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NON-COMPACTNESS OF INFORMATION STRUCTURES

FABIEN GENSBITTEL, MARCIN PESKI, AND JEROME RENAULT

ABSTRACT. We say that two type spaces over a fixed space of uncertainty are d-away if
there exists a zero-sum payoff function (uniformly bounded by 1) such that the values of
the zero-sum game on the two type spaces are d-away from each other. We show that the
induced topology is not pre-compact: there exists 6 > 0 and a set of infinitely many type
spaces such that any two of them are d-away from each other. Thus, it is impossible to
approximate the entire universe of type spaces with finite sets. Moreover, this construction
shows that there exists type spaces having the same joint distribution of beliefs of arbitrarily

high-order that are d-away from each other

1. INTRODUCTION

In some situations, agents have an opportunity to choose information structure before
they acquire information and make decisions in the game, or even before they know what
game they are playing. Examples include a stock market trader who develops a software to
process and analyze large amounts of financial information before he knows what stock he is
going to trade, or, a spy master who allocates resources to different tasks or regions before
she understands the nature of future conflicts.

A fundamental problem for such agents is to understand the scope of their choices. Many
information structures are similar precisely in that they induce a similar strategic situation
in any future game, and they lead to similar outcomes. An agent faced with a costly decision
to replace the existing information structure with an alternative will decide against it if the
latter leads to very similar outcomes. This leads to a question of classification: is it possible
to divide all information structures into a finite number of classes such that all type spaces
in the same class lead to similar outcomes? A related question is about the relation between
the value of an information structure and the details with which information is described.
The question is whether these details matter significantly or there is a limit to gains from

improving information.
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2 NON-COMPACTNESS OF INFORMATION STRUCTURES

In this paper, we show that the answers to the above questions are negative. There are
infinitely many significantly distinct information structures. There is no limit to changes in
payoffs induced by better information.

In order to give a precise statement of our result, we need to introduce some terminology.
We model information structures as Harsanyi common prior type spaces over a fixed space
of uncertainty Q@ = {0,1}. (Because our results are negative, the restriction to binary
fundamental uncertainty is without loss of generality). We focus on situations of strictly
conflicting interests, which we model as a zero-sum games. We say that two type spaces
over a fixed space of uncertainty are d-distant if there exists a zero-sum game with a payoff
function uniformly bounded by 1 such that the values of the induced games on the two type
spaces are 0-away from each other. The main result of the paper is that such distance is not
pre-compact: there exists 6 > 0 and a set of infinitely many type spaces such that each one
of them is d-away from any other.

In the proof, we show that there exist sequences of games and type spaces, in which the
players essentially report their types and obtain payoffs that depend on whether their report
is consistent with the report of their opponent. The payoffs are chosen so that the players
have incentives to report their information truthfully. The main difficulty is to make sure
that the payoffs in these games are uniformly bounded as the type spaces grow. (To compare,
our idea is similar to [5]. However, notice that the latter paper requires unbounded payoffs
that typically grow with the size of the type space).

All the type spaces in the sequence are all d-away from each other for some § > 0.
Nevertheless, we choose the type spaces in the sequence so that they are related with each
other. For example, they can be nested within each other in a sense that each player receives
a strictly better information as we move along the sequence. Moreover, for each n < m,m’,
the joint distribution of beliefs of order n is the same in the mth type space as in the m’th
type space.

The proof is nonconstructive. First, we identify two properties, that, if satisfied by a
sequence of type spaces, ensure that the results that we describe above hold. The properties
can be interpreted as a way of ensuring that the different levels of information that players
receive are not correlated. Next, we describe a stochastic process of choosing the type spaces.
We show that, with a large probability, the realization of the process will satisfy the required
properties. In particular, a sequence of type spaces with required properties must exist. (The
basic idea of the proof relies on the probabilistic method that was popularized by P. Erdés;
for a general overview of the method, see [1]. We are not aware of any other application of
the probabilistic method in the economic theory.).
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Our paper answers in the negative the last open problem posed by J.F. Mertens in
[11]'. Specifically, Problem 2 asks about the equicontinuity of the family of value func-
tions val(7T', G) over type spaces across all (uniformly bounded) zero-sum game. The positive
answer would have imply the equicontinuity of the discounted and the average value in re-
peated games, and it would have consequences for the convergence of the limits theorems.
However, our results imply that the answer to the problem is negative.

This paper adds to the literature on the topologies of type spaces. This literature was
spurred by an observation in [14] that solution concepts are highly sensitive to higher-order
beliefs. [6] introduces uniform strategic topology in which two types are close if, for any
(not necessarily zero-sum) game, the sets of (almost) rationalizable outcomes are (almost)
equal. They show that finite types are not dense in such a topology.” [3] and [4] provide
a characterization of the uniform-strategic topology in terms of the uniform weak topology
on belief hierarchies. The key difference between our notion of distance on type spaces and
the uniform strategic topology is that we work with ez ante information structures and
solution concepts, whereas the uniform strategic topology is designed to work on the interim
level. The ex ante notion is more appropriate to the information design context, since the
information structure is evaluated before players receive any information, perhaps because
the same information structure is used multiple times in different situations. (In the examples
listed at the beginning of the introduction, financial software is used to process information
about multiple potential investments, and a spy network is used to collect information about
various potential threats.)

Another potential difference is that the uniform strategic topology applies to all (including
non-zero sum) games. We believe that it is important to restrict constructions to zero-sum
games in which the conflict is a dominant aspect of the strategic situation. At the same time,
we note that the non-compactness result easily extends to non-zero-sum games. Because one
can draw from a larger space of test games, the non-zero-sum conclusion is weaker than our
main result and it has an independent, direct, and simpler proof.

Finally, this paper contributes to a recent but rapidly growing field of information design
([8], [7], [2], to name a few). In that literature, a principal designs an information structure
which the agents use to play a game with incomplete information. The objective is to
maximize the principal’s payoff from the equilibrium outcome of the game. We likewise

!Problem 1 asked about the convergence of the value, and it was proved false in [15]. Problem 3 asked
about the equivalence between the existence of the uniform value and the uniform convergence of the value
functions, it was proved to be false by [12] and [9].

2(See also [13]). [6] focus mostly on the weaker notion of strategic topology that differs from the uniform
strategic in the same way that the pointwise convergence differs from uniform convergence. The finite types

are dense under the strategic topology.
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analyze an agent who chooses or compares different information structures from the ez ante
perspective. However, unlike the information design literature wherein the game is typically
fixed, we compare type spaces uniformly across all games.

Section 2 describes the model, the main result, and some corollaries. Section 3 describes
the properties of the type spaces and games. Section 4 describes the games and computes
values of the type spaces that satisfy the properties from the previous section. Section 5 uses
the probabilistic method to establish the existence of a sequence of type spaces that satisfies
the properties from Section 3.

2. RESULTS

Let Q = {0, 1} be a space of payoff-relevant uncertainty. A (finite) type space T is a tuple
(U, V, u) of finite sets of types U for the maximizer, V' for the minimizer, and a probability
measure i € A (U x V x Q). Let T be the collection of all type spaces.

A (zero-sum) game G is a tuple (X,Y,g), where X and Y are finite action sets of the
maximizer and the minimizer, respectively, and g : X xY x {2 — [—1, 1] is the payoff function
of the maximizer. Let G be the collection of games. For each game GG and each type space
T, let val(T, G) denote the value of game G on type space T. We distinguish between two
type spaces so far as they lead to different behavior in some game. For this reason, we define
an equivalence relation ~ on T, where T' ~ S if and only if val (G, T) = val (G, S) for each
G €G.

It is well-known that if 7" and S induce the same distribution over the space of Mertens-
Zamir hierarchies of beliefs, then 7' ~ S (see Proposition 111.4.4 in [10]).

2.1. Non-compactness of the space of type spaces. Define the distance between two
type spaces T and S as the supremum over the value differences across all zero-sum games:

d(T,S):zlég|v(G,T)—v(G,S)|. (2.1)

It is easy to show that d(.,.) is a pseudo-metric on 7 and a proper metric on 7/ ~ . The
induced topology is of uniform convergence of type spaces, uniformly across all games G € G.
Our two main results are corollaries of the next proposition.

Proposition 1. There exists ¢ > 0 and a sequence of type spaces (Tl)
such that for all 1 < p <1,

51 and games (G”)p21

val(T', GP) > ¢ and val(T", G'*!) < —e. (2.2)

Moreover, for all integer n, the sequence of joint distributions of n-order beliefs induced by
the sequence of type spaces T' is eventually constant.
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The proof of Proposition 1 is spread throughout all the remaining sections of the paper.
The idea behind the construction of the type spaces is described in Section 3, with a proof
of a key step postponed until Section 5. Section 4 describes the games and establishes the
above bounds.
The first main result of the paper says that this topology is not pre-compact.

Theorem 1. There exists € > 0 such that for any finite subset S C T, there exists a type
space T such that, for each S € S,

d(T,S) > e.

The space of type spaces T cannot be covered by finitely many sets such that all type
spaces within a set are e-away from each other.

Proposition 1 follows from Lemma 1, Propositions 2, 3 and 4 below. Here, we use the
Proposition to prove the Theorem.

Proof. (Proof of Theorem 1) We show that the Proposition leads to our main result. Suppose
by contradiction that there exists a finite subset S C T of type spaces such that for each m
there exists S™ € § such that

d(Tm,s™) <e.
Because S is finite, there must exist m # m/ such that S™ = S™ = S. By the triangle
inequality,
d(Tm,TM);gd(me9y+d(TMQS)<<za
W.lo.g. assume that m < m’. Then, (2.2) implies that
val(T™, G™) < — and val(T™, G™*Y) > ¢,
which implies that
d(TW;ij > 9
Contradiction. O

The second main results is related to the hierarchies of beliefs.

Theorem 2. There exists € > 0 such that for any positive integer n, there exist two type
spaces T, T" having the same joint distribution of n-order beliefs and such that,

d(T,T") > 2e.

This theorem says that knowing only the first n-beliefs (for arbitrarily large n) is not
sufficient to play almost-optimally in a zero-sum game with incomplete information.
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Proof. (Proof of Theorem 2) We show that the Proposition leads to our main result. n being

fixed, there exists m < m/ such that 7 and 7™ induce the same distribution of n-order
beliefs. As in the proof of Theorem 1, (2.2) implies that

d (Tm, T”"“) > 9.
0

2.2. Non-compactness of the space of games. Our main result has the following dual
form: for any two games G, H € G, define a distance
d(G,H) =sup |val (G, T) —val (H,T)].
TeT

Corollary 1. There exists € > 0 such that for each finite sequence of games Gy, ..., Gy, there
exists a game G such that

d(G,G)) > € for each l.

The interpretation of the result is analogous to the interpretation of Theorem 1. Suppose
that a mechanism designer chooses a game (i.e., a set of actions, and a payoff function that
depends on profiles and the (unknown) state of the world) before she knows the information
structure used by the players. Many of the games that she can choose are similar in the
sense that they lead to similar equilibrium outcomes across all type spaces. We may ask: is
it possible to classify all games into a finite number of classes such that each class contains
only similar games? Can the mechanism designer restrict herself to games with a bounded
numbers of actions? Corollary 1 implies that the answer is negative.

2.3. Non-zero sum games and ex ante solution concepts. A non-zero-sum game with
two players G is a tuple (X,Y, gx, gy), where X and Y are finite action sets and gx, gy :
X XY x Q — [—1,1] are payoff functions. Let G* be the collection of games. An ex ante
solution concept E : G* x T = [—1, 1]2 is a correspondence that maps a type space and
a game into a set of payoff profiles. For instance, if FE is a Bayesian Nash equilibrium,
then (m,m) € E(G,T) if and only if there exists a strategy profile ox : U — AX and
oy : V — AY such that each type best responds and 7; is the ex ante payoff of player 7.
Each solution concept E induces a pseudo-metric on the space of type spaces:

dg (T, 95) :ggg*dH(E(G,T),E(G,S)).

Here, dy (.,.) is the Hausdorff distance between the sets.
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Corollary 2. Suppose that E is either a Bayesian Nash equilibrium or Bayes Correlated
equilibrium ([2]). Then, there exists € > 0 such that for any finite subset S C T, there exists
a type space T such that for each S € S,

dE (T, S) > €.

Proof. Notice that if G € G CG* is a zero-sum game, and F is either Bayesian Nash or Bayes
Correlated equilibrium, then for any type space T, the solution set consists of one point,

E (Gv T) = {(U (Gv T) y —U (Gv T)>} :
The observation follows from Theorem 1. O

Because this result allows for a larger number of test-games, the conclusion of Corollary
2 is strictly weaker than the thesis of Theorem 1. For the sake of completeness and clarity,
we report a more direct and simpler proof in the last section of the paper.

2.4. Uniform vs. pointwise topologies. One can consider a topology on T (or, more
precisely, on the quotient space T/ ~) generated by sets

U(T,G,e) = {S: [val (G, T) — val (G, S) | < £} .

This is a topology of the pointwise convergence: a sequence of (equivalence classes) of type
spaces T,, converges to type space T if and only if for each game G, val (G, T,,) — val (G, T).
Such topology is clearly weaker than the topology of the uniform convergence. One can easily
show that there exists a countable sequence G, Gs,... € G such that the topology of the
pointwise convergence is metrizable with metric

& (T, S) = ; 21 val (G, T) — val (G, S)]

Let P denote the set of coherent probabilities over Mertens-Zamir hierarchies®’. When
endowed with the weak* topology denoted 7%, (P, 7*) is a compact metrizable space, and the
set Py of coherent probabilities with finite support is dense in (P, 7*) (see Theorem I11.2.2 and
Theorem II1.3.1 in [10]). Note that for 7,5 € T, d*(7, S) depends only on the distributions
induced by 7" and S over the space of Mertens-Zamir hierarchies of beliefs. We can therefore
consider d* as a pseudo-distance on the space P by letting for p,q € P, d*(p, q) = d*(1,, T,),
where T}, T, are type spaces inducing respectively the distributions p and ¢g. The map d* is
continuous on (P, 7*) (see Proposition II1.4.3 in [10]). Therefore, for all € > 0, the family
of balls (Bp a4+)(p,€))pep) Where Bpg-y(p,e) = {q € P|d*(p,q) < €} is an open cover of

3Coherent probabilities (resp. coherent probabilities with finite support) over the Mertens-Zamir hierar-
chies are exactly the distributions over hierarchies of beliefs induced by a type space (resp. finite type space)

with common prior.
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(P,7*), from which we can extract a finite subcover (B(p g4+)(pi,€))i=1,...n). In each of the
balls B(p - (p;,€), we can choose a probability ¢; € Py so that (Bp.g+)(¢i, 2€))i=1,...n) is a
finite cover of P. We deduce that the family (B g« (1y,, 2¢€))i=1,....n) Where B(r ¢ (T5,,2¢) =
{S € T|d"(S,1,) < 2} is a finite cover of 7. Therefore (7,d*) is a totally bounded
pseudo-metric space and (7/ ~,d*) is a totally bounded metric space.

2.5. A negative answer to a problem posed by Mertens. As announced in the intro-
duction, our first main result (Theorem 1) has for consequence that the answer to the last
open problem posed by Mertens in [11] is negative. Precisely, this problem asks about the
equicontinuity for the weak* topology of the family of value functions p € P — val(7},, G)
across all zero-sum games G € G. Let us show that a positive answer would contradict
Theorem 1. Recall that for ', S € T, d(T, S) = supgeg |val(T, G) — val(S, G)| depends only
on the induced distributions over the space of Mertens-Zamir hierarchies of beliefs. As we
did for d*, we can consider d as a pseudo-distance on the space P by letting for p,q € P,
d*(p,q) = d*(1,,T,). If the family of value functions p € P — val(7,, @) is equicontinuous
for the weak* topology across all zero-sum games G € G, then it implies that d is contin-
uous on (P, 7*). Using the same argument as in the previous subsection, this implies that
(T/ ~,d) is a totally bounded metric space, which contradicts Theorem 1.

3. CONSTRUCTIONS

In this section, we describe the construction of type spaces and games from Proposition
1.

3.1. Markov chain. Let N be a large even positive integer to be fixed later. We write
A=U=V ={1,..., N}, with the idea of using U while speaking of actions or signals of the
maximizer, and using V' while speaking of actions and signals of the minimizer. We write
AL UL VY to denote Cartesian products of the [ copies of the respective sets. (In all other
uses, the superscripts denote simply the order of elements in a sequence.) We interpret U
and V! as the space of types or actions of each of the two players, and A% and A%*! as the
spaces of action or type profiles.

We are going to construct a homogeneous Markov chain (ay,),>1 taking values in A. The
initial distribution of a; is uniform on A, and for each n, the conditional law of a, ., given
a, is P,, , where P is the transition matrix.

We are going to choose the transition matrix so that the induced Markov chain satisfies
specific properties called conditions UIl and UI2, detailed in subsection 3.5 below. The
proof that a matrix P satisfying these conditions exist is nonconstructive and it relies on the
probabilistic method (see [1]). We choose the matrix P in a stochastic way. Precisely, for all
even integer N, let Sy denote the collection of all subsets S C A with cardinality S| = 1N.
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Let (S4),c4 be a collection of N independent draws from the uniform distribution over Sj.
Let Xop = 1jpes,) and define
2
NXa,b-
Then, P, € {0, %}, and ), P, = 1 so that P is a stochastic matrix.
We use Py as the law that governs the choice of matrix P.

Pa,b:

Proposition 2. There exists N* < oo such that for each N > N*,
Py ( P induces the Markov chain that satisfies conditions UI1 and UI2) > 0.

It follows that there exists a transition matriz P that induces the Markov chain that satisfies
conditions UIl and UI2.

The proof of the proposition can be found in Section 5.

From now on, assume that P is chosen from Py and fixed. Given P is chosen, we use
v> to denote the law of the Markov chain (a,),>1. The choice of matrix P ensures that the
conditional law of a,,; given a, is uniform a subset of A of cardinal %

Let v* € A(A"™) denote the joint distribution of the first n elements (ay,....,a,) and
O™ C A" denote its support. By construction, we have C' = A and

(a1,..,a,) €eC"=Vi=1,..,n—1, P,

@, Ai+1

> 0. (3.1)

3.2. Consistency. Below, we are goin to use the following notion of consistency. For all
[>1,m>0,u=(uy,.., ) in U and v = (vy, ..., v,) in V™, we write

a®(u,v) = (uy, vy, ..., Uy, v,) € A% for each ¢ < min{l, m},

a®H (u, v) = (Ug, 1, oo, Ugy Vgs Ugr1) € AT for each ¢ < min{l — 1, m}.

For r < min{2[,2m + 1}, we say that u and v are consistent at level r, we write u —,. v, if
a"(u,v) € C". Let

f(u,v) = min{r <min{2[,2m + 1}, not u —, v}, and

f(u,v) = +o0, if the set is empty, (i.e., if u —pinf2r,2m11} V)-
Function f identifies the first level at which v and v are not consistent.

Remark 1. For any u and v, u —1 v since C' = A. By (3.1), u —, v implies u —,_1 v.
And for v and v in A® :

U —g v == a*(u,v) € C* <= f(u,v) = +oo.
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3.3. Type Spaces. We construct the type spaces 7" in the following way. First, the Nature
chooses the first 2/ elements of the Markov chain (uq, vy, ug, ve, ..., v;) . Next, selects, condi-

uy
N+1

Player 1 observes the odd elements

tionally on w; but independently from the rest, the state w = 1 with probability and

u1
N+1°

of the sequence u = (uy, ..., u;), and player 2 observes the even elements v = (vy, ..., v;) of the

the state w = 0 with the remaining probability 1 —

sequence. Formally,

Definition 1. We define the type space T' = (U, V!, ub) for I > 1, where the set of signals
for player 1 is U', the set of signals of player 2 is V', and p' is the probability on Q x Ut x V!
such that for all u = (uy,...,uw) € U, v = (v1,...,v) € V!, w € Q, we have

11w + 1o (1 — uy)
N +1 '

it (u,v,w) = v (a®(u,v)) -

It follows that the marginal of u!*! over Q x U' x V! is equal to u! for each I. Additionally,
by assumption, the distribution of types u! is uniform.

By construction, along the sequence of the type spaces, each player’s type assigns proba-
bility 1 to the opponent’s types being consistent at level 2/ with her own type.

There is an equivalent description of the sequence of type spaces T'. Notice that 7" ~
((UOO,UI) , (Voo, Vl) ,uoo) , where U*™ and V*° are the spaces of types for, respectively, the
maximizer and the minimizer, > is a common prior, and ' and V' are filtrations on
the spaces of types such that for each [, the o-algebra U' is generated by sets U' (u) =
{u :u! =u, for r <1} and V' is generated by analogously defined sets V' (v). Each o-
algebra is finite, and it is traditionally referred to as an information partition. Thus, the
type spaces T' can be nested within each other in a sense that each player receives a strictly
better information as we move along the sequence.

Additionally, the Markov property implies that the higher order beliefs become constant as
we move along the sequence. Recall that n-order beliefs are defined inductively as conditional
laws. Precisely, the first order beliefs 6} of player i is the conditional law of w given her
signal. The n-order belief 6 of player i is the conditional law of (w,#,",) given her signal.
In this construction, conditional laws are seen as random variables taking values in space of
probability measures.

Lemma 1. For all | > m, the joint distribution of (w,0 5,02 ) induced by the type
space T' is independent of I, where 0! denote the n-order beliefs of player i = 1,2.

Proof. Let | > m and consider the type space T'. We use the notation £(X|Y) for the
conditional law of X given Y, and the identification (ay, ..., ag) = (u1, v1, ..., Uy, V;).
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At first, note that by construction w and (as, ...., ag) are conditionally independent given
a1, so that the sequence (w, ay, as, ..., agy) is a Markov process. It follows that

01 = L(w|uy, ..., ) = L(w|uy).
The Markov property implies that
02 = L(wvy, ..., v) = L(w|v1), 05 = L(w, 01 (u1)|v1, ..., vy) = L(w, 07 (uy)|vy),
and therefore we have
03 = L(w, 03 (v1)|uy, ..., w) = L(w, 0F(v1)|uy, us).

By induction, and applying the same argument (future and past of a Markov process are
conditionally independent given the current position), we deduce that for all n > 1,

H%H = L(w, an_1|u1, ooy Umin(L,nt1))

Q%n—i-l = L(w, 9§n|u1, ooy Umin(l,nt1))

03, | = L(w, 0, olvi,...., Umin(i,n))
03 = L(w, 0 |vi,...., Umin(i,n))

As a consequence, for all n < m — 1, these conditional laws do not depend on which type
space T we are using as soon as [ > m and the result follows. O

3.4. Games. Let

For each ¢ € [0,1], define

90(¢; @) = qgo(1,a) + (1 — q) go(0, a)

be the expected payoff from action a if ¢ is the probability of state 1. Given fixed N, there

exists € € (0, ;5) such that for all u; € U, for all a # u; in U,

Uy

N+1’

31

N+1’

9ol a) + 10e < gof uy). (3.2)

Indeed, any € € (0 can do. We fix such ¢ in the sequel. Let

1
) TN TTE)

e if f(u,v) = 400
h? (u,v) = 5e if f(u,v) is an even integer
—be if f(u,v) is an odd integer.
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Definition 2. For p > 1, define the game GP = (UP, VP~1 gP) with payoffs

gp(u’ v, OJ) = gO(w> ul) —w+ hp(u’ 'U)

1 & U
_ 1 1
YTN 2190 <N+1’ul) '
ul=
Notice that |g?| < 1 for each p.
The first component of payoffs, go(w,u1) — w, is designed to incentivize the maximizer to

where

choose action that matches her belief about the state of the world. Indeed, suppose that

a
N+1

from term gg, the unique optimal choice of player 1 is to choose u; = a. The choice of ¢

player 1 assigns probability to state w = 1. In order to maximize the expected payoff
implies that the first-level information will be reported truthfully no matter what are the
payoff consequences of the report from the second term, h?. The normalization constant w
is chosen so that the average payoffs from the first component are equal to 0. We use this
observation in the sequel.

The second term, AP, is designed to punish a player for misreporting higher-level informa-
tion. If f (u,v) < 400, then we say that a mistake occurs at level f (u,v), i.e., the first level
at which the reports are inconsistent. If f (u,v) is odd, then the maximizer is considered to
blame and she is punished with payoff —5e. If f (u,v) is even, then we say that the minimizer
is to blame for the mistake. In such a case, the maximizer gets payoff 5¢. Finally, if none of
the players make a mistake, i.e., f (u,v) = +o0, the maximizer gets £. Of course, the optimal
behavior of the players shall depend on their beliefs about the actions of their opponent.

3.5. Conditions UI. We need additional assumptions on the Markov chain to ensure that
players have incentives to report their true types. The idea is that the players can be punished
for misreports only if the misreports lead to a mistake (i.e., an inconsistent profile of types)
with a sufficiently large probability. Consider the type space T' and the game G? for some
p < . Suppose that the minimizer type © € V! reports type v’ € VP~! with v/ # 9, for
some m < p— 1. For r = 2m — 1,2m, we want that for some parameter a > 0 to be fixed
later:

1
12 (U =gy V|0 = D,u =y V) — §| < a. (3.3)

In the above formulation, we consider the probability space U' x V! equipped with the proba-
bility v, we identify (u,v) with a®(u,v) = (uy, vy, ..., u;, v;), and (u,v) is a random variable
while 9,0’ are deterministic. The expression v (4 —,41 v'|v = 9,u —, v') is therefore the
conditional probability that the type u of player 1 is (r + 1)-consistent with v" given that
the type v of player 2 is equal to ¢ and that u is r-consistent with v’, when the types (u,v)

of the players are chosen according to the Markov chain of law 1%,
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Note that by construction, if v/, = 0, the above conditional probability is equal to 1.
Indeed, in case r = 2m — 1 using (3.1),

{u—om v'} = {u —om_1 V'} V{Py, 0, > 0} = {u —2m1 v'} N {Py,, 5, > 0},
so that

V2 (u —gm V0 = 0, U —gpm_y V) = V2 ({P, > 0o = 0,u —9, 1 V') =1,

m,Um

since the event {P, > 0} has probability 1 (recall that by definition the true types are

consistent with probability 1). A similar argument holds for » = 2m, and this fact will be
used below in Propositions 3 and 4.

The condition (3.3) implies that, when the minimizer reports v/ instead of 0y,, if u —o,,—1
v" (no mistake was detected for the reports uq, v}, ...., v, 1, Uy), the probability that v/ leads
to a mistake is close to 1/2. Similarly, if u —y,, v/, the probability that wu,,,; leads to a
mistake is close to 1/2.

We also require analogous conditions for the maximizer that are explicitly defined below

using similar notation.

Definition 3. We say that the conditions UI1 are satisfied if: for all | > 1, for all 4 =

(U1, ... y) in U and v’ = (ul,...,u)) in UP with p = |+ 1 such that G4y = u}, for all

m € {1,...,1} such that t,, # u.,, forr =2m —22m —1

. 1
V2l (U, ~r+1 U|u = u>u/ ~r U) - 5‘ <«
We also require that
. 1
l/2l (u/ —ol1 U|u — U,u' —9 1)) — 5‘ < a.

We say that the conditions UI2 are satisfied if: for all 1 < p < I, for all 0 € V', for all
v e VP for allm € {1,....,p — 1} such that ¥, #v.,, forr =2m —1,2m

V2 (U =gy V|0 = D,u v — 5 < a.

4. VALUES

The type space T' and the game G? together form the incomplete information game
(T, GP) where:
o First, (u,v,w) in U' x V! x Q is selected according to u!. u is told to player 1 and v
is told to player 2.
e Then, simultaneously player 1 chooses a report ' in UP, player 2 chooses a report v’
in VP~1 and the payoff of player 1 is gP(u',v",w).
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For p <[, we say that a strategy of a player is truthful if each type of the player correctly
reports the first p coordinates of her type. If p = [ + 1, the strategy is truthful if the first
[ coordinates of the maximizer’s report match her type. We are going to show, that under
suitable conditions on the priors u! the values (2.2) can be computed assuming that players
play truthful strategies.

The above discussion of the payoffs implies that the maximizer always reports the first
level information truthfully. The particular form of y! (i.e., the uniform distribution of the
first order information) and the choice of the normalizing constant imply that the expected
payoff from the first component is equal to 0. As a special case, the value of I'(T", G') the
expected payoff component, which given trutthul reporting is equal to ¢.

More generally, suppose that both players choose truthful strategy in the incomplete
information game I'(T',GP) for p < I. In such a case, none of the players ever makes a
mistake and the expected payoff from the second component is equal to €. We are going
to show that, under conditions UI2, if the maxmizer always chooses truthful strategy, the

minimizer cannot do better by misreporting.
4.1. Value val(T', G?) for p <.

Proposition 3. Suppose the conditions UI2 are satisfied with o > 0 such that o+ o? < %
Then :
V1<p<Ilval(T',GP) > e.

A

Proof. We assume that maximizer chooses the truthful strategy. Consider type v = (0, ..., ;)
of the minimizer who chooses to report (vf,...,v_;).
We work on the probability space 2 x U' x V! equipped with the probability u!, and
(w, u,v) is a random variable of law p!, while © and v’ are deterministic.
Define the non-increasing sequence of events A, = {u —, v'}. We claim that for all
n=1,..p
B [AP (u,v")|v = 0, Agpq] > €.

If n = p, h?(u,v’) = € on the event Ay, 1, implying the result.
Assume now that for some n such that 1 < n < p, we have

! A~
E i [P (u,v")|v = 0, Agpia] > €.
Since we have a non-increasing sequence of events,

]]‘Aanl = ]lAQ’rlJrl + 1A2"*1]1A5n + ]lAQ”]lAgn*Fl’

and by definition:

hp(u> U,)]lAznﬂ = hp(u> U,)]IA%H + 55]1,42”,1]1145” - 55]1A2n]lA§n+1'
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If v/, = 9, then p!(Ag,41|As,_1,v =) = 1 (see the discussion in subsection 3.5), implying
that
lAS 1A =) = ul(A A5 A =0)=0
(A3, [Agn—1,v = 0) = ' (A2n N A5, 1] Az, v = 10) =

and

B[P (u, v')|v = 0, Agn—1] = E[Eu[hP (u,v")|v = 0, Agpia| L g,y [0, Asni]
+ bept (AS,| Agn1,v = D) — Bep (Agy N A5,y 1| Agnr,v = D)
> €.

If v/, # v, assumption UI2 implies that

R 1
|1 (Agpg1 | Agp1,v = 1) — 1‘ <a*+a.

—_

1 (A5, |Agnr,v =0) — | < a

2
l c ~ 1 2
|1 (Azp N AG, 1 [Azp—1,v = 0) — Z' <a+a
It follows that

EMZ [hp(u, U/) |U = TA), AQn_l] = EMZ [EMZ [hp(u, ’U/)‘U = TA), A2n+1]]1A2n+1 |U = ’(AJ, Agn_l]
+ 5epl (A5, |Asnr, v = ©) — Sepl (Agy N AS, 41| Asur, v = 9)
1

1 1
Z&?(Z—042—04)—1-56(5—Oé)—58(1+042—|—04)

3
= 5(5 —11(a® + ) > ¢,
where the last inequality uses the fact that a? + a < % The claim follows by backward

induction.
Since A; is an event which holds almost surely, we deduce that

E[A? (u,v)|v = 0] = Ea[hP(u,v)|v = 0, A;] > ¢,

which concludes the proof since it shows that the truthful strategy of the maximizer guar-
antees the payoff ¢. U

4.2. Value val(T', G'*!). Next, we show that, under conditions UI1, the value of game G'*!
on type space 1" is not higher that —e.

Proposition 4. Suppose the conditions UI1 are satisfied with o > 0 such that o + a? < %
Then,

Vi > 1,val(T', G < —e.
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Proof. We assume that the minimizer chooses the truthful strategy and that the maximizer
truthfully reports the first level belief. Consider a maximizer type @ = (4, ..., %) who chooses
to report u' = (u},...,uj, uj,,) such that u; = u}. We show that the expected value of the
second payoff component is not larger —e. We work on the probability space Q x U' x V!
equipped with the probability !, and (w,u,v) is a random variable of law p', while 4 and
u’ are deterministic. Consider the non-increasing sequence of events B,, = {u’ —, v}. We
claim that for alln =1, ...,1

E[h'H (W, v)|u = 1, By,] < —¢.

If n =1, we have 1p,, =1p,,, +1p,,1p and

c
20+1"

+1/,,/ —
h (u ,’U)]IB% = 6]132l+1 - 58]132n]1351+1‘

UI1 implies that
. 1
|1 (Batga|u = @, By) — §| < .

R 1
|1 (Bspy [u = 10, Bar) — §| < a.
It follows that
E [ (W, v)|u = @, By) = ep (Bapa|u = @, By) — 5ep (B, |u = i, By)

< 5(% + ) —58(% — )

4
= 5(—5 + 6a) < —¢,

where we used that a + a? < % implies that a < é.
Assume now that the for n with 0 <n <[ — 1, we have

41,7 o
E (R (v, v)|u = 1, Bypya] < —e.
Using that we have a non-increasing sequence of events,

1p,, =1p,,,, + 1B, 1 +1p, 15

2n+1 n42"°

and by definition of A*! we have

hl+1(u/7 U)]132n = hl+1(u/7 U)]]‘BZn+2 - 55]132n]135n+1 + 56]]'B2n+1]1B

c .
2n+2

If ul, ;= Upyq, then p(Bayyo|Bon,u = @) = 1, implying that

UZ(B§n+1|B2n> u=1u)= ,Ul(B2n+1 N B§n+2|B2na u=1u)=0
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and

E [W (W, v)|u = 1, Bay) = Eu[Eu R (W, 0)|u = G, Boyio|lp,, o |u = @, Bay)
- 5€Ml(Bgn+l‘B2n7 u = ?AL) + 5€IU’Z(B27L+1 N B§n+2|32n7u = 12)

< —e.
If wl, | # tUpny1, assumption UIL implies that
! . 2
|u (Bng_Q‘BQn,U = U) - Z‘ S a” + a.

. R 1
|ul(32n+1|32n,u =) — §| <.

) 1
|1 (Bans1 N By Bany u = 1) — e o’ +a.
It follows that

Eu[R (W', ) |u = 1, Bay) = Ea[Eu B (W, v)|u = G, Bopyo|lp,, ,|u = 1, Bay)

— 5ep! (B, 41| Bon, u = @) + 5e ! (Baps1 N B, 45| Bon, u = 1)
1

1 1
VAT BERSYE Lo
5(4 a’ —a) 58(2 a)+55(4+a + a)

3
5 11(a® + a)) < —¢,

where the last inequality uses the fact that a? 4+ o < é

S—

Since B, is an event which holds almost surely, we deduce that
E W' (W, v)|u=1a] = Ex[h (W, v)|u = a, By) < —e,

which concludes the proof since it shows that the truthful strategy of the minimizer guaran-
tees that the payoff of the maximizer is less or equal to —e¢. U

5. EXISTENCE

The goal of this section is to present the proof of Proposition 2.

5.1. Transition matrix. Recall that we generate the matrix P in the following way. &4 is
the collection of all subsets S C A with cardinality |S| = N and (S,),c4 is a collection of
N independent draws from the uniform distribution over S, defined on a probability space
(v, Fn,Py). Let X,p = Lppes,y and

2
Pa,b = NXa,b-

We use the following probability bounds.
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Lemma 2. For any a # b, each v > 0

1 1
Py <'|Sa NSy — ZN' > vN) < 564]\76_272]\7.

Proof. Consider a family of i.i.d. Bernoulli variables ()’zi,j)i:a,b, jea of parameter % defined on
a space (Q, F,P). For i = a,b, define the events L; = {2 iea )Z'U = &} and the set-valued
variables S; = { jeA|X; ; = 1}. It is straightforward to check that the conditional law of
(Sa, Sb) given L, N Ly under P is the same as the law of (S4, Sp) under Py . It follows that

1 ~ =~ 1 ~ o~
IPN(‘|Same|—ZN‘27N):P(‘|Sam5b|—ZN‘zyN‘Lame)

P (‘|§a NS — iN‘ >N)
P(Zamfb) '

Using Hoeffding inequality, we have

~ ~ 1 ~  ~
P (‘|Sa NSy — EN‘ > VN) =P < > XojXp;— <N| > VN)
JEA
< 26—2'y2N

On the other hand, using Stirling approximation®’, we have
2 i\ 2
A 1 N! oN+IN =2 4
P(LanL) = sxyes | 2 _ 4
b (2N <%!>2> ‘( e ) Net

1 1
N (MSCL N Sb| — ZN‘ Z ’}/N) S §€4N6_272N.

We deduce that

Lemma 3. For each a # b, for any subset S C A such that |S| > 1N any y >
1 _1

i€s
1
Py < ZXi,aXi,b 1 1S]| > 7N> < e 16N

€S

2N 27
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Proof. For the first inequality, notice that X, , are i.i.d. variables equal to 1 with probability
% and equal to 0 with the remaining probability. The Hoeffding inequality implies that

Py ( > Xia— % S|

i€s
For the second inequality, let Z; = X; ,X;;. Notice that all variables Z; are i.i.d. equal

N_
to 1 with probability p = % ( ﬁ,_i) = i — L and 0 with the remaining probability. The
Hoeffding inequality implies that
1
> —yN
)

AN—4
1
Py ZZZ'_E‘S‘ >N Py

i€S
< 6—2|S\(%’Y)2 < 6—1—161\7“/ :
where we used that |S|[p — 1| < 2 < ¥ for the first inequality, and that |S| > LN for

the last one. O

> va) < oS < AN

IN

ZZi_p‘S|

€S

For each a # b and ¢ # d, each v > 0, define
Yo = 2> XioYV°=2) X
i€cA i€A
Yoo = 4 XiaXip, V=4 XioaXes, Y'=4)" X,:X,
icA icA icA
Ve = 8 XiaXipXes, V=8 XiaXeiXas,
icA €A
ch,bd = 16ZXi,aXi,ch,iXd,i-
icA
Lemma 4. For each a # b and ¢ # d, each v > 64/N, each of the variables Z =
Yo, YO Yo YO Y Y0 Yol Vi

» far ta,by ab?
2
Py (|Z — N| > yN) < e*Ne 16V (@7)"

Proof. In case Z =Y,,Y,, the bound follow from Lemma 3 (for S = A).
In case Z = Y*°, the bound is trivially satisfied.
If Z =Y the bound follows from Lemma 2.
In case Z = Y;f,’bd, notice that

Yol =16 XioXipXeiXai =16 Y Zi,

€A 1€S:NSy

N_
where Z; = X, ,X;p. All variables Z; are i.i.d. equal to 1 with probability p = % (ﬁ_i) =
1 1

i — 1v—=1 and 0 with the remaining probability. Moreover, {Z;}, ., are independent of
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S.N S, Up to enlarge the probability space, we can construct a new collection of random
Bernoulli i.i.d. variables Z/ such that Z] = Z; for all i # ¢, d and such that {Z], S. N Sy} are
all independent. Then,

Yol-16 Y Z

1€S:NSy

<32,

and, because %7]\7 > 32, we have

> Z’——N‘ 3127N)

1€S:.NSy

Py ([Yei = N| 2 9¥) <Py <

Define the events

e _ > —
A {'\S N Syl '—647]\7}
_ / 1
B = {_Z Z— |S N Sl —647N'}
1€S:.NSy

Then, the probability can be further bounded by
< Py (A) + Py (B]A°) < %64 Ne-2V(50)° | N (&)’

where the first bound comes from Lemma 2, and the second from the second bound in Lemma
3.
The remaining bounds have proofs similar to case Z = Yaf’bd. We describe obvious changes:

e In case Z = Y4 we define Z; = Xiq as the i.i.d. random variable with probability
p = % We proceed in an analogous way to the more complicated case, but we rely
on the first part of Lemma 3 to bound the probability Py (B|A°).

e [n case Z = Yacb,

A (defined with & replaced by &) fails and there is no need to condition on A°.

we replace d € cterministic) cardinall VEen
place |S. N Sy| by the (deterministic) cardinality |S.|. Event

e Finally, case Z = Yac combines the two simplifications.

Finally, we describe an event E that collects these bounds. Let a > 0 satisfying a?+a < %

For each a # b and ¢ # d, define
Yab Yacb Yc7d Y,

Eope = -~ -1 < — — 1| < = -1 <

e i B W (S RO S RO R

Yac,d

Yc’d—l‘ga}.

Yc,d 4l < " Y’ac - "
ye |=¢ T
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E = ﬂ Ea,b,c,d-

a,b,c,d:a#b and c#d

Finally, let

Lemma 5. We have
Py(E) <1— N*x7x e*Ne 5V(&8)’

In particular, there exists N1 such that for all N > Ny, the above probability is strictly
positive.

Proof. Take v = % and let
Fobead= ﬂ {|Z - N| <~yN}.

. . c,d yrc,d
Z:mea’b’Yc,d’yc,d’Yac’Yacyb’ya 7Ya,b

It is easy to see that Fypcq © Egpeq The probability that F, ;.4 holds can be bounded
from Lemma 4 as

a\2
Py (Fapead) 2 1= T e'Ne N (5)"

The result follows from the fact that there are at most N* ways of choosing (a, b, ¢, d) such
that a # b and ¢ # d. O

5.2. Conditions UI1,UI2. Finally, we show that event F implies conditions UI1 + UI2.
Proposition 5. If event E holds, then the conditions UI1,UI2 are satisfied.

Proof. Let us begin with condition UI2 which we recall here: for all 1 < p <[, for all o € V,
for all v € VP=1 for all m € {1,...,p — 1} such that ©,, # v/, then for r = 2m — 1,2m

V2 (4 = V|0 = 0,0 ) — % <a. (5.1)
In all the computations below, wy € E is fixed, U x V! is the probability space equipped with
the probability v*. (u,v) is a random variable, ©,v’ are deterministic, and events refer to
subsets of U x V1. The quantity v? (u —,41 v'|v = 9,u —, v') is the conditional probability
of the event {u —,,1 v'} given that u —, v’ and that the type v of player 2 is equal 0. We
divide the problem into different cases.

Case m>1and r =2m — 1.

Note that the events {u —q,, v'} and {u —y,,_1 v'}can be decomposed as follows

{u ~ 2mv/} = {u ~2m—2 U/} N {Xvin—hum = 1} N {Xum,v,’n = 1}7

{fu — o 1v'} ={u—om oV} N{Xy W, =1}
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In the both cases, the Markov property implies the first event on the left-hand side is con-
ditionally independent from the subsequent event(s). It follows that

V2 (U —gm V0 = 0, U~y V) = U (Xu

= 1),

m—1:Um = 1’ (Um_17 Um> = (ﬁm—lu ﬁm)> )

Y ict Pomrilion Xor_iXiw,
ZiEU Pﬁmfl 7iP7:ﬂA1m XU’

m—1-%

/
m U,

The latter is equal to

N ’
Um—1,Yp, 1
o ZiEU X{)mfl7iX7;71A)mXU,/,,L,17iX7;7U;n o 1 }/f}m,vfm
= —_— = ~ 7 .
N . N . Um—1,0.
ZiGU va71,2Xz,vav;n71,2 2 Y mbfm—1

Um

If v/, | # Um_1, we conclude that event F implies (5.1).
o, =0m1, Xop, 1u= Xy W€ {0,1}, and the above can be simplified to

{Jmfl
o ZUEU Xﬁm—l,uXU,ﬁmqu{n _ 1)/;777L71);n

= PN
ZUEU Xuv'[)mleuyﬁm 2 YA med

Um

and (5.1) follows.
Case r = 2m

The event {u —9,,+1 v'} can be decomposed as follows

{u —omi1 U,} ={u —om U/} N {Xvimumﬂ =1}

We deduce that

2 (u —om4+1 z/\v =0,U —om, v’) = 2 (X%,um+1 = 1\(Um,vm+1) = (@ma @m+1)) )
> ictr Lo i Pisonss Xog.i
ZieU Pﬁm,ipi,ﬁm+1
.
D icr Ko i Ko Xopi _ }YXZZTM
D icr Xom i Xiom 1 2y

which implies (5.1).
Casem=1,r=1

The event {u —y v'} is equal to

{u—pv'} = {Xm,v’l = 1},
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and the event {u —4 v'} is trivial. It follows that

V2l (u 2 ,U,|,U - @,U 1 ,U,) = V2l (thvﬁ = 1|U1 = f)l) )
ZiEU Pi:{JIX’i;U&
Z’iEU Pi71}1
ZiEU Xi,ﬁlXi7v/1 B 1Yﬁ1,v’1
ZieU Xi,ﬁl 2 Yir '’

which implies (5.1).

Let us now consider the conditions UIl: At first we require that for all [ > 1, for all
4 = (ly,...., %) in U" and o' = (u),...,u)) in UP with p = [ + 1 such that 4; = uj, for all
m € {2,...,1} such that a,, #u, , forr=2m —2,2m —1

V(=g v = 0,0 — v) — % < a. (5.2)

In all the computations below, wy € SN E is fixed, U' x V! is the probability space equipped
with the probability v*. (u,v) is a random variable, 4,u’ are deterministic, and events
refer to subsets of U! x V!. The quantity v* (v —, 1 v|u = @,u —, v) is the conditional
probability of the event {v —,1 v} given that v’ —, v and that the type u of player 1 is
equal 4. We divide the problem into different cases.

Case r = 2m — 1 and m = [. The event {v' “—9,, v} can be decomposed as follows

{u/ ~2m U} - {U, ~2m—1 U} N {Xu;n,vm = 1})

We deduce that

L Um 1‘um = um) 5
Z’LEV Pa’rninu'lnLvi
Zie\/ Pﬂmyi

V(W —om v = G0 g v) = VY (Xu/

The latter is equal to
_ Ziev Xﬁm,iXu;mi B 1Yﬂm,u;n
- Ziev Xini 2 Yim

which implies (5.2).
Case r = 2m — 1 and m < [l. The event {v' “—9,, v} can be decomposed as follows

{u/ ~2m U} - {U, ~2m—1 U} N {Xu;n,vm = 1})

It follows that

V2l (u/ ~2m U|u = 11, u' ~2m—1 U) = V2l (XU{,,L7Um = 1‘(um7um+1> = (ﬂma ﬂm+1)) s
Z’iev P’ll’,n,ip’i7’&m+1Xu’m,i
> iev Pniliimis
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The latter is equal to

U UL,
. ZieV Xﬂm7iXi7ﬂm+1Xu4n7i o 1Yﬂm+1

- i 9
Ziev XﬁmviXivﬂerl 2 yim

ﬁ4m+1

which implies (5.2).
Case r =2m — 2

The events {u' —y,,_1 v} and {u' —9,,_o v} can be decomposed as follows

{u/ ~ 2m—1U} = {u/ ~2m—2 U} N {vafhuin = 1}7
{u/ ~ 2m—2v} = {u/ ~~2m-3 U} N {XU,,,L,17U77L71 = ]'}

We deduce that

= 11X,

/
m—1,Up, m

Ziev Pﬂm717ipj7a7nXu/

m—1-7

Ziev Pﬁ7,L71,iPi7ﬁmXu;n717j
N ’
Um—1,Up, 1
Yiev X 1iXian Xu, iXiw, 1Y 0

= —— - .
. Y. . ] 1
Ziev XumflszzvumXUfmflvl 2 Yﬂ m=1%m—1
m

V2l (Ul ~929m—1 v\u = 12, o ~9m—2 ’U) = V2l (Xv 1 Um—1 17 (um—hum) = (ﬂm—lu am)) )

ul,

If w, | # Upm—1, we conclude that (5.2) holds.

fu, | =tm, Xa = X i €1{0,1}, and the above can be simplified to

m—1,%

1 Yﬁ%:;'l
= §_Yaﬂm*1 )
so that (5.2) holds.
We also require that
V2 (0~ v|u = 0,u —g ) — 3 < a. (5.3)

The events {u' 911 v} and {u' —9 v} can be decomposed as follows

{u/ ~ 21+1U} = {ul ~2] U} A {Xvuu;ﬂ = 1}7
{v — v} ={u —y1 v} N { Xy, =1}
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We deduce that

LU = 1|Xu;,vl = 1,Ul - Ul) 5

Ziev Pﬁl 77'Xu; 77;X7;7u2+1
> iev PayiXugi

2l I A ) 21
v (U =g vu=0,u —qv) = v (Xv

N
~ . . . u£7ul
o ZZEV Xulleu;7ZX27u2+1 - 1 Yﬁl+1
= = — —.
> iev XaiXuyi 2yt

If uj # @, we conclude that (5.3) holds.
If u; = @y, Xa,» = Xy € {0,1}, and the above can be simplified to
1Y

Uyqq

T oy

and we conclude that (5.3) holds. O

6. NON-ZERO SUM GAMES

In this section, we present a simple and direct proof of Corollary 2. The construction is

based on the ”email” type spaces from [14].

1
'3
the binary space of uncertainty Q2 = {0, 1} with common prior p, such that

Type spaces: For each o € (0 ), let T, = (N,N, y1,) be a Rubinstein’s type space over

lua(wzovtl :t2:O) = Q,
Vi 2 1LV e {f — Lt} pe ({w=1Lti =t ta=1}) =a(l- )ttt

The interpretation is that the state is w = 0 with probability «. If the state is 1, player 1
observes it and sends a message to the other player. Whenever a player receives the message,
she immediately sends another message back. Each turn, the message gets lost and does not
reach the other player with probability probability «. The type of a player is equal to the
number of messages she sent.

Notice that each of the types t; > 1 of player 1 assigns probability ﬁ € (%, %) to the
opponent’s type to = t; — 1 and the remaining probability to the opponent’s type to; = t;.
Similarly, each of the types to > 0 of player 2 assigns probability ﬁ € (%, %) to the
opponent’s type t; = t5 and the remaining probability to the opponent’s type t; = t5 + 1.

1

Games: For each increasing function f : N — [O, 1

where A; = N is the action set for player 7, and u{ : Ay x A_; x 0 — R is the payoff function

} , we construct a game G/ = ( A;, A, u{, ué),
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so that

0 aq :0,
u{ (a1, a9,0) = ’1 ;
71 ay > 0
r
—i, a1 < ag,
U{ (a1,a2,1) =9 f(a1), a1 € {az, a0 + 1},
\—1 a; > as + 1,
(1
-1 as < ayp — 1,
ug (al,ag, ) = f(ag), ay € {a1 — 1,&1},
—1 as > ay,

Observe that

e action a; = 0 is strictly dominant for type t; = 0 of player 1,

o If type t; > 1 player 1 believes that the type t; = t; — 1 plays action as, then none
of actions a; > as + 1 are t;’s best responses. Indeed, the payoff from such an action
is not larger than

whereas playing 0 gives a payoff not smaller than —%.
e similarly, if player 2 believes with probability higher than % that the opponent plays

action aq, then none of actions a, > a; are best responses.

Claim 1. The best payoff for player 1 in any Bayesian Nash equlibrium of game GY on type
space T, s attained at

v(f,a) =Y f(m)a(l—a) " (2-a). (6.1)
m>1

Proof. First, we show that such a payoff is attained. Consider a profile of strategies (o1, 02)
such that o; (t;) = t;. This is an equilibrium since each of the players types is receiving payoff
f(t:) €0, ﬁ] (or 0 in case of type t; = 0). Given the above remark, deviations of player 1
of type t; to actions a; > t; give a negative payoff, and deviations to actions a; < t; give
a payoff smaller than f(¢1). A similar argument holds for player 2. The ex ante expected

payoff of player 1 in such an equilibrium is equal to (6.1).
We will show that there is no better equilibrium payoff. Indeed, take any equilibrium

(01,09) . For each action a > 0, let

ti (a) =1inf {t: 0; ({d’ € N|d' > a}|t) > 0}
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be the first type of player ¢ that assigns positive probability to actions higher than a. Us-
ing the above three observations about best responses, induction on types shows that that
t; (a) > a. But then, the equilibrium payoff cannot be higher than (6.1). O

Let F be the space of increasing functions f : N — [0,1]. Let f, (m) =1 -1{m >n}.
Claim 2. There exists n* such that for all m > n > n*,
1 1 1
- N - n | > ——
U<2m7f2) U<2n7f2) 16627
where e is the base of the natural logarithm.

Proof. Observe that for each o and n > 1,

Wl f) =Y a(l-—a)" " (2-a)

—a-a)(1-a)" ") (1-a)
_ _am—la(?_—a)_
=(1-0a) I (1_af
:(1—a)2"_1.

Moreover, for any 0 < a < 8 < 1,

do(a, f) =0 (B, f) = (1 — )" — (1 — gy

=w—ao(§f<1—w%*4a—mﬁ

=1

> (8—a)(@2n-2)(1- 8",

1 1 11 1\t
(v (Gote) o (gor)) 2 (5 -g) -2 (1 55)
N S . A
= ontl on ) on '

1, -2
>§€ . O

Thus,

)2"+1—1

For sufficiently high n, (1 — 5=

Finally, we can present a direct proof of Corollary 2.
Proof. 1t is enough to show that there exists € > 0 and a sequence of type spaces (1T") such

that for each k, 1
dp (T, T") > 2e.
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Let e = 2L andlet 7" =T 1 . The result is implied by the previous claim. 0

216e2” YR
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