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Abstract

A complete weighted graph G = (V, E,w) is called Ag-metric, for some 5 > 1/2, if G
satisfies the [-triangle inequality, i.e., w(u,v) < B - (w(u,z) + w(z,v)) for all vertices
u,v,z € V. Given a Ag-metric graph G = (V, E,w) and a center ¢ € V, and an integer
p, the Ag-STAR p-HUB CENTER PROBLEM (Ag-SpHCP) is to find a depth-2 spanning
tree T of G rooted at ¢ such that ¢ has exactly p children (also called hubs) and the
diameter of 7" is minimized. In this paper, we study Ag-SpHCP for all g > % We show
that for any € > 0, to approximate the Ag-SpHCP to a ratio g() — e is NP-hard and give
r(B)-approximation algorithms for the same problem where g() and r(3) are functions of
S. A subclass of metric graphs is identified that Ag-SpHCP is polynomial-time solvable.
Moreover, some r(/3)-approximation algorithms given in this paper meet approximation
lower bounds.

1. Introduction

The hub location problems have various applications in transportation and telecommu-
nication systems. Variants of hub location problems have been defined and well-studied in

UParts of this paper were published in Proceedings of the 22nd International Computing and Combi-
natorics Conference (COCOON 2016) [17] and in Proceedings of the 10th International Conference on
Algorithms and Complexity (CIAC 2017) [18].

OUParts of this work were supported by the Ministry of Science and Technology of Taiwan under grants
MOST 105-2221-006-164-MY3, MOST 106-2221-E-006-037-MY3, and MOST 103-2218-E-006—-019-
MY3. Part of this work was done while Ralf Klasing was visiting the Department of Computer Science
and Information Engineering at National Cheng Kung University. This study has been carried out in
the frame of the “Investments for the future” Programme IdEx Bordeaux - CPU (ANR-10-IDEX-03-02).
Research supported by the LaBRI under the “Projets émergents” program.

Email addresses: c1h100p@cs.ccu.edu.tw (Li-Hsuan Chen), dunwei.ncku@gmail.com
(Dun-Wei Cheng), hsiehsy@mail.ncku.edu.tw (Sun-Yuan Hsieh), hunglc@cs.ccu.edu.tw
(Ling-Ju Hung), ralf.klasing@labri.fr (Ralf Klasing), cwlee@nttu.edu.tw (Chia-Wei Lee),
bangye@cs.ccu.edu.tw (Bang Ye Wu)

'L.-H. Chen, L.-J. Hung, and C.-W. Lee were supported by the Ministry of Science and Technology of
Taiwan under grants MOST 106-2811-E-006-008, MOST 106-2811-E-006-055, and MOST 105-2811-
E-006-022, respectively.

Preprint submitted to Journal of Computer System and Sciences October 10, 2017



the literatures (see the two survey papers [15, 1]). Suppose that we have a set of demand
nodes that want to communicate with each other through some hubs in a network. A
single allocation hub location problem requests each demand node can only be served by
exactly one hub. Conversely, if a demand node can be served by several hubs, then this
kind of hub location problem is called multi-allocation. Classical hub location problems
ask to minimize the total cost of all origin-destination pairs (see e.g., [32]). However,
minimizing the total routing cost would lead to the result that the poorest service quality
is extremely bad. In this paper, we consider a single hub location problem with min-
max criterion, called Ag-STAR p-HUB CENTER PROBLEM which is different from the
classic hub location problems. The min-max criterion is able to avoid the drawback of
minimizing the total cost.

A complete weighted graph G = (V, E,w) is called Ag-metric, for some g > 1/2, if
the distance function w(-,-) satisfies w(v,v) = 0, w(u,v) = w(v,u), and the p-triangle
inequality, i.e., w(u,v) < B - (w(u,z) + w(z,v)) for all vertices u,v,xz € V. If § > 1
then we speak about relazed triangle inequality, and if § < 1 we speak about sharpened
triangle inequality. Let u,v be two vertices in a tree T. Use dr(u,v) to denote the
distance between u,v in 7. Define D(T") = max, yer dr(u,v) called the diameter of 7'

We give the definition of the Ag-STAR p-HUB CENTER PROBLEM as follows.

Ap-STAR p-HUB CENTER PROBLEM (A-SpHCP)

Input: A Ag-metric graph G = (V, E,w), a center vertex ¢ € V, and a positive
integer p, |V| > 2p+ 1.

Output: A depth-2 spanning tree T* rooted at ¢ (called the central hub) such that
¢ has exactly p children (called hubs) and the diameter of T*, D(T™*), is
minimized.

Here, we assume that the number of non-hubs is at least as many as the number of
hubs, i.e., |V| > 2p + 1. The assumption |V| > 2p + 1 is reasonable because in real
applications, a hub could be a post office or an airport, and a non-hub could be a mail
post, a customer, or a passenger.

The Ag-SpHCP problem is a general version of the original STAR p-HUB CENTER
PROBLEM (SpHCP) since the original problem assumes the input graph to be a metric
graph, i.e., B = 1. We use SpHCP to denote the Ag-SpHCP for f = 1. Yaman and
Elloumi [33] showed that SpHCP is NP-hard and gave two integer programming formula-
tions for the same problem. Liang [28] showed that SpHCP does not admit a (1.25 — ¢)-
approximation algorithm for any ¢ > 0 unless P = NP and gave a 3.5-approximation
algorithm.

The SINGLE ALLOCATION p-HUB CENTER PROBLEM was introduced in [31, 14]
which is similar to SpHCP with min-max criterion and well-studied in [27, 20, 29, 16].
The difference between the two problems is that the SINGLE ALLOCATION p-HUB CEN-
TER PROBLEM assumes that hubs are fully interconnected. Thus, for the SINGLE ALLO-
CATION p-HuB CENTER PROBLEM, the communication between hubs is not necessary
to go through a specified central hub c.

For § =1, Ag-SpHCP is NP-hard and even NP-hard to have a (1.25—¢)-approximation
algorithm for any € > 0. In this paper, we investigate the complexity of Ag-SpHCP pa-
rameterized by [-triangle inequality. The motivation of this research for g < 1 is to
investigate whether there exists a large subclasses of input instances of Ag-SpHCP that
can be solved in polynomial time or admit polynomial-time approximation algorithms



Table 1: The main results where Ag-SpHCP cannot be approximated within ¢g(8) and has an r(8)-
approximation algorithm.

Ié] lower bound g(f) upper bound r(3)
3, 555 1 1
3-v3 2 14+28—282 1423232
(557, 3] =5 =5)
2 568+1 14+28—242
|:§7 0-7737...] T w
[0.7737..., 1] 5641 1+ 225
2_
12 541 PR
[2, 00) B+3 26+ 1

with a reasonable approximation ratio. For § > 1, it is an interesting issue to see
whether there exists a polynomial-time approximation algorithm with an approximation
ratio linear in (.

Our study uses the well-known concept of stability of approximation [10, 12, 25, 26].
The idea behind this concept is to find a parameter (characteristic) of the input instances
that captures the hardness of particular inputs. An approximation algorithm is called
stable with respect to this parameter, if its approximation ratio grows with this parameter
but not with the size of the input instances. A nice example is the Traveling Salesman
Problem (TSP) that does not admit any polynomial-time approximation algorithm with
an approximation ratio bounded by a polynomial in the size of the input instance, but is
%—approximable for metric input instances. Here, one can characterize the input instances
by their “distance” to metric instances. This can be expressed by the f-triangle inequality
for any g > %

In a sequence of papers [2, 3, 5,9, 10, 11, 13, 30], it was shown that one can partition
the set of all input instances of TSP into infinitely many subclasses according to the
degree of violation of the triangle inequality, and for each subclass one can guarantee
upper and lower bounds on the approximation ratio. Similar studies were performed for
the problem of constructing 2-connected spanning subgraphs of a given complete graph
whose edge weights obey the [-triangle inequality [6], and for the problem of finding,
for a given positive integer £ > 2 and an edge-weighted graph G, a minimum k-edge- or
k-vertex-connected spanning subgraph [7, 8], demonstrating that for these problems the
[-triangle inequality can serve as a measure of hardness of the input instances.

In Table 1, we list the main results of this paper. The rest of the paper is organized
as follows. In Section 2, for g > %, we show that for any € > 0, to approximate

A-SpHCP to a ratio ¢g(5) — € is NP-hard. In Section 3, we give r(f)-approximation
algorithms for Azg-SpHCP. If 5 < 3_—2\/3, we have r(8) = g(f8) = 1, i.e., Ag-SpHCP is
polynomial time solvable. If 3*2—‘/5 < p < %, we have r(8) = g(5). For % < p <1,

r(f) = min{ 12?16:62)52’ 1+ 525;} and g(f) = #. Moreover, for 8 > 1, we have r(5) =

min{ [+ 4ﬁ22+—_62ﬁ’ 20+1} and g(B) = 6+ % For 8 > 2, the approximability of the problem

(i.e., upper and lower bound) is linear in 5. For § = 1, we reduce the gap between the




upper bound
lower bound

Figure 1: The curves depict the functions in Table 1.

upper and lower bounds of approximability of SpHCP. We obtain that for any € > 0, to
approximate SpHCP to a ratio 1.5 — € is NP-hard and a g—approximation algorithms for
SpHCP.

We close this section with some notation and definitions, and a property of Ag-metric.
For a vertex v in a tree T', we use Np(v) to denote the set of vertices adjacent to v in T’
and Nr[v] = Np(v)U{v}. Let f(v) be the parent of v in T" and f(v) = v if v is the root of
T. Let T* be an optimal solution of Ag-SpHCP in a given f-metric graph G = (V, £, w).
For a non-hub z in 7%, we use f*(z) to denote the hub in 7™ that is adjacent to x. We
use T to denote the best solution among all solutions in 7~ where 7 is the collection of
all solutions satisfying that all non-hubs are adjacent to the same hub for Ag-SpHCP in
a given [-metric graph G = (V, B, w).

Lemma 1 ([9]). Let G = (V, E) be a Ag-metric graph for 3 < 8 < 1. For any two edges
(u,z), (v,2) with a common endvertex x in G, w(u, )

IA
[

~w(v, T).

2. Inapproximability results

In this section, we show that for g > 3*2\/5, to approximate Ag-SpHCP to a factor
. _op? _
g(B) — € is NP-hard where g(3) = 12?16_55 for 2 2*/3 <B<29(B)= 0L for 2<p<,
andg(ﬁ):BJr%forBZl.
In the following lemma, we first show that for # <pB< % and for any € > 0, it is

NP-hard to approximate Ag-SpHCP to a factor % — &

Lemma 2. Let % < pB < % For any € > 0, to approzimate Ag-SpHCP to a factor

% — € 18 NP-hard.

Proof. We will prove that, if Az-SpHCP can be approximated to within a factor %—

€ in polynomial time, for some ¢ > 0, then SET COVER can be solved in polynomial time.
This will complete the proof, since SET COVER is well-known to be NP-hard [21].

Let (S,U) be an instance of SET COVER where U is the universal set, |U| = n, and
S is a collection of subsets of U, |S| = m. The goal is to decide whether § has a subset
S’ of size k such that Usie s 8i = U. In the following, we construct a S-metric graph
G=(VUSUY U{c}, E,w) according to (S,U). For each element v € U, construct a
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Figure 2: A solution of Ag-SHCP in G

vertex v € V, i.e., V = U. For each set s € S, construct a vertex s € S, |S| = |S|. We
add m — k + 2 vertices in Y and a center ¢ in G. The reason to create (m — k + 2) many
vertices in Y is to avoid all elements in U to be selected as hubs in some solutions of
Ag-SpHCP. The edge cost of G is defined in Table 2.

Table 2: The costs of edges (a,b) in G

w(a, b) be S beV beY
a=c 1 20 %
lifbea 3
A 1 23 otherwise | —F
lifaeb 3
aeV 2/3 otherwise ! 1-8
B B B

Clearly, G can be constructed in polynomial time. It is easy to verify that G is a
f-metric graph. Let (G, c) be the input of Azg-SpHCP constructed according to (S, U)
where c is the specified center and p = m + 2.

Let &' C S be a set cover of (S,U) of size k. We then construct a solution 7' of
Az-SpHCP according to §’. For each set s € &', collect the vertex s € S" in G. Let
S"UY be hubs adjacent to ¢ where |S’| = |S’|. Note that &’ is a set cover. For each
v € V, connect v to exactly one set s € S’ satisfying that v € s. Connect all vertices in
S\ S’ to a vertex s € S’. Since each v € V is connected to a set s € S’ satisfying that
v € s, we see that w(v,s) = 1. Hence D(T') = 4 (see Fig. 2). Let T* denote an optimal
solution of Ag-SpHCP in G. We have D(T™) < 4.

Figure 3: The three cases that there exists y € Y \ Y’ not adjacent to c.

Assume that there exists a polynomial time algorithm that finds a solution 7" of Ag-
SpHCP in G with D(T') < % W.lo.g., assume that Np(c) = S"U V' UY" where

bt



STCS,VCV,andY' CY.
CramM 1. All y € Y must be hubs, i.e., Y =Y.

Proof. Suppose there exists y € Y not a hub in 7. Since p = m + 2 and |S| = m, there
exists x € V' UY’. There are three cases.

o If f(y) € S” as Fig. 3(a), then there exists x € V' UY”’ with

dr(z,y) = wlz,c)+wlc fy)+w(f(y)y)
min{QB,%}—i-l#—%
26+1+% (since%<ﬁ§%)

14+28—232
1-8

AVARI

14-28-282
1-8 -

o If f(y) € V' Fig. 3(b), then there exists z € V' UY’ with

dr(7,y) w(z,c) +w(c f(y) +w(f(y),y)

a contradiction to the assumption that D(T') <

(AVAN

min{28, 155} + 28 + 125
= 25+25+% (Since‘?’;—\/g<5§§)
>  L+26-25°

14+28—232
1-8

o If f(y) € Y’ Fig. 3(c), then there exists z € V' UY’ with

dT<x7 y)

a contradiction to the assumption that D(T") <

w(z,c) +w(c, f(y)) +w(f(y),y)

AVANI

min{25, (%5} + %5 + 5
= 25+%+% (sinceg_T‘/g<ﬁ§§)
142825
> 5
a contradiction to the assumption that D(T') < %
Thus, all ¥y € Y must be hubs, i.e., Y =Y. O

CrAM 2. Each y € Y does not have a child in 7.
Proof. Suppose that there exists y € Y has a child. There are two cases.

e If y has a child s € S\ ', then there exists © € Np(c) with

dr(z,s) = wlz,c) +wle,y) +w(y,s)

; B B B
mln{l, 2/8, 1*5} + m; m
1—1—2-% (sinc 252 < 3 < 2)
1428252

1-8

(AVAN

v

a contradiction to the assumption that D(T) < 7”215__;52_



e If y has a child v € V'\ V| then there exist © € Np(c) with

dT('ra U) = U)(.T, C) + U)(C, y) + ’lU(y, U)
> min{1,28, £} + i; %
‘ 2
> 15
a contradiction to the assumption that D(T") < %
Thus, each y € Y has no child in T'. O

CramM 3. No v € V' \ V' is adjacent to any u € V'.

Proof. Suppose that there exists v € V' '\ V' is adjacent to u € V' in T'. We see that for
any y €Y

B - 1+28— 252

dT(v,y):w(v,u)+w(u,c)+w(c,y):1+26+1_6_ 15 ,

a contradiction to the assumption that D(7T) < M Thus, no v € V'\ V' is adjacent
to any u € V'. O]

According to Claims 1, 2, and 3, in T" all vertices V' \ V' must be adjacent to vertices
in S, If there exists v € V' \ V' satisfying that w(v, f(v)) = 23, then

B >1+2/3—252
1-6 "~ 1—p

a contradiction to the assumption that D(7T') < M Thus, each v € V' \ V' satisfies
that w(v, f(v)) = 1. We see that S’ forms a set cover of V'\ V'. For each u € V', pick a
set s € S satisfying u € s, call the collection of sets S”. It is easy to see that |S”| = |V/|
and S"US” forms a set cover of V = U of size at most k. This shows that if Ag-SpHCP

has a solution T" with D(T) < % that can be found in polynomial time, then SET

COVER can be solved in polynomial time. However, SET COVER is a well-known NP-
hard problem [21]. By the fact that SET COVER is NP-hard and D(T*) < 4, this implies

that for any € > 0, to approximate Az-SpHCP to a factor % — € is NP-hard. 0O

dr(v,y) = w(v, F(v)) + w(f(v),¢) + wle,y) =26+ 1+

In the following lemma, we show that for % < 8 <1 and for any € > 0, it is NP-hard
to approximate Ag-SpHCP to a factor 5%1 — €.

Lemma 3. Let 3 2 < B<1. Foranye >0, to approzimate Ag-SpHCP to a factor 55“ —£
18 NP-hard.

Proof. We will prove that, if Ag-SpHCP can be approximated within a factor E’éTH —€

in polynomial time for some ¢ > 0, then a 2-approximate solution of set cover problem
can be found in polynomial time. This will complete the proof, since for any ¢ > 0, to
approximate SET COVER to within a factor (1 — &) lnn is NP-hard [19].

Let (S,U) be an instance of the set cover problem, where U, |U| = n, is the universal
set and S, |S| = m, is a collection of subsets of U. The goal of the problem is to decide
whether there exists a subset S’ C S of size k such that Usie g 8i=U.

7



Figure 4: D(T) =4

Construct a f-metric graph G = (V; U Vo U S U S, UY U {c}, E,w) of Ag-SpHCP
as follows. For each element v € U, construct a copy of v in V; and another copy of
vin Vs, 2.e., Vi = Vo = U. For each set s € S, construct a vertex in S; and a vertex
in Sy, |S1] = |S2| = |S|. Construct (2m — 2k + 2) vertices in Y. The reason to create
(2m — 2k + 2) many vertices in Y is to avoid all elements in U to be selected as hubs in
some solutions Ag-SpHCP. Add a vertex c in G as the specified center. Let p = 2m + 2.
The edge cost of G is defined in Table 3. It is not hard to see that any three vertices in
G satisfying [-triangle inequality.

Table 3: The cost of edges (a,b) in G

w(a, b) be S be Sy beVy beV, beY
a=c 1 1 20 20 2
lifbea 2
@ €5 ! 26 23 otherwise B+25 36
lifbea
2
@ € 5 E 1 B+26 23 otherwise 36
1if a € b 2 2 3 9
ael 23 otherwise b+26 26 B+ 07+207) B+35
lifaeb
2 2 3 2
aeVs p+20 23 otherwise b+ 57 +26 26 b+3p
acyY 33 33 B+ 332 B+ 332 2

Suppose (S,U) has a set cover S’ C S of size k. We then construct a solution of
Az-SpHCP according to S’ as Fig. 4. Let S} C S; be the copy of S” and S, C S, be
the copy of S’. Let all vertices in S7 U S5 UY be hubs connected to ¢. For each v € Vi,
connect v to exactly one set s € S} such that v € s. For each v' € V5, connect v’ to
exactly one set s’ € S} such that v' € . Connect all vertices in S; \ S| to any vertex in
S} and connect all vertices in Sy \ S} to any vertex in S5. Notice that S is a set cover
of U. We see that for v € Vi, w(v, f(v)) = 1 where f(v) € S} is the hub adjacent to v
satisfying that v € f(v) and for v € V5, w(v', f(v')) = 1 where f(v') € S} satisfying that
v € f(v'). We see that D(T) = 4. Let T* denote an optimal solution of Agz-SpHCP.
Then D(T*) < 4.

Suppose that there exists a polynomial time algorithm for Az-SpHCP that computes
a solution 7" such that D(T") < 55 + 1.

Let STUS,UV/UVZUY” be the set of children of ¢, i.e., Np(c) = S{US UV UVZUY!

CrAamM 1. All y € Y must be hubs, i.e., Y =Y.



> min{23, 2}

veVfuvy

B+35°

yeyY\vy yevy\y yevy\y
(a) (b) (c)

Figure 5: The three cases that there exists y € Y not adjacent to ¢ where (a) € Nr(c); (b) = €
VIUVJuY’; (c) z e V/UVLUY".

Proof. Suppose there exists y € Y not a hub. There are three cases.
e yis a child of v € V] UV} as Fig. 5(a). For x € N(c) \ {v}, we see that

dr(y,x) w(y,v) +w(v, c) + w(c, x)
(B +36%) + 28 + min{1,25,2}
362 +38+1

56+1  (since > 3),

AVARIERAVAN

a contradiction to the assumption that D(T") < 55 + 1.

e y is a child of s € S} U S as Fig. 5(b). Since |Nr(c)| = p = 2m + 2 and |S;| =
|So| = m, Np(c)\ (S]US%) # 0. There exists « € V{ U V5 UY’ such that

Ay, 3) = w(y, 8) + w5, ¢) + wlc,) > 36+ 1+ minf26,2) = 56 + 1,
a contradiction to the assumption that D(T') < 58 + 1.

e yisachild of ' € Y as Fig. 5(c). Since |[Nr(c)| =p =2m+2 and |S1| = |Se| = m,
we see Nr(c) \ (S US,) # 0. There exists 2 € V] UV UY’ such that

dr(y, =) = w(y,y) +w(y/,c) +wle,x) 2 2+ 2+ min{28,2} =4+ 28 2 55 + 1,
a contradiction to the assumption that D(T") < 58 + 1.

This shows that all y € Y must be hubs in T O

CrAam 2. Each y € Y has no children in 7.

Proof. Suppose that there exists y € Y having a child in T'. Notice that by Claim 1, all
y € Y are hubs. There are two cases.

e y has a child v € V; U V5. Then there exists a hub « € Nr(c) such that
dT(ZL','U) w(:p,c) +w(c,y) +U}(’y,’l})

min{1,203,2} + 2+ (8 + 35?)

32 +8+3

56+1  (since § > 2)

VoIl vl

a contradiction to the assumption D(T") < 55 + 1.

9



e y has a child s € S; US;. Then there exists a hub x € Np(c) and

dT(xa 5) U}(l‘,C) +U}(C, y) +w(ya3)
min{1,25,2} + 2+ 30
368+ 3

564+ 1  (since < 1)

AV B AVAR

a contradiction to the assumption D(T") < 55 + 1.

This shows that each y € Y has no children in 7. O

According to Claims 1 and 2, if D(T") < 55+1, all vertices in Y must be hubs adjacent
to ¢ and each y € Y has no children in 7.

CrAM 3. There is no v € V{ U V] having a child in (V; U V,) \ Nr(c).

Proof. Suppose that there exists v € V/ U VJ having a child u € (V; U V,) \ Np(c).
IfveV/ and ue V;\V/ i€ {1,2}, then for any y € Y’

dT(uay) = w(uav) +w(v,c) +U}(C, y)
= 2B8+28+2
> 58+1 (since f < 1)

a contradiction to the assumption D(T") < 55 + 1.
If veV/and u € V5 \ VJ, then for any y € Y

dr(u,y) = w(u,v)+ wv,c)+w(cy)
= (B+B2+268%)+28+2
= 283+ 032 +38+2
> 53+1 (since 8> 2)

a contradiction to the assumption D(T") < 508 + 1.
If veVyandueVy\V/, then for any y € YV

dr(u,y) = w(u,v)+ wv,c)+w(cy)
= (B+6%2+26%) +26+2
= 284+ 6%+38+2
> 53+ 1 (since 8> 2)

a contradiction to the assumption the D(7T) < 56 + 1.
Thus, no vertex in V/ U VJ is adjacent to any vertex in (V3 U V3) \ Np(c) in T'. This
completes the proof. O

CramM 4. Let SY be a subset of S satisfying that for each u € V/ there is exactly one set
in S} containing u. If for all v € Vi \ V{, dp(v,¢) < 2, then S] U SY is a set cover of U,
|51 U ST| < 2k.

Proof. Since for all v € V3 \ V/, dr(v,c) = 2, the element v must be a child of s € 5]
satisfying that v € s. Thus S} is a set cover of V; \ V/. For each element in u € V/, we
select exactly one set in S that contains u, call the collection of sets S7. It is not hard

to see that |S7| = |V/| and S} forms a set cover of V/. Moreover, S U S} is a set cover
of Vi = U satisfying that |S] U SY| < 2k and can be found in polynomial time. This
completes the proof. O

10



CrAIM 5. If there exists v € V; \ V{ such that dr(v,c) > 2, then S5 U SY is a set cover of
U, |S,USY| < 2k, where S C S satisfying that for each u € Vi there is exactly one set
in S containing u.

Proof. Suppose that condition of Claim 4 is not satisfied, there exists v € V; \ V{ such
that dp(v,c) > 2. According to Claims 1, 2, and 3, v is not adjacent to any vertex in
Vi UVJUY. If the parent of v is in S5, then for any y € Y

dr(v,y) w(v, f(v)) +w(f(v),c) +w(cy)
(B+2B%) +1+2
= 28°4+B+3

a contradiction to the assumption D(T') < 53 + 1. Thus, the parent of v is in S;. We see
that

dr(0,¢) = w(v, f(0)) + w(f(),¢) =26 + 1
where f(v) is the parent of v in T and f(v) € S].

Notice that no u € V5 \ Vj is adjacent to V/ UV, UY according to Claims 1, 2, and 3.
Suppose that there exists u € V5 \ V5 adjacent to a hub in S]. We see that for any y € Y’

dT(“v y) = U}(u, f(U)) + UJ(f(U)’ C) + U)(C, y)
(B+26%)+1+2

= 202+ 5 +3

> 58+1,

a contradiction to the assumption D(7T") < 55 + 1. Thus, all vertices u € V5 \ V3 must be
adjacent to vertices in S5 in T. If there exists u € V5 \ VJ adjacent to a hub f(u) € S
such that w(u, f(u)) = 24, then

dr(u,v) = w(u, f(u)) +w(f(u),c) +wlc, f(v)) +w(f(v),v)
28+ 1+1+283
564+ 1  (since f < 1)

AV

a contradiction to the assumption D(7') < 58 + 1. Thus, in T each u € V5 \ Vj must
be adjacent to a hub f(u) € S} satisfying that w(u, f(u)) = 1. This implies that S} is
a set cover of V5 \ V. For each element z € Vj, we pick a set s € S satisfying that
x € s, call the collection of sets S}. It is easy to see that |S)| = |V;|. Moreover, S) U S,
|5, U SY| < 2k, is a set cover of U and can be found in polynomial time. O

By Claims 4 and 5, if D(T) < 58 + 1, then SET COVER has a 2-approximation
algorithm running in polynomial time. Notice that D(7™*) < 4. Thus, for any £ > 0,
if Ag-SpHCP can be approximated to a factor (5%1 — ¢€) in polynomial time, then SET
COVER has a 2-approximation algorithm running in polynomial time. However, for any
e > 0, to approximate SET COVER to a factor (1 —¢)Inn is NP-hard [19]. Therefore, for
any € > 0, to approximate Ag-SpHCP to a factor # — ¢ is NP-hard. This completes
the proof. O

Next, we show that for any § > 1 and for any ¢ > 0, it is NP-hard to approximate
Ap-SpHCP to a factor 8 + % — €.

Lemma 4. Let § > 1. For any € > 0, to approzimate Ag-SpHCP to a factor  + % —€
ts NP-hard.
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Proof. We will prove that, if Ag-SpHCP can be approximated within a factor 8 + % —€
in polynomial time for some ¢ > 0, then a 3-approximate solution of set cover problem
can be found in polynomial time. This will complete the proof of the lemma, since for
any € > 0, to approximate SET COVER to within a factor (1 — ¢) Inn is NP-hard [19].

Let (S,U) be an instance of the set cover problem, where U, |U| = n, is the universal
set and S, |S| = m, is a collection of subsets of U. The goal of the problem is to decide
whether there exists a subset S” C S of size k such that UslE gsi=U.

Construct a f-metric graph G = (V; U Vo U S; U S, UY U{c}, E,w) of Ag-SpHCP as
follows. For each element v € U, construct a copy of v in V; and another copy of v in
Vo, i.e., Vi = Vo = U. For each set s € S, construct a vertex in S; and a vertex in Sy,
|S1| = |S2| = |S|. Construct two vertices in Y, Y = {y;,y2}. Add a vertex ¢ in G as the
specified center. Let p = 2k 4+ 2. The edge cost of GG is defined in Table 4. It is not hard
to see that any three vertices in G satisfying S-triangle inequality.

Table 4: The cost of edges (a,b) in G

w(a, b) be S be Sy be Wy beV, beY
a=-c 1 1 206 20 2
lifbea 9
@ €5 1 26 23 otherwise B+20 3p
lifbea
2
e €5 26 1 B+20 23 otherwise 3p
ael 23 otherwise f+20 25 45 26+ 26
lifaebd
2 2 2
aeVy B+26 23 otherwise 46 26 26+26
acyY 30 36 283 + 23° 283 + 23° 43

Suppose (S,U) has a set cover S’ C S of size k. We then construct a solution of
Az-SpHCP according to 5" as Fig. 4. Let S} C S; be the copy of S’ and S C S; be the
copy of S’. Let all vertices in S]US,UY be hubs connected to ¢. For each v € V;, connect
v to exactly one set s € S7 such that v € s. For each v/ € V5, connect v’ to exactly one
set s € S} such that v' € §. Connect all vertices in S; \ S] to any vertex in S| and
connect all vertices in Sy \ S} to any vertex in S;. Since S’ is a set cover of U, we see
that for v € Vi, w(v, f(v)) = 1 where f(v) € S is the hub adjacent to v satisfying that
v € f(v) and for v € Vo, w(v', f(v')) =1 where f(v') € S} satisfying that " € f(v'). We
see that D(T') = 4. Let T* denote an optimal solution of Ag-SpHCP. Then D(T™) < 4.

Suppose that there exists a polynomial time algorithm for Ag-SpHCP that computes
a solution 7" such that D(T) < 45 + 2. Let S; U S, UV UV UY” be the set of children
of ¢, i.e., Np(c) =S, US,UV]UVJUY’ where S C Sy, S, C Sy, V) C V4, Vi C Vs, and
Y'CY.

CrAM 1. Either y; or ys is a hub.

Proof. Suppose that both y; and y, are non-hubs. Let f(y;) (resp. f(y2)) be the hub
adjacent to y; (resp. yo) in T. Note that f(y1), f(y2) € S7US,U V] UV]. There are two
cases.

12



fy) = f(y2) f) f(y2)

(1 Y2 o s

(a) (b)

Figure 6: The two cases that both y; and y» are not hubs in T'.

e f(y1) = f(y2) as Fig. 6(a). Then

w(ys, f(y1)) + w(ye, f(y2))

min{30, 26 + 2%} + min{33, 28 + 23?}
38 + 38

46 +2  (since > 1)

dT(@Jla yz)

AV EAVAR

a contradiction to the assumption D(T") < 45 + 2.

o f(y1) # f(y2) as Fig. 6(b). Then

w(yy, f(y1) +w(f(y1), ¢) +w(e, f(y2)) +w(f(y2), y2)
w(yi, f(y1)) +w(y2, f(y2))

min{30, 28 + 23} + min{33, 25 + 2%}

360+ 373

442  (since > 1)

dT(yla yQ)

AV BN AVARVAR]

a contradiction to the assumption D(T") < 40 + 2.

Thus, either y; or gy, is a hub.

In the rest of the proof, we assume that y; is a hub in 7.

CLAIM 2. For each y € Y, y has no child in (V; UV, UY) \ Nr(c).
Proof. Suppose y; € Y’/ has a child x. There are two cases.

o If x =y, then
dr(y2, c) = w(y2, y1) +w(yi,c) = 46 + 2,

a contradiction to the assumption D(T") < 45 + 2.
o If z € (V4UV,)\ Nr(c), then
dr(z,c) = w(z,y1) +wy,c) = (28 +26%) +2 > 48+ 2,
a contradiction to the assumption D(T') < 40 + 2.

This completes the proof of the claim.

CramM 3. All w e Vi \ V{ (resp. v’ € Vo \ V3) are adjacent to S| (resp. S%) in T

13



Proof. By Claim 2, y; € Y’ has no child in (V, UV, UY')\ Nr(c). Thus, each u € V3 \ V/
must be adjacent to some vertex in S| U S, UV UV in T.
Suppose that there exists v € V; \ V/ adjacent to s’ € S). We see that

Ao, 1) = w(u, 8) +w(s',¢) + wle,yn) = (8+267) + 142> 45 +2,

a contradiction to the assumption D(T") < 45 + 2.
Suppose that there exists v € V; \ V/ adjacent to z € V] UV;. We see that

w(u, z) +w(x,c) +w(e yr)
min{23,43%} + 28 + 2
20+28+2  (since f>1)
— 4642

dT(“u y1)

vl

a contradiction to the assumption D(T") < 45 + 2.
This shows that all u € V; \ V{ are adjacent to vertices in S} in 7'. Similarly, we can
show that all v’ € V5 \ VJ are adjacent to vertices in S} in 7. O

CrLAIM 4. Let S be a subset of S satisfying that for each u € V/ there is exactly one set
in S} containing u. If for all v € Vi \ V{, dp(v,¢) < 2, then S] U SY is a set cover of U,
|STUSY| <2k +1.

Proof. Since for all v € Vi \ V/, dr(v,c) = 2, the element v must be a child of s € 5]
satisfying that v € s. Thus S} is a set cover of V; \ V/. For each element in u € V/, we
select exactly one set in S that contains u, call the collection of sets S7. It is not hard

to see that |S7] = |V]| and S} forms a set cover of V/. Moreover, S7 U S} is a set cover
of Vi = U satistying that |S] U S7| < 2k 4+ 1 and can be found in polynomial time. This
completes the proof of the claim. O

CrAM 5. If there exists v € V; \ V{ such that dr(v,c) > 2, then S5 U SY is a set cover of
U, |SyU Sy < 2k+ 1, where S§ C S satisfying that for each u € VJ there is exactly one
set in SY containing u.

Proof. Suppose that the condition of Claim 4 is not satisfied, there exists v € V; \ V/
such that dr(v,c) > 2. According to Claims 1, 2, and 3, v is not adjacent to any vertex
in S, UV UV UY’. Thus, the parent of v is in S]. We see that

dr(v,¢) = w(v, f(v)) + w(f(v),c) = 26+ 1

where f(v) is the parent of v in T and f(v) € S].
Notice that no u € V5 \ Vj is adjacent to S7 U V) U V] UY according to Claims 1, 2,
and 3. If there exists u € V5 \ V3 adjacent to a hub f(u) € S5 such that w(u, f(u)) = 28,

then
dr(u,v) = w(u, f(u)) +w(f(u),c) +wlc, f(v)) +w(f(v),v)

= 28+1+1+283

= 40+ 2,
a contradiction to the assumption D(T) < 46 + 2. Thus, in T each u € V5 \ VJ must
be adjacent to a hub f(u) € S} satisfying that w(u, f(u)) = 1. This implies that S} is
a set cover of V5 \ V. For each element z € Vj, we pick a set s € S satisfying that
x € s, call the collection of sets Sj. It is easy to see that |S)| = |V;|. Moreover, S, U S,
|55 U SY| < 2k + 1, is a set cover of U and can be found in polynomial time. O
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Figure 7: In T* (a) dr-(y',¢) > D(QT*); (b) z is not adjacent to uw in T™; (c) z is adjacent a hub f*(z) # u;
(d) z is adjacent to u

By Claims 4 and 5, if D(T) < 48 + 2, then SET COVER has a 3-approximation
algorithm running in polynomial time. Notice that D(T*) < 4. Thus, for any € > 0, if
Ag-SpHCP can be approximated to within a factor (8 + 3 — €) in polynomial time, then
SET COVER has a 3-approximation algorithm running in polynomial time. However, for
any £ > 0, to approximate SET COVER to within a factor (1 — ¢)Inn is NP-hard [19].
Therefore, for any € > 0, to approximate Ag-SpHCP to within a factor 8 + % — ¢ is
NP-hard. This completes the proof. U

We close this section with the following theorem.

Theorem 1. Let > 3*_2\/5, For any € > 0, to approximate Ag-SpHCP to a factor
g(B) — € is NP-hard where

—9282 . _
L glp) = HEEE i < g <

2. g(B) =L if2<p<1;
3. 9(B)=B+5ifp>1

Corollary 1. For any € > 0, to approzimate the SpHCP to a factor % — € 18 NP-hard.

Proof. Since the STAR p-HUB CENTER PROBLEM (SpHCP) assumes the input graph to

be a metric graph, i.e., f =1, we see g(1) = % This completes the proof. O

3. Polynomial time algorithms

In this section, we show that for % <p< 3_2\@, Ap-SpHCP can be solved in poly-
nomial time. Besides, we give polynomial time approximation algorithms for Az-SpHCP

for f > % For 3’T\/§ < B < %, our approximation algorithm achieves the factor that
closes the gap between the upper and lower bounds of approximability for Az-SpHCP.

Lemma 5. Let % < B < 1. Then the following statements hold.

1. There exists a solution T saQtisfymg that all non-hubs are adjacent to the same hub
and D(T) < max{1, %} - D(T™).

2. There exists a polynomial time algorithm to compute a solution T' such that D(T') =
D(T).
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Proof. If T* is an optimal solution that all non-hubs are adjacent to the same hub, then
we are done. If not, let y’ be the vertex in T* satisfying dp«(y, ¢) > D(T Since there
exists no optimal solution satisfying that all non-hubs are adjacent to the same hub,
there exist a hub u and a non-hub y, u # f*(y'), u # ¢/, and y # 3’ such that f*(y) = u

and dr«(y,c) < @ (see Fig. 7(a)). Let w(u,c) = a and w(u,y) = b. We see that
min{a, b} < %.
We then construct a new tree T” by the following steps.

Step 1. Guess the hub u adjacent to ¢ in T™.

Step 2. Select (p — 1) vertices from V' \ {¢, u} closest to ¢ as hub set S adjacent to
cinT".
Step 3. Let all the remaining vertices as non-hubs adjacent to u in T".

Now we prove that for z, z in 7", dp/(z, z) < max{1, 1+21B 5)52} D(T™).

e In 7”7, both x and z are non-hubs.

If both x and z are adjacent to w in T, then

dr(z,z) = w(z,u) + w(z,u) = dp-(x,2) < D(T™).

Otherwise, one of z, z is not adjacent to w in T*, say z, as Fig. 7(b). We see that

w(u, z) < B - (dr-(2,y) = w(u, y)) < B - (D(T”) = b).

By Lemma 1, we see that

and

Thus, w(u, x) < % -min{a, b}. Next, we obtain that

dr/(z,z) =w(x,u)+w(z,u)
< B-(D(T*) = b) + 125 - min{a, b}
<B-D(T")+ (1% — 8) - min{a, b}
<B-D(T)+ (& -8) 2
—352 "
o0
< B2 D(T).

e In 7", z is a hub and z is a non-hub as Fig. 8.

Notice that in 7*, any non-hub v not adjacent to u (see Fig. 7(c)), i.e., f*(v) # u
must satisfy

w(v,c) < B (w(v, f*(v)) +w(f*(v),c))
= pB(dp-(v,z) —a —Db)
< B-(D(T*)—a—1b).
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Figure 8: In T”, z is a non-hub adjacent to v and z is a hub. The dashline is an edge in T™*.

If v is a non-hub adjacent to u (see Fig. 7(d)), f*(v) = u, in T*, then

B (w(v,u) +w(u,c))

6 : (dT* <U7y/> - dT* (3/7 C))
g - D) (using dr-(v,y") < D(T*) and dp«(y', c) > D(T*))
B

w(v, c)

2 2
(D(T*) —a—05b) (usinga+b< %)

VAN VANRN I VAN

Note that |V| > 2p+ 1. We see that in T, there are at least p non-hubs v satisfying
that

w(v,c) < B-(D(T*) —a—b).
Since the algorithm chooses the (p — 1) vertices closest to ¢ as hubs in 77 and u is
a hub in 7%, we see that for all hubs s in 77, w(s,c) < - (D(T*) — a — b). Thus,
w(z,c) < - (D(T*) —a—b). By definition w(u, c) = a. We have

dri(z,z) =w(z,c)+wu,c)+w(z, u)

<B-(DT*)—a—0b)+a+ % -min{w(u, ¢), w(u,y)}
a-(1—B)—=b-B+p-D(T*) + 1£5 - min{a, b}
a-(1=B)+b-(1=8)=b+p8-D(T) + &5 - min{a, b}

+0)- (1= 8)+ 8- D(T) + (25~ 1) - min{a, b}

<2 (- 8+ 8- DT + (5 - 1) - 2P
D(T*)

(using a +b < =)

_ b g
— o) 2—26+4ﬁ+m—1)

_ D(™T) 1
— 1 . 25+m>
D(T*)-(1+25-26?)
4(1-8) ’

)

e In 7’ both x and 2z are hubs. Notice that u is also a hub in 7™ and all the other
(p—1) hubs in 7" are selected as hubs since they are closer to ¢ than other vertices.
Thus,

dr(z,z) = w(z, c) +w(z,c) < D(T).

This completes the proof of (i).

Let T be the collection of solutions of Ag-SpHCP satisfying that all non-hubs are
adjacent to the same hub. Suppose that 7" is of minimum diameter among all trees in T
We give the following algorithm to find a solution 7" and show that D(T") = D(T).
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Figure 9: (a) In 7', u,v are non-hubs and v;,v; are hubs; in T (b) v; is a non-hub and v; is a hub;
(c) both v; and v; are non-hubs.

Step 1. Guess the unique hub that is adjacent to non-hubs in T, call the hub v;.
Let v; be a hub adjacent to ¢ in T

Step 2. Guess a non-hub x that w(x,v;) = { = maxX,en_ )\ (e} W(V, V1), i-e., (2,01)
is the longest edge between non-hubs and v; in 7. Let z be a non-hub adjacent to
V1 inT.

Step 3. For the remaining vertices y € V \ {c,v1, 2}, if w(y,v1) < ¢, let y be a
non-hub adjacent to vy in T; otherwise let y be a hub adjacent to ¢ in T'.

Step 4. If all vertices are assigned as hubs and non-hubs but the number of hubs
J < p, select (p — j) non-hubs that are closest to ¢ as hubs.

It is easy to see that the above algorithm runs in O(n?) time. It is easy to see that
D(T) > D(T). Now we show that D(T") < D(T).

Suppose that £ is the longest edge between hubs and non-hubs in 7. Let z be the
non-hub adjacent to vy in T satisfying that w(z,v;) = £. For any non-hub u, u # z, in
T, dr(u,v) = w(u,v;) < D(T) — £. For any hub v;, v; # vy, dr(vi,v1) < D(T [') — { since
v; is either a hub in T or v; is selected as a hub in T  in Step 4 since it is closer to ¢ than
some hub in 7. For any two hubs v;,v;, i # 1 and j # 1, we see dp(v;,v;) < D(T*).

Thus, for any two vertices u,v in T, dp(u,v) < max{D(T),2D(T) — 20}. If ¢ > D(T)
then D(T) < D(T).

Suppose that ¢ < #. We have the following three cases.

e For any two non-hubs u,v in T' (see Fig. 9(a)),

dp(u,v) = w(u,vy) +w(v,v) < 20 < D(T).
e For any non-hub u and any hub v; in 7' (see Fig. 9(a)), there are two cases.
— If v; is a hub in 7T, then

dr(u,v;) = w(u,v) +w(vy,c)+wl(ev;)
w(u,v1) + dg(v;, v1)

z C+ dy(vi,v1)
=+ (dp(vi, @) — ()
= dT(ylvx)

< D(T)

where x is the non-hub adjacent to v, in T satisfying w(z, v;) = £.
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— The vertex v; is a non-hub in T as Fig. 9(b). Since w(vy,v;) < ¢, v; must be
selected as a hub in T in Step 4. The reason that v; is selected as a hub in
T rather than the other vertex z’ which is a hub in 7" and a non-hub in T is
because of w(v;, ¢) < w(a’,¢). Thus,

dr(u,v;) = w(u,v1)+w(vy,c)+w(c,v;)
< L+ w(vg,e) +w(e, ')
= (+ds(vy,2")
= (+ (djp(z,2") — 1)
— dpz2)
< D(T)

where x is the non-hub adjacent to v, in T satisfying w(z, v;) = £.

e Both v;,v; are hubs in 7. In the following, we show that for any two hubs v;, v;,

dr(vi,v;) < D(T'). There are three cases.

— v; and v; are both hubs in T. We have dr(v;, v;) = dz(vi,v;) < D(T).

— One of v; and v; is a non-hub in 7', say v; (see Fig. 9(b)). Since v; is a non-
hub in 7', w(vy,v;) < €. Notice that if w(vy,v;) > £, v; must be a hub in 7.
According to the fact that w(vy,v;) < ¢, v; must be selected as a hub of T in
Step 4. The reason that v; is selected as a hub in 7" rather than the other vertex
2’ which is a hub in 7 and a non-hub in T is because of w(v;,c) < w(a’, c).
Thus

dr(vi,v;) = w(vs;,c) +w(vy,c)
< w(@, )+ w(vj,c)

d#(2',v5) < D(T).

— Both v; and v; are non-hubs in T as Fig. 9(c). Note that w(v;,v;) < £ and
w(vj,v1) < L. We see that v; and v; must be selected as hubs in Step 4. It
means there exist two hubs w, v in 7" which are non-hubs in T satisfying that
w(u, c¢) > w(v;, ¢) and w(v, c) > w(vj, c). Thus,

dr(vi,v;) = w(v;,c) +w(vj,c)
< w(u,c) + w(v,c)
= dz(u,v) < D(T).

Since for all u,v € T, we have shown that dy(u,v) < D(T), together with the fact

D(T) > D(T), we obtain that D(T') = D(T"). This completes the proof of (ii). O

Lemma 6. Let % < B <0.7737.... Then the following statements hold.

1. If p < 3_2‘/5, then Ag-SpHCP can be solved in polynomial time.

2. If % < [ < 0.7737..., there is a 1Z?f:§fg—approximation algorithm for Ag-
SpHCP.
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Proof. Let T* denote an optimal solution of the Ag-SpHCP problem. By Lemma 5,
there is a polynomial time algorithm for Ag-SpHCP to compute a solution 7" such that

D(T) < max{1, 5255} - D(T™).
For 8 < 353, D(T) < max{1, “22=2=} . D(T*) = D(T*).
- 2 * — 2 *
For 33 < 3 < 0.7737..., D(T) g max{l L2201 D(T) = 2225 . D(T).
This completes the proof. O

Algorithm 1 Approximation algorithm for Az-SpHCP (G, ¢) if 5 € [0.7737..., 2]

1: Run Algorithm APXI1.
2: Run Algorithm APX2.
3: Return the best solution found by Algorithms APX1 and APX2.

Algorithm APX1
1: Guess the correct edge (y, z) where w(y, z) = ¢ is the largest edge cost in an optimal
solution 7™ with y as a hub and z as a non-hub. Let U := V' \ {c} and h; = y. Let T}

be the tree found by the following steps and H be the children of ¢ in T;. Initialize
H = 0.

2: Add edge (hy,c) in the tree T, let H := H U {hy}, and let U := U \ {h;}.

3: For x € U, if w(hy,x) < ¢, add edges (z,hy) in T and let U := U \ {z}.

4: while i = |H|+ 1 <pand U # 0 do

5. choose v € U, let h; = v, add edge (h;,c) in T, let U := U \ {v}, and let H :=
6: for x € U, if w(x,h;) <264, then add edge (x,h;) in T and U := U \ {z}.

7: end while

8: If |[H| < p and U = (), we change the shape of T by selecting p — |H| vertices closest
to ¢ from the second layer to be the children of ¢, call the new tree T}; otherwise let
T1 =1T.

9: return 713.

Algorithm APX2

1: Guess the correct edge (y, z) where w(y, z) = £ is the largest edge cost in an optimal
solution 7™ with y as a hub and 2z as a non-hub. Let 75 be the tree found by the
following steps.

2: Let y be the child of ¢ in T™.

3: Pick (p — 1) vertices {vq,vq,...,v,_1} closest to ¢ from U \ {y, z}. Let Np,(c) =

{y7 Ul? U27 L 7,Up71}.
4: Let all vertices in U \ {v1,vs,...,v,-1,y} be the children of y.

Lemma 7. Let 0.7737... < 8 < 1. Then, there is a (1 +
for Ag-SpHCP.

56+1> approximation algorithm

Proof. 1t is not hard to see that Algorithm 1 runs in polynomial time. Let 7™ be an
optimal solution of Ag-SpHCP and ¢ be the largest edge cost in 7™ with one end vertex
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as a hub and the other end vertex as a non-hub. Note that both Algorithm APX1 and
Algorithm APX2 guess all possible edges (y, z) to be the longest edge in T™* with y is a hub
and z is a non-hub. Let 77 and T3 be the best solutions returned by Algorithm APX1 and
Algorithm APX2, respectively. Next, we show that for 0.7737... < g < 1, Algorithm 1
returns a solution 7" such that D(T) < (1+ %) -D(T*) where T* is an optimal solution.

Let T and T3 be the best solution returned by Algorithm APX1 and Algorithm APX2,

respectively.
CrLAamM 1. D(Ty) < D(T*) +4p¢

Proof. We first show that for any two hubs u,v in Ty, dp, (u,v) = w(u,c) + w(v,c) <
D(T*). Let T* be an optimal solution of Ag-SpHCP. Let f*(u) and f*(v) be the parents
of uw and v in T™, respectively.

If f*(u) # f*(v), there are three cases.
e Suppose that f*(u) = c and f*(v) # u. Then

dr, (u,v) = w(u, c)+w(v, c) < w(u, c)+w(c, f*(v))+w(f*(v),v) = dp-(u,v) < D(T™).

e Suppose that f*(u) = ¢ and f*(v) = u. Since w(u,v) < 264, v is selected as a hub
in Step (iv) of Algorithm APX1. Since in Step (iv), the algorithm select (p — |H]|)
vertices closest to ¢ from the second layer as hubs, there exists ¢’ which is a hub in
T* and a non-hub in 77 satisfying w(y’, ¢) > w(v, ¢). Thus,

dr, (u,v) = w(u, c) + w(v, c) < w(u,c) +w(y,c) =dp(u,y’) < D(T*).

e Suppose that f*(u) # c¢. Then

dr, (u,v) w(u, c) + w(v,c)

w(u, f*(u) +w(f*(u), c) + wlc, f*(v)) +w(f*(v),v)
drs(u,v) < D(T*).

[IA Il

If f*(u) = f*(v) = ¢, dp,(u,v) = dp«(u,v) < D(T¥).

If f*(u) = f*(v) # ¢, then at most one of u,v is selected as a hub in Step (iii) of
Algorithm APX1 since w(u,v) < 244, or both v and v are selected as hubs in Step (iv).

Suppose that u is selected as a hub in Step (iii) and and v is selected as a hub in
Step (iv). We see that in Step (iv), the algorithms select (p — |H|) vertices closest to ¢
from the second layer as hubs. Thus, there exists ¢y’ which is a hub in 7% and a non-hub
in 7 satisfying w(y’,¢) > w(v,c). We obtain that

dr, (u,v) = w(u, c) + w(v, c) < dp«(u,c) +w(y', c) = dp(u,y’) < D(T™).

Suppose that both u, v are selected as hubs in Step (iv). We see that in Step (iv),
the algorithm selects (p — |H|) vertices closest to ¢ from the second layer as hubs. Thus,
there exist 47, y> which are hubs in 7* and non-hubs in 7} satisfying w(y;,c) > w(u, c)
and w(yz, ) > w(v,c). We obtain that

dr, (u,v) = w(u,c) + wv,c) < w(yy,c) +w(ys, c) = dp«(y1,y2) < D(T™).

Notice that each non-hub v in 7 is adjacent to a hub f(v) in 77 if w(v, f(v)) < 25¢.
Thus, for u,vin Ty, dr, (u,v) < D(T*)+46¢ and D(Ty) < D(T*)+4p¢. This completes
the proof of the claim. O
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CLAM 2. D(Ty) < max{D(T*), (D(T*) — £) + B(D(T*) — 0)}.

Proof. Let T* be an optimal solution. For a vertex v, use f*(v) to denote the parent of v
in T*. Notice that Algorithm APX2 guesses all possible edges (y, z) to be a longest hub-
nonhub edge in 7%*. In the following we assume that w(y, z) = ¢ is the cost of a longest
hub-nonhub edge in 7™ with y as a hub and z is a non-hub in 7*. Since Algorithm APX2
picks (p — 1) vertices closest to ¢, y is a hub in both T* and T3, and (y, z) is the longest
hub-nonhub edge in 7%, we see that for any hub v in Ty, dr,(v,y) < D(T*) — L.

For two non-hubs u, v in T, we have the following three cases.

o f*(u) = f*(v) =y, we see that dp,(u,v) = dp«(u,v) < D(T*).
e f*(u) =y and f*(v) # y, we see that

dr,(u,v) = w(u,y) + wv,y) <L+ B -dp-(v,y) <L+ - (D(T*) = £) < D(T™).

f*(u) #y and f*(v) # y, we see that
dT2 <u’ U) w(“v y) + UJ(U, y)

B-dp-(u,y) + B - dp-(v,y)

28(D(T) — )

(DIT*) — )+ B(D(T") - 0

VARVANVAN

For a non-hub u and a hub v in 75, there are two cases.
o If f*(u) =y, we see that dr,(u,v) = w(u,y) + dp,(v,y) <+ D(T*) — ¢ = D(T*).
o If f*(u) # y, we see that dr, (u,v) = w(u, y)+dp,(v,y) < B-(D(T*)—=0)+(D(T*)—1).

For two hubs u,v in Ty, u # y and v # y, we see that dp, (u,v) < D(T*) since y is a
hub in 7* and Algorithm APX2 picks the other (p — 1) vertices closest to ¢ as hubs.
Thus, D(T3) < max{D(T™), (D(T*) — {) + B(D(T*) — ¢)}. This completes the proof

of the claim. O
Notice that if D( ;= 1fﬁ> D(T,) = D(T*). Thus, the worst case approximation ratio
happens when ( o) < 155
If D(T 1+B’ D(Ty) < D(T*) — L+ B(D(T*) — £). We see that the approximation
D(Ty) D(Ty)

ratio of Algorithm 1 is r(5) = min{ DI T )} The worst case approximation ratio of
Algorithm 1 happens when D(T3) = D(Tg), i.e.,

D(T") + 466 = (D(T") = ) + B - (D(T") = {)

We obtain that ( 5 = 56+1 Thus,
(Ty) D(T:
r(8) = min{p, Df;i}
< min{l + 5B+1’ wﬁﬂ +B8(1 - @)}
482
1+ 56+1"
This completes the proof. O

22



Lemma 8. Let 1 < 8 < 2. Then, there is a (5 + 4%2;55)—appmximation algorithm for
Aﬁ—SpHCP

Proof. Tt is not hard to see that Algorithm 1 runs in polynomial time. Let 7™ be an
optimal solution of Ag-SpHCP and ¢ be the largest edge cost in 7™ with one end vertex
as a hub and the other end vertex as a non-hub. Note that both Algorithm APX1 and
Algorithm APX2 guess all possible edges (y, z) to be the longest edge in T with y is a hub
and z is a non-hub. Let 77 and 75 be the best solutions returned by Algorithm APX1 and
Algorithm APX2, respectively. In this lemma, we show that for 1 < g < 2, Algorithm 1
returns a solution 7" such that D(T) < (5 + 4622;626) - D(T*) where T* is an optimal
solution.

CraMm 1. D(Ty) < - D(T*) + 4p¢.

Proof. We first show that for any two hubs w,v in Ty, dp, (u,v) = w(u,c) + w(v,c) <
B - D(T*). Let T* be an optimal solution of Ag-SpHCP. Let f*(u) and f*(v) be the
parents of v and v in T™ respectively.

If f*(u) # f*(v), then there are three cases.

e Suppose that f*(u) = c and f*(v) # u. Then

dr, (u,v)

e Suppose that f*(u) = ¢ and f*(v) = u. Since w(u,v) < 264, v is selected as a hub
in Step (iv) of Algorithm APXI1. Since in Step (iv), the algorithm select (p — |H]|)
vertices closest to ¢ from the second layer as hubs, there exists ¢’ which is a hub in
T* and a non-hub in T; satisfying w(y’, ¢) > w(v, ¢). Thus,

dr, (u,v) = w(u, c) + w(v,c) < wlu,c) +w(y',c) = dp(u,y') < D(T*) < - D(T¥).
e Suppose that f*(u) # c¢. Then

dr, (u,v) w(u, ¢) + w(v,c)

B (w(u, f*(u) +w(f*(u), c)) + 8- (w(e, f*(v) +w(f*(v),v))
/B . dT*<u,’U)

B - D(T%).

IA A

If f*(u) = f*(v) = ¢, dp, (u,v) = dp«(u,v) < D(T*) < 8- D(T™).

If f*(u) = f*(v) # ¢, then at most one of u,v is selected as a hub in Step (iii) of
Algorithm APX1 since w(u,v) < 284, or both u and v are selected as hubs in Step (iv).
Suppose that u is selected as a hub in Step (iii) of Algorithm APX1 and v is selected as
a hub in Step (iv) of Algorithm APX1. We see that in Step (iv), the algorithm selects
(p — |H]|) vertices closest to ¢ from the second layer as hubs. Thus, there exists y’ which
is a hub in 7% and a non-hub in T} satisfying w(y’, ¢) > w(v, c). We obtain that

dr, (u,v) = w(u, c) + w(v,c) < B -dp(u,c) +wy',c) < B-dp(u,y’) < 8- D(T).

Suppose that both u,v are selected as hubs in Step (iv). We see that in Step (iv), the
algorithms select (p — |H|) vertices closest to ¢ from the second layer as hubs. Thus,
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there exist 47, y2 which are hubs in 7% and non-hubs in 7} satisfying w(y;,c) > w(u, c)
and w(yz, ) > w(v,c). We obtain that

dr, (u,v) = wlu, ) + w(v, ¢) <wlys, ) +w(ys, ¢) = dr-(y1,42) < D(T7) < §- D(T7).

Notice that each non-hub v in 77 is adjacent to a hub f(v) in 17 if w(v, f(v)) < 2/5¢.
Thus, for u,v € Ty, dp(u,v) < - D(T*) + 460 and D(Ty) < - D(T*) + 4p¢. This
completes the proof of the claim. O

CrLAM 2. D(Ty) < max{{+ % (D(T*) — ¢),25* - (D(T*) — {)}.

Proof. Let T* be an optimal solution. For a vertex v, use f*(v) to denote the parent of
v in T*. Since Algorithm APX2 picks (p — 1) vertices closest to ¢, y is a hub in both T*

and T3, and (y, 2) is the longest hub-nonhub edge in 7%, we see that for any hub v in T,
dr, (v,y) < D(T™) = L.
For two non-hubs u, v in T, we have the following three cases.

o f*(u) = f*(v) =y, we see that dr,(u,v) = dp(u,v) < D(T*) < 0+ 5% (D(T*) —{).
o f*(u) =y and f*(v) # y, we see that

dr,(u,v) = w(u,y) +w(v,y) < 0+ B dr-(v,y) < 0+ B2 (D(T*) = 0).

o f*(u) # yand f*(v) # y, we see that

dr,(u,v) w(u,v) + w(v,y)
62 ' dT*(u7y> =+ 62 ' dT*(Uv y)

26% - (D(T*) = 1)

VARVANI

For a non-hub u and a hub v in 75, there are two cases.

o If f*(u) =y, we see that

de (uv U) w(“? y) + dTQ (Uv y)
{4+ D(T") ¢

0+ B(D(T*) — ).

VAVANI

o If f*(u) # y, we see that
dr, (u7 U) w(“? y) + dr, (Uv y)

B2 - (D(T*) =€) + (D(T*) =€)

26% - (D(T™) = £).

VAVANI

Thus, D(T3) < max{{+ 8- (D(T*) —{),28%- (D(T*) —()}. This completes the proof
of the claim. O

The worst case approximation ratio is

r(f) = min{5 + 45 - 5 ¢ ¢

14
Ty " T

D(T~)

14
D

+B2 (1 = 5s), 268 (1
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Algorithm 2 Approximation algorithm for Ag-SpHCP (G, ¢) if § > 2

1: Guess the correct values of ¢y, {1 and ¢y (¢; and ¢5 will be used in Algorithm 3). Their
meanings are provided in the proof.

2: H <+ {veV\{c}|wc) <}

3: Create an instance J of the k-center problem with forbidden centers, in which V'\ {¢}
is the set of input vertices, H is the set of allowed centers, k = p, and the distance
function (satisfying the S-triangle inequality) is the restriction of w to V'\ {c}.

4: Apply the greedy approximation algorithm for the k-center problem with forbidden
centers (Algorithm 3), to obtain an approximate solution of 7. Assume that H* C H
is the set of centers opened in the solution.

5: return the solution that opens H* as the set of p hubs and assigns each vertex in
V'\ {c} to its nearest hub in H*.

If £ > %, then

D(T)
D(T.
r(B) < D((Ti)) , ; y
< max{m + 3% (1 — m)a 28%- (1 - D(T*))}
< max{l + %2,52}
< B+ fr1<p<2
If D(ET*) < 1, we have

D(Ty) < max{C+ B (D(T*) ~€),26 (D(T*) ~ )}
= 2% (D(T") ~ )

Thus, 7(8) = min{5 + 40 - ﬁ, 28%-(1— ﬁ)}.

Let 8+ 405 - D(g,*) =26%-(1 - %) Then, we obtain that % = %. Hence

r(8) < min{B+48- 355200 (1- Hip))
_ 4p°—-2p
= p+=2

This completes the proof. O

Lemma 9. Let 8 > 2. Then, there is a (264 1)-approzimation algorithm for Ag-SpHCP.

Proof. Let T* be an optimal solution of Ag-SpHCP. Let (¢, ¢) be the longest edge incident
to cin T, w(c, q) = Ly, i.e., by = Maxyen,. ) {w(v,c)}. Let £1 and ¢ be the largest and
second largest edge costs in T™ with one end vertex as a hub and the other end vertex as a
non-hub. Note that it is possible that ¢; = f5. Our algorithm is presented as Algorithm 2.
Line 1 of Algorithm 2 guesses the values of ¢y, ¢1, and ¢5. There are only polynomial
many possible values of ¢y, {5, 3. In the following we assume that we know /¢y, ¢; and /5.
It is easy to see that D(T*) > ly + ¢, and D(T*) > {1 + 5.

Let T denote the solution returned by Algorithm 2. We next prove that Algorithm 2
is indeed a (2 + 1)-approximation algorithm for Az-SpHCP by establishing an upper
bound of D(T"). According to our choice of ¢y, the set H defined in line 2 contains all hub
nodes in the optimal solution Np«(c), i.e., Np«(c) C H. In Line 3, we create an instance
J of the k-center problem with forbidden centers. This problem is defined as follows: The
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Algorithm 3 Approximation algorithm for k-center with forbidden centers.

1: // Let C be the input vertex set, C" C C be the set of allowed centers, and w be
the distance function on C' satisfying the [-triangle inequality. Assume w.l.o.g. that
k<|C.

2: R+ C; 8+ 0.

3: while R # () and |S| < k do

4:  Choose an arbitrary vertex v € C' N R.

5 B(v) < {ue R |w(u,v) < Bl + o)}

6: R+ R\ B(v); S+ SU{v}.

7: end while

8: if |S] < k and R = () then

9:  select an arbitrary vertex set S C (C'"\ S) of size k — |S|; S + SUS".
10: end if

11: return S

input consists of a set C' of demand points in a space satisfying the §-triangle inequality,
aset ¢’ C C of allowed centers, and an integer k. The goal is to open k centers in C’ such
that the maximum distance between any vertex in C' and its nearest center among the
k opened centers is minimized. This problem is a generalization of the ordinary k-center
problem (in which C’ = ('), and is a special case of the k-supplier problem (in which C’
may not be a subset of C') [22, 23, 24]. There is a simple greedy approximation algorithm
for this problem, which is presented in Algorithm 3. Its analysis is standard and is similar
to that of the traditional k-center problem (see [22, 23, 24]), and thus is omitted here.

Hence, by applying the greedy approximation algorithm (Algorithm 3) to implement
line 4 of Algorithm 2, we obtain a solution H* of J with objective value at most 5(¢;+/5),
that is,

ven‘l/zacc} min w(v, h) < Bl + 05). (1)

Line 5 returns a solution that opens H* as the set of p hubs. For each v € V\(H*U{c}),
let f'(v) := argmin, . w(v, h); i.e., f'(v) is the hub in H* assigned to v in the solution
returned by the algorithm. Let ¢} and ¢, be the largest value and second-largest value in
the multiset {w(v, f'(v)) | v € V'\ {c}}. By inequality (1), we have

O+ 0 < 2B(0 + £y).

Let z,y € V \ {c} be the nodes achieving the maximum path length in 7T, i.e.,
dr(z,y) = D(T). It suffices to show that D(T') < (26 + 1) - D(T™).
If f'(z) = f'(y), then

D(T) = w(a, f'(@)) +w(y, /') < & + 6,
If f(x) # f(y), then

D(T) = w(z, f'(z)) +w(f'(z),c) + w(f'(y). ) + w(y, ['(v))
< 02+ 0

where we use w(h,c) < {, for all h € H by our choice of H. Combine with the fact that

26



D(T*) > ly+ ¢, and D(T*) > {1 + {5, we always have

D(T) < 20+ 0, +10,
< 260+ 28(4y + L)
S 2(£0 + El) + (26 - 1)(€1 + fg) (using EQ S fl)
< 2.D(T*) + (28— 1) - D(T¥)

(26 +1)- D(T7),

which indicates that Algorithm 2 is a (28 + 1)-approximation algorithm for Ag-SpHCP.
This completes the proof. O

We close this section with the following theorem.

Theorem 2. Let > % There ezists a polynomial time r(B)-approzimation algorithm
for Ag-SpHCP where

1or(B) =1if 8 < 355,

2. 7(B) = H2= 297 jf 333 < 5 < 0.7737...

3. r(B) =1+ 225 if 0.7737.. < B < 1;

Jor(B) =B+ 22 if1<B <2
5. 1(B)=28+14fpB>2.

Corollary 2. There exists a polynomial time g-appmximation algorithm for SpHCP.

Proof. Since the STAR p-HUB CENTER PROBLEM (SpHCP) assumes the input graph to
be a metric graph, i.e., 8 =1, we see r(1) = 5 . This completes the proof. O

4. Conclusion

In this paper, we have studied Ag-SpHCP for all g > % We showed that for any

e>0, to approximate Ap-SpHCP to a ratio g() — € is NP-hard where ¢(8) = L+25-25° ¢

4(1-p)
i ‘/_ <B<298) = % if 2 <B<1;9(8)=p6+4if > 1. Moreover, we gave r(j3)-
approxmlatlon algorlthms for the same problem. If § < 3*\[ (B)=9(8) =1,

i.e., Ag-SpHCP is polynomial time solvable for 8 < 3= ‘/_. If 3= \/g < f < —, we have

r(8) = 9(5) = L2022 For 2 < B <1, 1(8) = mm{”” 2 it A} For B> 1,

we have r() = min{f + 45;:;5, 20 + 1}. In the future work, it is of interest to extend
the range of 3 for Ag-SpHCP such that the gap between the upper and lower bounds of
approximability can be reduced.
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