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ABSTRACT

Experimental results on a nonlinear chain coupled to a main system are presented. The chain is
composed of eight moving masses, each one possesses local nonlinear restoring forcing function and
global linear springs for coupling to other masses. The main system is coupled to the first mass of
the chain via a linear spring. The main system is under external sinusoidal excitation with sweeping
frequency around its targeted mode. Experimental results show that according to the amplitude of
the excitation, the system can reach periodic or modulated regimes. The goal of using the nonlinear
chain is to examine experimentally the possibility of localization of the vibratory energy of the main
system into the chain for the aim of passive control.

Keywords experimental study · passive control · localization · nonlinear chain · strongly modulated response ·
periodic regime

1 Introduction

The use of additional nonlinear devices has shown its efficiency in terms of passive control of primary structures
(1). Indeed, essential nonlinearity enables secondary systems such as Nonlinear Energy Sink (NES) (2; 3; 4) to enter
into resonance with any frequency, allowing a broadband control. Studying nonlinear interactions between nonlinear
oscillators in general and multiple NES systems in detail has quite extensive literature. Some works have considered
three degree-of-freedom (dof) vibration absorbers, showing their capacity to perform a multi-modal control of impulse-
loaded systems (5; 6; 7). Some researches concentrated on resonance energy exchanges between particles with the
concept of limiting phase trajectories (8). A detailed overview in the area of ordered granular media such as dimer and
weakly coupled chains and locally resonant acoustic metamaterials can be found in (9).
In previous works, we detailed an analytical methodology for studying nonlinear chains of light oscillators coupled to
a primary structure under harmonic excitation, in which the chain could be examined via a continuous approximation
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(10; 11; 12). The current paper presents experimental results on a system composed of a linear master structure (MS)
couple to a nonlinear chain of oscillators. Each mass of the chain possesses nonlinear local and linear global restoring
forcing terms. For practical reasons, the experimental system is slightly different from the theoretical case studied
one by Lamarque et al.(11) and Charlemagne et al.(12). The paper is organized as follows: The general mechanical
model of the system under consideration and its governing equations are provided in Sect. 2. The realization and
characterization of the overall system are explained in Sect. 3. In detail: the experimental characterization of the MS
is clarified in Sect. 3.1 while the fabrication process of the chain and its local and global springs are provided in Sect.
3.2. The characterizations of the coupled systems are illustrated in Sect. 3.3. Experimental results on the chain alone
and also the system of coupled oscillators, i.e. linear system and the chain are provided in Sect. 4. Finally, the paper
is concluded in Sect. 5.

2 The mechanical model of the system under consideration

The general theoretical representation of the considered system is shown in Fig. 1. It consists of a linear oscillator,
representing the MS with the mass M , stiffness K and damping C, subjected to an external solicitation F (t) =
AMS sin(ωt). A chain of nonlinear oscillators of equal masses for each particle as m = εM (0 < ε � 1) is coupled
to the MS. Each mass of the chain possesses a local restoring forcing term, G̃(z), which is sum of linear and cubic
functions, reads as G̃(z) = B̃lz + Ṽ z3. The global coupling between each mass is carried out via a linear spring with
the resorting forcing function and viscous damping as B̃ and Γ, respectively (12). Governing system equations at the

Figure 1: (L+ 2) dof system consisting of a forced linear main structure coupled to (L+ 1) light nonlinear oscillators
(m = εM , 0 < ε� 1).

time domain t are summarized as:

Mv̈ + Cv̇ +Kv + Γ(v̇ − u̇1) + B̃(v − u1) = AMS sin(ωt)

mü1 + Γ(−v̇ + 2u̇1 − u̇2) + B̃(−v + 2u1 − u2) + B̃lu1 + Ṽ u31 = 0
...

müj + Γ(−u̇j−1 + 2u̇j − u̇j+1) + B̃(−uj−1 + 2uj − uj+1) + B̃luj + Ṽ u3j = 0 , j = 2, . . . , L
...

müL+1 + Γ(2u̇L+1 − u̇L) + B̃(2uL+1 − uL) + B̃luL+1 + Ṽ u3L+1 = 0

(1)

where v and uj , j ∈ [|0, L + 1|], stand for the displacements of the MS and the oscillators of the chain, respectively.

Let us set the linear frequency of the main system as ω0 =

√
K

M
, and define a new time domain as T = ω0t. We

rescale system variables as: ṽ =
v

x0
and ũj =

uj
x0

. Governing system equations read:

¨̃v + εc ˙̃v + ṽ + εγ( ˙̃v − ˙̃u1) + εB(ṽ − ũ1) = εf sin(ΩT )
¨̃u1 + γ(− ˙̃v + 2 ˙̃̃u1 − ˙̃u2) +B(−ṽ + 2ũ1 − ũ2) +Blũ1 +Dũ31 = 0

...
¨̃uj + γ(− ˙̃uj−1 + 2 ˙̃uj − ˙̃uj+1) +B(−ũj−1 + 2ũj − ũj+1) +Blũj +Dũ3j = 0 , j = 2, . . . , L

...
¨̃uL+1 + γ(2 ˙̃uL+1) +B(2ũL+1 − ũL) +BlũL+1 +BlũL+1 +Dũ3L+1 = 0

(2)

2



Experimental results on the vibratory energy exchanges between a linear system and a chain of nonlinear oscillators

with
B̃

K
= εB,

B̃l
K

= εBl,
Ṽ x20
K

= εD,
C√
KM

= εc,
Γ√
KM

= εγ,
AMS

Kx0
= εf and Ω =

ω

ω0
.

A summary of different steps for analytical treatments of the system 2 is provided in Appendix. Globally speaking,
the methodology for designing such nonlinear systems and also studying energy exchanges between oscillators rely
on detection of the slow invariant manifold (SIM) (13) of the system completed by tracing equilibrium and singular
points (18). The geometry of the SIM which can be tuned by parameters of nonlinear oscillators (such as coefficient of
the nonlinear terms of the restoring forcing function) can be chosen in such a manner that the system, for given initial
conditions and/or under spacial external excitation characteristics, presents extreme nonlinear interactions between
oscillators followed by bifurcations and leading to different regimes (17). Bifurcations of the system are due the
existence of unstable zone(s) (one or several unstable zones (10)) of the SIM. These bifurcations normally correspond
to large and abrupt variations of energy of nonlinear oscillators and very small variations of the energy of main linear
system. If the goal of using nonlinear oscillators is passive control of the main system, then the equilibrium and
singular points should correspond to regimes with low energy interval(s) for the main system. The current paper
focuses on test results on a experimental device that has been built in agreement with this model to be investigated.
Detailed analytical developments and predictions are out of the scope of the current work.

3 Experimental test set-up

In this section the realization procedure of the presented mechanical model in Fig. 1 is described. It covers the
realization and characteristics identification of the MS, the chain and creations of its local and global springs.

3.1 Description of the MS and its characterization

The schematic of the MS is shown in Fig. 2. It consists of a parallelepipedal block of steel resting on four identical
columns made up of steel. In fact this model is endowed for representing a targeted mode of a general model of a
structure to be controlled. As it is shown in Fig. 2, the main system is clamped at its basis on a plate in Plexiglas.
The plate is fixed on the shaking table of the ENTPE that permits to excite the structure at its base in the X direction
(see Fig. 2). Dimensions of the components of the scaled model in X , Y and Z directions are given in Table 1.
Dimensions of the parallelepiped are provided without taking into account the 2 mm slot spaces needed towards the
joint with columns. The height Z of columns corresponds to the free length, i.e. from the basis of the parallelepiped

Dimensions (mm) X Y Z

Parallelepiped 100 100 40

Column 2 10 85

Table 1: Dimensions of the components of the scale model.

to the plate in Plexiglas in which each pin is clamped on 10 mm. From these dimensions and because of the direction
of the excitation of the shaking table, we can assume that :

• The parallelepiped is undeformable.

• Displacements occur mainly in the X direction.

• Eigenfrequencies of the columns (seen as clamped-clamped beams) are much greater than the eigenfrequen-
cies examined for the coupled system.

The scaled model of the main system can be represented by a linear single dof oscillator with mass M and spring
stiffness K. Its displacements are weak enough to carry on a linear elastic behaviour. Dissipation is taken into account
via a viscous damping with coefficient C (unknown, to be estimated). The mass M is evaluated as the sum of the
mass of the parallelepiped and half of the masses of the four columns, resulting as M = 3.18 kg. To evaluated K, we
use the idealized two-dimensional mechanical model of the main system which is depicted in Fig. 3. The equivalent
lateral stiffness of the frame, i.e. K assuming that the rigidity of the floor (EI) is very large compared to the ones of
connecting elements, or columns (EI) with the length Lb is obtained as (19):

K = 4Kb = 4
12EI

L3
b

= 1.094× 105 N.m−1 (3)
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Figure 2: The picture of the MS used for the experiments. The main mass is mounted on four columns and is linked
to the first small mass of the chain on the left.

where I is the second moment of inertia versus Y , Lb its height versus Z and E is the Young’s modulus of the steel.
The eigenfrequency of the main system is given by:

ν0 =
ω0

2π
=

1

2π

√
K

M
= 29.52 Hz (4)

An accelerometer is placed on the Plexiglas plate to record input acceleration while another accelerometer located on
top of the parallelepiped records the output acceleration, see Fig. 2. To identify the frequency of the main system, the
shaking table is excited by a white noise with constant amplitude and a sweeping frequencies between 5 Hz to 500 Hz.
Obtained power spectral density is presented in Fig. 4 showing an identified frequency of the system at ν0 = 27.5 Hz,
which is slightly different from the theoretically evaluated frequency in Eq. 4.

3.2 Description of the nonlinear chain and its realization

For realization of the mechanical model of the nonlinear local potential of the chain which is represented in Fig. 1 the
following technique is used (14; 15; 16): two linear springs with rigidity as k and initial length as Li, pre-stressed by
the force P are coupled to a mass which moves on the orthogonal direction of springs as illustrated in Fig. 5. Due to
the applied traversal forcing term F on the mass, it experiences the displacement u which makes the length of spring
becomes Lf . Under the hypothesis of small deformations, one can write:

F =
2u

Lf
(P + k (Lf − Li)) (5)

with
Lf =

√
u2 + L2

i (6)
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E , I , L b E , I , L b

E f I f → ∞

Figure 3: Deformation of the idealized model of the frame. The rigidity of the floor (EfIf ) is assumed to be infinity
compared to connecting linear elastic elements.

Figure 4: The power spectral density of the MS obtained from white noise.

Figure 5: Realization of a cubic nonlinear restoring forcing function.
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Figure 6: The schematic of the support plate of the nonlinear chain.

Equation 5 can be developed in the form of series versus u as

F =
2P

Li
u+

kLi − P
L3
i

u3 +O(u5) (7)

Considering that
P = k(Li − L0) (8)

with L0 being undeformed length of the the springs, then Eq. 7 can be reorganized as:

F = 2k
Li − L0

Li
u+

kL0

L3
i

u3 +O(u5) (9)

Equation 9 shows that the cubic restoring forcing function can be realized via coupling two linear springs to a mass
moving in the transversal direction. It should be mentioned that if the system does not possess any pre-stressing terms
i.e. P = 0, then Li = L0; in this case Eq. 9 reads:

F =
k

L2
i

u3 +O(u5) (10)

Truncating O(u5) in Eq. 10 provides an obvious pure cubic restoring forcing function with “no” linear part. The
creation of the linear coupling between masses of the chain, i.e. global restoring forcing function B̃(x − y) (see
Eq. 1) with x and y standing for generalized displacements of two neighbor masses, can be carried out by using linear
springs. Practically, springs without any pre-stressing act only on tension or on compression. Due to change of the sign
of relative displacements of two neighbor masses, these linear springs can experience both tensions and compressions.
In this case, the spring should be under pre-tension (or pre-compression) if it acts only in tension (or compression) in
a way that each one should move until half of its maximum possible displacements, named as S. This will force that

all springs act only in tension (or compression) provided that the relative displacements of the chain do not exceed
S

2
.

For our experimental device we use the tensional springs for creation of linear coupling terms between: masses, the
first mass of the chain and the main system, and the last mass of the chain and the end support.
For realization of the overall components of the chain, a plate which is shown in Fig. 6 is fabricated. Two rows of
parallel connection supports are placed at both sides of the plate for coupling local springs of the chain. There is a
single support at far end in the middle of the plate for connecting the last linear spring of the chain to the last mass. In
the middle of the plate of Fig. 6 a rail is placed. A mobile cart is mounted on the rail for carrying masses of the chain.
All masses of the chain are 3D-printed in resin (Printer: ProJet 3510SD of 3DSystems Europe Ltd., resin: VisiJet M3
Crystal), and are mounted on the mobile carts. The mass can be easily decomposed in order to place all connecting
local and global springs. The overall view of all the system is presented in Fig.7 where chain of nonlinear oscillators
is coupled to the main system via a linear spring. All connecting local and global springs to a single mass of the chain
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Figure 7: The overall system: the main oscillator is fixed on the shaking table while the supporting plate of the chain
is placed on the static table.

Figure 8: Local and global springs connecting to a mass which act as nonlinear and linear restoring forcing functions,
respectively.

are shown in Fig. 8. As it is seen, the main system is mounted on the shaking table and the chain of the nonlinear
oscillators is on top of a static table. The translation of the induced force of the main system to the chain is carried out
by the linear coupling spring which connects the main system to the first mass of the chain.

3.3 Characterization of the overall system

For evaluating the total mass of each oscillators of the chain, we sum the masses of the mobile cart, printed mass on
top of the cart and accelerometer of top of each printed mass. Then, the total mass of each oscillator reads m = 27.5

g. The mass ratio copies ε =
m

M
=

27.5× 10−3

3.18
= 8.65× 10−3. The chain possesses eight oscillators in total where

the overall mass of the chain is moverall = 8m = 220 g�M . The linear spring connecting oscillators of the chain has
a coefficient as B̃ = 2420 N.m−1 and its length at rest position is L0 = 51 mm. These springs are also endowed for
creation of local nonlinear springs. Taking into account the effects of the pre-tensioning of springs with L1 − L0 = 1

7
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mm and considering Eq. 9 we have:

F (u) = 2× 2420× 1× 10−3

52× 10−3
u+ 2420× 51× 10−3

(52× 10−3)3
u3 +O(u5) (11)

or after truncating O(u5):
F (u) = B̃lu+ Ṽ u3 = 93.1u+ 8.78× 105u3 (12)

Other system parameters are summarized in Table 2. Since the aim of the current work is to analyse behaviour of the

c γ f B Bl D
0.23C 0.23Γ 0.15AMS 3.57 0.14 0.13

Table 2: Characteristics of the overall system

overall system experimentally, we do not need to identify constants C and Γ.

4 Experimental tests on the chain and on the coupled systems

Globally two types of systems are experimented: i) the first global spring of the chain in connected directly to the
shaking table; ii) the main system is mounted on the shaking table and the chain is coupled to the main system via the
first global linear spring. The idea is to obtain (qualitatively) explanations of the behaviours of the chain alone and
then to relate these behaviours on the responses of the coupled systems. In the next section results of each case are
presented and commented upon.

4.1 Experimental tests on the chain

The first linear spring of the chain is connected to the shaking table directly. Different sinusoidal excitations with
constant frequency as ν =

ω

2π
= 27.5 Hz representing the frequency of the first mode of the main system, see Fig. 4,

and constant amplitudes Af , simulating the amplitude of the vibration of the main system, are applied. Several tests
are carried out applying different forcing amplitudes Af ∈ [5, 40] m.s−2. At each test, the maximum acceleration of
each mass named as Aj , j = 1, 2, . . . , 8, are collected which are related to periodic behaviour of each mass during
the external excitation with the amplitude Af . Maximum acceleration of first three masses of the chain, i.e. A1, A2

and A3, during the periodic behaviours are presented in Figs. 9-11. Each point is collected from one experimental
test corresponding to one acceleration of the external excitation Af and of the mass Aj , representing amplitudes of
the forcing term and masses, respectively. Figures 9-11 gather all periodic behaviours of the system for different
external forcing terms which in fact correspond to experimentally obtained slow invariant manifold (SIM) (12) of the
system, denoted ESIM. These figures identify two distinguished thresholds of external forcing amplitudes: the first
one corresponds to Af ∈ [17.5, 18] m.s−2 and the second one belongs to Af ∈ [34, 35] m.s−2. We name them as
t©1 and t©2, respectively. At t©1 the first mass experiences a bifurcation with abrupt and large variations for A1 and

smaller variations for A2 and A3. This corresponds to variations between two stable branches of the ESIM, named
as first and second branches, respectively (12). The t©2 corresponds to another bifurcation of the system representing
large variations for A2 and A3 and the moderate one for A1. This is performed between second and third branches of
the ESIM (12). The maximum acceleration of each mass of the nonlinear chain corresponding to external excitation
in t©1 and t©2 are provided in Figs. 12 and 13, respectively. It is seen that first three masses of the chain present
evident bifurcations between extremes of thresholds t©1 and t©2 while bifurcations of other masses are not evident.
This is probably due to the nature of the ESIM of the system which would present different amplitude variations for
each mass of the chain (12).

4.2 Experimental tests on the complete system: the main oscillator coupled to the nonlinear chain

The MS is mounted on the shaking table and the chain is coupled to the MS via the linear global spring, see Fig. 7.
The MS is subjected to sinusoidal excitation with the sweeping frequency as ν ∈ [27, 28.5] Hz and with different
amplitudes as Af ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6} m.s−2. Collected experimental amplitudes of the MS (in m.s−2),
for without and with coupled chain, and also amplitudes of the first three masses of the chain, Aj , j = 1, 2, 3, are
illustrated in Fig. 14. When the amplitude of the excitation is low, i.e. Af = 0.1 m.s−2, we observe that: i) the overall
system, i.e. MS and the coupled mass, present a linear resonant frequency which is higher than the one of the MS
alone, see Fig. 14a, and ii) the amplitude of MS at peak presents 11.5% of augmentation, while theAj , j = 1, 2; . . . , 8
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Figure 9: Results of experimental sinusoidal test on the nonlinear chain: The maximum amplitude of the first mass,A1

during its periodic behaviours versus the amplitude of the excitation Af . The test is carried out with different forcing
amplitudes Af and constant frequency ν = 27.5 Hz. Each point corresponds to the result of one experimental test.
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Figure 10: Results of experimental sinusoidal test on the nonlinear chain: The maximum amplitude of the second
mass,A2 during its periodic behaviours versus the amplitude of the excitationAf . The test is carried out with different
forcing amplitudes Af and constant frequency ν = 27.5 Hz. Each point corresponds to the result of one experimental
test.
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Figure 11: Results of experimental sinusoidal test on the nonlinear chain: The maximum amplitude of the third mass,
A3 during its periodic behaviours versus the amplitude of the excitation Af . The test is carried out with different
forcing amplitudes Af and constant frequency ν = 27.5 Hz. Each point corresponds to the result of one experimental
test.
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(b) Af = 18 m.s−2

Figure 12: Maximum accelerations of each mass of the chain (each dof) for threshold t©1 of the external forcing
amplitude.
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Figure 13: Maximum accelerations of each mass of the chain (each dof) for threshold t©2 of the external forcing
amplitude.

stay almost at the same levels of amplitudes of before the threshold t©1 which has been clarified in Sect. 4.1. Figure
14b presents frequency response of the AMS for Af = 0.2 m.s−2. The system presents the same type of behaviour as
explained for the first case, but at ν = 27.98 Hz, there is an abrupt reduction on the AMS which houses a jump for A1.
This bifurcation is carried out between the first and the second branches of the ESIM and corresponds to the start of the
threshold t©1 which is more evident for A1 (see Figs. 9-12 ). The behaviour of the system changes radically when the
applied external forcing amplitude reads as Af = 0.3 m.s−2. As depicted in Fig. 14c, during the frequency interval
ν ∈ [27.9, 28.12] Hz, the system shows repeated amplitude variations between (around) AMS = 19 and 27 m.s−2.
Time histories of theAms andAj , j = 1, 2, 4 for the system with excitation of the table with the amplitude ofAf = 0.3
m.s−2 and frequency as ν = 28 Hz are provided in Fig. 15. This behaviour is a Strongly Modulated Response (17)
corresponding to repeated bifurcations between the first and the second branches of the ESIM characterized by the
threshold t©1. The system responses for the amplitude of excitation of Af = 0.4 m.s−2 which is given in Fig. 14d,
shows that the system bifurcates to the second branch of the ESIM corresponding to the threshold t©1 at the frequency
of ν = 27.8 Hz which is accompanied by an abrupt reduction of the AMS and sudden increase of the A1. Then, by
increasing the frequency the system follows the second branch of the ESIM which corresponds to periodic regimes
and also the reduction of the energy for the main system. The system bifurcates at ν = 28.28 Hz to the first branch of
the ESIM and presents again periodic responses. The response of the system under amplitude excitation of Af = 0.5
m.s−2 is presented in Fig. 14e. At the frequency ν = 27.78 Hz the system bifurcates to the second branch of the ESIM
and at ν = 27.8 Hz it jumps to the third branch of the ESIM, corresponding to t©2, which is accompanied by large
movements of the second mass of the chain. The MS increases its energy on the third branch during periodic regimes
until ν = 27.93 Hz, then it follows the third branch of the ESIM during periodic regimes in the reverse direction via
lowering the energy of the MS until ν = 28.06 Hz. Here, the system jumps to the second branch of the ESIM and
lowers the energy of the MS until ν = 28.26 Hz. At this frequency, the system bifurcates to the first branch of the
ESIM housing the increase of the AMS and decrease of the A1 and A2. Afterwards, AMS decreases during periodic
regimes. The system under excitation with Af = 0.6 m.s−2 presents the same type of behaviour which is explained
in previous case but here the variations of the energy of the third oscillator of the chain A3 are large, see Fig. 14f.

5 Conclusions

Experimental results are carried out on a system which is composed of a main linear oscillator, representing a targeted
mode to be controlled, coupled to a nonlinear chain of oscillators. The chain possesses eight mobile light masses under
local nonlinear and global linear restoring forces. The main system has been mounted on the shaking table and is
excited with several amplitudes and a sweeping frequency around its targeted mode, i.e. the one to be controlled. Two
distinct thresholds are spotted corresponding to different branches of the slow invariant manifold (12) of the system.
The presented results shows that according to the amplitude of the excitation the system can present periodic regimes
(18) or strongly modulated responses (17). For having refined design tools, a detailed analytical developments should
be carried out to trace the analytical slow invariant manifold and equilibrium and singular points of the system which
will be future developments of the current work. Using a multiple degrees of freedom nonlinear oscillators instead
of the single one can have practical reasons such as: distributing the mass and the rigidities of a single oscillator into
several ones and also increasing robustness of the system in the case that one (or even some) of the oscillators does
not operate well or loses its (their) efficiency.
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(b) Af = 0.2 m.s−2

27 27.5 28 28.5
0

5

10

15

20

25

30

35

Frequency (Hz)

A
M

S
 (

m
/s

2 )

(c) Af = 0.3 m.s−2
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(d) Af = 0.4 m.s−2
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(e) Af = 0.5 m.s−2
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Figure 14: Experimental results obtained from sinusoidal tests with sweeping frequency in ν ∈ [27, 28.5] Hz and
excitation amplitudes Af ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}m.s−2. Blue and red lines stand for the maximum amplitude
responses of the MS (AMS), without and with coupled nonlinear chain. The responses of the first, second and third
masses of the chain are represented by black solid, dashed and dotted lines, respectively.
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Figure 15: Time histories of the maximum values of the amplitudes of the AMS and Aj , j = 1, 2, 4 for the system
under sinusoidal excitation with Af = 0.3 and the frequency ν = 28 Hz.
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Appendix

A Steps for analytical treatments of Eq. 2

The main goal is to trace characteristics points of the system leading to periodic and modulated regimes. To this end,
following steps can be applied for treatments of the system 2 (10; 12):

• a change of variables can be applied. For instance, relative generalized displacements can be introduced:{
w1 = ũ1 − ṽ
wj = ũj − ũj−1, j = 2, . . . , L+ 1

(13)

• complex variables of Manevitch (20) are injected to system variables:

Φeiωt = ẏ + iωy (14)

where
yT = (ṽ w1 w2 . . . wL+1) (15)

• A time multiple-scale method (21) is endowed to treat the system responses at different scales of time. In
detail: the tme t is embedded to different scales namely fast connecting to each other via the ε parameter.
They read as fast τ0 = T and slow scales τk = εkT, k = 1, 2, . . . .
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• The truncated Fourier series is retained by keeping only first harmonics of the system. For an arbitrary
functionR, this task is achieved via

Υ =
ω

2π

∫ 2π
ω

0

R(τ0, τ1, τ2, . . . )e
−iωτ0dτ0 (16)

During the application of Eq. 16 it is assumed that the Φ is independent of the fast time scale τ0. This is
verified during the multiple scale method or when we seek the behaviours of the system during its fixed points

where
dΦ

dτ0
= 0.

• We consider the case of the 1:1 resonance; we set Ω = 1 + εσ.

• The ε0 order of system equations, i.e. fast equations, provide the slow invariant manifold (SIM) of the system.
It is the geometrical invariant for all types of system behaviours when τ0 →∞.

• The ε1 order of system equations, i.e. slow equations, around the SIM provide equilibrium and singular
points. They correspond to periodic and modulated (17) regimes of the system.
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