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Abstract

This paper is concerned with a multi-asset mean-variance portfolio selection pro-
blem under model uncertainty. We develop a continuous time framework for taking into
account ambiguity aversion about both expected return rates and correlation matrix
of the assets, and for studying the effects on portfolio diversification. We prove a
separation principle for the associated robust control problem, which allows to reduce
the determination of the optimal dynamic strategy to the parametric computation
of the minimal risk premium function. Our results provide a justification for under-
diversification, as documented in empirical studies. We explicitly quantify the degree of
under-diversification in terms of correlation and Sharpe ratio ambiguity. In particular,
we show that an investor with a poor confidence in the expected return estimation does
not hold any risky asset, and on the other hand, trades only one risky asset when the
level of ambiguity on correlation matrix is large. This extends to the continuous-time
setting the results obtained by Garlappi, Uppal and Wang [13], and Liu and Zeng [24]
in a one-period model.
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1 Introduction

In the Finance and Economics literature, there are many studies on under-diversification of
portfolio, i.e., when investors hold only a small part of risky assets among a large number
of available risky assets. In the extreme case the anti-diversification effect means that
investors hold only a single stock (or even do not hold any risky asset) and exclude many
others. Empirical studies reported in numerous papers, see [12], [7], [27], [6], [15], have
shown the evidence of portfolio under-diversification in practice. For example, in [12], [7], it
is observed that there exists a concentration on (bias towards) domestic assets compared to
foreign assets in investors’ international equity portfolios. These results are in contrast with
the portfolio well-diversification suggested by the classical mean-variance portfolio theory
initiated in a single period model in [25], and later in a continuous-time model in [22].
A possible explanation to under-diversification is provided in the Finance and Economics
literature by model uncertainty, often also called ambiguity or Knightian uncertainty.

In the classical portfolio theory, the model and the parameters are assumed to be per-
fectly known. However, in reality, due to statistical estimation issues, there is always un-
certainty (ambiguity) about the model or the parameters. In this case, the least favorable
model can be used to compute the robust optimal portfolio, i.e., investor take portfolio
decisions under the worst-case scenario that corresponds to the least favorable distribution
implied by the set of ambiguous parameters. Abundant research has been conducted to
tackle different types of model uncertainty. Related works include [I3], [30], [19] for uncer-
tainty solely about drift, [26] for ambiguity about volatility (in a probabilistic setup) with a
family of nondominated probability measures, [33], [23], [1], [28] for combined uncertainty
about both drift and volatility, and also [I4] for uncertainty about the probability law gen-
erating market data. We are aware of only few results dealing with correlation ambiguity
[11], [I7]. It is known that the estimation of correlation between assets may be extremely
inaccurate, due to the asynchronous data and lead-lag effect, especially when the number
of assets is large, see [18], [20]. Besides correlation ambiguity, we are also interested in drift
uncertainty as the estimation of expected rate of return is notoriously known to be difficult.
In the existing literature, there are two common types of drift uncertainty set: polyhedral
set in [33], [23] and ellipsoidal set in [3]. The ellipsoidal representation for the drift ambi-
guity allows to take into account correlation structure of the assets in the drift uncertainty
modelling. Our purpose is to explore the joint effects of ambiguity about drift and corre-
lation on portfolio selection and diversification with mean-variance criterion in continuous
time. Notice that in the above cited papers, portfolio selection problems are mainly based
on expected utility criterion and effect on portfolio diversification is not really studied.

When it comes to the portfolio diversification, the authors in [5], [34] considered ambi-
guity about the assets’ returns. Their framework includes both uncertainty about the joint
distribution of returns for all assets and for different levels of uncertainty for the marginal
distribution of returns for any subsets of these assets. They showed that the different levels
of uncertainty on different asset subclasses could result in significant under-diversification.
They also applied their theoretical results to real data and found consistent results with
the empirical studies in [7], [I2] among others, showing that international equity portfolios
are strongly biased towards domestic stocks, and in [16] and [3I], where a similar lack of
diversification is revealed on domestic portfolios. The model in [5], [34] offers a partial
explanation for the observed under-diversification and bias towards familiar securities.

More recently, in [24], the authors considered the uncertainty about the correlation of the
assets. With a static mean-variance investment, they found that the under-diversification



of the robust optimal portfolio depends on the level of correlation ambiguity. They also
provided results with market data and showed that using their uncertain (ambiguous) cor-
relation model, the investor only holds less than 20 (17 stocks in average) among 100 stocks
randomly selected from about 100 stocks in S&P500. In the two risky assets case, they
also found that the degree of diversification depends on the comparison between the ratio
of assets’ Sharpe ratios and the correlation ambiguity parameters.

A further explanation for under-diversification is that investors can reduce the uncer-
tainty on the model or the parameters through learning. In [35], the authors built a frame-
work to solve jointly for investment and information choices, with general preferences and
information cost functions. They showed that, for some special preferences and information
acquisition technologies, investors tend to learn more about the assets with which they are
more familiar (typically, the domestic assets rather than the foreign ones), and become even
more familiar with those assets after learning. As a consequence of this learning procedure,
the investors select those assets they have learnt at the expense of others for which they
have less information. Their results are consistent with the empirical studies on portfolios
of international investors.

The contributions of our paper are threefold: (1) First, we develop a robust model that
takes into account uncertainty about both drift and correlation of multi risky assets for d
> 2, in a dynamic mean-variance portfolio setting. Robust mean-variance problem under
covariance matrix uncertainty, in particular, correlation ambiguity, has been considered
in [I7]. However, the authors neither tackle the drift uncertainty nor study the portfolio
diversification in detail, and mainly focus in the two asset case d = 2. One key assumption in
[17] is that one can aggregate a family of processes, however in the case of drift uncertainty,
this condition does not hold anymore; (2) Secondly, we derive a separation principle for the
associated robust control problem formulated as a mean-field type differential game, which
allows us to reduce the original min-max problem to the parametric computation of minimal
risk premium. The main methodology for the separation principle is based on a weak version
of the martingale optimality principle. We can not apply the classical martingale optimality
principle due to the model uncertainty, in particular, due to the drift uncertainty, see Remark
for details. Indeed, the features of drift uncertainty and covariance matrix uncertainty
are different, which explains why in the existing literature, such as [I7] and [26], only one
type of uncertainty is considered; (3) Finally, we illustrate our results in polyhedral and
ellipsoidal uncertainty set and quantify explicitly the diversification effects on the optimal
robust portfolio in terms of the ambiguity level. We provide notably a complete picture of
the diversification for the optimal robust portfolio in the three risky assets case, which is
new to the best of our knowledge. In particular, our findings consist in no trading in assets
with large expected return ambiguity and trading only one risky asset with high level of
ambiguity about correlation. Both drift uncertainty and correlation uncertainty can result
in under-diversification. For our future studies, we may incorporate the different uncertainty
levels for return as in [34] or introduce the information acquisition procedure as in [35] in
our framework.

The rest of paper is organized as follows. Section 2 presents the formulation of the
model uncertainty setting and the robust mean-variance problem. In Section 3, we derive
the separation principle and explicit robust solution. Section 4 provides several examples
arising from the separation principle, and the implications for the optimal robust portfolio
strategy and the portfolio diversification.



2 Problem formulation

2.1 Model uncertainty setting

We consider a financial market with one risk-free asset, assumed to be constant equal to
one, and d risky assets on a finite investment horizon [0, 7]. Model uncertainty is formulated
by using a probabilistic setup as in [28]. We define the canonical state space by Q = {w =
(W(®))sefo.r] € C([0,T],R?) : w(0) = 0} representing the continuous paths driving the risky
assets. We equip 2 with the uniform norm and the corresponding Borel o-field F. We
denote by B = (Bj);c(o,r) the canonical process, i.e., Bi(w) = w(t), and by F = (F;)o<i<r
the canonical filtration, i.e. the natural (raw) filtration generated by B.

We assume that the investor knows the marginal volatilities o; > 0 of each asset i =
1,...,d, typically through a quadratic variation estimation of the assets, and we denote by
G the known constant diagonal matrix with i-th diagonal term equal to o;, + = 1,...,d.
However, there is uncertainty about the drift (expected rate of return) and the correlation
between the multi-assets, which are parameters notoriously difficult to estimate in practice.

The ambiguity about drift and correlation matrix is parametrized by a nonempty convex
set

® c RiIxcCl,,

where CZ _ is the subset of all elements p = (p;;)1<i<j<a € [—1, 1]%4"D/2 s.t. the symmetric
matrix C'(p) with diagonal terms 1 and anti-diagonal terms p;;:

I pi2 ... pu
p12 1

Clp) = S
pd - ... 1

lies in S‘i ., the set of positive definite symmetric matrices in R4 Notice that (Ci 4 is an
open convex set of [—1, 1]d(d_1)/ 2. The first component set of © represent the prior values
taken by the (possibly random) drift of the assets, while the matrices C'(p), when p runs in
the second component set of O, represent the prior correlation matrices of the multi-assets.
The prior covariance matrices of the assets are given by

o}  0109p12 ... O104p1d
2
g102012 05 . .
X(p) = 6C(p)6 = : : . : ,
J104P1d . . O'C2l

and we denote by o(p) = N2 (p) the square-root matrix, called volatility matrix. Let us also
introduce the prior (square) risk premium

R(O) = b7 p)b = (o) b3 for 6= (b,p) € O. (2.1)

Hereafter, T denotes the transpose of matrix and || - ||z denotes the Euclidean norm in R?.

Remark 2.1 There exists different conditions for characterizing the positive definiteness of
the correlation matrix C'(p). For example, Sylvester’s criterion states that C(p) is positive



definite if and only if all the leading principal minors are positive, e.g., in dimension d = 2, p
€ (—1,1); in dimension d = 3, p;; € (—1,1) 1 < i < j < 3 and ply+pls+p3s — 1—2p12p13p23
< 0. Alternatively, one can characterize the positive definiteness of C(p) using angular
coordinates as in [29]. O

In the sequel, we shall focus on the two following cases for the parametrization of the
ambiguity set ©, which are relevant for practical applications:

(HO)
(i) Product set: ©® = A x T', where A is a compact convex set of R?, e.g., in rectangular
d
form A = H[Qi,l;i], for some constants b, < b;, i = 1,...,d, and I is a convex set
i=1

of (Ci +. In this product formulation, one considers that the uncertainty on drift is
independent of the uncertainty on the correlation.

(ii) Ellipsoidal set: © = {(b,p) € R4 x T : [|o(p)~* (b — b)|]2 < 8} for some convex set " of
(Ci 4, where b is a known vector, representing a priori expected rates of return, and
0 > 0 represents a level of ambiguity around b due to estimation error. It is known
from Lemma 2.2 in [I0] that © is a convex set. This ellipsoidal set in which varies the
uncertain drift, for fixed correlation, is used in [2], and allows to take into account the
correlation structure of the assets in the drift uncertainty modelling.

We denote by Vg the set of F-progressively measurable processes 8 = (0;) = (by, pt)r =
(b, p) valued in ©, and introduce the set of prior probability measures P®:

PO = {PY:0eVe},

where P is the probability measure on (2, F) s.t. B is a semimartingale on (Q, F,P?) with

absolutely continuous characteristics (w.r.t. the Lebesgue measure dt) (b, X(p)). The prior

probabilities P? are in general non-equivalent, and actually mutually singular, and we say

that a property holds P®-quasi surely (P®-q.s. in short) if it holds P?-a.s. for all 6 € Ve.
The (positive) price process of the d risky assets is given by the dynamics

ds, = diag(S))dB;, 0<t<T, P®—q.s.
= diag(S;) (bedt + o (pr)dW/), P’ —a.s., for6 = (b,p) € Ve,
where W? is a d-dimensional Brownian motion under P?. Notice that in this uncertainty

modeling, we allow the unknown drift and correlation to be a priori random processes,
valued in ©.

2.2 Robust mean-variance problem

An admissible portfolio strategy a = (a:)o<i<7 representing the amount invested in the d
risky assets, is an R%valued F-progressively measurable process, satisfying the integrability
condition

T T
sup Eg[/ |afbe|dt + / afX(py)ondt] < oo, (2.2)
POePO 0 0



and denoted by a € A. Hereafter, Ey denotes the expectation under P?. This integrability
condition (Z2)) ensures that diag(S)~'a is S-integrable under any P € P®. For a portfolio
strategy a € A, and an initial capital zy € R, the dynamics of the self-financed wealth
process is driven by

dX® = oldiag(Sy)~dS; = aldB;, 0<t<T, X§ =1z, P°—q.s.
= o] (bydt + a(pt)de), 0<t<T, X§=z9€R, P/—a.s. (2.3)
for all # = (b, p) € Vo.

Given a risk aversion parameter A > 0, the worst-case mean-variance functional under
ambiguous drift and correlation is

Juela) = _inf_ (EG[XT] - )\Varg(XT)) < 00, a€ A,

where Vary(.) denotes the variance under PY, and the robust mean-variance portfolio selec-
tion is formulated as

Vo = sup Jyc(a) = sup inf J(a,0)
acA acAfVe (2.4)
J(o,0) = Ep[X3] — AVarg(X¢), aec A 6ecVe.

Notice that problem (2.4]) is a non standard stochastic differential game due to the pre-
sence of the variance term in the criterion, which prevents the use of classical control method
by dynamic programming or maximum principle. We end this section by recalling the
solution to the mean-variance problem when there is no ambiguity on the model parameters,
and which will serve later as benchmark for comparison when studying the uncertainty case.

Remark 2.2 (Case of no uncertainty model) When © = {0° = (1%, p°)} is a singleton,
we are reduced to the Black-Scholes model with drift b°, covariance matrix ¥° = 3(p°),
volatility o = o(p°), and risk premium R° = R(6°). In this case, it is known, see e.g. [22],
that the optimal mean-variance strategy is given by

ReT

af = [wo+ 62—A — X (07 = AO(XP) (20N, 0<t<T,
where X™ is wealth process associated to a*, while the optimal performance value is
1 o
Vo = — [T —1].
0 To + 5\ [6 ]

The vector (X°)~'6°, which depends only on the model parameters of the stock price,
determines the allocation in the multi-assets. The above expression of «* shows that, once
we know the exact values of the rate of return and covariance matrix, one diversifies her
portfolio among all the assets according to the components of the vector (3°)716°, and this
is weighted by the scalar term A°(X} ), which depends on the risk aversion of the investor via
the parameter A, on the current wealth but also on the initial capital xy (which is sometimes
refereed to as the pre-committment of the mean-variance criterion). Notice that A°(X}) is
positive. Indeed, observe that

dA°(X]) = —dXy = —(af)"(b%dt + o%dWY)
—A°(X})(Rodt + (0°) " 0°.dWP), 0<t<T,



with A°(X3) = 5T > 0, which shows clearly that A°(X}) > 0,0 <t < T, and decreases
with A.

Let us discuss in particular the allocation in the two-asset case. Notice that the vector
(2°)~1v° of allocation is then given by

. B—r°83 o
o—110 __ o? . 1
= = o am ) = ()

o
P

where 5 = b¢/0? is the sharpe ratio of the i-th asset, i = 1,2. To fix the idea, assume that
BY > B9 > 0. We then see that ¢ > 0, while 9 > 0 if and only if g—% > p°. The interpretation

is the following: the ratio g—g € (0,1) measures the “proximity" in terms of Sharpe ratio

between the two assets, and has to be compared with the correlation p® between these assets
in order to determine whether it is optimal to invest according to a directional trading, i.e.,
k{k§ > 0 (thus here long in both assets) or according to a spread trading, i.e., k{x§ < 0
(long in the first asset and short in the second one) or according to under-diversification, i.e.
k9k$ = 0 (only long in the first asset). Notice that under-diversification only occurs when
Pl = g—?, a condition “rarely" satisfied in practice. For example, when both assets have close
Sharpe ratio, and their correlation is not too high, then one optimally invests in both assets
with a directional trading. In contrast, when one asset has a much larger Sharpe ratio than
the other one, or when the correlation between the assets is high, then one optimally invests
in both assets with a spread trading. %

In the sequel, we study the quantitative impact of the uncertainty model and ambiguity
on the drift and correlation, on the optimal robust mean-variance strategy, in particular
regarding the portfolio diversification.

3 Separation principle and robust solution

The main result of this section is to state a separation principle for solving the robust
dynamic mean-variance problem.

Theorem 3.1 (Separation Principle) Let us consider a parametric set © for model un-

certainty as in (HO). Suppose that there exists a (constant) pair 6* = (b*, p*) € © solution

to arg gliél R(0). Then the robust mean-variance problem (2Z4) admits an optimal portfolio
€

strategqy given by
af = Ae(X)D(p") 0, 0<t<T, P°—q.s., (3.1)
where X* is the state process associated to o, and Ag-(X}) > 0 with

oRO°)T
2\

Ag+(x) == xo+ —z, xR (3.2)

Moreover, the corresponding initial value function is

1 «
Vo = $0+ﬁ[6R(9 )T—l].



Interpretation. Theorem Bl means that the robust mean-variance problem (Z4]) can be
solved in two steps according to a separation principle: (i) First, we search for the infimum
of the risk premium function § € © — R(#) as defined in (2.1), which depends only on
the inputs of the uncertainty model. Existence and explicit determination of an element
0* = (b*,p*) € O attaining this infimum will be discussed and illustrated all along the
paper through several examples. (ii) The solution to (24]) is then given by the solution to
the mean-variance problem in the Black-Scholes model with drift b* and correlation p*, see
Remark 2] and the worst-case scenario of the robust dynamic mean-variance problem is
simply given by the constant parameter §* = (b*, p*). Some interesting features show up,
especially regarding portfolio diversification, as detailed in the next section. O

The rest of this section is devoted to the proof of Theorem Bl and the methodology is
based on the following weak version of the martingale optimality principle.

Lemma 3.1 (Weak optimality principle) Let {Vf"@,t € [0,T],a € A, 0 € Vo} be a
family of real-valued processes in the form

VT = (X R [X7)),
for some measurable functions vy on R x R, t € [0,T], such that :
(i) vr(z,z) = 2 — ANz — Z)?, for all z,% € R,

(ii) the function t € [0,T] Eg*[Vta’e*] is nonincreasing for all o« € A and some 0* €
Ve,

(iii) Bp[V ! — V& > 0, for some a* € A and all 6 € Ve.

Then, o* is an optimal portfolio strateqy for the robust mean-variance problem ([24) with a
worst-case scenario 0%, and

Vo = Juela®) = sup inf J(o,0) = inf sup J(a,0) = vo(xg,x0) (3.3)
acA0€Ve 0€Vo qc A

= J(a",0%).

Proof. First, observe that Voo"g = vg(xp,x0) is a constant that does not depend on «, 6
and from condition (i) that Eg [V;’G] = J(a,0) for all a € A, § € Vg. Then, from condition
(ii), we see that

vo(wo,z0) = Bo-[Vg™"] > B [VE"] = J(a,07),

for all @ € A, and thus: wvo(zg,z9) > sup J(a,0*) > inf sup J(«,#). Similarly, from
a€A 0€Ve acA
condition (iii), we have: wvg(zo,z0) < J(a*,0) for all § € Vo, and thus: vo(zg,zo) <
. £ 0y ) < . . . .
elel%/f@ J(a*,0) = Jye(a®) < 21613 elel%/f@ J(a,0). Recalling that we always have 21613 €1€an J(a, 0)
< Gil%)f sup J(a, ), we obtained the required equality in ([33]). Then, finally, from (ii) with
€Ve acA
o and (iii) with 6%, we obtain that vy (zo,zo) = J(a*, 0%). O

Remark 3.1 The usual martingale optimality principle for stochastic differential games as
in robust portfolio selection problem, and with classical expected utility criterion for some
nondecreasing and concave utility function U on R, e.g. U(x) = —e " n > 0:

sup inf E[U(XF)],
aeA@EV(—)



would consist in finding a family of processes Vto"g in the form v, (X}") for some measurable
functions v; on R s.t. (i) vp(z) = U(x), (ii’) the process (V;a’@*)t is a supermartingale
under Py« for all o, and some 6*, and (iii’) the process (Vta*’e)t is a submartingale under
Py for some o and all #. Due to the nonlinear dependence on the law of the state wealth
process via the variance term in the mean-variance criterion, making the problem a priori
time inconsistent, we have to adopt a weaker version of the optimality principle: first, the
functions v; depend not only on the state process X but also on its mean Ey[X[*]. Second,
we replace condition (ii’) by the weaker condition (ii) on the mean in Lemma [B.1] and third,
condition (iii’) is substituted by the even weaker condition (iii) than (iii”) ¢ — Eg[Vta*’e] is
nondecreasing for some o* and all §. This asymmetry of condition between (ii) and (iii) is
explained in more detail in Remark [3:3 O

We shall also use the following saddle-point property on the infimum of the prior risk
premium function.

Lemma 3.2 (Saddle point property) Given © as in (HO), and assuming that there
exists 0* = (b*,p*) € arg Iem(g R(0), let us define the function H on © by
€

H(O) = bS(0") IS(0)S(07) W, for 6= (bp) € 0. (3.4
Then, we have for all b € Oy, p € T':
H(Y,p) < H(E") = R(O%) < H(b,p"). (3.5)

where Oy is the projection of © onto b-plane, in (HO) (i), O, = A; and in (HO) (i), © =
{beRi:be A, pel} with A, ={beR:|o(p)~t(b—1b)|2 <}

Proof. See Section [AJlin Appendix. O

Proof of Theorem [3.9] We aim to construct a family of processes {Vta’@,t €[0,7T], €
A, 0 € Vo} as in Lemma Bl and given the linear-quadratic structure of our optimization
problem, we look for measurable functions v; in the form:

vi(z,7) = Ki(x—2)*+Yx+x, tel0,T],(z,z)ecR? (3.6)

for some deterministic processes (K, Yy, x¢): to be determined. Condition (i) in Lemma B.1]
fixes the terminal condition

KT = —)\, YT = 1, XT = 0. (3.7)

We now consider * € © as in Theorem B.], hence defining in particular a (constant)
process 6% € Vg, and o* given by (B.1)). Let us first check that a* € A. The corresponding
wealth process X* satisfies under any P?, § = (b, p) € Ve, a linear stochastic differential
equation with bounded random coefficients (notice that b and o(p) are bounded process),
and thus by standard estimates: Eg[supg<,<7|X;]?] < C(1 + |z|?) for some constant C
independent of § € Ve. It follows immediately that o* satisfies the integrability condition
in 22), ie., a* € A.

The main issue is now to show that such a pair (o*,0*) satisfies conditions (ii)-(iii) of
Lemma 311

e Step 1: condition (i) of Lemma [31l



For any o € A, with associated wealth process X = X, let us compute the derivative of
the deterministic function ¢ — Eg« [V;a’e | = Eg«[v4(X,, Eg« [ Xy])] with vy as in (86). From
the dynamics of X = X¢ in (23) under P?" and by applying It6’s formula, we obtain

dEg+[X{] .
dVarg« (X
ar+(t) = 2Covg- (X, ofb*) + Eg-[a] X(p")ay].

From the quadratic form of v; in ([B.6]), with (K,Y,x) differentiable in time, we then have

By (V"] dBge[vn(Xy, Bo+ [Xi])]
dt dt
: dVarg« (X . dEg«| X )
= KtVarg* (Xt) + Kt% + YZE@* [Xt] + YZ% + Xt
= K;Vargs(Xy) + YiEg- [X¢] + Xt + Eo+ [Ge()] (3.8)

where
Gia) = afQiay+af [2Ut(Xt — Eg«[Xy]) + Ot],
with the deterministic coefficients
Q: = KiX(p"), U = Kpb*, Oy = Y.
By square completion, we rewrite G¢(a) as
Gt(Oé) = (Oét - dt(XtaEﬁ*[Xt]))TQt (Oét - &t(Xt,Ee* [Xt])) — Gt

where for t € [0,7], z,Z € R?,

- _ I
a(x,7) = —Q7'Up(x — ) — §Qt Loy
and
TH—1 1 -1 * Y? *
Ct = Ut Qt UtVarg*(Xt) + ZOtQt Ot = KtR(H )Varg*(Xt) + 4—&R(9 )
The expression in ([B.8]) is then rewritten as
dEg- [V : . - D TS
— gt = (K=~ K R(0%)Varg: (X;) + Vi [X)] + X1 - 4—[QR(9 ) (3.9)

+ KtEg* [(Oét - &t(Xt,EG* [Xt]))TE(,O*)(OZt - CALt(Xt,Eg* [Xt]))] .

Therefore, whenever .
Kt - KtR(H*) - O,
Y, = 0, (3.10)
: vy ¥y
Xt — i R(OF) = 0,
holds for all ¢ € [0, 7], which yields, together with the terminal condition ([B.7)), the explicit
forms:

Ky = =2l <oy, =1, x; = ﬁ[epb("*)(T—t) —1], (3.11)
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we have
dEg- [V
dt

which is nonpositive for all a € A, i.e., the process V;a’e* satisfies the condition (ii) of
Lemma [BIl Moreover, notice that in this case,

= KiEg[(ou — ai( Xy, Ege [X4])) 'S (p") (cur — au( Xy, Eg [X4])) ],

a * 1 *
Vel = wo(zo,m0) = o+ a[elm T 1], (3.12)
and
a(x,3) = —S(p) M (z -7 - %eR(e*)(T_t)). (3.13)

Notice that in this step, we have not yet used the property that 0* attains the infimum of
the prior risk premium function. This will be used in the next step.

e Step 2: Condition (iii) of Lemma [3l.
Let us now prove that V' < Eo[Vy *’9], for all & € Vg. A sufficient condition is the

dEg [V 0] .
Q[dz ] is

nondecreasing monotonicity of the function t — Eg[‘/f‘*’e], by proving that
nonnegative, for all 8 € Vg. However, while this nondecreasing property is valid when there
is no uncertainty on the drift, this does not hold true in the general uncertainty case as
shown in Remark We then proceed by computing directly the difference: Egy [V:,?‘ *’9] —
Voa*’e. Notice from (B1), [23]), that the dynamics of Ag«(X™*), with Agp«(x) defined in (3.2)),

under PY, § € Vg, is given by

- (X7) = —hor (X)) (") ot + (o)),
with Ag«(zg) = eR;Q;)T. By setting N} := GJT{:)TAQ*(XZ‘), we deduce that

N = e (= [ S )R ) ds

t
~ [ @6 e ant), 0<t<T P - as
0

oR(O)T
X{ = mot 5 —(1-Ny), 0<t<T, PO — q.s.
and thus
oR(0)T Q2R(O°)T
Eg[X[] = xo+ o (1 —Eo[N})), Varg(X[) = WVarg(Nt*). (3.14)

By using the quadratic form ([B.6) of vy, together with the terminal condition [B7), 312,
and (B.I4]), we then obtain for all § € Vg:

Eo[V ) =V = Eg[or(X5, Eo[X5])] — vo(zo, 20)
1 *
= —AVarg(X}) + Eg[X}] — zo — — (RO — 1)

4\

Q2R(O7)T RO 1 poe

- = * - *1\ & 61T
75 Varg(N7) + o (1 — Eo[N7T]) 4)\(6 1)

_ _R(6MT 12 L ROMT %1

o (1 e Eg[| N | ]) + n (e Eg[N7] 1>

GROT o GRO)T

> - 6T %2 . * -
2 —0 (1 e Eo[|NT| ]) D Ar(@). (3.15)
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Noting that N* is rewritten in terms of H introduced in Lemma as
t 1 t
Ni = exp (= [ (Huwp) 4 GHE p)ds— [ S0 olp)dWE),0< < T, P - as
0 0

and observing that |(b*)72(p*) Lo (ps)|? = H(b*, ps), we see that

t
N2 = exp<—/0 (2H(bs,p*)—H(b*,ps))ds>Mt*,

t t
M} = exp < - 2/0 (62 (p*) Lo (ps)|?ds — 2/0 (b*)TE(p*)_lo’(ps)de), 0<t<T, P—as.

is an exponential Doléans-Dade local martingale under any P, § € Vg. Actually, the
Novikov criterion

o [exp (5 /0 U= ot Pat)] = Eofesp (2 /O " H )]
< exp (2R(6")T) < oo,

is satisfied by ([@3), and then (M;)o<i<r is a martingale under any P?, § € Vg. Conse-
quently, we have

AL) = 1—E9[exp</0t(R(e*)_2H(bs,p*)+H(b*,ps))ds>Mﬂ
> 1-Ep[ME] = 1— M = 0,

where we used (B3] in the above inequality. From (B3], this proves condition (iii) of
Lemma (B1), and finally concludes the proof of Theorem [B11 O

Remark 3.2 The optimal strategy o given in ([B]) can be expressed in feedback form as
of = (X, Ep[X]]), 0<t<T, P°—gq.s. (3.16)

where a; is defined in ([BI3). Indeed, denoting by & € A the process defined by &; =
ar (X, Eg«[X4]), 0 <t < T, PO — .5, where X is the wealth process associated to &, we see
from (Z3) that X satisfies the dynamics under PY":

~ A ~ 1 * _ * *\ — >k * *
dX; = —[Xi—Ep[X) - 35T ﬂ(b S (p*) b dt + o (p) AW

By taking expectation under P?", we get: dEg-[X;] = 2 eI R(9*)dt, and thus

S R(O)T

2\
ap = AG* (Xt)E(p*)_lb*, 0<t<T, P® -4

A~

Eg-[Xe] = xo+

[1 _ e—R(G*)t]

)

This implies that X and X* satisfy the same linear SDE under P?, for any 6 € Ve, and so
X; =X/, 0<t<T, P9q.s. This proves that a* = &, equal to (3.10). O
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Remark 3.3 By similar derivation as in ([89), and using (310), (316, we have that for
all 6 = (Ht)t = (bt,pt)t € Vo, t € [O,T],

dE, [V )

dt = K;(R(0%) — R(6;)) Varg(X;) +

(R - R(6))  (3.17)
)" (e
)

pt)

1
4K,
+ KB [(dt(Xf,Eg* (X)) — au(X7, Eg[X7])
(dt(ijk,Eg* [(X7]) — ar (X[, Eg[X[])

> KiEg | (ar(X7 B [X7]) — (X7 gl X)) T
(40X} Eor [X7]) = 06X} Ea[X7])] (3.18)

by definition of #* € arg mingcg R(0), and as K; < 0. In the case when there is no uncertainty
on the drift, i.e., for any 6 = (b, p) € Ve, b is a constant equal to b°, the dynamics of X*
under any PY, § € Ve, is given by

oR(O)T ) )
dX; = [:170 + o Xt*] (b°)%(p")~ [bodt + o (pe)dW; ],
from which, we deduce by taking expectation under P?:
oRO°)T .
Bo[X;] = 2o+ ——[1- e RO,

This means that the expectation under P? of the optimal wealth process X* does not
depend on 0 € Vg, and the r.h.s. of (BI]]) is then equal to zero. Therefore, the function ¢
— Eg[‘/f‘*’e] is nondecreasing for all # € Vg, which implies in particular condition (iii) of
Lemma [3.11

However, in the case of drift uncertainty, we cannot conclude as above, and actually this
nondecreasing property does not always hold true. Indeed, consider for example the case
where there is only drift uncertainty in a single asset model d = 1, with © = {6 € [b,b]},
0 < b < b, and known variance ¥° normalized to one. Notice that R(f) = 6%, and 6* =
argmingeg R(0) = b. For any 6 € ©, we can compute explicitly from [BI4) the expectation
and variance of X* under P?:

* 1 _ *
Ey[X[] = G G )T[l _ e t]7
* 1 * *\__ * _ *
Varg(X[) = Wem(@ )T [e(R(e )—200%)t _ ,—200 1.

Plugging into ([B.17)), and using also the expression of K, a in ([B.I1]), (313), we have for all
0 € ©,t€]0,T], after some straightforward rearrangement:

dEo[V," ") 1 GROIT [ o=2ct _ RO} —ay (R(EF)  R(07) et
dt - e [ee —e (1= o (ot )]
= f(tv C)a

where we set ¢ = (6 — 6%)0* > 0. Now, we easily see that for all t € [0,T], f(t,c) converges
to — R(e*) RO*)T—1) < 0, as ¢ goes to infinity. Then, by continuity of f with respect to ¢,

a*.0
we deduce that for 6 large enough (hence for ¢ large enough), Mﬂ

is negative, which
means that the function ¢ — Eg[Vta*’e] is not nondecreasing for all § € ©. Actually, we have
proved in Theorem B3] the weaker condition (iii) of Lemma B.I] that V" 0 < Eo[V 1 for

all 0 € Ve. O
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4 Applications and examples

We provide in this section several examples for the determination of the minimal risk pre-
mium arising from the separation principle in Theorem Bl and the implications for the
optimal robust portfolio strategy and the portfolio diversification. We shall focus in this
section on the case of ellipsoidal uncertainty set © as in (HO)(ii), i.e., in the form:

© = {(b,p) eR" XTI :|lo(p) (b - D)2 < 6}, (4.1)

and refer to the thesis manuscript [36] for the case of rectangular uncertainty set.

4.1 Minimal risk premium and worst-case scenario

We compute the infimum of the prior risk premium function § € © — R(f) as defined
in (ZT)), and (when it exists) the element 6* € © which achieves this minimum, i.e., the
worst-case scenario for uncertain parameters.

Given O as in ([@J]), we denote by Bl = g—i the Sharpe ratio of the i-th asset associated
with a priori expected rate of return 13,, and marginal volatility o; > 0,7 =1,...,d. In
what follows, we always assume w.l.o.g that | ﬁl| is in descending order: |B;] > | 52| > .
]ﬁd] and B # 0, ie., b # 0 (in the trivial case b = 0, the optimal portfolio strategy is to
never trade, i.e. af =0), and define the Sharpe ratio "proximity" between asset ¢ and asset
J by

B -
oi; = =—€[-1,1], 1<i<j<d, (4.2)
(2

with the convention that ¢;; = 0 when B, =0.

Lemma 4.1 Let © be an ellipsoidal set as in [@T)), and assume that there exists p* €
argmin R(b, p) = argminHJ(p)_lez. Then 6* = (b*, p*) with
pel’ pel’

5 ~
1—— % N 3
( Ha(p*)—1b||2) {llo(p*) = bll2>5}
* *\—17 2
and R(e ) = (HO‘(,O ) 1bH2 _5) 1{||o(p*)71i7||2>5}'

Proof. See proof of Lemma [A.3]in Appendix. O

bt =

Remark 4.1 The existence of p* is guaranteed when I' is a compact set of (Ci 1 by conti-
nuity of the function p — Ha(p)_le2. We also show in Proposition ] its existence when
= (Ci 1, and under the condition that there exists a highest a prior: Sharpe ratio. %

In the particular case when there is full ambiguity about the correlation, i.e., I' = (C> T
and there is an asset with a priori highest (absolute value) Sharpe ratio, one can compute
explicitly the worst-case scenario p* € © for correlation.

14



Proposition 4.1 (Full ambiguity correlation) Let © as in (1), with T' = (C‘;_, and
assume that |B1| > |fa] = Hl7?1X|BZ| Then, we have arg r%in R(b,p) # @, attained at b*, p*
K3

= (p}j)1<i<j<a € CL . with

. . . ) - .
plj = 01j, b* = (1 — @)1{|B1‘>5}b, 1 < < d,

and
R(@*) = (‘Bll _5)21{|31|>5}'

In particular, when \Bl\ > ’,@2’ >0 > \Bd\, then pj; = 0ij, 1 <i < j <d, and the associated
correlation matriz C(p*) is positive definite.

Proof. See[A.2in Appendix. O

Remark 4.2 The proof of proposition 1] states that R(l;, p) has minimum value over C4 n
if and only if 3| > m;glx |3;]. Indeed, if there are more than one greatest (absolute) Sharpe
J

ratio, R(I;, p) does not have minimum value. For example, if d = 2, ﬁl = Bg, then (C2> L=
(=1,1), and R(b, p) = %. We thus obtain inf R(b, p) = |12, and see that this infimum
C

>+
cannot be attained over (C2> 4 O

We now consider a model for two-risky assets, i.e., with d = 2, mixing partial ambiguity
about correlation and drift uncertainty. In this case, the following result provides the explicit
expression of the worst-case scenario achieving the minimal risk premium.

Proposition 4.2 (Ambiguous drift and correlation in the two-assets case) Let© =
{(b,p) € RZ x [p,p] : [lo(p) 1 (b —b)|]2 < 0}, with —1 < p < p < 1, and assume w.l.0.g that

81| > |Bal, B1 # 0. Recall that pis : = % Then,
1

L If 12 € [p,pl, then p" = pra, and b = b(1 = Sl 5 ).

= N * _ = x _ 71 ) R
2. If p < 012, then p* = p, and b* = b(1 — m)l{lla(ﬁ)’lez%}'

~ * * 7 5 ~
3. If p > 012, then p* = p, and b* = b(1 — ||0(£)71{A,||2)1{||0'(B)*1b||2>5}'

Proof. See[A.3in Appendix. O

Remark 4.3 The computation of the worst-case correlation p* is determined according to
three cases depending on the relation between the Sharpe ratio proximity pi2 and the two
correlation bounds p and p.

In the first case when the range of correlation ambiguity is large enough so that pro €
[p, p], or in other words, no stock is clearly dominating the other one in terms of Sharpe
ratio, then the worst-case correlation is attained at the point p12 inside the interval [p, p].

In the second case, when p < 012, meaning that both assets have close Sharpe ratios
with a correlation upper bound not too large, then the worst-case correlation is attained at

the prior highest correlation p.
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In the third case, when p > 912, meaning that Sharpe ratios of the two assets are rather
distinctive with respect to the correlation lower bound, then the worst-case correlation is
given by the prior lowest correlation p. %

We finally consider a model for three-risky assets (d = 3) mixing partial ambiguity
about correlation and drift uncertainty, hence with © in the form © = {(b,p) € R3 x I :

lo(p)~t (b —b)|]2 < 0} with T = (15 P12] X [py4:P13] X [Py, P23], a subset of c3.,.
Recall that

012 = @ e [-1,1], 013 := @ e [-1,1], 093 Z:é e [-1,1]. (4.3)
A 1 2

We introduce the so-called variance risk ratio &(p),

S(p) 7' =: &(p) = (&' (p), 7 (p), R*(p))", (4.4)

which represents (up to a scalar term) the vector of allocation in the assets when the drift
is b and the correlation is p-

We denote by B_i the a priori expected rate of return b with the i-th component ISZ
removed, and by ¥_;(p) the covariance matrix X(p) with i-th row and i-th column removed,

and o_;(p) = E_i(p)%. Notice that ¥_1(p) depends only on pa3. We will write ¥_;(p) as

¥ _1(p23), similarly, ¥_2(p13), £ _3(p12)-
In this case, the following result provides the explicit expression of the worst-case scenario
achieving the minimal risk premium.

Proposition 4.3 (Ambiguous drift and correlation in the three-asset case) Let©
= {(b,p) € R* x T : |o(p)~ (b = b)ll2 < 6} with T = [p,,, p12] % [p,5, P13] % [pyy, P23] C
C3,, and assume w.l.o.g that |G| > |B2| > |Bs], B1 # 0. Then, we have the following
possible exclusive cases:

1. (High-level correlation ambiguity for the second and third assets)
If 012 € [pyy: P12], 013 € [p 4, P13, then p* = (012, 013, p33) for any p33 € [p,y,, P23),
and b* = b(1 — IBSS_1|)1{\31|>5}'
2. (High-level correlation ambiguity for the third asset)
(i) If 12 < 012, R (P12, P13, p23) K% (P12, gs Pog) < 0, then p* = (pra, piz, phs) satis-
fying &3 (P12, pis, p33) = 0, and b* = b(1 — m)1{||g,3(p12)7113,3||2>5}-
(ii) If pyy > 012, K2(Pyys Pygr P23)E° (0,5 P13, og) < 0, then p* = (p,,, i3, p33) satis-
fying ,g3(£127p>{37p§3) =0, and b* = 13(1 — m)1{”073(&2),1373”2%}.
3. (High-level correlation ambiguity for the second asset)
(i) If pra < &13, R (P12, P13, P23)R> (P, P13, Pyg) < 0, then p* = (ply, P13, p33) satis-
fying ’%2(/7){27/7137/753) =0, and b* = 6(1 - m)1{||U,2(513)7113,2||2>5}-

. A2 % * _ * o R
fying & (p127£13’p23) =0, and b* = b(1 ”072(813)71372”2)1{||072(g13)*1b72||2>6}'
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4. (High-level correlation ambiguity for the first asset)
(i) If P23 < 023, K (P12, P13, p23) R (P Pygs P23) < 0, then p* = (pig, pig, P23) satis-
fying &1 (pYy. pis: P23) = 0, and b* = b(1 — m)l{”071(p23)*1l;71||2>5}'
(1) If pyy > 023, K (P P13, Pog) R (D12, Py Pog) < 0, then p* = (ply, pis, p,g) satis-
fying ’%1(/’){27/7){37223) =0, and b* = 13(1 — m)l{”fhl(823)71571”95}'
5. (Small ambiguity about correlation)

(i) If K'&2(pra, p13, paz) > 0, &'&%(pra, P13, paz) > 0, then p* = (P12, p13, p23), and
b = b(1 —

6 ~
T2 s 50 012 Lo (12 13,728) 1826}

* _ 9 ~
br =t ||‘7(£12’B13’ﬁ23)711;||2)1{”0(3127213’523)7%”2%5}'

(i) If /%1/%2(ﬁ12,£13,£23) > 0, /%1/%3(/312,&3,&3) < 0, then p* = (ﬁ12,£13,£23), and

| e A
o (P12, 5:054) " 0ll2 Ulo(Pr2,p, 3:p,5) = bll2>0}

(i) If K &% (pyys D135 Pyq) < 0, R'EP (P, D135 pyq) > 0, then p* = (p,,, P13, pyy), and
br =51 - ||‘7(B12’ﬁ137823)715||2 1{”0(8127513’323)718”2>6}.
Proof. See[A4in Appendix. O

Remark 4.4 The different cases in the above Proposition depend on the relation between
the Sharpe ratio proximities and the correlation intervals bounds, and can be roughly divided
into 5 cases with subcases with the following interpretation:

In case 1 where the range of correlation ambiguity for the second and third asset is large
enough, in the sense that the intervals [812’p_12] and [£13,p_13] contain respectively p1o and
P13, then the worst-case correlation is attained at the Sharpe ratio proximity value p* =
(012, 013, P53)-

Let us now discuss case 2, and more specifically (i). This corresponds to the situation
where the assets 1 and 2 have close Sharpe ratios with a correlation upper bound between
these assets not too large, while the correlation ambiguity for the third asset is high, which
is quantified by the fact that the function (p13, p23) — &(p12, p13, p23) evaluated at the prior
lower bounds (313, £23) and the prior upper bounds (p13, p23) have opposite signs. In this
case, the worst-case correlation is achieved at the prior highest correlation pis for pis, and
at the point (pjs, p33) cancelling the term &(p12, pis, p33). Similar interpretations hold for
cases 3 and 4.

Let us finally discuss case 5, which involves explicitly the signs of #'4% and #'4® at the
prior correlation bounds. Assuming that these functions #'4? and #'43 do not vanish at
some point p € [812,p_12] X [313,p_13] X [£23,,523], then by continuity, and provided that the
range of these correlation bounds are small enough, we see that one should fall into one of
the 4 subcases 5.(i), (ii), (iii), (iv), and for which the worst-case correlation is obtained on
the prior upper or lower correlation bounds. O

4.2 Optimal robust strategy and portfolio diversification

We first provide the general explicit expression of the robust optimal strategy in the case
of ellipsoidal ambiguity set. This follows directly from Theorem B.1I] and Lemma A1
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Proposition 4.4 Let © be an ellipsoidal set as in [1]), and assume that there exists p* €
arg milg Ha(p)_lbuz, Then, an optimal portfolio strategy for (24) is given by
pE

1 N —17 2 1)
of = [wg+ —ello)0=0T _ x1(q .~
' 0t o t]< Ho(p*)—lblb)

*\—1
Ljotom) 162503 2 (P7)

S

(4.5)

Remark 4.5 We have seen in the previous section that p* exists when I' is compact (in
particular when it is a singleton, i.e., there is no ambiguity on correlation) or when I" = (Ci T
i.e., there is full ambiguity on correlation. From (£X)), we observe notably that whenever § >
Ha(p*)_li)\b, then o = 0. In other words, when the level of ambiguity about the expected
rate of return is high (or when the investor is poorly confident about her estimation b on
the expected rate of return), then she does not make risky investment at all. O

4.2.1 Full ambiguity correlation and anti-diversification

In this paragraph, we consider the case of full ambiguity on correlation, i.e., I' = (Ci 4, and
investigate the impact on optimal robust portfolio strategy.

Theorem 4.1 (Full ambiguity correlation) Let © be an ellipsoidal set as in (L)), with
I = Ci+: and assume that |B1] > |B2| = 1:;12{(]@\, B1 # 0. Then an optimal portfolio

strategy for the robust mean-variance problem (2.4l is explicitly given by

1 5 2 1) b
* (|8;|-0)*T * R 1 T (S]
o = |xg+ et - X (1——A >1 —,0,...,0), 0<t<T, P° —q.s.
[ 2\ j| ‘Bl‘ ‘ﬁ1‘>5(0.% )

Proof. From the formula ([4.3]) of the optimaAl portfoliq strategy in Proposition 1.4] we only
have to compute the vector #(p*) = X(p*)~!b, and R(b, p*), which have been already given

in (A28), (A29) in Section[A2 O

Remark 4.6 (Financial interpretation: anti-diversification) If the investor is poorly
confident on the drift estimate, i.e., whenever ¢ is large enough, then she does not make risky
investments at all, i.e. aj =0. When the investor has good knowledge on drift estimates but
is poorly confident on correlation estimates, she only invests in one asset, namely the one
with the highest a priori Sharpe ratio. This anti-diversification result under full ambiguity
about correlation has been also observed in [24] for a single-period mean-variance problem
without drift uncertainty, and is extended here in a continuous time framework. %

4.2.2 Partial diversification

e Two-asset model: d = 2

We provide a complete picture of the optimal robust portfolio strategy in a two-asset model
with ambiguous drift and correlation.

Theorem 4.2 (Ambiguous drift and correlation in the two-assets case) Let © =
{(b,p) € R* x [p,p] : lo(p) (b —b)|l2 < 6}, with —1 < p < p <1, and assume w.lo.g that
81| > |Ba|, B1 # 0. We have the following possible cases:
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(1) If 612 € [p, p], then an optimal portfolio strategy is ewplicitly given by
. 1 ai1-07T _ x» 0 %\ o<i<T, PO

(2) If p < 012, then an optimal portfolio strategy is explicitly given by
0

o _ — lo(@) " bll2=0)>T _ x= 9 . ~\—17
and if ||o(p)~1b|ly > 8, then ™ a™ > 0.
(3) If p > 012, then an optimal portfolio strategy is explicitly given by
. L Ulo() bll~012T _ x#7 (1 — L A -1,

and if |jo(p)~ Lblly > 6, then oo™ < 0.

Proof. In light of formula ([A3]) of the optimal portfolio strategy in Proposition 4] we
only need to compute [|o(p*)71b||2, i.e., R(b, p*), vector &(p*) = B(p*) b, explicitly given
in the proof of Proposition (see in Appendix) when computing p*, which leads to
the three cases of Theorem O

Remark 4.7 When there is no ambiguity on the drift, which corresponds to § = 0, we
retrieve the results obtained in [I7] for the correlation ambiguity between two assets (see
their Theorem 4.2). Our Theorem includes in addition the case when there is uncertainty
on the expected rate of return. O

Remark 4.8 (Financial interpretation) In the first case when the range of correlation
ambiguity is large enough so that p12 € (p, p), and thus no stock is clearly dominating the
other one in terms of Sharpe ratio, it is optimal to invest only in one asset, namely the one
with the highest estimated Sharpe ratio.

In the second case when p < p1o, this means that no stock is “dominating" the other
one in terms of Sharpe ratio, and it is optimal to invest in both assets with a directional
trading, that is buying or selling simultaneously, and the worst-case correlation refers to the
highest prior correlation p (recall Remark [L3)) where the diversification effect is minimal.

Finally, when p > pjo, this means that one asset is clearly dominating the other one,
and it is optimal to invest in both assets with a spread trading, that is buying one and
selling another, and the worst-case correlation corresponds to the lowest prior correlation p
where the profit from the spread trading is minimal. a

This diversification result has been also observed in [24] for a single-period mean-variance
problem with only correlation uncertainty, and is extended here in a continuous time frame-
work with both drift and correlation uncertainty:. O

e Three-asset model: d =3

We finally provide an explicit description of the optimal robust strategy in a three-asset
model under drift uncertainty and ambiguous correlation.
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Theorem 4.3 Let © = {(b,p) € R3 x ' : |o(p) (b — b)||a < 0}, with I = [,y P12] X
[p)3: P13] X [Py P23] C C3,, and assume w.l.o.g that 1B1] > |Ba2] > |Bs| and B1 # 0. Then,

we have the following possible exclusive cases:
1. (Anti-diversification) If 012 € [&2,,512], and 013 € [313,/313], then an optimal portfolio
strateqy is explicitly given by

by
Yo oo 4 0BT x) (1 21 Tl o<i<cr po
doT TaYe ! i)/ sy | 0 OSESE
0

2. (Under-diversification: no investment in the third asset)

(i) If p12 < 012, and /%3(,512,,513,,523)/%3(,4_712,&37323) < 0, then an optimal portfolio
strategqy is

1,%
ay’ = elllo—3(p12)~ Lh_3|l2—6)2T _x* (1 B )
<at2’*> [.Z'()"_ 2)\ t] ||O'_3([)12)_1Z)_3||2
— _1/\
Lo (1)1 >0y o—8(P12) " bs
3,5
Oét — 07

and if ||o—_3(p12)~ h_ 3lle > 9, then Ozl* 2% > 0.

(i1) If Py > 012, and & (312,313,,023) (312,,013,323) <0, then an optimal portfolio
strategy is

1,%
o\ Glo—3(0,,) 1B 3ll2) 62T _ s g
« = |xo+ == £12 - X/ (1— =
(af’ > 20 2>\ t]( ||0—3(£12)‘1b—3||2)

_ -1
Yo s(p,,)1b_slla>a) =—-3(P12) b3

af’* = 0,
and if H0_3(£12)_15—3H2 > 8, then oo™ < 0.
3. (Under-diversification: no investment in the second asset)

(i) If pra < 613, and &*(pr2, Pr3, P23)R> (P, P13: Pyy) < 0, then an optimal portfolio
strategy is

1,% A
<aé’*> = [zo+5x 2>\ elllo—2(p1a) b2l =0T _ x+] (1 _

Ha-z(plg)—lé_guz)
— _1"
1{||072(ﬁ13)*11372||2>6}2—2(ﬂ’13) b_o
oy = 0,
and if ||o_2(p1s) "'ball2 > 4, then ai *O‘?* > 0.

(it) If p,, > 013, and /%2(312,313,,023) (p12,£13,£23) < 0, then an optimal portfolio
strategy is given by

)
lo—2(p )~ t—2ll2

17
Llio_ap,,)-1bslla>ay =—2(P13) ™ b2

o — 1A7 —5)2 *
[x0_|_ o3¢ elllo—2(p,5) ™ b—2[l2—6) T—Xt]<1_
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and if “0_2(313)_16—2“2 > 0, then a} o™ < 0.
. (Under-diversification: no investment in the first asset)

(i) If pas < 023, and /%1(312,313,ﬁgg)/%l(ﬁlg,ﬁlg,ﬁgg) < 0, then an optimal portfolio
strategy is

2%
Y > = 1 (llo—1(p23)~tb-1[2—0)T * ( )
3] = [Tot 5y€ - X/ |(1— - _
<at [ 2\ t] ||O'_1(,023)_1b—1||2
_ \—13
Loy (pag) b1 o >67 - 1(P23) " 01
1«
Oét = 07

and if ||o_1(pa3) "tb_1|2 > 6, then o> a* > 0.

(it) If pyy > 023, and /%1(312,,513,323)/%1(,4_)12,&37323) <0, then an optimal portfolio
strategqy is

2%
;"\ L (lo1(p,,) b 1]2—0)°T _ 3o g
. = |zg+ —e¢ Loz - X 1 - =
< 3, > [0 o\ t]( ”0_1(323)—11)_1”2)

~

—1
Lo+ (p,,)1h1 26y Z—1(Pg3) ™ 01

oy = 0,
and if \|0_1(£23)_13_1\|2 >4, then o™ o < 0.
. (Well-diversification)

(i) If A &%(p12, P13, p23) > 0, and &'&3(pio, P13, pa3) > 0, then an optimal portfolio
strateqy is given by

. L oz psas) 1blla—8PT _ x 0
of = [ro+ gyellrrpapm) BT _xp) (1 % )
2 o (P12, P13, P23) 102
1

o S

1{||0(ﬁ1275137523)*113|I2>6}2(/3127 P13, p23)”

(i1) If /%1/%2(312,313,@3) < 0, and /%1/%3(312,313,@3) < 0, then an optimal portfolio
strateqy is given by

o = [ZEO + i)\e(”‘j(ﬁlz’3137523)718”2_6)2:’1 — Xt*] (1 - J _ 17 )
2 |0(py0: P30 P23) 10|z

_ \—13
1{IIU(glz7/_)13,/723)*15||2>5}2(312’ Py3:P23) 0.

(1i3) If /%1/%2(512,313,323) > 0, and /%1/%3(512,3137323) < 0, then an optimal portfolio
strategy is given by

a; = [wo + ie(”"(ﬁlz’3137323)718”2_6)2:’1 — Xtﬂ (1 - — ° 1 )

oo

_ -1
1{||O-(ﬁ127813’823)715”2>6}E(p12’ 8137 823)
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(iv) If /%1/%2(312,/313,323) < 0, and /%1/%3(312,/313,323) > 0, then an optimal portfolio
strateqy is given by

* L (oo i, ) 10l2=0)2T o 5
ay = [1170 4+ — N\ L192P13:Lo3 _ Xt] (1 _ - )
2)\ ”U(£127p137£23)_1 ‘2

S

~ ) -1
Voo, p15.,) 1511261 > (P17 135 Pa3) ™ b-

Proof. In view of formula (£3]) of the optimal portfolio strategy in Proposition 4] we
only need to compute &(p*) = B(p*)~1b, and || (p*)"1b|2, i.c., R(b, p*), which have been
given explicitly in the proof of Proposition (see [Adl in Appendix) when computing p*.
In the case 1., we obtained (see (A33) #(p*) = (%,O,O)T, and R(b, p*) = bi(p*) = 2.
In the case 2., let us focus on subcase (i) as the other subcase (ii) is dealt with similarly:
we have pjy = p1a, (#(p12), #2(p12))7 = S_s(p12)b—s, #*(p12,pls. pbs) = 0, and R(b, p*)
= b" ;¥ _3(p12)b_3, by (A40), (A4I). The other cases are computed in the same way and
omitted here. O

Remark 4.9 (Financial interpretation) In case 1, corresponding to large correlation
ambiguity for the second and third asset (recall Remark [£.4)), it is optimal to invest only in
the first asset, namely the one with the highest a priori Sharpe ratio, which is consistent
with the anti-diversification result obtained in Theorem F] (see also Remark [.6]).

In case 2, corresponding to a large correlation ambiguity for the third asset (see Remark
L), the investor does not invest in the third asset, but only in the first and second assets.
Moreover, depending on whether the assets 1 and 2 have close Sharpe ratios with a correla-
tion upper bound between these assets not too large (subcase (i)), or the asset 1 dominates
the asset 2 in terms of Sharpe ratio (subcase (ii)), the investment in assets 1 or 2 follows a
directional trading or a spread trading.

We have similar under-diversification effect in cases 3 and 4, and notice that it may
happen that one does not invest in the first asset even though it has the highest a priori
Sharpe ratio. The result in case 4 is quite interesting and is a priori unexpected. Intuitively,
an investor should always invest in the the asset with the greatest absolute Sharpe ratio.
For example, this is the case when anti-diversification occurs and also in cases 1, 2, 3, 5.
However, the case 4 means that the asset with the greatest absolute Sharpe ratio (asset 1)
may not be traded in the optimal portfolio while the one with the smallest absolute Sharpe
ratio (asset 3) may be traded. The idea is that depending on the drift and correlation
ambiguity levels, investing in the two other assets may achieve a higher Sharpe ratio than
investing in asset 1. In [24], the authors constructed a simple example (with no ambiguity
in the correlation between asset 2 and asset 3) for this scenario.

Finally, in the case 5, corresponding to a small correlation ambiguity (see Remark [4.4)),
the investor has interest to well-diversify her portfolio among the three assets. %
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A Appendix

Notations, differentiation and characterization of convex function

Let us introduce some notations and state some results which will be used frequently in the
proof of some Lemmas and Propositions.

1. We introduce the so-called variance risk ratios

Rlp) = S(p)7'b = (&), R p))",
K(b,p) = B(p)7'b = (K'(b,p),... k()T

2. From some matrix calculations (see e.g. corollary 95 and corollary 105 in [9]), we
obtain the explicit expressions of the first partial derivatives of R(b,p) = b7k(b, p)

with respect to b;, p;; denoted by 6R(b ?) and %@p), 1 <1 <7 <d,

OR(b,p) _ i OR(b.p) _ j
Tbi = 2K (b,p), Tz] = —O0i0jR (b,,o)/-i (b,,o). (A6)

We also denote by V,R(b, p) and V,R(b, p) the gradients of R(b, p) with respect to b
and p respectively,

N wir

V,R(bp) — (2Hbn)  9RGp) | ORGp) ) (A7)

dp1z 0

Op1a "7 Op(a—1yd

3. (Sufficient and necessary optimality condition). It is known (see e.g. Lemma 2.2 in
[10]) that R(b, p) is jointly convex in b and p. Similarly, R(b, p) is convex in p. Then
p* is a global minimum of p R(ZA), p) over I' convex set of (Cﬂl_ if and only if, for any
p €T (see e.g. section 4.2.3 in []),

d j—1 ~
R A Y SEED S) PR LA TR I
— Opij
7=11i=1
which is written from (AL6) as,

d j—1

ZZO‘ZO']I{I{ )(pij — pij) < 0. (A.8)

7j=1 =1

A.1 Proof of Lemma

The statement of Lemma is minimax type theorem, as it implies obviously in the case
where ©® = A x I' is a rectangular set that the function H in ([B.4]) satisfies

H (b, = H(b
MR HGe) = e Abe)

However, its proof cannot be deduced directly from standard minimax theorem (see e.g.
Theorem 45.8 in [32]), as it does not fulfill totally their conditions: the function H is linear
(hence convex) in b, linear (hence concave) in p, but we do not assume that I" is a compact
set, and we also consider the case where © is an ellipsoidal set.

We distinguish the two cases in (HO) whether © is a rectangular or ellipsoidal set.
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Lemma A.2 Suppose that © = A x T is in product set as in (HO) (i), and assume that
there exists 0* € arg m@in R(0). Then, we have for allb € A, p € T:

Hb*,p) < H(6*) = R(0*) < H(b,p").
Moreover, (b*, p*) is a saddle point, namely,

inf sup H(b,p) = sup mf H(b,p) = H(",p").
bEA peT pel be

Proof. Note that if there exists (b*, p*) € arg mén R(8), the first-order condition implies
that for any (b, p) € ©,

(b~ b)YVRE) + (0 — 0*) TV, R(E7) > 0. (A.9)
Recalling H (b, p) in (34) and explicit expressions (A.0), (A1) of V,R(6*) and V,R(6*),
and fixing b = b* or p = p* in ([A.9) respectively, we get for any b € A, p € T,

d j—1
H("p) = H(b",p") = > R, b, p*)oioi(pi; — pij)
7j=1 =1
—p)"V,R(0%) <0,

(bi = b})r' (b, ")

—
SO
*

H(b7 ,0*) - H(b*vp*) =

i=1
1
= 5(b—b*)TVbR(H*) > 0,
0
where by convention, we set: Z =0 . It follows that
i=1
inf sup H(b,p) < supH((b*,p) = H(*, p*) = inf H(b,p") < sup inf H(b, A.10
jnf sup (0,p) Sup (0%, p) (b%,p") = jnf H(b,p") pepeA(p)( )

Since we always have gnf sup H (b, p) > sup mf H(b, p), the above inequality is indeed an
€A pel pel be
equality, and this proves the required result. O

Lemma A.3 Suppose that © = {(b,p) € R x T : |lo(p)~ (b —b)||l2 < 8} is an ellipsoidal
set as in (HO) (i), and assume that p* = arg mrin |o(p)~ 0|y exists. Then there exists 0*

€ argr%in R(0) with 0* = (b*, p*),

N - 0
"o b(l_M)l{uo@*)léump (A-11)
and
* *\—17 2
R(0") = (HJ(P ) sz _5) 1{||U(p*)71i,||2>5}- (A.12)
Moreover, we have for allb € ©y, p € T':
H(b",p) < H(6*) = R(6") < H(b,p"). (A.13)

where O, denotes the projection of the set © onto b-plane, i.e., Oy := {b € R : b€ Ay p€
T} with A, : = {beR?: ||o(p)~ (b - b)|]2 < 6}
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Proof. Due to the dependence of b on p in the ellipsoidal set © written as © = {(b, p) €

RIxT:be A,} where A, is defined in Lemma [A.3] We use a Lagrangian approach here.
Step 1. For fixed p € I, let us first focus on the inner minimization

in R(b,p). A4

poin (b, p) (A.14)

The Lagrangian with nonnegative multiplier u associated to this constrained minimization
problem is

Li(b) = R(b,p) = (0% = (b= )"S(p) " (b)), (A.15)
and the first-order condition gives
oLy (b R
SO om(p)y b+ 2o (6 B) = 0
%Z’“) = 82— (b-b2(p) ' (b-b) = 0.

Solving these two equations for fixed p, and recalling that the Lagrange multiplier is non-
negative, yield

% el thl .

u*(p) - (e Do()-161,>5 (A.16)
b(p) = b= ) Mo i >ey

Substituting these expressions into the Lagrangian (A.T5]), we get

Li (p).p) = RO (0),p) = (lo(0) " blly = 0)* 1y 1ams)-

and thus, the original problem iléf R(8) is reduced to

>~

inf R(#) = inf inf R(b,p) = ingR(b*(p),p)
pE

0=(b,p)€O pel beA,
— -1 2 )
= ,ﬁ&ﬁ{(”"(p) blla = 8) L0 )15, 55) |
N 2
= (inf|lo(p)~ |, —8) 1. 13 . A7
(inf hoto)b >{;gg||a<p> g, >0y A0

Therefore, whenever p* € arg mFin |o(p) ™ bl|o exists, we see from (AIT) that R attains its

infimum at 6* = (b*, p*) with b* = b*(p*) as in (AI6) with p = p*, which leads to the
expressions as described in (A1) and (A12) of Lemma [A.3]

Step 2. Suppose that there exists p* € arg mFin lo(p) = b||2. From Step 1, there exists 0* =
(b*, p*) € arg I%in R(#). Let us now prove that H(b*, p) < R(6*) for any p € I". Substituting
the expression (ATI) of b* in H(b*, p), we rewrite H(b*, p) as

S 2. .
H("p) = (1= ————) 0"S(") ' Z(0)Z(0") 0l 1550}
< Ha(p*)_1b||2> {lle(p*)~1bll2>6}
As p* € arg Ir%in lA)TE(p)_llA), we use Lemma [A.2 by setting A = {lA)}, and immediately obtain
sup 'S (p*) IR (P2 () = bTR(p*) b (A.18)
pel’
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2
. . . . . . 5 .
By multiplying both sides of the above equality with the constant (1 o) 101, ) 1{”0(p* ) 1Bla>8}?

we get

sup H(b", p) = H(b",p") = R(6"), (A.19)
pel

which shows that

H(b*, p) < R(0"), forallp € I.

Step 3. Let us finally prove that H(b,p*) > R(6*) for any b € Op. Again, we use a
Lagrangian approach. For fixed p € I', we focus on the inner minimization

b2, 00

and consider the associated Lagrangian function with nonnegative multiplier u
La(b,u) = H(b,p*) = u(6* = (b= )S(p) "' (b b)) (A.20)
The first-order condition gives

w = 2(p*) b +2uS(p) (b —b) = 0,

@%%ﬂ = 2= (-bN(p) b -b) =0,

and by solving these two equations for fixed p (recalling also that the Lagrangian multiplier
is nonnegative), we get

(A.21)

- 0
b (p) = b——=2=%(p)S(p") 0"

Substituting these expressions into the Lagrangian (m we get

Lo(b**(p),p) = H®™(p),p*) = b'S(p*)"b* — 63/H(b*, p).
The outer minimization over I' then yields

blenng(bp) = ;Iellf;blelg H(b,p") = me(b (P),p")

- g{wz Ly 5\/H (", p) }
= BTE( “1p* — §sup /H(b*, p)

pel’

= 2(p*) " — 6+/R(6)

= 3(9*),

where we used (A19)) in the last second equality, and last equality comes from ([(ATT]). This
shows that the infimum of H (b, p*) over b € Oy is attained at b**(p*) = b* as in (A.21]) with
p = p*. We conclude that for any b € Oy,

H(b,p*) > R(§"), (A.22)

which completes the proof. O
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A.2 Proof of Proposition [4.1]

Let us prove that under the condition |3;] > |3a] = mjlx 3], the function p — R(b, p) attains
(2

its infimum over (Ci L C (—1, 1)d(d_1)/ 2 and this infimum p* can be computed explicitly.
By convexity and differentiability of p — R(I;, p) over the convex open set I' = (Ci 4, the

existence of such minimum is equivalent to the existence of critical points to R(b,.), i.e.,

Z; *
ORGP g 1<i<j<a (A.23)
apij
Recalling that o; > 0 ¢ = 1,...,d, this is written from ([AL6) as the system of d(d — 1)/2
equations:

R(pDR(p*) = 0, 1<i<j<d, (A.24)

which indicates that at most one component of #(p*) is not zero. Notice that due to the
assumption that b # 0, #(p*) = 2(p*) b is never zero, i.e. at least one component of
k(p*) is not zero. Therefore, exactly one component of #(p*) is not zero. Then (A24) is
equivalent to &' (p*) # 0, #7(p*) = 0, j # i1, for some iy = 1, ..., d. In other words, we
have

(0,...,0,&(p"),0,...,0)7 = E(p*)_ll}, for some i1 = 1,...,d. (A.25)

Pre-multiplying X(p*) on both sides of (A.28) and then writing out Lh.s, we obtain

2 iy (o 7.
iu/f’i (,0*) 1311 ) ) ) (A26)
onoip R (p*) = b 1<i<d, i# i,
which yields the explicit form:
Livg ey by
K (p*) = P
i3 (A.27)
phi = 5_2‘ i, 1<i<d
i1

As |p; ;| < 1in ([A.27), together with condition 81| > max 3|, we thus have i; = 1 and
(2

$\—17 AL % 61 * N .

2(10 ) lb = ’%(p ) = (?707’”70)1-7 P1i = 01 2§Z§d (A28)
1

Once {pj; }2<i<a is given as in (A.28), we can complete the other values of p; € (~1,1) such

that p* belongs to (Ci . For instance, by choosing as in Corollary 2 in [24], Pij = P1iPYj =

01015, 2 < i < j < d, we check that C'(p*) € S‘;r. Indeed, in this case we have

1 0 O 1 @12 é13 éld 1 0 O T
L . 1 Rl s L
o 1 0 le b 012013 legm o 1 .. 0

. . 013 012013 1 ... 013014 _ o _
o 0 1)\ o1 0 ... 1
erd 014 012014 01301d - -- 1 Q1d

= diag{1,1 — [612*, 1 — |013]%, ... 1 — [614]*},
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which is positive definite since 1 — |o1;|> > 0,7 =2, ..., d.
In particular when |3;| is in strictly descending order, i.e. |81]| > || > ... > |B4], p* =

(Pijh1<i<j<a = (0ij)1<i<j<a = : 0 also belongs to €2 . Indeed, in this case, observe that
1
1 0 ... 0 1 0 ... 0\T 0A2 R OAA
o1 1 ... 0 o 1 ... 0 0 1—=01y 023~ 012013
L e TT0 T = |0 es—dwos 100
—01¢ 0 ... 1 —014 0 ... 1

0 024 — 012014 034 — 01301d
Denote by C1(¢) the matrix in the r.h.s of the above equality and note that g1, = 01202, @
=3, ..., d. Then we have

1 0 0 . 0 1 0 0 0\’

0 1 0 .0 0 1 0 0

0 —@23 1 .0 Cl( @) 0 — @23 1 0

0 _@2d 0 1 0 —@Qd 0 1

1 0 0 0 o 0

0 1-¢, 0 0 . 0
|0 0 1— 03 P34 — P23P24  --- P3d — 023024
— |0 0 034 — 023024 1— 63, o+ 04d — 024024

0 0 03d — 023024 04d — 024024 - - - 1- 02,

Denote by C3(0) the matrix in the r.h.s of the above equality and again note that go; = go3
03i, @ =4, ..., d. Then we can do the similar matrix congruence with Cs(9) as with C;(9).
And so on. After d — 1 steps of matrix congruence, we arrive at the diagonalization of the
matrix C(0)

TC(o)TT = diag{l,1 —[612*,1 — [d23]*, -+, 1 — |6a—14]*},

where T' = Ty --- Ty with T; being invertible matrix with diagonal terms 1, (j,4)-th term
—0ij, j > 1, and other terms 0.

We deduce that the system of equations (A24]) has solutions in CZ , given by (A28).
Moreover, we have from ([A.28))

min R(bp) = R(,p") = 0a(0") = biit(o") = 32 (A.29)
peCe,
Combining this with Lemma [A.3] we obtain b* described in ELT} O

A.3 Proof of Proposition

As I' = [p, p] is compact, we already know that p* = arg min,er R(ZA), p) exists, and from

Lemma [A.3] we only need to compute the minimum of the function p R(ZA), p) over T
From (A.8) with d = 2, we obtain the sufficient and necessary condition of p* for being
global minimum of R(b, p) over I':

o109k (PR (p")(p — p*) <0, Vp € lp,pl, (A.30)
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where &(p) is explicitly written as

b by B1— sz
N 1 o2 ~ ool 1
— Al - —
'%(p) T 1 02 3_22 . 0?22/) 1— 2 \ Ba— 51/) (A'Sl)
3

From ((A30), we have three possible cases:

o i1 (p*)A%(p*) = 0. From the explicit expression (A3I) of #(p*), and as p* has to
belong to [p, p] C (—1,1), we obtain #?(p*) = 0, i.e., p* = d12, and so R(b, p*) = j32.

o i'(p*)R%(p*) > 0. Then (A30Q) is satisfied iff p* = p. Moreover, from the above
explicit expression of #(p*), we obtain p < g12.

o #M(p*)iA*(p*) < 0. Then (A30) is satisfied iff p* = p. Moreover, from the explicit
expression of K(p*), we obtain p > 012

By combining this with Lemma [A3] we obtain b* described as in Proposition O

A.4 Proof of Proposition [4.3]

3 j—1
AsT = H H [p.., pij] s compact, we already know that p* = arg min R(b p) exists. From
j=1i=1 - pel

Lemma [A.3] we only need to compute the minimum of the function p R(ZA), p) over ' by
applying the optimality principle (A.8]) when d = 3,

3 j—1
Z H(p*)(pij — p3j) <0 for any p €T (A.32)

We observe from ([A.32)) that similar as Proposition 2] each p;‘j, 1 <7< j <3 may be lower
bound pyj» uwpper bound p;;, or an interior point in (Bij’ pij), which corresponds to k'x?(p*)
>0, k'K (p*) < 0, or k'k? (p*) = 0 respectively. Therefore, we consider the following possible
exclusive cases depending on the number of zero components in #(p*):
1. &'R2(p*) = 0, &'A3(p*) = 0, R2R3(p*) = 0. R
In this case, (A32) is immediately satisfied. As we assume that b # 0, &(p*) is not
zero, i.e. at least one component of &(p*) is nonzero. Then, two components of & (p*)

are zero. Under the assumption that 1] > |Gz > |fs], (B28) and (A29) in Section
[A.2 yield the explicit expressions of p*, #(p*) and R(b, p*)
P12 = 012 € [y, P12]s P13 = 013 € [p, 4, P13], any pd3 € [p,,, P2s]
and
N7 % 61 7 % A
1

Let us show that B% in (A.33) is strict minimum value in the sense that R(l;, p*) = ﬂ?

iff piy = 012 € [py, P12 Pi3 = 013 € [p,5, P13) and any p53 € [p,,, p23]. We express
Y(p) as the following block matrix

Z(0) = <211 z_il;%)) ’
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where the vector Cy = (0102p12,0103p13)".

foil
1C 01x2 <O’% ClT > 1 —U—% _ ( O'% 01><2> (A 34)
—;%1— I2><2 01 2_1(,023) 02><1 [2><2 02><1 A ’ '

.
where Ioyo denotes 2 x 2 identity matrix and A = X_1(pa3) — Cﬁfi is 2 x 2 positive
1

definite matrix.
Inverting on both sides of (A.34)), we get

9 2 1 0
i) = (1 T ("1 01_*%) o 7). (A.35)
O2x1 Ioxz) \O2x1 A o7 12x2
We express b as (51, BLI)T and then write R(ZA), p) as two nonnegative decompositions
from (A.35),
P g b b
R(b,p) = B+ (b—1— 5C1)TA™ (b1 — —C1)
71 g1
> G

where in the last inequality, ‘=" holds if and only if boi — 3—1%01 =0, i.e. piy = 012,
P13 = 013. This corresponds to case 1. of Proposition
KR (p*) # 0, R1RP(p*) = 0, K2R3 (p*) = 0.

In this case, we express X(p) as the following block-matrix form for convenience,

s = (TR G).

ag

where the vector Cs = (0103p13,0203p23)7.
By first transforming 3(p) to block diagonal matrix as (A.35)) and then taking inverse,
we obtain

S(p)t = <I2><2 —2—3(012)_1C3> (E—g(plz)_l 02><11>
0152 1 O1x2 a(p)”

Iz 0251
) A.36
(ot ) (4.36)

where a(p) = 03 — C3X_3(p12)~C5 is positive.
Recalling the definition of (b, p) and R(b, p) , we obtain from (A.30)

<H;EZ§> = Y 3(p12) " tbos — #3(p) X 3(p12) "1 Cs
R (p) = ﬁ(BS—C:)IE—S(Plz)_%—S)

x>

(A.37)

and

7 2

R(b,p) = b33 s(p12) b3+ a(p)(#*(p))". (A.38)
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In the following, we write 5132_3(,012)_13_3 as R(B_g, P12)-
As #3(p*) = 0, we obtain from (A32) that

a102R' K% (pla) (P12 — pi) < 0 for all pio € [p,y, pio] (A.39)
and from (A37) and (A.38) that
“1(PT2)> 7
; = X _3(pfy) " to_
< 2(p3a) 3(pi) b= (A.40)

1
R(b,p ) = R(b_3,,0>{2)-

This is the case of ambiguous correlation in the two-risky assets: risky asset 1 and
risky asset 2 with ambiguous correlation p12 in [p,,,p12]. In this case, #1(p*) and
#2(p*) are not zero, therefore we have that from Proposition

Pla = 16121{[712<é12} + 3121{£12>é12}‘ (A-41)

By setting g(pis, p13, p23) = = a(piy, p13, p23)s> (pla, p13, p2s) for fixed piy in (AAI),
we deduce from (A.37) that the function

(P13, p23) = 9(Pla P13, p23) = by — 103k (ply) 13 — 020347 (pia) P23,

is linear in (pi3, p23) € [313, p13] X [323, pa3], and has the same sign as &3(ply, p13, p23)
due to the positiveness of a(p}y, p13,pe3). To study the condition of x3(p*) = 0, we
discuss it in the following two cases:

(i) if P12 < 012, then #'A%(p12) > 0, the function (pi3, pag) — g(p12, P13, p23) has
the same monotonicity with respect to pi3, pas. Therefore, to ensure that the

function g(p12, p13, p23) has aroot in [p, ,, p13] X [py,, p23], we need g(p12, p,5: Pys)
9(P12, P13, paz) < 0, or equivalently &%(Pr2, p 4 Pyq) A% (P12, P13, P23) < 0.

(ii) if Py > 012, then /%1/%2(312) < 0, the function (p13, pag) +— g(ﬁlz,plg,pgg) has the
opposite monotonicity with respect to p13, p23. Therefore, when 9(312’ D13, 323)
9(P,5: Py P23) < 0, o1 equivalently #%(p ., P13, P )R (pyys g5 P13) < 0, the func-
tion g(p,,, P13, p23) has a root in [p, ., p13] X [p,y, Pas]-

Therefore, we deduce that R(B, p) > R(B_g, p12) > R(E_g, P12 1{512@12}+£121{B12>@12})
and that ‘=’ holds if and only if piy = p121{5,<45) + 3121{212>§12} and pis, p53 sat-

isfies #3(p%y, pis, pig) = 0.This corresponds to subcases 2.(i) and 2.(ii) of Proposition
4.3

B2 (p*) = 0, RTRP(p*) # 0, K2 (p*)R3(p*) = 0.

In this case, we make permutations as follows,

(o) = (P Gy (1), o

where &72(p) = (#!(p), &3(p))™ and Cy = (o109p12,0203p23)7. Using (A42) and pro-
ceeding with the same arguments as in the case 2., we obtain the result of #2(p*) =
0, &1 (p*)A3(p*) # 0 as described in the subcases 3. ( ) and 3.(ii) of Proposition (.3l
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4. &R (p*) = 0, BTR3(p%) = 0, &% (p*)&%(p*) # 0.

Note that
N (Zoilps) Cr) (b
_ ) ) (A.43)

where 271 (p) = (&%(p), A3(p))T and C; = (0109p12, 0103p13)". Using (A.43) and pro-
ceeding with the same arguments as in the case 2., we obtain the result of #!(p*) =
0, &2(p*)i3(p*) # 0 as described in subcases 4.(i) and 4.(ii) of Proposition 3}

5. &R (p*) # 0, KR (p*) # 0, &2 (p*)R%(p*) # 0.
In this case, we see from (A.32)) that each pj; takes value in {Bij’ pi;} relying on the

TN
» 7
v
—~ =
=2

sign of #'47(p*). Note that once the signs of #'4%(p*) and #'#3(p*) are known, the
sign of #?(p*)&3(p*) is determined. Therefore, by combination, there are 4 possible
sub-cases as described in the case 5. of Proposition

As &' (p*)&7 (p*) # 0 in each subcase, left right hand of ([(A32) is strictly negative for
any p € '\ {p*}. From the first-order characterization for convexity of R(b, p) (see

e.g. Section 3.1.3 in [4]) and (A.G)), we obtain for any p € I' \ {p*},

R(b,p) > R(b,p*)+ (p—p*)V,R(D, p")
j—1
= R(?),p*)—z'

oy
7j=1 =1

o0& (p")W (0*)(pij — i)
> R(b,p"),

which indicates that p* in each sub-case of case 5. in Proposition 3] is a strict
minimum of R(b, p).

As R(l;, p*) in this subcase is strict minimum value, we conclude that each subcase in
Proposition is exclusive.

By combining this with Lemma [A.3] we obtain b* described as in Proposition E3l O
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