 2) can be rewritten as:

y c = v p t c (7) 
q = qD 2 ,0 H(D(t) -D r ) = qD 2 ,0 H(y c (t) -y) (8) 
where y c designates the position verifying D = D r . At the boundary y c , one has:

∂ q ∂t = ∂y c ∂t qD 2 ,0 δ(y c (t) -y) (9) 
where δ denotes the Dirac distribution. This equation is reminiscent of expressions of heat release disturbances associated to high frequency transverse flow disturbances [10,15]. The next step is to link the disturbances of the boundary y c to disturbances of the droplet fuel diameter D, which depends itself on the gas velocity u.

At low forcing frequencies, the droplet response to acoustic perturbations remains quasi-steady [4,9,25] and effects of acoustic pressure, gas temperature, gas density and number of droplets disturbances can be neglected [8,16]. The droplet lifetime, as the heat release rate, is only altered by fluctuations of the droplet diameter D, droplet velocity u p and gas velocity u.

The following expressions are derived for small disturbances linking the particle velocity u p and the droplet diameter D to the gas velocity u. The derivation is based on the system of conservative eulerian equations given by Gallier and Godfroy [16].

For disturbances of the droplet axial velocity u p,1 , one is left with:

∂u p,1 ∂t = - δu p,1 τ v,0 + δu p,0 τ v,1 τ 2 v,0 (10) 
where δu p = u pu is the difference between the axial particle and gas velocities and τ v is the droplet relaxation time given by [16,26]:

τ v = 1 + B 1 + 0.15Re 0.687 p ρ p D 2 18µ ( 11 
)
Gradients acting on velocity disturbances are neglected in Eq. ( 10) by setting ∇u p,1 = 0. Equation ( 1) is now used to determine a transport equation for disturbances D 1 of the droplet diameter in an eulerian framework:

∂D 1 ∂t + v p ∂D 1 ∂y = - (D 2 i -D 2 r ) 2D 0 t c,0 Sh 1 Sh 0 - D 1 D 0 ( 12 
)
For small oscillations at the frequency f , Eq. ( 10) yields in the Fourier space: ûp

       iωτ v,0 + 1 + C Re δu 2 p,0 |δu p,0 | 2        = û        1 + C Re δu 2 p,0 |δu p,0 | 2        + D D 0 δu p,0 (2 -C Re ) (13) 
where C Re is a mean quantity due to fluctuations of the drag characteristic time:

C Re = 0.687 × 0.15Re 0.687 p,0 1 + 0.15Re 0.687 p,0 (14) 
Fluctuations of the droplet diameter given by Eq. ( 12) obey in the Fourier space to:

∂ D ∂y + D       iω v p - (Sh 0 + 2)(D 2 i -D 2 r ) 4v p t c,0 Sh 0 D 2 0       = - (Sh 0 -2)(D 2 i -D 2 r ) 4v p t c,0 Sh 0 D 0 |δu p,0 | 2 /δu p,0 (û p -û) (15) 
In the absence of diameter fluctuations at the injection boundary y = 0, substitution of Eq. ( 13) in Eq. ( 15), assuming a mean uniform flow, yields the transfer function linking the droplet diameter to the axial gas stream velocity fluctuation:

D D 0 = K B K A 1 -e K A y/D 0 û δu p,0 (16) 
where K A and K B are constant numbers that only depend on the mean flow properties:

K A = iωD 0 v p - (D 2 i -D 2 r )/D 0 4v p t c,0 Sh 0 ×            Sh 0 + 2 - (Sh 0 -2)(2 -C Re ) δu 2 p,0 |δu p,0 | 2 (iωτ v,0 + 1 + C Re δu 2 p,0 |δu p,0 | 2 )            (17)
Tab. 1. Model input parameters. 

K B = - (D 2 i -D 2 r )(Sh 0 -2)iωτ v,0 4v p t c,0 D 0 Sh 0 |δu p,0 | 2 /δu 2 p,0 (18) 
The dynamics of the combustion zone boundary y c where the droplet diameter has reached the residue diameter D = D r is deduced from Eqs. ( 6) and ( 7):

ŷc = v p tc = 2t c,0 v p D 0 D 2 i -D 2 r D y c,0 = v p t c,0 (19) 
where droplet diameter disturbances D are given by Eq. ( 16). Taking the Fourier transform of Eq. ( 9), one finally finds for the resulting heat release rate disturbances:

q qD 2 ,0 = F y ŷc , F y = 2 1 - y-y c,0 |ŷ c | 2 1/2 π|ŷ c | (20) 
This expression yielding the volumetric heat release rate response to the acoustic forcing is nonlinear because the transfer function F y depends on the amplitude of the motion of y c . This is due to the Dirac distribution appearing in Eq. ( 9). Equation ( 20) thus corresponds to a distributed Flame Describing Function [27].

Parametric analysis

The model derived in the previous section is now used to examine effects of the residual particle diameter D r and acoustic pressure amplitude η on the motion of the combustion boundary ŷc and the resulting heat release rate disturbances q. The input parameters for the calculations are synthesized in Tab. 1 and are selected to mimic conditions prevailing in a SRM, except v 0 sets to zero to maximize convection effects.

One also chooses here to mimic the modal structure of the acoustic field observed in an acoustically closedclosed chamber, as a SRM chamber, undergoing a selfsustained thermo-acoustic oscillation at f = 50 Hz coupled to the first longitudinal 1L mode, with droplets injected in the transverse direction. The Fourier component û of the axial acoustic velocity vanishes at x = 0 and x = L and is expressed as [START_REF] Culick | Unsteady motions in combustion chambers for propulsion systems[END_REF]:

û = -i η a 0 ρ g sin(kx) ( 21 
)
where η is the acoustic pressure amplitude and k = 2π f /a 0 the wave number and a 0 the speed of sound.

Model results are shown in Fig. 5 for three acoustic pressure levels η = 10 3 , 5. 10 3 and 10 4 Pa and a residue diameter D r = D i /2 equal to half the initial aluminum droplet diameter. The evolution of the modulus of the relative heat release rate fluctuation | q|/ qD 2 ,0 calculated with Eq. ( 20) is plotted along the y-axis for a cut at x/L = 1/4. This figure shows that heat release disturbances associated to droplet lifetime oscillations only take place close to the mean position of the combustion volume boundary y c,0 . The motion amplitude increases as the acoustic pressure level rises in the chamber, whereas the heat release rate fluctuation peak value remains independent of the pressure level.

The impact of the residue diameter is investigated in Fig. 6 by considering three different residue to initial diameter ratios, and an acoustic pressure oscillation level fixed to η = 10 3 Pa. The amplitude of the displacement ŷc of the combustion boundary increases as the size of the residue diameter D r increases. It nonetheless does not vanish even for small residues when D r =D i /100 (dashed lines) meaning that even for complete evaporation of the droplets, as for example in the case of liquid hydrocarbon fuel droplets burning in air, a motion of the combustion boundary persists due to droplet lifetime oscillations. For small residue diameters, the resulting heat release fluctuations remain however small at the boundary. For high residue diameters, as for example for aluminum droplet combustion, droplet lifetime oscillations may lead to large heat release rate fluctuations. 

Application to a cylindrical SRM

The previous model has been derived for a uniform gaseous flow in a 2D context. It can easily be extended to non-uniform flows in 2D axisymmetric geometries, considering slight changes of the analytical formalism, which are not reproduced here for concision. Analytical predictions are compared to numerical flow simulations in a SRM configuration.

Numerical model

The simulation is carried out in a 2D axisymmetric framework with the numerical model from [16]. A cylindrical motor, with a radial injection of mass modeling the solid propellant combustion (gas and aluminum droplets) and with a nozzle, is simulated with CPS, an in-house ArianeGroup flow solver [28]. The configuration is shown in Fig. 1. The chamber has a radius R = 0.593 m, a length L = 7 m and a symmetry axis at r = 0. The nozzle has a throat of radius R t = 0.175 m, which is located at x t = 7.3 m away from the motor head-end x = 0. The computational grid is composed of 360,000 quads with about 600 points in the axial direction and 600 points in the radial direction. The grid is clustered near the propellant burning surface to resolve the aluminum distributed combustion indicated in red in Fig. 1, with about 20 grid points in the flapping zone (Fig. 3). The smallest grid spacing at the propellant surface is about 0.1 mm. Gas and aluminum particle properties are taken from [16,29]. It is worth mentioning that turbulence is not taken into account in this simulation to focus the analysis on the coupling between acoustics and aluminum droplet unsteady combustion.

No-slip conditions are used for the gaseous and particle phases at the wall boundaries. Solid propellant burning (r = R) is modeled through the lateral boundary of the numerical domain between x = 0 and L by injection of gas at a constant mass flow rate with a velocity vector normal to the surface and pointing inward. Only a single class of droplets is considered with an initial diameter D i taken from the baseline configuration of [16] and the aluminum oxide residue diameter is fixed to D r = D i /2.4. Aluminum particles are injected at the dynamic equilibrium with the gas u p,i •e r = u i •e r . This configuration is found to be thermo-acoustically stable. A pulsation of 5000 Pa is imposed at the head-end boundary. This forcing level is small enough to assume linear fluctuations of the flow variables.

Model validation

Aluminum droplets are injected uniformly and radially at the solid propellant boundary at r = R and the aluminum combustion takes place very close to the solid propellant surface as illustrated in red in Fig. 1. The small thickness of the combustion volume allows to assume a quasi-1D trajectory in the radial direction of the aluminum droplets which are released within the flow.

In a SRM, the mean flow field is not uniform and the longitudinal velocity fluctuations also depend on the radial position within the motor due to the particular structure of the acoustic boundary layer in these systems with mass injection from the lateral walls [START_REF] Culick | Unsteady motions in combustion chambers for propulsion systems[END_REF]30,31]. Due to these complexities, the expressions derived in the previous section are not valid, but analytical solutions to Eqs. ( 13) and (15) can still be obtained assuming a onedimensional droplet trajectory and neglecting the influence of the droplet diameter fluctuations on the droplet velocity fluctuations. Equation (19) remains unchanged in this new configuration:

rc = 2t c,0 v p D 0 D 2 i -D 2 r D (22) 
where rc corresponds to the Fourier component of the radial displacement of the combustion boundary in Fig. 1 at the frequency f . The mean position r c,0 of this boundary in a non-uniform flow is:

r c,0 = R + 2 D 2 i -D 2 r D r D i t c,0 v p D 0 dD (23) 
The corresponding heat release rate fluctuation is identically given by (no difference between 2D and 2D axisymmetric configurations):

q qD 2 ,0 = - 2 1 - r-r c,0 |r c | 2 1/2 π|r c | rc (24) 
Figures 7 and 8 compare the modulus and phase lag of the heat release rate fluctuations taken from the numerical flow simulation and from Eq. ( 24) at two positions x/L = 1/4 and x/L = 3/4 in the SRM. To be fully consistent, the mean quantities appearing in the different analytical expressions are here taken from the simulation. The phase lag in Fig. 8 is expressed with respect to the acoustic pressure. The numerical data from the flow solver are well reproduced by the analytical model at the end of the combustion zone (where the boundary is oscillating) at both positions x/L = 1/4 and x/L = 3/4 in the motor chamber. One recalls that the heat release rate fluctuations taking place inside the combustion volume are voluntary not considered in the analytical model developed in this study. The same match between analytical and numerical data is found at the other positions in the SRM confirming that the model well reproduce the flow simulations and that droplet lifetime oscillations constitute a source of unsteady heat release at the boundary of the combustion volume. This contribution to the overall heat release oscillation is found to be particularly high in simulations carried out with aluminum droplets in which combustion is abruptly quenched [START_REF] Genot | [END_REF].

Conclusion

Distributed combustion of fuel droplets has been modeled by the D 2 law and is abruptly stopped when the droplet diameter falls below a residual diameter D r . This is used to model the existence of combustion residues, as the ones produced by aluminum burning droplets. It has been shown that the response of this model to acoustic disturbances leads to large heat release rate oscillations. These oscillations have been found to be related to oscillations of the lifetime of the burning droplets leading to a motion of the combustion volume boundary. A series of analytical expressions have been derived for the fluctuations of the droplet lifetime as a function of the droplet diameter fluctuations, which have been themselves related to acoustic velocity fluctuations of the gaseous phase. For droplets released in the transverse direction to the acoustic forcing, it has been demonstrated that oscillations of the droplet lifetime lead to a motion of the iso-line D = D r . If the heat release rate at this iso-line remains finite, high levels of fluctuations can be observed. The heat release rate response associated to the motion of this boundary has been modeled by an Heaviside function and a distributed Flame Describing Function in the Fourier space. Finally, this model has been successfully compared with numerical flow simulations in a solid rocket motor configuration in which the combustion of acoustically perturbed droplets may be quenched.
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 1 Fig. 1. Cylindrical solid rocket motor (SRM) geometry and computed gas streamlines in the numerical domain.

Fig. 3 .

 3 Fig. 3. Distribution of the local Rayleigh index S = γ-1 γp 0 T T p 1 q1 dt through the SRM. T is the acoustic period (T = 1/ f ), γ the specific heat ratio, p 0 the mean pressure, p 1 the pressure fluctuations and q1 the heat release rate fluctuations.

Fig. 4 .

 4 Fig. 4. Isolated burning droplets crossing an uniform flow in the transverse direction, which is acoustically perturbed.

Fig. 5 .

 5 Fig. 5. Heat release rate fluctuations around the combustion volume boundary y c,0 at x/L = 1/4 for different pressure levels η = 10 3 , 5. 10 3 and 10 4 Pa. The residue diameter is fixed to D r = D i /2.

Fig. 6 .

 6 Fig. 6. Modulus of the motion of the combustion volume boundary for different residue diameters D r . The acoustic pressure level is fixed to η = 10 3 Pa.

Fig. 7 .

 7 Fig. 7. Comparison between numerical flow simulations and analytical results for the modulus | q| of the heat release rate fluctuations at x/L = 1/4 and x/L = 3/4. Only the contribution originating from the boundary is modeled here.

Fig. 8 .

 8 Fig. 8. Comparison between numerical flow simulations and analytical results for the phase lag φ of the heat release rate fluctuations q with respect to the acoustic pressure at x/L = 1/4 and x/L = 3/4. Only the boundary contribution is modeled here.
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