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A VARIATIONAL PRINCIPLE FOR KALUZA-KLEIN TYPE
THEORIES

FREDERIC HELEIN

ABSTRACT. For any positive integer n and any Lie group &, given a definite
symmetric bilinear form on R™ and an Ad-invariant scalar product on the
Lie algebra of &, we construct a variational problem on fields defined on an
arbitrary oriented (n + dim®)-dimensional manifold ). We show that, if &
is compact and simply connected, any global solution of the Euler—Lagrange
equations leads, through a spontaneous symmetry breaking, to identify ) with
the total space of a principal bundle over an n-dimensional manifold X'. More-
over X is then endowed with a (pseudo-)Riemannian metric and a connection
which are solutions of the Einstein—Yang—Mills system equation with a cosmo-
logical constant.
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1. INTRODUCTION

In 1919 T. Kaluza [I0] (after an earlier attempt by G. Nordstrom [14] in 1914)
discovered that solutions of the Einstein equations of gravity in vacuum on a
5-dimensional manifold could modelize Einstein equations coupled with Maxwell
equations on a 4-dimensional space-time manifold, provided one assumes that the
5-dimensional manifold is a circle fiber bundle over space-time and that the metric
is constant along these fibers. This was rediscovered more or less independentely
by O. Klein [12] in 1926 (and also by H. Mandel [13]), who proposed to assume
that the size of the extra fifth dimension is sufficientely tiny in order to explain why
this dimension is not directly observed. Since then this fascinating observation has
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2 FREDERIC HELEIN

been an important source of inspiration and questioning (see e.g. [6]). It has been
extended to include non Abelian gauge theories [5l [11], 3, 4], in order to unify the
Einstein equations with the Yang—Mills equations on a curved space-time and, in
particular, it becomes an important ingredient of the 11-dimensional supergravity
and the superstrings theories. It remains today a subject of questioning (see e.g.
[1L [I8]).

However some difficulties plag this beautiful idea:

First in the initial proposal by Kaluza and Klein the coeflicient gs5 of the met-
ric on the 5-dimensional manifold along the fifth coordinates was assumed to be
constant, which leads to inconsistency. This point was raised by P. Jordan [9] and
Y. Thiry [I6], who allowed this coefficient to be an extra scalar field. However this
scalar field is a source of difficulties as to its physical interpretation.

A second problem is to explain why we don’t ‘see’ the extra dimensions. The
current answer since Klein relies on Heisenberg uncertainty principle: by expanding
the fields in harmonic modes on each fiber and by assuming that the extra dimension
is tiny we deduce that all modes excepted the zero one should be extremely massive
and this would explain why we cannot observe their quantum excitations.

But lastly the fundamental question is to understand why these extra dimensions
are fibered and compact (and tiny if we want to support the above hypothesis):
could a dynamical mechanism explain these assumptions, instead of relying on an
ansatz based on an ad hoc hypothesis?

In the following we present a model which answers to these questions, without
relying on a smallness of the fibers assumption, provided that the structure Lie
group is compact and simply connected (hence this excludes U(1), for which our
mechanism does not explain the compactness of the fibers without extra ad hoc
hypotheses).

Notations — Let n be some positive integer and let b be some symmetric non
degenerate bilinear form on R™ (e.g. a scalar product or the Minkowski pseudo
metric on R™).

Let & be Lie group of finite dimension, equal to 7, and let g be its Lie algebra.
Let k be a scalar product on g which is invariant by the adjoint action of & on g. We
consider the vector space g := R"@®g and endow it with the bilinear form h := bk,
i.e. such that h((v,§), (w,n)) = b(v,w)+k(&n), Y(v,§), (w,n) € R"®g. We endow
¢ with the Lie algebra structure [(v,&), (w,n)] = (0,[£,7n]), Y(v,&), (w,n) € §. We
set N :=n+r.

Let (t4)1<a<n be abasis of g such that (tq)1<e<n is a basis of R™ and (t4)n+1<a<n
is a basis of g. We will systematically use the following conventions for the in-
dices: 1 < A,B,C,... < N and 1 < a,b,c,... <n < a,B,7,... < N. We set
hag := h(ta,tr), ba = b(te,ts) and kap := k(ta,tz). We denote by Cgc the
structure constants of § in the basis (ta)1<a<n, defined by [tg, tc] = tAcgc. We

observe that
o hab haB o bab 0
(hz) = ( hap  hag ) - ( 0 Kap )

(cA ): Coe  Coy  Chy _ 0 0 O '
BC Che cﬁ‘w C%V 0 0 cgfV

and
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We denote by (tA)lgASN the basis of g* which is dual to (t4)1<a<n. We endow the
Lie algebra so(g, h) of the rotation group SO(g, h) with the basis (tap)1<a<B<N
such that, if u = tau? € g, tap(tc) = tahpco —tphac and we pose tap := —tpa
if A> B.

For any smooth manifold M and any nonnegative integer p denote by QP (M) the
space of smooth p-forms on M. When considering g-valued p-forms ¢ € §® QP (M)
we will use the decomposition ¢ = ta¢?, where ¢4 € QP(M), VA. Similarly if
¢ € so(g,h) @ QP(M), we set ¢ = %tABqSAB, with ¢48 + ¢B4 = 0, and we pose
¢ B = hpp ¢AB'. Lastly if ¢ € §* @ QP(M), we decompose it as ¢ = pat™.

The model — Let ) be a smooth oriented N-dimensional manifold. We define
the space of fields H to be set of triplets (6, ¢, 7), where

0 g (Y), ie 0isa l-form with coefficients in g
¢ € so(g,h) ® NY(Y), i.e. ¢ is a 1-form with coefficients in so(g, h)
Teg @AV "2(Y), ie pisa (N — 2)-form with coefficients in g*

and which satisfy the two constraints

(1) rank(f',--- V) =N  everywhere,

so that (#1,---,6") is a coframe on ), and

(2) 0°N* AT =0, Ya,b=1,---,n.

We note 3o A@]AB := 2o A P8 and $[OA0]4 = LcA 64 A 6P and lastly we set
91(4732) = aeiA A a%ﬁl A--- AN where J is the interior product and (%, R aeiN)
is the frame on ) which is dual to (6%, -- V).

Then to any (0, ¢, ) € H we associate the action
1 — 1 1
(3) A[(6, ¢, 7)) := / 59543” A (dgaAB + §[<p A ga]AB> +TAN <d9A + 5[9 A 9]A) .
y

Theorem 1.1. Assume that & is compact and simply connected. Let ) be a smooth
oriented N -dimensional manifold and let H be as above. Then for any triplet
(0,0, ) € H which is a global solution of the Fuler—Lagrange equation of A, there
exists a Lie group &g whose universal covering is &, an n-dimensional manifold
X and a submersion P : Y — X which has the structure of a principal bundle
with structure group B¢ over X. Moreover X is endowed with a pseudo-Riemannian
metric g and a connection 1-form A which are solutions of the Einstein—Yang—Mills
system of equation

() {(Bnarat g (PP AP =

VeFL 0 — o) AYF 5o =0

where Ein(g)®q := Ric(g)®a — 3R(g)8§ is the Einstein tensor of g, k 1= %cg‘wcgehv€
and F :=dA+ F[ANA]

The hypothesis that (6, ¢, 7) is a global solution in Theorem [[Tl means the fol-
lowing: by building a Riemannian metric associated to 6 on Y (e.g. Zf{zl(ﬁA)z),
we can endow ) with the induced topology. Then the solution is said to be global
if Y is complete without boundary.

Comments on Theorem [I.1— First note that, to any § € goQ! () satisfying
(@), one can associate the pseudo-Riemannian metric h = bap00° + kaﬁﬁo‘ﬁﬁ on Y.
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The action A is the sum of [}, %91(4_32) A(dp?B + 3o A ¢]*P), the N-dimensional
generalization of the so-called ‘Palatini’ functional on ), and of fy TAN(dOA + 316 A 6]1),
which is at the origin of the spontaneous symmetry breaking and fibration.

If one is familiar with the ‘Palatini’ action it is not difficult to see that, if the
action is stationary with respect to variations of ¢, then the connection on T')
associated to (6, ) is torsion free and hence is the Levi-Civita connection for h.
The variation with respect to 7, which plays here the role of a Lagrange multiplier,
leads to the relation df + 1[0 A 6] = 0 mod[6]. Using exterior differential calculus
4 la Cartan and Frobenius’ theorem (as e.g. in [8 [I7]), one deduces first that
YV is foliated by submanifolds f which are solutions of 6| = 0, Va = 1,--- ,n.
Further applications of Frobenius’ theorem show that one can locally define a map
g : Y — & the restriction on each leaf f of which is a local diffeomorphism. The
global solution hypothesis and the hypotheses on & then imply that the leaves
actually close up and form the fibers of a fibration over a quotient manifold X.
Still using the relation df + 1[0 A 6] = 0 mod[#*] one deduces that % = e* and
0% = (gAg~' + g~ 'dg)®, where e* and A are pull-back forms of 1-forms on X. We
then set F := dA + §[A A A], the curvature 2-form of A.

Then the variation with respect to 6 leads to the equation

1 (_ _
591(43‘% A (dcpAB + oD A chB) = —dnc — chHA AT mod[@,(YN 1)].

One can recognize on the left hand side the Einstein tensor of h on ). Hence,
in order to prove the first equation in (@), things would be easy if the right hand
side of this equation would vanish. But this is obviously not true. However a
miracle occurs, analogous to what happens in [7} [§]. After a gauge transformation
e® = 5’2‘95 and wg = Sg,wa'ﬂ/(5*1)§ —dS’g‘,(S’*l)g , where S = Ad,, the previous
equation translates as

1 (- _

5654332; A (deB +wip A wPP) = —dpc mod[efy D]
The key observations are that the left hand side is constant on any fiber, whereas the
restriction of the right hand side to any fiber is an exact form. Both observations
lead to the conclusion that %654_;)0 A (dw?B +wie AwCB) = 0 mod[egy_l)], ie.
the two blocks Ein(h)?. and Ein(h)?, of the Einstein tensor of w vanish. This is
enough to imply (). The resulted picture is analogous to the one described in [2]:
the manifold (), h) is not Einstein in general but leads to solutions of the system

@) anyway.

2. THE EULER-LAGRANGE EQUATIONS

In the following we assume that (6, ¢, 7) € H is a critical point of .A. We denote
by h = bap020° + ka590‘9ﬁ the induced metric on Y.

2.1. Variations with respect to coefficients of 7. Since rankf = NNV, the family

(6%,---,0N) is a coframe on ), there exists unique coefficients H gc such that

do + %chGBN/\ 0 = LH{L08 A 150 and Hjo + Hép = o].V We note V) :=
—1 2 —

0N, 00 i e ), 57 1= g e B0, 61520 = e g

(N) -2

BC
ma Opc s

%cﬁ . Hence we can decompose any (N — 2)-form 74 as 74 = %
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where 7§¢ 4+ 7GB = 0. The hypothesis (@) then reads 7%’ = 0 or

N—2) 1 N—2
(5) ma = g Y

A first order variation of (6, ¢, m) keeping 6 and ¢ constant and respecting the con-
straint (B]) thus induces a variation of 7 of the form dm4 = x?ﬂ@lgfy*m + %Xiﬂyﬁgzd).
The fact that the action A is stationary with respect to such variations of 7 thus
reads

1 1
/ 5ma A (deA + 510 G]A) = / (XfJHg‘,‘Y + §XTH§V> o) =0, W XY
y y

and lead to the Euler-Lagrange equations Hl;‘}y = Hf?»y =0, VA,b,8,7. We thus
deduce that

1 1
(6) 04 = do* + 5cgceB AGC = EHIQob A 6°
or equivalentely
o do" = HLO N6
9> + 5¢3.,0° N0 = SHpO" AO°

2.2. Variations with respect to ¢. Keeping § and 7 fixed we look at first order
variations dp = 1 of . This induces the condition that, for all 4,

1 — — ! _ !’ .
5/ d(W‘B Ao, 2)) + A A (defﬂg DB AT — oA A/\HXYBQ)) -0
y

Assuming that v has compact support we deduce the relation
(402 + " n 0V ) 05 = dol P = o 5 A0S — oY a0l =0

which implies that the torsion 2-form df4 + %4 A 94" vanishes. Hence the
connection on TY associated to ¢ is the Levi-Civita connection of (Y, h), where
h = h,50465.

2.3. Variations with respect to . We first observe that, through a variation
86 = 7 of 0 keeping ¢ and the coefficients 7y and wﬁ'y fixed, we have

N—2 N-3
0 (9,(43 )> =7 HSLXBC)’

plus the relation 04 = dr4 + CgCTB A 0€ which implies

A NGO =d (TA A 71',4) +74A (dﬂ'A + chGB A 7rc)
and lastly dmyq = ﬂ'f’ﬂ (Td A 91()%_3) + 70N 9}7%_3)) —l—%wf{y (Td A G(B]jd_g) + 79N 9[(3];[6_3))
which, thanks to ©4 A 95}{;{;3) =04/ 9;{3{;3) =04/ 92{\;{;3) = 0 by (@), leads to

(0ma) A 04 = —WZWHI;L;Td A 6‘,(YN_1).
In conclusion, by assuming that 7 has compact support, we obtain
1 _
/yTC A (5954]\;03) ADAB WZWHZ;L‘CHSYNA) +dro — B4 A 7TB) =0

where we set ® := dp + [ A ¢]. Hence we deduce the Euler-Lagrange equation

1 _ _
(8) 59%9 AOAB 4 dre — B0 Amp =0 mod[N V]
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where, for any 3-form 1, ¢ =0 mod[@éN_l)] means that there exists coefficients ¢
such that 1 = g Y.

3. THE FIBRATION

For simplicity we assume in the following that ) is connected. If not it suffices
to apply the following in each connected component of ).

From the first equation in (7) we deduce that d§® = 0 mod[f®], Va = 1,--- ,n.
Since the rank of (6,---,6") is equal to n everywhere, Frobenius’ theorem implies
that, for any point y € ), there exists a neighbourhood of y in which there exists
a unique submanifold f of dimension r crossing y such that 6% =0, Va=1,--- ,n.
Hence Y is foliated by integral leaves of dimension r.

Consider any integral leaf f. It follows from the second equation in () that
d6® + 3169 A 69]]¢ = 0, where 9 := t,6*. Consider on the product manifold f x &
the g-valued 1-form 7 := dh — h68, where (y, h) denotes a point in f x &. From the
identity dr+h(d9+3[0A60]9)+7 A% = 0, we deduce that d(T|rxe) = 0 mod[r] and
hence, again by Frobenius’ theorem, the exterior differential system 7lfxe = 0 is
completely integrable. This implies, for any point y, € f, the existence of a unique
map g : f — & such that g(y,) = 1le and dg — g6%|f = 0. Moreover g is locally
invertible.

Consider any smooth path v : [0,1] — & such that v(0) = 1s. We can
associate to it a unique path w : [0,1] — f such that u(0) =y, and (u,vy)*r = 0.
In particular the hypothesis that (), h) is complete ensures that the differential
equations defining v has a solution on the whole intervalle [0, 1]. Since the exterior
differential system defined by 7 is closed, to any path homotopic to v in & with
fixed extremities it corresponds a path homotopic to w in f with fixed extremities.
Since & is simply connected we can thus define a unique map 7" : & — f such
that T(1s) = y, and (T x Id)*t = 0. Hence & is a universal cover of f and, in
particular, since & is compact f is compact.

For any x = (a!,---,2") € R", let X be the vector field on ) defined by
X = x“a%ga. Let fy be some integral leaf. Since fy is compact, there exists a
neighbourhood 7T of fy in ) and some ¢ > 0 such that, for any = in the unit ball B™
of R", the flow map (¢,y) — €% (y) is defined on [—¢,¢] x T. We observe that, due
to (@), Lx0* = Hz"0°, Ya. Hence there exists functions M2 on Y (depending
on ) such that (etX)*Ha = M26°, Va. For any leaf f C T, let v : f — Y its
embedding map and ¢; := €' os. Note that the image of ¢; is e!* (f). We have then

;70 = (e o L)* 0% =" (etx)* 0% =" (M20°), Va.
Thus the 1-form t,6¢ vanishes on e (f) iff it vanishes on f, i.e. fis an integral leaf iff
"X () is also an integral leaf. In particular the map B" x fo 3 (x,y) — =" 297 (y)
is a local diffeomorphism onto a neighbourhood of fy, which provides us with a
local trivialization of the set of leaves. Hence the set X of integral leaves has the
structure of an n-dimensional manifold and the quotient map P : ) — X is a
bundle fibration.

Set e* := 0%, for 1 < a < n. From %Je“ = a%ﬁJde“ = 0 we deduce that there
exists a coframe (%), ,.,, on & such that e* = P*e®, Va. Thus we can equipp X
with the pseudo Riemannian metric g := bye®e’.

In the following we choose an n-dimensional submanifold ¥ C ) transverse
to the fibration and (restricting ourself to an open subset of Y if necessary) we
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define the map g : Y — & which is constant equal to 1 on ¥ and such that
dg—g0%|¢ = 0 for any integral leaf f. We then define A := g%g— —dg-g~!. Relation
dg — g6%f = 0 then translates as Al = 0 and hence we have the decomposition
A = A,0% Moreover since

(9) 09 =g 'Ag+ g 'dg,

we have df9 + S[OA0]® = g~ (dA+ L[ANA])g = g7' Fg, where F := dA+ J[ANA].
In particular we deduce from (7)) that &%JCLA =0,YVa=n+1,---,N, ie. the
coefficients A, are constants on the fibers f. Moreover we have

1
(10) Fe = 5 el Ael,

I are constant on the fibers.

where the coefficients Fy. = gH g~

4. GAUGE TRANSFORMATION

In the following we define the map S : ) — End(§) such that V(v,§) € g =
R" x g, S(v,€) = (v,9&g~ "), where g : Y — & is the map defined previously.
Extending to g the adjoint action of & in a trivial way, we may write also S(v, &) =
g(v,&)g~1. Let (S§)1<A73<N be the matrix of S in the basis (t4);« 4y, i.€. such
that S(ta) = tpSE. We remark that S takes values in SO(g, h) since the scalar
product k on g is invariant by the adjoint action of &. We define a new coframe

(eA)1<A<N by e4 = S50F. Equivalentely
et = 0% Ya=1,---,n
{eo‘ = SE‘HB Ya=n+1,---,N
Then e = (gf%g~1)® and (@) imply
(11) ¢ =A%+ (dgg")*, Ya=n+1,- N

We deduce that
de® — e ANe]® +[ANe]*

de® — Llene]® +[(e—dgg™) Ne]®

de® + 5le Ne]* — [dgg_al Ae]*

(9dbg" + [dgg™ Ne])” + Fle Ae]™ — [dgg™" Ae]®
= (g(do+30n0])g7")

from which we deduce the useful identity

1 1
(12) de® — 5[6/\6]a+ [ANne]® = F*:= EFboéeb/\ec.
Let us translate the left hand side of () in the new coframe. First we define
e = el A--- AeN and note that e®¥) = #N), Moreover defining eleN_l) =
B—Z;Je(m, 654]\]]3_2) = 6—2/; A 8%46(]\[), we observe that, since %; = &%SE, we have

o = D ga gIN=2) — (DA 5B and 001D = el 2, 54 5B 5¢
Second let w be the so(g, h)-valued connection 1-form in the coframe (e?)1<a<n,
which is equal to w := SpS™! —dS S~ Let Q:=dw + 1[w Aw] = S®S™!, where
® =dyp+ 3[p A ). Then @48 = (5714, (S~H)B,QA'B",
We deduce that 91(4]\;;3)9‘43 = 654]\;;3,)9‘43 Sgl. Hence (8] is equivalent to

1 _ , B
(13) 5654]\;303)9143 + (d?TC/ — Cf\)C/@A A 7TB) (Sil)g -0 mod[egN 1)]7
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where, for any (N —1)-form ¢, ¢ = 0 modle (N_l)] iff there exists forms ® such
that ¢ = el Y.

Lemma 4.1. We have

(14) (dmer — B0t A TB) (S—l)g/ —d (Wc, (S‘l)g') mod[eéNil)]-

Proof — From the definition of S we deduce d(S~1)§ = —(S™1)G e (P —AB).
Hence
d((5)8me) = (57 ehole? — AP) Amor + (ST (drer)
= —(SHG BoSE OB Amer 4+ (STG epoAB A + (ST (drer)
But because of [Ady(§), Ady(n)] = Adg([€,n]), V€, n € g, which is equivalent to

A GB gC' _ GA A NC' A B C ~1yC"
cmenSE SS = S4cae, we have (S™)G epoSE = G on(STE . Thus for the

first term on the r.h.s.,
(SG cAoSE 0P Arer = c5on(STHE 08 Amer = B 04 Arp(STHE
and hence

d ((s—l)gm) = (drer — B0 Amp) (STHE +(S™HG AP Ao

However we deduce from (B)) that o = ch/el()l’:/ 24 3 (Bﬂegv ? and, since AB =
ABec we get (S™G cpo AP Amor = —(S™ )gchCA{fwb& (M= — mod[eéN_l)].
Hence (4]) follows. O

Thus if we define pc = mo/(S™1)E we deduce from () that (I3) is equivalent to
(15) 56%3 AP 4 dpe = 0 mod[e{N ).

We need to compute dpc. For that purpose we use the a priori decomposition

po = plgel(fvv 2) + 1 Melgx ) We first compute using @ and [@2)

delgiv 2 = de® /\el()Na 3)—i—de /\e(J,:[ 3)
HS e eV 1)—|-c l()N b _ W(Aﬁ)begN_l)
= (H::b—cm(Aﬁ)) N = 0 mod[efN V],

where we have used the fact that, since & is compact, its Lie algebra g is unimodular,
which reads ¢, = 0. Similarly

de(ﬁjj_z) = de* A 6,% a -3) —|— de® N 6]\(/;];[ %) .
0+cf (g gﬁe(V Dy €3 Ca ( )
0 mod N
Then by writing dplg = pc €€ +p €7 and dp’BV = pc LeC + pgvge‘; we get
de = p5; ’Yel()N 1) pbc’):begnyl) +pg:y’ye(6 -1) _ pc 761(,N 1) mod[e(N_l)]
Lastly by decomposing Q48 = %QABCDeC AeP, we find that 1654]\;03) AQAB =
—Ein(w) cefL‘N Y where Ein(w)4¢ = Ric(w)Ac—§ (w)64 ¢, Ric(w)?c :== Q48 cp

and R(w) = R1c(w)AA. Obviously Ric(w)? ¢ is the Ricci curvature, R(w) the scalar
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curvature and Ein(w)” ¢ the Einstein tensor, in the coframe (eA)1<A<N. Hence we
. : . N1 T (N—1
find that (3] is equivalent to (Em(w)ac — pac'f,y) N =0 mod[eé )], or

(16) Ein(w)aczpac’r’y, VQ:17...,TL7VC:1,...,N_

We will come back to this equation later on.

5. THE CONNECTION AND THE CURVATURE FORM IN THE COFRAME (GA)1<A<+T

We need to compute the connection 1-form w and the curvature 2-form. As a
preliminary we first set 7. to be the connection 1-form on (X, g) in the coframe e®,
i.e. which satisfies Y%¢ +~°* = 0 and de® +~v%. Ae® = 0. Then we set v?, := P*~%
which satisfies similar rel_ations, which, toggther with ([I2)), leads to B
(17) { X bde“—l—”yl“c/\ec = 0

de® — 5Fyie® Ne® — 50%‘7((5‘3 —2A%neY = 0

Now the connexion 1-form w is uniquely characterized by the condition w”? +
wBA = 0 (preservation of the metric) and de? +w” - Ae® = 0 (the torsion vanishes),
which can be written
(18) { de® +wec NeC+wiy ANe? = 0

de® +w. Ne+w*, Ne? = 0
Comparing with (I7) we are tempted to assume that w®, = —%c%‘,y(eﬁ — 24P),
which fulfills the condition w®? +w?A® = 0, since c%‘,y,k"*lV —l—cga,ko‘/a = 0 because the
metric k is preserved by the adjoint action of g. We also guess that w®, = —%Flj'éeb,

which forces automatically w®, = %kW/FbVC,gC,Ceb, in order to satisfy w®® +w’® = 0.

Then in order to fulfill the first relation of (I8]), one needs to assume that w®, =
Vi — —kW/FV b*%e7. We then check that wa® = ¢ — Tky /F"Y b *b e is skew

a’c!

symmetric in (a,c). Thus we see that the forms wA¢ deﬁned by:

( wle W'y ) | e %kp/FL};Cb“/“eV %1ka%', b“/“eg
w¥  w —3Ffe —5¢§,(e” —2AP)
satisfy ([8) and wA¢ +w4 = 0. Hence this is the Levi-Civita connection 1-form of

(¥,h). In the following it will convenient to set F7p := F}l, F\ % := k.W/F’Y/a/Cb“,“
and F,ch = k'y'y/F’Y/bc/ bc/c. Then

<wac wa'y)_<’70__F7067 %F )

W W, —5F e’ 3¢5, (e’ — 2Aﬁ)

We can thus compute the curvature 2-form 04- = de +wip AwBe.
a a 1 a a 1 a B b 1 b ! 1 a B b A

Qe =d ”YC—EF»Y £+ ”yb—EFﬁ/ be N ”yc—ng/ €7 —Zng/Fc/ce Ne
a a, b 1 a 1 a B a b’ 1 a B b’ B’ B’

Q ’Y:d(F’Yb e )+§ ¥ b—§F5/ »e /\(F’yb/ e )—FZFﬁb/ Cgr, € /\(2A —e )
« « b 1 a b’ b 1 b v 1 B a B’ B’ b

Q c = —d (F bc€ )—5 (F b'be )/\ Yoe— §F')’/ c€ _ZF bCCB/ﬂ(2A —e )/\6

1 1 / 1
0%, = §d (cg,y(2A5 — eﬁ))—z (Fo‘b/beb )/\(F.Yc/ e )+4cﬁ 56 (2A5 —ef ) (2A’V —e ).
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Lastly we obtain the components of the Ricci tensor Ric(w) through a lengthy
computation.

1
(19) Ric(w)“d = Ric(v)“d — §F3acFﬂdc

where Ric(7)%q == (dv*c 4+ 7% A ”ybc)de b® is the Ricci curvature of v, and using
the decompositions dFs*¢ = F5% e and v%, = (7%p).€S,

3 a 1 ac a C (6] a [e3 ac
(20) Ric(w)®s = 3 (F5%c + (7%0)e 5™ + (7%)Fs™ — €l ATF )
: a 1 be o 1 a B e
(21) Ric(w)%s = ZF(; F%. — Zcﬁ,ycéek

We deduce the scalar curvature R(w) of w in function of the scalar curvature R(y) :=
Ric(y)%:

1 1
— SF " F% g — 5, ch k7

(22) Rw) =R(7) - :

Hence the Einstein tensor of w is

3 a 3 a 1 ac 1 C (e a 1 (63 a
(23) Ein(w)%q = Bin(y)% — 5 (Fﬂ FPy — ZFab F®.6 d) + gcﬁvcﬁ(;w% d
and Ein(w)%s = Ric(w)®s is given by (20).
An important observation is that the components of Ein(w)®; and Ein(w)%s are
constant on the fibers f.

6. THE EINSTEIN-YANG—MILLS EQUATIONS

We conclude by exploiting the fact that the fibers f are compact without bound-
ary. Let u(™ = e"*1 A+ eN and set p& ™Y = -2 ;" Va. By integrating both
Oe

sides of ([I8) on a fiber f we obtain

/f Ein(w)?cp'” = /f Pl u") = /f d (p“c”u(J‘”) =0.

But on the one hand, the components of Ein(w)®¢ are constant on the fiber f, as
seen in the previous section. Hence

) ffEin(w)“cu(T)
24 Ein(w)te =4—~-
1) ® G

Thus, using (20) and 23]) we deduce that v and A are solutions of the Einstein—
Yang—Mills system

=0.

{ Ein(y)%q — 5 (Fg2FPac — 1P F*0090) + e chsk%6% = 0
F5a07c + ('Yab)cFébc + ('YCb)cFéab _ C’(L;AgFryac = 0
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7. CONCLUSION

Given a compact, simply connected structure Lie group & and an (n + dim®)-
dimensional manifold without any structure a priori we defined an action functional
on a space of fields on this manifold, such that each critical point of this action which
satisfies fairly broad assumptions produces spontaneously a fiber bundle structure
on the manifold and solutions of an Einstein—Yang-Mills system on the quotient
manifold.

Klein’s hypothesis that the metric is covariantly constant along spontaneously
created fibers was abandoned a long time ago because apart from its physical mean-
ing, this assumption seems to be artificial, to quote [6]. However, our model shows
the existence of dynamic mechanisms that naturally imply that this hypothesis can
be verified.

Our construction works in particular if & is equal to SU(2), SU(2) or SU(2) x
SU(3), but not for U(1) or U(1) x SU(2) x SU(3) in full generality. In the latter
case one needs to assume the further hypothesis that the leaves of the foliation
close up to compact fibers to reach similar conclusions. Additional mechanisms
should therefore be used to avoid the necessity of the latter hypothesis. Another
challenging question is how to include fermions in the model.
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