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Abstract. The purpose of this paper is to derive rigorously the so called
viscous shallow water equations given for instance page 958-959 in [A. ORON,
S.H. Davis, S.G. BANKOFF, Rev. Mod. Phys, 69 (1997), 931-980]. Such
a system of equations is similar to compressible Navier-Stokes equations for
a barotropic fluid with a non-constant viscosity. To do that, we consider a
layer of incompressible and Newtonian fluid which is relatively thin, assuming
no surface tension at the free surface. The motion of the fluid is described
by 3d Navier-Stokes equations with constant viscosity and free surface. We
prove that for a set of suitable initial data (asymptotically close to “shallow
water initial data”), the Cauchy problem for these equations is well-posed,
and the solution converges to the solution of viscous shallow water equations.
More precisely, we build the solution of the full problem as a perturbation of
the strong solution to the viscous shallow water equations. The method of
proof is based on a Lagrangian change of variable that fixes the fluid domain
and we have to prove the well-posedness in thin domains: we have to pay a
special attention to constants in classical Sobolev inequalities and regularity
in Stokes problem.
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1 Introduction

This paper deals with a free boundary problem of nonstationary Navier-
Stokes equations in thin domain justifying the derivation of the viscous shal-
low water equations without surface tension. For information, such a system
may be used to describe long-scale evolution of thin liquid films : See Equa-
tions (4.12a)-(4.12d) written in [I8]. Depending on the geometry, there are
two kinds of free boundary problems for the motion of a viscous fluid. The
first one describes the motion of an isolated mass of fluid bounded by a free
boundary and the second one describes the motion of a fluid occupying a
semi-infinite domain in R” bounded above by a free surface and below by a
fixed part of the boundary. We will consider in the present paper the second
problem and refer the interested reader to [18], [12] for applications for thin
liquid films and rivers. First mathematical results for free boundary prob-
lems were local existence theorems: A first local existence theorem published
in 1977 by V.A. SOLONNIKOV, in [I9] ; a local existence theorem for the
second problem by J.T. BEALE, in 1980, in [3]. The following years brought
other local existence theorems for equations of motion of incompressible flu-
ids: see for instance [1], [2], [22], [25], [26]. The next step in investigating free
boundary problems for incompressible Navier-Stokes equations was to obtain
global existence theorems initiated by J.T. BEALE in his paper [4] published
in 1984. This paper was devoted to the motion of a fluid contained in a three
dimensional infinite ocean. The first global existence result concerning the
motion of a fixed mass of a fluid bounded by a free surface appeared, in the
paper [20], by V.A. SOLONNIKOV in 1986. The method used to prove the
global existence results in the two papers mentioned above are completely
different. J.T. BEALE examined the surface waves after transformating it
to the equilibrium domain through an adequate change of variable (dilata-
tion in the vertical variable) while V.A. SOLONNIKOV applied Lagrangian
coordinates and this way transformed the considered drop problem to the
initial domain. Other global existence theorem can be found. All global
existence results for incompressible fluids are obtained for initial data suf-
ficiently close to an equilibrium solution. Note that A. TANI, in [22] [23],
used the strategy developped by V.A. SOLONNIKOV for free surface prob-
lem to get a local existence result through the use of Lagrangian coordinates
to fix the domain and the method of successive approximations. In con-



trast to J.T. BEALE, the regularity of the solution obtained by A. TANI
is sharp. Note that in J.T. BEALE existence of arbitrary 7" > 0 but for
sufficiently small initial data in dependence on T is also proved. The re-
sult is obtained in the same class of functions than the local existence. To
the author’s knowledge, in all these studies Dirichlet boundary conditions
at the bottom are considered instead of Navier-Slip boundary conditions.
Only recent papers with some rigid-lid assumptions consider Navier-Stokes
equations in thin domains with Navier-Slip conditions, see for instance [9],
[14]. In this paper, we will adopt the Lagrangian transform strategy in order
to prove existence and stability of the viscous shallow water solution. To
do that, we have to prove the well-posedness in thin domains with a spe-
cial attention to constants in classical Sobolev inequalities and regularity in
Stokes problem. We also prove the stability result in the Lagrangian form
as in the paper written by D. HOFF, see [13], where uniqueness of weak
solutions of the Navier-Stokes equations of multidimensional, compressible
flow is proved using the Lagrangian formulation. We remark also that, using
the Lagrangian formulation, no surface tension term is needed compared to
[8]. Remark that there exists, at least, two different shallow-water type sys-
tems mainly derived from two different bottom boundary conditions choices
for Navier-Stokes equations with free surface: friction boundary conditions,
no-slip boundary conditions. The system based on friction boundary condi-
tions assumption is studied in the present paper and was mentionned in [I§].
The system based on no-slip assumption has been formally derived in [5] and
recently justified in [§] assuming non zero surface tension. Reader interested
by shallow-water equations and related topics introduction is refered to the
recent Handbook [6].

The paper will be divided in four Sections. The first one presents the
Navier-Stokes equations with free surface and the viscous shallow-water ap-
proximation. The second section is devoted to the linearized Navier-Stokes
equations around the approximate solution built from a solution of the vis-
cous shallow-water equations. We give anisotropic estimates and Korn’s in-
equality in thin domains and then prove the well posedness of the linearized
Navier-Stokes equations. The main theorem and its corollary are proved in
Section 4 that means well posedness and convergence of the full Navier-Stokes
equations in Lagrangian form. On the last section, we draw some conclusions
on this paper and present some perspectives to this work.



2 Navier-Stokes equations with free surface
and viscous shallow-water approximation

In this section, we write 3d Navier-Stokes equations for a thin layer of an
incompressible Newtonian fluid with a free surface. We then show how
to obtain an approzimate solution of these equations in the shallow water
scaling: for that purpose, we will use smooth solution (see W. WANG and
C.J. Xu [27]) of a viscous shallow water model (@) derived for instance in
A. OroN, S.H. Davis and S.G. BANKOFF [I§] (see also J.—F. GERBEAU
and B. PERTHAME [12]). We construct formally a second order approxi-
mate solution (with respect to the aspect ratio ¢ which measures the relative
shallowness of the fluid layer) which will help to solve the Cauchy problem
for Navier-Stokes equations with free surface and provides also convergence
to viscous shallow-water equations. For this purpose, we formulate the equa-
tions in Lagrangian coordinates.

2.1 The equations and an existence theorem for the
associated viscous shallow-water system

In this paper, we consider the motion of a thin layer of Newtonian fluid with
a constant density, set to 1. The differential operators V,, div, will concern
the horizontal coordinates x = (x1,23). In the following, the fluid velocity
u is denoted (ug,uy) where uy € R? (resp uy € R) is the horizontal (resp.
vertical) fluid velocity. Navier-Stokes equations are then written, in their

non dimensional form as

€3 1
F? + Re
divu =0, (1)

1
Ou +u.Vu+ ﬁVp:— div(D(u)),
0

for all ¢ > 0 and (z, z) € €, the fluid domain
G ={(x,2) JreX, ze€(0,h(x,t)}, X=T"R", n=12.

The nondimensional numbers Fj), Re are respectively the Froude and Reynolds
numbers defined as )
F} = U—, Re = ﬂ,
gL v
with U a characteristic velocity of the fluid and L a characteristic wave-
length. Navier-Stokes equations are completed by boundary conditions. The

impermeability condition at the free surface reads

Oh + up|,=n.Vih = uy|,—p, (2)

4



which means that the fluid velocity is parallel to the free surface. We also
assume a Navier slip condition at the bottom

Uv\z=0 =0, 8zuH|z=0 = ’YUH\Zzoa (3)

and at the free surface, we assume the continuity of the fluid stress

pam —
— D(u) — ﬁldﬂz Wi = — Fg . (4)
0

Here D(u) = Vu + Vu? is the total deformation tensor of the fluid and can
be written as

D(u) _ ( Dm(uH) 8ZUH -+ V;,;UV

- T
(O.ug + Vauy)T 20, uy ) , De(ug) = Voug+ (Veug) .

The vector 77 is the normal to the free surface:
V1T VohPii = ( Yl ) .

Since the fluid pressure is defined up to a constant, we suppose that pus, = 0.
Note that equation () can be equivalently written as

Plazn . (2aqu - (Vxh)TDx(UH)(vmh)) 2=
I Re(1 — |V,h|?) ’
20,uy — (Voh)T Dy (ug)Vih
1 —|V.h|?

()

azuH + vxuV‘z:h = (Dm<uH) - >|z:hvmh.

In this paper, we will assume that the fluid domain is relatively thin and set
h =ceh , F? = eF? with ¢ < 1. As a result, the Froude number F = \/ﬁ
with H = ¢L, the characteristic fluid height, is the physical Froude number
as the ratio between fluid velocity and wavespeed of perturbations at the
free surface. Moreover, following the method of derivation by Gerbeau and
Perthame [12] to obtain viscous shallow water equations, we suppose that
the friction at the bottom is small: v = 7. Let us define an approximate
solution of Navier-Stokes system (I2[34). For that purpose, we introduce
(ho,uo) a smooth solution of the shallow water system mentionned by A.
ORON, S.H. Davis, S.G. BANKOFF [18], see page 958-959 with C' — oc:

815}7/0 —+ lex<h0 UO) = O,

h? 1.
h (&ﬂLO + ug. \Y% UO) + V 2F2 Redlvm (hOD:v<u0)) <6>
2 . Yo
+§Vm (holem<uO)) — g



For the moment, we carry out a formal computation: we will make more
precise assumptions on this solution in the sequel. We present a second order
apporximate solutions, that means we search for an approximate solution of
(D284 in the form h, = ehy and

22 22 23 22
Ug, g = Up+Uy 2+ U2 bR Uq, v = WotwW1 z+w25+w3€, DPa = Po+P1 z+p25.

In the main Theorem we need higher order approximate solution that can be
obtained in the same way, see [§] for construction of high order approximation
of Navier Stokes systems with a free surface. Inserting this ansatz in the
divergence free condition, one has

wy, = —div,ug, wy = —div ug, wsy = —div,us.
Moreover, the boundary conditions at the bottom imposes
Wy = 0, Uy = 57710.

Next, using the second equation of ([Il) and boundary condition (Hl), one
obtains the approximation of p as

2eF? 237 2

div,ug.
Next, we insert u, and p, into the second equation of (H): identifying order

O(e) terms, one proves that

Valo _ Tto
ho ho

Remark. For the approximate solution, we can calculate an ansatz up to any
order on derivatives of (hg, ug) and polynomial dependence with respect to z.
We refer to [8] for more details. We end up at order which gives a remaining
term of order (z3) for interior equations and (£3) at free surface.

A Navier-Stokes type system is satisfied by the high order shallow water ap-
prozimation (ug, p,). The adequate ansatz satisfies

1 €3 ]. .
Osllg + Ug. Vg + ﬁVpa =~ + %dlv(D(ua)) + O(2%),
divu, = O(2%). (7)

Moreover, the boundary conditions at the bottom are ezactly satisfied and
the boundary conditions at the free surface read

8tha + ua,H‘z:hatha — ua,V‘zzha = O<83>7
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D(ug Pa H
< f<{e - 5F2> [s=nola = O(”).

For the sake of completeness, we recall the existence and uniqueness result
related to the viscous shallow water system (@) that can be obtained using
the same procedure than in [27]

Theorem 1 Lets > 0, ug(0), ho(0)—1 € H*P2(R?), ||ho(t = 0)—1|| a2z <
1. Then there exists a positive time T, a unique solution (ug, ho) of (@) such
that

ug, ho — 1€ L¥(0,T; H**(R?)),  Vug € L*(0,T; H***(R?)).

Furthermore, there exists a constant c such that if ||ho(t = 0) — 1|| gs+2m2y +
|luo(t = 0)||gst+2mey < ¢ then we can choose T = 400 with the same control
on (hg,up).

Remark: the smallness assumption on ho(t = 0) — 1 can be replaced by
ho(t,x) > a > 0 to prove local well posedness provided that we work in Besov
spaces: see the paper of R. DANCHIN [I1] for more details. However, we
will need here this particular assumption to prove the well posedness of free
surface Navier-Stokes equations in dimension 3 and convergence to shallow
water equations. In dimension 2 for free surface Navier-Stokes equations,
we just need an assumption similar to the one of [I1], namely that there is
no vacuum. Of course the results are only local in time: for arbitrary time
interval, we need a smallness assumption on ho(t = 0) — 1 and ug(t = 0).

For global existence of weak solutions to a related viscous shallow water
system, a result has been proved in [7] assuming an extra turbulent drag
term.

Remark: In this paper, we will choose s > 4. Indeed, a careful analysis of
the remainder shows that the contained fourth order derivatives of (hg, ug)
have to be Lipschitz.

2.2 Reduction of Navier-Stokes equations to a fixed
domain

In what follows, we write the Navier-Stokes equations in a fixed domain: this
is done using a Lagrangian formulation of the equations. We first search the
fluid velocity and pressure in the form

eF? _

U= Ug + U, p:pa+§p



Navier-Stokes equations (Il) then reads

ataj (o + ).V + 0.V ug + % = édiv(D(ﬂ)) + fas (8)
divu = 0.

in the fluid domain Q.; = {(z,2)/ 2z € X, 0 < z < ¢eh(x,t)}. The boundary
conditions are then written as

ﬁV‘zzo = 07 azﬂH|z:O = ‘C:WIIZH‘Z:O- (9)
At the free surface, one has
(D<Ilj) - ﬁ) z:ehﬁ€~: Ya, B (10)
8t(€h) + (umH + UH)|Z:5h.Vx(Eh) = Ua,v + 'LLV|Z:5h.
Next, we introduce the Lagrangian change of variable
dX - dz ~
E = ua,H(t, X, Z) + UH(t, X, Z), E = u(hv(t, X, Z) + UV(t, X, Z)

For the sake of simplicity, we assume that the initial fluid domain is Xx (0, ¢):
the rigorous justification will remain true for | < ho(t =0) > —1| < 1 and ¥
sufficienty large. Denote zy € X, zg € (0,¢), the coordinates in this domain
and A the Jacobian matrix of the Lagrangian change of variable

0X 0X
)t =
(v$0 ) 820

The chain rules are given by

V:Bo :AT V;}: onﬂ 8Z0ﬂ _ Vxﬂ 8Zﬂ A

[ a9, )’ VWl 0,0 V.ol ow )
The fluid height is defined implicitely as 5h(t,X(t,:p0,5)) = Z(t,zp,€) S0
that the impermeability condition is satisfied. Moreover, one has

0X
vah’(ta X(ta » L0, 8)) = (—)7TvaZ<t7 Lo, 8)'
8370
The Lagrangian velocity is defined as © = u(t, X) and u defined on the
fixed thin domain X x (0,e). We further introduce the Lagrangian pressure
P = p(t, X). In that setting, Navier-Stokes equations are written as
ATvp AT —
0 + (A7) VL, + “ P_ = (div(ATP) VA 79) v (1)

div(A~'u) =7, (12)
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where f, = f.(t,X), Uy = ua(t,X), (VA : P); = > ik APk The

matrix P is the transformed deformation tensor:
P= (Vo)A 'tA T+ AT (vu) AT

The boundary conditions at the free surface zg = ¢ reads

_(9X\-T
(P|Z():6_p|2():6]d>ﬁ:07 ’[’_i: ( (8330) VfOZ(t’ZEO’E) ) , (13)
whereas the boundary conditions at the bottom z = 0 are written as
. 0X _ _
uV|Zo =0, det(—)|az()uH|Z():0 =&y uH|20:0' (14)
&xo

The main result of the paper is

Theorem 2 There exists C, K > 0 so that if we assume |[Uplly < C?e%/2,
then there is a unique strong solution of (III)-(I4]) such that

T
sup I3 +/0 @3 + N9l + Ipl3 + 19pl15 < Ke*2.

This gives the expected existence result of Navier-Stokes equations with free
surface namely the system (), (2), (), (B]) and its convergence to the solution
of the shallow-water system in a Lagrangian form namely a control of the
solution of (§)—(I0) with respect to e.

Corollary 1 Let (hg,ug) be the solution of the viscous shallow-water system
@) such that (hg — 1,uq) small enough in C(0,T; H*"*(R?) with s > 4. Let
(h,us) such that ||(u§ — ua)|imollz < Ce¥? and h§ = ho and uf satisfying
the compatibility conditions. Then System (), @), @), () is well posed and
u — u, satisfy in its Lagrangian form the estimates given by Theorem 2.

Note that there is no assumption on the time interval: the solution of Navier-
Stokes system is defined on the same existence time as the solution of the
viscous shallow-water system ().

The associated linear system. Next we introduce a linear problem that will be
usefull to prove the well-posedness of the full Navier-Stokes system. Indeed,
this will be done using a fixed point argument. First, let us introduce the
following Lagrangian system of coordinates

4,
dt

dZ,

% = _ZO div (U‘O) (Xo),

:Uo( 0)7

9



with the initial conditions X(0,.) = zo, Zo(0,.) = 2. It is easily proved
that Xy, Z, satisfy

0Xy 0Xy
— =0, Zy(t, xo, 20) = 20ho(t, Xo(t, x0)), det(—
9 o(t, o, 20) = 20ho(t, Xo(t, o)) By
In what follows, we will consider a special linear problem that is obtained
if we substitute X = Xy and Z = Z; in Navier-Stokes equations written
in Lagrangian coordinates and drop order one differential operators. More
precisely, this system is written as

ASTVP . AaT . T
e~ To div(Ay Po) + f, (15)

with Py = V(@) Ayt A7 + Ay (Va)T AgL. The divergence condition reads

) — hal(t, Xo(t, o))

ou +

div(4y'u) = o. (16)
The boundary conditions at the bottom are

EV‘ZQZO = 07 halazoﬂH|z0:O = 57EH‘ZOZO + g1, (17>

whereas the boundary conditions at the free surface read

(AE)FPO —p Id) |20=c€3 = go. (18)

3 Linearized Navier-Stokes around the ap-
proximate solution of viscous shallow-water
equations

This section is devoted to study the linearized Navier-Stokes equations around
the approximate solution of viscous shallow-water (IBJTOITIR) that was in-
troduced in the previous section. We begin by a subsection dealing with
Sobolev inequalities, Korn inequality and regularity result for Stokes prob-
lem in thin domain. In the second subsection, we give well posedness result
for the full linearized system.

3.1 Anisotropic estimates in thin domains

In this part, we recall Sobolev inequalities that arises in thin domains and
pay a special attention to the constants arising in such inequalities. We also
consider a linear Stokes problem in a thin domain that will be useful to obtain
estimates on the Sobolev norms of (@, p).

10



3.1.1 Sobolev inequalities

In what follows, we use that mean of u; in the vertical direction is 0 to
write Poincaré, Agmon and Ladyzhenskaia anisotropic inequalities in thin
domains. Here the domain € is © = X™ x (0, €). In this paper, we will use
the following notations: |ul|x = ||u[|gx ), for any k € N with the convention
H°(Q) = L*(Q). Similarly, one denotes |u, = |u] g x)-

Proposition 1 There exists a constant C' independent of € such that the
following Ladyzhenskaia and Agmon estimates hold true:

1
lullze < Ce5lully,  flulle < Ce2ulls.

The proof of this proposition is found in [24]. From this estimate and the

inequality ||uv||zz < £é |u||zs||v|| s, one easily proves the following tame es-
timates for the products of functions and composition of functions.

Lemma 1 We will use the following estimates: if t > 5

vl < C(Julaeo vl + [ulasevlre),
[wv||rs@) < %(HUHH%Q)HUHHS(Q) + Jull @ ol @),
We have also the following property: For all F': RP — R smooth enough with F(0) =

0 then
[ (u)|ls < C([Jullpo)|[w]s-

We will also need the following trace theorems:
Lemma 2 Let u € H' is so that u|,—o = 0 then one has |u|% < Cllully, with
C

C' independent of €. In the general case, one has |u|% < —||u|;-

NG

This result is easily proved with Fourier series, that reduces the problem to
a 1d problem. The trace of a product is estimated using the following result.

1

Lemma 3 Let u € H 2 and v € H? then, one has
C
ol < Sy ol

The proof of this lemma is found in [I0] in a fixed domain: we combine this
proof and proposition [l to obtain the estimate of lemma, [3]

11



3.1.2 Korn inequality in thin domain

In what follows, we prove the following result.

Proposition 2 There is a constant C' > 0 independent of € such that
2 ”D<U)H%Q(Q) + 5’7‘UH‘z=0‘%2(X) = CHuH?ﬁ(Q)v

for alluw € HY(Q) so that divu = 0 and uy|,—o = 0.

Proof. This is a consequence of Poincaré inequality and trace estimates
that the L? norm of uy and wuy are estimated as

||Uv||L2(Q) < C€||8zuv||L2(Q), ||UH||L2(Q) < C(€|UH|Z:0|L2(X)+€||8ZUH||L2(Q))-
We will prove a refined inequality on the deformation tensor when X = T"
2| D(u) 172y = ClIVullizqy-

For that purpose, we decompose the functions into Fourier series in the hor-
izontal variables, (ug,uv) = D ,cp2(ur(2), wi(2)) exp(ik.z). Note that a
similar result is obtained when X = R", using Fourier transform. We find,
using the divergence free condition

€
20D ey =2 Y | Hlunal?+ Kool + b

keZ?

g z z
+ Z / |kaug + kyuga|® + |, + / kikoug|® + |, + kg/ k.ugl,
0 0 0

keZ?

3 z
IVullZz0) = Z/O |12 ] + [ +|/0 kgl + [ug .

kez?

where u/(z) = %. Setting Uy = fOZ uy, there exists C € (0,2) so that

/ 2k2|UL |2 + 2k2|US|? 4 2|k.U'| + |koU] + kyUp|? + |UY + kik.UJ?
0

+/ \Uy + ko k.U|? zck/ K| U' |+ kU + kU + U, (19)
0 0

for all U € H'(0,¢)? so that U|,—o = 0. We prove the inequality for each
modes. We must prove that there is C' > 0 independent of k so that C > C,
forall k € Z2. If k = 0, the two quantities are equal and one can choose
Co = 1. In what follows, we assume that £ # 0. Denote Cy € (0,2) the

12



optimal value for the mode k. Using test function in D(0,¢), one can prove
that, if Cj # 1, an optimal solution necessarily satisfies the differential system

D2U1—|—l{7§DU1 = klngUQ, D2U2+]€%DU2 - klngUl, Vz c (O,E). (20)

where D is the differential operator D = <& — |k|*Id. This space of solutions
is 8-dimensional and reduced to a 6- dlmenswnal one, using the condition
Ul.—o = 0. Moreover, the eigenfunction U can be written U(z) = U(|k|2),
where U € S, the vector space defined as

U(z)= (_SC> (a1z + by sinh(2) 4 ¢1(cosh(z) — 1))
+ <i) (az sinh(z) + byz sinh(z) + 22 cosh(z)). (21)

where we have denoted k as k = [k|(c,s) and a;,b;,¢; € R,i = 1,2. Then
we have to show that there is C' independent of k, e so that Q(U,k) >
CQ(U,k), for all U € § and @; the quadratic forms defined as

M
Oa(U, ) = / 2RV + 252(UL)2 + 2(cU] + sUL)?
0
M
+/ (UL + cU3)? + (Ul + ¢(cUy + sUy))* + (U§ + s(cUy + sUp))°,
0
M
Q1(U, k) :/ \U'|? 4 (cUj + sU3)? + |U" |2 + (cUy + sUs)?,
0

with M = €|k|. Let us denote ¢;(k), 7 = 1, 2 the symmetric matrix associated
to the quadratic forms Q;(., k),i = 1, 2. If (', is the minimum value for which
the inequality Qo(U, k) > Cj, Q1 (U, k;) for all U is satisfied, then det(gs(k) —

Crq1(k)) = 0 and one is left with an eigenvalue problem. Let us study the
roots of P(X) = det(ga(k) — X ¢1(k)). First, an integration by parts in the
quadratic form Qs (., k) yields Qy(U, k) = Qo(U, k) + Q(U, k)

Q2(U, k) = 2(cUy + sUs) (M) (cU; + sUy) (M).

The quadratic form Qs(., k) is a product of two linear forms Qy(U, k) =
(v1(k),a)(ve(k), a) with (vi(k),vs(k)) € R® and a € RS represents the coor-
dinates of U in the basis of S. Then the matrix Gy (k) associated to Qo (., k) is
given by ¢o(k)a = (v1(k), a)va(k) + (ve(k), a)v1 (k). As a consequence, for any
a € (vi(k),va(k))*, one has gz(k)a = q1(k)a. One can prove that vy (k), vo(k)
are not colinear so that X = 1 is a root of P with multiplicity 4. There re-
mains two extremal values which correspond to minimal and maximal value
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of Cx. We know that Cj € (0,2): let us show that X = 2 is exactly the
maximum value for C%. It is sufficient to show that there is a divergence
free vector fields (u,w) so that J(u,w) = J(u,w)” and w(0) = 0, J(u,w)
being the Jacobian matrix of u,w. This is done choosing a potential flow
(u,w) = (Vp,0,1) so that ¥,(0) = 0 and Ay = 0. Split the functions into
their Fourier modes, one shows that it suffices to choose ¥ (z) = a4 cosh(|k|z)
with a € [(Z?) chosen so that the H' regularity of u,w is satisfied. As a
result, the polynom P is factorized in the form

P(X) = Th(X = 1)H(X = 2)(X — A(K))
and there is a unique minimal value A(k) which depends continuously of
M =¢|k| and 0 = ¢ +is € S!. We analyse A(k) when M ~ ¢ and M — oo.

We have calculated with a formal computation software the expansion of P
with respect to M at M = 0:

P(X) = M4g(z —1)°(Z —2) + O(M®),

so that A(k) ~ 1 as e — 0 and k lies in a fixed compact set. Next we deal
with the limit M — oo: Assume that there is Uy so that MQ(Uy, k) = 1
and MQ2(Up, k) — 0. This is equivalent to the existence of Uy; so that

\|2

/ M*(cUy oy + sUsur)? + + |0+ (CU{,M+SU£,M)2 =1,

=—1.

. CUl,M + SUQ,M
A}gnoo (CULM(l) + SUQ,M(l)) i

Denote fay = cUpar + sUs s it is easily proved that fy (1) and f},(1) are
estimated as

=2 [ (it <
%fMU <3 /(fM( ) d“—/ / [ F1e(8) i (s)]dsdlz g%.

This yields the contradiction with limps oo M=t far(1)f4,(1) = —1 and con-
cludes the proof of the Korn’s inequality. O

3.2 Well posedness of linearized Navier-Stokes equa-
tions

3.2.1 A special divergence free linear problem
In this section, we consider the special linear problem obtained from (I5HIS)),

assuming hg = 1, up = 0: the more general case |hg — 1| < 1 and |ug| < 1
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will be treated in the next section through a perturbation argument. In the
case considered here, Ay = Id and the linear problem is

Vp :
— D = 22
ou + R Redlv () + f, divu=0, (22)

with the boundary conditions at the bottom
Uy|z=0 =0,  OxUn|z=0 = Y Un|z=0 + g1, (23)
and at the free surface
(020Tm + Vaoiy ) zg=c = 921,  (202Uy — D)|z0=c = g22- (24)

We prove the existence of a weak solution. The weak formulation of (22I23]24))
is written as

) / 7.6)+ o / D) Do) + / (@it om0 G11]z00) =

/Q (F.0)+ 5 / (02, 00e0ms) — (1. 0ulm), (25)

for all ¢ € (H'(R2))? so that dive = 0 and ¢v|.y—o = 0. In what follows, we
prove the existence (and uniqueness) of a solution of (23]).

Proposition 3 Let f € L*((0, T), (H())) and g € L*((0, T), H=2(T)).
For any ug € L3,,(Q), there is a unique weak solution uw € L*((0, T), H'(Q))
of (28) and dyu € L*((0, T),(H'())'). Moreover, it satisfies the energy

estimates
t
2 2 2
max(o.p Jull2 + C / lull? < flull? +
0

t
1
C/o £ e ey + |g272\2_% + g(‘gz,l\Q_% + \91|2_%)- (26)

Proof. The proof follows from a classical Galerkin approximation process:

we only prove here the energy estimate. Substituting ¢ = w in the weak
formulation (25]), one obtains

ollull2 1
HuHo+_/D(u) : D(u)+57/|uH|zo|3:
ot 2 Ja T

(f’ u)(Hl)l7H1 + (927 u|z:€)H7%,H% - (917 U/H|Z:0)H*%7H% : (27)
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Using the Korn’s inequality on the functional space (HC%ZAU(Q))3 so that
uy|.—0 = 0, one proves that there exists a constant C' > 0 independent

of € so that
Julft < €( | Dlw)s Dw)+7 [ unl.-of’)
Q T

Moreover, using lemma [2 one has the trace estimates
fuvlecely < Clluvls,  VElunly < Cllulh.

Using a Young’s inequality, one can prove that for any n > 0, there exists
¢(n) > 0 so that

|| < ) c(n)

(92,1, urr|=c) — (917UH\Z=0)H7j b e
(92200 -3 3| < emlgaal® y + nlluv?
| w)lary e < el LTy + nlluly.

Insertmg this inequality into (27) gives the estimate
9l + < (NS Wy + oy + 2 (loaal + loaP))-

Then 1ntegrat1ng this equation on the interval (0, t) yields (26). From the
weak formulation, one easily proves

t t
1
[ W0ty < ool + [ Wy + ol + (2l + o)

Using an interpolation argument, one has u € C ((O, t), Lfm) and the unique-
ness follows, letting f = g; = 0 and uy = 0 into (26). This completes the
proof of the proposition.O

(\92 1|_; + ol %) + nlusl?,

This is a standard argument that there exists a pressure p € L*((0, t), L?)
so that /p(.,t) =0 and
Q

/Q<ut,¢>+D<u> : D<¢>—/deiv¢+ev/xug|z:o brlmo
- / (f.0) + / (g2, l—2) — (g1, ditloo) Vb € H', dylico = 0. (28)
Q X

Moreover, the pressure term p satisfies

t t 1
||p||3 < C||uollo + ||f||2H1 P+ |92,2|2,1 + —(|92,1|2,1 + |91|2,;) )
(HY)
0 0 2 IS 2 2

where C' is a constant independent of €. Next, we prove a result on the
regularity of the weak solution.
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Proposition 4 Let f € L*((0, T), H') such that 8,f € L*((0, T),(H"))
and g; € L*((0, T), H%), dgi € L*((0, T),H’%) which satisfies the compat-
wbility conditions

(8ZOU/H + onuV)zoza(t = Oa ) = 92,1(07 -)7
(8ZQU‘H|Z()=0 - ‘SWUH‘Z():O) (t = 07 ) = g1(07 )

and divug = 0, ug € H?. Then the weak solution u verifies

t
max(o, sy ([|ull3 + [Jul[5) +/ lu(s, 3+ llues, )|[ids <
0
[[uoll3 + [1.£(0, )15 + ll9:(0, )
t
1
+/ /117 + ||ft||%H1)’ + |9272|23 + |9272,t|2,% + g(|gz‘7l|zg + |gz‘,1,t|2,%)
0

3
2

Proof. Let us first prove that there exists an “initial” pressure py € H'(2),
satisfying the mixed Dirichlet/Neuman problem

—Apy = —div(A ug + f(())),
p0|20:6 = 2azou0,V|Z():€ - 92,2(0),
D=0 z0=0 = €YdiVaytio 1| .=0 + dive,g1(0) + fv(0).

This problem is well posed since f(0) € L? and ¢;(0) € H? with a com-
pactness argument respectively on f € L*(0, t; H') n H'((0, t); (H')") and
g€ L*(0,t); H2) N HY(0, ¢; H~2). We split this problem into three parts:
first, it is easily proved using a Lax Milgram argument that there exists a
unique solution po; € H'(2) so that

—Apo1 = —div(Aug + £(0)),  poilz= = 0:po1]z=0 = 0.

This is a straighforward computation (with Fourier series) to prove that there
exists C, independent of ¢, such that

Ipolly < C(IIFO0)lo + lluoll2)-
Next we consider the problem
Apo2 =0, po2lsee =h, 0:po2|.—0=0,

with b = 20,10,y |s—c — g22(0) € Hz. Using Fourier series, this is equivalent
to find pf, so that

d? d
—@pl&g + ‘k‘ngg =0, pg,2|z=s = hy, %pl&ﬂz:o =0.
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The solution is easily calculated and satisfies

cosh|k|z

d k 2 2 k 2
PUNETIERIRY - <
COSh(|k:|5)hk’ 1= poll” + [EFlipoall = C(kle) kA,

pr(2) =

1 Y
with C(y) = m/o cosh(2z)dx < Cy,VYy > 0 so that ||posa|l1 < Cl\h\%.

Similarly, the solution pg 3 of
Apos = 0,p0,3|z0=c = 0, 0.po3|.=0 = e7diva,uo 1 |2=0+diVayg1(0)+ f1(0)]20=0,

satisfies |[posli < Ci(J|uolli + |g1(0)\% + || f2(0)]|o. Let us define an initial
condition @y € L*(€) ( that plays the role of d;u(0)) as

This satisfies the following estimate
lollo + lIpolls < Cy (Jluoll2 + 1/ (0)lo + 191(0), g2(0)]3 )

with C] independent of €. We apply the previous proposition with this
initial condition that lies in the space of initial conditions of weak solutions
{u € L?/divu = 0, uy|,—0 = 0} and f,g are replaced by (f,g:). There
exists a unique weak solution w € L*(0, t; H'(2)) associated to this problem
and that satisfies the energy estimate

t
a7+ [l < s (ol + 1£0)13 + I(91,9) O
0

t
1
b [ Ay + 2oy + el y + lomadly). (29)
0

Associated to this weak solution is the pressure pressure term p € L? (which
plays the role of p;) that satisfies the estimate L?(0, ¢; L?)

[ 181 = 5 (ol + £V + lon0). 220

t
1
b [ Ay + 1zl + 2 onaly + lonady). G0
0

t t
Then, let us consider u; = ug + u, p1 = po+ [ p. Integrating on

0 0
the time intervals (0, ¢) the weak formulation on @ and using the definition
of pg, one can prove that u; is a weak solution of the initial problem with
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ui(t = 0) = ug. Then one finds that u = uy, p = p; and w, = u, py = p
satisfies the estimate (29). This concludes the proof of the proposition.O

Finally, we check the space regularity of the weak solution. One can prove
the proposition

Proposition 5 Let f € L*(0,T; H') N H*(0, T; (H')),

gi € L0, T; H3)n HY0, T; H™?)
and ug € H? satisfying the compatibility conditions
Oty + Vi |so=e(t = 0) = 921(0),  (Osoum — e7um)|z=0(t = 0) = g1(0).
Then there exists a constant C' independent of € such that the weak solution
u € L*(0, T; H3(Q)NHY 0, T; H(Q)),p € L*(0, T; H*(Q))NH (0, T; L*(2))

satisfies

T
maX(o,T)IIU||§+/ uall3 + Pl + eI + llpell5
0

SQ(IIUoII% +LF )5+ 1(91(0), g2(0))]

N = DN

T
4 [N Ny + lgnall + g2l
0

1 [T
+—/ (|glag2,l‘2§ + \91,t792,1,t|2_1)- (31)
13 0 2 2

3.2.2 The full linear problem

In this part, we consider the full problem with a divergence term and hy # 1.
Let us first deal with the case hg = 1,49 = 0 (steady state) and consider the
linear problem (2223124 with the divergence free condition replaced by

divu = h, (32)

with h € L*(0, T; H*) N H'(0,T; L?). In order to prove the well posedness
of (22I23|24]) with the divergence condition (32)), we will apply proposition @k
for that purpose, we introduce u, = V¢ so that

8¢ = %|z=€ =0.

%‘Z:O 0z
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One can prove, with Fourier series, that there exists a constant C' > 0 inde-
pendent of € such that

6]l + llgella < C(NRll2 + 1ello)-
Next, we consider f, g; such that f: [+ Aup — up, and

g1 =01 + VUn|2=0, G12 =012 — 204:P|2—c, o2 = g2+ 20,,¢.

This is a straightfoward computation to prove that there exists a constant C'
independent of € such that

11l < C(If s+ 1Pl + [1Bello),

|§1,§1,2|g + |§1,ta§1,2,t|_% < C(|91791,2|% + |91,t791,2,t|2,% + |[h]|2 + ||ht||0)7
~ ~ 1
Gaaly + [G224l-3 < C(Ig2aly + g2zl -y + == (IAll2 + Inello) ).

NG
The estimate on HﬁH(Hly is obtained using the linear Navier-Stokes equa-

tions: more precisely, one has f; = f; + Aup — up 4y and

1

: : : I
leUh,tt = htt = leUtt = div (ft -+ ﬁdl\/ (D(Ut)) Re

Then, one obtains the estimate of uy, s, (and thus f,) in L2((0,T), (H")') norm,
using elliptic regularity. Next, we apply proposition 4 on the divergence free
problem for the fluid velocity u — u;, and pressure p. Finally, we have proved

the well-posedness of the linear problem ([2223|24]) with (32) and the solution
(u, p) satisfies the energy estimates

T
sy ([l + l2) + [l + el + B +
0
<C(Iluollo + £ O + (g1, ) O3
T
[+ Uy + ol + loeack

1 T
2[RI IR + 191,900 + v gaaa). (53
0

Let us now deal with the full problem (ISIGI7IE]). For the sake of simplicity,
we assume o = 0, the inhomogeneous case o # 0 is treated as previously. In
order to deal with the more classical divergence free condition, we introduce
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the Jacobian decomposition of the fluid velocity w = Agu. The linear problem
then reads (we also drop a linear term in the form Ly(u, Vu, z,t))

~ 1 I .. =

with Py = AT A,V (W) Ay A5 T + (Va)L. The divergence condition reads
diva = 0. (35)
The boundary conditions at the bottom are written as
Uylzgm0 =0,  hy'Oulip]—0 = €7 Unlz—0 + g1, (36)

whereas the boundary conditions at the free surface read

(750 —p Id) |20=c€3 = Go. (37)

Similarly to the special linear problem treated in the previous section, one
can obtain a weak formulation of (34H37):

~ 1 ~ &y 0Xo - 0X,
at/ (AOU, Ao¢)+§/ﬂv¢ipo+R—z Xh (8 ;UH|ZO 0 O O¢H|zo 0)

~ 1 0X, 8X
Q(AO,t¢7 AOU) + (fa ¢) + @ /};(927 ¢H|20:5) - h_l( o (Z)glv O¢H|Z 0)

for all ¢ € H(Q) so that divg = 0 and ¢y |,,—o. One prove the following
theorem

Theorem 3 There isn, > 0,19 > 0 such that for any (ho,uy) € W be a
smooth solution of (@) which first satisfies |ho(t = 0) — 1o < m1 and either

e (small data, large time) ¥t € (0,T), ||ho(t,.) — 1, uo(t, .)||co < M2 or,
e (large data, small time) T sup,c(o 1) [|ho(t,.) — 1, uo(t, .)[[wze < m2
Then for all source terms f,qg;, i = 1,2 and h so that

f e L*((0, T); ng(ﬂ))ﬂﬂl((o T); (H')' (),
g € L*((0, T); H2(X)) N H'((0, T); H2(X)),
h e L*((0, T); H* ()N H'((0, T); L*()).

There exists a unique weak solution (u,p) of (22I123[24[32) and this solution
satisfies energy estimates (33) .
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Proof. The proof of this theorem follows the one of proposition 4 one first
constructs an approximate solution using a Galerkin method and then prove
uniform estimates on this solution. The only difference here is that we have
to prove the Korn’s inequality when (hg,uo) ~ (1,0). Let us first assume
that ho(t = 0) = 1. In the case of small data, one can write that

/Vu Po = /D ) +O(2) | V%,
0Xo N ,

1 _

]Q B Sinlpmol? = ( +C7nﬁ)/&hnﬂmd

Then, one can use the Korn’s inequality proved in the case hg = 1 to show
that for n, sufficiently small, there is C' > 0 independent of € so that

- 00Xy _
/vm%+ﬂ/ G inlmol” > C V.
Q

From the Korn inequality, we deduce energy estimates on the approximate
solutions: this proves the existence of a weak solution. The proof of regularity
is similar to the case of hg = 1,uy = 0: indeed the main task was to prove
a Korn’s inequality in this setting, which is done mainly using the fact that
the Lagrangian change of variable is close to identity uniformly with respect
to . The case of large data and small time is simply treated by considering
that the Lagrangian change of variable is close to identity for 7" small enough
and one can prove a similar Korn’s inequality in this case. The more general
case ho(t = 0) # 1 is treated by perturbation, simply through the change of
variable (z, 2) — (z, zho(t = 0,2)). O

4 Well posedness and convergence of the full
Navier-Stokes equations in Lagrangian form.

We write an iterative scheme to prove the well posedness of free surface Navier
Stokes equations with Navier slip condition at the bottom together with the
convergence of this set of equations to a viscous shallow water model. We
will use Tychonov fixed point theorem, as in [10], with now the functional
space

% = {(u.p) € L2((0.7): H* x H?) / || () < C(Jjuall2 + =)},
) = sl + [+ el + 1l + o

)
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The iterative scheme is written as

AO—Tvkarl
R

_7 €
_ A}g (div(Ag PEH) — VA, : g“) +FR,

€

O 4 Ag T Ve (Xo) +

div (A4 'u™t) = Hy,
with
Hy, = 04(Xo, Zo) + (0a(X*, Z%) = 04(Xo, Z0)) + div((Ag ' — A, Hu")
and
FF=(Ay" = AL Vo (X5, ZF) + Ay bV (ua(Xo, Zo) — ua(XF, Z9))
1

+ ﬁe <<A6T — A,;T)Vpk + (AI;T — A6T> (d1V<AZ'Pk) _ VA, : 'Pk)>

+ RiAOT (VAO Py — VA : PP+ div(A, PP — AL 79{;))
+(fa( X", Z8) = fu(Xo, Z0)) + fa( X0, Zo).

This set of equation is completed with boundary conditions at the bottom:

1
ul\ﬁf-H 2=0 =0, h_oazul;;—l 2=0 = gﬁullﬁj_wz:o + Gliv (38)
with G} = 57((35&22?% — 1)u’f{> |.—o and boundary conditions at the free
surface
(AG Pyt = P Id)|.—ces = G, (39)
where

Gz = Ag <(ga(Xk, Zk)_ga(Xo, ZO))+ga(XO> ZO)+('P(I)€_'P]§)H+(’P§—pk]d)(Ilo—n)> |Z:E

with
PF = (VUM A AT + AT (VU AT,
Py = (V) AT AGT + AgT (Vah) T AT

The function u**! has the initial condition uk+1|t:o = wug. Using the well

posedness results obtained in the previous section, this set of equation has a
unique solution and the weak continuity of the map is done. We first prove
that (u®, p*) is bounded, uniformly on the time interval (0,7") and uniformly
with respect to €, in a suitable norm provided that the initial condition is
sufficiently small. The proof is done in 5 steps: estimates of the Lagrangian
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coordinates (more precisely the deviation from the “shallow water” coor-
dinates), the boundary terms, the divergence term and nonlinear terms in
momentum equations.

Step 1: Estimates of Lagrangian coordinates. Let us recall that Lagrangian
coordinates satisfy the set of equations

d
—(X* = X0) = ta,u (X", Z%) = tq,u(Xo, Z0) + ul,

af
E(Z’“ — 7o) = v (X", ZF) — ua v (Xo, Zo) + ut.

Let us first compute the basic L? estimate

d
@(HX]“ — Xolls + 112* — Zo|13) < C(|lua(t, )wre) (IX* = Xollg + |1 2* — Zo]I3)
+[u*[lo (1 X* = Xollo + 12* = Zollo).-

This is a straightforward consequence of Gronwall inequality that

T
sup (|| X* = Xol[5 + 12° = Zo][3) STeC(T“’/ [u® (2, )I[5 dt,
te(0,7) 0

with C' = C(SuPte(o,T)(Hua”WLw))- There is no difficulty to extend this
estimate to higher order space derivatives:

T
sup ([|X* = Xol2 + 1 2° = Zo]2) STeC(T“)/ [uf (2, )13 dt,
te(0,7) 0

with C' = C(Supte(&T)(”uaHWl,oo)). Next, we compute boundary terms at
the bottom:

Step 2: Estimates of nonlinear terms at the bottom. In order to estimate the
boundary term at the bottom, we will use lemma 2] and The nonlinear
term at the bottom reads

det(&vXO)

R Sl VA k| - |
det (0, X*) 1)‘Z=0 U] s=0F (0. X" — 0, Xo)

GY = |0

We first compute an estimate for |gf|% Let us fix to > 1 so as H'(T?) C
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L>(T?). We then have

Gy < 7 (Julymoluo F (0. XF = 0 X0)y -+ fuy ool F (0. XF — 0.X0)] )

S €WC(|8xXk - 8xXO|oo)(|u]]€'{|z:0|to|8xXk - 81‘X0|t0
+luly |z = 0]310: X" — 9, Xols,)

il 1X* — Xolls [yl 157 Xol|to+g)
Ve Ve Ve Ve

) (1 g2 1X = Xolls

<TO(X* = Xoligs1)(

N ||Xk - X0||t0+%
<7FC( 7z

2| X* = Xollyyy2)- (40)

Then it is easily seen, choosing ty = %, that

T

T
. T
|16k e <30 Tl lom )T sup (e 1) [ k(e )l
0 € te(0,T) 0

Using lemma [3, we next compute an estimate of |9;gf| 1. One has

&G = W(@u‘}ﬂz:of (0, X" —0,Xo)+us| .o F (0, X — 0, X) (agt(X’“—Xo)))

Then, the following inequality holds:

k
a1 <e(2 ro xt_ o x
0G| <e NG | F (Os 2 X0) |2

oG (0. X" = 0,X0) sty + F1(0.X" = 0,%0)| ;)

T
<C(y/ g||Uk||L2((O,T),H3))(HukHl + [|0uF (1) | X* — Xolls
+\/E\6muk|,%|].7:(aka — 0, Xo)ug||2 (41)

T
< C(\/ g”ukHLQ((O,T),HS)) ((”UkHl + [0 [ D)X — Xolls + [lu¥[l2]| X* - XoHs)-
So that we obtain the estimate

T T
T 2
| 106tR < e Dt lasom ) TC [ 01 + 115)”

Next we compute interior estimates of “divergence” terms: this is done using
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proposition [I] and tame estimates of lemma [Tl

Step 3: FEstimate of divergence terms. One part of the divergence term

Hf = Tr((A;' — Ag')VuF) satisfies
1
IHll2 < —=C(10: X" = 0. Xolloo) [ X" = Xolls | V"o,

1H Nl < —=C(y/ < L 2o, 1) X" = Xollsllu*|ls.

As a consequence, one has

T CO/Tl lommy) | 7
/0 VAL, )2dt < ( / 1t2)°.

€

Next, we compute an estimate of |0, H}||o. On the one hand, one has

1
ITe((Ar" = AgH Vo) o < NG (102 X" — 05 Xoloo) |1 X* = Xolls]|0u® |1,

and
ITr((8:Ax — 9, Ag) V) [lo < HVURH]:oHC(@x,th — 0:.4X0)llo,
1 [|u
||T1"((8,5A/zC — ﬁtAo)Vuk) o < % H\/Q‘O’C(WJCX’IC — 0: X000
+]02uF o) (I X7 — Xoll + [u¥]]1).

So that we obtain

r k112 T T k g k112 g k 2
| 1ot < 2o i liamm) [ N0t [ e

This concludes the estimate of nonlinear divergence terms.

Step 4: Estimates of “interior” terms. The interior terms are estimated
with proposition [ and lemma [l We first compute an estimate of ||(A;” —

A TYVpF||y. One has
145" = ADVPM L < IIATT = A il + V(AT — A7) VP o
VAT = A [1*]
Ve Ve

X = Xolls l*l2- (42)

<A77 = A oo llp" [l + €5

_ C(2:X* — 0,Xolw)
N Ve
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As a consequence, we obtain the estimate

r T T k|12 T T k g k 2 g k12
| U= < 2O Dl oy [t [ 1

Similarly, the time derivative of this term satisfies
T
| 104" = ATV

T T T T
s;c(\fg||u’“||m«o¢>ﬂs>) et [ ot g
T T T T
+EC(\/;||U]€||L2((O7T)7H3)) / Oz, ) |2 / I (¢, ) 3.

The other nonlinear term with high derivatives that we consider is
= A Tdiv(ATPY) — AgTdiv(ATPE).

This is a lengthly but straightforward computation to show that

T
/0 TCIHENTYCT.

T T k g k112 r k112 k|12
< OO St lsomm) [ I B( | Tt ?).

Step 5: estimates of boundary term at the free surface. We have to deal with
the nonlinear term

G5 = A7 ((P* = Phn+ (P* = p") (g — 1) ) |-—-.

On the one hand, one has

T
[(P* =Py)nleely < C(y) Zltllazqoy.nm) IP" = Poly.

Moreover, this is a straightforward computation to show that

Xk — X, Xk — X, k
‘pk _ 7;5‘§ < C(” 0||3) I ol|s]|u ||3
2 \/g c
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As a consequence, one obtains

r k k 2 1 T k g k(12)2
|[(P* = Po)nl.=c[s < O =Nl z2omy.m) ([ Nu™]13)™
0 € € 0

For the term (P* — p*)(n —ng)|.—., we first remark that (n —ng)|,—o = 0.
As a consequence, we obtain the estimate

1P = =l

1 T k T k2 T k112 k112
< gc( Il 2qory,ms) [ NuFIEC [ a5+ [[°13)-
0 0

Hence, using the estimates on the linear problem and using that remaining
terms in the Navier-Stokes type system ([7) satisfied by the high order shallow
water approximation (ug, p,) satisfy

T
(150 Zo) 10152 X Z0) g +198Xox Zo) o 10r83.(Xos Zo) )
0

1 T a a
+g/ (HHa(Xano)Hg + [|0:Ha(Xo, Zo)lls + 195 (X0, Zo), 95.1(Xo, Zo) 32
0

+|git<X07 ZO)7 atg;J(XOa ZO)‘%1/2)> S 084.
We have then proved the following proposition.

c-1

3
&z €2, then for € small enough, one

Proposition 6 Assume that ||uglls <
has, for any k> 1
I, )% < Cllluoll3 + ).

At this step, there are two strategies: Either we use a Banach fixed point
argument and in this case we need estimates for higher Sobolev norms that
are obtained in a way similar to our previous calculation. In this case, we
can prove that the sequence (u*, p¥) is a Cauchy sequence respectively in the
space C(0,T; H*(€)) and L*((0,T), H*™(2)) with 0 < n < 1/2, see [3] for
further references. In this case, the result is not sharp. To obtain the well
posedness in critical spaces, one has to use Tychonoff fixed point procedure
as in [10]. There is no difficulty here to follow both strategies to obtain the
well posedness result in our situation since the estimate in high norms is
proved.
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5 Conclusion

In this paper, we have proved the well-posedness of free surface Navier-Stokes
equations with a slip condition at the bottom and convergence to a viscous
shallow water model in the shallow water scaling ¢ — 0, € being the aspect
ratio. In contrast to our mathematical justification of a shallow water model
for a fluid flowing down an inclined plane, we dropped the tension surface
effect (which is important in order to deal with realistic situations). This is
due to the fact that we worked in the more suitable Lagrangian coordinates.
There is no difficulty to extend this result for fluids flowing down an inclined
plane when the slope 6 is asymptotically small, §# ~ ¢ and when the uniform
flow is stable (see [§] for more details).

When the uniform flow is unstable, it is known that instabilities so called
roll-waves appear: these are periodic travelling waves. Small amplitude roll-
waves are proved to exist both in viscous shallow water equations [15] and
free surface Navier-Stokes equations [17]. However, the result of NISHIDA et
al. is proved in the presence of surface tension whereas roll-waves are proved
to exist in viscous shallow water equations without surface tension and are
of large amplitude when the viscosity is small. In order to obtain a larger
range of validity of shallow water equations, this would be of interest to prove
the existence of roll-waves in Navier-Stokes equations without surface tension
that are close to “shallow water roll-waves” in the shallow water scaling.
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