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ABSTRACT
The X-ray spectral curvature of blazars is traditionally explained by an empirical log-parabola
function characterized by three parameters, namely the flux, curvature, and spectral index
at a given energy. Since their exact relationship with the underlying physical quantities is
unclear, interpreting the physical scenario of the source through these parameters is difficult.
To attain an insight on the X-ray spectral shape, we perform a detailed study of the X-
ray spectra of the blazar MKN 421, using an analytical model where the electron diffusion
from the particle acceleration site is energy dependent. The resultant synchrotron spectrum is
again determined by three parameters, namely, the energy index of the escape time-scale, the
quantity connecting the electron energy to the observed photon energy, and the normalization.
The X-ray observations of MKN 421, during 2012 July–2013 April by Nuclear Spectroscopic
Telescope Array and Swift-XRT are investigated using this model and we find a significant
correlation between model parameters and the observational quantities. Additionally, a strong
anticorrelation is found between the fit parameters defining the spectral shape, which was not
evident from earlier studies using empirical models. This indicates the flux variations in MKN
421 and possibly other blazars, may arise from a definite physical process that needs to be
further investigated.

Key words: acceleration of particles – diffusion – galaxies: active – BL Lacertae objects: in-
dividual: MKN 421 – X-rays: galaxies.

1 IN T RO D U C T I O N

Blazars are an extreme class of Active Galactic Nuclei (AGN) with
the relativistic jet aligned towards the observer. Their broad-band
spectral energy distribution (SED), extending from radio to γ -ray
energies, is characterized by two prominent peaks with the low-
energy component attributed to synchrotron emission and the high
energy to inverse Compton processes. The spectral modelling of
the synchrotron component suggests the underlying electron dis-
tribution to be a broken power law with a smooth transition at the
break energy corresponding to the peak of the SED (Sambruna et al.
1994; Tavecchio, Maraschi & Ghisellini 1998; Fossati et al. 2000).
Alternatively, the spectrum around the peak is well reproduced by a
log-parabola function, requiring a lesser number of free parameters
(Landau et al. 1986; Massaro et al. 2004a; Tramacere et al. 2007;
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Paggi et al. 2009; Chen 2014). Recent high-resolution optical–X-
ray observations showed that the spectrum deviates from a power
law even beyond the synchrotron peak and is better represented by
functions with mild curvature (Bhagwan et al. 2014; Gaur et al.
2017). These observational inputs motivate one to look for a mod-
ified non-thermal electron distribution capable of explaining the
broad-band synchrotron spectra of blazars.

The log-parabola spectral shape of the synchrotron peak was
observed to be the best-fitting model for various blazars and dur-
ing different flux states. This initiated an extensive study of the
peak spectral curvature to identify possible correlations between
the model parameters and to relate their property to the underly-
ing particle acceleration process (Massaro et al. 2004a,b, 2008;
Tramacere et al. 2007). For most of the sources, the curvature pa-
rameter is positively correlated with the flux corresponding to peak
energy, while no substantial correlation was observed between the
curvature parameter and the spectral index at a fixed energy (Ka-
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panadze et al. 2014; Sinha et al. 2015). On the other hand, several
studies show a significant positive correlation between the peak
energy of the fitted log-parabola function and the corresponding
flux (Massaro et al. 2006, 2008; Tramacere et al. 2007; Paggi et al.
2009). The dependence of the peak energy to the corresponding flux
can be used to identify the dominant parameter responsible for the
spectral change. However, these studies are often performed over a
narrow X-ray energy band where a log-parabola function provides
a decent fit statistic.

A log-parabola photon spectral shape can originate if the emitting
electron distribution is also a log-parabola. Such a distribution can
originate from an energy dependence of the acceleration probability,
as shown by (Massaro et al. 2004a). Alternatively, the curvature can
also be interpreted as a result of the energy dependence of the
escape time-scale from the emission region. This model is capable
of explaining the broad-band SED with a power-law spectral shape
at low energies and a smooth curvature at the high energies (Sinha
et al. 2017). On the other hand, an energy dependence of the escape
time-scale in the AR is capable of producing a spectrum that deviates
from a power law and closely agrees with a broken log-parabola
(Jagan et al. 2018).

The blazar MKN 421 is one of the nearest (z = 0.031) and the
brightest known BL Lac object that has been studied extensively
with multi-epoch observations over a wide spectral range (Acciari
et al. 2009; Abdo et al. 2011; Aleksić et al. 2012; Bartoli et al. 2016;
Sinha et al. 2016). This source is classified as a high frequency BL
Lac (HBL) as its synchrotron peak falls at X-ray energies (Padovani
& Giommi 1995). The X-ray spectra of this source exhibit signifi-
cant curvature in both flaring and quiescent states. The high flux state
spectra can be well fitted by a log-parabola function (Massaro et al.
2004a, 2006; Donnarumma et al. 2009; Yan et al. 2013; Sinha et al.
2015); whereas, the low flux state spectra are better explained with
power law or power law with exponential cut-off models (Yan et al.
2013; Kataoka & Stawarz 2016). Alternatively, Zhu et al. (2016)
showed that the X-ray and γ -ray spectra of the source can be repro-
duced using synchrotron and self-Compton emission models with
the underlying electron distribution assumed to be a combination of
power law and log-parabola shape. A detailed X-ray spectral study
of the source, at energies 0.1–100keV, was performed by Massaro
et al. (2004a) using BeppoSAX observations of 1999 May and 2000
April–May. The X-ray spectra can be well fitted by a log-parabola
function with the curvature parameter showing a strong positive
correlation with the spectral index at 1 keV. However, no such cor-
relation between these model parameters is found in a combined
Swift-XRT and Nuclear Spectroscopic Telescope Array (NuSTAR)
spectra of the source during 2013 April (Sinha et al. 2015). Similar
to other BL Lac objects, MKN 421 also showed a strong positive
correlation between the log-parabola peak energy and the peak flux
and a negative correlation between peak energy and the curvature
parameter (Massaro et al. 2004b, 2006, 2008; Tramacere et al. 2007,
2009). Interestingly, the flux-to-hardness ratio plot of the source dur-
ing various flaring episodes show both clockwise or anticlockwise
patterns (Tramacere et al. 2009; Kapanadze et al. 2016).

In this work, we analyse NuSTAR observations of the blazar MKN
421 during the period 2012 July–2013 April and perform a detailed
investigation of the X-ray spectral curvature. Additionally, we sup-
plement this with Swift-XRT observation at low energies, thereby
enabling a broad-band ( 0.3–80keV) X-ray study of the source. To
gather a better insight into the physics behind the X-ray spectral
curvatures, we use a physically motivated model by considering the
dynamics of the electrons in the main acceleration zone. The broad-
band X-ray spectrum is fitted using this analytical model and the

results are presented. Finally, we study the correlations between dif-
ferent model parameters and compare them with the ones obtained
from the empirical log-parabola spectral fit.

The paper is organized as follows: In the following section, we
describe the details of the data analysis procedure and in Section
2.3, we present our spectral study using the empirical log-parabola
model. The details about the analytical model involving the dynam-
ics of the particle acceleration and the spectral fitting are presented
in Section 3 along with the correlation studies. Finally, in Section 4
we discuss our results in light of current scenario of the blazar
spectral studies.

2 X -RAY OBSERVATI ON A ND ANALYSI S

MKN 421 has been monitored by NuSTAR in the hard X-ray energy
band during flaring as well as quiescent flux states. The source
underwent a strong X-ray flare from 2013 April 10 to 19 and was
observed by both NuSTAR and Swift-XRT, simultaneously. In order
to study the spectral behaviour of the source during different flux
states, we selected 20 NuSTAR pointing of MKN 421, spread over
both flaring and non-flaring states. For 10 of these selected epochs,
simultaneous Swift-XRT observations were available and they are
included in this study. This enables us to investigate the source over
a broad X-ray energy ranging from 0.3 to 79keV. The details of these
observations are given in Table 1 and the data reduction techniques
used are described below.

2.1 Nu STAR

NuSTAR is a space-based focusing high energy X-ray telescope,
consisting of two co-aligned, independent telescopes; FPMA and
FPMB (Focal Plane Module A and B) for parallel observations (Har-
rison et al. 2013). It operates in the hard X-ray energy band from 3 to
79 keV with subarcmin angular resolution and provides a more than
100-fold improvement in sensitivity beyond 10 keV over other tele-
scopes. NuSTAR archival data were obtained from NASA’S HEASARC

interface1 and the data were reduced using the NUSTARDAS software
package (Version 1.4.1) built in HEASOFT (Version 6.19). A circular
region of radius 30 arcsec and centred around the source is used to
extract the source spectrum and the background is estimated from a
circular region of radius 50 arcsec free from source contamination
but adjacent to it. With these selections of source and background
regions, the NUPRODUCT (Version 0.2.8) script was used to produce
the spectrum for each observation.2 Finally, the clean event files,
ancillary response files (ARFs) and response matrices (RMF) were
generated using the standard NUPIPELINE (Version 0.4.5). The source
spectrum for FPMA and FPMB were then grouped individually us-
ing the GRPPHA tool to have a minimum of 30 counts bin−1. This
ensures χ2 statistics will remain valid during spectral fitting using
XSPEC (Arnaud 1996).

2.2 Swift-XRT

The Swift-XRT (Burrows et al. 2005) observations are obtained
from NASA’S HEASARC interface and the data reduced using the XRT-
DAS software package (Version 3.0.0) built-in HEASOFT. The obser-
vations were made in Windowed Timing (WT) mode and standard
procedures followed to calibrate and generate the cleaned event files

1https://heasarc.gsfc.nasa.gov/
2https://heasarc.gsfc.nasa.gov/docs/nustar/analysis/
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Table 1. Details of NuSTAR observations for 20 different pointings and the simultaneous Swift-XRT observations.

Obs. NuSTAR Swift-XRT
Obs. ID Obs. date and time Exposure Obs. ID Obs. date and time Exposure

(yy-mm-dd) (s) (yy-mm-dd) (s)

s1 10002015001 2012-07-07 T01:56:07 42034 – – –
s2 10002016001 2012-07-08 T01:46:07 24885 – – –
s3 60002023006 2013-01-15 T00:56:07 24182 – – –
s4 60002023010 2013-02-06 T00:16:07 19307 – – –
s5 60002023012 2013-02-12 T00:16:07 14780 – – –
s6 60002023014 2013-02-16 T23:36:07 17359 00080050006 2013-02-17 T00:03:59 9201
s7 60002023016 2013-03-04 T23:06:07 17252 00080050007 2013-03-04 T23:34:25 984
s8 60002023018 2013-03-11 T23:01:07 17474 00080050011 2013-03-11 T23:58:59 8425
s9 60002023020 2013-03-17 T00:11:07 16558 – – –
s10 60002023022 2013-04-02 T17:16:07 24772 – – –
s11 60002023024 2013-04-10 T21:26:07 5758 – – –
s12 60002023025 2013-04-11 T01:01:07 57509 00080050016 2013-04-11 T00:30:59 1076
s13 60002023026 2013-04-12 T20:11:07 441 00080050019 2013-04-12 T21:53:58 9546
s14 60002023027 2013-04-12 T20:36:07 7630 00080050019 2013-04-12 T21:53:58 9546
s15 60002023029 2013-04-13 T21:36:07 16510 – – –
s16 60002023031 2013-04-14 T21:41:07 15606 – – –
s17 60002023033 2013-04-15 T22:01:07 17278 00035014062 2013-04-15 T23:07:59 534
s18 60002023035 2013-04-16 T22:21:07 20279 00035014065 2013-04-17 T00:46:59 8842
s19 60002023037 2013-04-18 T00:16:07 17795 00035014066 2013-04-18 T00:49:59 6887
s20 60002023039 2013-04-19 T00:31:07 15958 00035014067 2013-04-19 T00:52:59 6132

Notes: NuSTAR observations of 20 different flux states during 2012 July–2013 April and near simultaneous Swift-XRT observations

using XRTPIPELINE (Version 0.13.0).3 To extract the source spectrum,
a circular region of 20 pixels centred at the source is used and
for the background, a nearby 40 pixels circular region is selected
which is free from the source contamination. In case of observations
with pile-up, an annular region with 2 pixels inner boundary and
20 pixels outer boundary is used. The spectrum is produced using
XRTPRODUCTS (Version 0.4.2) and the ARFs files and the RMF were
generated using XRTMKARF from the Swift CALDB. The 0.3–10keV
spectra were then grouped as described in the previous section.

2.3 X-ray spectral analysis

We repeat the analysis of Sinha et al. (2015) by fitting the X-ray
spectra due to NuSTAR and Swift-XRT observations of MKN 421
using a log-parabola model, in-built in XSPEC. This will let us to
compare the effectiveness of the analytical model given in Section 3
with the empirical one presented here. A log-parabola model is
defined as (Massaro et al. 2004a)

F (E) = K

(
E

E∗

)−α−β log(E/E∗)

, (1)

where, α is the spectral index at energy E∗, β is the curvature
parameter, and K is the normalization. Choosing E∗ = 1 keV, the
final spectrum is defined by three parameters α, β, and K. The
knowledge of the parameters α and β lets us estimate the peak of
the log-parabola function in E2F(E) representation as

log

(
Ep,lp

E∗

)
= 2 − α

2β
. (2)

The hard X-ray spectra of MKN 421, in the energy range 3–
79keV corresponding to 20 observations by NuSTAR, is fitted us-
ing a log-parabola model and the results are presented in Table 2
(left). The Galactic neutral hydrogen absorption in the direction of

3http://www.swift.ac.uk/analysis/xrt/index.php

MKN 421 is estimated as 1.92 × 1020 cm−2 (Kalberla et al. 2005)
and fixed throughout the analysis for all the observations. Similar
to the earlier results, we found this model can represent the hard
X-ray spectra of all the epochs well with a significant curvature (β
ranging from 0.14 to 0.49). The hard X-ray spectra mainly reflects
the falling part of the synchrotron spectral component and misses
the curvature close to the peak. To verify whether the same model
is capable of explaining this spectral regime as well, we repeat the
spectral fitting by including simultaneous soft X-ray spectra avail-
able from Swift-XRT observations for 10 epochs (Table 1). We find
that the quality of the fits slightly deteriorate, with a significant
change in the spectral parameters and in Table 3 (left), we provide
the fit results of this combined Swift-XRT–NuSTAR observations.
Interestingly, it can also be noted that the spectral fit is better for the
low flux states compared to the high-flux states. In Table 4 (left),
we provide the SED peaks obtained using the log-parabola fit pa-
rameters corresponding to NuSTAR alone and Swift-XRT–NuSTAR
combined spectral fits.

3 EN E R G Y-D E P E N D E N T E L E C T RO N
DI FFUSI ON MODEL

A better understanding of the MKN 421 spectrum and its evolution
can be perceived by modelling the X-ray spectra using a physically
motivated model rather than a simple empirical function given by
equation (1). Accordingly, we consider the electron acceleration
and the emission processes in the blazar jet by dividing the main
emission zone into two sub regions namely, acceleration region
(AR) and cooling region (CR). AR is assumed to be located around
a shock front where electrons are accelerated to relativistic energies
and diffuse into CR where they lose their energy through radiative
processes. Considering a mono-energetic electron injection (Qo)
into the AR, the electron distribution in AR (nar) and CR (ncr) after
attaining steady state can be described as (Kardashev 1962),

AR : d
dγ

[(
γ

τa
− Aγ 2

)
nar(γ )

]
+ nar(γ )

τe
= Qoδ(γ − γ0) (3)
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CR : − d
dγ

[
Bγ 2ncr(γ )

] + ncr(γ )
te

= nar(γ )
τe

, (4)

where γ is the dimensionless electron energy (E = γ mec2), τ a and
τ e is the characteristic electron acceleration and escape time-scales
from the AR, te is the escape time-scale from CR and, Aγ 2 and Bγ 2

determine the radiative energy loss rates in AR and CR happening
in the Thomson regime of the scattering process. If we assume a
constant τ a and an energy-dependent τ e such that their ratio takes
the form

τa

τe
= η0γ

κ (5)

then the electron distribution in AR will be (Jagan et al. 2018)

nar(γ ) ∝ γ −1exp
(
−η0

κ
γ κ

)
. (6)

Substituting equation (6) in (4), we can obtain the cooled electron
distribution in CR as

ncr(γ ) ∝ γ −2exp
(
−η0

κ
γ κ

)
for γ � 1

Bte
. (7)

The synchrotron emissivity at photon energy E
′
due to the electron

distribution in CR can be obtained as 4

jsyn(E′) = 1

4π

∫
Psyn(γ,E′) ncr(γ ) dγ, (8)

where, Psyn is the single particle synchrotron emissivity (Rybicki
& Lightman 1986). Consequently, the flux at the observer can be
estimated considering the relativistic Doppler boosting from the
blazar jet and cosmological effects as (Begelman, Blandford &
Rees 1984; Dermer 1995)

Fsyn(E) = δ3
D(1 + z)

d2
L

Vjsyn

(
1 + z

δD
E

)
, (9)

here, δD is the jet Doppler factor, z is the redshift of the source, dL is
the luminosity distance, and V is the volume of CR. Approximating
Psyn as a delta function peaking at

E′ → γ 2

(
heBcr

2πmc

)
,

4E
′

is the photon energy measured in CR frame.

Table 2. NuSTAR analysis with log-parabola and energy-dependent electron diffusion models.

Obs. Log-parabola Energy-dependent electron diffusion F3−10 keV

α β χ2
red(dof) ξ0 κ χ2

red(dof) (10−10 erg cm−2 s−1)

s1 2.96 ± 0.01 0.19 ± 0.02 1.09 (801.00) 2.24 ± 0.10 0.22 ± 0.04 1.09 (802.25) 1.05 ± 0.01
s2 2.98 ± 0.01 0.28 ± 0.02 1.21 (796.21) 2.01 ± 0.10 0.33 ± 0.05 1.21 (798.10) 1.16 ± 0.01
s3 3.12 ± 0.01 0.31 ± 0.03 0.95 (529.99) 2.18 ± 0.14 0.34 ± 0.06 0.95 (531.59) 0.77 ± 0.01
s4 3.07 ± 0.01 0.44 ± 0.03 1.01 (575.34) 1.71 ± 0.11 0.52 ± 0.06 1.01 (575.42) 0.99 ± 0.01
s5 2.79 ± 0.01 0.25 ± 0.03 1.01 (588.93) 1.73 ± 0.13 0.34 ± 0.07 1.01 (588.97) 1.13 ± 0.01
s6 3.06 ± 0.02 0.14 ± 0.06 1.05 (438.26) 2.60 ± 0.28 0.15 ± 0.06 1.05 (438.21) 0.44 ± 0.01
s7 3.07 ± 0.01 0.23 ± 0.03 1.04 (578.66) 2.31 ± 0.15 0.26 ± 0.06 1.04 (579.19) 1.14 ± 0.01
s8 3.16 ± 0.01 0.24 ± 0.04 0.96 (484.85) 2.46 ± 0.18 0.26 ± 0.07 0.96 (484.90) 0.87 ± 0.07
s9 2.84 ± 0.01 0.31 ± 0.03 0.99 (581.57) 1.65 ± 0.12 0.41 ± 0.07 0.99 (582.02) 1.16 ± 0.01
s10 2.80 ± 0.01 0.31 ± 0.01 1.04 (933.37) 1.59 ± 0.11 0.42 ± 0.03 1.05 (935.40) 2.82 ± 0.01
s11 3.02 ± 0.01 0.41 ± 0.02 1.02 (628.06) 1.71 ± 0.10 0.49 ± 0.05 1.02 (629.45) 4.25 ± 0.03
s12 2.71 ± 0.01 0.37 ± 0.01 1.04 (1490.75) 1.27 ± 0.02 0.55 ± 0.01 1.04 (1488.23) 6.62 ± 0.01
s13 2.75 ± 0.02 0.49 ± 0.06 1.01 (401.57) 1.09 ± 0.18 0.70 ± 0.05 1.02 (404.32) 11.72 ± 0.12
s14 2.71 ± 0.01 0.46 ± 0.01 0.91 (921.02) 1.03 ± 0.03 0.73 ± 0.02 1.22 (1243.05) 14.05 ± 0.15
s15 2.89 ± 0.01 0.44 ± 0.01 1.00 (910.95) 1.42 ± 0.04 0.57 ± 0.03 1.01 (925.77) 5.27 ± 0.01
s16 2.36 ± 0.01 0.42 ± 0.01 1.06 (1516.55) 0.60 ± 0.01 0.88 ± 0.01 1.03 (1481.27) 14.90 ± 0.18
s17 2.64 ± 0.01 0.35 ± 0.01 0.95 (962.51) 1.20 ± 0.04 0.55 ± 0.03 0.94 (952.79) 5.55 ± 0.01
s18 2.44 ± 0.01 0.36 ± 0.01 1.03 (1206.35) 0.83 ± 0.02 0.69 ± 0.03 1.02 (1203.86) 5.95 ± 0.02
s19 2.94 ± 0.01 0.40 ± 0.03 1.01 (566.86) 1.58 ± 0.13 0.51 ± 0.07 1.01 (565.86) 0.96 ± 0.01
s20 3.00 ± 0.01 0.25 ± 0.04 0.90 (467.73) 2.14 ± 0.16 0.29 ± 0.07 0.90 (468.03) 0.90 ± 0.01

Table 3. The combined Swift-XRT–NuSTAR analysis for 10 epochs using log-parabola and energy-dependent electron diffusion models.

Obs. Log-parabola Energy-dependent electron diffusion F0.3−10 keV

α β χ2
red(dof) ξ0 κ χ2

red(dof) (10−10 erg cm−2 s−1)

s6 2.57 ± 0.01 0.24 ± 0.01 1.06 (779) 2.14 ± 0.02 0.34 ± 0.01 1.20 (779) 3.41 ± 0.03
s7 2.49 ± 0.03 0.30 ± 0.02 1.04 (760) 2.01 ± 0.05 0.40 ± 0.04 1.05 (760) 7.37 ± 0.17
s8 2.52 ± 0.01 0.32 ± 0.01 1.48 (921) 2.03 ± 0.01 0.45 ± 0.01 1.01 (921) 5.88 ± 0.03
s12 2.20 ± 0.01 0.24 ± 0.01 1.21 (1780) 1.43 ± 0.01 0.44 ± 0.01 1.28 (1780) 17.88 ± 0.19
s13 1.92 ± 0.03 0.34 ± 0.01 1.41 (903) 0.86 ± 0.01 0.88 ± 0.03 1.22 (903) 42.02 ± 1.04
s14 1.90 ± 0.01 0.39 ± 0.01 1.34 (1519) 0.89 ± 0.01 0.86 ± 0.01 1.30 (1519) 41.86 ± 0.27
s17 2.04 ± 0.01 0.29 ± 0.01 1.02 (1309) 1.18 ± 0.03 0.56 ± 0.02 0.98 (1309) 16.85 ± 0.23
s18 1.90 ± 0.02 0.25 ± 0.01 1.53 (1733) 0.83 ± 0.01 0.69 ± 0.01 1.28 (1733) 17.93 ± 0.12
s19 2.42 ± 0.01 0.22 ± 0.01 1.13 (996) 1.18 ± 0.01 0.35 ± 0.01 1.09 (996) 5.83 ± 0.31
s20 2.48 ± 0.05 0.25 ± 0.01 1.01 (931) 1.96 ± 0.01 0.37 ± 0.01 1.05 (931) 6.40 ± 0.64
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Table 4. The estimated SED peaks, Ep with the combined XRT–NuSTAR (0.3–79 keV), and NuSTAR (3–79keV) observations using log-parabola and
energy-dependent electron diffusion models.

Obs. Ep, lp (keV) Ep, esc (keV)
XRT–NuSTAR NuSTAR XRT–NuSTAR NuSTAR

s6 0.06 ± 0.01 0.003 ± 0.05 0.01 ± 0.01 1.15e−5± 0.001
s7 0.15 ± 0.04 0.05 ± 0.09 0.03 ± 0.01 7.66e−4± 0.01
s8 0.16 ± 0.01 0.04 ± 0.08 0.04 ± 0.01 1.05e−3± 0.01
s12 0.38 ± 0.02 1.11 ± 0.05 0.19 ± 0.01 0.41 ± 0.03
s13 1.27 ± 0.04 1.73 ± 0.50 1.42 ± 0.04 0.77 ± 0.39
s14 1.33 ± 0.03 1.88 ± 0.10 1.26 ± 0.05 0.91 ± 0.08
s17 0.84 ± 0.07 1.20 ± 0.13 0.54 ± 0.06 0.51 ± 0.08
s18 1.51 ± 0.03 2.48 ± 0.13 1.69 ± 0.04 1.67 ± 0.15
s19 0.11 ± 0.01 0.68 ± 0.23 0.03 ± 0.01 0.16 ± 0.10
s20 0.12 ± 0.01 0.10 ± 0.13 0.02 ± 0.01 0.06 ± 0.01

Figure 1. Spectral fit with simultaneous Swift-XRT (black) and NuSTAR (FPMA: red and FPMB: green) observations correspond to high-flux s14(LHS) and
low-flux s8(RHS) state observations using our energy-dependent electron diffusion model.

the observed synchrotron flux can be expressed as (Shu 1991; Sa-
hayanathan, Sinha & Misra 2018).

Fsyn(E) ∝ E−3/2exp

(
− ξ0

κ
Eκ/2

)
, (10)

here Bcr is the magnetic field of the CR, h is the Planck constant, e
electron charge, m electron rest mass and c is the velocity of light.
We parameterize the relation between the observed photon energy
with the corresponding electron energy through ξ 0 which is given
by

ξ0 = η0

[
δDheBcr

2(1 + z)πmc

]−κ/2

. (11)

From equation (10), it is evident the observed synchrotron spectral
shape is governed by the parameters ξ 0 and κ and hence, the number
of free parameters are equal to the case of log-parabola function.
This enables us to perform a detailed comparison between these
two models based on their X-ray spectral fit results. The peak of
the synchrotron spectrum, given by equation (10), in E2Fsyn(E)
representation will be

Ep,esc =
(

1

ξ0

)2/κ

(12)

Alternatively, in terms of Ep, esc equation (10) can be expressed as

Fsyn(E) ∝ E−3/2exp

[
− 1

κ

(
E

Ep,esc

)κ/2
]

. (13)

It can be shown that equation (10) will be similar to a log-parabola
function for κ � 1 with the parameters related as

α ≈ 1
2 [3 + ξ0(1 − 2.303 κ log E∗)] (14)

β ≈ 2.303 ξ0 κ

4 . (15)

We refit the NuSTAR and Swift-XRT observations of MKN 421
by adding equation (10) as a local model in XSPEC. Similar to the
log-parabola model, the 20 hard X-ray observations by NuSTAR
in the energy range 3–79keV can be well fitted by this model. In
Table 2 (right), we provide the best-fitting parameters for these ob-
servations and the χ2

red are comparable with the log-parabola model.
However, a marginal improvement in the spectral fit compared to
a log-parabola model is obtained for the 10 simultaneous obser-
vations by Swift-XRT and NuSTAR. In Table 3 (right), we provide
the best-fitting parameters for the combined Swift-XRT–NuSTAR
observations along with the χ2

red values and in Fig. 1, we show the
broad X-ray spectral fit for high-flux state s14 (LHS) and low flux
state s8 (RHS). Similar to the log-parabola spectral fit, the best-
fitting parameters for this case differ considerably from the fitting
of the NuSTAR observation alone. Nevertheless, the fit is better for
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Figure 2. The plot between SED peaks estimated from the fit parameters
corresponding to NuSTAR observations alone and the combined Swift-XRT
and NuSTAR observations. Blue triangles correspond to the log-parabola
model and black circles correspond to the energy-dependent electron diffu-
sion model. The identity line is shown in green.

the high-flux states compared to the log-parabola model. In Table 4
(right), we provide the SED peaks obtained using the fit parameters
corresponding to NuSTAR alone and Swift-XRT–NuSTAR combined
spectral fits and their distribution is shown in Fig. 2 (black circles)
along with an identity line for comparison. It can be seen that the
distribution is closer to the identity line compared to the case of log-
parabola fit, suggesting the peak estimation is better in the present
case. Hence, it can be contemplated that the functional form given
by equation (10) may represent the broad-band SED of MKN 421
better than the log-parabola function, though it requires further de-
tailed study to assert this.

To study the dependence between the fit parameters and also
with the observed properties, we perform a Spearman rank corre-
lation study among these quantities for the case of log-parabola
and the energy-dependent electron diffusion model. In Table 5, we
provide the correlation results where the top rows correspond to log-
parabola model and the bottom ones belong to energy-dependent
electron diffusion model. The scatter plots between the energy-
dependent electron diffusion model parameters and the estimated
flux are shown in Fig. 3. A strong anticorrelation is observed be-
tween ξ 0 and F3−10 keV with rs = −0.82 (p rs = 9.86 × 10−6) and
a similar correlation is also obtained for the case of log-parabola
parameter α with the correlation coefficient rs = −0.8 (null proba-
bility hypothesis prs = 3.92 × 10−5). The latter correlation reflects
the ‘Harder when brighter’ trend of the source which is consistent

Figure 3. Scatter plot between the energy-dependent electron diffusion
model parameters: ξ0, κ , and the average flux in the range 3 –10keV and 0.3
–10keV for two different sets of observations. The black circles correspond
to NuSTAR observations alone and the blue triangles correspond to the
combined Swift-XRT–NuSTAR observations. The solid green lines represent
the best fit for NuSTAR observations.

Table 5. Spearman rank correlation results between the model parameters and the observable quantities for log-parabola and energy-dependent electron
diffusion model with the NuSTAR observations.

Model Correlations rs prs

β versus F3−10 keV 0.61 4.0 × 10−3

Log-parabola α versus F3−10 keV −0.80 3.92 × 10−5

β versus α −0.39 9.70 × 10−3

Ep, lp versus F0.3−10 keV 0.89 4.91 × 10−4

κ versus F3−10 keV 0.80 2.66 × 10−5

Energy dependent ξ0 versus F3−10 keV −0.82 9.86 × 10−6

electron diffusion κ versus ξ0 −0.96 1.50 × 10−11

Ep, esc versus F0.3−10 keV 0.89 5.40 × 10−4

Notes: Ep and F0.3−10 keV are estimated for the combined Swift-XRT and NuSTAR observations respectively. Here, rs is the rank co-efficient and prs denotes
the null hypothesis probability.
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Figure 4. The plot between SED peak and 0.3 –10keV flux for the combined
Swift-XRT and NuSTAR observations estimated from log-parabola model
(blue triangles) and the energy-dependent electron diffusion model (black
circles).

with the earlier studies (Sinha et al. 2015). The similarity of the
correlation between ξ 0 and α is expected since they are closely re-
lated through equation (14), particularly for small value of κ . The
study between κ and F3−10 keV showed a strong correlation with rs

= 0.8 (p rs = 2.66 × 10−5), suggesting that the energy dependence
of the escape time-scale to increase at high-flux states. On the con-
trary, the correlation between β of the log-parabola model and the
F3−10 keV is moderate with rs = 0.61 (prs = 4 × 10−3). Notably,
a strong anticorrelation is seen between the fit parameters ξ 0 and
κ with rs = −0.96 (p rs = 1.5 × 10−11) and this was not the case
with the parameters α and β of the log-parabola model where we
obtained a poor correlation with rs = −0.39 (p rs = 9.7 × 103). The
lack of significant correlation between the log-parabola parame-
ters also suggest that the spectral evolution cannot be attributed
to the energy dependence of the particle acceleration process pro-
posed in Massaro et al. (2004a). These correlation studies further
hint that the functional form given by equation (10) may proba-
bly give a better understanding regarding the emission processes in
blazars.

4 SUMMARY AND DISCUSSION

In this work, we perform a detailed X-ray spectral study of the blazar
MKN 421 using NuSTAR and Swift-XRT observations. In addition
to modelling the X-ray spectra using a simple log-parabola, we use a
physical model involving acceleration of electrons and subsequent
emission through synchrotron radiation. The escape of electrons
from the main AR is assumed to be energy dependent and we found
the synchrotron spectrum due to this physical model can imitate
the curved spectra. We show for 20 epochs of NuSTAR observation,
a log-parabola as well as the energy-dependent electron diffusion
models are capable to explain the data very well. However, for
10 epochs with simultaneous Swift-XRT observations, the energy-
dependent electron diffusion model is marginally favoured than
the log-parabola. Moreover, the peak of the SED estimated from
the best-fitting parameters for the combined Swift-XRT–NuSTAR
and lone NuSTAR observations closely satisfy the identity line in
case of energy-dependent electron diffusion model compared to
the log-parabola model. This suggests that the functional form ob-
tained from the energy-dependent electron diffusion model, equa-
tion (10), may be capable of representing broad-band SED better

than the log-parabola model. Further, the correlation studies indicate
that the fit parameters of the energy-dependent electron diffusion
model are well correlated during various epochs and hence this
model is capable of deciphering the electron diffusion process in
blazar jets.

The SED peaks estimated using the log-parabola and the energy-
dependent electron diffusion models, Ep, lp and Ep, esc, through the
combined Swift-XRT–NuSTAR observations are only representa-
tive since they sometimes fall at energies lower than the X-ray
energy range considered here. However, they can be used to iden-
tify the trend of peak shifts during various flux states. We com-
puted the Spearman rank correlation between the two estimated
spectral peaks and the 0.3–10keV integrated flux (F0.3−10 keV). The
results are shown in Table 5 and the scatter plot between the peaks
and F0.3−10 keV are shown in Fig. 4. We find both Ep, lp and Ep, esc

correlate well with F0.3−10 keV. The observed positive correlation
suggests, the SED peak shifts towards higher energies during the
higher flux states. However, this inference needs to be verified with
the information at lower energies.

The analytical solution of the energy-dependent electron diffu-
sion model used in this work corresponds to the radiatively cooled
regime of the electron distribution where γ � (B te)−1. This pre-
vents us from extending the current model to UV/optical energies
where the corresponding electron energies may not satisfy this con-
dition. Alternatively, a semi-analytical solution to equation (4) can
be obtained which will be valid even beyond energies imposed by
this condition as well as at the SED peak. However, inclusion of
such a model into XSPEC will be rigorous and will be carried out in the
future work. A successful implementation of this will be effective in
constraining Ep, esc and can verify the results discussed above. The
observational periods of NuSTAR and Swift-XRT considered here
overlaps partially and are not strictly simultaneous (Table 1). This
can introduce a substantial uncertainty in the estimated parameters
owing to the rapid spectral evolution of the source. In this regard, a
true simultaneous observation at energies ranging from UV to hard
X-ray bands can be obtained from the multiwavelength satellite-
based experiment, ASTROSAT which can resolve this discrepancy.

The observed strong anticorrelation between the parameters of
the energy-dependent electron diffusion model, ξ 0 and κ , suggests
these quantities may be dependent on each other. The dependence
of ξ 0 on κ is evident from equation (11) where the latter, besides
depending on the physical parameters of the source, is also a func-
tion of κ . On the contrary, if these parameters were found to be
uncorrelated, then it could have been a sufficient condition to reject
the proposed model. Nevertheless, the observed correlation is still
not sufficient enough to validate the assumed model unless the cor-
relation is tested with the choice of parameters that can be shown
independently. This demands a prior information about the physical
parameters of the source (e.g. source magnetic field, jet Lorentz
factor, etc.) which cannot be estimated from the narrow band of
SED considered here. These pieces of information can be obtained
through broad-band spectral modelling of the source from radio to
γ -ray using a numerical solution of the equation (4) and incorpo-
rating full synchrotron and inverse Compton emission processes,
which will be pursued in the future.
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