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A Appendix

A.1 Relation between AOF and ridgeness
From Eq. (5), we have

rdg(z,0) = — [ D(y)AG,(z —y)dy,
]RQ

which can be written in polar coordinates as
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Considering the following indefinite integral
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Using Eq. (3), it comes
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which proves Proposition 1.
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Figure 1: Regular skeleton point at @

A.2 Regular skeleton point - AOF
Let 8 be the angle formed by t and the horizontal axis, such that

(ny —ny)* { cos 3 ]

t= sin 3
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Let d = (x — s) - t* be the distance between  and the nearest point on the skeleton branch. We get rid of
the trivial case d > r. In this case, aofcguiar(€) = 0. Otherwise, the circle of radius  and center « intersects
the skeleton branch at points p and q, as depicted in Fig. 1. We denote by ¢ the angle formed by the line
passing through x and p, and the skeleton branch, such that
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Considering Eq. (3), the circle is split into two arcs: the one from angle 8+ ¢ to S+m — ¢, on which VD = n;,
an the other one from angle § + 7 — ¢ to 5+ ¢ + 27 on which VD = n,. Hence, it comes
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Using the definition of object angle a in Section 3.1, we finally obtain
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which proves Proposition 2.
A.3 Regular skeleton point - Ridgeness
The Dirac delta distribution § has the following properties:
1 b
1) b)y=—0y— - Al
(a0 = o (v 2) (A1)

/ 0(z — c)g(z)dz = g(c) (A.2)

To calculate the ridgeness at @ in the vicinity of a regular skeleton point s, consider Egs. (6) and (10)
simultaneously. Setting n = [n,, ny]T = my1 — ny for convenience, we can write

rdgregular(w) = w2 _AD(w - y)GU (y)dy
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Splitting over x and y-coordinates and applying rule (A.1) with a = —n, and b = (z — s) - n — yn,, we get
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which is integrated w.r.t  using rule (A.2),

[ (x—s)-n—yn,)®* 4
rdgregular(m) = 27‘(’0’2 |’I’L | exp | — 5 v — 20_2 dy
xT — xT

[ (z —s)-n)? /°° Inl® , , ny(@—s)-n
— e —_—— e - + d
2102 |ng| P 20%n2 e P 202n,2.y on? v




Considering the following indefinite integral (with a > 0)
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with a = HT;” 5 and b = M, we get
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Using the definition of object angle o in Section 3.1, it eventually comes
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which proves Proposition 3.

A.4 Complementary notes on elliptic integrals

In this section, we provide additional properties of elliptic integrals introduced in Section 3.2.1, allowing to
derive the AOF and ridgeness at peaks, endpoints, ligatures and junctions. The following form will be met:

v sin? 6
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It can be expressed using incomplete elliptic integrals:
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Incomplete elliptic integrals with purely imaginary modulus can be transformed into elliptic integrals with
real modulus as follows [3, p. 491],
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o) = k(e (7) -2 (5-05))
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with i2 = —1 and k = /1 + k2. The corresponding special cases for complete elliptic integrals are

K(ik) = %K (Z) E(ik) = kE (Z) (A.5)



The complete elliptic integrals of the first and second kind have the following power series expansions [3,
p. 490]:
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The incomplete elliptic integrals of the first and second kind have the following expansions around k =
01,2
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where (z),, is the Pochammer symbol for the rising factorial: (z), = z(z + 1)(x + 2)...(x + n — 1)

A.5 Peak point - AOF

We switch to a polar coordinate system, centered at « s.t. s = ¢ + [R cos 8, R sin B]T. Consider the circle of
radius r centered at . Using Eq. (16), the gradient of the distance at any point on this circle is:
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Plugging it into Eq (3), it comes
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There is translation-invariance in range [0, 27], so cos(6 — ) can be replaced by cos §. Moreover, since cos(m+

0) = cos(m — 0), S
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which proves Proposition 4. Using identity cosf = 1 — 2sin? 3 and a change of variable,
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with m = (RTR)Q Using Egs. (18) and (A.3), it can be expressed using the complete elliptic integrals
—r

with purely imaginary modulus:
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where i? = —1 and k = ﬁ We convert them to complete elliptic integrals with real modulus using
rule (A.5):
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with k = Rar which proves Proposition 5.

A.6 Peak point - AOF - Asymptotical behavior

We consider the second-order Taylor approximation of D, as defined in Eq. (15), in the polar coordinate
system centered at . According to Eq. (16),
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Since s = [Rcos 3, Rsin 5]T, we have

VD(x) = [cos,sinf]"
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So, the approximate distance on the circle of radius r centered at x is
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and its gradient is
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Plugging it into Eq. (25), we obtain
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which proves Proposition 7. In order to prove that the AOF near a peak point is asymptotically equivalent
to its second-order approximation

aOfpeak(x) ~ aOfpeak(-'B) (aS R — —|—OO),

we show that
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Thanks to the power series expansions of the complete elliptic integrals in Eq. (A.6), we can derive from
Eq. (A.8),

() r(2R? 4+ 23R%*r + 16Rr? + 4r%) O ( 1 )
ao = - — .
pealk AR+ 1) R2
Thus,
, 2 . R(2R? 4 23R%r + 16Rr? + 413) 1
Rl%lrfrloo 7Ta0fpeak(m) B RLHJI:OO 2(7?, + 7“)4 +0 (R) =1L

which proves Proposition 8.

A.7 Peak point - Ridgeness
As for the AOF, using a polar transformation of the Laplacian of the distance defined in Eq. (16), we have:
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Plugging it into Eq. (26), we get
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Again, by translation invariance in range [0, 27], cos(6 — ) can be replaced by cosf. Using the evenness

of cos,
1

rdg, cax (T :2/ pGUp/ dfdp
peat () 0 (©) 0 Vp2+R2—2pRcosb




0
which proves Proposition 9. Using identity cosf = 1 — 2sin? 3 and a change of variable, we get

rdgpcak(m) = 4/ PGU(P)/ d@dp
0 0 \/(,0—72)2 + 4pRsin? 0

which, by a derivation similar to the one in Section A.5, can be expressed using the complete elliptic integral
of the first kind, with complex modulus:
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Using transformation (A.5), we finally obtain:

rd eaw:4/ GO’
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which proves Proposition 10. Using Eqgs (15) and (5) in polar coordinates, an alternative expression of the
ridgeness near a peak point can be obtained:
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Since / pAG,(p) = 0, the constant term D(s) can be dropped, leading to
0

oo 27
rdgcax (®) = /0 pAG,(p) ; V2 +R2 —2pRcos(0 — ) dd dp

Again, by translation invariance in range [0, 27], cos(6 — ) can be replaced by cosf. Using the evenness
of cos,
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Using identity cos = 1 — 2sin? 3 and a change of variable, we get
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which, by a derivation similar to the previous one, can be expressed using the complete elliptic integral of
the second kind, with complex modulus:
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Using transformation (A.5), we finally obtain:
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A.8 Peak point - Ridgeness - Asymptotical behavior
Using Egs (31) and (A.9), the approximate ridgeness in the vicinity of a peak point is
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which proves Proposition 12. In order to prove that the ridgeness near a peak point is asymptotically
equivalent to its second-order approximation

rdgpeak(w) ~ rragpeak(w) (as R — -I-OO),
we show that
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From Eq. (A.10), we can write
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Thanks to the power series expansions of E in Eq. (A.6), we can derive from Eq. (A.10),
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and thus,
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For every p € [0, +00), pAG4(p)h(R, p) is dominated by max(1, p*) |AG,(p)|, which is L'-integrable. Hence,
by the DCT,
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Thus,
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which proves Proposition 13.

A.9 End point - AOF

The AOF being rotation-invariant, we perform the following derivations considering that ¢ is aligned with
the horizontal axis (see Fig. 6a). This simplifies the derivation and remains valid for any orientation of ¢.
Considering Eq. (33), the circle of center s and radius r is split into three arcs:

e the one from angle —« to «, on which VD = [— cosf, — sin O]T,

T

)

e the one from angle « to 7 — a, on which VD = [— cos a, — sin a/]
e and the one from angle 7 — a to 27 — a, on which V.D = [— cos a, sin o] T

In this case, Eq. (3) gives:
1 T _cosf 17 [ cosh "I —cosa ]T [ cos
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which proves Proposition 14.
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A.10 End point - Ridgeness

Starting from a polar transformation of Eq. (5), as in Section A.9, we use the rotation invariance property
of the ridgeness. The integral w.r.t to angle 6 is split according to the three arcs. Using Eq. (32), we write

00 2w
_ pcost
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, we finally obtain
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which proves Proposition 15.

A.11 Ligature point - AOF

Consider Fig. 7a. Since the average outward flux is rotation-invariant, we can perform the derivation assum-
ing that ¢ is aligned with the horizontal axis, for convenience. Under this assumption, p = s + [A, B]T and
q = s+ R[A,—B]". The distance defined in Eq. (36) now reads
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Plugging it into Eq (3), it comes
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Using property cos(m — ) = — cosz and sin(m — ) = sinx, we get
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which proves Proposition 16. From Eq (37), A = R cos 8 and B = R sin 8, which gives
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Using Eqs. (17) and (A.3), it can be expressed with incomplete elliptic integrals with purely imaginary

modulus,
1 B8 . T B .
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with k = ﬁ Using transformations in Eq. (A.4), we convert them to elliptic integrals with real modulus
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r 2 2 2
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with k = R which proves Proposition 17.
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A.12 Ligature point - AOF - Asymptotical behavior

We consider the second-order Taylor approximation of D, in the polar coordinate system centered at s.
From Eq. (A.11), we derive the approximate distance on the circle of radius r centered at s:

5<s+ [ reosf D
rsinf

Dis) + { rcosf }TVD(SH; { rcosf }THD(S) [ rcos 0 ]

rsin 6 rsin @ rsinf

T 2 T 2
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= " 5 T ) .
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2
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The approximate gradient on the circle is

2
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~ rcosf R | -B + R3 | —AB A2 sin
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Plugging it into Eq. (25), we obtain
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1 T~ rcosf cos
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Using cos(x 4+ m) = —cosz and sin(xz + m) = —sinz, it comes
—~ 1 1T A" cost r [ cosd 1° B> —AB cos
aofigarure(®) = or l/o R [ -B } { sin ] + R3 { sin ] { —AB  A? } { sin 6 } do
T q T } 017 2 .
n / 11 A4 cos 0 n L?, cos 0 B .AZQB cos 0 a0
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1 s

2B r
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o )y RTUTR

B 1 r 2B

o Jaerp\2 7w
which proves Proposition 18. In order to prove that the AOF at a ligature point is asymptotically equivalent
to its second-order approximation
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we show that
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Using series expansion in Eqgs. (A.6) and (A.7), we derive the elliptic terms of Eq. (A.12)

2K(k)F<5,k> F<7Tﬁ,k) = I <”+Sm5> e (9”+35mﬁ> +OWS)

2 2 2 2 8 4 128 16
B T f 0 o (m sinp 4 (37 sinf 6
Mk)—E( k) —E(Z - k) =22 (2 e
(k) (Q’k 2 Q’k 2 K 8+ 4 F 128+ 16 +O(k")
which yields
1 2sinf,_, 1 8sinfp 3
fi rature = - P —
aofligature () (R+7‘)4< - R+(2 - )’RT
23 1
+ZR2T2 + 4R + r4> + 0 (722)
From definitions of R and 8 in Eq. (37), it comes
1 3 2B 23 8B
aofligature(8) = 1 <(.A2 +B?)? (; — > + (A% 4+ B%) <47’2 — r)
( A2 + B2 + r) m i
1
+4r3\/ A2 + B2 + 7"4) +0 (.AQ>
Thus,
. 2wV A2+ B2 , (A% + B%)? 1
lim 746&0fligature(s) = lim 7 +0 1) = 1
A—+oco T — A—+o0 ( 2B r)

which proves Proposition 19.

A.13 Ligature point - Ridgeness
From Eqgs (39) and (A.11), it comes

pcosf

o] 2
rdgligature(s) = _/0 PAGU(P)/O D (S + |: psin9 :|> dedp

_ 7/ pAG.(p) U VT AZ 1 B? —2p(Acosd 1 Bsmf)do
0 0

27
+ V2 + A2+ B2 —2p(Acosf — Bsma)da] dp

T

Using properties cos(m — x) = — cosx and sin(m — x) = sinz, we have

1dgjigature (8) = —2/ pAGa(p)/ V2 + A2 4+ B2 —2p(Acosf + Bsinf) df dp
0 0

which proves Proposition 20. From Eq (37), A = R cosf and B = Rsin §, which gives

g (s) = =2 [ pAGa(p) [ VT RE = 2pRcos(d— 5) a6 dp
0 0

By translation,

0o T—pB
rdgligaturc(s) - 72/ PAGJ(P)/ \/p2 + R2 — QPR cos 6 df dp
0 -8

Using transformation cosf = 1 — 2sin?

)

D

B

"o =R)? + 4pRsin? 0 do dp.

[ME]

rdgligaturc(s) = 74/0 pAG(T(p)/

B
2

14



Splitting the integral w.r.t 8, we obtain

rdgligature('s) = —4 / pAG

/ \/ 2 4 4pRsin’ 0 db

+ i \/(p —R)2 + 4pRsin? g dﬁl dp

/ \/ 2 4 4pRsin” 6 do

n_ B
+/ \/(p —R)2+ 4pRsin’ 0 dG] dp
0

which can be expressed with incomplete elliptic integrals of the second kind with purely imaginary modulus

rdgligature(s) = _4/0 pAGU(p)‘R - p‘ (E (57 k) +E (g - gu k)) dp

2y/
with k= 2VPR
'R - pl

kind with real modulus

g gature (5) = —4 /0 T NG ()R + p) <2E(k) B (g k) B (;T _ g, k)) dp (A.14)
with k = QM

R+p

Using transformations in Eq. (A.4), we convert them to elliptic integrals of the second

, which proves Proposition 21.

A.14 Ligature point - Ridgeness - Asymptotical behavior
From Egs. (31) and (A.13), the approximate ridgeness for ligature point s is derived as

o'} 27
_ ~ pcosf
/0 pAGg(p)/O D(s—l— [ psin 0 ]) dé dp

2

—/ pPAG,(p) / £(—./élcose—l"j'sinﬁ)—i-p—g(BcosQ—.Asin@)2 dé

I‘dgligature (S)

2 2

+ 7[;( Acosf + Bsinf) + /7)23(BCOSH+ASin9)2 d9+27r7€] dp
Using cos(x 4+ m) = —cosz and sin(x + 7) = —sinz, it comes
o [eS) ™ 2
rdg)igature(8) = 7/0 PAG,(p) [/0 %(7,4 cos@ — Bsinf) + 2%3(5 cosf — Asin#)? df

T 2
+/ ﬁ(AcosG—BsinH)—Fp—3(Bcos9+Asin9)2 df +27R| dp
o R 2R

e} ™ 2
— / pPAG,(p) (27TR + / —Qﬁ sin 6 + p—?)(.A2 sin? @ + B2 cos? 0) d9> dp
0 0 R 2R

_ > B , T 3
= /0 AGAP)( 2mRp+45p 2Rp> dp

Using definite integrals / pAG,(p)dp = 0, / P> AG, (p)dp =

2
and pgAGg(p)dp = =, we

0 0 7 20v?2 ;
finally obtain
— 1 V2
rdgliga‘curc(s) = B " -1
VA2 + B2 o



which proves Proposition 22. In order to prove that the ridgeness of a ligature point is asymptotically
equivalent to its second-order approximation

rdgliga‘cure(s) ~ rdgligature(s) ( as A — +OO),

5 woy A% + B2 d (5) =1
im —— rdg;. = 1.
At B /727_(_ o gllgature

Let us consider Eq. (A.14). For convenience, we introduce

F(Ap) = (\/m+p) [2E(k) “E <§k> —E (g — B,k)]

2

_ 2/ pv A% + B? . (B

with k = ——————— and 8 = tan — ], so that
p+ A2+ B2 A

we show that

rdgligature(s) = _4/0 pAGU(p)f(-Av p) dp

We can write

2 2 [e'e)
novA +E ino / PAG (p) f(A p)V A2 1 B2 dp
0

—F—1d igature\8) = — —/—
BV2m — o Sligat (s) BV21 — o

Since -
/ pPAG,(p) dp =0,
0

it is also true that

| 5+ 802G, (0) dp =0

Hence,
moV/ A2 + B2 dro /°° T
————1d igature\S) = ——~—/— AGG- A2 + B2 A’ - — AQ + B2) d
o o Miaine(8) = 2 | pAG (VA B (f(Ap) = GV BR) dp

Thanks to the power series expansions in Eqgs. (A.6) and (A.7), we can derive from Eq. (A.14),

b ) = VAT B (1A p) - T/ REHER) - <A8(+i> ZPQ ‘3‘?)’ ro (%)
A/ 2_|_ 2_|_p

and thus,

2
. wp° — 8Bp
1 h =—.
.A—lg-loc (A’ P) 8
For every p € [0,400), pAG,(p)h(A, p) is dominated by (max(1,p®) + Bmax(1, p?)) |AG,(p)|, which is
L'-integrable. Hence, by the DCT,

4o > Ao 0o
lim ———— AG,(p)h(A,p)dp = —7/ AG, ( lim h(A, )d
. B%_m/o PAG,(p)h(A, p) dp N (p) { Jim h(Ap) ) dp
4o 0 7r,02—88p>
= — AG, d
B\/27r—7ra/o ( 8 (p) dp
= 1
Hence,
mov A2 + B2

lim

7rdgiaures =1
A—=+too B\2m — wo tgature(8)

which proves Proposition 23.
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Figure 2: Junction point with equidistant corners

A.15 Junction point - AOF

Assume that g = 0. There are n corners p,, equidistant from junction point s. In the neighborhood of x,
the distance is:

D(xz) = min D;(x)

i=1..n

with D;(x) = ||z — p,||. Switching to polar coordinates, corners are defined as p;, = s + [R cos f3;, R sin ],
where f3; is the absolute angle formed with the xz-axis. We denote by «; the relative angle formed by xy and
two successive corners p; and p;1: a; = B;41 — B;. The distance is defined piecewise over radial intervals
around s. For a point & in the neighborhood of s s.t.

x = s+ [pcos, psind]T,
. . B+ B . .
assuming that p < R and 0 € [¢;, 1], with ¢; = — x is in the radial range of points closest to p,.

This is exemplified in Fig. 8, where the area outlined with dotted orange lines is the set of points closest
to @1 than any other ;. It is spanned by angle range [¢1,¢2]. Using Eq. (42), the gradient of the distance
on the circle of radius r is

-1
VD, s+ 7“0959 _ rco'SG—'Rco.sﬁi— ’I‘C(')SQ—RC'OSﬁZ‘
rsinf rsinf — R sin §; rsinf — Rsin f;

_ 1 [ rcosf — R cos f; ]
V2 +R2 —2rRcos(f — B;) | 7sinf —Rsinf;

17



Plugging it into Eq (3), it comes

2
aijunCtion(s) = i vD <S+ |: 7'(?989 :|> ) |: C?Se :|d0
0

o rsinf sin 6

1 n Bit+Bit1 9 9
2 7 COS coSs
- %,_1 / VDi(S—i_[rsin(‘) }){sin(‘)} do
Bir1 7 cosf cos
+/;3i+§1+1 VDit <S+ { rsin 6 }) . { sin 0 } d6

n Bi+Bi+1
B LZ —z r —Rcos(0 — B;) a0
2m = | Jg, V72 +R2 — 2rRcos(0 — ;)
/ﬁ"+1 r—Rcos(0 — Biy1) a0
% \/r2 + R2 — QT’RCOS(9 — 5i+1)
By translation, it comes
1 n - R Y 0 — R X
a‘ijunction(s) = / - = do + / - — do

27r — V12 + R2 — 2rR cos —2i /12 + R2 — 2rRcos

_ / r — Rcosb a0
\/7“2—|—R2 — 2rR cosf

0
which proves Proposition 24. Using identity cos = 1 — 2sin? 3 and a change of variable,

— 2 29
a0fjunction (8 / r — R 4+ 2R sin a0
\/ 2 4 4rRsin’ 0

Using Egs. (18) and (A.3), it can be expressed using incomplete elliptic integrals with purely imaginary
modulus: ,
1 r? - R
f'unc ion = ( k) RE( k)
a0fjunction (8) 777”2-2|7"_R| Jiky) + |r — R| Jiky

2VrR
R —r|

a0fjunction (8 %i[ ( )—E(g—%,k))—(R—r)(K(k)—F(g—%,k))} (A.15)

i=1

with k; = We convert them to elliptic integrals with real modulus using rule (A.4):

with k = 27 , which proves Proposition 25.
R+r’
A.16 Junction point - AOF - Asymptotical behavior

We consider the second-order Taylor approximation of D;, as defined in Eq. (42), in the polar coordinate
system centered at s. We have
VD;(s) = [~ cos B, —sin ;] T
1 sin? B; — cos f3; sin f3;
R | —cosf;sinp; cos® f3;

18



So, the approximated distance on the arc of radius r centered at s, for 6 € [¢;, d;v1] is

~ rcosf rcosf T 1| rcos@ T rcos
Di <S+ [ rsin 6 }) = R+ [ rsin 6 } VDi(s)+§ { rsin 6 } Hp, (s) { rsin 6 }
_ R_ cos® 1" [ cos Bi
- "1 sing sin 3; (A.16)
+ﬁ cosf 17F sin? j3; — cos (3 sin §3; cos 6
2R | sinf — cos (3 sin B; cos? j3; sin 0

2

= R-—rcos(—05;)+ ;—R sin?(6 — ;)

and its gradient is

~ rcos rcos
VD <S+ { rsind ]) - VDi(S)JrHDi(S){ rsind }
_ | cosp; n r sin? 3; — cos f3; sin 3; cosf
- sin 3; R | —cospB;sinf; cos? f3; sin #
Plugging it into Eq. (25), we obtain
1 n Bi+Bi+1 9 9
—~ 2 ~ T COS coS
aijunction(s) = % £ /ﬁl VD, <3+ |: rsin® :|> : |: sin @ :| de
Bt ~ rcosf cos
+ﬁi+5i+l VDi+1 <8+ |: rsin9 :|) ' |: Sine :| d9
n Bi+Bit1
1 2 T
= — —cos(f — ;) + = sin“(0 — j;) do
27'(' i1 Bi R

:Bi+l r
—i—ﬁ —cos(0 — Biy1) + = sin?( — Bi41) d6

Bi+Bit1
P

By translation,
n

_ 1 o
a0fjunction(8) = p Z /0 —cosf + % sin’ 6 do
i=1

n

1 Z—sin (ﬁ) + L(a- — sinay;)
T 2 4R !

where s; and sy are defined in Eq. (46), which proves Proposition 26. In order to prove that the AOF at a
junction point is asymptotically equivalent to its second-order approximation

aijunction(s) ~ a'ijunction(S) (aS R — +OQ)7

we show that .
T
I fiunction(s) = 1.
R—1>I-Ii-loo —289R + 27r — rsy a0fjunction(s)

Using series expansions in Egs. (A.6) and (A.7), we derive the elliptic terms of Eq. (A.15)

K(k) - F (E — %,k) =% 2 <1 sin (%) + ai) + k4 (‘{SSinai + 3 Gin (%) + 3?&) + O(k®)

2 4 1 s™\2) " 16 256 32 \2
CE(T o ) 2% (L () Qi) g sines L () 3 6
E(k) E(z 4’k)_ . (SSID(2)+16) g (256 +328m(2)+256 +O*)
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which yields

n
le% 1 oy o
a0fjunction(8) = —_—— R4(—Z+sini>+
J cto() ;{271’ W(R+7‘)4|: 2 (2)

Toy . i ina; i i i 1
+R3r( Z + 4sin (%) + Slza ) + R2r? (Oé — su;a )}}4—0 (Rz>

R 3 .5 2,2 (T _ 51 S
= 1 TR [R (7T+52)+R7’<452+ 5 +4>+Rr (4 8) +0 =2

_ —8syRM + (dm — 251 — 3252)RPr + (46 — 51)R*r? + 327Rr® + 871t L0 ( 1 >

8m(R +7r)* R?
Thus,
21R R 1
li f‘unc ion = i P e— Ol=1)=1
R—1>I£oo —289R + 27r — rsy a0fjunction () R—1>I—I|rloo (R + r)4 + (R)

which proves Proposition 27.

A.17 Junction point - Ridgeness
Using Egs (5) and (42), the ridgeness at a junction point can be expressed in polar coordinates as

n Bi+Bit1
2

o cosd
rdgjunction(s) = - /0 pAGU (p) Z /B D; (S + |: 281119 :|) d6
i=1 i

Bi+l
4 pcost
+ /3i+/3i+1 DH_l <S + |: psin9 :|) da dp
2
o n Bi+§i+l
= —/ PAG,(p) Y / Vp? +R? = 2pR cos(0 — f;)df
0 i=1 /B

ﬁi+l
+ / Vp? +R2 —2pRcos(f — 6i+1)d9] dp

Bi+Bit1
2

By translation,

n Bit1—FBi

gmaion(s) = = [ 08G ()X | [T VAR = 2R eos b
=1

0
+/5 . VP2 +R2—2pRcos0df| dp
_Bit1—-Bi
2

n

= 72/ pAGg(p)Z/Q Vp? +R2 —2pRcosf df dp
0 = Jo

0
which proves Proposition 28. Using transformation cos = 1 — 2sin? ok it comes

rdgjunction(s) = 74/ pAGU(p) Z/ ' \/(R - ,0)2 + 4pR Sin2 6 do dpa
0 i—1 70

which can be expressed with incomplete elliptic integrals of the second kind with purely imaginary modulus

o - o . 2v/pR
I‘dg"unc ion{S) = 74/ PAGU 14 R*pE —, dp
junction (8) ; ();| E{7 R
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Using transformations in Eq. (A.4), we obtain:

rdgjunction<3) =—4 /OOO pAGa(p) Z(R + P) (E (2 pR) —E <g — %, ?]?,m)) dp, (Al?)

= R+p

which proves Proposition 29.

A.18 Junction point - Ridgeness - Asymptotical behavior
Using Egs (31) and (A.16), the approximate ridgeness at a junction point is

n Bit+Bit1
p

Wein(®) = = [ 08GO |[ T D5 | 2| ao

— | /s, psinf
Pt B pcosf a0l q
+ BitBigr L s+ psinf P
oo n Bit+Bit1 2
2 P )
- _ pAG,(p) / R — pcos(0 — B;) + — sin“ (6 — 3;)do
/O ( ,z:; Bi ) 2R

Bit+1 ,02
+ /? R — pcos(0 — Biy1) + == sin?(0 — Bir1)d0| dp

i+Bit1 2R
2

By translation, we get

n Bit1—hq
2

— oo 2
I‘dgjunction(s) = - /0 pAGJ(p> Z A R — p COoS 0 + ;77?/ sin2 0do
i=1

0 2
0+ P gin?
+[ﬁi+1—ﬁi R_pCObQ—F R sin“ 6d0 dp
2

e8] n S 2
2 P~ 2
—2/ PAG,(p / R — pcost + —sin“ 0 db dp
0 (); 0 2R

) n 2
o7} a7 4 a; 1.
= —2/ pAG,(p) ) R— —psin(— +<—Sm%‘> dp.
0 ; 2 (2) 2R\ 4 4

Using Eq. (46), this simplifies to

o 2

unein(s) = [ p8Ga(p) (~20R+ 250 — 2= )) o

1 1 < 1 1 )
= ——=sa— 5 |1l-=s1 ),
ovV2rm R 2w
which proves Proposition 30. In order to prove that the ridgeness of a junction point is asymptotically
equivalent to its second-order approximation

I‘dgjunction('s) ~ rdgjunction(s) ( as R — +OO)’

we show that oroR.
o
lim rdg: nction (8) = 1.
R—+00 soRN 2w — 270 + 081 Junctio (s)

Let us consider Eq. (A.17). For convenience, we introduce

n 2v/pR T oa; 2¢/pR
f(R,p)z(R+p)Z{E<R+p>_E<2_4’R+p>}’

i=1
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so that -
rdgjunction(s) = 74/0' pAGO‘(p)f(Ra P) d

Since N

/O pAG,(p) dp =0,
it is also true that o

/ TRpAG,(p) dp = 0.

0 2

Hence,
> T
rdgjunction(s) =—4 o pAGU(p) (f(R7 p) — 572’) d

Let -

Thanks to the power series expansions in Egs. (A.6) and (A.7), it comes

I o S S O S N D O L A WA e
MR.p) = ;{(7&4—@3 {<2bln(2>+4>7€+(bm<2)+2)R”
a; sin ay; 9 9 _E o; a;p _@ L
+(16+ 16 )R”] 2sm<2)+4} 2+O(R2>
- w5 R
- R+pP L 2 2 2

1
+<57T8182>R2p2+ = 2R+ ”}”RH)()

8 16 2 2 2 2 2 R2
_ p(8saR* + (147 + 51 4 852)R%p + 8syRp” — 87p°) i <1)
B 16(R + p)? R?

and thus,

52
li ——=p.
R—1>I-Ii-loo h(R p) 2 P

For every p € [0,+00), pAG,(p)h(R,p) is dominated by somax(1,p%)|AG,(p)|, which is L'-integrable.
Hence, by the DCT,

R Tdguncrion(s) = lim —4 /0 pAG,(p)h(R, p) dp
= —4/ pAG,(p) | lm h(R,p) | dp
0 R—+o00
— 2 [ PAGL) o
0
_ sVor
N 2no
Hence,
2roR 270R.
1 d junction s = hm : hm I‘d unction s
Rotee 59RV2m — 2710 + 053 Bjuntion ) R+ 59RNV 21 — 2700 + 081 R—=>+0 Bjunction (3)
B 2ro saV2m
soV2m 270

which proves Proposition 31.
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