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Abstract

The aim of this paper is to provide a better understanding of the derivation
of two moments approximate models of shallow water type for thin power law
films down an incline. We limit ourselves to the case of laminar flow for which
the boundary layer issued from the interaction of the flow with the bottom
surface has an influence all over the transverse direction to the flow. In this
case the concept itself of thin film and its relation with long wave asymptotic
leads naturally to flow conditions around a uniform free surface Poiseuille flow.

This Poiseuille flow exhibits a divergence of the apparent viscosity at the
free surface which, in turn, introduces a singularity in the formulation of the
Orr-Sommerfeld equations and in the derivation of shallow water models. We
remove this singularity by inverting the relation between the fluid strain and
the deformation tensor and by keeping the fluid styain as a variable. No regu-
larization procedure is needed here, in contrast to ]

In order to derive the shallow water equations, we compute a second order
asymptotic expansion of the fluid velocity field and fluid strain in the shallow
water regime through a nonlinear iterative scheme. We show that a linearized
version of this scheme naturally provides an expansion of the eigenfunctions
of the Orr-Sommerfeld equations in the small wavenumber/small frequency
regime. The shallow water models account for the streamwise diffusion of mo-
mentum which is important to describe accurately the full dynamic of the thin
film flows when instabilities like roll-waves arise.
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1 Introduction

Mathematical models and numerical simulations for the flow of a relatively thin layer
of Non-Newtonian fluids over an inclined surface and under the effect of gravity have
important applications in natural processes such as mud flows in mountainous areas
or submarine continental slopes, debris avalanches: it is of interest to be able to
predict the characteristics (velocity, pressure, runout extent) of such mud flows for
geophysical and engineering purposes.

Herein, we consider the simple situation of a thin liquid layer over an inclined
plane. This is not a restriction if, instead, one considers an arbitrary topography
provided that the curvature is asymptotically small and slope never vanishes: in this
case, we just ,B%ﬁ}estitute the constant slope by local slope of the bottom (see the
discussion in }BC*NV]). Moreover, since instabilities in such flows are primarily two
dimensional, we will assume that the flow is two dimensional. Herein, we consider
an incompressible and Non-Newtonian fluid, modeled by the Ostwald-de Wael (also
known as the Norton-Hoff law in metallurgy) constitutive law

(1.1) 7= [ D(w) """ D(w).

where 7 is the strain rate of the fluid, u its velocity and D(u) = Vu + VuT the
deformation rate. The norm on tensors ||A||> = Tr(AAT) is the classical Frobenius
norm. The case n < 1 corresponds to shear thinning fluids (like ice) whereas n > 1
corresponds to shear thickening fluids (like some polymeric fluids).

Given the fact that the two dimensional Cauchy Momentum equations are difficult
to treat both analytically and numerically, in particular if the boundary is free, it is
important to obtain reduced models that are able to capture the relevant features,
but are mathematically more manageable. Modeling the motion of a thin films down
an inclined plane leads to a hierarchy of models. The first approximation level are
the lubrication models: in the shallow water regime and if inertia is small (small
Reynold number), the fluid velocity and pressure are determined by the local fluid
height and its derivatives. In this case one obtains a model for the local fluid height
in the form 0;h + 0,G(h,0.h,,0s'h) = 0 where G involves various algebraic powers
and differentiation orders of h. This type of equations is obtained by means of asymp-
totic expansions in power of ¢, usually called film parameter or aspect ratio between
the width of the layer and the typical length of the phenomena in the stream ése
direction. The simplest models obtained for Newtonian fluids are the Benney’s %36]
and generalized Kuramoto-Sivashinsky equations. The simplification brought by this
reduction has permitted rst study of the nonlinear development of waves using
dynamical system theory P]. In the case of Non-Newtonian fluids described by a
power-law fluids (0 < n < 1 for mud flows or ice sheets dynamic), Ng and Mei [14]
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obtained a Benney type equation and found a stability criterion for Poiseuille flows
under large wavelength perturbations. However, Benney’s equation exhibits finite
time singularities and is only valid for small amplitude waves.

In order to obtain models valid for thicker flows and larger Reynolds number, one
considers shallow water type flows: a specific shape for the velocity profile is assumed
together with a hydrostatic field assumption. Averaging the streamwise momentum
equation and the divergence free condition, one obtains an evolution system for the
local fluid height A and the local streamwise flow rate ¢. In the Newtonian case, a
first model, also called integral boundary layer model was derived by Shkadov %g], by
assuming that the flow remains close to the Poiseuille flow. However this model is not
consistent at order one with respect to €. This results in an error on the prediction
of the critical Reynolds number above which constant states are unstable under large
wavelength perturbations, an information that is import f Ra predict the onset of
roll-waves. More recently, Ruyer-Quil and Manneville FIQQI_RQQ corrected this
shallow water model by using a Galerkin type approach and even derived consistent
second order models by introducing a third variable 7 that measures the departure of
the wall shear from the shear predicted by the semi parabolic velocity profile (which
is precisely the quantity that has to be determined in order to find consistent models).

There are many attempts found in the literature to derive a shallow water model
for a thin layer of power-law fl ﬁ gﬁngM%anchgﬁfl plane, all based on the Shkadov
approach and thus inconsistent 5@ M, BOS, DMTI, DM2, HCWL]. This is all the more
problematic that these models are used to study the linear stability of power-law
filmg since a direct Orr-Sommerfeld analysis is not available. Indeed, as pointed out

QJ, the divergence of the apparent viscosity prevented (especially in the case
0 <n < 1), up to now (see thereafter), to write a suitable linearization of Navier-
Stokes equations about a Nusselt type s ]ﬁ]écion. A first order consistent shallow water
model was derived by Amaouche et al BJ, using the method of Ruyer Quil and
Manneville. The first order models obtained in this way are not unique and moreover
are not conservative, which can cause trouki%@%n the presence of shocks. In the mean-
time, Fernandez-Nieto and the two authors V] proposed an alternative model that
is first order and conservative by a more direct approach based on the expansion of
the fluid velocity and pressure field up to order one with respect to . Very recently,
Ruyer Quil et al [RQ] proposed a second order shallow water model in order to take
into account of stream wise diffusion of momentum that plays an important role in
the interaction of solitary waves when steady flow is unstable: here a regularization
procedure was needed to apply Galerkin type method when n < 1 and various incon-
sistency appeared in some terms found in the model.

The purpose of this paper is two fold. On the one hand, we aim at deriving consistent
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shallow water models that are consistent up to order two. On the other hand, we want
to validate rigorously this computation by comparing the spectral stability of con-
stant states of the shallow water model and the spectral stability of the corresponding
constant states (Nusselt flows) solution of the Navier -Stokes equations. Note that
up to now, there was no such direct study of the spectral stability of constant states
for power law fluids down an incline since Orr_Sommerfeld equations could not be de-
rived. The main issue here, as pointed out in [RQ)], is to take care of the divergence of
the apparent viscosity. Indeed, if n < 1, one cannot linearize 7 = pu,||D(u)||* *D(u)
about the Nusselt type solution when D(u) = 0, i.e. at the free surface. Since the
problem is only at the free surface and for the apparent viscosity, we have chosen
to keep fluid strain rate as a (bounded or integrable) variable. Moreover, we intro-
duce a (new) weaker form of the Cauchy momentum equations by integrating the
Cauchy momentum equations with respect to the cross stream variable on an interval
(z,h(x,t)) for all (z,t). In that setting, we require less regularity for the solutions
in the cross stream variable. Indeed, instead of assuming that solutions are bounded
with bounded derivatives, we only need that solutions lie in L2((0, h), R™) functional
spaces defined as follow

h(z,t)
LW R = {o: & B (W) [ Jolt,z,2)Pdz < oo),
0

where €2; denotes the fluid domain at time ¢. As a consequence, our new formulation
does not contain the free surface boundary conditions and we can formulate a gen-
eralization of Orr Sommerfeld equations to non Newtonian power law fluids n # 1.
Moreover, we can propose with this approach a unified treatment of the shear thinning
case n < 1 and shear thickening case n > 1. Though, depending on the case treated,
we have chosen the classical constitutive law if n > 1 and the inverse constitutive law
if n < 1. We have carried out a computation of the dispersion relation in the large
wavelength regime up to order 3 which is important to decide whether second order
shallow water models are sistent: in particular, we recover and quantify the fact
that the model derived in [RQ)] is not consistent except for n = 1.

In order to derive consistent second order shallow water models, one has to com-
pute an expansion of the velocity field up to order two with respect to . This expan-
sion is valid in a L? sense only under the assumption that n > 1/2. This threshold
for n i Nil{nportant since it seems related to conditions for Navier-Stokes to be well
posed R]: in particular, for some applications in ice sheets dynamic (n = 1/3),
one has to introduce a regularization of the power law and the linear stability and
shallow water models that may result should depend drastically of the regularization
process. Note that, in contrast to |, in our approach, no distinction between the
shear thinning case (n < 1) and the shear thickening case (n > 1) is needed.
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sec2
The paper is organized as follows: in section 2, we introduce the set of equations

that describes the motion of a thin power-law film down an incline éae% 3vvrite it in
a non dimensional form and in the shallow water scaling. In section B, we move to
the derivation of shallow water equations: we first compute an expansion of the fluid
strain rate, pressure, velocity up to order 2 and then deduce a second order shallow
water model. Throughout the study, we have considered the natural no-slip condition
at the bottom. Other boundary conditions can be considered as well; like the Navier
%%}condition which is usedﬁ&study thin film flow down a porous inclined plane

BR]. Finally, in section ¥, we derive the Orr-Sommerfeld equations and compute
an expansion of the dispersion law in the small wavenumber regime up to order 4.
We then compare with results obtained for various shallow water models. Finally, we
conclude and address some perspectives to this work.

2 Governing equations

2.1 Power fluid constitutive law

We find in the literature various parametrizations of power law fluids, which depend
on the possible applications. Usually, one describes a power law fluid (denoted PL in
the sequel) as a generalized Newtonian fluid. Then the constitutive law reads

(2.1) 7= [ D(w)[|" D(w),

where u = (u,w)? is the fluid velocity, D(u) is the deformation tensor and 7 is the
fluid strain rate and D(u) is the deformation tensor which is defined as

B 20,u o,u + O,w
D(u) = ( o,u + O,w 20,w ) ’

whereas || D(u)||* = Tr(D(u)D(u)")/2. This law is known as the Ostwald-de Waele
or Norton Hoff and was first formulated for applications in metallurgy. Note that
in the shear thinning case n < 1, the apparent viscosity u,||D(u)||"~! diverges and
becomes unbounded at zero deformation rate. In order to deal with this singularity, an
alternative approach consists in inverting the constitutive law so that the deformation

tensor is a function of the fluid strain rate. Then, one has ||7[| = p,[|D(u)|" and
ID()|| = (1p)~Y"||7||*/. By inserting this relation into (2:TJ, one finds
(2.2) D(u) = ()"

One recovers the Glen-Nye formulation of the constitutive law for PL fluids by setting
A= (p,)~Y" and n, = 1/n:

(2.3) D(u) = A||r

m—ly
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Usually, the coefficient n, lies in (2,4) and Eir%lgost glaciers n, = 3 which corresponds
to n =1/3. We use the parameterization (2.I] of PL fluids to write the Cauchy mo- .
mentum equations whereas we use (a rescaled version of) the parameterization (Eq_f)*
to carry out asymptotic expansions and to linearize Cauchy momentum equations.

2.2 Navier-Stokes eqns for a thin PL film down an incline

We consider an incompressible power law fluid, with constant density p, lowing down
an inclined plane, with a slope #, under the action of the gravity (here g denotes the
gravity acceleration). The two dimensional Navier-Stokes equations read, in the fluid
domain Q(t) = {(x,2) |0 < z < h(x,t)}:

(2.4) p (Opu + udu + wo,u) = pg sin(0) + Oy (7w — ) + 02Tuzs
(2.5) p (Ow + udyw + wd,w) = —pg cos(8) + 0 Ter + 0. (T2 — D),
(2.6) Oyu + 0, w=0.

This system is completed by the following boundary conditions at the free surface
z = h(x,t):

Oy hOyh
(2.7) —0u(Taw = P)o=h(o,t) + Tozls=hizt) = Tt 0,k
Opuh
(2.8) =0 Tazlmhie) + (722 = Plemhien = 055 e
(29) 8th + u‘z:h(xﬂf)&wh = w‘z:h(x,tﬁ

whereas at the bottom z = 0: u|,—g = w|,—0 = 0. Note that we take account of the
surface tension: the capillary coeffi ient, is d rio;clgd 0. The fluid strain rate 7 is related
to the deformation rate either by (CBT)%)r (22). Let us now write this system into a
non dimensional form and in the shallow water scaling. For that purpose, we assume
that the characteristic depth of the film is H, U its characteristic velocity and L is a
characteristic longitudinal wavelength. The shallowness of the film is determined by
the aspect ratio : in what follows, we will assume ¢ < 1. The variables (z, z,t) and
unknowns (7, p, u, w, h) scale as:

L
x=Lx', z=HZ, t==t,
v U
u=Ud, w=ecUw, p=pgHp, 7= ,up(ﬁ)”f’,
whereas the deformation rate scales as D(u) = % D'(u’) with

D'(u) = 2e0,u  O,u + €20,w
W= Ou+e20,w 20w ’
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We further introduce, respectively, the non dimensional Froude number, the Reynolds
number and the Weber number:

2 H" 2—n H 2
gl U U
gH Hp o
nsuthswéhsincd
Then, by dropping the ' and s tting A = Re sin(f)/F?, one may write (5.4,5.5,%.6)
with the boundary conditions (% 7,%.8,5.§) as
(2.10) 0T + A=¢R, (8tu + 0,u® + 8Z(uw)) + €0, (if — Tm) ,
(7o, — F2 ) Acot(0) = —£0, 7. + €°Re (w + 0, (ww) + d.w?)
O, w + 0,u=0.

Leni
The power law (5.5? Teads

1—n 1—n
(2.11) 260,u = (T2, +72.) 2N Ty, Ou+e*Oyw = (12, +72.) 2n T,

whereas 7,, = —Tyz.

Next, we set k = €2F?/W,: in order to see the influence of surface tension at

st order with respect to €, we assume that x = O(1). The boundary conditions
(EJ.?,B.S{g.ﬁi

at the free surface are given by

Rep 5Reamh8xxh
(2.12) Twz|o=h — €(Taz — ﬁ)‘wh(r,t)&vh = _’iF2(1 ¥ (20,h)2)32
R.p R.0yh
(2.13) (Tor — ﬁ”z:h(x #) = ETwz|2=h(,)Oxh = Fg(l F (20,h)2)2
(2.14) Ot + uls=n (o) Onh = Wazh(a,n)s

whereas the no-slip condition at the bottom is unchanged: u|.—o = w|,—o = 0.

Now we search for an Hilbert expansion of the fluid strain rate, velocity field with
respect to the aspect ratio € < 1: since the apparent viscosity diverges at the free
surface, this expansion does not make sense in L3°(0, h(z,t)). Though this singular-
ity is integrable and expansions will make sense in L2(0, h(z,t)) spaces under some
restrictions on n € (0, 1 and fgvlgas%table ch01%esi oflga 5 1, [ Hence we introduce a

weaker formulation of (|z lU 2. IT, 2.I1) and (|z 12, 2.13, 2. 143 that is adapted tong]us
new functional spaces. This Weak formulation is obtalned by integrating ( b_l'la')
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bcla [bc2
on the interval (z, h(z, z)) and by using the boundary conditions (bgl'i b.CIS%. One

finds
keR.  Oyhdy.h h Rep .
Ter = )\(h — Z) — F2 (1 + (Eaxh)2)3/2 ‘l‘ 5895 </Zv Toxr — ﬁdZ)

(2.15) —eR, (@(/Zhudz) —i-@x(/zhif dz) —uw),

’%Re ammh h .
F2 (1 + (€0,h)2)3/2 — €0a( / Taz dZ)

(2.16) +e’R, (@(/Zhwdi) +ax(/h uwdz) — w2)

ot P ot(0)(h — =) —

Any smooth solution of (E%’lg, Ibl% and ( .Cla, B% is obviously a solution of
(B.T& .16). Moreover, this weak formulation still holds for (7., 7,.,p) € L! (O hfz, 1))
and (u,w) € L*((0,h(z,t)). Note that one can also write a weak form of (}‘2_17%) by
integrating the divergence free condition on (z, h(z,t)): one finds

h
(2.17) w = &h + am(/ wd).

One purpose of this paper is to derive shallow water equations for h and ¢ = fohu
from the Navier-Stokes system in the shallow w ter fscaling. Crygsesgmd an exact sys-
tem of evolution for (h,q) by setting z = 0 in (2.I5) and (2.17) and by using the
impermeability condition w|,—y = 0:

h
(2.18) @h—l—@x(/ udz)=0,
0

h h ) P 1 thx
at(A Udz>+890 (/0 u _'_ﬁ):gRe ()‘h_Tmz|z:0)+8x(/0 Ed2>
K 0 h0yzh
F2 (1 + (c0,h)2)52

: Cmass .~ . : :
The mass cons%}{gtéggugaw (2°I8) is written in a closed form with (h, ¢) whereas one

needs to write ( in a closed form. This latter step is done by

(2.19)

1. Computing an asymptotic expansion of 7., .., u, w, p with respect to ¢,

2. Computing an expansion of ¢ = foh u dz with respect to ¢,
3. Writing foh u?, foh P, foh Tee and T,.|.—o as function of h,q up to a given order
with respect to e.

We will see that there are various choices for this closure step but some of them are
more natural and various constraints may also reduce the possibilities.
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3 Derivation of shallow water models

In this section, we compute an expansion of the fluid strain rate, fluid pressure and the
velocity field with respect to €. Then we deduce lubrication models that are useful
to study the stability of constant states of the full Cauchy momentum equations.
Finally, we derive a consistent second order shallow water model for power law fluids.

3.1 Expansion of solutions to Cauchy momentum equations
in the shallow water regime

£ st msi .
We assume that (u,w), (7, p) solution of (E%E.STWG,HQ.SII T ,5. Ft ;%xpand as

(u,w) = (u(o), w(o)) + E(u(l), w(l)) + 52(u(2), w(2)) +0(e?),
(1,p) = (7O, pO) + e(7 pW) 4+ (73 p?) 4+ O ().

f £ lgni
By collecting O(£°) terms respectively in (B.SHIS,E%) and (B Py ,aone finds

(0)
ng(z)) = Ah(z,t) — 2), T:((:?C) + Rep2 = Acot(0)(h(x,t) — 2) — —-

7O =0, 9.u = \/"(h(z,t) — 2)V/.
As a consequence, the fluid pressure is hydrostatic:
P = cos(0) (h(x,t) — 2) — KDysh.
The fluid velocity (u(?),w®) vanishes at the bottom and is given by

©_ n)\l/n
T n+1

w(o):—/ 9,u0dz
0

(h(([f, t)1+1/n - (h'(xv t) - Z)1+1/n) ’

h(.ﬁ(} t)l-i—l/n n
4 ( n+1 + n+ 1(h($,t) z) h(z,t)"(h(x,t) — 2) | Oh.

As quoted in %%Q], the apparent viscosity (0,u(®)"~! diverges at the free surface;
though this singularity is integrable and asymptotic expansions hold in our mathe-
matical framework.



3  DERIVATION OF SHALLOW WATER MODELS 10

Note that one easily recovers the constant, Nusselt type, solutions of the Cauchy
momentum equations by setting h(z,t) = h:

0 n\l/n (}—ll—l—l/n . (hi_z . Z)1+1/n) ’
3.1) n+1 R
( . Taz :A(E_Z% F_;ﬁ:ACOt(H)(}_L—Z),

Toe =T =0, w=0.
Hence, by restricting the analysis to small amplitude motions |h(z,t) — h| < 1, we
expect that the asymptotic expansion shall provide a useful information on the stabil-

ity of constant states under large scale perturbations: this is done in the last section
of the paper.

£ f lgnj
Next, we collect O(e) terms in (E%,B%) and (Ei Iy

h h
Tg) =—R, (@/ uWOdz + ax/ (u@)2dz — u(O)w(O))

"Rp©® KR,
(3.2) o / D dz) — "0,
(1) h
3.3 Rep” —0, 7Oy — 7).
2 Tz Tz
(3.4) 7O =2(r) = 9,u® = 2\ (W™ (h — 2)'7Y" — (h — 2)) O, h.

Hence, the correction p™ to the fluid pressure is given by

(1)
R;ﬁ; =\ ((h = 2) = 20"/ (h — )=/ B,h.
£ f
The weak formulation (E%,B%) holds only if (7,p) € LL((0,h); My(R) x R): we

easily deduce from the expression of 7Y that our calculations only make sense if
n > 1/2. In what follows, we will see that there is no additional restriction on n in
order to compute an expansion of the fluid strain rate and velocity field up to second
order with respect to . Note that such a restriction on n is also met when proving
the well posedness of the Cauchy problem for power law fluids in bounded domains
with periodic or Dirichlet (no-slip) boundary conditions ].

Now we can compute o (and thus u"). Note that it contains time derivatives in h:
it is standard in the derivation of thin film models that one can exchange time and
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Cmass
spatial derivatives. More precisely, by using the mass conservation law (2.18) which

reads

h
Oh + 893(/ uVdz) = O(e).
0

and by using the expression for u(?), one finds

n}\l/n

ah + 0, <2n+1

h2+1/n) _ O(E),

so that one can replace 9;h by —AY/"h1+1/79 h in the expression for 7.2. A lengthly

but straightforward computation that was implemented in a formal computation soft-
ware provides the following expression for 7.
(2n + 1)RFY"(h — 2) — n(h — 2)>T/n
2n+1)(n+1)
—I—/{%(h — 2)Opzeh — Ncot(0)(h — 2)0,h.
In particular, the tangential bottom strain rate expands as:

7 = R A2/mpt/m 8, h

sz‘z:O = T;Eg) |z:0 + ETm(i)‘z:O + 0(62)7

)\2/"h2+2/nR6
Twz‘Z:O =\ + ¢ (Qn——H — Mh COt(H)) 8xh —+ O<52).

(3.5)

We complete the description of the velocity field at order one by computing succes-
sively 0,u) u(.lll: foz d,uMdz and w) = — foz O,uMdz. Indeed, by collecting O(¢)

1
term into (Ei il), one finds
1
8.uM = = (A(h — 2))"/" 7
n

Tz

and u™®, w® easily follow, which completes the description of the velocity field up
to order one. For the sake of conciseness of the presentation, we only provide the
expression of interest to us, namely the correction to the discharge rate ¢):

h
qV :/ (h — 2)0.uMdz
0

2)\3/"_1h3+3/"R6 )xl/"h2+1/" COt(@) on
—<(2n—|—1)(3n+2)_ o1 1 ) wr
so that the full discharge rate ¢ expands as

B nh2<)\h)l/" (2)\3/n_1h3+3/nRe Al/nh2+1/n Cot(e)) ah

(2 ,:_Rf)Fz )\l/n—lh2+1/nammmh’
n

2n + 1 2n+1)3Bn+2) 2n + 1

kR,

_ tre N 1/n—1p241/n 2
G OFE)

+e
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Note that 7.5 does not play any role in the first order expansion of both ¢ and
7':((;?|Z:0 and thus there is no restriction on n €]0, 1] to wri Jirst order models. This
is consistent with a previous paper by two of the authors V]: the expansion was
carried out in L(0, ) which resulted in a complicated treatment of expansion near
the free surface where the apparent viscosity diverges. Here, our weaker L!(0,h)
formulation of the problem provides a simpler approach to compute a first order ex-

pansion of the solution and derive first order shallow water models.

In contrast to HEF’NV we are now in a position to derive second order expansion
nsu?ﬁns Wt e tan ential strain rate and discharge rate by using the new formulation

f the Nav1q Stokes equations under the restriction that n > 1 /2.
Collectlng O ) terms in (5 Py ), one finds

“1/n 1
7@ =2(\(h - z))l Y1 ,uM 4 T(A(h —2)) 7D 7Y

Note that this function is L1(0, ) only if n > 1/2 but 72 does not play a role in
the derivation of a second order shallow Water model. Next, we compute 7% which,

in turn, Pro fies an expression for ©® and ¢®. One obtains 7? by collecting O(&?)
terms in (2 B)

h h
@ = _R, (& / u® 420, [ w@u® — (O 4 u(1>w<0>))

h 1
Rep()
(3.6) +0, </ T -~ )

The first part of the expression of 72 which lies in front of R, is easily proved to be
L(0,h) whereas the last part is O ((h — z)'~*/")) which is L1(0, k) provided that

n > 1/2. Next, by setting z = 0 in the expression of 7

correction to the bottom stress:

, we obtain the second order
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7@,y = R2 2N (52 1401 6)\
el @2n+1)? B3n+2) (4n+3) )

2 X\n hat® (n +2) Ah2 (21 + 3)
~ e cot(f) <<2n+ 0 <3n+2>> Ot S a1y

2An L hat3 (n+1) (12n2 + 46 n + 21) (0.h)?
n(2n+1)° (3n+2) (4n+3) ’

Opzh

+R?

e

An hat? (n +3) , Ah(2n+3)
— R, cot(0) ( PRCTEY ) (0:h)* + =5
(n + 1)rAY/=Lp2/n ((1 —n)(@:h)* | 6h(0:h)*Desh 3h2(8mh)2)
(2n+1)F? ¢
2/{)\2/”_%2/" ) <(2n + 3)h20,h0pech (0 + 2)W3Oppanh )
2 ¢ n(2n+ 1) Cn+1)(Bn+2) /)"

(0zh)*

n3 n? n

Now, we compute successively qzu(f;, u® = [F9,uPdz and ¢@ = foh(h— 2)0,uPdz.
By collecting O(£?) terms in (Ei 7 one finds

1 1
1 - —1 —1, g =2 (7Y)?
8.u® = —9,w® + E(T(O)n e ()P <u +(ry2 )

A careful inspection of the various terms in the expansion of 9,u® shows that
10.u®] = O((h — 2)~"/") which is not L1((0,h)). However, u® = [ 0.u® =
O((h — 2)'7Y/) is integrable on (0,h) and the second order correction to the dis-
charge rate ¢ defined as ¢ = foh u®dz is finite. A lengthly but straightforward
computation yields the following expression for ¢®:
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(@) _ p2 AAn—2 hatS (8n® + 25m + 12) h
! “\@n+1?(Bn+2) 4n+3) Gnt+4))
317344 2
— R, cot(6) 2A h2 ot M+ 0 o

(2n+1)" Bn+2) (4n+3)
ANw hnt3 (n+2)
_I_
3(2n—1) 3n+1)
R 3An~2hatt (n+1) (3502 + 2260 + 120) (0,h)?
“\2n@2n+1)" (3n+2) (4n+3) Gn+d))

Opzh

8 An L hnt )
~Fe cot(9) (n 2n+1) Bn+ 2)) (9:h)
Awhat? (1002 4 25n 4 7 — 3(n — 1)(2n — 1)cot?(0))
6n (2n—1) (2n+1)
RPRZ (L= n)(AR)" W2 (Opeh)? | KRe(AR)Y™ (0 — 1)h?0,h0ss

(9.h)2.

Fi 2n(2n + 1)\2 2 nanr Dy o0
k(n 4+ 1) RZAR)™ (21— n)h(0,h) 12h%(0,h)%0peh 683 (04ph)?
(2n + 1)A\2F? ( (3n + 2)n? (3n 4 2)n? (3n+2)n )
KRZ(AR)?™  (2(3n + T)h30,hOpssh  2(5n2 + 141 + 6)h*0,p00h
(2n + 1)A\2F? < n(3n + 2) (2n + 1)(3n+2)(4n+3))

This completes the description of the fluid strain rate and velocity field up to order 2
with respect to €. We will use these expansions to provide various thin layer models
both one equation (lubrication) models and two equations (shallow water) models.

3.2 One equation-lubrication models

In the previous section, we expanded the fluid strain rate and velocity field with
respect to the aspect ratio € in the shallow water scaling ¢ — 0, where the coefficients
are functions of the fluid height h and its spatial derivatives and the cross stream
variable z. As a consequence, these quantities are completely determined if the fluid
height h is known. One derives an equation for the fluid height by considering the
mass conservation law

h
Oth + 0,q = 0, q:/ udz
0
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and by substituting the expansion of ¢ with respect to €. Indeed, by inserting an
expansion of g to order j =0,1,2:

(3.7) Oth + 0,q" = O(),  j=0,1,2,

and dropping O(g7™!) terms, one obtains a hierarchy of lubrication models consistent
with the full Cauchy momentum equations and of order j. The first model of this
hierarchy is a Burgers type equation

2 1/n
(3.8) b + 0, (M) o,

2n+1

which exhibits singularities in finite time. Though, it provides a useful information,
namely the phase velocity of small perturbations of constant states c(h) = (Ah)Y/"h.
The next model in the hierarchy, obtained for j = 1 is a generalization of the Benney
equation:

nh2(>\h)1/n Al/nh2+1/ncotan(9) 2>\3/n_1h3+3/nR6
O <W) =<0 (( 2n+1 B (2n+1)(3n+2)) axh)
Re)\l/n_l .
> oy y (0 D)

Equation (%E% was already derived formally in %%M] and in %V] In the former
paper, the a {Il}gfs proposed two equations shallow water models tha fre nof con-
sistent wit u@gy (even in the Newtonian case). As already noted in 1, 1,
the model E[;KTQTyields a stability criterion of c nstant states under small wavenumber
perturbations. More precisely, by linearizing (@TQT about the constant solution h = 1,
one finds

5)\1/71
2n—+1

2)\2/n—1Re Re)\l/n_l h

Oh+A70 g2 0 ) " o+ 1R

2, ((cotan(e) -

Then, the constant state h = 1 is stable if the following criterion is satisfied

3n+ 2
(310) Re S Wcotan(e) = Rec.
If the me L \éelocity of the Poiseuille flow is chosen as the characteristic velocity,
equation (E§ [0) is a generalization of the classical stability criterion for Newtonian
fluids:

5
R, < acotan(é’).
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If (%EFCCI) is satisfied, the equation (%%071 is globally well posed for small amplitude
solutions 1}1163}1 decrease asymptotically to 0. However, if this criterion is not satisfied,
equation \(TTQTiS ill-posed and one has to consider a higher order model. The next
model in the hierarchy is

Oih + 0y (¢® (h, 83h, Dysh)) = 0.

However, the next correction term here is dispersive and would not stabilize (%‘97 one
should then consider a third order model that would yield a Kuramoto-Sivashinsky
type equation. However, this type of equations only makes sense near the instability
threshold 0 < Re — Re. < 1 which is limited for applications. 1
ubn

In the last section of this paper, we relate the lubrication models (}3—77 with the
linear stability of constant states of the full Navier-Stokes equations by a direct anal-
ysis of the linearized Navier-Stokes equations, so called Orr-Sommerfeld equations
(which are written here in a non classical form).

3.3 Two equations-Shallow Water type models

In this section, we propose an alternative to lubrication models and introduce two
equations shallow water models with a source term that

1ub0 lubl
1. contain the lubrication models (lBEBT and 3-91n the limit & — 0 if Re < Re,,
2. are locally well posed if Re > Re,. for order one models,
3. are globally well posed for second order models.
. The two e%uations—s allow water models are derived from the integral equations
masfmomently . mass . . .
(b.lSzg. [9). Ej.quaElmOOIIln e(ng.ulmSE is exact and already written in a closed form. There
remains to write (b [9) 1n a closed form:

1
eR,

K O, hOzzh
F2 (1 + (£0,h)?)3/%

h h
0rq + 895(/ u? + %dz) = (A — Tys|a=0) + 895(/ Tezd2) —
0 0

One obtains a order j + 1 model by considering the truncated equation

(3.11)
he 50) 1 ' hoo O hoh
~(2 P — _ =+ ~G)y K zM0zx
atq+ax(/0 (u ) + F2 ) ERe ()\h' sz |Z=0) +a$(/0 TSCSC) F2 (1 + (Eaxh)2)3/27

with

(3.12) (@9, 79 p0)y = ng(u(j)’ 70 p@).
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Then these functions are written as function of (h, ¢) and their spatial derivatives: in
this process, various choices are possible. For the inertial term, one writes

h
(3.13) [ @z = L+ 1them + 0,
0

where the form of I depends drastically on the choice of §(n). The fluid pressure
being hydrostatic, one has

(3.14) /hﬁ](z)dz = P(h,n,e) + O(g7™).

M
Finally, we write the bottom stress as it is found in the literature e.g. in %WM]

(2n+1

(3-15) 7~_£gz+1)|zzo = (T)q) + Fj(h, n, 8) + O(€j+2).

NV
According to HEF’NV], one can write Fy(h,n,e) = 0, f(h,n) for the first order model
(7 = 0). Moreover if we add the Galilean invariance as a constraint, one has to choose
f(n) = 1. This imposes the following form of the first order model:

@h—l—@xq:(),
2 2)\2/nh3+2/n N Acot(H)h2
B+ 0, ¢ _n +(3n+ YAcot ()
h  (3n+2)(2n+1)2 4(2n+1)R,

3n + 2 2n+1,,
" 2e(2n + 1R, (Ah_ =) )
(3n +2)

K
F22(2n + 1) 0

(3.16)

DB
This model is, up to O(g?) terms, equivalent to the first order models found in %DB]
and [RQ)] (in this latter paper, this is obtained by dropping streamwise diffusion
terms):

11n+6q8xq_32n+1ﬁah (3n+2)

L+ 22 ot(0)hd,h
td+ 4n+3 h 4n + 3 h?2 2(2n+ 1R, cot(0)hd
3n + 2 (2n+1)q,,
—onx2 (w2t D)
2¢(2n+ 1)R, nh
K (3n+2)

1 —_ .
(3.17) T a0 1)
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Note that this latter system is not written in a conservative form. Indeed by using
the expansion of ¢:

g = #(Ah)l/”hz +0(e) = f(h) + O(e)

. . SW_nc .
in the convection and source terms of (t?.l /) and up to order O(eR,), one can derive
a general family of shallow water models in the form

8th + &Dq = O,

1
Oq + a(h, Q)0:h + bh, q)0pq — k(h, q)Ouzah =

eR,

(g(h) = (h,q)) .

that are all consistent up to order one if the functions a, b, k, g, satisfy some con-
straints at ¢ = f(h). We will write these constraints explicitely in the derivation of
shallow water models which are consistent up to order two.

Up to now, there was only_ane attempt to derive a second order shallow water
model for thin power law film |: however, on the one hand the model derived is
not consistent with the case n = 1 for fully nonlinear term whereas we shall prove
in the next section that quasilinear oneg are also not consistent except in the case
n = 1: indeed, as already mentioned in |, this is due to the fact that correctors
in the inertial terms are neglected.

We set § = R, and search the second order shallow water model in the form

8th + amq = 07
1

+ B (P1(h, q)Ouzh + Pa(h, q)(9:h)* + Ps(h, q)8aeq)
+ 48 (N3a(h, q)(Oraah)? + Nia(h, q)(0:h)")

+ k[ (N12721(h, Q)0 h(9:h)* + Nyo(h, q)(ﬁmh)2)
+ k8 (Nyj(h, ¢)Opzazh + N3i11(h, q)OppuhOsh) .

In the limit 8 — 0, this model provide an expansion of ¢ in the form
¢ =3+ Bq" + 3*¢? + 0(8?)

The shallow water model is consistent with the Cauchy momentum equations up to
order two with respect to ¢ if the following constraints are satisfied:

¢ =G0, (U= RGV, 4 = R
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The first constraint ¢(© = ¢© implies g(h) = (h, f(h)) with

F(h) = ¢ (h) = 27]1 COm)

Next, the constraint ¢V = R.g™") is satisfied only if:

f(h)? = alh F(B) = blh SN (h) _ ) OB Qwme?
Vy(h, f(R)) ST @2n+1D)(Bn+2)A  R.(2n+1) ’

k(h, f(h) _ (AR)Y"h

be(h, f(R))  (2n+1)F2X

Finally, we consider the constraint ¢® = R2§® and A(h) = ,(h, f(h)). First, we
identify the term in front of 9,,h in ¢®® and G®:
Py 4+ (AR)Y"hPy (2R(AR)Y™ — b)((AR)¥™h? — a — (AR)'/"hb)
_l_
A A?
(8n2 + 25n + 12)h5(AR)>/"
A2(5n+4)(4n+3)(3n +2)(2n + 1)?
2 3/npd
5 (5n* + 14n + 6)(Ah)*/"h cot(0)
R.(4n+3)(3n+2)(2n + 1)2A
4(n + 2)(Ah)/"R?
3(3n+1)(2n — 1) R?
Next, by identifying the terms in front of (9,h)?, one obtains

nPs+ (n+ DORY"Py | a+ bh(A)" — h2(AR)?"
nA 2A3

y DR A (anony e — abyus,

3(n + 1)(35n% + 226n + 120)h*(\h)°>/"
T 2X2(5n + 4)(4n £ 3)(3n + 2)(2n + 1)2
AR)3/™ R

_8)\n(3n(—i— 2))(2n e R

(AR)YR2(—6n2 + 9n — 3)
6n(2n+1)(2n — 1)R?

(AR)Y"R2(10n% 4 13n + 19)
6n(2n+1)(2n — 1)R?

(5R*(AR)*/™ — 3RB(AR)Y™ — @) 1y

cot?()

Then, by identifying the term in front of (hy,)? in ¢®,G®, one finds

Noo 1 ( (n+ 1)(Ah)3/mh? (n+1)()\h)2/"h2)

A F2UnBn+2)2n+1) © n@2n+1)AA
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By collecting the term in front of (hghee.) in ¢, G®), one obtains

Nyt 5 (3n 4+ 7)(\h)3/mh3 (n — 1)(Ah)Y"h? cot(9)
A nA2(3n+2)(2n+ 1)F?  nAF?(2n+1)R,

(n+1—2n%)a+ (5n — 2n?)bh(AR)Y™ + (2n% + nh3b, — (9n + T)h%)(AR)?/"

N n(2n + 1)\ALF? '

Then, we collect the term in front of (hy)? hey in ¢, G-

A F2 -

N12721 o 1 12 (n + 1)()\h)3/nh2 (n + 1)()\h)2/nh
n2X2(3n+2)2n+1) n2A2n+1)AF? )"

Next, we identify (9,h)* in front of ¢(®, §®:

Mg _ 1 ( (L =n)h(AR)Y" (0 — 1)()\h)2/") |

A P2 \"n32@Bn+2)(2n+1) n3\A

Finally, we identify respectively (hmm)2 and Opppph terms in ¢@, g@:

Nyo K ((n=1QAR)Y"h>  h*(AR)* 4y,
B 2nA\2(2n + 1) 2(2n + 1)24X2 )’

A F4

and

Ny 1 (5n% + 14n + 6)R*(AR)>™ (b — 2R(AR)Y™)h2(AR)Y/™
A F2\"(4n+3)(3n +2)(2n + 1)2)2 (2n + 1)AX '
We search for a shallow water model that is consistent and is in the simpler and

classical form: for that purpose, we try to cancel the fully nonlinear capillary terms
N, ; which contain four derivatives. First, if one sets Noy = 0, then A = ¢, (h, f(h))

is given by
n-1 . _1ta (30 + 2) nh2ts \n
A pum— 7L1 1":/ (7 pum— _—
Ah 2 Ya | s 2n+1

One possible choice for 1,(h, q) is then

(3n+2)

Uq (h,q) = qn_l (2n+ 1)" pLp 20 .

and by integrating with respect to ¢, one finds the natural form of the friction term
for power law films
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(3n+2)
2

(2n+1)q.,
( nh? )"

¥ (h,q) =
The capillary coefficient k is written as

(3n+2)h

Hh9) = S )

As a byproduct of our particular choice, we also get N3o = Nigo1 = N1y = 0. In
order to cancel [Ny, one needs

nh>t= \= 1. 14n (11 n + 6)
blh. —— ) =n\rh »
)= Sn2+10n+3
and consequently, a suitable choice is
q(11n+6)
b(h,q) = ————=.
9= T3

The consistency of the shallow water model at first order yields:

nh2+n \n AR h2 0 n2 1202 +17n+6 M
ﬁ) = —COt(e)
n

h _
alh, 821 10n+3  2@n2+10n+3) R

One possible choice is

2 1) ¢? 2
32n+1)q 3n + )\—hcot(e).

)=~ 3 1 T s DR,

We also get N3; 11 = 0. Finally, there remains to determine F;: one suitable choice is

In(n + 1)(5n — 4)\~1FA/np3+4/n

Pa(h) = 4(2n+1)2(4n +3)(5n+4)(3n+ 2)’

1 (10m*+25n+T7)(3n+2) ,(2n+1)q.,_,
Py(h) = R212(2n —1)(2n + 1)(n + 1)( )
Pl(h) _ 2n2(1 _ n))\—1+4/nh4+4/n

(2n+ 1)2(4n + 3)(5n+4)(3n + 2)
1 n(3n+2)(9+ 10n — 29n? — 14n?)q

(2n+1)q., 4
R212(2n —1)(2n+1)2(3n+ 1)(n+ 1A )

3.18
(3.18) e

(
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DB
Note that the first order consistent model found in }%A—DB] and H%%Q] is precisely the
one for which the correction terms due to surface tension vanish. The second order
shallow water model reads

1In+6q0,q _2n+1¢> (3n +2)

L e P Y A To e sy AL
_ 3n+2 (2n+1)q,, K (3n+2)
C2(2n+1)B ()\h ( n h? ) ) T 2(2n + 1)h8mmh

Note that P, and P, which play a role in the linear stability of constant states has
2n — 1 in the denominator and only make sense if n > 1/2. Once this condition
satisfied there is no distinction between the shear thinning case n < 1 and shear
thickening case n > 1.

4  Direct stability analysis

In this section, we study rigorously the linear stability of constant Nusselt flows
without any regularization of the apparent viscosity. We show that the expansion of
velocity field and fluid strain rate carried out previously in the shallow water/small
wavenumber regime provide naturally an expansion of eigenfunctions and eigenvalues
of the Orr-Sommerfeld equations in the small wave number regime. In particular, we
show that the dispersion relation associated to linearized lubrication equations about
the constant state h = 1 yields the expansion of the eigenvalue A &~ 0 of the full
problem with respect to the wavenumber k& — 0. This analysis is valid up to order
2, the order of the discharge rate expansion carried out previously: for completeness,
we have computed an expansion of the eigenvalue A ~ 0 up to order four with respect
to k in order to generalize the classical results for newtonian fluids.

4.1 Rigorous formulation of the Orr-Sommerfeld equations

In this section, we write rigorously the linearized Cauchy momentum equations about
a Nusselt solution: in this case, the apparent viscosity diverges at the free surface.
Though, by using our weak formulation and keeping the strain rate as an unknown,
we remove this sin ularity. We start from the non dimensional C uah momentum
equations (bTU, IT) completed by the boundary conditions (2.12,2.13,2.14) and fix
e = 1!, For the sake of conciseness, we have neglected surface tension in this discus-

LAt this stage, we do not focus on a particular wavenumber regime
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sion.

In what follows, we study the stability of the constant (in x and ¢) Nusselt solution

hO = 17 70,22 — )\(1 - Z)v To,xx = 70,22 = 07 Po = C(l - Z)7
0 n\l/n (1 (1 )1+1/n)
‘/‘/ — l/ = — — Z .
O T T

We linearize the Cauchy momentum equations about this constant solution

, O.p 1

(4.1) Oyu + UpO,u + Ujyw + 7z = 7 (02Twx + 0sTuz)
d.p 1

(42) at'w ‘l‘ anx'w ‘I’ F2 - E (a:cT:cz _I' aszz) 9

The linearized boundary conditions at the free surface are written

~ P Toz Cil
Tz|2= :)\h, T lz=1 T 5 lz=1 = 7495
(4.4) Trelet PRl TR T
' oA
@h—l— na 10xh = 'UJ|Z:1.

The constant solution has a singular apparent viscosity: in order to write the lin-

earized problem, we invert the relation 7 = |D(u)||""*D(u) as D(u) = |7/ 7.
Then, we linearize this constitutive law:
1—n ) 1—n
(4.5) A1—=2)) n T =20,u, —(AN1—-2) n 7, =0u+0d,w.
n

Since the velocity field is divergence free, there is a potential function ¢ so that

u=—0,¢, w = 0,0.

nsulhswhsincl pl_lin, . bc_lin
The system (4. TA.2}4.3) and (4.5) with the boundary conditions (iZ[ZI) are homoge-

neous in time and space: we then search for solutions of this linearized system in the
form

Then, one finds

R, ,
T:;z =ik ( b Trz 1 Re(U0¢ —(A+ UO)Cb/)) )

F2
Ijéf — 7 =ik (1ys — ik Ro(A + Up)o),
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whereas the boundary conditions read

Rep

sz‘z:l = >\}~l, —2|z:1 - Tzz|z=1 = >\C0t(¢9)}~l,
(4.6) X b ) /
(Mz:l — ( + n+ 1) ) ¢|z=0 - (Z) ‘z=0 - 0

The linearized constitutive law reads

1—n 1—n
A7) M1=2) 1 7 = —2ikd, —% A1=2) 7 1= ¢ + k2.

1
Following the strategy of the previous eccction, we integrate (&SGCE over the interval
(z,1) and use the boundary conditions (4.6): this yields

1
R 5 : 1 1
4.9 D = Acot(Oh — ik | Tdi— k2 | R.(A+ Up)edz.
F2

This comes with

(4.10) v = —2ik(A(1 — 2))1 7Y
(4.11) b= / / Y)Y+ K2(y)dydz.

In particular, one has

1 y1/n—1
Bloct = —/0 A (1= )77, (1 2)0(2)dz.

4.2 Connection with the shallow water expansion

In what follows, we will consider the low wavenumber regime k£ — 0 which corre-
sponds to the shallow water regime for the Navier Stokes system: we shall prove
that Orr Sommerfeld equations are a linearized version of the “weak” formulation of
Navier-Stokes equations and that expansion of eigenvalues and eigenfunctions of Orr
Sommerfeld are obtained directly by the linearized iterative scheme.

In the shallow water scaling, 7, u, w, p are functions of A and its partial derivatives
and one can compute an expansion with respect to € up to order 2:

2
(ryu,w,p) (2,2, 8) = > e (78w, w®, pM) (2, h(z, 1)) + O(?).
k=0
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We denote
(TO? UO? PO) = (Ta(:(z)')> u(O)ap(O))(za ]-)7
. P
To=M1—-2), Uy=n\/"(1—-(1-2)"")/(n+1), RF20 = Acot(60)(1 — z).

nsuf mswf |cmassz

By di frgglgiating the weak formulation of Cauchy momentum equations (2.15,2.16,2.17)
and (2.TT) about h = 1, one proves that

satisfies the problem:
1-n 1 1-n

2e0,ii =Ty " Fow, 0.0+ 20,00 = Ty T, @i|.—o = 0.

and
- 1 R, -
Tez =N+ €0, (/ Tz — ﬁ(ﬁjLPo(l)h)
1 ~ ~ 1
—€Re <8t(/ U+ Uo(l)h) -+ 8m(Ug(1)h -+ 2/ an) — U()TI]) s

R.p L ;
%@x%_iﬁézzzkcot(e)h__gi% <;/'7}Z%_jb(1)h)

+&2R, (&(/le) +8m(/21 Uou?)) :

cmassz
whereas the linearized mass conservation law (2.17) 1s written as

1
W = 0yh + 0, (/ i+ U0(1)B) . W|seo = 0.

Then, it is a straightforward computation to prove that

- 1 R.p
Foo = Ah + 0, (/ Fow — Ff)

—&R. (@(/: @) + &,c(/z1 Uoti + Uéu?)) :

. Rep g
Toz + gy = Acot(0)h — 58x(/z Toz)

+eR, (at(/zlw) +(’>’x(/z1 Uoﬁf))
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These equations are homogeneous in x and ¢: we search for solutions in the form of
plane waves

(7, @, @, p) = "N (7(2), —¢'(Z)>i§¢(2)>p),| fmeeifplel
ns NSW C

hich yields precisely the linearized Orr-Sommerfeld equations s (497, 77 and
WAL ),(A.9),(’.7)
(A.6) by setting k = ££. As a result, one obtains directly an expansion with respect to
k of eigenvalues (A, ¢, 7) simply by identifying the coefficient in the Taylor expansion
with respect to ¢
(4.12) A=A+ kAW + B2A® + O(k?)
(4.13) =AO 4 e AW 4 220 L O(P).

Indeed, the expansion of A is easily obtained through the mass conservation law

1 1
8Jz+8x(/ i+ Up(1)h) = 0 :>Ai3+/ i+ Uy(1)h = 0.
z 0

1
Recall that ¢ = foh w so that § = dq|p=1h = / @+ Uy(1)h. Moreover, we have proved
0
in the previous section that ¢ expands as
¢ = ¢ (n) + eqV (1)d,h + (¢ () Duuh + 72 (B)(9,1)?) + O (%),

so that ¢ is given by

G = (Y (D) +eqW(1)0,h + 2¢P(1)Dpeh + O(e?)
From this expansion and by using the relation A + ¢ = 0, one finds

AO — (qOY(1), AN = _jg®) AR — 4@

This yields

AO = _p\Un o A = ((

20" IR, Areot ()
2n +1)(3n +2) 2n+1 )’

and

C AXn2 (8% 4 2571 + 12)
‘N@2n+1)?Bn+2) An+3) (5n+4)

—Recot(9)< 2)\2_12(5n2+14n—|-6) )

2n+1)" (3n+2) (4n+3)
4w (n+2)

oD@+

(4.14)

Similarly, one can obtain an expansion of the potential ¢ and fluid strain 7 up to
order 2 with respect to e.
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4.3 Higher order correction to Orr Sommerfeld
eigenvalues/eigenfunctions

We stopped the full non linear iterative scheme up to order 2 both from applications
point of view (it is sufficient to derive second order shalllow water mdels) and due to
some limitations due to the integrability of nonlinear terms in the expansion. How-
ever, at the linear level, one can continue the expansions one step further. As an ap-
plication, one could deduce a consistent amplitude equation of Kuramoto-Sivashinsky
type near the instability threshold.

Recall that we expand 7, ¢, p with respect to k(=€) as k — 0:

(r.0,p) = (19,09, p@) + k(rW, oW p) + K27, 6@ p@) +- O(?).
1f 1
Collecting O(k°) terms into (\ZIH.SSH,E.QWE and (ECLEH)) yields

R.p© -
70 = 7T = Acot(0)h.

7O = Ah,

Tz

We then deduce that

This provides
n)\l/n n}\l/n

n+1 n+1

¢(0)‘Z:1 = A0 ¢ — A\

so that A(O = —)\1/7, Next,lnvglell(%omp%sewﬂgher order corrections. For that purpose,
we collect O(k) terms into (A.8) and (A.9): this yields

1 (0)
0= / (R@p + R (U™ — (A + Uo)(¢<0>)’) dz

2
, RenA¥™ (1 —2)*n 12
=—i ()\cotan(ﬁ)(l —z)+ 1 ( mel )) .

Then, one obtains

(¢(1))// _ i)\l/n (

By integrating twice this equation with the boundary conditions ¢|,—g = ¢'|.—o = 0,
one finds

co n(l— (1= z)*t/n
¢(1):M1/n< t(@)(z_ (1-(1-2) )))

COUB) | _ i RN (L2 (1 z)l/")) |

n n+1 2n+1 n

n+1 2n + 1
+.R )\B/n—l n(l o (1 - Z)Z-i—l/n) N n ( n(l - (1 o Z>3+2/n)
1R, —z z— )
(n+1)2 2n+1 dn + 2 3n + 2
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This yields

2n+1 3n + 2

As a result, we obtain the following expansion

1/n 2 2/n—1
AL = A (cot(@) — L) :

. . >\1/n 2R6)\2/n—1
A(k) = —ikAYm — k2m (cot(e) — W) + O(k3).

which provides the stability criterion under small wavenumber perturbations

(3n + 2N~/

R, < cot(6).

M NV
This criterion was already derived in FNM] and FFNV] from a consistent lubrication
theory. However, this is the first rigorous result that is derived directly from the
Cauchy momentum equations through a Orr-Sommerfeld type analysis. The key point
was to introduce the weak formulation so that one can obtain a well posed linearized
problem. This approach is also suitable to compute higher order corrections of the
dispersion law. Thus, we further collect O(k) terms:

P = 20 (1 - ) — (1 - 2))

This function is integrable only for n > 1/2. Next, we compute p:

R.p !
(4.15) LA . z/ OFES

2 TT Tz

(2)

From this equation, we deduce that 7,7 is given by

1 (1)
Wi | (R@p D 4 R(Us) — (A® + Up) (6D — A<l><¢<°>>'>) &,

/ 1/n 1 (2 +¢ d'ydg
We deduce that A® = ¢®|,_; is given by
A _ 2 AXn2 (8% 4 250 + 12)
2n+1)> 3n+2) (4n+3) Gn+4)

_Recot(9)< 2>\%‘12(5n2+14n+6) )

2n+1)" (3n+2) (4n+3)
AXe (n+2)

32n—1) Bn+1)

(4.16)
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To the next order one finds:

) = “2i(A(1 — 2)) (6O,

Re (2) 1 1
2% [ i [ a0

This yields the following expressions for (Tﬁ), »®)

. ! Re (2) / /
Ty = i / (FL =72+ Re(Ugo® — (A0 + Up) (9) = AW (61V) — AP (o) )) dz,
z z 1 B R
o == [ [ Sou= o) in o+ Vs
0 JO

As a result, we deduce that A®) = ¢®)|,_; reads:

A® _ o [ B A%3 (40815 + 3414 n* + 893513 + 9890 n2 + 4905 n + 900)
“\ @n+1)°Bn+2? @n+3) (5n+4) (6n+5) (Tn+6)

R2cot(6) (32'/\3‘2 (24415 + 2248 n* + 567513 + 5940 n2 + 27761 + 480))
- CO

2n+1)°(3n+2)? (4n+3) 5n+4) (6n+5)

20 A1 iAn (2n+7)
+R,cot?(0 — cot (8
()((Qn—l—l) (3n+2)> ()<3 (2n—1) (4n+1)
R iAn1 (988n5 + 5666n° + 11622n* + 1082513 + 5008n2 + 1120n + 96)
¢ (2n—1)(2n+1)2(3n+ 1)(3n + 2)(4n + 1)(5n + 2)(5n + 3)

As a by product of this analysis, one recovers the clas (kal lues found in the
expansion of the dispersion relation for a Newtonian ﬂuldijK ‘FB (n=1 A=3if
the reference velocity is the mean value of the Nusselt solution):

A =3,
AW = (cot(@) — 61:6) ,

1 12
A® = —70 R, cot(0) + 7R62 + 3,

75872 17363 2 1413 9
3) _ B ) 2, K
A (25025R 5775 Recot(f) + 5R600t (0) + R cot(6) 500t(9)) .
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4.4 Comparison with other shallow water models

e shallow water models proposed in this paper are consistent up to order 2. In

|, a first order shallow water model was proposed but also shown inconsistent

since it did not predicted the correct stability threshold (derived from a consistent

Benney type equation). Since then, other models was proposed in |. In particular,

in the shear thickening case n > 1 where the regularization process does not introduce
singularities, the authors proposed the shallow water model:

8th—|—aquo’

R.Oq=R —F(n)ga q+ G(n)q_20 h| + I(n) h(l _ Cotan(9)0 h) N q|Q‘n_1

e e h” h2 " x (¢0h2)”
poh? h2 " h o zzq |
with
n 1In+6 6n + 3 3n + 2

Y=g FW= dn+3 G(:)_M’ [(”)—m,
Ly(n) = (2n+1)(3n + 2)(12n° + 36n* +n — 1)’ My (n) = 2n+1)(2n+T7)(3n+7)

6n(2n —1)(3n+1)(4n + 1) 6(4n+1)(2n—1)

The coefficients K (n) and .J;(n) are unimportant here since we are going to study the
stability of steady states under small wavenumber perturbations. For that purpose,
we linearize the previous system about (h,q) = (1, ¢¢). The system now reads

Oh + 0,q=0,
ROy = Re (G(n)¢g0.h — F(n)¢0nq)
+I(n) ((2n+ 1)(h — q) — cotan(0)0,h)
+M1(n)0peq — L1 (1) P00zzh.

We search for plane wave solutions in the form (h,q) = e*(A®)t+a) (iz(k), cj(k‘)) and
expand both eigenvalues A and (71, ¢) with respect to k — 0 as

2
(Ahg) = K (AD 1D G9) + O(K?),
j=0



4 DIRECT STABILITY ANALYSIS 31
with the normalization 2(®) = 1 and AV = 0,7 = 1,2. Inserting this expansion into
the linearized system yields
Ah+G=0,
iRJkAG=ikR, (G(n)¢gﬁ . F(n)¢og>
+1(n) ((2n +1)(h—q) — z'kcotan(@)iz)
k% (Li(n)goh — Mi(n)q)
By collecting O(k°) terms into this system, one obtains
A© + q(o) =0, 1- q~(0).

So that, one finds A© = —1. Next, by collecting O(k) terms into this system, one
finds

AW4g® =0, iRADGY =R, (G(n)#2 — F(n)go)—I(n) ((2n + 1)§'V + icotan(f)) .
From this system, we deduce

~ ccotan(f) 2
AW =R R ,
e e N E )

At this step, one can conclude that the shallow water system found in HilgnQ] is con-
sistent up to order one (at least at the linearized level). At the second order, Ruyer
Quil et al. pointed out that the terms quadratic in 0,h, 0,q found as n = 1 was not
consistent with the order two shallow water model. Next, we show that even at the
linearized level this system is not consistent except in the case n = 1. Indeed, by
collecting O(k?) terms in the linearized system yields

A® + 6(2) =0,
iR(AWG? + AO Gy = iR F(n)ogV — (2n + 1)I(n)§® + Ly(n)¢y — My (n).

From this equation, we find

G 4 (5n*+14n+6)
‘2n+1)°(3n+2)* (4n+3)
2 (5n*+14n+6)
2n+1)% (3n+2) (4n+3)
4 (n+2)
3(2n—1) 3n+1)

—R.cotan(0)

+
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One finds indeed that, in comparison to the A of the Orr-Sommerfeld computations,

4 (1 —n)n?

A(K)Ia=1 — A(k) = RZK 2 2
2n+1)"Bn+2)" 4n+3) (5n+4)

+ O(K%).

As a consequence, the model derived in HilgnQ] for shear thickening fluids (n > 1) js.not
consistent, even at the linear level with Navier-Stokes equations.: as quoted in 1,
this is due to the fact that some corrective terms due to inertia are neglected.

5 Conclusion and Perspectives

In this paper, we have derived consistent shallow water equations for thin films of
power law fluids down an incline. For that purpose, we have introduced a new,
weaker, formulation of the Cauchy momentum equations. In particular, we have
kept the fluid strain rate as an unknown in order to deal with the divergence of the
apparent viscosity near the free surface. In this new framework, we have computed
an expansion of the velocity field, in particular the bottom strain rate and streamwise
discharge rate up to order 2 with respect to ¢, the film ratio. We have then generated
a family of consistent models of shallow water type. Up to first order, we proposed a
new model that is consistent, conservative and invariant by Galilean transformation.
Up to second order, we proposed the first fully consistent shallow water model that
is an extension of the one proposed in ].

One classical test to verify the consistency of shallow water models is to compare
the spectrum associated to the linearized equations about a constant state and the one
that arises from a direct analysis of the Cauchy momentum equations. As a byproduct
of our new formulation of Cauchy momentum equations, we propose the first rigorous
spectral analysis of power law fluids down an incline. We have derived a suitable
linear problem that is an generalization of Orr Sommerfeld equations for newtonian
fluids. We have shown that the nonlinear expansion of the velocity field in the shallow
water scaling provides a natural expansion of eigenvalues and eigenfunctions of this
generalized Orr Sommerfeld equations.

Our analysis is restricted to n > 1/2 and strongly suggests that the free surface
Cauchy momentum equations are ill posed if n < 1/2 even at the linearized level. As
a consequence, the use of the power law in some applications like glaciology n = 1/3
or for various polymers is questjonable: in such situations, one has to regularize the
power law at low strain rate. In[RQ)], the authors used such a regularization procedure
in order to compute shallow water models for shear thinning fluids n < 1 whereas
it is useless if n > 1. Here, we show that both cases are treated similarly provided
that n > 1/2: as a result, one has to recover our models and expansions when the
parameter of regularization goes to zero if n > 1/2. In contrast, if n < 1/2, one needs
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a regularization procedure to derive shallow water models and these models should
strongly depend on the regularization procedure: this question shall be treated soon
in a future work.

There are various exemples of regularization of the power law found_in the liter-
ature like the Carreau law or mixed power law/newtonian law used in ]. In the
later case, a strain threshold is introduced: below this threshold, the fluid is newto-
nian and above, it is a power law. The authors introduced this law in order to do
computations explicitly but the threshold is fixed which may leads to some inconsis-
tency if one let this threshold goes to zero. The Carreau law seems more natural but
computations are not explicit. Then, a generalization of this law that would lead to
explicit computations is of interest in order to compare with our results: this problem
and the influence on the derivation of shallow water models, stability properties of
constant states are very interesting for applications purposes (sea of ice, flows of poly-
mers with n < 1/2). Another interesting extension to this work would be to study
the influence of the boundary conditions at the bottom, in particular if the no-slip

condition is replaced by the Navier-slip condition: this is of interest if one considers
flows of power law fluids down porous media BR]
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