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1. Proofs of Lemmas 1-4

Lemma 1. Since the parameters (i, s) belong to a compact set we can fix: s <
s < s1 and || < p1. We consider for simplicity k = 2¢, ¢ > 0, in the k-th order
Hermite polynomial expression (6.1) and notice that for all (u, s) € A,

(t—m)
[E(Hg(VsZ + p))| < k! Z \[Z+M)))!2m )’ (1.1)

where Z is N'(0,1) distributed. Now since

2(£—m)

((\[Z+M) m)) = Z Cj(é_m)\/ng(Zj)‘uF(f—m)fj

j=0

< B(ZAM)(5 + [l X
— T X, ()

including (1.2) in (1.1), we obtain:

¢ Z(E m)
E(Ho (V37 + w)| < Z (Ve & luD

m!(f —m)!2¢
kU (Vs u)? + 1\
= w(;) . (1.3)
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Since (i, s) = E(Hg(v/$Z + p))/q3, with ¢¢ = k!, we deduce from (1.3) that
for all k > 0 and for all (u,s) € A,

2 L
ek (11, 8)] < % (W)

<exp<(¢§1+51>2+1>’

which proves the first part of (A2).
For the second part of condition (A2), we detail for simplicity the majorization
of ’%E(Hk(sZ—i—u))‘ for k=2¢,0>1:

14

0 kK= 200 —m)E (|Z(\/5Z + p)2E=m-1))
=z < .
’%E(H’“(ﬁz+“))’ - 2\/57;:0 ml(2(€ — m))12m
Now since
2(4—m)—1 ‘
E(|z(/sz 4w @mn) < 3 GO,
=0
< E(Z2Em)Y (s A )2
we obtain
i KL (st a2
Ao <
‘asE(Hk(\/gZ‘F,U))’ > 2\/§mzz:0 ml(l —m — 1))120-1
_ k! (V5 + 2+ 1\
25— 1)! 2
! 2
SR (e mP )
2,/s0 2

which concludes the proof of (A2).
We now consider condition (A3). We have
E(H(X1)) = (1 = p)E(HR(Z)) + pE(H(VSZ + 1)
= (1 —p)k! + pE(HE(V/sZ + ). (1.4)

Let us consider the last term of the above right-hand side equality, for k = 2¢
and ¢ > 0:

¢ E (/52 + p)22t=(m+a))
E(H(VsZ +u) = (R)” 3 m!qlgz(e_m)/;!(z(é—q))!zn)w'

m,q=0
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By the Cauchy-Schwartz inequality, and the fact that for all n > 1, we have
2t 2e=m < pl < en™t1/2e7" we obtain:

VE (V52 + pyite=m)
ml(2(0 — m))12m

L
E(HR(VsZ +w) < () [ Y

m=0

, 1 B (V52 + pyte—m)
= ()7 7 2::0 / ml(2(0 — m))12m

0 +Z\/W\/+\u|2(’ m)
= mt " m))3/2m]
(k!)%e (2m)326+1/2
- 222+1/2(27T)3 e/
-1 2
Z 2£—m(€ _ m)—(f—m)—leé—m(\/g+ |M|)2(£—m)>
m=0
(W2 (Copn &Y
< BRI Dt , (15)
u=1

where u = ¢ —m and p = 2e(/s + |u|)?. Clearly, p < py = 2e(y/s, + po)?, and
the series on the right hand side converges. Combining (1.4) and (1.5) we obtain

var(Qr(X1)?/q7) < E(Q7(X1))/qx
= (1 —p)/(k") + pE(HE(VSZ + p))/(k1)?

and we get the wanted result. O

Lemma 3. The polynomials defined by (6.2) satisfy the following relations:
zhy(z) = hgi1(2)/2 + khi—1(x) and h(z) = 2khg—1(x), for all z € R.

It is also well known (see for instance Szegé, 1939) that there exists a constant
C' > 0 such that, for all z € R:

[Hyo(a)] = exp(—a?/2)|hn(x)| < CVRI2E. (1.6)
Since ag(p, s) = E(Hy(sY + u))/q?, we deduce that for all s > 0, and p € R,
(1. 5) < C/V/ETZE,
which gives the first bound in (A2). Moreover, we have

1 (2) = exp(—2?/2) (—ahy(z) + hi,(z))
= exp(—2%/2) (= (hxs1(2)/2 — khi_1(z)) + 2khy_1 ()
= —’Hk+1(.%')/2 + k%k71(l‘),
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which leads to
Hiw)  Heal) | Hial)

@ 2k 2k(k—1)

Combining this equality with (1.6) we obtain

H, (x) vk+1 1
‘ Z,% =¢ <\/2k’+1k:! Ve 1)!) ' (1)

Now since d(y, s) = E ((s7V2Hi (VY + p), Hi(v/sY + ))) /2 it follows that
for all s > 0 and p € R:

Hdk(M,S)H < (571/2/2 + 1)C < \/m 1 >

+
V(k)IV2kHL 2 /2k=1(k — 1)
which gives the second bound in (A2).

Finally from (1.6) we obtain var(Q(X1)/q3) = var(Hk(X1)/q3) < C?/(k!2k),
which directly insures (A3). O

Remark 1. Lemma 3 is very general. Lemma 1 can be extended to any null dis-
tribution f with known moments such that the series given in (1.1) is bounded.
This is obviously the case for distributions with bounded support.

Lemma 2. By the Taylor formula we have

M=

E™ (Qu(Xo+dne) = Qu(X)) | = | D E® (1)’ QY (X0)/5t) |

1

6% n j n j
> E (e B (107 (o))
J

IA
M= 5

where Q,(f ) denotes the j-th derivative of the Hermite polynomial ;. These
polynomials (see for instance Szegd, 1939) satisfy Q,(Cl) = kQx—1, which implies

that Qg) = ﬁ(’?k*jv for j < k. It follows that

E® (100 C00)l) = [ 100 Wlsw)v(dy)

= (kﬁ!j)!/ij(y)lg(y)V(dy)

(kk']),\/ / (Qr—;(y)*v(dy) / 9*(y)v(dy)
! o

IN

TNk

imsart-generic ver. 2014/10/16 file: DParxiv-V2suppl.tex date: March 11, 2019



D. Pommeret and P. Vandekerkhove/Contamination density test 5

where G = /gZ(y)V(dy) < oo since g belongs to L?(v). Since ¢ = k! and
0n < 1, we get

k
1 ,
BT (Qr(Xo + dne1) — Qu(Xo)) /g < G6, Y ————EM (1))
; V (k= j)l!
< G§,E™ (e\su) ,
which is the desired conclusion. O

Lemma 4. By the Mean Value Theorem there exists a random variable £ such
that

E™ (Q(Xo+dne1) = Qu(Xo)) = E™ (5151Q1(9)).
From (1.7) we have |Q).(x)|/q} < 2C for all z € R, and we get

|E(n) (Qk(XO + 5n51) - Qk(XO)) |/q;§ 57LE(n) (|€1||Q;c(€)|) /qlz
206,E™ (|le1)),

VANVAN

and the lemma follows. O

2. Contiguous alternative modelling

We study in this section the asymptotic behavior of the semiparametric estima-
tor (Pn, fin,) introduced in Bordes and Vandekerkhove (2010) when their model
is no longer fixed but depends on n through the following transformation:

9™ (@) = pfo(z) + 1 =p) [z —pn), zeR, (2.1)

where ( f("))n21 is a sequence of v-pdfs converging towards the limiting pdf
f. For simplicity, when f(™ is replaced by f in (2.1), the resulting model
will be so-called the asymptotic model. In this framework, for each n > 1, we
consider a sample (X7, ..., X") independent and identically drawn from the
n-local probability density function g,. In addition, we suppose that for any
(n,m) € N* x N such that n # m, we have (X7,...,X[?) independent from
(X7, ..., X"). The sequence (X7,...,X"),>1 is commonly called a row in-
dependent triangular-array. To handle easily the asymptotic normality of the
Bordes and Vandekerkhove (2010) semiparametric estimator based on the “cor-

rupted” sample (X7, ..., X?), we consider the coupling:
in :(1—UZ)E+UZZZL, izl,...,n (22)

where (U;)i>1 and (Y;, Z;,€;)i>1 are independent and identically distributed
samples respectively drawn from a Bernoulli distribution with parameter p and
a fo® f(- — p) ® fi-distribution. The random variable ZI" := Z; + d,&; is by
construction distributed according to f(™). Note that we have the following
stochastic bound:

|XZL—XZ‘ §6n|<€l|, izl,...,n. (23)
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3. Estimation method

The cumulative distribution function (cdf) G(™) associated with model (2.1) is
defined by
G"(z) = (1= p)Fo(z) +pF " (z —p), z€R,

where G| Fy and F(™ are cdfs corresponding to the dfs ¢(), fy and f(™ re-
spectively. Let us denote by 9 the Euclidean part (p, 1) of the model parameters
taking values in ©. Assume that the asymptotic model is identifiable and denote
by Y9 = (po, t10) the true value of its unknown parameter . A way to estimate
consistently g, based on the triangular array (X7',...,X"), is to follow step
by step the Bordes and Vandekerkhove (2010) procedure. Let us define

1

FM™(g) =
(2) ’

(G(") (x4 pu)— (1 —p)Fo(z+ u)) , zeR (3.1)

Because F(™) approximates the symmetric cdf F, we have F(")(z) ~ 1 —
F® (—z), for all z € R. Let us introduce, for all z € R, the functions

1 1-
H™ (z;9,G™) = ];G(”)(x - LFo(x+ ),

and

n 1 1-
H™ (2;9,G™M) =1 — EGW(—x )+ P Fo(—z + p).
We have, using (3.1) and the almost-symmetry of F(™),

H™ (2390, G™) = H™ (2390, G™) — H™ (2190,G™) ~ 0,  (3.2)
whereas we can expect that for all 9 # 99 an ad hoc norm of the function H (™
will have a significant departure from zero. In Bordes et al. (2006a) the authors
considered the L% (R)-norm that proved to be interesting from both theoretical
and numerical point of view. Considering such a norm leads to the following
function d™ on ©:

A W) = [ (H a0, 602G @),
R
which will likely converge towards the contrast function

a(9) = / (H(x:9,G))*dC(x),

associated with the asymptotic model (1.1), see Bordes and Vandekerkhove

(2010, p.24).
Because G is unknown it is natural to replace it by its empirical version
G obtained from the n-sample (X7,...,X]"). However, because we aim to

estimate ¥ by the minimum argument of the empirical version of d(™ using a
differentiable optimization routine, we need to replace G in H™ by a regular
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version 651") of é&") Therefore we obtain an emprical version d;n) of d™ defined
by
00) = [ (B30, GG ) = S (0,602
i=1
where Lo
G (z) = - ;HX;LSI, z € R,

and GV (z) = / G\ (t)dt denotes the smoothed version of the empirical cdf
G'™ since g\ is a kernel density estimator of g defined by (5.1). Note that
additional conditions on the bandwidth A, and the kernel function g will be
specified afterward.

In the sequel, when the above quantities are considered without superscript
(n) this will simply means that G(™ has been replaced by G and XM =
(X7,..., X)) by X" :=(Xq,...,X,) accordingly in their respective analytical
expressions. Note that these estimators are then exactly the ones considered in
Bordes and Vandekerkhove (2010, Section 2). Finally we propose to estimate 9
by

g(n) — (5(n) n(n)y — in 4™
On" = (", i) = arg min d, (9).

4. Identifiability, consistency and asymptotic normality
4.1. General conditions and identifiability

In this section we give a set of conditions for which we obtain identifiability of
the asymptotic model parameters, consistency and asymptotic normality of our
estimators. Let us denote by mg and m the second-order moments of fy and f
respectively. We introduce the set

& = R*x]0, +00[\ Uren+ P

where

+2
By = {m,m)) e R*X]07+%[;m=mo+u2]€3k}-

Let us define Fy = {f € F; [g |z|?f(x)dz < +oo} for ¢ > 1. Denoting by f; the
Fourier transform of the df f; we consider one assumption, for which the semi-
parametric identifiability of the model (1.1) parameters is obtained, see Bordes
et al., (2006b, Proposition 2, p. 736).

Identifiability condition (I). For all n > 1, let (fo,f) € F2, fo > 0 and

(10, m)) € 3™ where ®, a compact subset of ®. We have ¥g = (po, 10) € ©
where O is a compact subset of (0,1) x Z where = = {u; (1, m) € ®.}.

Kernel conditions (K).
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(i) The even kernel density function K is bounded, uniformly continuous,
square integrable, of bounded variations and has second order moment.

(i) The function K has first order derivative K’ € L'(R) and K'(z) — 0 as
|x| = +oo. In addition if v is the square root of the continuity modulus
of K, we have

/o (log(1/u))"/? dy(u) < oco.

Approximation conditions (A). The even kernel density function K is bounded,
twice differentiable with bounded first and second derivatives.
Bandwidth conditions (B).
(i) hn N\ 0, nh, — +oo and /nh2 = o(1),
(ii)) nhy/|logh,| — +oo, |loghy,|/loglogn — +oo and there exists a real
number ¢ such that h, < cho, for alln > 1,
(iii) |loghn|/(nh3) — 0.

Comments. The two first conditions in (B) (i) are necessary to obtain the
pointwize consistency of the g, sequence of kernel estimators towards g. The
third condition allows to control the distance between the empirical cdf G, and
its regularized version G,,. By using Corollary 1 in Shorack and Wellner (1986,
p. 766) we obtain

HGn - GnHoo = Oa,s‘(hi),

which by (i) and the law of iterated logarithm, leads to

~ loglogn -1/
||G’ﬂ - G”oo = Oq.s. (( 77,) . (41)

Lemma 1. Suppose that the kernel function q satisfies Conditions (K) and
(A) and that the bandwidth (h,) satisfies Conditions (B), then we have:

@) NG = Ghlloo = Ouus. (52/hn)
(@) 19 = Gnlloo = Oas. (dn/h3)
(@) @) = @n) lloo = Oas. (n/h3) -
Proof. Let us detail the proof of result (ii). For all = € R, the stochastic error

between g (x) and g, (z) is controlled as follows:

gfz)(w)—gn(x)‘= 7 Z<K< h )—K( . )) r€eR
1 & x— X[ r—X;
K ) - K -
_nhn; ( hn > < hn )‘
1 = / n
< o S X7 - X
" oi=1
|| K| 6n 2i leil
< ] X - , (4.2)
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where the last inequality comes from (2.3). The above result shows that, ac-

cording to the Strong Law of Large numbers, ||§7(ln) —Gnlloo = Ou.s.(6,/h2). The
proofs of (i) and (iii) are identic to the proof (ii). O

4.2. Consistency and preliminary convergence rate

We denote for simplicity by A(9) and h(9) the gradient vector and hessian
matrix of any real function h (when it makes sense) with respect to argument
¥ € R?.

Lemma 2. Assume that Conditions (K), (A) and (B) are satisfied and that
© is a compact subset of (0,1) x P..

(i) If K is bounded over R then supyce ‘dﬁ?(ﬂ) - dn(ﬂ)’ = Ou.s. (6 /hn).

(i) If K' is bounded over R then ‘

A5 (90) = do(90)|| = O (82 /13)+ O (30 /1)

(iii) If K" is bounded over R then supycg ‘ d%n)(ﬁ) - dn(ﬂ)H = O4s.(0,/h3).

Proof. For the proof of (i) let us write for all ¥ € ©:
1< ~ ~
a0 W) = du(@)| = |~ 0 (HAX]39,607) — H2(Xi30,G)) ‘

n-
i=1

IA

S| 9,690) - B2 (X759, )
n
=1

1 — ~ ~
=y |H*(X9,Gn) — H*(X;;9,G,
+ni§_1’ (X759, Gr) = HA(X;39, G

< O, (16 = Gl )

+ Ous. (; Z ]én(Xi” + 1) — Go(X; +u)\> . (43)

The second term in the right hand side of the above inequality can be handled
by using the mean value theorem as follows:

n

1 - ~ n ~ 1 ~ n
=S [Gn (X 1) = X+ )] < =D (U — e + o) XT — Xl
=1

< 6n(0a.s.(1) + [g]lo0) x (zl_nl'&> ’

where according to Silverman (1978) |[gn — 9lloc = 0a.s.(1). Similarly to (4.2),
using the Strong of Large Numbers on the |¢;|’s, we get that this second term is
a Og.5.(0p). Since the first term in the right hand side of (4.3) is a Og4.5.(6n/hn)
according to Lemma 1 (i), we obtain the wanted result.
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For the proof of result (ii), let proceed similarly to Bordes and Vandek-

erkhove (2010) and investigate the partial derivative of dm (¥9) with respect
to p (more complicated case) Consider for any cdf G, the generic expression
H(x, %0, G) := H(x; 190,G) o H(3:19,G), x € R. According to (2.4) in Bordes
and Vandekerkhove (2010), we have at point ¥y:

ady) ad ) & 5
n _ < A(XM™® ) Ao (XM X7
aﬂ (190) 8,“’ (190) = 1( aGn 7Gn) + 2( 5 aGn)a
where A (X™,G™.G,) Z‘H n 90, GY — H(XT: 9o, G)| |
A (X(n) Xn G Z ‘7‘[ Xz 7’l9(), ) H(Xi;’&(),én) .

For Al(X(”),é%n),én), since H(+;90,G) = 0 and %—ZI(gﬁO,G) = 2f(+), we can

write:

2 — ~ ~
(" n) z (n)y _ n.
AXM. G, G ng\ 190, GY) — H(X[':00,C)
0 oH .. . =~
a ( ﬂOvG ) %(Xl 71907Gn)

= z\H 590, Gu) = H(X['10,G)|

H ~ H ~
O (yn. g0, Gy — 2L (xm. 95, G

. ou ou

O m90,G) — 20(XT)

X [H(X00, GS) = H(X]' 90, Gin)

4 ~
= n n. (n) n.
o DO x [HX 90, GL0) = H(XT'590, G

< 1 (IGS) = Gulloe + G = Glloe) 135 = Gl
e2 (1 = gllse + £ 1) 1G = Gl

+
52 o
= 0ne () +0un (52)
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For Ay(X(™ X" G,) let us notice first that for any (z,2’) € R? we have:
\H(x; do,Gn) — H(a'500,G)

<o ‘[é(x + 1) = G2’ — )] + [G(—z + p) = G(=a' — )]

1* P |(Fo( + ) — Fo(a! — )] + [Fol— + 1) — Fo(—a’ — )|
< 2 (15 — glloo + llglloo)l — 2’| + ( )||f0||oo|$ 2, (4.4)
Po
and
OH OH
aﬂ (‘/I; ﬁOaG )_ au(m 1907G )

< pi Bal@ + 1) — (e’ — )] + G + 1) — G~ — )|

1-p
+ TO I[fo(x + p) — fo(z" — )] + [fo(—z + p) — fo(—2" — p)]|
9 21— p
< 2015, — g'lleo + 19/l — '] + 222Dy ety e ()
0 Po
Using (4.4) and (4.5) we obtain
Ao(X™ X" @) < —Z ‘H " 9o, G) — H(Xi39, Go)
aH . oH _
(X - (X.:
X 8,LL( 7 a’l907Gn) 8,114( 271907Gn>
2 & ~
+ 5; [H (X500, ) = H(X,: 90, )|
OH . . ~ OH, _ =
8u T (X790, C) — %(Xz,ﬂo,Gn)
aH

Xzaﬁoa )_2f( )

x ]H(Xf;ﬂo,Gn) ~ H(X;300,Go)

4 ~ ~
— X; H(X!;99,Grn) — H(X;;9,Gn
+n;|f( )| [H(X7500,Ga) = H(Xi300, Ga)

= Oa.s.(égx) + Oa-S-((si) + Oa.s‘((anén - GHOO) + Oa.s.((sn)v

which by (4.1) concludes the proof for (ii). For the proof of result (iii) we use
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the following decomposition at any point 9 € O:

2 n ~n N ~
<=> | H(X30, GO (X739, G) — H (X590, Go) H (X339, G)
k=1

A () = du(0)|

2 a . N ) . B . o N
+ EZ HH(Xz( );ﬂ,G%”))HT(Xi( )§ﬁ7G£1n)) _H(Xi§’l9,Gn)HT(Xi;79,Gn)
k=1

4
< ZTj,1 + T} 2,
j=1

where for j =1,...,4, T} 1 and T} are alternatively equal to

On
= O (ha)

= Oa.s. (671)

2 ~ .. ~ .. ~
=S X0, G| | H (X750, 650) — (X750, C)
n

k=1

S0, GO (X0, G — H(X59,G)
k=1

23|06 [mxeo,6) - mxrs0.6)] = 0, (7

n hy,
k=1

2 | ~ ~ ~

=3 [0, G| [ (X739, Go) = H(X339,G)| = Ous. (50)

nk:l

2 O : n ~(n) : n ~(n) i’ n ~ On,

=3 [, ao| | Ao e, 6y rxg0,60) | = Ous. (5
k=1 n

2 || - ~(n) om0 = i - 5,

=3 |0, G| || 09, Go) = H(Xi9,Go) | = Ous. ( 75
k=1 n

2 - g n ~ : n ~(n) g n ~ 5”

=3 e, G| | a0, G0 - H(X0,G0)|| = Ous. (55
k=1 n

2 || - ~ . ~ : ~

ﬁ H(leﬂaGn) HH(inaﬁyGn)_H(XuﬁaGn) :Oa.& (671)
k=1

The above results come from painful but straightforward calculations. To explain
briefly how we get these rates we can basically say that the first factors after the
sum sign are always O, s (1) due to Silverman (1978) if they are G,, dependent
and O, (1+6,/hLT*), where k = 0, 1,2 denotes the order of derivation of H, if
they are G dependent. Next, due to the mean value theorem, Silverman (1978)
uniform consistency result on the kernel estimator and its derivatives and (2.3),
the difference terms involving X" and X; based on én are all O, 5. (9,,). On the

other hand due to approximation Lemma 2, the difference terms involving é%n)
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and én located at the same argument value X[ are all O, s (§,,/hLt*) where
k = 0,1, 2 denotes the order of derivation of H. O

Theorem 2.

(i) Suppose that Conditions (K), (B) and (I) are satisfied, © is a compact
subset of (0,1) x @, G is strictly increasing on R, Fy and F are twice continu-
ously differentiable with second derivatives in L'(R), then we have |0, — 9| =
0q.5.(n~Y4) for all o > 0.

(i1) Suppose in addition that Condition (A) is satisfied, then we have
_ 1/2—6
19 — gl = Oq.s. <(n—1/2+a +6n/hi) ) 7

forallaa>0and 0 <d < 1/2.

(iii) Under the conditions of (i), the estimator 9,, = (pn, fin) is asymptotically
normally distributed:

V1 (Pn — po, fin — po) — N(0,%), as n— +oo,

where ¥ = Z(99) "1 J(00)Z (o), with

I(90) = /R (200, G)ET (2 0, G)dG (x) > 0

and J(ao) = V(H(Xl, 190, G)H(Xl, 190, G))
(iv) Under the conditions of (ii), and if

2
ﬁ(%—&—f&)—)& and Z%—>O, as n— 400, (4.6)

the estimator 94" = (ﬁ%n),ﬂ%n)) associated with the triangular array (X™), >
defined in (2.2) is asymptotically normally distributed:

V™ = po, i — o) — N(0,%), as n — +oo.

Proof. The proofs of (i) and (iii) are detailed in Bordes and Vandekerkhove
(2010). For the proof of result (ii) it is enough to notice that

sup |d(") — d| < sup |d(” — dn| + sup |dy, — d| = O s (O /hn + n~H/2F9),
9EO ) €0
with @ > 0, and consider ~,, = n~1/2*t 4 0n/hy along with 7, = (n*1/2+04 +
6n/hn)Y/?79 with § > 0 in the proof of Theorem 3.1 of Bordes and Vandek-

erkhove (2010) . Doing so we insure that 7, = o(n2) which concludes the proof
of (ii).
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For the proof of (iv) we consider the Taylor expansion of dsl") around Yg:

di) (9" )R = 90) = —v/nd() (Do) = =V/ndn(90) + 0a.s.(1),

where 19*51") lies in the line segment with extremities 55{1) and Yo, and 0g4.5.(1) =
—\/ﬁ(d,(f) (99) — dn (V) according to Lemma 2 if \/n(862/h3 4 6/h,) — 0 as
n — 4o00. Noticing now that:

145 @) = Z@o)ll < Nldg? (973 = d (0, |+ 11d(9,) = Z(90)]
sup ld” = dull + 11d(9;,") = o),

IN

where the first term in the right hand side is a 0, .(1) if §,,/h3 — 0 as n — +o0
according to Lemma 2 (iii) and the second term is also a o04..(1) according to
(3.16) in the proof of Theorem 3.2 in Bordes and Vandekerkhove (2010). O

Remark 3. Since the bandwidth rate recommended in Bordes and Vandek-
erkhove (2010, Remark 3.1) to satisfy Condition (B) is n='/*=7, with v €
(0,1/8) we observe that for this range of rates condition (4.6) is satisfied if:

On
n—3/4—3y

52 S

n—5/4—37 + Ry Z R 0, and

— 0, as n — oo,

which leads to consider &, = n~3/*~¢ with & > 3.

Remark 4. The conditions imposed in (4.6) do not look optimal to us but
they provide for the first time, to the best of our knowledge, a framework for
nonparametric contiguous alternatives in the parametric family testing problem.
To improve these rates in the future we plan to carefully investigate the Donsker
theorem associated with the empirical process G, = \/ﬁ(é%n) — G™), where
(A;?sl") denotes the empirical cdf of a G -distributed generic triangular array
(XP,...,X"), where G™ converges “smoothly enough” towards a given cdf G
and revisit the uniform almost sure convergence results of the kernel density
estimate and its derivatives in Silverman (1978).

5. Asymptotic behavior of the MLE

In this section we propose to derive the asymptotic covariance matrix involved
in the Central Limit Theorem associated with maximum likelihood estimator for
the Gaussian case, that is when f belongs to G the set of normal densities f(, )
with mean 4 and variance 6 = s,. Let us denote by gg(z) = (1 — p)fi0,1)(z) +
Pf(u,s)(x) where ¢ = (¢1, ¢2, ¢3) = (p, it,5) € (0,1) x A and £y (z) := In(gg(z)).
We now define the gradient of £4(x):

T
o) = <a§/¢<x)’ 5o (o) 8353%@)) .
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For simplicity matters we denote f (s, S)( x) = a%yf(u,s)(x)v i =1,2,3. We then
obtain

9, (2) = —fo.n(@) + fus (@)

06, 0" 9o ()

d (@) -
%&b(aj)_ m)xv with f( 5)() %f(u,s)(x)
d Pfe, (@) . . 1 —

%%(x) G ()) . with 8, (2) = [ 5ot (xQSQ) }f@t 5 ().
The Hessian matrix of £4(x) is denoted £y () = (3(;;(253 oz )) vy with:
9? (= fon(@) + fue)? (@)

a2, @) = o)
e @ @\
7o P g\ @
o Boo@ o f@\
.y = i — ;
755 =g T \P el )
and
2
@ = =S i@+ ST ) = @)+ (F52) fnt@)

Foun@ = g2 - & ;3“) }fwxx) o+ ] )

2 2
3¢?5¢2 fo(@) = ao;faqsl fo(@)
@ (@) + @) f @)
R 72 ()
2 2
3¢?8¢3 fol@) = 3¢f8¢1 bo(@)
S @ (=fon (@) + fue @), ()
T e P 72 (x)
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02 o _ ple—p) ~fus) (@) + sf(sms)(a:)}
96,085 *") = Bge0, P = T 95(@)
B p?(x — ) " f(u,s)(ﬁv)f(i,,s)(x)
s 95(x) '

Given the above expressions we can derive under standard conditions, see van
der Vaart (1998, p.63), the basic asymptotic normality of the MLE:

V(Dr = Pos Fin — 1105 S — 50) —> N (Ors, A(do) ™" B(g)A(do) ™),

as n — 400, where

Ag0) = E ({y(X1))  and Blon) = E (L, (X1)0F, (X))

are respectively consistently estimated by

n

~ 1 .. 5 1 n ; N ‘
An_EZE (X;) and Bn_n;e%(x,)z&(xl).

6. Graph for comparison between the maximum likelihood and the
semiparametric estimator

Mean estimation Variance estimation Probability mixture estimation

~ == I
p—— T

020 025 030 035 040 045

Fig 1: Boxplot for maximum likelihood and semiparametric estimators of m, s, p
when n = 1000, under the mean deviation trap effect for 4 = 3 and a = 4, based
on 200 repetitions.

7. Graph of the empirical Level
8. Graphs of the alternatives considered in Section 8.2

Row 1: 1-shifted Student #(3) alternative distribution (plain) and a null-type
Gaussian distribution with similar parameters N'(1,3) (dashed).
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2000 3000 4000 5000 6000 7000

Sample size

Fig 2: Empirical levels for parameter values (p,u,s) = (1/3,1.5,1) (O),
(p,p,8) = (0.5,1.5,2) (o) and (p,u,s) = (0.98,—0.15,0.8) (A) with sample
sizes n = 2000, 3000, 7500.

Row 2: 1-shifted Student #(10) alternative distribution (plain) and a null-type
Gaussian distribution with similar parameters N (1,1.25) (dashed).

Row 3: £(1, 1) Laplace distribution (plain) and a null-type Gaussian component
with similar parameters N(1,2) (dashed).

Row 4: £(1,2) Laplace distribution (plain) and a null-type Gaussian component
with similar parameters N (1,8) (dashed).

Columns 1, 2, 3 correspond respectively to p = 1/3, 1/2, 0.98.
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Fig 3: Plot of the graph of g in model (1.1) under several conditions.
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